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We consider two complementary aspects of mathematical skills, i.e., procedural fluency and conceptual
understanding, from a point of view that is related to modern e-learning environments and computer
based assessment. Pedagogical background of teaching mathematics is discussed, and it is proposed that
the traditional book medium has determined much of its historical development, including the classical
style of presenting mathematical knowledge. Information technology is likely to be an emerging game
changer in learning and teaching of mathematics, and we argue that the potential of e-learning platforms
extends beyond simple drill exercises to complex problems (having several “right” solutions) that are
expected to improve conceptual understanding. We discuss these ideas referring to experiences and
observations from a STACK based automatic assessment system at Aalto University since 2006. The
article is concluded by visions for the future development involving, e.g., learning analytics based on
students’ answer data.
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1. Introduction
During the last 40 years, high density micro-electronics has revolutionised the world we live in, and
we still struggle to comprehend the full extent of change. The technological revolution has created new
branches of industry such as information and communication technology (ICT), and it has rendered
obsolete some other businesses. The impetus of fast computing devices has been powerful enough to
shock national economies and even shake the balance of power in international relations. Computers
have also affected a particular subject matter that lies in the very foundation of the technological breakthrough while it is, at the same time, at least as old as the western civilisation itself. We refer, of course,
to learning and teaching of mathematics.
The purpose of this article is to sketch a brief synthesis of the present state of affairs and some future
visions of computerised learning environments for school and university mathematics. We use the report
of Kilpatrick et al. (2001) as a background. It has been proposed there that mathematical skills consist
of five interrelated fields:
1. Conceptual understanding; i.e., understanding mathematical concepts, operations and relations.
2. Procedural fluency; i.e., the ability to use mathematical procedures such as simplifying formulas.
3. Strategic competence; i.e., the ability to formulate and solve mathematical problems.
4. Deductive abilities; i.e., the ability to think logically, reflect, explain, and prove statements.
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5. Interest; i.e., seeing mathematics as meaningful, important, and sensible.
Of these fields, procedural fluency has been emphasised in traditional school teaching (at least) in
Finland. It is a clear distinction between school and university levels that deductive abilities play a
much greater role in university teaching. For example, proofs of theorems are often not encountered in
school mathematics (Joutsenlahti, 2005). The three remaining fields, however, are particularly important
for engineers and scientists who should be able to recognise and treat various mathematical problems
arising from science and technology. The conceptual understanding is the key element that makes the
mathematical problem solving ability truly transferable.
The outline of this article is as follows. Advantages and disadvantages of traditional mathematics
teaching are discussed in Section 2. We use there the essay of Richard Skemp (1976) as a main pedagogical background, and this choice leads to an emphasis on conceptual understanding as opposed
to focusing on “instrumental” competencies such as procedural fluency. The role of digital learning
environments in future mathematics teaching is discussed in Section 3 in the style of Devlin (2011).
Sections 4 and 5 are devoted to presenting aspects and observations that have been obtained using the
e-assessment system STACK described in Sangwin (2013). We conclude the article by briefly reviewing
in Section 6 how some of these aspects relate to Skemp’s original vision that predates the digital age.
2. Learning a mathematical concept
Unlike in many other fields of education, learning mathematics requires a fair amount of communication with lower level abstractions. In addition to having a foundation of already known mathematical
concepts, learning a new concept requires practicing on a suitable collection of examples. This is the
way a student becomes familiar with the new concept and is able to either assimilate or accommodate
it (Piaget, 1929). Assimilation means that the new information is associated with some of the student’s
existing conceptual structures, schemas. If the earlier conceptual structures do not allow assimilation,
then the schema may change so that the new piece of information fits in — this is accommodation.
For example, the mathematical concept of a number is in early childhood understood merely as a naive
measure of quantity, but the concept becomes finally a part of an algebraic structure in the course of
learning. Within such structure, it is then possible to embrace increasingly more abstract objects: negative numbers, infinite decimals, complex numbers, and so on (Skemp, 1987).
The schematic learning process described above is constructivist (as opposed to behavioristic) since
the student’s own mental processes are assumed to play the leading role in forming the new concept.
The teacher’s role is to act as a facilitator and to create favourable conditions for learning. We point out
that there are several ways to conceptualise the different levels or aspects of how humans understand
mathematics. In Tall (2008), understanding mathematics has been is divided into conceptual-embodied,
proceptual-symbolic, and axiomatic-formal worlds. The concepts of instrumental and relational understanding have been used in Skemp (1976), of which “relational” refers, broadly speaking, to the
conceptual understanding introduced in Section 1.
How do these ideas relate to the tradition of teaching mathematics? Mathematical knowledge is
usually presented in textbooks. While mathematical notation has certainly evolved during centuries,
the idea of the textbook itself has seen surprisingly little progress; see Figs. 1 and 2. The formal style
ideal has remained unchanged for centuries, dating back to Euclid’s Στοικεία (Elements) that has been
described somewhat polemically as “pedagogically appalling”. Indeed, Euclid’s axiomatic treatise on
geometry gives never any motivations, applications, illuminating examples, or not even cross references
except one; see Bochner (1981) but also Kutateladze (2006).
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FIG. 1. Papyrus Oxyrhynchus 29, one of the oldest surviving fragments of a copy of Euclid’s Elements, currently at the Museum
of Archaeology and Anthropology of the University of Pennsylvania. Photo by W. Casselman (used by permission). The original
photo can be found at http://www.math.ubc.ca/%7Ecass/Euclid/papyrus/.

The formalistic philosophy in mathematics education, advocated by some mathematicians, considers
the extreme “bourbakist” style as the only right way to present mathematics (see, e.g., Kutateladze,
2006). We see the following as the main shortcoming in the formalistic approach: it focuses only in
two of the five aspects of mathematical proficiency mentioned in Section 1, namely, procedural fluency
and deductive reasoning. In some modern textbooks, the role of deductive reasoning seems to be much
reduced which results in even stronger emphasis on procedural skills.
3. Teaching mathematical concepts in the digital age
The exposition in most mathematics textbooks is geared towards efficient preservation and objective
transfer of knowledge. Such style may fail to be optimal from the pedagogical point of view, and the
problem becomes even more serious in computer assisted learning since the human teacher is likely not
to be always present for immediate assistance. The digital study material should stand on its own feet,
and hence the requirements are unavoidably higher compared to textbook based learning in classrooms.
We conclude that advanced e-learning materials (such as automatically assessed exercises) cannot be
successfully developed simply by replicating the traditional teaching media in a computer based learning
environment.
There is another serious limitation in digital textbooks and exercise assignments that imitate the
traditional pattern. The old ways of presenting mathematics suffer from inevitable technological limitations due to printing press and book format in general, and these limitations may easily but unfortunately
get inherited by digital study materials. Such materials make exclusive use of what could earlier be produced easily on paper: formulas, symbols, two-dimensional illustrations, and verbal descriptions of
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FIG. 2. The construction of a line segment in elementary geometry. The excerpt is taken from the book Von 1 bis 1000, Volk und
Wissen volkseigener Verlag, 1965.

mathematical ideas. There is no dynamical content, and relations are presented through formulas or
algorithms, sometimes supplemented with examples and illustrations of the same kind.
Mathematics is rife with situations where describing intuitively understandable phenomena leads
into an almost incomprehensible jungle of definitions. This style of exposition is not entirely without
merit since it is quite well suited for preservation of knowledge and for efficient and precise communication between professionals. Similarly, engineers must be able to read and write specifications, protocols,
and data-sheets, and the analogous can be said about medical doctors, legal professionals, to mention a
few examples of higher professions. We conclude that skills for dealing with complicated definitions is
and will always remain an important goal in learning higher mathematics. We argue, however, that it
should not necessarily be the means — or, at least, not the only means — of communicating mathematics
to students.
Mathematics, if written solely as a collection of rules, is not at all conducive to the “natural” way
of understanding observations and underlying relations through trial and error. Such experiments make
it possible to see the consequences of small variations to the initial setting, too. All this helps students
to get familiar with general ideas and the “big picture” which is often lost, together with the student’s
motivation, in a jungle of definitions and complicated formulas.
Putting aside many difficult problems in the co-evolution of language and symbolic intelligence
in humans, it is safe to assume that our abilities in symbolic intelligence are evolutionarily speaking
of rather recent origin. This may well be related to the observation that mathematical ideas are often
easier to understand when they are not presented in a purely symbolic form, rather than by using a
representation where, e.g., spatio-visual and motoric abilities are advantageous. In fact, professional
mathematicians use such “imprecise” representations most of the time when discussing research problems with each other, even though they sometimes need resort to exact definitions and proofs. This
observation contradicts the claim that formalism is always the best way of communicating or teaching
mathematics.
During the last ten years, Keith Devlin (Stanford University) has introduced a radically different
vision for presenting mathematics using modern computers and learning environments. One of Devlin’s
ideas is using games for presenting mathematical concepts and ideas. The main objective of his research
has been to understand how new technologies may affect the development of mathematical knowledge
in general, and mathematics learning and teaching in particular (e.g., Devlin, 2011). It is one of Devlin’s
key observations that traditional mathematics teaching is mostly a legacy from using printed books that
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are full of symbols, formulas, and definitions. Now, there is nothing inherently mathematical in symbols
written on paper, and we use them only because we do not know a better way.
Presenting dynamical content is not much of a technological problem in the digital age. The new
possibilities of the digital medium allow development of study materials that are more intuitive and
informative, resulting in more efficient learning. In addition to the advanced digital content, the technology platform may also allow for intelligent interaction with the student, at least, to some extent.
An example of this is provided by automatic assessment systems that are able to classify and diagnose
students’ answers, give customised feedback, and mark the exercises. It is likely that some future study
materials would look nothing like a textbook but more like entertainment products such as video or computer games. According to Devlin (2008), the next revolution in mathematics will change the means of
presenting mathematical content rather than the mathematical content itself.
4. Presenting mathematics in e-learning environments
Generally speaking, designers of e-learning environments specifically for mathematics are aware of the
challenges and the opportunities discussed in Sections 2 and 3. It is also well known that the interaction
between the student and the e-learning environment leads to (at least) two kinds of complications that
we discuss next.
Firstly, the student may have difficulties in typing in the solution using the computer syntax. The
formal language of mathematics is not easy to write in the linear fashion as required by many e-learning
environments (Sangwin & Ramsden, 2007). In the worst case, the student may have to correct mismatching parentheses, add missing multiplication signs, etc., many times until a syntactically valid
expression is obtained. The average student is not a computer expert which adds frustration when the
system does not respond in the way the student expects. The learning environment may even stress the
student and turn the learning opportunity into a meaningless struggle with the “silly computer”.
Secondly, mathematical content displayed on computer screen may seem to have some restrictions
which partly stem from a narrow, textbook centric point of view. One could also argue that these
limitations are, to a significant extent, a plain consequence of copying the style of exposition from
printed materials and the associated teaching philosophies. However, purely technical restrictions are
becoming less serious due to advances in mathematics display engines such as MathJax (see MathJax
Consortium, 2015).
From teachers’ and material designers’ points of view, the possibilities and the restrictions of the
environment affect the construction of the pedagogical and technological framework in which student’s
various learning processes are to be activated (Majander & Rasila, 2011; Rasila et al., 2010). For building a pleasant user experience, the presentation of mathematics is in a key role. Mathematical content
should be easy to understand even without teacher’s help, and the interaction between the student and
the computer should be made as effortless as possible. It is quite difficult for the material or system
developer to foresee which components or functionalities will eventually cause most negative user experience in students and teachers. To alleviate these problems, it may be beneficial to use modern
service design concepts in the organisation of the development work (see, e.g., Stickdorn & Schneider,
2011). Moreover, some of the problem points in materials and systems may later be detected indirectly,
based on students’ exercise answer data that gets collected by the e-learning environment. In all cases,
user feedback and subsequent revisions of both the e-learning environment and the study materials are
required for improving the user experience.
To obtain high quality e-learning materials, it is a good idea to have production teams where both
pedagogical and software expertise are equally well represented. We point out that a multi-stage STACK
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TABLE 1. The usage of STACK at the large BSc level engineering mathematics courses at
Aalto University during the academic year 2014–15. STACK versions 1 and 3 have been used
as shown.
Topic

Version

Courses

Exercises

Matrix algebra

1
3

7
1

122
21

796
40

16506
679

Single variable calculus

1

4

51

721

11427

Multivariable calculus

1

4

48

705

15536

Vector analysis

3

3

42

226

2748

Probability and statistics

1
3

2
2

39
84

563
452

12691
14294

23

407

3503

73881

Total

Students

Marks

exercise with full randomisation of parameters may require several dozens of hours development work.
Thus, busy university teachers cannot be expected to produce e-learning material apart from simple
drills or multiple choice exercises.
We conclude that e-learning environments provide opportunities to do many things that cannot easily, or at all, be done within traditional teaching, and this is where e-learning methods are at an advantage. By no means are e-learning environments expected to match the traditional teaching where
traditional methods work best, and nothing stops the teacher from using lectures and textbooks together
with e-learning materials.
5. Automatic assessment at Aalto University
The computer aided assessment system STACK was introduced at Helsinki University of Technology
(nowadays part of Aalto University) in 2006. STACK is GPL-licenced open source software, originally
developed by Chris Sangwin in University of Birmingham. It is an e-learning environment that is suitable for developing automatically assessed exercise assignments that contain mathematical symbols,
formulas, and concepts. STACK consists of a computer algebra system for evaluating symbolic expressions, a web-based user interface (currently Moodle), and a database for storing exercise assignments
and students’ solutions. The system allows various pedagogical approaches and assignment types ranging from simple drills to sophisticated simulation and modelling problems that may have several valid
solutions.
The STACK system has been adapted for the requirements of engineering mathematics courses
at Aalto University (Sangwin, 2013). Numerous new features have been implemented to widen the
applicability and to improve the human–computer interaction. These features included both user input
and display modifications such as multiple input fields in one exercise, two dimensional (i.e., matrixvalued) input fields, and more browser independent rendering of mathematical formulas and answer
dialog elements (see Harjula, 2008). Examples of more recent development are allowing output of
variables in Maxima syntax, and the conditional and iterative generation of question text. The latter
includes introducing if and foreach expressions to STACK syntax, the possibility of re-defining of
variables inside the question text, and content generation with external tools using parameters from the
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FIG. 3. Left panel: Dynamically generated image within a STACK exercise. Right panel: The visualisation of the student’s answer
in the feedback given by STACK.

question or student’s answer to it. The development branch of Aalto will be fully merged into the main
trunk of the codebase at the publication of the next release of STACK.
At the time of writing of this article, there are STACK exercises in practically all BSc level courses of
engineering mathematics at Aalto. The volumes of the large courses are shown in Table 1. These courses
are intended for the first and the second year students from various fields of engineering and science.
STACK is also used in more advanced courses such as complex analysis and discrete mathematics, and
for teaching other mathematical subjects such as physics and logistics (not shown in Table 1).
At Aalto, the BSc level mathematics courses consist of lectures, classroom exercises, and STACK
exercises. These courses last six weeks, and students receive each week up to ten STACK exercises.
STACK replaces some of the traditional classroom exercises as a form of continuous assessment since
the final grades are a result of the mid-term exams and the points earned in the exercises. Currently,
two versions of STACK are in use. Version 1 is the customised version of STACK 1 developed at Aalto,
and version 3 refers to the latest Moodle based release of STACK (see Harjula, 2008; Sangwin, 2013).
The student user numbers for these versions are 1629 and 1156, respectively, during the academic year
2014-15.
The observed benefits from using an automatic assessment system comparable with STACK include
the following.
1. Compared to traditional classroom teaching, STACK provides additional flexibility and saves time
for the students and the teachers alike (Rasila et al., 2007). The saved time can be used to provide
additional student support.
2. Typically, a STACK assignment produces for each student an individualised version of the same
exercise that, however, is of comparable degree of difficulty. The students can then work together
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without the risk of just copying the solutions from each other. Working together encourages peer
learning and discussions about the underlying concepts (Rasila et al., 2010).
3. The feedback is essential in guiding the student’s learning process. The immediate feedback
was found to be the most popular feature of STACK by students as reported in Sangwin (2013,
Section 7.10). In STACK exercises, feedback can be made detailed enough to help the student
to overcome misunderstandings or mental hang-ups (Rasila et al., 2010). This, however, requires
deep analysis of students’ solution processes which is a challenging task.
4. Using STACK, the grading can be based on continuous evaluation of the work the student has
been doing during the semester, instead of a short list of examination problems. This can improve content validity, reliability, and fairness of the grading, and lead to more balanced workload
through the duration of the course (Majander & Rasila, 2011).
5. STACK assignments may contain dynamically generated images and other interactions. The interactive visualisations can be used to show the student why the solution is right or wrong. As
an example of this, Fig. 3 is used to concretise the concept of continuous derivative. Student was
asked to extend a given function so that the extended function becomes differentiable on the larger
domain. Visual feedback from STACK plots student’s incorrect answer and the discontinuity of
the derivative can be seen at the ends of the interval [−1, 1], and the graph is accompanied by a
written explanation.
6. The STACK system can also be used as a programming environment for developing simple elearning games that have potential to make the learning process more meaningful, motivating, and
interactive. Example in Fig. 4 shows an exercise where the student is asked to evaluate different
risk scenarios in running a business in an unstable environment. The last part of the exercise is
generated according to student’s answer of the previous part, thus affecting the progression of the
storyline.
7. Performance and progress can be evaluated by analysing student’s errors that have been logged
by STACK. One way of doing this is manual or automatic error categorisation according to a
predefined classification model. The classification model should be objective and validated using
statistical techniques (see, e.g., Dahl et al., 2014).
In addition to drilling styled exercises we have implemented some quite simple game-like series of
assignments where the individual assignments, however, cannot share information with each other due
to restrictions of current version of STACK. In other words, the expression “game-like” should here be
understood as follows: a logically ordered series of exercises with a common plot. It is certainly possible to further develop STACK to enable more advanced game-like or even gamified learning. Then the
individual assignments could be interconnected into highly interactive storylines describing interesting
real world applications. In the current version of STACK, the selection of assignments cannot be customised based on student’s past performance or observed learning style, and neither can the behaviour
of an individual STACK assignment depend on the past performance of the student or student’s peers in
earlier assignments.
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FIG. 4. A game-like STACK exercise in three parts. The scenario for the last part is generated according to student’s choice in the
previous part.

6. Improving mathematical competency with computers
We conclude by discussing how an automated assessment system could help in improving and evaluating
advanced mathematical competencies such as conceptual understanding.
While repetition and drilling are the core of all instrumental and rote learning, this is by no means the
only possible use for such exercises: repetition plays an important role in constructivist pedagogics as
well. According to Skemp (1987), to understand a mathematical concept it is important to run through
it many times. It is essential that the required elementary cognitive processes become automatic, thus
freeing the student’s attention to concentrate on the new ideas that are being learnt. Eventually, mathematical symbols get detached from their concepts, and manipulating them can be performed without
paying attention to their meaning. All this requires usually a lot of practice. While there is nothing
e-learning specific in these observations by Skemp as such, computer aided visualisations and experimentations can obviously be quite valuable in facilitating the learning process described above.
How do we know the amount of practice required, or if any progress has taken place? One possibility is to analyse the large amount of data, produced by the e-learning environment, to track and optimise
the learning process. Some steps in this direction were taken in Linnoinen (2013) where the Granger
causality was used for testing the hypothesis that working more leads to better success in later math-
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ematics studies. Development of conceptual understanding was being tested in this work rather than
instrumental skills (such as procedural fluency) because the students were required to learn completely
new skills. The ability to learn these skills was then reflected against students’ background.
From the point of view advocated by Skemp (1987, 1976), the most important goal of teaching
mathematics is the cognitive development of the student. Transfer and construction of factual knowledge
should be seen as tools for achieving it. Students’ motivations and attitudes, time available for learning,
and too large teaching groups may hinder the sought-after cognitive development. Many students wish
for immediate benefits of what they just have learned, and they are often frustrated by excessive work
and perceived difficulty. For this reason, it is worthwhile to give the students relatively easy problems
which encourage many of them to think, rather than deep problems which give satisfying intellectual
challenge for the few and discourage the others. It is very difficult for the teacher to appraise even
the most basic matters such as the sufficient amount of work required for learning, and what is too
challenging for most of the students. There are large differences between students taking the same
course, and it is practically impossible to cover their individual needs in traditional classroom teaching.
Diagnostic testing can be used to set the right starting level for a course, but there is often not much
besides teacher’s experience to guarantee the success.
In principle, e-learning environments could produce individualised exercise assignments that are on
the right level for each student, and they could even help students in finding appropriate study material
to overcome their individual weaknesses. STACK stores large amounts of students’ answer data which
contain patterns that can be found by data mining techniques. A software agent could be designed for
the error classification based on full answer data instead of using, e.g., fixed diagnostic exercises for
semi-manual student profiling. Based on the profiles, randomised and personalised additional study
materials can be automatically produced for each student. While this level of sophistication is beyond
the capabilities of currently available e-learning environments, we expect tools for such purposes to be
developed in the future.
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