NONLOCAL SELF-IMPROVING PROPERTIES
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ABSTRACT. Solutions to nonlocal equations with measurable coefficients are
higher differentiable.
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1. INTRODUCTION

A basic and fundamental result in the theory of linear and nonlinear elliptic
equations is given by the higher integrability of solutions. This falls in the realm
of so called self-improving properties. The result was first pioneered by Meyers
[24] and Elcrat & Meyers [13], and then extended in various directions and in
several different contexts; see for instance [4, 15, 17, 20]. Modern proofs of this
property in the nonlinear case rely on the so called Gehring lemma [16, 18]. In the
simplest possible instance the result in question asserts that distributional W*2()-
solutions u to linear elliptic equations

2n
nt2 +do

—div (A(xz)Du) = f € Lt (Q), do >0,
actually belong to a better Sobolev space

(1.1) uwe Whi(Q),

loc

for some positive § < §y. Here 2 C R™ is an open subset and n > 2. The matrix
A(z) is supposed to be elliptic and with bounded and measurable entries, that is

(1.2) ATHE < (A(2)6,6)  and  [A(z)| <A

hold whenever £ € R™ = € Q, where A > 1. The number § > 0 appearing
in (1.1) is universal in the sense that, essentially, it does depend neither on the
solution u nor the specific equation considered. It rather depends only on n, A,
that is, on the ellipticity rate of the equation considered. The key point here is
the measurability of the coefficients; when A(:) has more regular entries, higher
regularity of solutions follows from the one available for equations with constant
coefficients via perturbation. This is the reason why the result in (1.1) deeply lies
at the core of regularity theory, and allows for a proof of several other regularity
results; see for instance [17].
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In this paper we are interested in studying self-improving properties of solutions
to nonlocal problems. To outline the results in a special, yet meaningful model case,
let us consider weak solutions u € W*2(R") of the following nonlocal equation:

(1.3) Ex(u,m) = {(f,n) for every test function n € C°(R")
where f € Lfot‘so (R™) and

Exctun) = [ [ fule) ~ulw)in(e) ~ ) K (o) dedy.

The measurable Kernel is assumed to satisfy the following uniform ellipticity as-
sumptions:
1 A

W < K(z,y) <
for every z,y € R™, where o € (0,1) and A > 1. We recall that the fractional
Sobolev space W*7, for v > 1 and s € (0,1), is given by the subspace of L7(R"™)-
functions u such that the following Gagliardo seminorm is finite (see for instance
11, 21])

(1.5) ull, / / |x_ |n+ﬂy)§| dzdy.

In view of (1.1), a natural question to begin with is whether or not the inclusion

(1.6) ue WA (R

loc

(1.4)

|l‘ _ |n+2a

holds for some § > 0, possibly depending only on the ellipticity parameters of the
equation and not on the solution itself. For the definition of local fractional Sobolev
spaces, see Section 2. This has been answered in a very interesting and recent paper
of Bass & Ren [2], who consider the function

and prove that I' € L2(1+9) (R™) for some positive § depending only on n,a, A
and dp. Then (1.6) follows by characterisations of Bessel potential spaces [12, 26].
In this paper we provide a stronger and surprising result. Indeed, we see that
for nonlocal problems the self-improvement property extends to the differentiability
scale. This means that there exists some positive § € (0,1 — «), depending only on
n, a, A, such that

(18) Wa+6 2+6(Rn)

loc

holds. This phenomenon is purely nonlocal, and has no parallel in the regularity
theory of local equations, where, in order to get fractional Sobolev differentiability
of Du, a similar fractional regularity must be assumed on the coefficients matrix
A(x), as for instance established in [22, 25].

In the classical local case, measurability is, in general, not sufficient to get any
gradient differentiability. To see this already in the one dimensional case n = 1, it
is sufficient to consider the following equation:

(1.9) % (a(a:)jlz) =0,

and to note that
'—>/m dt
T ekl
o a(t)

is a solution with a(-) being any measurable function satisfying nothing but the
inequalities in (1.9). It is then easy to build similar multidimensional examples.

<a(z) <A,

==
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We remark that the differentiability gain is in fact the main information in (1.8),
since a standard application of the fractional Sobolev embedding theorem gives
that if u € W92 for some § > 0, then (1.8) holds for some other number J.
Our results are actually covering a more general class of equations than the one in
(1.3) and provide a full nonlocal analog of the classical higher integrability results
valid in the local case. The precise statements are in the next section. Our results
are a consequence of a new, fractional version of the Gehring lemma for fractional
Sobolev functions that replaces the classical one valid in the local case.

We finally remark that, in recent times, there has been much attention to the
regularity of solutions to nonlocal problems, especially in the basic case of kernels
with measurable coefficients; see for instance [1, 3, 5, 7, 8, 14].

1.1. Higher differentiability results. A rather general statement concerning
higher integrability for weak solutions to local problems involves non-homogeneous
equations such as

(1.10) —div (A(z)Du) = —divg + f in Q,

where the matrix A(-) has measurable coefficients and satisfies (1.2). Indeed, as-
suming that g € L2+5°(Q,R”) and f € Lf;/(n+2)+60(ﬂ) hold for some §y > 0, it

1
follows that there e(;;ists another positive number § < dp, such that (1.1) holds.
The exponent 2n/(n + 2) is nothing but the conjugate of the Sobolev embedding
exponent of W12, that is 2n/(n — 2).
A first nonlocal analog of (1.10) is given by

(1.11) Ex(u,n) =Ex(g,n) + [ fndx  VneCTRY),
R’n

considering weak solutions u € W*2(R"). The assumptions are the natural coun-
terpart of the local ones; we indeed take g € W+%:2(R") and

(1.12) fe L3 Rm)

loc

for some §p > 0. The exponent 2, is the conjugate of the relevant fractional Sobolev
embedding exponent, that is

2n « _  2n 1 1

(1.13) 2em s PimaToa, it =L

The terminology is motivated by the fractional version of the classical Sobolev
embedding theorem, that is W®2 < L?". On the other hand, we recall that the
essence of the structure of equation (1.10) lies in the fact that the right hand
side contains terms of all possible integer order. A full extension to the fractional
case then leads us to consider right hand sides of arbitrary fractional order, not
necessarily equal to the order of the considered nonlocal elliptic operator on the
left hand side. Moreover, since higher integrability of solutions still holds when
considering monotone quasilinear equations, we will also examine nonlinear integro-
differential equations. Specifically, we will consider general equations of the type

(1.14) Ef(un) =Eulg,m)+ | fnde VneCER").
R’!L

The form £7(-) is then defined by

extun) = [ [ lulo) ~ ulw)lne) ~ ) K e.v) dody.
where the Borel function ¢: R — R satisfies

(1.15) () < At],  @t)t>t*  VieR
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making in fact £f a coercive form in W2, and thereby (1.14) an elliptic equation.
While we assume (1.4) for K(-), the measurable kernel H(-) is now assumed to
satisfy

A
1.1 H <
(1.16) H9)| € e

for 8 € (0,1). In particular, 3 is also allowed to be larger than «. Here the function
f is still assumed to satisfy (1.12) while the assumptions on g sharply match the
structure in (1.14). We actually consider two different cases and the first one is
when 28 > «. In this situation we assume the existence of a positive number
0o > 0 such that

(1.17) g € W2h—atdo.2(Rny

Needless to say, we also assume that 28 — a + dp € (0,1) to give (1.17) sense in
terms of the seminorm (1.5); this in particular implies that § < (1 4+ «)/2. In the
case 0 < 20 < a we instead do not consider any differentiability on g, but only
integrability:

2n
n+2(a—28)"
We then have the following main result of the paper:

(118) g€ LPHoo (R, po =

Theorem 1.1. Let u € W*2(R") be a solution to (1.14) under the assumptions
(1.4) and (1.12)-(1.18). Then there exists a positive number § € (0,1—a), depending
only on n,a, A, B, gy, but otherwise independent of the solution u and of the kernels
K (), H(-), such that u € W29 (Rn),

loc

Equation (1.11) is covered taking o = 8. The optimality of the assumptions on
f and g can be checked by considering the model equation (—A)%u = (—=A)Pg+ f,
and using Fourier analysis. They sharply relate to the fractional Sobolev embedding
theorem. As in the case of the classical, local the Gehring lemma, explicit estimates
on the exponent § for Theorem 1.1 can be given by tracing back the dependence of
the constants in the proof.

1.2. Dual pairs (u,U) and sketch of the proof. In order to get (1.8) we here
introduce a new approach and develop a method aimed at exploiting the hidden
cancellation properties which are intrinsic in the definition of the nonlocal seminorm
(1.5). To this aim, we introduce dual pairs of measures and functions (u,U) in
R?", proving that a version of the Gehring lemma applies to them; see Section
1.3 below. A natural choice would be to consider the measure generated by the
density |x —y|~"™, but this would not yield a finite measure. We therefore consider
a perturbation of it, i.e. the measure defined by

(1.19) (A == /A dz dy

o=y
for suitably small € > 0, whenever A C R?" is a measurable subset. This is a locally
finite, doubling Borel measure in R?". Accordingly, for z # y, we introduce the
function

|u(z) — u(y)|

(1.20) U(z,y) = ———==.

[z —ylote
The main point here is that the measure y and the function U are in duality when
u € W2 in the sense that for a function u € L?(R") we have that U € L?(R?"; i)
holds iff uw € W*2(R™). This motivates in fact the following:

Definition 1. Let u € W*2(R") and let ¢ € (0,a/2). The couple (i, U) defined
in (1.19)-(1.20) is called a dual pair generated by the function wu.
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We then look at the higher p-integrability for U proving that
(1.21) U e LEO(R?™, 1)

loc

holds for some § > 0. Now, by the very definition of U, we have that (1.21) implies
the higher differentiability of u, that is (1.8); see Section 6. This is the effect of the
cancellations hidden in the definition of fractional norm in (1.5) we were mentioning
above. In order to prove (1.21), we shall show decay estimates for the y-measure
of the level sets of U. The first step consists of deriving suitable energy estimates
(i.e. Caccioppoli type inequalities) for U, see Theorem 3.1. We obtain a kind of
reverse Holder type inequality, that is

1/2 00 1/q
(1.22) <][ Uzdu) < Z 9~ k(a—e) <][ U1 du) + “terms involving g, 7
B k=1 2B

with ¢ < 2, see Proposition 4.2. The estimate in (1.22) holds whenever B = B x B
and B C R™ is a ball. Notice that if we discard from the sum above all the terms
but the first one we formally obtain a reverse Holder type inequality similar to those
that hold for solutions to local problems.

Inequality (1.22) does not seem to be sufficient to proceed, since in order to
prove estimates on level sets in R?" we need information on every ball B C R?",
not only those of diagonal type B x B. To overcome such an apparently decisive
lack of information, we have to introduce an extremely delicate localisation tech-
nique. Consider the level set {U > A}; we use a Calderén-Zygmund type exit time
argument in order to cover the level set with (almost disjoint) diagonal balls B x B
and disjoint “off-diagonal” dyadic cubes K

{Uv>xclyBxBU|JK,

on which, for a suitably large number L, we have

1/2 1/2
( ][ U? du> ~)X and < ]l U? du> ~ L\,
BxB K

see Sections 5.1 and 5.6. We call the cubes K off-diagonal, because they are “far”
from the diagonal, in the sense that their distance from the diagonal is larger than
their sidelength. The number L is introduced to make the decomposition along
the diagonal predominant with respect to the decomposition outside the diagonal.
Indeed, the exit time balls B x B will tend to be “larger” than the cubes K, since
they have been obtained via an exit time at a lower level A\, as shown by the first
formula in the latest display.

Surprisingly enough, the fact that a cube K is off-diagonal allows us to prove
that a reverse inequality of the type (1.22) also holds on K (see Lemma 5.3). This
inequality, however, incorporates certain correction terms involving once again di-
agonal cubes. This introduces serious difficulties, since this time such cubes are
not coming from any exit time argument, and there is no a priori control on them.
Matching the resulting reverse inequalities with those in (1.22) is not an easy task
and indeed requires an involved covering/combinatorial argument. See Sections 5.9
and 5.10, and in particular Lemma 5.6.

The final outcome of this lengthy procedure is an inequality on level sets of U,
see Proposition 5.1, that implies the higher integrability of U, together with the
new reverse Holder type inequality reported in display (1.24) below. This holds
for some § > 0 that does not depend on the solution u. See Theorem 6.1. We
have therefore proved (1.21). We also remark that treating the complete problem
of Theorem 1.1 up to the sharp interpolation range described by (1.17) requires
additional ideas. As a matter of fact, the exit time arguments have to be adapted
in order to realise a direct analog of the so called good-\ inequality principle: i.e.
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no maximal operator is used here. In particular, we employ a simultaneous level
set analysis via use of the composite quantity ¥(-) in (5.1), where the number M
(appearing in the definition of W(+)) is used to adapt the size of the levels at the exit
time. This must eventually match with the specific form of the energy estimates
available for solutions.

Finally, we would like to remark that, although we are here dealing with the case
of scalar, linear growth nonlocal equations, our approach is only based on energy
inequalities, and therefore can be extended to more general nonlinear operators of
nonlocal type, see for example [9, 10]. This will be the object of future works.

1.3. The fractional Gehring lemma for dual pairs. The classical Gehring
lemma does not simply deal with solutions to equations, but, more in general, with
self-improving properties of reverse Holder type inequalities. At the core of our
approach lies in fact a new, fractional version of Gehring lemma valid for general
fractional Sobolev functions, and not only for solutions to nonlocal equations. Here
is a version of it.

Theorem 1.2 (Fractional Gehring lemma). Let u € W*2(R") for a € (0,1). Let
e € (0,a/2) and let (u,U) be the dual pair generated by u in the sense of (1.19)-
(1.20) and Definition 1. Assume that the following reverse Hélder type inequality
with the tail holds for every o € (0,1) and for every ball B C R™:

1/2 1/q
2 <(9) a
(frea) = i (£,0)
o oo bae) 1/q
E —k(a—e
(123) +m 2 2 (]é U4 dﬂ) s

where q € (1,2) is a fized exponent and B = B X B and ¢(o) is a non-increasing
function depending on o. Then there exists a positive number 6 € (0,1 — ), de-
pending only on n,a,e,q and the function c(-), such that U € LQH(RQ";M) and

loc

u € Wa+6’2+5(R”). Moreover, the following inequality holds whenever B C R",

loc
again for a constant ¢ depending only on n,«,e,q and the function c(-):

1/(249) S 1/2
(1.24) < ][ U2te d,u) <c) 27 ( ][ U? du> :
B pt 2kB

In the literature there are several extensions of Gehring lemma in general set-
tings, for instance in metric spaces equipped with a doubling Borel measure, but
Theorem 1.2 is completely different. Indeed, its central feature is actually that
global higher integrability information is reconstructed from reverse inequalities
that do not hold on every ball in R2", but only on diagonal ones. This is a
crucial loss of information that makes Theorem 1.2 hold not for any function
U € L?(R?*;pu), but rather only for dual pairs (u,U). Moreover the presence
of the infinite series on the right hand side of (1.23) gives to this inequality a del-
icate nonlocal character that adds relevant technical complications. Theorem 1.2
is a particular case of a more general result; we prefer to report this form again to
make the basic ideas more transparent. A more comprehensive version including
additional functions F' and G on the right hand side of (1.23) can be proved as well;
see Theorem 6.1 below.

The results of this paper have been announced in the preliminary research report
[23].
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2. PRELIMINARIES AND NOTATION

In what follows we denote by ¢ a general positive constant, possibly varying from
line to line; special occurrences will be denoted by ¢y, ¢2, €1, 2 or the like. All such
constants will always be larger or equal than one; moreover relevant dependencies
on parameters will be emphasized using parentheses, i.e., ¢c; = ¢1(n, A, p, @) means
that ¢; depends only on n, A, p, . We denote by

B(zg,7) = Br(xg) i={x € R" : | — x0| < r}

the open ball with center xy and radius » > 0; when not important, or clear from
the context, we shall omit denoting the center as follows: B, = B(xg,r); moreover,
with B being a generic ball with radius r we will denote by ¢ B the ball concentric
to B having radius or, 0 > 0. Unless otherwise stated, different balls in the same
context will have the same center. With @ C R* being a measurable set with
positive py-measure and with i being a measurable map we shall denote by

(h)OE][OhdM :=ﬁ/ohdﬂ

its integral average. In the following we shall need to consider integrals and func-
tions in R™ x R™. In this respect, instead of dealing with the usual balls in R??,
we prefer to deal with balls generated by a different metric, that is that relative to
the norm (in R?") defined by

(2.1) (0, yo) || := max{|zol, |yo[},

where | - | denotes the standard Euclidean norm in R™ and zg, yo € R™. These balls
are denoted by B(zo, yo, 0), and are of course of the form

B(x()vy()ag) = B(IOaQ) X B(y07g) .

In the case xg = yo we shall also use the shorter notation B(z, zo, 0) = B(zg, 0)-
With obvious meaning, these will be called diagonal balls. Moreover, with B(xq, o)
being a fixed ball, we shall also denote B = B(z, o, 0) when no ambiguity shall
arise, and sB := B(xo, sp) for s > 0. Needless to say, since they are metric balls,
and actually equivalent to the standard ones in R?”?, we can apply to them several
tools that are available for the usual balls. For instance, we shall later on apply the
classical Vitali’s covering lemma. Needless to say, it follows that Bgren ((xg, 40), 0) =
{(zo,y0) € R?™ : |(z0,y0)| < 0} C B(xo, %0, 0) - Accordingly, we shall denote

Diag := {(z,2) € R* : x € R"}.

If A is a finite set, the symbol #A denotes the number of its elements. In the
following we shall very often use the following elementary inequality

(2.2) 220k N~ 9720 < % for 3€(0,1] and k> 1.
j=k—1

Finally, the local fractional Sobolev spaces are defined via the Gagliardo seminorm

(2.3) [u]s~(2) := </Q i Ju(@) —u)I” dy)l/ﬂy

|z —y[ e

for v > 1 and s € (0,1). A function v € L] _(R™) belongs to W7 (R™) if [u]s ()
is finite whenever €2 is an open bounded subset of R™.

The following two lemmas report some classical Poincaré-Sobolev type inequal-
ities valid in the fractional setting; the proof of the first is exactly the one in [25],

for the second we refer to [19]. See also [11, 21].
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Lemma 2.1 (Fractional Poincaré inequality). Let v € LP(B), with B C R™ being
a ball of radius r, and let o be a real number such that such that n + pa > 0; then
the following inequality holds:

]é lv—(v)plFdz < cr”a/B [o@) = v(w)I” dz dy .

B v —y[rtre

Note that the previous inequality in particular applies when v € W*?(B), and
in this case the quantity on the right hand side is finite.

Lemma 2.2 (Fractional Sobolev-Poincaré inequality). Let v € W*P(B), for o €
(0,1), where B C R™ is a ball of radius r, or a cube of diameter r. If poac < n, then
the following inequality holds for a constant ¢ depending only on n, :

* 1
o @)l dr) < e (@) v, o N
B b N BB |z —ylrtre Y ’

where p* := np/(n — pa).

With 2, being the exponent defined in (1.13), an immediate consequence of the
previous lemma is the following inequality, that we report since it will be used
several times:

(2.4) (]{9 v — (v)B|2dx)1/2 <o (/B ] WW@)M .

Moreover, if v is compactly supported in B, then v — (v)p above can be replaced
by v.

3. THE CACCIOPPOLI INEQUALITY

3.1. Preliminary reformulation of the assumptions. We start by the assump-
tions made on g, that is (1.17)-(1.18). In order to give a unified proof for the two
cases 20 > a and 28 < «, and to simplify certain computations, we shall make
a few preliminary reductions and will restate the assumptions in a more conve-
nient way. First of all let us consider the case 28 > «, when (1.17) is in force.
Let us notice that, eventually reducing the value of dg, and in particular taking
do < «/40, (1.17) implies the existence of exponents p,v and é; > 0, such that
g € Wr(+01).p(+61)(R™) and

2n «@
3.1 2>y>28—-a, 2>p> , 0 < —.
(3.1) B>~ B—a p nt2(y— 28+ a) 1S
Indeed, let us set v = 28 — a + §p/2 and recall that W2A—atd0.2 embeds in
WrA+01):2(401) whenever 28 — a+ 6o —n/2 = (1 +61) —n/[p(1+61)]. A lengthy
computation then shows that any choice of p as above and §; < 1 satisfying the
inequalities

(1+61)do 5 (2 +61)do
m+2v0+6)] T I+ 291 +01)]
matches the conditions in (3.1). We now consider the case 25 < «, when (1.18) is
in force. In this case we can instead assume the existence of numbers p > 1 and
61 > 0 such that

2n
3.2 LP(1+51) R™ .
(32) 9 € L. (RY), p>n+2(a—2ﬁ)

Let us now unify the previous conditions. In the case 25 > « we clearly have that

lg(z) — g(y)|P+oV) lg(z) —gW)IP
(33) /B . |x_y|n+p(1+51)2’y dxdy+ . Bmd$dy< o0
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for every ball B € R™. This comes by the definition of the space W7(1+31).p(1+d1)
On the other hand, when 25 < «, then assumptions (1.18) do not involve any
number 7. Thanks to the lower bound on p in (1.18), we can find a negative
number v, such that |y| € (0,1/10) is small enough to still verify (3.1). In this case

we note that
lg(x) — g(y)[P+o0) z)| + |g( )l)p(1+61)
/B dx dy |$ EPWEETTIEE N dx dy
1+61)
cr p( 1) / ‘g|p(1+61)dx < 00

IA

B |.%' _ y|n+p(1+51)2V

(3.4)

where r denotes the radius of B; a similar estimate follows for the second quantity
n (3.3). Summarizing, in the rest of the paper we shall always assume that (3.1)
and (3.3) hold. In the case 28 < « the number + is negative.

Remark 3.1. In the following we shall denote by ¢, a constant that depends on
n,a, A, p, B, and exhibits the following blow-up behaviour:

(3.5) lim cp = 00
p—2n/[n+2(y—26+a)]

3.2. The Caccioppoli estimate. The Caccioppoli type inequality stated in the
next theorem is an essential tool in the proof of Theorem 1.1.

Theorem 3.1. Let u € W*2(R") be a solution to (1.14) under the assumptions
of Theorem 1.1; in particular, (3.1) and (3.3) are in force. Let B = B(xzg,r) C R™
be a ball, and let ¢ € C°(B(x0,3r/4)) be a cut-off function such that 0 < ¢p <1
and |Dy| < c(n)/r. Then the Caccioppoli type inequality

lu(z u(y)y(y)®
/ / |(E _y|n+2a d.l?dy
u(y
< r2a/ |u(z |2dx+c/n\B |x0|—(y|”+2“ dy/ |u(z)| dx
/24
er™ e (][ |f(x) 2 dm)

V4 1/p 2
3.6 n+2(v=26+0a) | N 9(y—20)k / ][ lg(@) =gl .
(39) e Z 2kB J2kB ‘CIJ - ‘nﬂw i

holds for a constant ¢ = c(n,A7 a), which is in particular independent of p, and a
constant ¢, = cp(n, A, a, B,7,p). The constant ¢, exhibits the behaviour described in
(3.5); moreover, all the terms appearing on the right hand side of (3.6) are finite.

Proof. In the weak formulation
[ [ etute) = uto)inte) - )k (o.) dody
(37 — [ [ o) - sto)lnte) - n) ey dody+ [ fods

Rn

we choose n = u?, where 1y € C°(B) is the cut-off function coming from the
statement. By a density argument 7 is an admissible test function. Then we have

L+ 1+ 13 :=
/ / ()u(@)d?(@) — u() ()] K (2, y) da dy

/n\B/ ()u(z)y® (z) K (z,y) dz dy
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_// p(u(z) —u(y))uly)y®(y) K (z,y) dz dy
B n\B
= [ [ 1) ~ s u@0v?@) - wo) ) ) ey

— 2
+/n\13/ g9(x) — g(y)|u(x)*(x)H (z,y) dz dy

o w(y)V*(y) H(z,y) dr dy
]R\B
(3.8) /szux (x)de=:Jy +Jo+ I3+ Js.

We proceed in estimating the various pieces stemming from the previous identity.
Estimation of I;. Let us first consider the case in which ¥ (z) > ¢ (y). Then we
write

p(u(e) —u(y))[u(@)p?(z) — u(y)? ()]
= p(u(z) — u(y))[u(@) — u(y)]v* (@) + e(u(z) — uly))uly) [V (@) — H*(y)]-
Applying Young’s inequality and recalling the first inequality in (1.15), we have
p(u(e) —u(y))u(y) [ (z) — ¥ (y)]
= o(u(z) —u(y))u(y)[¥(z) — W)Y (z) + ¢ (y)]
> =2|p(u(x) —u(y))|luy)llP(z) = Ly) Y (z)
> 2 fu(z) — uly) P9 () — 2072 () [() — Y]

Connecting the content of the last two displays, and using this time the second
inequality in (1.15), yields
p(u(e) —u(y))[u(@)p? (@) — uly)v* (y)]
(3.9) > %[U(l’) —u(y)*P*(x) — 20%0* (y) [P (2) — P(y)]* .
Now, we consider the case in which ¥(y) > ¢ (z) and we similarly write
p(u(z) — u(y))[u(@)p? (@) — uly)y* (y)]
= p(u(z) — u(y))[u(z) — u@)]P?(y) + pu(z) — u(y))u(@)[? (@) — P> (y)].
Proceeding similarly to the case ¥ (z) > ¥(y), we arrive at
p(u(@) —u(y))[u(@)y?(z) — u(y)P?(y)]
> %[u(:z:) — ()Y (y) — 20%0% (2) [y (2) — ¥(y)]*.
In any case, using also (1.4), we conclude with

L[ [ )~ u(w)?
noeof BWWW) ()} do dy

’lb 2
o

where ¢ depends on A. Moreover, by notlclng that

[u(z)(z) — u(y)v)]* < 2[u(@) () — P + 2 (y) (u(@) — uy)]?

and integrating, we conclude with

lu(z )Jp(y)l?
/ / |x_y‘n+2a dz dy
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(3.10) //| |2 |n£22|2d dy .

Estimation of I, and I3. The estimation of the terms I and I3 is similar. Indeed,
as for Is, we start observing that a direct computation yields

|u(@)[Juy)[¥*(z)

|z —y[rt2e

[u(z) — u(y)]u(z)d® (@)K (z,y) > —A

and therefore, by (1.15) we obtain (we can assume without loss of generality that

u() # uly)) that
Ju(@)[u(y)[¥?()

e(u(z) —u(y))u(@)p? (@)K (z,y) > —A ’ pu(z) — u(y))

u(z) —u(y) |z —y|+2e
o [u(@)||u(y)|? (z
. -kl

Similarly, we obtain

u\zx)||u 2
~plu(e) = )l ) K .9) > ~42 L),

We then estimate

2
L+l > / /'“ Dlfuly ‘J:é()dxdy
R™\B |I*y|n @
> —c sup / / ulx WJ
z€supp ¥ JR"\ B |27 |n+2a |
u(y
(3.11) > —c/ 76@// u(z)|[¢?(z) da
re\B |T0 — Y[ T2 B| (

Here we have used the fact that since ¢ is supported in B(zg, 3r/4), we have

|zo — 2]

(3.12) 2o = vl
2 =yl |z =yl

whenever z € supp® and y € R\ B.
Estimation of J;. Fractional Sobolev’s inequality yields

<4

no< o (f uwuer dx) " (£ 1 dx)m*
< e/ ( / / jua |x |n£21w<y)|2dxdy)”2

(£ 1 dx)% |

so that, applying Young’s inequality with o € (0, 1), we have

Jy < gr"““ (f |f(x) 2*dx>2/2*
(3.13) // fule x_y|n£gl¢(y)|2dxdy.

The constant ¢ depends only on n, «.
Estimation of J;. We write

u(@)p?(x) — u(y)y*(y)
= [u(x)(z) —u(y)Py)]L(y) + u()(@) [P () — ¢(y)]-
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Therefore, using that ¢ < 1 and (1.16), we have

lg(x) — 9(y)| dz dy
AZ;LAE;ZPF4M@W@—U@W@”

|z —y["
lg(z) —g(y)|
A /B | @ @)l ~ v()]
= J1.1 + J1.2 .

Ji

IN

dx dy
|z —y|"

In turn, we estimate Jy ; and Jj o separately. Recalling (3.1), we now set

28—« n[l 1].

p 2

Observe that 0 <t <1 <= 28 — a <~y < 2. Then we notice that
2n

n+2(vy—28+a)

and §:i= —

3.14 ti=1-
(3.14) - -

28> and 2>p>

3.15 = 2>p> =2, —0<s<1
(3.15) P> 5
and moreover

2n
(3.16) D> = 0<s<t.

n+2(y—28+a)

We also record the identity at = v — (28 — «). Let us now write

- [ [ e oetl]

, {T_at/SIU( x)p(x) —u(y)wqu dx dy
|z — yla(=t/9) =y

The definitions in (3.14) imply (1 — s)/2+4 s/2* + 1/p = 1 and therefore, applying
Holder’s inequality with the related choice of the exponents, we have

1
J n-‘rozt )|p d{E d /P
L1 = ‘x _ |n+p(2ﬁ a+tta) Y

(/ ][ Ju(z | | g)ib(y)l dxdy>(ls)/2
x — y|nt2a
o ( B at/é/ ][ " |z — y|n+2*(y1)wt</z)) o dx dy) v

Before going on, let us estimate the last integral

Ju(@)ip(x) — u(y)v(y)* 21 )1
/][ \x— y[n 2 ali=t/s) dvdy < 2 |:r— |n+2*a(1 75 dr dy

2*04(1 t/s)
S ][ lu(a)p(z)|? dx
t—s

(8.18) < T (/ /, = |x— |nizlw(y)2d“dy)2*/2'

Plugging the inequality into (3.17) yields

1
Jia < ern/Eret WP e ’
1.1 = \x _ y|n+p 2,3 a+ta) Yy

([ et )
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Using Young’s inequality, and keeping in mind that at =y — (28 — «), leads to

2/p
T < Spnire-28ta) (/ l9(@) =9I dy)
g

= [ — g

o [ [ Lot |x_y|nféiw(y)2dxdy

whenever ¢ € (0,1). The constant ¢ depends only on n,a, A, 3,v,p. We then
continue with the estimation of J; 5. Upon setting 7 := (1 — «)/2 using Holder’s
inequality with conjugate exponents (2*, 2, ) we have

)| lu(@)d(z)| dvdy
Ji2 < | DY|[per™ /][ = ‘2;9 1+n |z —y|=" |z —y|?
/24
W) dedy \'
< dpplpern ([ f gL

(/ lu(x)y(x)|?  dody >1/2*
BB lv—y[7*" |z —y[

In turn, by Lemma 2.2 (see also the remark below there) we have

|u(ac)1/1(:r) 2" dx dy er?™m 2

|”*1—oz

<o (] ]l = |x—y|n$§i¢(y)| dxdyfm

and, recalling that p > 2, by (3 15), we proceed with

(y)]?*  drdy
| 25 L) |z —y[n
:/][ (gx -9 y)>2* 1 da dy
s/ \ lr—y| |z — y[2CO-1Hn=) |z — y|n
_ p 2./p
< (/ l9(2) g(+y)\ dxdy>
gJp |z —y|m P
1-2,
/][ da dy v
Blg—y| (2‘251” ez —yln

—2.(28-1+n—7) _ P 2./p
Lo (/ lg(z) — g(y)| dmdy>
Y=26+a gJp |v—y[mtPY

where of course we used that 26 —1+n—y=26—-1/2—a/2—v<28—-a—7<0
due to n:= (1 —a)/2 and (3.1). Connecting the estimates in the last three displays
yields

D 1/p
J1'2 < CHDw”Lmrn/2+’y—2ﬂ+a+l (/ |g( ) ( )‘ dxdy)

‘x — ‘n-HD’Y

(f sttt )

Again using Young’s inequality we conclude with

2/p
C
S ( / la(z) = g)I” dy>
B

[

o [ [ M R
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which holds whenever o € (0,1). Gathering together the estimates found for Jj 1
and Ji 2, and using that r2||Dy||2 « < c(n), gives

2/
g < Spntat-2p+a) ( / lg(z) —g)I” d) :
o B

|z — yl”+m

(3.19) +20// [ulz |x— |nJ(gl W)l drdy .

The constant ¢ depends on n, a, A, 5, , p.
Estimation of J; and Js;. The estimation of the two terms is completely similar,
and we therefore confine ourselves to estimate J;. Using (1.16) we have

A |g(x>_(g)B||u(x)|w2(x)dxdy

r\BJB [T —Y \"+2B
— (9)8l

+A/ \BJ/B |$—y|”+2,8 lu(x) |2 (x) dx dy

=: Jo1+ Jao.

Ja

IN

In turn we estimate the two resulting terms. Using that p > 2, by (3.15), we have

Jor<ec sup / / 9(2) - (9) 5llu(@)() dz
zesupp s JRO\ B |Z_y‘n+2ﬂ | I

1/2.
<cr™ sup / (][ g(x B> dx)
z€supp ¢ JR?\ B |Z - y|n+2B |
1/2*
<][ lu(z)y(x) > dx)
1/p
<ecr™ sup / (][ g(x dex)
z€supp ¢ JR™\ B |Z - y|n+2ﬂ | |
1/2*
(s
2
< Crn/2+'y—2ﬁ+a de

sup / _——
z€supp ¢ JR"\ B |Z - y‘n+2ﬁ

- (/B B W du dy>1/p (/ / = |:1: — y|n%,)j/)(y)|2 dx dy>1/2.

Therefore, using Young’s inequality, we have

2/p
Jaqp < Ern+2(7—25+a) (/ lg(x) — g(y)[? da:dy)
o B

8 [ — gl

2
o [ [ M

where we have also used that ¢ = 0 outside B(zg, 3r/4), and therefore (3.12), to
estimate

r28dy
sup / —— < ¢(n,f).
z€supp ¥ JR"\B ‘Z - y|n+26

In order to estimate Joo we need another splitting over annuli. Recalling again
that ¢ <1 and that ¢ = 0 outside B(zg, 3r/4), we have

- CZ/ %W(@WQ(@ dz dy

2i+1B\2/B JB lz —
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oo
n 7\ —28
cr (27r) lg( (9)Bldy |u x)| dx
= 2i+11

(320) < o .m0<2fr>-25 (][WBI() |de)l/p ][ u(e)o(@)] do.

j=

IN

The estimation of Jy 2 needs again a splitting; we start by telescoping summation

<]€-”+13 9(y) — (9)B| dy)l/p

1/p
< (£, 0= @unsPdn) 43 l@an - (e

k=0

) <]€B e (g)z”prdy) DS (]éB <g>2kB|de> N

k=0
Jj+1

) <23 (][ " <g>2kB|pdy)l/p .

Then an application of the fractional Poincaré inequality in Lemma 2.1 yields

1/p J+1 . g 1/p
— Pd < 2% dzx d .
<][2J’+1B l9(y) — (9)B] y) CZ </2kB ][2kB |z — y‘n+m y>
Merging the content of the last display with the one of (3.20) gives

oo j+1

1/p
hoa s ZZ( 2tB JokB ‘95— |n+p7 d =4

§=0 k=0
][ |u(z)(x)| da .

We now manipulate the content of the square brackets above, using discrete Fubini’s
theorem as follows:
oo j+1

- lg() — g(w)I” He
SO @) (20 / ][ dx dy
okB JokB |$ - |n+m

=0 k=0

o p 1/p oo
BB |z -yt ! ;0
1
+r7 Qﬁzw / ][ lot@) = 9WI” . dy " i 2720
2tB Jok B |515—?J‘n+pﬂY

j=k—1

1
Zzw 26)k (/ ][ lg(@) =gl dy) /”.
2k JokB |$ - 3/|n+p7

We remark that in the previous display we have used the elementary inequality in
(2.2). All in all we have, by using also Holder’s inequality and Lemma 2.1, that

y—28 (y—28)k lg(x) —g(y)” e
J. < er™T A dx d
2= Z </sz ][2kB |z — |n+m ! y)

(£ @ dx)w
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24q2 ) — gy e
< /2t 6+a22(7 B)k / ][ dz dy
okp Jorp \13— y|n Py

([ )

Finally, using Young’s inequality we conclude with

|P

1/p]?
Ty < Symimaee) | 3020 ( / ][ i dy)
Z 2t JokB |l” - y|n+m

o [ [ M) st

whenever o € (0,1). Connecting the inequalities found for J; 2 and Js 2, and again
recalling that J3 can be estimates in a completely similar way, we have

Jo+ J3

‘ > @)~ gl N
< Z pnt2(y—26+a) Z 2(v—28)k (/ ][ + dr dy>
o = 2xB JorB ‘33 - |" P
|u(z u()v(y)®
.22 4o .
(3.22) + / / |x = |n+2a dx dy

The constant ¢ depends on n, A, «, 8,7, p.
Reabsorbing terms. Inserting the estimates for the terms I; and J; into (3.8),
we conclude with

s m_nglw(y»? iy

cro [ [ 1t x_mngy(yw iy

+c/ / |u(x |2 |n+(2a|2 dx dy

ve | n\Bmdy / |u<x>|w2<x>dw+§r"+2a (£ 1o ar)”

b nt2(y-26+a) Zz(ﬂ/ 28)k (/ ][ )|Pd p )1/19 2
2k B J 2k \x _y‘nﬂw

The constant ¢ depends only on n,a,A and the constant ¢, depends only on
n, A, a, 3,7,p. Now, taking o = 1/(14c¢) and reabsorbing terms finishes the proof,
together with the estimate

[ oSt o

1D e /|u & /B & — "2 dy da
27‘

= A Dy /|u )2 e

c(n) 1 2
l_am/B\u(xﬂ dx .

The finiteness of the terms appearing on the right in (3.6) follows directly from the
fact that uw € W*2(R") and from Section 4.3 below. O

IN
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Remark 3.2. In the above statement, one can replace u with u — (u)p by testing
instead of u1? with (u — (u) )2

Remark 3.3. All the constants denoted by ¢ and appearing in Theorem 3.1 blow
up as a — 0 or as @ — 1. The blow-up of the constant ¢, is more peculiar, and it is
as in (3.5). This appears for instance in estimate (3.18), as in this case s — ¢; see
(3.16). In terms of assumption (1.12) the blow-up of ¢, occurs for instance when
d9 — 0. Moreover, the constant ¢, blows up also when 8 — 0 and v — 28 — a.

4. THE DUAL PAIR (i, U) AND REVERSE INEQUALITIES

4.1. A doubling measure. With ¢ initially satisfying the condition 0 < € < a/2,
we consider the locally finite measure g on R™ x R™ introduced in (1.19). We
summarise its basic properties in the next

Proposition 4.1. With u being defined as in (1.19)
o Whenever B= B x B, and B C R™ is a ball with radius r, it holds that

ce(n)rnt2e

(1) p(B) =

where cc(n) denotes a constant depending only on n,e, and it satisfies
1/¢(n) < ce(n) < e(n) for an other constant c(n) depending only on n.
e (doubling diagonal property) Whenever A > 1 we have

/‘(B(vaQ)) __ An+2e
(42) L BG) A

e For every A > 1, there exists a constant cq = cq(n, A) such that

p(B(E,0) _ ca
/L(Kl X Kg) T €

holds whenever K1, Ky C B(Z,0) C R™ are cubes with side parallel to the
coordinate azes and such that | K| = | K| = o™/A™.

o (standard doubling property) there exists a constant ¢, depending only on
n, such that

(4.4) sup M <<

z.g.erm0>0 M(B(T,7,0) ~ ¢
Proof. The proof of (4.1) follows directly from the definition in (1.19) and a scaling
argument, while (4.2) follows from (4.1). The proof of (4.3) is slightly less direct.
First, observe that K7 x Ky C B(Z,0) and moreover that |z — y| < 20 whenever
x € K1 and y € K5. Therefore we can estimate

~ c(n)p™t2e c(n)A? 1
w(B(z,0)) = (n)e < (n) n_%/ dz dy
€ € 0 K1 JK>
A2n A2n
- c(n) / / d:vdny _ <(n) WKy % )
€ K K, 1T =y 3

and the proof of (4.3) is complete. The proof of (4.4) is similar to the one of (4.3);
this estimate will not be used in the rest of the paper. O

4.2. Diagonal reverse Holder type inequalities. For (z,y) € R?", we define
the functions

u(z) — u( lg(x) —g(y)l
(45) Ulew) = Tt 6oy = T ) =10,
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the first two being defined when x # y. According to the Definition 1 the function u
generates the dual pair (u, U). From now on, we shall always assume the following
restriction on the number e:

(4.6) 0 <& <min{a/2,[y[(1+61)/4, (26 —v)p/4} .
Lemma 4.1. With the definitions in (4.5) it follows that
(4.7) Ue LR p) and Fe L (R p),  with & €0,6).

Moreover, assuming (4.6) it follows that

(4.8) G e [Pt (R?™; 1) where &4 € [0, pd1]

loc

Proof. The first inclusion in (4.7) is a direct consequence of the definition in (4.5).
As for F, for a ball B = B x B, where B C R" has radius r > 0, we have

9. 45 |2 «+d0 c,l,.28
P2t g O gy < [ |
B |a:—y|” ‘ € Jp

This clearly implies that F' € L 2.0 (R?"; 1) as long as 05 < do. To prove that

loc

G e LPT (R?7; 1), let us start with the case 28 > a, when v > 0. By using (4.6)

loc
we have

p+pé |p(1+51)
1 J—
o = [, [ o de

5
o1 bp(14+61)—2¢] lg(z) — gly)[P+ov dz dy
BJp |r—y[ntp(+o)®

IA

(4.9)

The last quantity is finite since we are assuming g € W7Y(+00).p(1+01) g6 that
G e L' 9(R?"; 1) follows. We finally treat the case 23 < «. In this case, we

loc

have 261 < 2e < |y|p(1+01) = —yp(1 + 1) so that yp(1+ 1) +2¢d; < 0. We can

therefore estimate as follows:
)|+ |g(y) )P +on
/ / |l‘ _ |n+'yp(1+61)+2561 dx dy

/ @GPt dp

B

1+6 2ed

T s o
—lyp(1+61) +2e01] Jp

and (4.8) follows again since when 28 < « we are precisely assuming that g €

PO (RN see (3.2). O

loc

IA

(4.10)

We are now going to state a few inequalities of later use. Let v € W79(B) for
o € (0,1) and ¢ > 1; then the following fractional Sobolev inequality:

holds as a consequence of (2.4), provided ¢ > 2n/(n + 26) and & > 0. With
e € (0,a/2) we study the compatibility of the following conditions:

2 2
(4.12) &::a+s—§ and qzn+”2&

in inequality (4.11); this gives ¢ > (2n +4e)/(n + 2a.+ 2¢). Recalling the definition
of the function U in (4.5), and using (4.1), we gain

2 o 2
26 / [u(x) — u(y)|? dx dy /e _ ce(n)?/ap2ot2e ][ Uady /a
gJp |z —yl"toa g2/ B ’

with ¢.(n) defined in (4.1). We therefore have the following:
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Lemma 4.2. Let e € (0,a/2), and let q be defined by

2n + 4e

4.13 =<
( ) 9 n+ 2« + 2¢e

Then the following inequality:

2(a+e) 2/q
— 2 er q
(4.14) ][B|u (u)p|”dz < 274 <][BU dﬂ)

holds for a constant c depending only on n and «, whenever B is a ball with radius
r and B = B x B. The same inequality continues to hold when the ball B is replaced
by a cube Q with side of length r, and consequently B is replaced by Q X Q.

We are now ready for the main result of this section, that is the following:

Proposition 4.2 (Diagonal reverse Holder type inequality). Let u € W*2(R") be
a solution to (1.14) under the assumptions of Theorem 1.1; in particular, (3.1) and
(3.3) are in force. Assume that € satisfies (4.6). Then the following reverse Hélder
type inequality with tail holds whenever B C R?" is a diagonal ball, and o € (0,1):

1/2 c 1/q
2 q
(o) = i (f,0)

g S k(a—e¢) e
bt e (£ o)
E1/qfl/2kz=:1 .

/2.
C[M(B)]"( 2 )1

NIt B 7Z F2 dy
el/z-172 \ [,

1/p
Cb[.u(B)]e - —k(2B—y—2
(415) +m22 ( 1=2¢/p) . Gpd/J, 5
k=1 2hB
where 8 and n denote the following positive exponents:
vy—=284+a+e2/p—1) a—¢
4.16 0= d =
(4.16) n+ 2e an T T2

respectively. The constant ¢ depends only on n,a, A, while the number q € (1,2)
has been defined in (4.13). The constant ¢, depends on n,a, A, 3,~v,p and exhibits
the behaviour described in (3.5). The infinite sums on the right side of (4.15) are
finite.

Proof. In the rest of the proof all the constants depend at least on n, a, A. We write
B = B(zo,r) x B(xg,r) and apply Theorem 3.1; we choose the cut-off function
P € C§°((3/4)B) such that 0 < ¢ < 1, |Dy| < ¢(n)/r and v = 1 on (1/2)B
Inequality (3.6) remains valid upon replacing u by u—(u) 5, see Remark 3.2. Indeed,
notice that for such a function all the integrals on the right hand side of (3.6) are
finite. For this see Section 4.3 and (4.19) below. All in all we have

/ ][ [u(z) = (W)pl@) = [uly) = @

|.’,E _ |n+2a
][ |u(z B|2dx
|u(y) — (u)B| ][
d d
—H:/R,»\B |zo — y|”+2a ful= W] dr

20 (][B 1 ()2 d:c)Q/z*
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1/p]?
+Cbr2(7*25+0¢) 2(7 2B)k / ]Z )|pd dy
2tB Jok B |33_ |n+m

(4.17) =1 Js+Js+ J7 + Jg .
We start rewriting 1, as follows:

|[u )l (@) — [uly) — (w)BlY(Y)|*
ko

o — 4P

dp(z, y)
so that, with the current choice of ¢, we have
2¢e
L g < [ v <
e Jp2 \B | JB/2
We estimate J5 with the aid of (4.14) as follows:

CT.QS 2/q
Js < —— Uld .
= o (fomw)

To estimate Js we split the term in annuli, and proceed somehow as in (3.21). As
a matter of fact, we will prove that this term is finite; we indeed have

fu(y) — ()] / Ju(y) — (w)s]
— = d
/R”\B |zo — y[" 2 Y Z 2/+1B\2i B |$0 — y[rt2e Y
(4.18) < 3 (@ ][ fu(y) — (u) 5 dy.
= 20+1B

In turn, we again split every integral in the previous sum similarly to (3.21), and
using Hélder’s inequality we estimate as follows:

][21‘+13| u(y) = (u)pldy < 2§:1 <]€kB (U)szquy>1/q '

Each of the previous integrals can be then estimated with the aid of the fractional
Poincaré inequality of Lemma 2.1 as follows:

q
fo e = sty < etz [ R aedy
2k B 2kB J2kB \x— Y|

2k q(a+e)
ik it ][ Utdp,
g 2kB

where & is as in (4.12) and ¢ remains independent of €. As a consequence, we obtain

j+1

1/q
&
— dy < —— ) (2Fr)ote ][ Ud .
]£j+1BIU(y) OF] y_sl/q§ (2%r) (M u)

k=0
Connecting the content of the last display to the one of (4.18), yields

_ oo j+1 1/q
lu(y) — (u)s| ote S L ik
d 9~ 2ajgk(ate) Udd .
/ < Ty U

7\ B |£E0— =0 k=0

Reverting the order of summation gives

oo j+1 1/q
2227204]-2]&‘(0(4’8) <][ quu>

=0 k=0

1/q > 1/q oo _
= <][ qu,u> 22_20” + ZQk(aJrE) (][ quu> Z 272
B 2k

j=k—1
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c o3} 1/q
< =) gk ( ][ qu/J,> .
(0% k=0 2k

Observe that we have once again used the elementary inequality in (2.2) (with
B = «). All in all, combining the content of the last two displays yields

Ju(y) — (u) 5| o X e ]1 Y
4.19 dy < 9—k(a—e) 7
(4.19) /]R yprre = e kzz;) ws )

B |To—

so that, via another application of (4.14) we have

7 < cr?e i2—k(a—e) (][ Uld >l/q (][ Ud )1/q
6 < <57 i m .
g2/a & 2kB B

With o € (0,1), using Young’s inequality we finally conclude with

2
cre 2/q o2r2e [ X 1/q
Jo < ——— Uid R 9~ kla—e) ][ Uid
© = g% (][B M) = kzzo s

For the estimation of J; we observe that

fu@ra = f i@
< e /B ]{3 )
< o [, e

< E][FQ*d'u
€JB

Here we have used (4.1) to perform the last estimation and the very definition of
the measure p. By the definition of J7 it then follows

o< ([ ey 0
< G (fra)

Next, the definitions of G(-) and g imply

2(y—2B8+a+2¢/p) > 1/p 2
Js < T D20/ < ][ G du) .
€ k=0 2B

Finally, connecting the estimates found for I and Js,. .., Js to (4.17) yields

2 2 2/q
I vdu < 27'2/(][ quu)
€ Jgye o“e*/1 \ /B
2
o2r2e e A 1/q
e —k(a—e¢) q
T S (], v
k=0
C’I’2a 9 2/2.
+752/2* (][BF dp)

2
C,],.2(A/725+a+2€/p) & 1/p
+ o(v—28+2¢/p)k (][ GP d#)
52/p l;) 2k

from which (4.15) follows immediately (since the ball B is arbitrary, and we can
switch from B to 2B). The right hand side terms in (4.15) involving infinite sums
are finite and this is checked in the next Remark. (]

2 dx dy

2 dx dy
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Remark 4.1. A computation based on the definitions in (4.16) gives
2.n  2n(a—e¢) < 2
1—-2.n n2+4den+4as ~

n
and
0 _py=28+a)+e2-p) _ 3
1—pb n—ply—28+a)+ep ~n—p(y—28+a)+ep
4.3. The tails are finite. We here observe that all the terms on the right hand
sides of (3.6) and (4.15) are finite, obviously confining ourselves to those involving

infinite sums. We start by the terms involving u. The second term appearing on
the right hand side of (3.6) is seen to be finite by estimating

lu(y)| / lu(y) — (v) B / |(w) 5]
— I gy < WY) = \WEL g 4 — RWBL__ g,
/]R"\B lzo — y[n T2 re\B |T0 — y[" T2 re\B |T0 — Y[ T2

The last integral in the above display is obviously finite, while the finiteness of the
second one can be obtained as in (4.19). In fact, by (2.2) and ¢ € (0, @/2), the right
hand side of (4.19) can be further estimated as

0o 1/q 00 1/2
27}{3((176) (][ Ugd,“‘) < 27k(a75) <][ Uzd,LL)
kZ:O 2B g 2+

|2 1/2
6a(/n/n |x—y|”+20‘ ddy) )

This also proves the finiteness of the first infinite sum appearing on the right hand
side of (4.15). We now come to the terms involving g, proving that the last series
appearing in (4.15) is finite. The finiteness of the last series appearing in (3.6)
is therefore implied by looking at the estimate for the term Jg in the proof of
Proposition 4.2. We start by the case 28 > «, where using (4.9) we have

::A.g.

IN

1/p
o—k(26—7—2¢/p) ( ar du) < g HEI—r—b174n/lp(1+80])

¥(1+61),p(1+61)
2kB
with ¢ = ¢(n, 8,7, p, d1,7). and since by (3.1) we have v < 28 and §1yp(1+ 1) < n,
the convergence of the series follows. In the case 28 < a we instead use (4.10) to
have the following inequality, that again implies the convergence of the series in
question:

1/p
2—16(2,8—7—26/17)( Gpdu) < MBI/ gl s

2kB
5. LEVEL SETS ESTIMATES FOR DUAL PAIRS

In this section we prove a level set estimate which is at the core of the proof
of our higher differentiability and integrability results. Let us first define a few
functionals. With 6 and 7 as in (4.16), for every B = B(x, 0) C R*" we define

1/2 1/2.
Hp(B(z, 0))]"
U m(B(z,0) = (JZB(M)UQdu> +[51(/2£—1/3)](]{3(M)F2*d“>

1/p
Mlp(B(z, )]’ p

where H, M > 1 and B(x, 9) C R?". We also define the functionals

1/(2.46¢) 1/(p+64)
(6:2) ToBla.o) = (f F*ray (e ,
B(z,0) B(z,0)



NONLOCAL SELF-IMPROVING PROPERTIES 23

oo 1/q
5.3 Yi(B(z,0)) =Y 27F@—e) Utd
(5.3) (Bw0) =3 <]i( u)

x,2 0)

1/p
Mu(B(x, SN 9
(5.4) Yo (B(z,0)) ;:%Zz k(28—y=2¢/p) <][B( . )Gpd;L) .
ZT,4"0

k=0
We shall denote
‘I’(B(I, Q)) = \11171(8(1‘, Q))

and shall often use the abbreviations
Y nm(B(x,0) =VYuu(r,0),  Yo(B(z,0)) = To(x,0)
and so forth. Finally, we can define
(5.-5) ADD(B(z,0)) = ADD(z, 0) := ¥(z, 0) + To(, 0) + Y1(z, 0) + T2.1(, 0) -
The aim of this section is to prove the following:

Proposition 5.1. Let u € W*2(R") be a solution to (1.14) under the assumptions

of Theorem 1.1; in particular, (3.1) and (3.3) are in force. Let p be the measure
defined in (1.19), with € satisfying (4.6). Consider a ball B(xg,200) C R*" such
that oo < 1, and related concentric balls

(5.6) B(xo, 00) C B(o,t) C B(xo,5) C B(xo,300/2)

for oo < t < s < 3p9/2. There exists a constant cs = cs(n,a, A) independent
of € and p, and constants ¢y = cf(n, o, N, e) > 1, ¢g = c4(n,a, A, B,7,p,e) > 1,
kr=kr(n, o\ e) € (0,1), kg = Kg(n, o, A, B,p,€) € (0,1), such that the inequality

1 c

_ U?d < 5

A2 /B(zo,t)ﬂ{U>>\} = @/ /B(:L’o,s)ﬂ{U>)\}
Cf/\§)2*+5f)2*"7/(1—2w)

NA+n16£)2./(1=2.7) /B(mg,s)m{F>nf>\}
Cg)\épwg)p@/(l*p@)

N(1+864)p/(1—pb) /B(xo,s)ﬂ{G>"”vg)‘}

Uddu

FQ* d/.l/

(5.7) GP du

holds whenever X > Ay, where

2n
Ca
(58) )\0 = ? (SQO t) ADD(Z‘Q, 2@0) .

The constant c, introduced in the last display depends on n,a, A, 3,7, but is still
independent of e.

Remark 5.1. Unlike ¢, ¢y, the constants kg4, ¢y exhibit the following behaviour:

(5.9) lim = lim — =o00= lim cg = lim ¢,4.
p—2n/[n+2(v—26+a)] Kg Y28 Kg p—2n/[n+2(y—28+a)] y—28

The proof of Proposition 5.1 is rather delicate and falls into twelve steps. It will
take the rest of this section.
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5.1. Diagonal balls and Vitali’s covering. The proof starts with an exit time
argument for the functional Uy pr(-), aimed at covering the “diagonal” level set
of U. The constants H, M > 1 shall be fixed in due course of the proof, and the
whole argument is independent of their particular values until the moment these
are fixed. They will be used to give a different weight to the integrals of F2-
and GP: at the exit time, the averages of F?+, GP will be smaller than the one of
U? provided H,M are chosen to be large enough, respectively. Let us consider
concentric diagonal balls as in (5.6). Let s € (0,1] be a free parameter to be again
chosen in due course of the proof and define

(5.10)

>\0 = ’171 sup sup {\IIH,]\/I(Iv Q)+T0(I,Q)+T1(l’, Q)+T2,M($a Q)}

SE<e< z€B(z0,t)

All the foregoing steps of proofs are independent of the specific choice of x until
this will be in fact made in (5.55) below. For the same & (to be defined later) and
for A > \g, define further the “diagonal level set”

(5.11) D,y = {(x,x) € B(xo,t) : sup Yy m(z,0) > m\} .
0< o< 5%
Since, by the definition in (5.10), for every (z,z) € B(xo,t) it follows
(5.12) Uz, 0) < kAo < KA whenever g € [(s —t)/40™, 00/2],
then we find for all (z,z) € Dy the exit radius o(z) € (0, (s — t)/40™) such that

(5.13) Uy m(z, o(x)) > KA, while sup Uy m(x,0) < KA.
o(x)<o< 5w

Collect enlarged balls into the covering {B(z,20(z)) : (z,2z) € D,x}. Balls of the
type B(z,t, o) are, as explained in Section 2, metric balls with respect to the metric
(2.1). We therefore apply Vitali’s covering theorem to find a countable set Jp, and
related diagonal points {(z;,;)};er,, such that

(5.14) U  Blz.20(2)) ¢ |J Blej, 100(z;)) C Blao, 5)
(z,2)ED A j€Jp

and

(5.15) {B(z;,20(x;))}jesp, 1is a family of mutually disjoint balls.

Notice that, implicit in (5.14), is the fact that since o(z;) < (s — ¢)/40™ and
xj € B(zo,t) for every z; € Jp, then B(x;,100(z;)) C B(zo,s). By (5.12)-(5.13)
and the doubling property in (4.2), it follows that

> Udp <7 Bl 100)) [Wag (B, 100()

je€JD B(xz;,100(x;)) je€Jp
(5.16) < 10"T2ER2 N2 Z w(B(x;,o(x;))) -

Jj€Jp
We shall denote in short
(5.17) Bj = B(z;, 0(z;)), oB; = B(z;,00(z;)), o>0.
Finally, since we are assuming that gy < 1, by (4.1) we observe that
2n+25

(5.18) u(B(wo,200)) < “—— = L = L(n,e).

£
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5.2. Dyadic cubes, and two constants. This section has a very technical nature,
and reports a few facts that are true independently of the specify context we are
moving in. In order to cover the off-diagonal level sets of U, we need a more
elaborate argument based on classical Calderén-Zygmund coverings. To this aim,
we start recalling basic properties of dyadic cubes in R?*. They differ from the
usual ones since they are “centred” at xzg and the is size is adapted to the size of
the starting ball B(zg, s). Define

(5.19) fig := [ log, <5t>} +1,

nlolOn

where [-] denotes the integer part of a given number, with the (unnecessary large)
constant 10'%" having also a symbolic meaning. Let Ay, k > kg, be the disjoint
collection - centered at xg - of half-open cubes of sidelength 2% whose closures are
touching B(zo, (s +1)/2), i.e.

Ap = {zo+2 Fv+[0,27%)" -

vEZ™, (vo+2 Fv+[0,27%") N B(wo, (s +1)/2) # 0}
Notice that, with such a definition, by using (5.19) it follows that k > k¢ implies
(5.20) B(zo,t) ¢ |J K C Blao,s).
KeAy

The cubes defined above are, up to a translation aimed at centring everything at
Tg, the standard dyadic cubes in R™. Let us recall a few basic properties. Let A
the family of all cubes from the families Ay, that is A := {K € Ax : k > ko}.
Defined this way, every cube K in Agy1, k > ko, has only one predecessor K € Ay,
such that K C K. Moreover, if K € Ay, and Ky € Ay, with kg < k1 < ko and

also K1 N Ky # (), then K5 C K;. Starting from the previous cubes, we fix the
notation for the corresponding ones in R?". We set, again for k > kg

Ek::{’CEleKQ : Kl,KQGAk}, == UEk’
k>ko
while the diagonal cubes build up the family

(5.21) Er={K=KxK : KeA}.

With the above definition it follows from (5.20) that

(5.22) B(zg,t) C U K C B(zg, s)
KeEg

holds whenever k£ > kg. Notice that, by defining the product cubes as above, we
are actually once again considering dyadic cubes in R?", with the same properties
of the cubes from Aj. We also notice that if = 3 K = K; x Ks then K = K; x Ko
is its unique predecessor. Finally, let KL € Z; then there exist Ky, Ko € A such
that K = Ky x Ks; in this case we let

(5.23) k(K)=k.
Next, again with IC = K; x Ko, we define the cube projections as
Pl(K:)E_PlK: = K1 XK1 and PQ(IC)EPQIC = K2 XK27

whenever K1, Ko € Ag. In order to shorten the notation, in the following we shall
also write P, (K) = P, K for h = 1,2. It hence follows

(524) Pl(Kl XKQ):PQ(KQ XKl).
For a given cube K = K71 x K5 we define
(5.25) dist (P K, P,K) = dist(K7, Ko)
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and its symmetric (or mirror reflected) cube with respect to the diagonal Diag, is
defined by

(5.26) Symm(K) = Symm(K; x K3) := Ko x K7 .

For future convenience we collect a few basic facts that are a direct consequence of
the definitions above, and in particular of (5.23)-(5.26).

Proposition 5.2. Let K = K1 x Ko € Z. The following facts are true:
e PK,PRKcE.

o W(PK) = u(P,K) and k(K) = k(PLK) = k(PK) .
o IfE3H CK, then k(K) < k(H) .

) Ifﬁ is the predecessor of IC, then

(5.27) dist(P1KC, P,K) < dist(PLK, P,K) .
o The following relations hold:
(5.28) dist(P1K, P,K) = V2dist(PL K, P,K)
_ _ dist(P K, P,K)  dist(P K, PoK)
5.29 dist(K, Diag) = =
(5.29) ist(KC, Diag) 5 NG
(5.30) dist(K, PLK) = dist(K, P,K) = dist(K1, K5) = dist(P K, P,K)

dist (P, Symm(K), P,Symm(K)) = dist(P1K, P,K) .
o Let F: (z,y) € R" xR™ — R be a locally p-integrable function which is
symmetric; i.e. F(x,y) = F(y,x) holds for every x,y € R", then

/ Fduy= / Fdu
K Symm(K)

holds whenever K € Z. In particular, p(K) = p(Symm(K)) and, moreover,
it holds that k(KC) = k(Symm(K)).

In the next two lemmas we introduce the e-independent constants cqq and ¢,
and these will be very often used in the following.

Lemma 5.1. There exists a constant cqq, depending only on n, and in particular
independent of e, such that the following inequality holds true for h € {1,2}:

~ n—2
1 diSt(PlK, PQIC) /,L(K)
> Z
Cdd =2 }Sclég 5( 92—k (K) 1(PyK)

~ 2e—n
ist(PIC, P P,

(5.31) + sup c dist j/i%@ »K) w(Pr) L

KEE dist(P1 K, Py/C)>2-k(K) 2 p(K)

Proof. Indeed, observe that that using the definition of the measure p together with
(5.25) (and assuming without loss of generality that dist(P1K, P.K) > 0) we have
2—2k(/€)n
< — .
dist(PllC, P2’C)n725
This allows to bound the first quantity in (5.31) in a universal way

~ n—2¢
1 (dist(PK, PK) ()
5 2-k(K) u(PrK)

p(Puk) = Wy=b02) ang (i

<c¢(n).
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On the other hand, again by the definition (5.25), notice that if z € K7 and y € K>
then dist(PK, P,K) < |o — y| < 2¢/n[27 %) 4+ dist(P,K, P,K)] so that, the very
definition of the measure p yields

272k(IC)n

(2/n)"—22[2-K(0) 4 dist(P K, PK)]n—2

WK) >
Then we have

~ 2e—n
dist(PllC, PQIC) ,u(PhIC)
T2 m (k)

~ 2e—n -
< dist(P K, P.K) [27FK) 1 dist(PL K, PoK)]" 28
< eln) S 9k(K) o2k (K)n-+k(K)(n+2¢) <c(n)

where we have used that dfst(PllC, PK) > 2-k(K) | 'We have therefore proved that
(5.31) holds for a constant cgq depending only on n. O

The second constant is presented in the next

Lemma 5.2. There exists a constant ¢q, depending only on n, in particular inde-
pendent of €, such that the following inequality holds:

(5.32) sup k) <éq.

K is the predecessor of K p(K)
dist(P K, P,K) > 27+

Proof. Let us consider a dyadic cube K=K x Ky C R?", with K being its
predecessor, and such that dist(P1 K, P,K) > 27*) | Triangle inequality gives
|z — y| < 2¢/n2 O 4 dist(PLK, P.K) < 8v/ndist(PK, P,K)
whenever (z,y) € K7 X Ky. By the very definition of p and (5.25), and finally using
the inequality in the previous line when performing the final estimation, we get
w(K) < dist(PK, P,K)~ (" 29| K x K|
= 4dist(PK, PK)~ "2 | Ky x K| < e(n)u(K),

and the proof of the lemma is complete. O
5.3. Off-diagonal cubes and Calderdén-Zygmund coverings. We start report-
ing an adaptation of the classical Calderén-Zygmund decomposition lemma. The
argument is completely similar to the classical one and for a proof we refer for

instance to [27], taking into account that the measure p is doubling and absolutely
continuous with respect to the Lebesgue measure.

Theorem 5.1. Let Qo being a cube in R2" and let U be a non-negative function
in L'(Qo). Let X be a real number such that

][ Udugj\.
0

There exists a countable, but possibly finite, family of pairwise disjoint dyadic cubes
{Q;}, with sides parallel to those of Qq, such that

5\<][
Q

where @; denotes the predecessor of QQ;, and

U<\ a.e. in QO\UQi.

Udp and ][~ Udp < X\ holds for every Q;
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We now start to cover the off-diagonal part of the level set of U. To this end,
let us consider the cubes from the family =, and, accordingly, the quantity

. 1/2
(5.33) A1 := max {)\0, sup <]l U? du) } .
K€Ek, K

We recall that the numbers A\ and ko have been determined in (5.10) and (5.19),
respectively. Let us observe that (5.22) implies that the family {K}xcez,, forms
a disjoint covering of B(zg,t). With A > A; we now apply Theorem 5.1 with the
choice Qg = Ko, for every single cube Ky € Zg,; we therefore obtain a family of
disjoint dyadic cubes @Q;(Kp) such that

2\ < ][ Udp and ][N UZdp < N2 holds for every Q);,
Qi(KCo) Qi(Ko)

where, as usual, Q;(Ko) denotes the predecessor of @Q;(Ky), and
U<X holdsae in Ko\ UQi(KO) .

Putting all such families of cubes together we get a countable family

Uy = U {Qi(Ko)} = {K}

Ko€Ek,

of disjoint dyadic cubes K which are such that

(5.34) N < ][ U2du and ][ U2dp < N2 holds for every K € Uy
K

K

where K denotes the predecessor of IC, and such that

(5.35) U< holds a.e. in  B(zg,t) \ U K.
Kely

Remark 5.2. The symmetry of the function U and Proposition 5.2 imply that

/ U?dp = / U?dp
K Symm(K)

holds whenever K € Z. It then follows that K € Uy, iff Symm(K) € U,.

5.4. First removal of nearly diagonal cubes. In this step we are going to show
that, in order to cover the level sets of U?, it is sufficient to restrict our attention to
those dyadic cubes that are “far” from the diagonal in a suitably quantified sense.
Specifically, the word far refers to the fact that for such cubes it happens that their
distance to the diagonal is larger than their size. These are really the relevant cubes
to analyse, since we shall see that the remaining ones can be covered by the balls
considered in (5.14)-(5.15). We therefore start considering the following family of
nearly diagonal cubes:

L{/‘\i = {IC €U : dfst(Pll%, PQI%) < 27k K is the predecessor of IC} .

With K € U{, consider now a point (%,7) € Diag such that dist((Z,%),K) =

dist(Diag, K) and a diagonal ball B(Z, ¢) C R*" with radius g larger or equal than
5\/ﬁ det(P1E, PQE)
2

Keeping (5.29) in mind and applying it to IE, it follows that K C B(Z, 0). Ultimately,
we can find a diagonal ball B = B(&, 24/n27%®)), such that K C B. Notice that

+ 5y/n2 RO+
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in this case, by using (4.3) from Proposition 4.1 and recalling that (Z,Z) € Diag,
we conclude there exists a constant cg, which is only depending on n, such that

wB) _ ca _ ca(n)
(5.36) 1< () << ot

Therefore, if K € U{, then the lower bound in (5.34) yields

)\2<][U2du§m][U2d,u§c—d][U2du.
K w(K) Js € JB

Assuming that the number x € (0,1] introduced in (5.10) satisfies
1/2

g

\/2Cd ’

(5.37) k € (0, ko], Ko 1=
all in all we have proved that
VKeus 3B=BFxB* st ][ U?dp > k2X? and K c BF.
BK

This means that, being & the centre of BX, by the exit time condition (5.13) it
follows that (%,%) € D, and then BX C B(%,0(%)). By (5.14) it hence follows
that

(5.38) U kc | 108;.
Keug Jj€Jp

Notice that here, in order to find the ball BX and apply the exit time condition in
(5.13), we have used that the radius of the diagonal ball B = B(Z,24,/n2 *)) is
smaller that (s —¢)/40™. In turn, this is a consequence of the fact that k(K) > kg
and of the fact that kg is large enough as prescribed in (5.19).

5.5. Off-diagonal reverse Hélder inequalities. As we saw in the previous sec-
tion, U{ has already been covered by the diagonal cover. Thus, we shall now only
consider so-called off-diagonal cubes:

(5.39) U .= {IC Uy : dist(PLK, P,K) > 27*%) K is the predecessor ofIC} .
We notice that (5.27) implies
Keupd —  dist(PK, PK) > 2R

The goal is thus to sort and estimate suitable off-diagonal sums of the measures
of cubes belonging to Uy?. The following lemma is our basic tool. It roughly tells
that for non-diagonal cubes reverse Holder inequalities hold automatically, and
independently of the fact that the function solves an equation. The prize to pay is
the appearance of certain correction diagonal terms, and this is eventually treated
by some combinatorial lemmas.

Lemma 5.3 (Off-diagonal reverse inequality). Let k > ko and suppose that K € Zj,.
There exists a constant c,q = cpa(n, ), independent of €, such that whenever
dist(PLC, PoKC) > 27F the inequality

1/2 1/q
(o) < ()
K K
n 9—k ate 1/q
i () (Fow)
e/ \ dist(P1)C, PK) PK

2—k a+e 1/q
gl/a diSt(PlK,PglC) P
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holds with the number q being defined in (4.13). In particular, the above inequality
holds whenever IC € Z/l}}d.

Proof. Let K = K; x Ky € B, and find points z; € K; and y; € K» such that
dist(K71, K3) = |x1 — y1|. By the triangle inequality we obtain, whenever z,y € K

|z —y| < dist(K1, K2) + |21 — 2] + [y1 — ¥
< dist(Ky, Kp) +2y/n27F
< 3y/ndist(PLK, P,K) = 3v/ndist(K1, K>).
Therefore we have
(5.40) 1< lz-ul <3vn V(z,y) ek,

dlSt(Kl, KQ)

with the first inequality in the above display which is a trivial consequence of the
definition of dist(K, K»). Next, thanks to (5.40), the very definition of y yields

47nk
41 ~
(5.41) k)~ SR K=

with the constant involved being independent of ¢, but just depending on n. By
using (5.40) and (5.41) we then have

1/2
({0
K
|2 1/
( /K /K o gz Wﬂ dxdy)

dist(K K n—2e—(n+2a)
( U, znk(lC / / (y)|* do dy)
K1 JKs

1/2
(5.42) < cdist(Ky, Ky) (@9 <][ ][ IU(:E)U(y)Fdxdy) :
Kl K2

where ¢ depends only on n. We further estimate the integral on the right using
Minkowski’s inequality:

(][Kl ][Kz Wl e dy) N = <][K1 u(e) — (u)k, ° dx> N
+ <][K2 lu(z) — (u) K, |? da:) V2

W, = (WK, |-

By using the fractional Poincaré inequality of Lemma 4.2 applied on cubes, and
recalling that P, = K}, x K, for h € {1,2}, we deduce that

1/2 C2—k(a+a) 1/q
<][ lu(x) — (u)k, | da:) < — ( qu,u> ) he{l,2}
Kn el/a PLK

with the implied constant ¢ depending only on n and «. Finally, by Holder’s
inequality, and using (5.40) and (5.41) repeatedly, we get

(W, — (W] < le J[K2 )| dz dy

!‘ {‘ 1 / q
( 1 2 | >
K K

2

1/2

IN
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1/q
)|9dxd
(dlSt Kl KQ n-— 25 ~/Kl /Kz | v y)
1/q
e (f tute) ~ u quu)

1/q
cdist(Ky, K2)**e (][ U1 du)
K

with ¢ = ¢(n). Combining the content of the last four displays and recalling the
definition in (5.25) finishes the proof. O

IN

IN

We remark that the previous lemma works for any function v € W*?2 and does
not require that u solves any equation; moreover, the lemma works for every positive
integer k. Applying it in the present situation we instead get the following:

Corollary 5.1. Let k > ko be an integer, and suppose that K € Ej is such that
dist (P, PoKC) > 27F holds. Assume that

1/2
() "2
K

and that the number k introduced in (5.10) satisfies

gl/q
(543) K € (O, 531] , R1 = m y
where ¢pg = cna(n, a) has been defined in Lemma 5.3. Then it holds that
3¢l
pk) < —=nd / U?dp
A4 KN{U>rA}

3¢ u(K) < 9—k )(a+e)/ g
edd p(PK) dfst(PllC,PglC) PICN{U>kA} :

9.4 k q(a+e)
(5.44) B 1K) ( _ ) / Utdp.
e p(PK) \dist(P K, P,K) PKN{U>kA}

In particular, the inequality (5.44) holds whenever K € UR.

Proof. Appealing to Lemma 5.3, and using the elementary inequality (a+b+c¢)? <
3971 (a? + b7 + ¢7) valid for all nonnegative numbers a, b, c € R, we get

M et 2" e Uld Uld
P T o o o + :
3a-tel ][ ahl (dlst(PllC Pg/C)) (][Plfc : ][PQIC M)

To estimate the integrals appearing on the right hand side we note that by (5.43)

we have )
qu,ugnq/\qui/ Udu
]{3 ! n(E) En{U>r\}

with E € {K, P,K, P,K} so that, recalling that dfst(PllQPglC) > 27% we gain
A\ 3N 1 /
< + U dp
3tel, € W) Jnusray

1 2 k q(a+e)
S .
ep(PLK) dist(P1C, P,K) PLKN{U>kA}

1 9~k q(ate)
+ ( = ) / Udpy.
eu(P2K) \ dist(P,KC, P.K) PoKN{U>kA}
Now (5.44) follows inserting (5.43) in the last estimate and reabsorbing terms. O
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5.6. Families of off-diagonal cubes. With &2 that has been defined in (5.39),
consider now the families

(5.45) M= {/c cup ][ Uldp < (10n)"+2nw}
PhK:

and

(5.46) NI = {/C cup Uddu > (10n)"+2nq)\q}
P}L’C

for h € {1,2}, where the number  has been introduced in (5.10) and ¢ is defined
in (4.13). Furthermore define

(5.47) My :=MiNM;Z  and Ny =N UNE
so that the following decomposition in disjoint families holds:
(5.48) U = My UN, .

We then have the following:

Lemma 5.4 (Soft off-diagonal summation). The inequality

69c2
(5.49) > nk) <=2 /
KeMay B(zo,s)N{U>rA}

holds whenever the number k in (5.10) satisfies

Uldu

gl/q

(5.50) e Omal, ke i= e e

The constant ¢,q = cpa(n,«) has been defined in Lemma 5.8 and appears in Corol-
lary 5.1; it is independent of €.

Proof. 1t is sufficient to prove that if I € M, then

69c2
(5.51) w(K) < —nd/ U?dp.
AT Jxn{usrAay

After this (5.49) follows since the initial family ¢/ is disjoint and (5.22) holds. For
the proof of (5.51), notice that if K € M%, then we have, for h € {1,2}, that

3qCZLd 1(K) ( 9—k(K) )(I(ochs)/ U dp
e p(PrK) \ dist(PLK, P2K) PLN{U>KA}

394
52 < Z nd
(5.52) < 1K) —g

ey 1(K)
Udp < p(K)=—=24(10n)"2kI\1 < 5222
f Ut )" St romy 2 < 2

Using this last estimate for h € {1,2} in combination with (5.44), and reabsorbing
terms, gives (5.51); the proof is therefore complete. O

It remains to study the family N, defined in (5.47). To this aim, we introduce
the family of diagonal cubes defined by

PNy = {P,K : Ke N}, he{1,2}.
Keeping (5.24) and Remark 5.2 in mind, we have that
(5.53) K € N} <= Symm(K) € N3

whenever K € Z. Now, let us make a remark; consider T' € PyN,, then T = P;(K)
for some K € N}. Therefore T' = P5(Symm(K)) by (5.24) and by (5.53) we have
Symm(K) € N?. We conclude that T' € PN, and eventually that PLN, C PaN.
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In a similar way it follows Po,Ny C PiNy. We therefore conclude that PN, =
PNy = PNy U PNy, Let PNy, be a disjoint subfamily of Pi Ny U P, Ny such that
(5.54) U x*= U k.

HEPN KePLNAUPN
Note that, since all the cubes of the family PN, are themselves dyadic cubes, such
an extracted disjoint covering always exists. We remark that a straightforward

consequence of the definitions is that all cubes from PN, obviously belong to Py N\U
PN, and are therefore diagonal cubes.

5.7. Determining k. We here determine the parameter « in (5.10). By choosing
51/2 El/q 51/‘1

V2¢q 2Y93c,4  81/93c,4(10n)(n+2)/a |7
conditions (5.37), (5.43) and (5.50) are all satisfied. Therefore the content and the
results of Sections 5.4-5.6 are at our disposal. Recalling that cq in (5.36) (coming

from Proposition 4.1) depends only on n, and that ¢,q from Lemma 5.3 depends
only on n, «, we conclude there exists a new constant c,, such that

(5.56) k>etYe, Cr = Cu(n, ).

(5.55) K :=min{kg, K1, K2} = min{

5.8. Further removal of nearly-diagonal cubes. We recall that our final goal
is to estimate the measure of the level sets of U. Since the nearly diagonal part has
already been covered, we proceed in excluding from the subsequent analysis those
cubes covered by the balls in (5.14)-(5.15). Therefore we introduce

(5.57) Naa={KeNy: Kc ] 108,

j€Jp
and, accordingly
(5.58) N)\,nd :ZN,\\N,\)d and N;L,nd :ZN)\,ndﬂN)}\L, for hE{l,?}.

We observe that the main difficulty in handling the cubes from the family PN,
stems from the fact that they do not belong to the family U/, i.e. they do not come
from an exit time argument and therefore no control is available on the values
taken by U? on such cubes. This will be bypassed via a very delicate combinatorial
argument. The next lemma is instrumental to that.

Lemma 5.5. Let K € N na be such that P,K C H for some H € PNy and some
h € {1,2}. Then dist(PKC, P,K) > 27*) holds.

Proof. First, let us consider a cube H € PN,; take the diagonal ball B(H) =
B(zg, 2~ FFO+D) (24, 24) being the center of H. It follows that

(5.59) B(H) CH C /nB(H).
Therefore we have by Holder’s inequality and the definition of PN, that

1/q
(10n) 21N < <][ quu>
H

1/q
pu(10nB(H)) q
(/L(B(’H)) ]{OnB(H) v du)

1/2
(5.60) (10n)("+2)/a ( ][ U? du> .
10nB(H)

IN
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By the definition of D, in (5.11) it follows that (23, 2% ) € D, and then the exit
time condition (5.13) gives B(H) C Bz, o(r#)). We are using that the radius of
the ball 10nB(#) is smaller that (s —¢)/40™. In turn, this is a consequence of the
fact that k(H) + 1 > ko and of (5.19). Then (5.14) implies

(5.61) 10nB(H) ¢ | 108;.
J€JID
Now, in order to prove the lemma, assume by contradiction that dfst(Pl K, PK) <

27*(1) and let B(H) be the ball determined in (5.59), and for which (5.61) holds.
We are going to show that

(5.62) K C 10nB(H)

holds, and this then contradicts the assumption K € N ,q by (5.61). In order to
show (5.62) we observe that Proposition 5.2 and the fact that P, C H give

dist(KC, H) < dist(K, P,K) = dist(P, K, P,K) < 27800

Again by Proposition 5.2 we have k(P,K) = k(K) and k(K) > k(H). Therefore,
since H C /nB(H) and the radius of B(H) is 2~ *F)+D  then (5.62) must hold.
The proof of the lemma is complete. O

5.9. Summation in N ,4. The aim of this section is to prove the following:

Lemma 5.6 (Hard off-diagonal summation). There ezists a constant ¢, depending
only on n, «a, such that the estimate

(5.63) Y uk) < % Ut du

/B(xu,s)ﬂ{U>n)\}
holds, where K has been determined in (5.55).

Proof. Step 1: Classifying cubes. Here we classify the cubes from N} ,q according
to their projections, thereby partitioning Ny ¢ in suitable disjoint subfamilies. For
every H € PN, set

Nf,nd(H) = {K: S N)\,nd : Phlc C H} 5 h e {1,2} .

Since PN, is a disjoint covering of PNy U PoNy = PNy = PN, we have the
following decomposition in mutually disjoint families:

HEePNA
This means that for #1,Hy € PNy it follows that NY, ;(H1) NN, ,(Ha) # 0
implies Hy = Hy. In fact, assume that a cube K € NI ,(H1) N NF ,(H2) and
H1 # Ha, then we would have that P, C Hi N Hsy against the fact that H; and
H> have a non-empty intersection, being elements of the disjoint covering PN).
Next, let us recall that for every K € Nf7nd(H) it is k(K) = k(P,K) > k(H), and
this leads us to define the following classes:

VR na(H))i = {K € ML a(H) = k(K) =i+ k(H)}
for h € {1,2} and for every integer i > 0. Therefore, the decomposition in mutually
disjoint families
N na(M) = [ IV g (M)
i>0
holds, in the sense that [N} ,(H)]i O[N], 4(H)]; # 0 implies that i = j. Next,
take H € PNy; by Lemma 5.5 we have that if K € Nﬁnd(H), that is if P,KX C H,
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then it follows that dist(P A, P,K) > 27%*) and this finally leads us to classify
elements of [NV, ;(#)]; in the following way:

VR a(H)]i g {’C € WL a(M))i = 277400 < dist(PK, PK) < 2j+1_k(H)} ;
for h € {1,2} and 7,5 > 0 being integers. Again we have the decomposition
(5.65) N naM) = | IV na(F))i s

,§j>0

and these are disjoint classes in the sense that, if [N, ;(H)]i, j, VN g (H)]is o 7
@, then it is (i1, j1) = (42, j2). All in all, keeping (5. 64) and (5.65) in mind, we have
that the following decomposition in mutually disjoint classes holds:

(5.66) NMa= U U M)
HEPN i,j>0

Step 2: Sums and further partitions. Let us fix H € PN); our aim here is to
prove that the following inequality holds for h € {1,2}:

1 T 1(K) ( 9—k(K) ><a+s> / .
€ e NEoa00 w(PriC) \ dist(PLKC, P,K) PrKA{USRA)
c(n)

(5.67) <) / U dp.
a” JHN{U>kA}

We start by recalling that, by the very definitions in (5.46) and (5.47), and again
(5.27), we have that dist(P1/C, P,KC) > 27%) as soon as K € Ny ng; (5.31) yields

1 /J,(’C) ( 9 k() )n25
- SCd| F oo oo ;
€ ,Uf(Ph’C) diSt(PlK:, PQIC)
for h € {1,2}, and moreover, if K € [N}, ;(#)]; ;, we also have that
27 k() 1 27ROy 1

—_— = — —= < _ .
dist(PL K, PK) 20 dist(P K, PoK) — 201

Using the inequalities in the last two displays we can estimate as follows:

} Z M(/c) < 27k(’C) )q(a—i-s)/ quu
€ 1(PrKC) \ dist(P, K, P,K) PLCA{U>RA}

KeNT na(H)
9—k(K) n+q(a+e)
Sca ), (~> / U dy
KENT () dist(P K, P.K) Pu A {U>RA)

o, D) et
Cdd 1T o 1 > H
S0 KeNE (0, dist(P K, P.K) PrKN{U>kA}

00 1 n+q(a+te)—2e
(5.68) < c(n) < : ) / Uldu.
Z 2i+J Z PLKN{U>rA}

4J=0 KWL na(F)l:,

In order to evaluate the last sum we have to further decompose [N}, ;(H)];,;. For
each integer i > 0, H contains precisely 4" = 22" disjoint cubes from Z; )
and exactly 2" disjoint cubes from éi+k(7{)§ see the definition in (5.21) and in
the preceding display. As a consequence, it contains at most 2" disjoint (diagonal)
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cubes from the class éi+k(7—t) N(PIN\UP,Ny). We anyway consider all the diagonal
cubes éi+k(7_[) from H and relabel them as follows:

(5.69) (HeZm  HCH}={H" : 1<m < 2"},
so that, in particular
2ni
(5.70) > / U9dp < / Uddu.
m=1JH{U>kA} HN{U>kA}

Now, let us concentrate one moment on the elements of [Ny ,(H)]ij, a similar
argument then apply to [N3,;(H))i ;. For any K € [N, 4(H)ij, there is the
unique cube from the diagonal class (5.21), that we denote by HI(K), such that
PK = H}"(K). Now note that for h € {1,2} one can split [N} ,(H)];; as

[N)}\l’nd(}[)]i,j’m = {IC € [N)}\l’nd(}[)]i,j : Ph’C = Hzn} 5 m € {].7 ceey 27”'} .
Since N, /\1n 4 is a family of dyadic cubes, we must have that if we have that K1, Ky €
[ Almd(?-l)]i’j)m and K1 # Ko, then K N PKy = 0, i.e., the second components

are disjoint (otherwise the two cubes would coincide). A similar argument holds
when looking at N; ind' It then follows that

(5.71) #INY g (H)]ijom < e(n)270H) he{l,2},

for every choice of i, > 0 and m € {1,...,2"}. We use now use (5.70)-(5.71) to
estimate as follows:

Qni

Utdy = / U dy
/P;LK:F‘I{U>H/\} Z Z HPN{U>rA}

KeNT L a(H)]ij m=LKeN]  ,(F)]i,j,m

2ni
< ¢(n)2"H9) Uldu
mX::l HPA{U>KA}
< ¢(n)2ntd) / Udp.
HN{U>rKA}

Using also (2.2) it then follows:

00 1 n+q(a+te)—2e
> (55)

4,7=0

/ Udup
KeWNR 1 a(M)]is PrRn{U>rA}

S 1 q(ate)—2e
q
< eln) Z <2i+j) /7-m{U>n)\}U s

S U — U9 dp
[g(a +€) — 2¢]? /Hm{U>m\}

< @/ Uldy.
a”  JHN{U>rA}

Notice that we have used that, since ¢ > 1 and € < /2, it is ¢(a + &) — 22 > «/2.
Combining the inequality in the last display with (5.68) yields (5.67).

Step 3: Summation. Let now K € Ny, . There are then two cases: either
K € M3 or K € N} (the relevant definitions are in (5.45), (5.46) and (5.58)). Now,
if K € M3, then using (5.44) and (5.52), and reabsorbing terms, we obtain that

q -4
69c,y

wk) = =7 / U?dp
KN{U>rA}
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67y _n(K) ( 2~k )“‘“) / Ut dy
eN pu(PK) det(PlK,PﬂC) PLEN{U>kA} .

If, on the other hand, K € NZ, then using (5.44) we get

31cha / Ut dy
A Jkn{USrA}

+3qCZd /-L(K:) ( ) 2 k >(I(a+€)/ quu
e p(PIK) \dist(P K, P,K) PLKA{U>KA}

ey ) (2 )(““) / Ut dy
Al p(PaK) dfst(PllC,PglC) PaKN{U>rA} .

A similar reasoning holds if I € A, A2,nd' Summing up over the cubes K € N 4 =
N g UNZ,, then yields

Z () 6‘Icnd Z / U?dp

wK) <

KeN na KEN, ng ? KNU>RA}
64ct K 9—k(K) a(ote)
+ izd Z ‘LLI(J I)C) < By > / Utdu
: KENS na HP dist(P1IC, P2K) PLROA{U>KA}
69c7 K 9—k(K) q(a+te)
Gy gy ( ) / U dy.
et KEN? ., p(P2K) \ dist(PLK, PK) PoK{U> A}

Observe that a key point in the previous inequality, due to the argument at the
beginning of Step 3, is that terms involving integrals over P, /C appear on the right
hand side if and only if K € N)’\”nd, for h € {1,2}. By the symmetry of U and g,
by (5.53) and subsequent remarks, and yet using Proposition 5.2, we have that if
K e N ind, then Symm(K) € N, /\1n 4 and vice-versa; moreover, again by Proposition
5.2 the following identity holds:

/ Uldp = / Udu.
P, KN{U>kA} P Symm(K)N{U>rA}

We therefore deduce that the last two terms in (5.72) coincide. Therefore, also
recalling (5.64), inequality (5.72) can be rewritten for instance as

c
Sk <— Y / U du
KEeNX na Al KEN.na KN{U>rA}

_ (a+te)
5)‘q HEPN» KENT y(H) p(PLK) dist(P, /C, PKC) PLKN{U>kA}

for a constant ¢ depending on n, . To estimate the last term we make use of (5.67),
and this yields

K) < < / Ul dp+ = / Ul dpy .
Z #l >§)\q Z KN{U>rA} M+ Z :

KeN na KENA na HGPN HN{U>rkA}

At this stage (5.63) follows observing that

> / Uldp+ Y / quu§2/ U dy.
KEN.nd KN{U>rA} HEPN HN{U>kKA} B(xzo,s)N{U>rA}
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This is turn true since the families PN, and N, A,nd are made of mutually disjoint
cubes and all their members are contained in B(zg, s) (since these families are
contained in = and (5.22) holds). The proof of Lemma 5.6 is complete. O

5.10. Conclusion of the off-diagonal analysis. We are now ready to prove the
following lemma, which summarises the decomposition results in the off-diagonal
case:

Lemma 5.7 (Off-diagonal level set inequality). The inequality
U?dp < 10"T2K2\32 Z w(B;)

j€Jp

(5.73) A2 / Uldu
B(zo,s)N{U>rA}

holds for a constant ¢ depending only on n,c, while the number Kk has been defined
in (5.55) and exhibits the dependence displayed in (5.56).

/B’(mo,t)ﬂ{U>>\}

Proof. We have that the decompositions in disjoint classes Uy = Z/{f\l U Z/{fd and
L{)’\’d = My UN, g UN, ng and we recall that all the cubes from Z/{;\‘d are mutually
disjoint. Moreover, by (5.38) and (5.57) it follows

Ux|lul U k) c | 108.

Keug KENAa Jj€JID

Therefore

U kc| U 105 U(U’C)U U «

Kelxy Jj€Jp KeMax K:E./\/’)\,nd

follows. Keeping this in mind and recalling (5.35), we start estimating

U?du < / U?du+ / U?dpu.
zj: 1 Z Kn{U>\}

/B(a:o,t)ﬂ{U>/\} 0B;N{U>A} KEMAUN

By (5.34) it follows that if K € My U Ny na CURY, then
][ U dp < M][ U2 dp < 3g\2 .
K wK) Jx

Note that we have used (5.32) since K € U{¢ implies by the definition in (5.39)
that dfst(PllC, PK) > 2-k(K) " Therefore we conclude with

K e My UN)\,nd - / UQdMSEd)\Q,u(K:).
KN{U>A}

Using this last inequality together with (5.16) yields

/ U dp < 10"P26207 3 7 u(By) +aan > ulk),
B(zo,t)N{U>\} j€Jp KEMAUNY na
and (5.73) follows by just using Lemmas 5.4 and 5.6. O

Remark 5.3. An interesting point of Lemma 5.7 is that it does not make use of
the fact that u is a solution. All the estimates just rely on the fact that u belongs
to the Sobolev space W2, This is ultimately linked to the fact that the analysis
made in Sections 2-10 is made in a zone where the kernel of the operator, that is
|z — y|_(”+2"‘), is not very singular. The ultimate outcome is that the whole issue
reduces now to estimate -, u(B;). Therefore, it remains to perform the analysis
close to the diagonal and this will be done in the next section.
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5.11. Diagonal estimates. Whenever B; is a ball from the covering determined in
(5.14)-(5.15), from (5.13) it follows that ¥ a7(B;) > k. By the very definition of
Wy (-) in (5.1) it then follows that at least one of the following three inequalities
must hold:

1/2 \
(5.74) ( ][ U2du> >
5 3

1/2.
Hu(B;)]" 2. KA

1/p
M{p(B;))’ KA

Here  has been defined in (5.55). We now examine the occurrence of each of three
cases separately.

Occurrence of (5.74) (and estimate of the tail at the exit time). In the
case (5.74) holds then using (4.15) we have

1/q
c
- q
A< gel/a—1/2 ( o5, U d,u)

00 1/q
g —k(a—e) ][ q
—_— 2 Uld
+81/q—1/2 ; ( 28, M)
[1(B;)]" v
c1[p(B; ][ 2.
+—— F*du
cl/2.-1/2 < 28, >

1/p
NS
(5.77) +702P}L,§Bf/)i > 2 kAT E/p) <][ G? du)
e 2
k=1

for all o € (0,1]. The constants c;, ¢ depend only on n, «, A, while ¢ := 3¢, and
therefore it depends on n, a, A, 3,7, p and exhibits the behaviour described in (3.5).
With B; = B(z;, o(z;)) we determine the integer m > 0 such that

(5.78) 270 /2 < p(w;) < 27"y /2.

Notice that since g(z;) < (s — t)/40", we have m > 3 and moreover (s —t)/40"™ <
00/40™ < 2m~1p(z;), so that the definition (5.10) implies

(5.79) To(2™71B;) + T1(2™1B)) + Yo nr (2™ 1B;) < K)o -

On the other hand the terms indexed before m can be estimated using Holder’s
inequality and the exit time condition in (5.13) as follows:

kB;

1/q
(][ quu> S\I/H,M(legj)glﬂ/\ H1<k<m-1.
2FB;

By using the inequalities in the last two displays we then have

[e%) 1/q
Z27k}(0¢76) (][ U4 d.“)
k=1 21"3]‘

m—2 1/q
= oM (][ U4 du>

k=1



40 KUUSI, MINGIONE, AND SIRE

+27(m71)(a7€) 22716(0676) (][
k=0 2

m—2

< KA Z Q—k(a—e) + 2—(m—1)(a—e)fr1(2m—18j)
k=1
m—2

< KA Z 271{2(&76) + 27(’"7,71)(0(76),{5\0
k=1

ad 4k 8I€/\
Z Oé E) < _
k=
(

1/q
U1 du)

k+m718j

)

o — & (0%

where we have used
using (5.79), we have

2.2) and that ¢ < «/2. In a completely similar way, again

1/p
4cok A
o—k(28—y—2¢/p) ][ GPd < 2
EUPUQEZ T N O e =y L
8cok A
(28 —=7)M’

where we also used the upper bound on ¢ in (4.6). By (5.78) and the fact that
m > 3 we gain that 2p(x;) < 00/2 so that (5.13) and Hélder’s inequality yield

cr[p(B;)]"
c1/2.-1/2 <]€B‘

J

1/2.
\I/HM(2B) 61H>\
F2d < ATHMEE)) < .
“) = H ="H

By merging the inequalities in the last three displays with (5.77) we obtain

1/q
8kA A 8camA
(5.80) m<c<][ quu> y 2 ohh, aRh, SR

= Gel/a—1/2 el/a=1/2 o H (28 —v)M
We recall that up to now the parameters H, M > 1 in the definition in (5.1) have
not yet been chosen as well as o € (0,1). Taking hence

gl/a=1/24 56co

5.81 =—, H :=6¢y M =

(5:81) 7 56 “ 28—~

and reabsorbing terms in (5.80) we conclude with

1/q
c c
A< —— 1q = )< —— q
RAS 37— <]€Bj u /‘) n(Bj) < 224 (RN ) /26j Utdp,

where ¢ depends on n,a, A. Now, select a number k3 > 0, also using (4.2) we
estimate

¢
_c q
€279(KkA)? /ZB‘ Utdu

J

C C
< Utdp + ———o——— / Uddy
e279(kA)1 /ZBjﬁ{U</13ii)\} €27U(KA)T JoB,n{U>karA}
(Bl ~
(5.82) S Cﬂ(zi)zns 2—qC q / Utdu,
€ € (KA) 2B, {U>k3kA}

again for ¢ depending only n, o, A. By choosing

£2—a 1/q
5.83 <
(5.53) s (5)
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we arrive at

cs
5.84 w(B;) < 3 /
(5:84) 2 (KA Ja,{U>rsrr}

and ¢ is independent of € but only depends on n, o, A.
Occurrence of (5.75)-(5.76). In case of (5.75), we have

RN HZ B [
— < ———7F— F*d
( 3 ) = c1—2./2 /Bj H

which readily implies
1/(1=2.m)
F? du) .

3H 2,/(1=2.m)
n(Bj) < (51/2*‘1/%)\) /Bf

Observe that by the definitions given in (4.16) we have that 2,n < 1/2. With
k4 € (0,1) being a positive number to be chosen in a few lines, we further split the
support of the integral of the right hand side integral as already done in (5.82):

1/(1=2.m)
(

Uldp where c3 =

1/(1=2.m)
~ d“) : V P2 dp+ (kg ()
Bjﬁ{F>K4H)\}

1/(=2.m)
92.n/(1-2.1) (/ P2 du)
Bin{F>karA}

L+ D02 (o) 2/ 020 (By).
Observe that in view of B; C B(zg,200) and (5.18), we have estimated
(5.85)  [u(By)]V/ 2 < [u(Blwo, 200))] W 2D u(By) < LA/ A2 p(By).
We now take k4 € (0,1) in order to satisfy

2. /(1-2.m) (1-2.n)/2.  _1/2,-1/2
(5.86) M < 1 = Ky < 1 67
o1/2.-1/2 6H(L+1)

Using this choice and combining the content of the last four displays (and recalling
that 2,m/(1 — 2,n) < 1) then yields that

- 1/(1=2.n)
3H 2./(1—2.1m)
B) <4 ———+— F?<4d .
‘u( J) B (51/2*_1/2‘%)‘) /Bjﬂ{F>K4n/\} :

Now, by means of (5.78)-(5.79), we have

o\ 2+
/ F*du < (,%4/@')\)2*/ ( ) du
BiN{F>rarA} BjN{F>rarA} K4RA
[L(2m18j)][ F2401 gy,
(K4I€)\)6f om-1B;

J

IN

12,435
M(B(!L’O, 2@0)) 1 2,46 L>\O
5.87 AP0, 280) ) 1y om—1p3 12405 270
( ) = (Ii4l€>\)5f [To( J)} > (H4I€/\)6f
and hence
045\82*+6f)2*77/(1—2*77) ,
. ) < «
(5.88) HB;) < (kakX)1Hn07)2./(1=2.m) /Bjm{F>nw>\} Fodp
where

3H(L + 1):|2*/(12*77)

(589) Cq = 4 [W
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and H has been defined in (5.81). A similar argument can be used in case that
(5.76) holds. Specifically, we have
1/(1—p)
GP du)

3M p/(1—p0)
u(B;) < ( L /m) / |

and then
1/(1—pb) 1/(1—pb)
GP d,u) < op0/(1-p0) (/ GP dﬂ)
Bin{G>k5KA}

(/
HR(L 4+ )PP (50 P (B

This time we select number k5 € (0, 1) such that

1\ A=PO/p _1/p—1/2
5.90 <[= i
(5.90) = (2) 6M(L+1)

and recall Remark 4.1 in order to get

_ 1/(1-p0)
3M p/(1—p0)
B;) <2hotl [ —— / GPd .
wB;) < el/P=1/25) B;N{G>r5rA} a

We then estimate as in (5.87) thereby obtaining

NaxT
/ GPdyu < M[To(gmflgﬁ]mﬁg < Lﬁ_
B;N{G>rsrA} (k5KA)09 (K5Kk)%

and we conclude with

J

Cs;\épwg)p@/(l*p@)
(5.91) u(B;) < / crdp,
! (k) IHO0DIPIA=PO) [ g s onny
where
3M(L+ 1)1/
. oMo+1
All in all, taking (5.84), (5.88) and (5.91) into account we obtain
cs
n(Bj) < —~ / Utdp
! (KA JaB,{U>rsrr}

645\82*+5f)2m/(1—2m) )
Fd
(rar\) (0772, /(=227 /Bjm{me} a
C55\(()1)+f5g)1>6’/(1—170)
GPdu.
(ksk\)(11005)p/(1=p0) ~/B’jﬂ{G>K5n)\} H
Since {2B;}; is a disjoint family and all members belong to B(zo, s), we have that

Z M(Bj) < (H;)q

Jj€Jp

/ Uldp
B(.’IJQ,S’)Q{U>K,3K)\}

04:\62*+‘5f)2*71/(1_2*71)
(K4H>‘)(1+n6f)2*/(1_2*n) »/B(Io,s)ﬂ{F>i<a4N)\}
N 055\(()17+5H)P9/(1—P‘9) /
(’155)‘)(1+969)p/(1_p9) B(zo,s)N{G>KskA}

The constants cs, ¢4, ¢5 have been defined in (5.84), (5.89) and (5.92), respectively,
while the numbers k, k3, k4, k5 € (0,1) must be taken in order to satisfy (5.55),
(5.83), (5.86) and (5.90), respectively.

F2* d,LL

(5.93)

GPdu.
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5.12. Conclusion of the proof. We start combining (5.73) and (5.93). Employing
the elementary estimation

UQdugAH/ quu+/ U?dpu,
B(zo,t)N{U>k3kA} B(xzo,t)N{U>A}

(5.73) and (5.93) yield, after a few elementary manipulations, the following esti-
mate:

/B’(zo,t)ﬂ{U>n3i<a)\}

/ Uldp < %(Kg/ﬁ)\)%q/ Ulddp
B(zo,t)N{U>r3kA} (’%3‘%) 1 B(zo,s)N{U>k3rA}
1 (2.4605)2. 1-2,
04)\8 £)2+n/( n) / o
K3 (kg N) AN 2 S A=2em) =2 Jip P A}
C55\(()10+5_q)109/(1*1719)
5.94 GPdu.
( ) K%(’i5"i)‘)(1+06g)p/(17p0)72 /B(acg,s)ﬁ{G>K,5ﬁ>\} a

The constant ¢ appearing above depends on n,a, A, but is still independent of ¢,
and we have also used the fact that x,x3 € (0,1). We can therefore reformulate
estimate (5.94) as follows:
cA?e /
(K3K€)27 [ B(a0,5)n{U>A}
065\82*+5f)2*7]/(1_2*77)

Udp < Uldp

/B(zO,t)m{U>/\}

F2* d,LL

N1+nd5)2,/(1=24m)—2 A(IO,S)N{F>H4A/N3}

C7;\817-H3g)1)9/(1—179)

(5.95) A(1+65,)p/(1—p0)—2

GPdu .

/B(a:o,s)ﬁ{G>i€5)\/"53}

The constant ¢ = ¢(n,a,A) is independent of €, while ¢4 = cs(n, o, A, L, &) and
ey = er(n,a, A, B,7,p, L,e); the constant c¢; exhibits a blow-up behaviour with
respect to p as described in (3.5). Since estimate (5.94) holds for A > A\; - and Ay
has been defined in (5.33) - we have that (5.95) holds whenever A\ > kr3A;. We
remark that the previous inequality hold for a choice of k, k3, k4, k5 € (0,1) that
satisfy (5.55), (5.83), (5.86) and (5.90), respectively. In order to conclude with (5.7)
we now need to estimate a few constants. We are primarily interested in an explicit
dependence on ¢ in the second integral appearing in (5.95). We therefore look at
(5.55) and (5.83) and we infer we can in fact choose &, 3 in order to have
63/q—1
(5.96) K3k A ,

Cx

for a constant ¢, which is now independent of ¢, but just depends on n,c, A. We
next find an upper bound for the numbers Ao and A; introduced in (5.10) and
(5.33), respectively; this will allow to verify estimate (5.7) in the range dictated by
(5.8). Let us notice that if x € B(xo,t) and (s —t)/40™ < p < 00/2, then B(zx, o) C
B(xo,200). Therefore, recalling (4.2), whenever U is a p-integrable function we can

estimate
- 2 -
B(z,0) 1(B(z,0))  JB(zo.200)

n+2e B
(5.97) < c( 20 ) ][ U dp
s—t B(x0,200)

for a constant ¢ depending on n but independent of €. Applying the inequality in
the last display to U2, G?, F?-, GP*t% and F?1% - and eventually on different
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balls 2¢B(z, o) C 2¥B(z0, 200) - yields
’4’71 {\I/H7M($7 Q) + TO('T7 Q) + Tl(xa Q) + T?,M(xa Q)}

n+2e
c Y
S 7 (s _0 t) {W M (20, 200) + Yo(z0,200) + Y1(20,200)

+Y2,0 (0, 200)}

n+2e
C
(5.98) <€1/q(59_°t> ADD (¢, 200) -

In order, we have also used (5.56), (5.81) to get rid of the presence of M and H and
that go/(s — t) is bounded away from zero. We recall that the functional ADD(-)
has been introduced in (5.5). We now obtain an upper bound for A; defined in
(5.33). The quantity appearing on the right hand side of (5.98) provides an upper
bound on \g. In a similar way, if K = K; x Ky € Zg,, with kg as in (5.19), then
K C B(xo,s) C B(xg,200) and therefore we have

—¢ 2n
M(IC) > n525 / / dx dy = C(Sn_gz .
Qo K1 JK; 99

Hence, as for (5.97), we have

2n
s L o I N
K M(K:) B(zo,200) e\s—t B(zo,200)

By using (5.98)-(5.99), and recalling that e < 1, we get

IN

Cc

2n
AL < ( 2 ) ADD(z0,200)
e\s—1t

where ¢ depends only on n,a, A, 3,p,7,e. Summarizing the content of the above
manipulations we can finally arrive at (5.7), with the restriction on A described in
(5.8). Specifically, we use (5.96) to estimate the constant in front of the second
integral appearing in (5.95), and the bounds found for Mo and A1 to conclude with
the admissible range of values A > A described via (5.8). Needless to say, we are
taking k¢ = Kka/ksg and Ky := K5/K3.

6. SELF-IMPROVING INEQUALITIES

This section is dedicated to the proof of a fractional reverse Holder type inequal-
ity on diagonal balls with increasing supports, that is the estimate (6.1) below.
This will eventually imply Theorem 1.1 at the end of the section.

Theorem 6.1 (Reverse Holder type inequality). Let u € W*2(R") be a solution
to (1.14) under the assumptions of Theorem 1.1, in particular, (3.1) and (3.3) are
in force. Define the functions U, F and G as in (4.5). Then there exist positive
constants € € (0,1 —a), § € (0,1) and cg > 1, depending on n,a, A, B,p,7, 61, such
that the following inequality holds whenever B = B(xg, 00) C R?":

1/(2+9) o 1/2
U2+5 d/“’) < ¢ 27}4}(&76) (][ U2 du)
(/ 27 (Lo

1/(24+60)
+esof° (][ F2et0 du)
2B

+CSQ372ﬁ+a+s(2/p*1) ( Gr(1+61) du

1/[p(1461)]
L)
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[e'g) 1/p
(61) +CSQg—2ﬁ+oz+s(2/P—1) Z 2—k(2,8—’y—25/p) ( GP d;“f) )
P 2kB
All the terms on the right hand side of the previous inequality are finite.

Proof. Step 1: Determining the erponents. Let us observe that, whenever ¢ €
(0,/2), we have
8¢ 2e(n + 2a)
n+ 2e n(a —¢)

Therefore, we can always find two positive numbers ¢ € (0,«/2) and 67y > 0,
satisfying (4.6) and d; < dp, respectively, such that

8¢ < < 2e(n + 2a)
n+ 2e n(a —¢)

(6.2) and e<l—a.

We recall that F € L2 (R™; ) by (4.7). Next, we determine the positive number

loc
0 > 0 by imposing different restrictions on it; we indeed start assuming that
4 2 -2 1)
(6.3) s etz g s (0 22840)
n? +4e(n + «) dn

Let us briefly discuss a few consequences of the two conditions above, starting by
the first one. Specifically, we start showing that

(6.4) 5<5 [(n;— 2a)(n + 28)] ~ de(n+2q)
n? 4+ 4e(n + «) n? +4e(n + «)
holds. Indeed, using the first inequality in (6.3), we have
de(n + 2a) B 8¢ (n+2a)(n+2e)  4e(n+20)
“n?2+4e(n+a) n+2 n?2+4e(n+a) n?244e(n+a)

IN

(n+2a)(n + 2¢) de(n + 2a)

n? +4e(n + «) n?2+4de(n+a)’
Next, the definition in (4.16) and the fact that ¢ < /2 gives that 1 > 6 > (y —
26+ a)/(n+ «). Then, the fact that the function ¢t — ¢/(1 —t) is increasing in the
interval (0, 1), allows to estimate

7—2[3+a<7—2ﬂ+a 0 < pl
2n “Tn—y+28 " 1—-6 1-—p0

so that from the second inequality in (6.3), it follows that

(y=28+0), _ 5, pb

6.5 1) = .
(6-5) < 4dn — 21—pb
Finally, for t € (0,1), we define the function

 2c(n+4) 2¢s
(6.6) S(t) = tott 2 @ gpean

where c; is the constant introduced in Proposition 5.1 and ¢ has been introduced
in (4.13); in the last estimation we have used that ¢ € (0,a/2). We then impose
the last restriction on 4, that is

(6.7) 65() < 1/4.

All in all, the choices made in (6.3) and (6.7), allow to determine J as a positive
number depending only on n,a, A, 3, p,~, 01, as required in the statement of The-
orem 6.1. In the subsequent Step 2, by applying Proposition 5.1 with the above
choice of the numbers ¢, d,d, we are going to prove that U € leot‘s(]RQ”; ).

Step 2: Reverse Holder type inequalities. The finiteness of the terms on the right
hand hand side of has already been discussed in Section 4.3. First of all, we show
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that we can reduce to the case oo = 1 and B = B(0,1) x B(0,1); this eventually
allows to apply Proposition 5.1. Indeed, notice that the rescaled functions

a(z) == u(zo + 00x), () := 05" P g(xo +00x), fl(x):= 02 f(xo + 0ot)

still solve equation (1.14). Therefore, applying (6.1) in this case and in B(0,1) x
B(0,1), and scaling back to the original functions and to the original diagonal ball
B, leads to establish (6.1) in the general case. We now pass to the proof of (6.1)
when B = B(0,1) x B(0,1). We define the truncated function U, := min{U, m} for
m being a positive integer, and the measure dv = U?du. Moreover, we abbreviate
the notation B, := B(0,s). With the aim of applying Proposition 5.1, we then
consider balls B =By C By C Bs C By as in (5.6), while )¢ is accordingly defined
as in (5.8). We shall derive uniform higher integrability for the functions U, and
will recover the final result by letting m — co. With ¢ € (0,1) being the number
determined in Step 1, by Cavalieri’s principle we have that

USU%dy = Ul dv
By By

= 5/ N (B N {U,, > \}) dX
0

= 5/ XH/ U?dpd
0 B:n{U>A\}

m
/\8/ U?dp+9 XH/ U?dpd.
By Ao Btf‘l{U>k}

The second-last integral appearing in the above display can be easily estimated by
recalling the identity of Ao in (5.8) and that op/(s —t) > 1 and using (4.2):

(6.9) N [ U< (BN Ul < (BN
B 2B

IN

(6.8)

We proceed with the remaining term in (6.8); using (5.7) we gain

5/ XH/ U? dpd\
Ao Btﬂ{U>/\}
< 3;3#5/7“‘5“—(1/ U dp dx
e3@=a/a [\, B.N{U>A}
m )\82*+5f)2*77/(1*2*77) )
+Cf5/>\0 NA+n05)2./(1=2,m)—1-6 ‘/ZSSO{F>I€fA}F " dpdA

m )\ép""ég)pe/(l—p@)
P
+C95A0 A(14664)p/(1—pf)—1-6 /Bsﬂ{G>ng)\}G dpdX

(6.10) =T+ T+ Ts.
Using (6.6)-(6.7) and Fubini’s theorem, we get
cs0 e
< x”l—q/ U? dpdX
Jios e32-a)/a /0 BsN{Um>A} a
cs0 2+6—qyrq
= d
(0 +2—q)e32-9/a /B‘s Un Ut dp
< 05(e) / U U%dp
1 5772
(6.11) < 5| UMUPdw.
B,
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We next estimate J>. Changing variables, using Fubini’s theorem, and recalling
the dependence ;= ky(n, @, A, €), we have

/m )\5+17(1+n6f)2*/(172*77)/ 2+ dp d\
A

0 B.N{F>rsA}

oo
< c/ /\5+1—(1+77‘5f)2*/(1—2*77)/ 2 dpdX
0 BsN{F>\}

_ c(Bz) ][ P2 (14n6)2. /(=2 420 g,
§+2—(1+n67)2:/(1 —2.n) Jp,
(6.12) < cM(BQ)][ FOH2-(4m8)2. /(=24 20 g,
>~ S 5, 3

again for a constant depending on n,«, A and €. In writing the last inequality we
have used that (6.2) is in force and the fact that
5 < 2e(n + 2a) 9_ (14 nds)2. >0.
n(a —¢) 1—2.1m
The last integral appearing in (6.12) is finite if 6 +2 — (1 +7d7)2, /(1 —2.n) + 2, <
2,405, and a lengthy computation shows that this is equivalent to (6.4). Therefore,
using Holder’s inequality, we can estimate

3+2—(14nd )24 /(1 —2xm)+2x
2, F355

Jo < cu(Bo)ASTOrR/ A=) <][ F2*+5fdu>
B

2
C‘u(Bl))\62*+5f)2*77/(1—2*77)+5+2—(1+775f)2*/(1—2*"1)4‘2*

(6.13) = cu(B)A2t°,

where ¢ depends only on n,a, A and €. We finally come to the estimation of J3.
For this we notice that the definitions of p and 6 give, independently of ¢, that

IN

n =L >
n+2(y—28+a) 1—pb —

and then, recalling that k, = ky(n, o, A, €,7, 8, p), we have

/ )\5+1—(1+06g)p/(1—p9)/ GP dp d\
A BsN{G>kgA}

(6.14) p>

0

< /Oo \0+1—(1465,)p/ (1) d,\/
A

G? du
Bs

0]
N2 (+08)p/(1=p8) ) 3

(14+6055)p/(1 —pb) =6 -2 Jp,
exg ORI (3, ( G+ 4
004p/(1 —pl) =6 B,
< g)\g+2—(1+9§g)p/(l—p9)+pu(32) _
Observe that in order to perform the last two estimations we have also used (6.14)
and (6.5), respectively. Therefore we can estimate as in (6.13), that is

(6.15) Tz < cu(gg))\ép+5g)Pa/(1*P9)+5+2*(1+95g)P/(1*P9)+P _ C/A(Bz))\g+6
with ¢ = ¢(n, o, A, e,7v,8,p). Connecting (6.11), (6.13) and (6.15) to (6.10), and
combining the resulting inequality with (6.8) and (6.9), we get

1
/BU;;UQdugZ/B US U2 dp + cu(B)AET .

< GPdp

<

) p/(p+dg)
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By recalling the identity of A in (5.8), and using several times the doubling property
of u, after a few elementary manipulations we come to

1/(2+9) 1 1/(2+9)
( U;;UQdu> < <][ UgU2du)
B 2 Bs

2n
+C< 9°t> ADD(2B).

£

We can therefore rewrite the above inequality as

o) < go(s)+ £ (527) ApD(28)

e\s—1t

for a constant ¢ = ¢(n,a, A, e,7, 3,p) which is still independent of m € N, and
where, obviously, we have set

1/(2+6)
P(0) == (J[ UpU? d#)
B

e

for o € [0, (3/2)00]. We are therefore in position to apply the standard iteration
Lemma 6.1 below, that gives, after returning to the full notation:

1/(2496)
( ][ Us U? du> < cADD(2B).
B

The previous inequality holds for a constant ¢ = ¢(n, a, A, €,, 8,p) which is inde-
pendent of m € N. Therefore letting m — oo yields

1/(2+36)
( ][ Ute du> < cADD(2B).
B

At this point (6.1) follows by recalling the definition of ADD(2B) in (5.5) and using
a few elementary manipulations involving Holder’s inequality. In particular, we use

the fact that 2, + 0 < 2, 4+ dp and p+ d4 < p(1+ 01); see Lemma 4.1. O
Lemma 6.1. Let ¢: [00,300/2] = [0,00) be a function such that
1 A
< = 2
o0) < 300 + 2

holds whenever oo <t < s < (3/2)go, where A and v are positive constants. Then

the inequality
cA

Qo

#(00) <

holds for a constant ¢ = c(7).
For a proof of the previous lemma see for instance [17, Chapter 6].

Proof of Theorem 1.1. The proof is now a simple consequence of Theorem 6.1, that
gives that U € L*t9(B;u) whenever B = B x B and B C R" is a ball (that for
simplicity we take to be centred at the origin). We now translate this information
in terms of fractional norms of the original function u. In fact this means that,
whenever B C R"™ is a ball centred at the origin we have

U?tig u(y) ™ dx dy < oo
BxB a |fU - y|”+ 2” afes 0 .

Re-writing the last integral we ﬁnd

u(y)*+
/ / ‘(E — |n+(2+5)[a+55/(2+5)] dx dy < 0
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whenever B C R" is a ball, and this means that u € VVIZC:EM(QM)’QM(R”); observe

that since ¢ < 1 — « then a +d/(2 + ) < 1. We have therefore improved the
regularity of u both in the fractional and in the differentiability scale, and Theorem
1.1 follows by suitably renaming (via embedding theorems) the number § considered
in its statement. (]

Proof of Theorem 1.2. The proof is just a consequence of the arguments developed
to prove Theorem 6.1. In fact the only thing needed there is Proposition 4.2,
whose content is now considered as an assumption in (1.23), provided we are taking
F = G = 0; the rest of the argument then remains unchanged. O
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