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Introduction
Consider

Ocu = Au+ f( xeRN, t>0,
(P) {

u),
u(x,0) = up(x) >0, xe RN

f € C*([0, 00)): non-negative, increasing function.

Aim: Global in time existence of sol. of problem (P).

Definition

For a suitable Banach space X (e.g. X = L"(R") or L7 (R")),

u=u(x,t) € C>(RN x (0, T)) is a classical sol. of (P) in X if
e u satisfies the equation pointwisely.

o lim|ju(- t) — e™up|[x = 0. (not lim ||u(-, t) — up||x = 0)
t—0 t—0

><7y2
(e u)(x) = (47rt)_gl/ e uo(y) dy : sol. of the heat eq.
RN
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Existence and Non-existence of solutions
[Case ug € L”(RN)] ~ Yup € L, 3 classical sol. of (P) in L.

[Case uy & LOO(RN)] ~» Singularity vs. Nonlinearity

Weissler '80: Let up € L"(RN) (r > 1), f(u) = v” (p>1).

Put r. := ¥(p—1).
er>r.orr=r.>1= Vuy €L, I classical sol. of (P)in L".
e 1<r<r.= Ju(>0)e L st Anonnegative sol. in L".

Critical space
L<(RN) classifies the existence and nonexistence.

Remark: Let uy(x, t) := Ap Tu(\x, \2t) for A > 0 (Self-similar
scaling). If u satisfies O;u = Au + uP, then so does u, for all A > 0.

Jua(-. 0) o= = - 1)(=r).

2

1= ||uo

~~ L"(RN) is the scale invariant space.

3/16



Existence and Non-existence of solutions

F.-loku, to appear:

Definition (Uniformly local L? space, p > 1)

1
Lﬁ,(]RN) — {u e Ll |lullpuw = sup (/ \u(x)\pdx) ’ < oo} ,
yERN Bi(y)
LP(RY) € £5(RY) := BUCRN) " € L5(RY) (1< p < o0).

>~ 1
Let F(s) := —— du < 0o (s > 0) and assume that the limit A
s fu)

A:=lim f'(s)F(s) = A>1.

S$—00

exists:

Put re(A) =3 L (A>1).
Remark: f(u) = uP = f'(s)F(s) = L5 (= A), re(A) = Y (p—1).
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Existence and Non-existence of solutions

Assume f'(s)F(s) < A for s >> 1.
Existence:
e (A>1)r>r(A)orr=r(A)>1

W € L7, 3 classical sol. of (P) in L,.
Upg )"~

e (A=1)r>% = Vup with

= Vup with

1
F(uo)
Nonexistence: 1 <r < r.(A) (A>1)or0<r<¥% (A=1)
= Jup > 0 s.t. A nonnegative sol. of (P) in L], or L*.

Remark: Let uy(x, t) := F 1A 72F(u(Mx, A%t))] for A > 0 (Quasi
scaling). If u satisfies 0;u = Au + f(u), then

_IVOE o ) — ) F(a
o Flanl (W) — F (s)F)]

1 1
On the other hand, / —dx = / —— dx.
rV F(uy(x,0))2 ’V F(uo(x))

atU)\ = AU)\ + f(U)\) +

N[=

€ L, I sol. of (P)in L.
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Remarks
1

T > 00as s — 00~ { —— =00 = {up = oo}
F(s)2 {F(Uo(X))2 }
o Let A>1and f'(s)F(s) <A (s>>1). Thens <

1

1
This implies that uy € L] ded that ———— € L!,.

~ Iirrg) u(t) — e up ir, = 0 (expected singularity: L)
t—

Of(u):upéF():Es (p—1) f(s)F(s) =5 =A>1
! T €L, = uwEL, (A)—N( 1)
F (o)™ RIS P G
e |t follows that
flu)=uv? = A=5—=1 (p— )
fluy=e"* = A=1
fluy=e” = A=1
Furthermore, f'(s)F(s) < 1if f(u) = e” or e (s >> 1)
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Main Theorem
Assume 7(0) = 0 and the existence of « := lim f'(s)F(s) = a > 1.

s—0
Theorem (Global existence)

Assume that f'(s)F(s) < A (s >> 1), f'(s)F(s) < a (0 <s << 1),
f'(s)F(s) < max{a, A} (s > 0), a < 1+ 4. If

1
/ - dx << 1,
RN F(Uo)E
then 3 global in time sol. of (P) in LZ",(A) (A>1)or L~ (A=1).
Remark: (1) /

1
——dx = ———dx (A>0
rV F(uy(x,0))2 /R’V F(uo(x))2 (A>0)
(2) f(u)=uP = a= ﬁ.

N 2
a<1l+ 5 — p>1+ N (Fujita exponent)
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Idea of the proof

Local in time existence for the case A > 1 and r = r.(A)

We construct a super-solution @ of (P), that is,

a0, 1) 2 (2u)(c) + [ T2 (@(s)))0) .

~> J sol. u of (P) satisfying 0 < u(x, t) < (x, t).
In fact, define {u,}5%, by uo(x, t) = (e*®up)(x) and

Uni1(x, t) = (" uo)(x) + /Ot[e(ts)Af(Un(S))](X) ds.

Then 0 < u,(x, t) < upya(x,t) <T(x,t) forall n=0,1, ...
~ u(x, t) := lim u,(x, t) gives a sol. of (P).
n—oo
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Idea of the proof
Let v be the sol. of
A 1

_ A1 _ re(A)
Oiv=Av+(A—1)va1, v(0)= Fluo) s /G
Note that ro(A) = & (2; —1). ~ 3v: sol
Put T(x, t) := F~1(v(x, t)" 1)
2
— 0,u=Au+f(u)+ vl [A-f'(@)F(u)

>0 (u>>1)

fF(@)F(0)————
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Idea of the proof
Let v be the sol. of
1

8tv:Av+(A—1)vﬁ, V(O): W ul
0

1
up = max{up(x), k} (k >> 1)

Note that ro(A) = ¥ (25 —1). ~ 3v: sol.
1

Put T(x, t) := F71(v(x, t)7a1). ~ T(x, t) > k
|Val®
f(u)F (o) ~

>0 (u>>1)

— 8,0 = AT+ f(T) +

u: supersolution ~» Ju: sol. of (P) s.t. u(x,t) <a(x,t).
Remark

inf W(x,0) >0 == T blows up in finite time
xERN

c LA

[A—f'(@)F(u)].
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Global existence for the case a > A > 1
Assume o > A and f'(s)F(s) < « for all s > 0.
We consider the following equations:

(P) Deu = Au+ f(u),

(Pa) 0w =Av+(A—1)vaT,
/I\

local in time existence

(P.)  Ow =Aw+ (o —1)wat,
1st step: w: sol. of (P,) with w(0) = ————. Then

A-1

V(x,t) = w(x, 1)1 = 9,V > AV+(A— )y,

~ Jv: sol. of (Pa) with v(0) = ————
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Global existence for the case o > A > 1
2nd step (Local existence):

o U(x, t) = F(v(x, t)_ﬁ) ~~ U is a supersolution of (P)
e Ju: sol. of (P) with u(0) = up satisfying u <7 < F‘l(w_ﬁ)
3rd step (Global existence):

1 _a_
w(x, t) = Flatx, D)1 = Ow < Aw + (a — 1)wa-T.
Define { W, }?°, by Wo(x, t) = w(x, t) < w(x,t) and
1 t (7
W, 1(x, t) := et? <—> +(a—1 / e(t=92 W, (s)a-T ds.
+1( ) F(Uo(X))O‘_l ( ) o ( )
Then w = F(u)" (@D < W, < W, < w.
~ W(x,t) := lim W,(x,t): sol. of (P,) s.t. F(u)~(e=V) < W.
n—o0

= u(x,t) < FY{W(x, t) o)
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Global existence for the case o > A > 1

Weissler '81

Let re = ¥(p—1) > 1L and up € L(RV). If ||up
small, then 3 global solution u of

L is sufficiently

Oru = Au+ uP,  u(0) = wp.

Since |
N 1 N(i_ o
W(0)=—— ¢cl2za1 =[2G
( ) F(uo)afl
H—l :/ ——  dx: small,
Fluo)* [ ¥s5  Jev F(up(x))2

W: sol. of (P,), exists globally in time.

(Pa) atW:AW—{—(a—l)Wﬁ
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Applications
(P1) ou=Au+uP+ul, xecRY t>0 (p>qg>1)
o f'(s)F(s) < -5 = lim f'(s)F(s) = Afor s >> 1.
S—00
o f(s)F(s) < -L = IirTB f'(s)F(s) = « for all s > 0.
S—

-
o F(s) 2 $s2(P) 45260 forall s > 0. (F(s) = [ )

Corollary 1
Assume ¢ > 1+ 8 (<= a <1+ %) If

[ Q0569 + ag(1269) x << 1,
RN

then Ju: global sol. of (P1) satisfying

im -, £) = ] 1,y =0 fm (., £) = 6ol 0 =0
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Applications

Let f(u) = e** and consider
(P2) 8tu:Au—|—e”2, xeRN, t>0.
o f'(s)F(s) < 1= lim f'(s)F(s) = Afor all s > 0.
S—00
1
N
2

&Y F(uo(x))
(thereshold integrability for local existence)

NN
0/ lup| 2 €2/l dx < 00 = dx < oo
RN

~ Ju: local sol. of (P2) s.t. lin?) |u(t) — e ugl|se = 0 and
%

t—0 yERN

lim sup / |u(t) — up|2 21Dl gy — 0,
Bi(y)

Remark: Since f(0) > 0 and up(x) > 0, u blows up in finite time.
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Applications
Let f(u) = e’ (\>1+2 2) and consider

(P3) deu=Au+uvre”, xeRV, t>0.
o f'(s
° f’(

F(s) % < s¥0- )+52(A+1)e'§’52

F(s)<1= Jim f'(s)F(s) = Afors >>1

F(s) < /\i— ||m f'(s)F(s) =a <1+ % foralls>0.

)
)
for all s > 0.

Corollary 2

t/ (10GNFOD + fug(x)| FODeEol ) dx << 1
RN

= Ju: global sol. of (P3) s.t. lirrg) |u(t) — e ugl|lse = 0 and
—

i — | 3O S fu(t)—wol?
oo

o H 6 = el gy | =0
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Thank you for your kind attention!!
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