LOCAL BEHAVIOUR OF SOLUTIONS TO DOUBLY
NONLINEAR PARABOLIC EQUATIONS

JUHA KINNUNEN AND TUOMO KUUSI

ABSTRACT. We give a relatively simple and transparent proof for
Harnack’s inequality for certain degenerate doubly nonlinear par-
abolic equations. In particular, we consider the case where the
Lebesgue measure is replaced with a doubling Borel measure which
supports a Poincaré inequality.

1. INTRODUCTION

Our purpose is to study the local behaviour of nonnegative weak solu-
tions to the doubly nonlinear parabolic equation
d(uP™1)
ot
When p = 2 we have the standard heat equation. Observe that the
solutions to (1.1) can be scaled by nonnegative factors, but due to the
nonlinearity of the term (u?~!); we cannot add a constant to a solution.
As far as we know, equation (1.1) has first been studied by Trudinger
in [Tru], where he proved a Harnack inequality for nonnegative weak
solutions. The proof was based on Moser’s celebrated work [Mol] and
used a parabolic version of the John-Nirenberg lemma. Twenty years
later the proof of the parabolic John-Nirenberg lemma was simplified
by Fabes and Garofalo, see [FaGal. However, the parabolic BMO still
remains technically demanding. Our main objective is to give a rel-
atively simple and transparent proof for Harnack’s inequality using
the approach of Moser in [Mo2]. In particular, the parabolic John-
Nirenberg lemma is replaced with a lemma due to Bombieri in [BoGi|
and [Bomb]. Let us point out a slightly unexpected phenomenon, which
is related to the parabolic BMO. In the case p = 2 it is known that
if u is a nonnegative solution, then logu is a subsolution to the same
equation. However, if p # 2, then log u is not a subsolution to equation

(1.1). Instead it is a subsolution to an equation of the p-parabolic type
studied in [DiBe].

div(|DulP~2Du) = 1 <p<oo. (1.1)
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To show that our proof is based on a general principle we consider
the case where the Lebesgue measure is replaced with a more general
Borel measure. The measure is assumed to be doubling and to support
a Poincaré inequality. The precise definitions will be given below. The
corresponding result in the elliptic case for measures induced by Muck-
enhoupt’s weights has been studied by Fabes, Kenig and Serapioni in
[FKS]. See also [ChFr]. The weighted theory in the parabolic case
has been studied by Chiarenza and Serapioni in [ChSe]. However, in
their approach the role of the measure is somewhat different. For the
heat equation Grigor’yan and Saloff-Coste observed that the doubling
condition and the Poincaré inequality are not only sufficient but also
necessary conditions for a scale invariant parabolic Harnack principle
on Riemannian manifolds, see [SaCol], [SaCo2| and [Gri]. Our conti-
bution is to show the sufficiency for the general p # 2 in a Euclidean
space. It is a very interesting question whether also the necessity holds
in this case. Moreover, the doubling condition and the Poincaré in-
equality are rather standard assumptions in analysis on metric spaces,
see for example [HaK] and references therein. It is well known that
Moser’s technique is essentially based on a combination of a Sobolev
and a Caccioppoli type inequalities. We take a full advatange of a
metric space result, which states that the doubling property and the
Poincaré inequality imply a Sobolev type inequality, see [BCLS] [HaK],
[SaCol], [SaCo2].

Our argument applies to more general equations of the type
O(uP1)
ot
where A is a Caratheodory function and satisfies the standard struc-
tural conditions (see for example [DiBe|, [DBUV], [WZYL])
A(z,t,u, Du) - Du > Cy|Dul?,
|A(x,t,u, Du)| < Cy|DufP™,

divA(z,t,u, Du) =

where Cy and C} are positive constants. However, for expository pur-
poses, we only consider equation (1.1).

2. PRELIMINARIES

In this section we describe our assumptions and results more precisely.
Let 1 be a Borel measure and suppose that €2 is an open set in R"™.

The Sobolev space H'?(£2, i) is defined to be the completion of C'*(£2)
with respect to the norm

1/p 1/p
fallpe = ( [ 1l die) " ([ 1Dl d)”
Q 5 Q



A function belongs to the local Sobolev space H2" (S, 1)) if it belongs
to HMP(Q, i) for every open subset Q' of 2, whose closure is a compact
subset of Q. The Sobolev space with zero boundary values Hy™ (€2, 1)
is the closure of C§°(£2) with respect to the Sobolev norm. For the
basic properties of weighted Sobolev spaces we refer to [HKM].

We denote by LP(ty,te; H'P(Q)), t; < t5, the space of functions such
that for almost every ¢, t; < t < to, the function x — wu(z,t) belongs
to H'?(Q, i) and

/t2/9(|u(:c,t)|p+yDu(I,mp) du(x) dt < oo.

Notice that the time derivative u; is deliberately avoided. The defini-
tion for the space L? (ty,ty; HP(Q, ) is clear.

loc loc

Let t; <ty and 1 < p < co. A nonnegative function u which belongs
to LP (t1,te; HEP(Q, 1)) is a weak solution to (1.1) in Q x (t;,t5) if

loc

to
/ / (\Du]p’QDu - Dn — up1%> dpdt =0 (2.1)
t1 Q

for all n € C§°(2x (t1,t2)). Further, we say that u is a supersolution to
(1.1), if the integral (2.1) is nonnegative for all n € C§° (2 x (¢4, t2)) with
n > 0. If this integral is nonpositive, we say that u is a subsolution.

The measure g is doubling if there exists a universal constant Dy > 1
such that

for every z € R" and R > 0. Here B(z, R) denotes the open ball
with center z and radius R. The dimension of the measure is defined

as d, = logy, Dy. Note that in the case of the Lebesgue measure the
dimension is n.

The measure is said to support a weak (1, p)-Poincaré inequality if there
exist constants Fy > 0 and 7 > 1 such that

1/p
][ v — VB R | dp < P0R<][ | Dul? d,u) : (2.3)
B(z,R) B(z,7R)

for every v € H P(R", i), z € R” and R > 0. Here we use the notation

1
UB(z,R) :][ vdpy = —————— / vdpu.
B(z,R) /L(B(Z, R)) B(z,R)

The word weak refers to the possibility that 7 > 1. If 7 = 1, the space
is said to support a (1, p)-Poincaré inequality. Indeed, in the Euclidean
case the weak Poincaré inequality implies the Poincaré inequality, see

Theorem 3.4 in [HaK]. Thus we may take 7 =1 in (2.3).
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From now on we assume that the measure p is doubling and supports
the weak (1,p)-Poincaré inequality. Moreover, we assume that the
measure is nontrivial in the sense that the measure of every nonempty
open set is strictly positive and measure of every bounded set is finite.
These assumptions imply a weak (x, p)-Sobolev-Poincaré inequality for
some k > p possibly with a different 7, see [BCLS] and [HaK]. More
precisely, there are k = k(p, Do, Py) > p, C = C(p, Dy, Py) > 0 and
7/ > 1 such that

1/k 1/p
(f  w-veenlan) “<or({ popan)” 20
B(z,R) B(z,7'R)

for every z € R" and R > 0. Again, by Theorem 3.4 in [HaK| we may
take 7/ =1 in (2.4).

For Sobolev functions with the zero boundary values we have the follow-
ing version of Sobolev’s inequality. Suppose that u € Hy?(B(z, R), ).
Then there exists constants C' = C(p, Dy, Fy) and & = k(p, Do, Py) > p

such that
1/k 1/
<][ lv|™ d,u) < CR<][ | Dv|P du) g (2.5)
B(z,R) B(z,R)

For the proof we refer, for example, to [KS].

dup
K = { du—p’ p< du s (26)
€ (p,0), p=>d,

where d,, is the dimension of the measure.

For any fixed 0 < o <1, 7 € R and for a ball B(z,r) C R" with r > 0,
we denote

1 1 1 1
oU" = B(z,01) X (7‘ + 57"” — 5(07“)7’,7 + érp + 5(07")*’),

1 1 1 1
oU™ = B(z,0r) % (7‘ - 57“7’ — E(UT‘)p,T - §rp + 5(07“)”).

and
Q= B(z,r) x (T —rP, 7 +1P).

We show that the following parabolic Harnack inequality holds for a
weak solution to (1.1).

Theorem 2.1. Let u > p > 0 be a weak solution to equation (1.1) in
Q and let 0 < o < 1. Then we have

esssupu < Cess inu, (2.7)
U

oU~ g

where the constant C' depends only on p, Dy, Py and o.
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Note carefully that the constant in (2.7) is independent of p. A modi-
fication of the proof shows that the technical assumption u > p can be
removed and the result holds for all nonnegative solutions.

It has come to our attention that a similar question has been studied in
a recent work by Gianazza and Vespri [GiVe| using a different method.

It is well-known that the local Holder continuity of a weak solution is a
consequence of the Harnack inequality also in the parabolic case when
p = 2, see [Mol]. However, due to the nonlinearity of the term (u?~1!),,
it is not clear how to modify the same proof for the doubly nonlinear
equation (1.1). The local Hélder continuity of the solution has been
proved in [Ve] using different method.

2.1. Preliminary results. Suppose that t; < 7 < 1 < to. If the test
function 7 vanishes only on the lateral boundary 9 x (71, 72), then the
boundary terms

T1+0
/u(x,ﬁ) "n(z, 1) dy = lim — /u(aj,t)pln(x,t) dp dt
0 0

o—0 T

and

/u(a:,Tg)p_ln(x Ty) dp = lim — / / u(z, t)P " 'n(x,t) dudt
Q

o—0 T

have to be included. In the case of a supersolution to the doubly
nonlinear equation (1.1) the condition becomes

/ / |Du|P~2Du - Dndudt
1 Q
T2 T2 a
+ [/ up_lndu} —/ /u”_la—;7 dpdt >0
Q t=71 T1 Q

for almost every 7, 7o with t; < 7 < 7 < to.

(2.8)

There is a well-recognized difficulty with the test functions. Namely,
in proving estimates we usually need a test function which depends on
the solution itself. Then we cannot avoid that the “forbidden quantity”
u; shows up in the calculation of 7;. In most cases one can easily
overcome this difficulty by using an equivalent definition in terms of
Steklov averages, as on pages 18 and 25 in [DiBe| and in Chapter 2
of [WZYL]. Alternatively, one can proceed using convolutions with
smooth mollifiers as on pages 199-121 in [AS].

We start with an elementary lemma.

Lemma 2.1. Suppose that u > p > 0 is a supersolution. Thenv = u~!

18 a subsolution.
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Proof. Let ¢ € C§°(2 x (t1,t2)) with ¢ > 0. Formally we choose the
test function n = u>*P . Then

Dn = —2(p — Dur"*pDu 4+ u*3"P) Dy

and 5 5
n 1-2p YU
T op—1 P,
o (p = Du"Fpor +u
A substituttion of these in (2.8) leads to

to
0<—2(p— 1)/ / | Du|Pu'~*p dy dt
t1 Q

2(1-p) 92
ot

to
+/ / w*YP| Du|P2Du - Dy dpdt
t1 Q

t2 ou b2 Oy
+2(p—1 / /upgp—dudt—/ /ulp—d,udt.
( ) 4 Jo ot 4 Jo ot

An integration by parts gives

t2 ou 1 2 9(utP)
u Po—dudt = —— du dt
/tl/Q o p—1/t1/Q ar T

1 b2 9,
= —/ /ul_p—(pdudt.
Therefore, we obtain

to to a(p
0< / / |Du|P~2Du - D u*YP) dy dt + / / u P =2 dpdt
t1 Q t1 Q at

to agp
= _ p—2 . _ p1727
/tl /Q <|DU| Dv-Dyp —v % > dp dt

since Du = —v~2Dnw. U

The following weighted Poincaré inequality is a consequence of the
doubling property (2.2) and the (1, p)-Poincaré inequality (2.3). For
the proof we refer to [SaCol].

Theorem 2.2. Suppose that w € H"?(B(z, R), ). Let
[z = 2]\*
— 1 _——
o) ( R )+’

where @ > 0. Then there exists a constant C = C(p, Do, Py,0) such
that for all 0 <r < R

fu-wlodizcr{ pupods
B(z,r) B(z,r)

where
. fB(z,'r) ugb d'u

fB(z,r‘) QSdM
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The following abstract lemma is originally due to Bombieri, see [BoGi|
and [Bomb]. The proof is an easy modification of the proof by Moser
in [Mo2]. See also [SaCol].

Lemma 2.2. Let v be a Borel measure and 0, A and ~ be positive
constants, 0 < 6 < 1 and 0 < q < oo. Let U, be bounded measurable
sets with Uy C U, for 0 < 0 < o' < o < 1. Moreover, if ¢ < oo, we
assume that the doubling condition v(Uy) < Av(Us) holds. Let f be a
positive measurable function on Uy which satisfies the reverse Hélder

mequality
(][Uo, prav)" < (@—_—Aaf)e ]{] pav)”

with 0 < s < q. Assume further that f satisfies

Av(Us)
Y

v({x € Uillog f > A}) <
for all A > 0. Then

(]{[ )" <c.

where C' depends only on 0, v, q and A.

Proof. We denote

v=vio) =tog ({ )"

o

First, Holder’s inequality gives

1 1
£ dy = / Fody+ / £ dy
Us V(UO') log f<%/2 I/(UO'> log f>1/2

<exp(us/2) + ]{J ) Y q(”<{10gy{£)w/2}>><qs>/q
A

(g—s)/q
<exp(¢s/2) + exp(s) (W) ~

Then, if s = 2¢p~" log (¢/7/A27), we have

fodv < 2exp(vs/2).
Us
This is true if ¢» > 4AY7 and 1 is also so large that s < ¢. Con-

sequently, the lower bound on v depends on A, v and ¢q. We call it
Al
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Next, we take a logarithm from the reverse Holder inequality and use
the estimate above:

oo <5 (1o (2 5) + vios/2)

:@ <log (ﬁ)/log (v7/A27) + 1) :

Suppose further that
2A 2
g ()

(0 — o
or 4
2
¢ Z (0_ _ 0/)29/7?

where Ay depends only on A and . Then, for ¢(o) large we have an
estimate

N D
V(o') < J0(0).
On the other hand, if
Ay

(o) < min (Ab m)

we have from the doubling condition that

< i)

We collect the results obtained so far: There exists a constant C' de-
pending only on A, v and ¢ such that.

.3 1

The assertion follows now by a standard iteration argument (see e.g.
[Giaq]). O

) + (o) <log A+ min <A1,

3. ESTIMATES FOR SUPER- AND SUBSOLUTIONS

3.1. Caccioppoli estimates. The following three lemmata are essen-
tially consequences of choosing a correct test function in (2.1).

Lemma 3.1. Suppose that u > p > 0 is a supersolution in 0 X (t1,ts)
and let € > 0 with € # p — 1. Then there exists a constant C' = C(p,¢)
such that

to
/ /|Du|pu el pdudt+esssup/up15 oP dpu
t1<t<to

<C’/ /up15|Dg0|pd,udt+C’/ /ufnlsp1

for every p € Cg°(Q2 x (t1,t2)) with ¢ > 0.
8
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Proof. Formally we choose the test function n = u=°¢P so that
Dn = —eu " 'PDu + u Dy

and
877 o —e—1 pau —e a¢p

E——éu QOE"’U W,

where ¢ € C§°(2 X (t1,1t2)) with ¢ > 0. Let t; < 71 < 7o < to. We first
integrate by parts to get

T2 T2
—/ /up_l@dudt—k [/ up_lnd,u}
t=71
up 1—e T2 a@p
P dudt — PrI=e 2T dudt
e A L N K 2
+ [/ T pd,u}
_m—l—d[;/ﬁ

p— ”
+———————L/zﬁ]5Pdud4 .
p—1—¢ /o t=r1

Hence a substitution of 7 in (2.8) gives

0<— 5/ / | DufPu=" P dp dt
T Q
+p / [ 1Pup= e Dt dp
@—1—d/ /

T2
+————————[J/1ﬁ e pdud4
p—].—5 Q t=r

p(p—1) r-1 ,
p—1—¢? T p-1-¢"

P dudt

PV dpdt

:—811 +p[2—|-

Young’s inequality implies

5= /7'2/ (lDu|g0U_(€+l)/p)p_1(|D<P|u_€+(e+1)(p_1)/p) d,LL dt
iul Q
T2
<~I + C(W)/ / |D90|pu—ap+(6+1)(p—1) dy dt
1 Q

T2
—tite) [ [ 1Depur e du
1 Q
9



where v > 0. Thus we have

20p — 1
I (p—1) I
ep—1-¢)
we(e)2) [ 2(p — 1
< 2pele/?) )/ /|D<p|pup15dudt—|——p(_p Yo,
€ 1 JQ 5|p 1 8|

where we have chosen 7 = £/2. Furthermore, if ¢ < p — 1 by choosing
Ty =ty and 71 = 7 > t; such that

1
/up—l—a(g;,r)sop(a:,r) dpu > - ess Sup/ u R Py
a t1<t<ts JQ

we obtain

esssup/up_l_g P dp

t1<t<ta

<C/ /|Dgp|pup = Ed,udtJrC/ / OP Lt dp dt
Tth Tltz

< C/ /]Dgo|pup16dudt+0/ /upls 1Pt dpudt.
t1 Q t1 Q a

We conclude the same estimate for € > p — 1, if we choose 7, = t; and
795 = 7. Now the result follows with the constant C' depending on ¢
and p. Remark that the constant blows up as ¢ tends to O or p — 1. [J

Next, we show a corresponding result for a subsolution. Observe that
in the following lemma we may have quantities which are not finite a
priori. Nevertheless, we can make our calculations with a truncated
test function. After we have a control on the quantities, we obtain the
result by letting the level of truncation go to infinity. In fact, this also
justifies the formal calculations made in the proof of Lemma 3.5.

Lemma 3.2. Suppose that u > p > 0 is a subsolution and let € > 0.
Then there ezists a constant C = C'(g,p) such that

/ /|Du|pu5_1 pdudt+esssup/up_1+5 P du
t1<t<ta

<c/ / p- 1+6|Dgo|pdudt+0/ / p-lte o= 1‘(;‘@(&

Jor every ¢ € C§°(2 x (t1,1t)) with ¢ > 0.

Proof. This time we formally choose the test function n = up?. Oth-
erwise the assertion follows as in the proof of Lemma 3.1. The constant
C blows up as ¢ tends to 0. U

Finally, we show a Caccioppoli type estimate for the logarithm of a
supersolution.
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Lemma 3.3. Suppose that u > p > 0 is a supersolution. Then there
exists a constant C' = C(p) such that

/ |D(log u)|P¢P du dt + esssup /logucppdu‘
t1<t<ts

<C’/ /]Dg0|pdudt+0/ /|logu|g0p !

Jor every ¢ € C§°(Q2 x (t1,1ts)) with ¢ > 0.

“O‘dudt

Proof. Let n = u'™PyP, where p € C°(Q X (t1,t2)) and ¢ > 0. We
again integrate by parts and obtain

—/ /upl@dudt—i- {/ uplnd,u}
T1 t=71
1 p
—(p—1) / /aog“ pdudt—/ /890 dyu dt
[,

t=71
=—p(p —1/ /10gu<pp ! gOd/dbdt

+(p-1) Uﬂlogu @pdﬂ} ,

t=71

where t; < 11 < 7y < t3. We denote v = logu and substitute 7 in (2.8)
to get

0<— / /\Dv\p pdudt+—/ /|Dv|p Y Dol dp dt
L 0p
+ [ vPdp|  +p IUW’
Q t=71

ot
We apply Young’s inequality for the second term and obtain

T2
| [apeleripeldua
T1 Q
p 1 T2 T
< — | DulPeP dpdt + C |Dpl|? dpu dt.
T1 Q T1 Q

Consequently, we have

/ /|Dv|p P dp dt — [/ vgppd,ul
<C/ /]Dgo\pdudt—i-C/ /[U|<pp ! at‘

Now the claim follows in the standard way as in the proof of Lemma

3.1. U
11

’ dp dt.

(3.1)
dp dt.




Remark. In (3.1) the test function ¢ does not need to have a compact
support in time. We will use this fact in the future.

3.2. Reverse Holder inequality for a supersolution. For 75 € R
and a ball B(z,r) C R" we set

Qo = Qo(z,70,7) = B(z,7) X (10 — P, 70 + 1P).
We also define
oQ =oQ(z,7,m,T) = B(z,0r) X (7’ —T(or)P, T+ T(ar)p)

forany T € R, 0 < 0 <1 and T > 0. The parameter T is going to be
chosen so that the time intervals between different lemmata match.

In the following lemma our goal is to obtain a constant which is inde-
pendent of the parameter s. In the standard approach of Moser [Mol]
only a finite iteration is needed. In that case there is no need to control
the asymptotic behaviour of the constant. In our approach the number
of iterations is not bounded and we have to make a geometrically con-
vergent partition of the cylinder () in order to obtain a uniform bound
for the constant.

Lemma 3.4. Suppose that uw > p > 0 is a supersolution in @y and
let Q C Qo and 0 < 6 < 1. Then there exist positive constants C =
C(p,q, Do, Py, T,0) and 0 = 0(p, Dy) such that

(i/Quqdudt>Uq < (ﬁ)l/s@{cgusdudt)l/s

forall 0 <6 <o <o <1 andforal 0< s < g < qy, where
@0 = p—1)(2—-p/k) and k > p is as in (2.6).

Proof. The proof is based on the successive use of Sobolev’s inequality
and Caccioppoli’s estimate. Let v =2 — p/k. We fix ¢ and divide the
interval (¢’,0) into k parts by setting

1—~7

/ /
oy=0, 0p=0, ajzo—(a—a)l_fy_k.

We shall fix k later. We denote Q); = 0;QQ = B; x T;. We also choose
test functions with the following properties:

supp (;) C Qj-1,
0<¢p; <1 in Qj1, @;j=11in Q;
v 3%" c

YN
<Z(—r 0.
r(c—oao) 1ot~ T(r(a—a’)) i o,
12
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Furthermore, let « = p—1—¢, 0 < € < p— 1. An application of
Holder’s inequality yields

][ w dpdt
Q]+1

(k=p)/% /K
][ ][ pdu ' <][ (u7,)" dﬂ>p dt
Tj11 Bji1 Bjt1

|75 11(B;) ( ]/ (k=p)/x
<im— T | esssupf  utf du)
T4l (Bjsa) Ty Bj

x]{F (7{9( u®/? ;)" du>p/ﬁdt.

J J

Since the measure p is doubling and o1 > min(d, (v + 1)7!)o;, the
first factor on the right hand side is bounded by a constant independent
of j, r, o and ¢/. We now use Sobolev’s inequality together with
Caccioppoli’s estimate and obtain

][ w dp dt
Qj+1

<C (=) a/P p
<C| esssup+ u” goj du ‘D | dp dt
Tj B

J
SC’(esssup][ u®l dp
I;
(3.2)
1 p e—1,p —1—¢ v
— of | DulPu™*" @8 +uP™" "¢ | Dy |P dp dt>
7;J B;

/ | G = O
<C (m]{? u dudt) .

J

Careful study of the proof of Lemma 3.1 shows that the constant C' is
indeed independent of «; the term of in the inequality above cancels
the impact of the singularity of the constant in Lemma 3.1 when ¢ is
close to p — 1.

The next step in the proof is to iterate (3.2). Observe that the condition

0 < a < p—1 must be satisfied. This gives an upper bound ¢y = v(p—1)

for q. For the iteration, we fix ¢ and s with ¢ > s, and k such that

syPl < g < sy, Let pg such that py < s and ¢ = v*py. Denote
13



pj =7’ po for j =0,..., k. Then we have

k
(J[ o dudt)l/q < ( Cr />p/Pk1 <][ upkldudt>l/pkl
o —0 b1

k

<:
< < Cpmd(k‘) u d d{;) 1/po
< —(a—a’)V* 0 2 )
where
k-1 B
Cproa(k) = C [T (7H1)"
§=0
and

k-1
* —7 Py —
V=pY 7 j:j(l—V ")

=0 7

The constant C' depends on ¢ since the constant in Lemma 3.1 has a
singularity at ¢ = 0. Obviously ¢eqa(k) is uniformly bounded on k.
From Holder’s inequality we obtain

(]{/Q ul dys dt)l/q < (ﬁ)m (]{Q u dy dt>1/s.

Furthermore, since sy*~1 < pgy*, we have py > s/ and consequently
the required estimate follows with 0 = py?/(y — 1). O

3.3. Estimate for the essential supremum of a subsolution.

Lemma 3.5. Suppose that v > p > 0 is a subsolution in Q). Let
0 < 0 < 1. Then there exist positive constants C = C(p, Dy, Py, T, 0)
and 0 = 0(p, Dy), such that

C 1/s s 1/s
esssupu < (—/6) (][ U d,udt)
o'Q (O' — O') oQ

forall0 <6 <o’ <o <1 and for all s > 0.

Proof. Without loss of generality we can choose T' = 1. Let the choices
of test functions and o; be the same as in the proof of Lemma 3.4 with
an exception that

oj=0—(c—d)1l—~vy7).

As in the proof of Lemma 3.4 we obtain from the Sobolev’s inequality
and from Lemma 3.2 that

uwdpdt < C —][ udpdt) (3.3)
][;jJrl ((0 — U/)p Q; )
14



where
7=2—£, a=p—1+¢g e>1.
K

In Lemma 3.2 the constant is singular as ¢ is close to 0. We deliberately
avoid this singularity by choosing € > 1. Moreover, we choose o; = py/,
7 =0,1,.... We iterate the inequality above and obtain

<][ uf dp dt) v

0

> ((0 ;U/)>71+72+‘““k ﬁvw/vﬂ' <][

1/7*p
u'P du dt>
j=1 Qk

We let £ tend to infinity and get the result for s > p from Holder’s
inequality.

If s < p, then we have

esilséupu < ((J—LO'/)G> 1 <]<[7Q uP du dt) v

p—Ss (p=s)/p s 2p \(—s)/p
< ( ess sup u> < )
2p o p—Ss

() ()

g (=97 Cp) ()"

oQ (c—0o

1

2

1 C 1/s s 1/s
< éesizupu—i- <m> <]{Qu dudt) ,

where we used Young’s inequality. By a standard iteration argument
(see e.g. [Giaq] Lemma 5.1) we obtain the result. O

3.4. Logarithmic estimate for a supersolution. We already have
the reverse Holder inequalities for both super- and subsolutions. Next
we show that the condition for the logarithm in the assumptions of
Lemma 2.2 holds.

Let 0 <o <1,7€R, T >0and B(z,7) C R". We define
oQt =0Q"(z,7,7) = B(z,01) x (1,7 + T(or)?),

Q™ =0Q (z,r,7) = B(z,0r) X (1 = T(or)?,T)
and
0@ = B(z,0r) x (1 =Tr?, 7+ TrP).

Let dv = du dt.
15



Lemma 3.6. Suppose that u > p > 0 is a supersolution in Q). Fur-
thermore, let

lant) = (o) = (1= 2070 |

1+o0)r
where 0 < o < 1 and (x,t) € B(z,r) X (1 — (or)?, 7 + (or)P). Let

)
f= /B o 7)) di(o),

Then there exist constants C = C(p, Dy, Py, 0,T) and C' = C'(p,Dy,0,T)
such that

v({(z,t) € 0Q |logu > A+ B+ C'}) < ¢

-v(0Q7)
and

v(eQT).

V({(m,t) €oQF|logu < —A+ 38— Ol}) < -1

for every A > 0.

Proof. Let

N = ©P () dp(z),
B(z,r)
so that we have

(52) (B0 < N < u(Bz.1).

We also denote
oo 1) = logu(z, 1)~ f, V(1) = / o(, ) (@) dpu().

Remark that V(7) = 0. Since ¢ is mdependent of ¢, we obtain from

(3.1) that
/ / | Du|PeP dp dt — {/ vgppdu}
(z,m) (z,r) t=t,
< C/ / |Do|P dp dt,
B(z,r)

where 7 — (or)? < t; < ty < 7+ (or)P. Furthermore, the weighted
Poincaré inequality 2.2 yields

1
/ DopPg? dp > —— / v — V(0P du
B(z,r) CT B(z,r)
1—o)P

o,

> — — V()| dp.

T (U1
16



It follows that

1 /t2/
v )P dudt+ Vit t
CNr# |, B(M)| ®) () = V(ta)

Clta —t) p(B(z,7))

<

By denoting
t—17 t—T

w(z,t) =v(x,t) + C,T(Jr)p7 W(t)=V(t) + C/T(m»)p

we obtain

1"
— P . <0
CNrv /t /B . jw — W) dudt + W (ty) = W(t2) <0

From this we conclude that W (t;) < W(ty) for all 7 — (or)? < t; <
to < 7+ (or)P. Since W is a monotonic function it is differentiable
almost everywhere. As a consequence we have

1
- Pdpu—W'(t) < 4
o [0 WO = W) <0 (3.4

for almost every t € (ty,t2). Let
By (1) = {(2,1) € 0@ [w(z,t) > A}.
We observe that
| = WP dn = 0= W) PuE () 2 wlE; )
because W(t) < W(r)=0as 7>t >t— (or)’. Thus we have
W(#) p(Ey (1))
T\ AN -
ooway ¢ e <0

for almost every 7 >t >t — (or)P. We integrate this over the interval
(1 — (or)P, ) and obtain
v(Ey)

o =C (A=W (t)" D]

T < C
t=r—(or)? — \p—1°

This yields

_ Cno@)

v({(z,t) €0Q™ [ logu> A+ 5+ C'}) < — =

Now, let
EY(t) ={(x,t) € cQT|w(z,t) < —A}.
As in the case of ()~ we conclude that
/ e WOz )0 WO 2 W O
B(z,r
17



because W(t) > W(r) =0as 7 <t <7+ (0rP). Thus, from (3.4), we

have
/ +
LWl )
(A+W(t)r (@)
for almost every 7 < t < t + (or)?. An integration over the interval
(1,7 + (o1)?) gives

U(E;) S T+ (or)? C
< — p—1) < ‘
o0 < LA+ W) LZT <
Therefore
C +
v({(z,t) €0Qt | logu< A +3-C"}) < Crie@T)

Ap—1

and the claim follows. 0

4. HARNACK’S INEQUALITY

First we prove a weak Harnack inequality. Here U* are as before
Theorem 2.1.

Theorem 4.1. Let u > p > 0 be a supersolution in ). Then there
exist constants C' = C(p, Do, Py, q,0) and go = (p —1)(2 — p/K), k > p
as in (2.6), such that

1/
(][ uldp dt) ! < Cessinf u,
SU- SU+

for0<d <1 and0 < q < qp.

Proof. We fix 0 < § < 1. Let ¢ be as in the assumptions of Lemma
3.6 and let # and C’ be the corresponding constants. We define v =

u e~ and v~ = uwe P¢". We apply Lemma 3.6 for the function u
and have
1496 C 1496
v({(z.1) € U |log(v") > A}) < o5 ( . )
and
149
v({(@.1) € =T [log(u™) > A}) <_y “v-).

2
We also used a fact that v(B(z,0R) x (1, 7£(c R)?)) < Cv(6U*). From
Lemma 2.1 we obtain that v™ is a subsolution in (). Consequently,
Lemma 3.5 yields

+ c +sd d /s
s = (G=apt,,, 0 )



forall § < 0o’ < 0 < (1+0)/2 and for all s > 0. Note that we
have chosen a suitable parameter 7" to match the time scales between
lemmata. We now use Lemma 2.2 and obtain

esssupv’ < C. (4.1)
U+

Furthermore, we have from the corollary of Lemma 3.4 for v~ that

(f,, corana)” < (55, o amar)

for every § <o’ <o <(1446)/2,0< s < q < qo. From Lemma 2.2 we

obtain
1/q
(][ (v_)qd,udt> <.
o

Multiplying this with (4.1) gives

1/q
<][ uqd,udt) < Cessinfu
ST~

SU+
and the result follows. O

Now we are ready to prove Harnack’s inequality.

Proof of theorem 2.1. We apply Lemma 4.1 with § = (1 + 0)/2.
The result follows now from Lemma 3.5. U
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