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NOTES ON DISCRETE TIME MARTINGALES

These notes cover some basic properties of discrete time martingales for a course on stochastic
calculus. We assume that the basic concept of a (sub/super)martingale is familiar, along with
some results related to optional stopping and the martingale convergence theorem are familiar.
We prove Doob’s martingale inequality, Doob’s maximum L? inequality and discuss uniform
integrability in the setting of martingales. The discussion covers some of the material from [1,
Chapter 5.4 and Chapter 5.5]. We first review some basic definitions and results we shall make
use of, then discuss Doob’s inequalities, and finally uniform integrability.

1. BACKGROUND

Let us consider a probability space (€2, F,PP). Recall that a filtration on (Q,F,P) is an
increasing sequence of sub o-algebras Fi: Fr < Fry1 < F forall k e N = {0,1,2,...}. A
sequence of random variables (Xj)reny on the probability space (2, F,P) is adapted to the
filtration (Fk)ken if X is measurable with respect to Fj, for all k£ € N. We say that a sequence
of real-valued random variables (Xj)ren is a martingale (with respect to the filtration (Fy)ken)
if

(M1) E|Xg| < oo for all ke N,

(M2) (Xp)ren is adapted to (F)en,

(M3) E(Xg41|Fr) = Xj for all k£ € N (which implies that E X = E X, for all k).

Similarly, we say that a sequence of real-valued random variables (Xj)ren is a submartingale
(with respect to the filtration (F)gen) if

(SUBM1) E|Xj| < oo for all ke N,
(SUBM2) (Xi)ren is adapted to (Fk)ken,
(SUBM3) E (Xg+1|Fi) = X for all k € N (which implies that E X, < E X4, for all k).

and a supermartingale (with respect to the filtration (Fy)gen) if

(SUPM1) E|Xj| < oo for all ke N,
(SUPM2) (X )ken is adapted to (Fg)gen,
(SUPM3) E (Xj41|Fr) < Xj for all k € N (which implies that E X1 < E X}, for all k).

Note that if (Xj)ken is a supermartingale, then (—Xj)ren is a submartingale, so statements
about one automatically imply a converse statement for the other. Moreover, martingales are
both submartingales and supermartingales, so results for sub/supermartingales automatically
extend to martingales.

A basic that is occasionally useful is that convex functions of martingales are submartingales
(if they are in L') and increasing convex functions of submartingales are submartingales.

Proposition 1.1. Let (Xi)ken be a martingale with respect to the filtration (Fi)gen and f : R —
R a convex function such that E|f(Xx)| < oo for all k € N. Then (f(Xk))ken is a submartingale
with respect to the filtration (Fy)keN-

Moreover, if (Xk)ken is a submartingale with respect to the filtration (Fi)reny and f: R — R
an increasing convex function such that E|f(Xy)| < o for all k € N, then (f(Xk))ken is a
submartingale.

Remark 1.2. Note that if (Xg)ken is a supermartingale and f is increasing and concave, then
an immediate corollary of this proposition is that (f(Xk))ken is a supermartingale. Typical
applications of this proposition (and its corollary for supermartingales) are the following:

o If (Xk)ken is a martingale, then (| Xg|P)ken is a submartingale for p = 1 (z — |z|P is

convex).
1



o If (Xi)ken 18 a submartingale, then for each a € R, (max(Xy — a,0))ken is a submartin-
gale (z — max(0,z — a) is increasing and convez).

o If (Xk)ken 1S a supermartingale, then for each a € R, (min(Xg, a))ken is a supermartin-
gale (x — min(z,a) is increasing and concave).

We will also need the notion predictability: we say that a sequence of random variables
(Hi)kez, (where Zy = {1,2,...}) is predictable with respect to a filtration (Fj)ken if for each
k € Z, Hy, is measurable with respect to the o-algebra Fi_;1. We also introduce the notion of
the martingale transform or discrete stochastic integral of (Hy)rez, with respect to (Xi)gen by

(H - X))y := Y1 Hj(X; = Xj), k=1
0, k=0

The basic use of the discrete stochastic integral in the setting of discrete time martingale theory
is the following result.

Theorem 1.3. Let (Hy)rez, be predictable with respect to the filtration (Fj)ren, non-negative
and bounded in that there exists some non-random finite C' > 0 such that almost surely 0 <
Hi < C for all k € Zy, and let (Xk)ken be a supermartingale with respect to the filtration
(Fr)ken- Then ((H - X)g)ken is a supermartingale with respect to the filtration (Fy)keN-

Next we recall the notion of a stopping time. A random variable N taking values in N u {00}
is called a stopping time with respect to the filtration (F)gen if for each k € N, the event
{N < k} is an element of Fj. One of the main points of discussing stopping times in the setting
of martingale theory is the following result.

Theorem 1.4. If N is a stopping time (with respect to the filtration (Fi)gen) and (Xg)gen 1S a
supermartingale (with respect to the filtration (Fi)ken), then (Xyin(n,k))keN @5 a supermartingale
(with respect to the filtration (Fi)ken)-

We will also make use of the following result, known as the martingale convergence theorem,
which says that martingales behave very nicely under limiting procedures.

Theorem 1.5. If (Xi)ren s a submartingale (with respect to the filtration (Fk)gen) with
supgen E max(Xy,0) < oo, then as k — o0, Xj converges almost surely to some limit X which
satisfies E | X| < oo.

This has a particularly nice implication for supermartingales.

Corollary 1.6. If (Xp)ken is a non-negative supermartingale (with respect to the filtration
(Fk)ken), i.e., almost surely X = 0 for all k € N, then as k — o0, X} converges almost surely
to some limit X which satisfies X = 0 almost surely and EX < E Xy < 0.

Proof. Now (—Xp)ken is a non-positive submartingale. In particular, due to non-positivity,
max(—Xg,0) = 0 for all k£ so we can apply Theorem 1.5 to deduce that as k — oo, —X}
converges almost surely to some limit, let’s say —X, which is of course almost surely non-
positive by almost sure convergence, and satisfies E| — X| < co. This in turn implies that X
converges to X, and since being a supermartingale implies that E X; < E X, we find the final
claim by Fatou’s lemma. U

We now turn to Doob’s martingale inequality.

2. DOOB’S MARTINGALE INEQUALITY AND MAXIMUM L? INEQUALITY

The basic idea of Doob’s inequalities is that if (X)gen iS a non-negative submartingale, then
it’s unlikely that maxo<r<n X is big if it’s unlikely for X,, to be big. The form this is typically
used in is moment bounds, which is the content of the L2-inequality, but the L?-inequality is
proven using the martingale inequality. We will formulate the statements more precisely shortly.
We begin with a simple result we’ll make use of in the proof of Doob’s martingale inequality.
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Lemma 2.1. Let (X)ren be a submartingale with respect to the filtration (Fy)ken. Let K € Z 4
be fized (i.e. non-random), and let N be a stopping time with respect to the filtration (F)reN
such that N < K almost surely. Then

EXo<EXy<EXkg.

Note that if (Xx)gen is martingale, then E Xy = E X} and we have identities here. Also the
boundedness assumption here is important: take (Xx)gen to be a simple random walk started
at 1 and N = min{k € Z; : Xj, = 0}.

Proof. By Theorem 1.4, (X iy, N))ken i a submartingale. Thus

E Xy = IE’)(min(N,O) < IE*Xmin(N,K) =E Xy,

which proves the left inequality in the statement of the lemma. For the right inequality, let
us define the sequence of random variables (Hy)kez, , where Hy = 1{y<i_1) for each k € Z.
Since N is a stopping time, we see that Hj, is measurable with respect to Fr_1 — (Hy)krez, is
predictable. Moreover, it is of course non-negative and bounded so Theorem 1.3 implies (note
that we use it here for (— Xy )reny and then translate it into a statement for submartingales) that
((H - X)g)ken is a submartingale. In particular, we have

(2.1) 0=E(H X)<E(H- X)k.

But now, note that

E

>
Il

=

Hj(X; — Xj-1)

.
= |
—

Lineg—13(Xj — Xj1)
=1

<
Il

k

= Lnti<k) Z (X5 —X;_1)
J=N+1

= 1ny1eny (X — Xn)
= Xj — Xmin(k,N)‘

Since min(K, N) = N almost surely, we see that (2.1) becomes

0<E(Xk — Xy)

which is the right inequality in the statement of the lemma. O
This allows us to prove Doob’s (sub)martingale inequality.

Theorem 2.2. Let (Xi)ken be a non-negative submartingale with respect to the filtration
(Fr)ken- For each A > 0 and k € N, let us define the event

Ap(A\) = { max X; > )\}.

0<j<k

Then

E1a, 00Xk < E Xy
A .
3

P (Ar(A)) <



Proof. Let us define the stopping time N = min(k, inf{m : X,, > A\}) (minimum of two stopping
times is a stopping time). Since on the event Ag(\), Xy = A, we see that

AP (Ak()\)) < IEXNlAk()\).

Now applying Lemma 2.1 (N is bounded by k) and noting that on Ag(\)€, Xy = X, we see
that

EXNlAk,()\) =E Xy — EXNlAk()\)C
<EX; — EXklAk()\)C

= EXelay
so combining our two inequalities yields
E Xkl 4,01
P(4(N) € —5 2

A 9y
which is just the left inequality in the statement of the theorem. For the right inequality, we
note that E X314, 1) < E X by non-negativity. O

Remark 2.3. Note that in view of Remark 1.2, if one drops the assumption of non-negativity
of the submartingale from Theorem 2.2, one still can have results of the same flavour: e.g. by
replacing (X )ren with (max (X, 0))ken which is a non-negative submartingale (by Remark 1.2).

As an application of this, we prove Doob’s L? maximal inequality which one perhaps uses
more often than Theorem 2.2.

Theorem 2.4. Let (Xi)ken be a non-negative submartingale (with respect to the filtration
(Frk)ken). Then

E (sup X]2> < 4F X7

0<j<k

In particular, if (Xg)ken 8 a martingale (not necessarily non-negative), then

E [ sup ij|2] < AE | X |2

o<j<k

Proof. The second statement follows from the first one since if (X)ren is a martingale, then
(|X%|)ken is a non-negative submartingale — see Remark 1.2. Let us thus focus on the first
statement. Naturally if ]EX,% = o0, this is not a very interesting statement, so let us assume
that IEX? < oo for all j < k (if EXJZ = o for some j < k then E X? by the submartingale

property). As supgcj< X]2 < Z?:o X]?, we see that also E [supgc;<y XJQ] < o0 in this case.
Using Doob’s martingale inequality (Theorem 2.2), Fubini, and Cauchy-Schwarz, we now have'

IThe first identity here uses the fact that for any non-negative random variable Y and p > 0, EY? =
§o" pAPTIP(Y = A)dA. This follows from Fubini: §i” pAP™'P(Y = M)A = E §"pAP ' 1y>ndX = E ) pAP71dA =
EYP.

4



o0
E (sup Xf) —2f )\IP’(sup Xj>>\>d/\
0<y<k 0 0<y<k

<9 JOO )\EXkl{supogjgk Xj>A}
0 A

SUPo<j<k X
=2E [ka d)\]
0

ZQEXk sup Xj

0<j<k

dX

<2,|EX2E ( sup XJ?).

0<j<k

If X}, = 0 almost surely (implying that X; = 0 almost surely by non-negativity and the sub-
martingale property), we have nothing to prove, so let us assume that E X ,3 > () which implies

also that E (supg<;<, ij) > 0. We can thus divide by \/]E (SUPosjsk ij) yielding

E ( sup Xf) < 24/EX}?

0<j<k

from which the result follow by squaring. O

We conclude this section with the following addition to the martingale convergence theorem.

Theorem 2.5. Let (Xi)yen be a martingale and supyey E X2 < 0. Then X, converges to a
limit X almost surely and in L?.

Proof. We now have (by the trivial inequality max(Xy,0) < |Xj| and Cauchy-Schwarz)

sup E max(Xy,0) < supE | X;| <, [supE X7 < o0.
keN keN keN

Thus by the martingale convergence theorem (Theorem 1.5), Xj converges almost surely to
some limit X. Let us now prove convergence in L? — namely that lim;_,o E | Xk — X ]2 = 0.
The idea is that we want to show this by dominated convergence, which is justified e.g. if we
prove that E [supsey | Xk — X|?] < c0. Noting that | Xj, — X|? < 4supyey | X /|? by the triangular
inequality (and the fact that sup;, |Xj| = |X|), we see that it is actually sufficient to prove that
E [supgey | Xk|?] < 0. Now from Theorem 2.4, we have for n € N

E < sup |Xk\2> <AE|X,|> < 4supE X}? <

0<k<n keN

so letting n — oo we find (by the monotone convergence theorem)

E <sup |Xk|2> <4supE X7 < 0.
keN keN

As mentioned, L?-convergence now follows from the dominated convergence theorem. O

Remark 2.6. All of the results and proofs of this section extend easily to LP-versions of the
statements (so replace X} by | Xy[P) for arbitrary p € (1,00). Though not to p = 1!

We now turn to uniform integrability.



3. UNIFORM INTEGRABILITY AND MARTINGALES

The martingale convergence theorem is an important part of the theory of martingales in that
it shows that martingales have a rich limit theory: one needs rather weak assumptions on the
martingale to ensure that a limit exists. Nothing in the martingale convergence theorem though
ensures that the limit is non-trivial. Uniform integrability is a condition that can sometimes be
used to prove that a limit provided by the martingale convergence theorem is non-trivial. Also
it will lead to a particularly nice representation of a martingale in terms of its limit. In this
section we briefly review the main results.

A family of real-valued random variables (X;);c; (note that I need not be countable) is called
uniformly integrable if

li E (| X;|1¢x. = 0.
Jim Egy (1] {XZ>M})]

We record here a basic exercise related to the definition of uniform integrability. We will
need its result shortly.

Exercise 3.1. Let (X;)ier be a family of uniformly integrable random variables. Show that
sup;er E|X;| < o0.

Let us now see how knowing uniform integrability can strengthen the martingale convergence
theorem.

Theorem 3.2. Let (Xk)ken be a uniformly integrable submartingale (with respect to some
filtration) on some probability space (2, F,P). Then the there exists a random variable X
on the probability space (2, F,P) such that X — X almost surely and limg_, o, E|X; — X| =0
(in particular, for a martingale EX = E X).

Proof. Let us begin by noting that from Exercise 3.1, sup;, E | X%| < o0, so (since max(0, ) < |z|)
we see from the martingale convergence theorem (Theorem 1.5) that there exists a random
variable X such that Xj — X almost surely and E|X| < co. Let us turn to the second claim.
The proof of it will make use of uniform integrability, and for this, we introduce a parameter
M > 0 and the bounded continuous function

-M, z<-M
()OM($) = xz, |.%" < M :
M, x>M

Note that if x > M, then |z — pp(x)] = |z — M| < |z| and similarly if < —M, then
|l — op(z)] = |z + M| < |z|. Combining these remarks with the fact that ¢y (z) = = for
|z| < M, we see that [x — @u(7)] < |23z Thus by the triangular inequality

| Xr — X| < [ Xk — om(Xp)| + lom (Xi) — o (X)] + o (X) — X|
Ly sy [ Xkl + loa (Xe) — om(X)| + 1 x50y [ X
= AkJ(M) + Akg(M) + Ag(M)

First by uniform integrability of (X)ken, we have for each k € N

<
<

M—
(3.1) 0< EA]CJ(M) =E (1{|Xk|>M} ‘XkD < iug]E (1{|Xk‘>M} |Xk’) —>OO 0.
€

Then by the dominated convergence theorem (using the fact that by continuity of ¢y, almost
sure convergence of X to X implies almost sure convergence of pnr(Xy) to ¢ar(X) for each
fixed M > 0), we have for each fixed M > 0

(3.2) lim E Aga(M) = 0.
k—o0
6



For the last term, we use the fact that the martingale convergence theorem ensures that E | X| <
o0 so by the dominated convergence theorem

(3.3) 0< lim EAs(M) =E (]Vl[iinoc 1{|X|>M}|X!) —o.

M—o0

Combining (3.1), (3.2), and (3.3), we find that

lim E|X; — X| < lim limsup [EAg (M) +EAg (M) +EA3(M)] =0,
k—o0 M—0 o
which was the claim.
The final remark for martingales follows from noting that for a martingale, 0 < |E Xo—E X| =

EX; —EX|<E|X;,— X|— 0. O

If (Xg)ren is a martingale, this theorem implies a particularly nice representation for the
martingale in terms of its limit.

Corollary 3.3. Let (Xi)ken be a uniformly integrable martingale with respect to the filtration
(Fk)ken on the probability space (2, F,IP). Then there exists a random variable X on the
probability space (2, F,P) such that X — X almost surely, limy_ E|X; — X| = 0, and
X = E(X|Fy) for all k € Fy,.

Proof. The convergence statements are identical to the ones in Theorem 3.2, so we only need
to focus on the representation Xj = E (X|Fy). First of all note that as E|X| < oo, the
conditional expectation is well defined and the statement is meaningful. According to the
definition of conditional expectation, what we actually want to prove is that for each A € Fi,
E14X; =E14X. To do this, note that by the martingale property, we have for each n > k,
E (X,|Fx) = Xk, or in other words that for each n > k, E14X,, = E14X}. We will thus be
done if we can prove that lim, ,, E14X,, = E14X. To prove this, note that for any A € F,

E14X, —E1,X|<E|X, - X| =30
as we knew already that limy_, o, E|X; — X| = 0. We are thus done since as we already said,
we have for all n > k and A € F;

ElaXp =E14X, =S E14X
which was equivalent to X3 = E (X|Fg). O

Remark 3.4. In fact, in Theorem 3.2 and Corollary 5.3, all of these facts are equivalent: a
submartingale is uniformly integrable if and only if it converges in L', which is equivalent to it
converging almost surely and in L'. For a martingale, uniform integrability is also equivalent
to the representation Xj = E (X|Fy) for some X for which E|X| < co. Proving these facts is
not particularly hard, but typically one uses these results in the direction we have proved them
in. For more details, see e.g. [1, Chapter 5.5].
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