A NOTE ON THE WOLFF POTENTIAL ESTIMATE FOR
SOLUTIONS TO ELLIPTIC EQUATIONS INVOLVING
MEASURES

RIIKKA KORTE AND TUOMO KUUSI

ABSTRACT. We present a new proof for a pointwise upper bound in
terms of Wolff potential for A-superharmonic functions, which are the
pointwise defined solutions to elliptic equations involving nonnegative
measure data.

1. INTRODUCTION

The A-superharmonic functions are defined as lower semicontinuous func-
tions that satisfy comparison principle with A-harmonic functions. There is
a nonnegative Radon measure p associated to each A-superharmonic func-
tion u via the equation

—div(A(z, Vu)) = p.

The solution u to this equation is generally unbounded. However, there is a
pointwise upper bound of A-superharmonic functions in terms of the Wolff
potential

Wiz, R) = /R (7 u(B(x, 5))) /@D L

p\s 0 ) s

of the corresponding measure. The result is due to Kilpeldinen and Maly,
see [3] and [4]. The upper bound is sharp since the same potential also gives
the lower bound as was shown in [3]. The purpose of this work is to present
an alternative proof for the upper bound. Another approach is available
by Trudinger and Wang [7]. Their method uses Poisson modification, as
does ours, and various Harnack inequalities. We have also added here, for
the sake of completeness, a proof which closely follows elegant ideas of their
proof. We have tried to emphasize the key points.

Mikkonen [6] studied the estimate in the weighted case. The proofs in [4]
and [6] are based on the same method and on a delicate choice of a test
function leading to an iterative scheme of truncated functions. One of our
motivations to introduce a new proof has been to find an interpretation for
the truncation levels appearing in their proof. Indeed, our method is natural
in view of the fundamental solution, as explained later. Our proof is based
on a choice of a test function, which appears to be new in this context. Our
main tools include Poisson modification of A-superharmonic functions, Cac-
cioppoli estimates, reverse Holder inequality for A-subsolutions, Sobolev em-
bedding theorem, and the weak Harnack’s inequality for A-supersolutions.
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The pointwise upper and lower estimates have several consequences, such
as the Wiener test for the regularity of boundary points, demonstrated in
[4]. The result was originally proved by Lindqvist and Martio in [5] in the
case p >n — 1.

2. PRELIMINARIES

A continuous Sobolev function u € Wllof(Q) is an A-harmonic function in
an open set {2, if it is a weak solution to the equation

—div(A(x, Vu)) = 0.

Here A : R™" x R™ — R"™ is a mapping such that x — A(z,&) is measurable
for all £ € R™, £ — A(x,§) is continuous for almost every z € R”, and it
satisfies the following structural assumptions:

(A(x,€),6) = Aole]”,
|A(z, €) < AP,
(Az, &) — Az, &),& — &) > 0,

whenever £,&1,& € R”, & # & for almost every x € R™. A function
u € I/Vlif(Q) is an A-supersolution (subsolution), if

—div(A(z,Vu)) > ()0
weakly in Q, i.e.,

/Q<«4(xaVU),W> drz > (<)0

for every nonnegative ¢ € C§°(12).

The class of A-superharmonic functions comprises lower semicontinuous
functions u that are finite in a dense subset of ) and satisfy the following
comparison principle: Let D & 2. Then for each A-harmonic function
h € C(D) in D, u > h on &D implies u > h in D. By Corollary 7.20 [2],
continuous A-superharmonic functions are A-supersolutions. For further
properties of A-superharmonic functions and .4-supersolutions, see Sections
3 and 7 in [2].

For each nonnegative Radon measure p, there is an A-superharmonic
function w such that

/Q<A(1‘,Du),Vgp>d:c:/Qgpdu,

where Du = limy_,o V min{u, k}, see Theorem 2.4 in [3]|. See also [1] for the

existence of very weak solutions. Conversely, each A-superharmonic function

generates a nonnegative Radon measure p,, by Riesz representation theorem.
Let B = B(z,r). For 0 < a < 00, we use the notation

aB = B(z,ar),
and, for 0 <o < 1,

5+o0 9—0
= 4 B(x()?,r)\

oA, B(xg, 7).
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Let u € VVO1 P(B(xg, R)). Then Sobolev’s embedding theorem states that
there exists k = k(n,p) > p such that

1/k 1/p
][ |ul® dx <CR ][ |Vul|P dx . (2.1)
B(zo,R) B(zo,R)

Here we use the abbreviation

][Afdx:g/Afdx.

The following Caccioppoli estimate follows by testing the equation of an
A-subsolution u with the test function u ¢P.

Lemma 2.2. Let u be an A-subsolution in a domain Q and let ¢ € C§°(£2)
be nonnegative. Then there is a constant C = C(p, Ao, A1) such that

/QVUJF]”(bpda:SC/QuﬂVMpdx.

By using either De Giorgi’s or Moser’s method, an application of Sobolev’s
embedding theorem together with the Caccioppoli estimate leads to the
reverse Holder’s inequality.

Lemma 2.3. Let u be an A-subsolution in B(xg,2R)\ B(zo, R). Then there
is a constant C' = C(n,p, Ag, A1) such that

1/s C . 1/q
y <(—
<][0A e dw) B ((T—U)C ]{A e dw)

forall0<g<s<4ooandO<o <7 <1

Applying logarithmic estimate together with John-Nirenberg Lemma, one
can prove the weak Harnack inequality for A-supersolutions.

Theorem 2.4. Let u > 0 be A-supersolution in B(xo,2R), or in Ar. Then
there is a constant C = C(n,p, Ao, A1) such that

][ uwdr < C essinf u,
B(zo,R)

B(zo,R)
or
][ wdr < Ces:‘lsinfu,
$AR 24R
respectively.

This, together with the reverse Holder’s inequality, leads to the Harnack
inequality.

Theorem 2.5. Let u > 0 be A-harmonic in Ar. Then there is a constant
C =C(n,p, Ao, A1) such that

esssupu < Cessinf u.
1
3AR 24R

For the proofs of Lemmas 2.2 and 2.3, and Theorems 2.4 and 2.5, see [2].
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3. POTENTIAL ESTIMATES

Theorem 3.1. Let u be a nonnegative A-superharmonic function in the ball
B(zo,2R). Then there is a constant C = C(n,p, Ao, A1) such that

1
—Whu(zg, R) < u(xg) < C inf u+ CWHu(xo, R).
oW (2o, B) < u(zo) < sl 5 (0, R)

We may reduce the proof of the upper bound to more restricted case.
Namely, we only consider class of continuous A-superharmonic functions. In-
deed, since u is by the definition lower semicontinuous, there is an increasing
sequence of continuous functions converging to u pointwise. Solving obstacle
problems with these continuous functions gives an increasing sequence (u;)
of continuous A-superharmonic functions converging to w pointwise. This
implies by Theorem 1.17 in [3] that Vu; — Du as j — oo, possibly passing
to a subsequence. Hence we also have the weak convergence of corresponding
measures fy; t0 p,. It follows that

lim sup p1u, (B(20, 5)) < pu(B(z0, 5))
j—oo
and
tim inf 1, (B(ro,5)) > juu(B(wo, 5)).

j‘)

Using these together with the fact
R—e —\ V-1 d
| (@) S < owpe . ),

for all € > 0 and the pointwise convergence of u; to u, allows us to proceed
in the proof with u; instead of u and therefore reduces the analysis to the
continuous case.

The second reduction we make in the proof is that we may modify u to
be a weak solution in a countable union of disjoint annuli shrinking to the
reference point xg. The corresponding measure in each annulus concentrates
on the boundary of the particular annulus, but in a controllable way, since
the measure corresponding to the new solution stays also in the dual of
WP(B(xg, R)). The advantage of the modification is that since being a
solution is a local property, we now know that in each annulus local a priori
estimates for weak solutions hold.

To proceed formally, let Ry = 2'"FR and By, = B(x,Ry), k = 0,1,...
Let

[oe) 3 L
= —Bi.\ B
w kL_Jl 5 Bk \ By,
be the union of annuli. Define v to be
{div (A(z,Vv)) =0 inw,

V= otherwise.

(3.2)

The function v is called Poisson modification of w and it is an A-super-
harmonic function, see Lemma 7.14 in [2]. Note that it is continuous by
the assumed continuity of u and hence also an A-supersolution. In w, v is
A-harmonic. Moreover, v satisfies the equation

div (A(z, Vv)) = pe,
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where the nonnegative measure pu, has the property

fv(Br) = pu(Bk), (3.3)

k =0,1,... This is seen by the inner regularity of u, and u, and by testing
equations of u and v with ¢ € C§°(By) such that 0 < ¢ <land ¢ =1ona

compact set K in By containing %Bk+1. Indeed, then

O dpty — @ dpty
By By

:/B (A(m,Vu) - A(.CIZ‘,VU)) Védz =0,

because u = v in the support of V¢. By exhausting By with such K, (3.3)
follows.

Proof of the upper bound based on a choice of a test function. Define
ar =inf{a : [{v>a}NBx_1| <6|Br_1|}, k=1,2,...
We then have
H{v > ag} N Bi_1| > §|Br—1| and |[{v>ar}N Br_1| < |Bi_1]-
Observe that if
v =min{l, |z — zo| P/ PV} p <,

i.e., v is the truncated fundamental solution for the p-Laplace equation cen-
tered at zg, then the levels aj are nothing else but

ar, = min{/¢, C’((S)R,(fp_n)/(p_l)}.
Our goal is to show that
)1/(10*1) 1

—1—7( inf v — inf U)

akr — o < C (R po(Byo) inf v i
k-1 k—2

for small enough § depending on n, p, Ag, and Aj;.
If ag+1 < ag, the inequality holds trivially by the minimum principle.
Hence we may suppose that agy1 > ar. We define the auxiliary function

(v —ak)+ 1}
Ayl — Qg

Let ¢ € C3°(Bi-1), 0 < ¢, < 1, be a cut-off function such that ¢, = 1
in %Bk, supp Vo C %Ap%, and |V¢r| < C/Ry. Recall the definition

) 5 —
= 22T B, 1)\ "

v = min{

gA, B(zo,r),

0<o<l
By (3.3) and testing the equation of v with vx¢?, it follows that

ta(Byr) = ro(By_1) > /B ok dE di
o (3.4)

:/B (A(z,Vv), V(vp¢})) da.
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The test function vkqbi is admissible since v is continuous and belongs to
WP(By,_1). Growth conditions imply that

/ (A, V0), V(0pd])) da
Br_1

> A /

Ak+1 — Ok J{ap<v<aji1}NBk_1

—|—/ vp{ A(z, Vv), Vel d
{ak<v<ak+1}r‘|Bk_1

|Vu|Pgh da

(3.5)

+ / (A(z, Vv), Vi) da
{v>ap41}NBy-1

:Il + 12 —+ 13.

The first target is to obtain a lower bound for I;. Then, later, we will show
that Iy is small compared to I;. The term I3 we estimate with the aid of
Lemmas 2.2 and 2.3 for A-subsolutions. Indeed, the reason why we study v
instead of u is the term I3. In particular, v is a A-harmonic in the support
of V¢k.

To begin with, note that

I = Ao(ags1 — ak)pl/ \Vop|P gy, da
k—1

— p—1
Z AO(CLk+12p ak) / ’v(¢kvk)‘p d$ (36)
By -1

— Ao(aps1 — ap)?™? / IV or.[Puy, da.
k—1

We apply Sobolev’s embedding theorem (2.1) to the first term above and
obtain

Ao(agks1 — ag)P~?

V(orvg)|P dx
- /Bk1| (drve)]

p/K
(ag1 — ax)? | By_1| ][
> Vo)™ dr
CRi Bk_l( k k’)

/K
{v > a1} ﬁBk\>p

(3.7)
1

— g\~ lpnp }
R G

>
- C

1 _
> a(akJrl - ak)pflRZ p(;p/n.

Here we used the fact that, by the choice of ax11, we have

H’U > ag41} ﬂBk‘ > 5‘Bk‘.
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Moreover, the choice of a; leads to

Ao(agsr — ag)?™! / Vo [Pup, dx
B_1

C'(ak+1 — ak)p—lek > 0} N Bk_1|
RP
k
< Clags1 — ap)? | By_16
= Rp .
k

< (3.8)

Since p/k < 1, a combination of (3.7) and (3.8) yields that the second term
in (3.6) is small compared to the first term provided that § is small enough.
Consequently,

1 _
L 2 Z(aks - ay)P"LR} P EP/", (3.9)

Furthermore, we estimate the second term in (3.5) as

12| < pA, / VoP~ gl Vx| da
{ak<v<ak+1}ﬁBk_1

1
< “40/ IVolPg? da
4 Ak+1 — Ak J{ap<v<apy1}NBr_1 (310)
+ Claps1 — ag)P ™! / IV or|P dx
{ak<v<ak+1}ﬁBk71

1 _
< 1[1 + C(ak+1 - ak)pilRZ Ps.

Here we have applied growth conditions and Young’s inequality. By (3.9),
it follows that when § is small enough,

1l < 5h.
Thus, by (3.4) and (3.5), we have
i (Bg—1) > %Il + I3. (3.11)
We then estimate Is. Observe carefully that

wp = (v — ak+1)+

is an A-subsolution in Ag, = %Bk\ﬁk. Let 0, € Cgo(%ARk), 0<6,<1,be
such that 6 = 1 in $Ag, (i.e. on the support of V¢y) and |V6;| < C/Ry.
We set ¢ = Oxop. Note that ¢ < ¢p and |Voi| < |[Voér| < C/Rg. Thus,
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by growth conditions and Holder’s inequality, we obtain

I <pAs / Vol (V| da

{v>ar41}NBr_1

<pA / V[P @) V| do
By

SC’Bk—l‘ (]{9
k

x (HV@H&

(p—1)/p
<CRp-1/p ( ]{3 [Vwg[P o), d:c> :
k—1

We use the Caccioppoli estimate, Lemma 2.2, in %Bk \ B}, and obtain

][  VuPdde<C ][ WPV da (3.13)

(r-1)/p
pap
Vel o dm) (3.12)

{wy, > 0} 1 By |\
| Bi-1]

Let ¢ = p/(p + 1). Since supp(Vey) C 3 AR, it follows by reverse Holder’s
inequality, Lemma 2.3, that

£ udivawrdr<civad f ufr
3 Br\Bi 1A

2Ak

p/q
7
< — wl dx .
Ri( SBABL )

(3.14)

Hoélder’s inequality yields

( ][gBk \Bi wg dx) "

p(1-q)/q P
>0} N B
< Hwk } i 1’ ][ _ wpdx (3.15)
| Bi—1 3 B\ Bx

We substitute (3.13), (3.14), and (3.15) into (3.12) and end up with

p—1
| 1] SCRZ*P(;(p—l)/pH/p ][ wy, dx
3 Bi\Br

p—1
<CR; "6 <][ (v—ags+1)+ da:) .
Br_1

Furthermore, the weak Harnack inequality, Theorem 2.4, implies that

][ (v—agy1)+ de <][ (v— inf v)dr < C(inf v — inf v).
By-1

Bj_1 Bg—2 Br_1 B2

(3.16)
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Using the estimates above, we conclude

Is| <CRYP5( inf v — inf v)P 7
|| <CR"S( jnf v — inf o) (3.17)

A combination of (3.9), (3.11), and (3.17) gives

1 _ _ _
—(ag1 —ar)’ 'R} PEPIR < 1y (By—1) + CR;7P§( inf v — inf v)” '
C By By—2

This further implies that, when § is small enough,

1/(p—1
) [ )+%( inf v — inf v). (3.18)

B 1 By_2

ag41 —ap < C (Rzin,uu(Bk—l)

The lower semicontinuity of u leads to

u(zp) < liminfu(z) < liminf inf v = liminf inf v < lim sup ay,.
T—T0 k—oo OBy k—oo OBy k—o00

Moreover, the comparison principle implies v < u and hence

lim infv < lim infu < u(xg).
k—oo By k—oo By

Thus, by summing up (3.18), we end up with

> _ 1/(p-1)
u(xo) < 2a3 + CZ <R£ n,u,u(Bk)) )
k=1

By the weak Harnack principle and the comparison principle, we have

a3|{v > ag} N BQ| < /

B

from which it follows by ’{v >asz}t N BQ{ > 6‘32‘ that a3 < C'infp, u. The
estimate

[e.o]

vdx §/ udr < C"Bllinfu,
2 By By

(RZ_”MU(Bk))l/(p_l) _ i (Rﬁ‘"uu(Bk))l/(p_l) Rk_}Qk—Rk
k=1 k=

oo Il

-nd
S/O (Sp_nuu(B(l‘o,S)))l/(p 1)?8

then concludes the proof. O

Proof of the upper bound following Trudinger and Wang. Let v be the A-
supersolution defined in (3.2). The main idea in the proof is to introduce
comparison solutions with zero boundary values and measures given by .
Let wy, € Wol’p(%BkH) solve the equation

4

div (.A(:c,Vwk)) =, in §Bk+17

k = 0,1,... The existence of such a solution follows by the fact that pu,
belongs to W*Lp/(%BkH). Subtraction of equations of v and wy, using the
smooth approximation of the test function

4
1p
v— max v—wg), €W —Bi1
( 8%Bk+1 )+ 0 (3 +)
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in weak formulations, yields

/{ - (A(z, Vo) — A(z, V), V(v — wy)) do = 0.

4 v>w
9%B 41 K}

It follows that V(v — maxgip U wg)+ = 0, and thus
3

w > v — max v. (3.19)
3§Bk+1

Next, since wy, is nonnegative A-harmonic function in %Bk+2 \ B2, the
Harnack inequality, Theorem 2.5, gives

max wi < C min wy.
4Bt 95 Brt2
Assume first that minga Biso Wk = 0. The weak Harnack inequality then
3
implies that w; = 0 in %Bk+2 and hence

max v — max v <0. (3.20)
8%Bk+2 a%BkJrl

Assume next the positivity of mina% Bjoyo W Since wy, takes continuously

zero boundary values on agBkH and wy > 0, it follows that

4 4 4
Hmin{wy ,min ) wk}(gBk‘-i-l) = ka(gBk—‘rl) = M’U(gBk—i-l)'

4
CES: I

Thus, after approximating wyg, we have

. 4
( min wi)py(3Brs1)
03 B2 3

ZA mln{wk7 Pln wk}dumin{wk,minaéB wg }
§Bk+1 §Bk+2 3 k+2

:/ <A($,Vmin{wk, min wyg}), Vmin{wg, min wk}> dx
%Bkal 6§Bk+2 a%quLQ
ZAO/ |V min{wg, min wg})|Pdx

3Bit1 93 Bii2
4 4

3Bk+27 =DBj11)

>Ao( min  wg)? cap,( 3

9% B2

>CR."( min wy)?.
4B
53 Br+2

Since mina% Bioyo Wk > 0, the Harnack inequality leads to
4 1/(p—1)
max wg < C <R£nuv(3k+1)> .
8§Bk+z 3
This, in view of (3.19), implies

_ 1/(p—1)
max v— max v<C (Rﬁ n,uu(Bk)) .
9% Bioya 93 Bry1
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Consequently, together with (3.20), we obtain

R 1/(p—1)
limsup max v < maxv + C’Z (Riinuu(BkD :
k—oo 6§Bk+2 B%Bg =2

Since v is A-harmonic and nonnegative in %Bg \ Bs, the Harnack inequality

and the comparison principle give

max v < C min v < C min v = C inf u,
03Bs 93B3 93Bs $Bs

where the last equality follows by the minimum principle. The weak Harnack

inequality for nonnegative A-supersolutions further implies

infu<C udr < C inf w.
ip, B(wo,R) B(zo,R)

The lower semicontinuity of u, on the other hand, yields

u(xg) < lim  inf  w
k—o0 Bk\%Bk+1

= lim inf v
k=00 Bi\2 By

<limsup max v
k—oo 0% Bryo

> 1/(p-1)
<C RP" 1, (B 4+ C inf .
- ; (L) Blao,R)
As before, this leads to the result. O

We next prove the lower bound. Observe that here we do not need to use
the Poisson modification of u.

Proof of the lower bound following Trudinger and Wang. Take a smooth cut-
off function 6 € Cgo(gBkH), 0 <6, <1, such that 6, = 1 in Byq. Let

wy, € Wol’p(Bk) solve the equation
div (A(x,Vwk)) =0y in By,

k=0,1,.... The existence of such solutions follows by the fact that p, be-
longs to W‘Lp/(Bk) and 6y is smooth. Note that by the minimum principle,

wy, is nonnegative and, moreover, it is A-harmonic in By \ %Bk+1 taking
continuously zero boundary values on 0Bj.

By subtracting equations of u and wy, while using the smooth approxi-
mation of the test function

. 1,
(wp —u+ %néilu)Jr € W, P(By),

in weak formulations, we obtain
0< W, — u+minw) | d, — Wi — U+ minu) , d
N /Bk ( : OBy, )+ f /Bk ( : 0By, )+ Hu

:/{ . <N <-’4(5'3’ Vu) — A(z, Vwg), V(wg — u)> dz <0.
u—mingp, u<wy e
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Thus we have V(w;, —u + mingp, u)+ = 0 and consequently

< u — minu. 3.21
wr < u %}éﬂu (3.21)

Assume first the positivity of mingp, , wg. This readily implies with the
aid of the weak Harnack inequality that

. 1 1 1
min wy > — w dr > — w dr > — min wy > 0.
agBk C %Bk Bk+1 C aBk+1

Take a cut-off function ¢ € C§°(Bg), 0 < ¢ < 1, such that ¢ =1 in %Bk,
and |[V¢| < C/Ry. By the maximum principle for .4-harmonic functions,
wy, = min{wg, maxy2 g, wg } in the support of V¢. Moreover, the minimum
principle implies

min wy < min{wyg, max wy}
02 By, 02 By,

in %Bk. Thus, by approximating wg, we obtain

(H;in wy,) o (Br41)
92By,

< min{wy, max wy } ¢ djiy,

= (A(z, Vwy), V (min{wy, max wi}gr)) da

By, 5Bk

§A1/ |Vmin{wk,1r%ax wi HP P dx
By 2

35k

+ pA; maxwk/ |V min{wy, max wy,}|[P~1¢P |V d.
%Bk By 8%Bk

The Caccioppoli estimate for the nonnegative weak subsolution

max wy, — min{wg, max wk }

92 By, 05 By,
in By gives
/ |V min{wg, max wy})[P¢? de < C(max wk)p/ |Vo[P dx.
By, 8%Bk %Bk By

Thus, by applying Young’s inequality and the Harnack inequality
max wy, < C' min wy,
02 By, 92 By,

we end up with

(min wy)pa(Br+1) < CRE™"(min wy)?.
8§Bk agBk

Using the minimum principle and the positivity of min,2 B, Wk, We arrive at
3

<R£_nﬂu(3k+l))l/(p ! < a%lii wg.
Hence, by (3.21), we conclude that
(Rp_n (B )) e < C(min w — minu). (3.22)
ko Hul ke = 0B 0By
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Assume next that mingpg, 1wk = 0. Then the weak Harnack inequality

implies that wy = 0 in By. Especially, wy, and hence also u, are A-harmonic
in Bgy1. Therefore, the Harnack inequality implies that

min v < inf u < C sup u < Cu(zp).
0Bj41 Bj12 B

In this case, by summing up (3.22), we have by the nonnegativity of u that

)

) 2 gk(m ) = 5 ()

since p,(Bj) = 0 for all j > k.

Consequently, in all cases, we obtain

)1/(17*1) .

o)
o) 2 Jim > 32 (R0
k=1

The estimate

o0

p—n 1/(p—1) - p—n 1/(p—1) Rk—1 — Ry,
D (R ) 17 = 3 (R ()R

R
> ;/ (Spin/.,éu(B(ﬁ(),S)))l/(p_l)@
0 S

completes the proof. O

(1]
2l
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