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Abstract. This note investigates weaker conditions than a Poincaré inequality in
analysis on metric measure spaces. We discuss two resistance conditions which are stated
in terms of capacities. We show that these conditions can be characterized by versions
of Sobolev—Poincaré inequalities. As a consequence, we obtain so-called Lip-lip condition
related to pointwise Lipschitz constants. Moreover, we show that the pointwise Hardy
inequalities and uniform fatness conditions are equivalent under an appropriate resistance
condition.

1. Introduction
Rather standard assumptions in analysis on a metric measure space
(X,d, ) are that the measure is doubling and that the space supports a
Poincaré inequality, see [3] and [5]. The space is said to support a weak
(1, p)-Poincaré inequality with 1 < p < oo, if there exist cp > 0 and o > 1
such that for any x € X and r > 0, and for every locally integrable function
fin X,
1/p
f o Vr-tsenlnserr (f aprran)
B(z,r) B(z,or)

where

1
f“—Jf fdu—j fdu
BEn = Jpem w(B(z,7)) Jpn

denotes the integral average over the ball B(z,r) and lip f is the pointwise
Lipschitz constant of f. The precise definitions will be given later. These
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conditions imply, for example, the Sobolev embedding theorem, which is a
central tool in analysis on metric measure spaces, see 3] and [5].

The goal of this note is to consider weaker conditions than the Poincaré
inequality. More precisely, the weak (1, p)-Poincaré inequality implies so-
called resistance condition

9

for every z € X and r > 0 with a uniform constant cg > 1. Here we consider
the capacity defined as

capyipp (Bla,r). Bl 2r)) = inf | (lip £ d,

X
where the infimum is taken over all Lipschitz continuous functions f in X
with f > 1in B(z,7) and f = 0 in X\B(z,2r). The resistance condition is
considerably weaker than the Poincaré inequality. Even in the case when
the space is complete, the resistance condition does not imply quasiconvexity
of the space and, as a consequence, it is not equivalent with the Poincaré
inequality, see [9]. A similar condition has been previously employed, for
example in [1] and [4] in connection with the Dirichlet forms on metric
measure spaces.

Several versions of the resistance condition are available and it is not obvi-
ous which is the best approach. In this note, we discuss two conditions called
the p-resistance conductor condition and the p-strong resistance conductor
condition. These conditions seem to be stronger than (1.1) and, as we shall see,
they can be characterized by versions of Sobolev—Poincaré inequalities in the
same way as in [11]. For results in metric measure spaces, see also [8]|. Using
the results of [7], we conclude that if X is a metric space with p doubling and
that satisfies a p-strong resistance conductor condition, then so-called Lip-lip
condition related to pointwise Lipschitz constants holds true. Moreover, we
show that the pointwise Hardy inequalities and uniform fatness conditions
are equivalent in our context. This is closely related to results of [10] .

2. Preliminaries

From now on, let (X, d, 1) be a metric measure space. Here p is a doubling
measure, that is, there exists ¢cp > 1, called the doubling constant of u, such
that for all x € X and r > 0,

w(B(z,2r)) < cpp(B(z, 1)),
where B(z,r) = {ye X : d(x,y) <r}.
Let us recall that a function f : X — R is said to be Lipschitz continuous
if there exists ¢ > 0 such that

(2.1) [f(z) = f(y)| < cd(,y),
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for every x,y € X. In this case the Lipchitz constant of f is defined to be the
infimum over all constants ¢ > 0 for which (2.1) holds and Lip(X) denotes
the class of Lipschitz functions on X.

We denote ) — )
a:' —
Def(x) = sup LI
yeB(z,e) €
where xz € X. If f € Lip(X), then for every = € X the lower local Lipschitz
constant of u is defined by

(2.2) lip f(x) = lim %lf D.f(x)
E—>

and the upper local Lipschitz constant by

(2.3) Lip f(z) = limsup D, f(z).
e—0

REMARK 2.4. It is useful to note that for f € Lip(X), we have

Lip f(x) = lim sup W

for every x € X, see |7, Remark 4.2.2].

3. Sobolev—Poincaré inequalities and resistance conditions
Let 1 < p < wand (F,G) be a pair of sets in X, where F is a y-measurable
subset of an open set G. We define the capacity of (E,G) in X as

capisy (B, G) = inf f (lip f)? di,
X

where the infimum is taken over all f € Lip(X) with f > 1in F and f =0
in X\G.

Let € be an open and bounded subset of X. We want to consider Poincaré
inequalities for functions that are not necessary zero on the boundary of the
domain. To this end, we shall need the concept of conductivity. Let G be an
open subset of ) and E < G a p-measurable set. Then

CapLip,p(E7 G7 Q) = lnff (hp f)p dua
Q

where the infimum is taken over all f € Lip(Q2) with f > 1in E and f =0 in
O\G. We also denote capy, ,(E, G; X) = capy, ,(E, G).

DEFINITION 3.1. The space X satisfies the p-resistance conductor condition,
if there exists cg > 1 such that for any z € X, 0 < r < diam(X)/2 and
E < B(z,r), we have

1 pE)

3.2
(3:2) p

< CapLip,p (Ev B($7 T))
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The following capacitary strong type estimate will be useful later.

LEMMA 3.3. Let ¢ € X, 0 < r < diam(X)/2 and assume that f €
Lip(B(z,2r)) with f =0 in B(z,2r)\B(z,r). Then

o0
| tcapri (e By ar <20t | (tip
0 ’ B(z,r)

where By = {z € B(z,r) : |f(2)| > t}.

Proof. If E; = () for every t > 0, then there is nothing to prove. Hence, we
may assume that F; # () for some ¢ > 0. In this case

o0
(3.4) L tp_lcapLip’p(Et, B(x,r))dt

o0
Z f capLipm(Et, B(x,r))dt
j=—0o0

o0
< 3 PO - capuy By, Blar)
j=—
e}

Z calepp (Egj-1, B(z,71)).

Note that E; & B(x,r) for every t > 0. We define f; by

e —min L1271}

and we have {f; # 0} € Ey—1 < B(x,r). Since lip f;_1 is zero in a set where
fj—1 is constant, we conclude that

(35)  capyipy(Eyoi, Blz,r) < fE (lip f;-1)? du

272
= f (lip fj—1)P dp < 2797 f (lip )P dp.
Eyj—a\Eyj—1 Eyj—2\Eqyj—1
Hence, by (3.4) and (3.5), we arrive at
0 1 0
|| coptipp (B Byt < 5 3 @m0 [ ip
0 j=—0 Eyj—2\Eyj—1

<2 | (lip ) d
B(z,r)
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The next result shows that the p-resistance conductor condition can
be characterized by a Sobolev type inequality for functions vanishing on a
relatively large set.

THEOREM 3.6. The space X satisfies the p-resistance conductor condition
if and only if for any x € X, 0 < r < diam(X)/2 and f € Lip(B(x, 2r)), for
which f =0 in B(x,2r)\B(z,r), we have

1/p 1/p
<J | fIP du) <er <J (lip f)? d/,L> .
B(z,r) B(z,r)

Proof. If E;, = {z € B(z,r) : |f(z)] > t} = 0 for every t > 0, then
the inequality is trivial. Assume then that there exists ¢ > 0 such that
() # Ey < B(x,r). The Cavalieri principle and the previous lemma imply that

1/p 0 1/p
([ ran) "= (o[ otuma)
B(z,r) 0

© 1/p
< (pcR)l/pr <f tp_lcapLip’p(Et, B(x,r)) dt>
0

Conversely, let z € X, 0 < r < diam(X)/2 and E < B(z,r). For any
f € Lip(B(z,2r)) such that f =0 in B(x,2r)\B(z,r) and f > 1 in E, we
have that

1/p 1/p
ol [ worran) = ([ i)z e
B(z,r) B(z,r)

Raising both sides to the power p and taking infimum over all such functions,
we arrive at
1(E)

crP

1/p
(lip f)P du) :

CapLip,p(Ea B(%, T)) >

The proof of the following capacitary strong type estimate is similar to
Lemma 3.3.

LEMMA 3.7. Let z € X, 0 < r < diam(X)/2 and f € Lip(B(z,2r)) such
that f =0 in B(x,2r)\G, where G is an open set with G < B(x,2r). Then

o0
f # capyyy  (En, G: B, 2r)) dt < 2271 f (lip £)? du,
0 G

where By = {z € B(z,r) : |f(2)| >t} fort> 0.

Next, we introduce another resistance condition.
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DEFINITION 3.8. The space X satisfies the p-strong resistance conductor
condition if there exists cg > 1 such that for any z € X, 0 < r < diam(X)/2

and E ¢ B(x,r), we have
1 w(E )
L) < int {capui (B, Bl 1) capui (B, G B, 20)

where the infimum is taken over all open sets G such that E ¢ G < B(x, 2r)
and G n (B(z,2r)\B(z,r)) # 0.

We obtain a similar characterization of the p-strong resistance conductor
condition as in Theorem 3.6.

THEOREM 3.9. The space X satisfies the p-strong resistance conductor
condition if and only if, for any v € X, 0 < r < diam(X)/2 and f €
Lip(B(z,2r)) with f =0 in B(z,2r)\G for G is an open set in B(x,2r), we

have
1/p 1/p
(f Iflpdu> Scr<f (lip f)pdu> .
B(x,r) G

Proof. Let us start with the sufficiency. If f = 0 in B(z, ), there is nothing
to prove. Hence, we may assume that F; = {z € B(x,r) : |f(2)] >t} # 0
for some t > 0. If G < B(x,r), then the result follows from Theorem 3.6.
If not, G n (B(x,2r)\B(z,r)) # () and by the p-strong resistance conductor
condition,

pw(Er) < crrPeapy, (B, G; B(x, 2r)).

Hence, by the Cavalieri principle and Lemma 3.7, we have

1/p 0 1/p
(J |17 du) = <pf t”lu(Et)dt>
B(z,r) 0

o0 1/p
< (cRpf rptpflcapLipvp(Et, G; B(z,2r)) dt)
0

<ecr < L(np )P du> l/p.

Conversely, let x € X, 0 < r < diam(X)/2, E ¢ B(x,r) and G be an
open set such that F ¢ G < B(z,2r) and G n (B(z,2r)\B(z,r)) # 0. Given
d > 0, there exists f € Lip(B(x,2r)) such that f =0 in B(z,2r)\G, f > 1
in £/ and

1
capry (B, G: B, 2r)) 16 > f (lip f)P du > — f 1P dp
’ G crP B(z,r)

1 E
>— | ldu= L( )
cr? Jg crp
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By letting § — 0, we arrive at

wE) _ . :
(3.10) o <inf capy, ,(F, G; B(w,2r)),

where the infimum is taken over all open G that £ ¢ G < B(z,2r), G n
(B(x,2r)\B(z,1)) # 0. Moreover, taking G = B(z,r), by Theorem 3.6, the
space X satisfies the p-resistance conductor condition. Therefore, the fact
that X satisfies this condition, together with (3.10), implies that the space
X satisfies the p-strong resistance conductor condition. =

THEOREM 3.11. If X satisfies the p-strong resistance conductor condition,
then for any f € Lip(B(z,2r)), x € X and 0 < r < diam(X)/2, we have

1/p 1/p
(j lf = fB@ml? du) <er <J (lip f)P du) ,
B(z,r) B(xz,2r)

where ¢ depends only on p and cg.

Proof. Let f € Lip(B(x,2r)) and take a € R such that

(3.12) u({z € B(z,2r) : f(2) > a)) > /‘<B(‘;5727’))
and
#B(z,2r))

pl{z € Ba,2r) : f(2) > a}) < B0

Set v = (f — a)+. Then v € Lip(B(z,2r)), v = (f — @)+ =0 in B(z,2r)\G,
where G = {z € B(x,2r) : f(z) > a}and pu(G) < u(B(zx,2r))/2. Theorem 3.9
implies that

UB(m(f s du) "’ = (Jc(hp v)” dﬂ) " cr (L(lip fP d#) l/p.

Set g = (. — f)4. Then g € Lip(B(z,2r)), g = (¢ — f)+ = 0 in B(x,2r)\H,
where H = {z € B(z,2r) : > f(z)} and by (3.12) we have

p(H) = p(B(x,2r)) — p({z € B(x,2r) : f(2) > a}) < p(B(z,2r))/2.
Theorem 3.9 implies that

UB(M) (o= F)s du ) " <er <JH(hp fP du) "’

1/p
<ecr <J (lip f)P d,u) .
{zeB(z,2r):f(2)<a}

By adding up both inequalities, we obtain

1/p 1/p
(3.13) ( | If—a!pdu> gcr( [ (1ipf)”du> |
B(z,r) B(z,2r)
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On the other hand,

1/p 1/p
inf <J |f — a‘p d/J,) < <f ‘f - fB(:r,r)‘p dlu’>
aeR\ JB(z,r) B(z,r)

1/p
SQinf(J |f—a\pd,u> .
R \JB(a,r)
Hence, by (3.13), we arrive at

1/p 1/p
<J |f = B’ du) <er (J (lip f)? dﬂ) o
B(z,r) B(z,2r)

Let us show that the p-strong resistance conductor condition implies the
Poincaré inequality.

COROLLARY 3.14. Let f € Lip(B(z,2r)), v € X and 0 < r < diam(X)/2.
If X satisfies the p-strong resistance conductor condition, then

1/p
][ |f = fB@mldp < cr (J[ (lip f)P du> ,
B(z,r) B(x,2r)

where ¢ depends only on p, cp and cg.
Proof. It follows from Theorem 3.11 and Holder’s inequality. =

To finish this section let us observe that the 1-strong resistance con-
ductor condition implies, by Corollary 3.14 and Holder’s inequality, the
(1, p)-Poincaré inequality for any locally Lipschitz function. That is, X
satisfies a (1, p)-Poincaré inequality for any locally Lipschitz function in the
sense of |3, Chapter 4|. Therefore, in a similar way as in |3, Corollary 4.19], it
follows that X satisfies the (p, p)-Poincaré inequality for any locally Lipschitz
function. Finally, as in [6], we can see that X satisfies the p-strong resistance
condition.

4. Lip-lip condition, p-fatness and Hardy inequalities

It is shown in [7] that the Poincaré inequality implies the Lip-lip condition
when the space is complete. In this section, we show first that the Lip-lip
condition follows when the space satisfies a p-strong resistance conductor
condition even without completeness. Our argument is similar to the one
used in |7, Section 4.3] with minor changes.

Let x € X. Since p is doubling, there exists a measurable set A in X
containing x where Lipf is a continuous function. Moreover, by the Lebesgue
differentiation theorem (see [5, Theorem 1.8] or |7, Proposition 3.2.2|) for
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p-almost every y € A,
(4.1) i MBlyr) 0 4)
r=0  pu(B(y,r))

The proof of the next lemma follows from a straight forward adaption
the argument in |7, Section 4.3] applying (4.1) and Remark 2.4.

LEMMA 4.2. Let ¢ > 0 and z € X. There exists 0 < r¥ < e such that for
any 0 <r <r¥ and y € B(x,4r)

|f(y) - fB(y,r)| < T’(Llpf(.%) + 8)'

As in |7, Section 4.3] applying Corollary 3.14 we obtain the following
result.

THEOREM 4.3. If X satisfies the p-strong resistance conductor condition,
then for any x € X and f € Lip(X),

Lipf(2) < clip f(x),
where ¢ depends only on p, cp and cg.
Next we recall two definitions.

DEFINITION 4.4. A set F c X is said to be uniformly p-fat if there exists

a constant ¢y > 1 such that for every point x € E and for all 0 < r <
diam(X)/4, we have

capLipm(E(:z:,T) N E, B(z,2r)) > CfcapLipvp(B(x,r), B(z,2r)).

DEFINITION 4.5. The set {2 ¢ X satisfies the pointwise p-Hardy inequality,
if there exists ¢y < o0 and L > 1 such that for all v € Lip(X) with « = 0 in
X\Q,

Ju(x)| v
(4.6) <cg < sup :f (lip u)? d,u>
dQ(IE) 0<r<Ldq(z) JB(z,r)

= e (Mpgg () (lipuw)P(z)) i

holds for almost every z € Q. Here dq(x) = d(z, X\Q) and M4, () denotes
the Hardy-Littlewood maximal function with the restricted radii.

The following result is a modification of the corresponding result for
spaces satisfying a Poincaré inequality, see [10].

THEOREM 4.7. Let Q < X be open and let X satisfy a p-resistance conductor
condition. If Q satisfies the pointwise p-Hardy’s inequality, then X\ is
uniformly p-fat.
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Proof. Let B(z,r), where z € X\Q2 and 0 < r < diam(X)/4. Let
2r —d
flz) = min{r(z’x),l} .
+

r
It is clear that f is a 1/r-Lipschitz function such that f = 1 in B(z,r),
0< f<1land f=0in X\B(z,2r). We may use f as an admissible function
in the definition of the capacity and obtain

(4.8) capyip,(B(z, 1), B(z,2r)) < CDM(BSLW‘

Therefore, it is enough to show that there exists ¢ > 0 such that
B
(4.9) uBlz,r)) < cf (Iip f)? dp,
B(z,2r)

rp
for any f € Lip(X) such that f = 0 in X\B(z,2r) and f > 1 in B(x,7) N
(X\2).

Let | = (2(L + 1))7!, where L is the constant in the pointwise p-Hardy
inequality. The doubling property implies that cpu(B(x,ir)) > *u(B(x,r)).
First let us assume that fp > [°/(2¢p), where B = B(xz,r). Since f €
Lip(B(z,4r)) and f = 0 in B(z,4r)\B(z,2r), Theorem 3.6 and Holder’s
inequality imply that

S

l cp J
4.10 < < —= d
(4.10) 2cp f5 = pw(B(z,2r)) B(x,?r)|f’ a

1/p 1/p
SC(J[ !f!pdu> SC?"(J[ (lipf)pdu> :
B(x,2r) B(w,2r)

Hence (4.9) holds in that case. On the other hand, if fp <1°/(2cp), then we
can argue as in [10] and obtain (4.9) also in that case.

By taking infimum in (4.9) over all f € Lip(X) such that f = 0 in
X\B(z,2r) and f > 1 in B(z,r) n X\Q, we obtain by (4.8)

caprp, »(B(z, ) n X\Q, B(x,2r)) > CM(BS:’T))

> ccapyp, »(B(w,7), B(r,2r)). =

Recall that Corollary 3.14 states that under the p-strong resistance con-
ductor condition, we have

1/p
any A anlau<er(f psran)
B(z,r) B(z,2r)

for every z € X, 0 < r < diam(X)/2 and f € Lip(B(z,2r)). Consequently,
there exists ¢ > 0 and 7 > 1 such that

(4.12) (@) = fon] < er(Melip f(a)P) P

for every z € X.
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THEOREM 4.13. Let 1 < p < 0 and Q2 < X be an open set. In the claims
(1)—(iil) we assume that X satisfies the p-strong resistance conductor condition
and in the claim (iv) we assume that X satisfies the p-resistance conductor
condition.

(i) If X\Q is uniformly p-fat, then for all balls B(x,r), with z € X\Q and
r >0, and f € Lip(X), with f =0 in X\Q, it follows that
f |fIPdp < crpf (lip f)? dp.
B(z,r) B(x,2r)
(i) Let x € X\Q, r > 0 and f € Lip(X) with f =0 in X\Q such that

f P du < e f (lip f)? dp.
B(z,r)

B(z,2r)
Then
(4.14) Fiedneyl? < cda(z)? Jf (lip /)7 dy.
B(z,8dqa(x))

(iii) If for all z € Q and f € Lip(X) such that f =0 in X\Q, we have
| fB(xdo @) < cdﬂ(ﬂf)pj[ (lip f)? dp,
B(z,8dq(z))
then ) satisfies the pointwise p-Hardy inequality.
(iv) If Q satisfies the pointwise p-Hardy’s inequality, then X\ is uniformly
p-fat.
Proof. (i) Let B = B(z,r), with x € X\Q, 0 < r < diam(X)/2 and
f € Lip(X) such that f = 0 in X\Q. By the p-fatness of X\, since X
satisfies a p-resistance conductor condition
capLipyp(E(ac,rﬁ) n{f =0}, B(z, r)) > capLipm(E(x,r/Q) N X\Q, B(z, T))
2 CfcapLip,p (B(.CE, T/2)7 B(JJ, T))
o u(Bla,1)
~“¢p cgprP
By a Maz'ya type inequality (see [11| and [2, Proposition 3.2|), we have
)
[fIP dp
/’L(B(Ia T)) B(z,r)
c
< lip f)P du
i B ST =T B Jy ™)

crP

- 1 pd
= W(B@ ) JB@QT)( ipf)" dp
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and then
f |fIPdp < cr”f (lip )P dp.
B(z,r)

B(z,2r)

If instead diam(X)/2 < r < diam(X), let us take B = B(z, diam(X)/3).
It follows that

@) | i
B(z,r)

< c(f 1 Fin P du+ f Foer — falPdi + f
B(z,r) B(z,r)

< C<JB( : \f = B Pdp + w(B(x, 7)) fp@r — 5 + M(B(x,r))]fB|P)_

| fal? du)

z,r

Applying the previous case to B, we have

o 1
MBIl = p(BE )| s féfdu

< uB)| s (], an) By

- Cu(ljég» <diaH§(X>>p J (lip f)? du

p

p

Moreover, by Theorem 3.11,
,U,(B(CC, T))|fB(:c,'r) - fé|p

1 pp
<G|z ([0 = S )
p(B(z.r)) I
B | ) = el dnC)
<cr? (lip f)* dp,
B(z,2r)

and
| it tonlduzer | i prd
B(z,r) B(z,2r)
The claim follows from (4.15) and the last three inequalities.
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(ii) Let x € Q and f € Lip(X) such that f = 0 in X\, and B, =
B(z,dq(x)). Choose w € X\Q so that r = d(w,x) < 2dq(x), and consider
B(w,r). Then, it follows that

’fBz| < |fBz - fB(w,r)‘ + ’f‘B(w,r)’
By (4.11), the fact that B(w,r) < 4B, and B, < 2B(w,r), we have that
1/p
.~ T < cdaf) (f i sran)

Moreover, by Holder’s inequality, the hypothesis and the Maz’ya type in-
equality, it follows that

1/p 1/p
flowr < (1pan) “<er(f, isyran)
B(w,r) B(w,2r)

< cdo(@) (JfB(w’m (lip £)? du) " < edo(a) <£BI (lip )7 du) "

(iii) Let f € Lip(X) such that f = 0 in X\Q and x € §, which is a
Lebesgue point. By hyphotesis,

| fBe.da (x| < ¢/Pda(z) <J[
B
and by (4.12),
£ (@) = fr.] < eda(x) (Maq @ (lip f(2))?) 7.

1/p
(lip f)? du) ,

(z,8dga(x))

Hence,

1/p
F@)] < (@) = fo] + |f5,] < edalx) (J(B (lip /) dﬂ) |

(z,max{8,7}dq(x))

Since f € Lip(X), any point in  is a Lebesgue point and the pointwise
p-Hardy inequality follows.
(iv) The claim follows from Theorem 4.7. m

Finally, we have the following characterization.

COROLLARY 4.16. Let X satisfy the p-strong resistance conductor condition
and let Q@ < X be an open set. Then the following properties are equivalent.

(i) X\Q is uniformly p-fat.
(ii) For all B(w,r), with we X\Q, r > 0 and f € Lip(X), f =0 in X\Q,

| drauzer| iy
B(w,r)

B(w,2r)



(iii)
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For all z € Q and f € Lip(X) such that f =0 in X\Q

| fB@.do@)lf < ch(:c)PJ[ (lip f)P dp.
B(z,8dq(x))

(iv) Q admits the pointwise p-Hardy’s inequality.

(1
2]
3l
(4]
]
(6]
7]
18]
(9]
[10]

[11]
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