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Calderéon-Zygmund
decomposition

Dyadic cubes and the Calderén-Zygmund decomposition are very useful tools in
harmonic analysis. The property of dyadic cubes, that either one is contained in
the other or the interiors of the cubes are disjoint, is very useful in constructing
coverings with pairwise disjoint cubes. The Calderén -Zygmund decomposition
gives decompositions of sets and functions into good and bad parts, which can be

considered separately using real variable and harmonic analysis techniques.

1.1 Dyadic subcubes of a cube

A closed cube is a bounded interval in R, whose sides are parallel to the coordinate
axes and equally long, that is,

Q :[alybl] Xoeee X [an,bn]

with b1 —a1=...=b, —a,. The side length of a cube @ is denoted by /(®). In case
we want to specify the center, we write

QD ={yeR" :ly;~xil<f,i=1,..,n]

for a cube with center at x € R” and side length [ > 0. If @ = Q(x,l), we denote
a® =Q(x,al) for a > 0. Thus a® the cube with the same center as @, but the side
length multiplied by factor a. The integral average of f € Llloc([R”) in a cube @ is

denoted by
1
fQ:][ f(x)dxz—/f(x)dx.
Q QI /g

Let @ =[a1,b1]x...x[a,,b,]1be a closed cube in R” with side lengthl =b1—a; =

..=b, —a,. We decompose @ into subcubes recursively. Denote 9, = {®}. Bisect

1
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each interval [a;,b;], i = 1,2,..., in to two equal parts and obtain 2" congruent
subcubes of @. Denote this collection of cubes by 21. The cubes in 27 is a
partition of @ into dyadic subcubes with pairwise disjoint interiors, that is, only
the boundaries of the cubes may overlap. This does not matter, since the union of
the boundaries of the cubes in D1 is a set of measure zero. Bisect every cube in 27
and obtain 2" subcubes. Denote this collection of cubes by 22. By continuing this
way, we obtain generations of dyadic cubes 2y, £ =0,1,2,.... The dyadic subcubes
in 9, are of the form

mil
a1+ 2—k,a1 +

(m1+1)]

mpl (muy+1)1

’

where £ =0,1,2,... and m; = 0,1,...,25 -1, j=1,...,n. The collection of all dyadic
subcubes of @ is -
2@)=2= 2.

k=0
A cube Q' € 2 is called a dyadic subcube of @. Sometimes it is convenient to
consider half open cubes of the type [a1,b1)x - x[a,,b,) withbi—a1=...=b,—ay.
The corresponding dyadic subcubes are pairwise disjoint and cover the original
half open cube.

THE MORAL: For many phenomena in harmonic analysis it is enough to
consider dyadic cubes instead of all cubes. Dyadic cubes have a rigid recursive

structure.

D, D, DL

AT
1
T

Figure 1.1: Collections of dyadic subcubes.
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Remark 1.1. Dyadic subcubes of @ have the following properties:

(1) Every Q' € 2(Q) is a subcube of @. Moreover, if @' € 2(Q), then 2(Q’)
2(Q).

(2) Cubes in 9}, cover @ and the interiors of the cubes in 2}, are pairwise
disjoint for every £ =0,1,2,....

3) If Q',Q" € 9, either one is contained in the other or the interiors of the
cubes are disjoint. This is called the nesting property, see Figure 1.2.

(4) If Q' € 9}, and j < k, there is exactly one ancestor cube in 2;, which
contains @'. In particular, for every 2 = 1,2,..., there exists exactly one
parent cube in 2;,_1, which contains @'.

(5) Every cube Q' € &}, is a union of exactly 2" children cubes Q" € 25,1 with
Q"I =2"1Q"|.

(6) If Q' € Dy, then 1(Q') =27"%1(Q) and |Q'| = 27*|Q|.

Figure 1.2: Nestedness property.
Assume that f € LIIOC(R”). By the Lebesgue differentiation theorem
lim][ If(y)—Ff(x)|dy =0 for almost every x¢€R”". 1.2)
=0/ B(x,r)

A point x € R, at which (1.2) holds, is called a Lebesgue point of /. For every
Lebesgue point x we have

lim fy)dy=fx),
=0/ B(x,r)
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since

][ fdy—f(x)
B(x,r)

< ][ F) - F@ldy =% 0.
B(x,r)

Moreover, every Lebesgue point x of f is a Lebesgue point of |f|, since

][ I =1l dy < ][ FO) — F@ldy =% 0.
B(x,r) B(x,r)

We shall need the following version of the Lebesgue differentiation theorem. It
can be proved by applying the weak type estimate for the dyadic maximal function,
see Remarks 1.24 (1), but we show that it follows from the standard version of the
Lebesgue differentiation theorem with balls.

Lemma 1.3. Assume that x € R" is a Lebesgue point of f € Llloc(R”). Then

HXJ'Q I/ fdy=f(x)

whenever @1,Q2,Q3, ... is any sequence of cubes containing x such that lim; ., |Q;| =
0.

THE MORAL: The Lebesgue differentiation theorem does not only hold for

balls but also for cubes and dyadic cubes.

Proof. Let @; = Q(x;,1;), where x; € R" is the center and [; = I(®;) is the side
lenght of the cube @; for every i = 1,2,.... We observe that Q(x;,l;) c B(x,/nl;)
for every i =1,2,....

This implies

‘]l fdy—f(x)
Qx;,l;)

< ]1 F) - F@)ldy
Qx;,l;)

< IB(x, vnl)l

- d
1QCx;, )] B(x,\/ﬁli)lf(y) f@)ldy

i—00

_ B, Din? ][ ) - F@ldy =0,
B(x,\/nl;)
since [; — 0 as i — oo. a

The following Calderén-Zygmund decomposition will be extremely useful in

harmonic analysis.

Theorem 1.4 (Calderén-Zygmund decomposition of a cube (1952)). Assume
that f € Llloc([R") and let @ be a cube in R". Then for every

tz][ [f(»Idy
Q

there are countably many dyadic subcubes @;, i =1,2,..., of @ such that

(1) the interiors of @;, 1 =1,2,..., are pairwise disjoint,
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Figure 1.3: Q(x;,l;) < B(x,\/nl;) for every i =1,2,....

(2) t<][ IfNIdy <2™t for every i =1,2,... and
Q;

(3) If(x) <t for almost every x e @ \ U2, @;.

The collection of cubes Q;, i =1,2,..., is called the Calderén-Zygmund cubes in @
at level ¢.

THE MORAL: A cube can be divided into good and bad parts so that in the
good part (complement of the Calderén-Zygmund cubes) the function is small and
in the bad part (union of the Calderén-Zygmund cubes) the integral average of
a function is in control. Note that the Calderén-Zygmund cubes cover the set
{x €@ :|f(x)] > t}, up to a set of measure zero, and thus the bad part contains the
set where the function is unbounded.

Proof. The strategy of the proof is the following stopping time argument. For
every x € @ such that |f(x)| > ¢ we choose the largest dyadic cube @’ € 2 containing

x such that
][ Ifldy >¢t.
Q!

Then we use the fact that for any collection of dyadic subcubes of @ there is a
subcollection of dyadic cubes with disjoint interiors and with the same union as
the original cubes. These are the desired Calderén-Zygmund cubes.

Then we give a rigorous argument. Consider (possibly empty) collection &’ of
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dyadic subcubes Q' € 2 of @, that satisfy

][ If(wldy>t. (1.5)
Q' O
The cubes in 2’ are not necessarily pairwise disjoint, but we consider a collection
of maximal dyadic cubes with respect to inclusion for which (1.5) holds true. For
every Q' € @' we consider all cubes Q" € 2’ with @' < @”. The maximal cube
Q; is the union of all dyadic subcubes of @ which satisfy (1.5) and contain Q'.
Nestedness property of the dyadic subcubes, see Remark 1.1 (3), implies that
Qi € 2. Let 2 ={Q;}; be the collection of these maximal cubes. Maximality means
that fR [f)ldy <t forevery R>Q;, R €. Since JEQ If()Idy < t, for every cube
Q' € Q' there exists a maximal cube @; € 2'. We show that this collection has the

desired properties.

D_
|

n
]

.‘I

Figure 1.4: Collection of maximal subcubes.

This follows immediately from maximality of the cubes in 2’ and nested-
ness property of the dyadic subcubes, see Remark 1.1 (3). Indeed, if the interiors
of two different cubes in 2 intersect then one is contained in the other, and hence
one of them cannot be maximal, see Figure 1.4.

By (1.5) we have @ ¢ 2'. If Q; € 2' N9, for some k, then by properties
(4) and (5) of the dyadic subcubes we conclude that @; is contained in some cube
Q' € 2,_1 with |Q'| =2"|Q;|, see Figure 1.5. Since §; maximal, cube @' does not
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satisfy (1.5). Thus

1 @ 1
d ~ T
@il Jo, TS g @

t<

/ Ifnldy <2"t.
Q!

Figure 1.5: Q; is contained in some cube Q' € Z;,_1 with |Q'| = 2"|Q;|.
Assume that x € @ \U2, @;. By the beginning of the proof,
> £ iroidy
Q!
for every dyadic subcube @' € 2 containing point x. Thus there exist Q;e € 9y, such
that x € @), for every k=1,2,.... Note that @] 2@, > Q5... and N2, Q! = {x}, see

the Figure 1.6. If x is a Lebesgue point of f, Lemma 1.3 implies

1
F@) = lim —— / FOldy<t.

k—o0

Remark 1.6. If f € L™(Q) and t = esssup,¢q |/ (¥)], then the collection Calderén-
Zygmund cubes is empty, since

If(MIdy <esssuplf(y)l<t
Q' yeEQ

for every dyadic subcube @' of @.
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Q &Q

Figure 1.6: @} € 2, such that x € @}, for every £ =1,2,....

Remark 1.7. The assumption ¢ = JCQ |f(y)|dy implies that the original cube @
cannot belong to the collection of the Calderén-Zygmund cubes at the level . In
other words, if the collection of the Calderén-Zygmund cubes {®;}; is nonempty,
the cubes are proper subcubes of @, that is @; c® and @; # @ for everyi=1,2,....

Remark 1.8. Let E be a measurable subset of a cube @ c R” with |E| < #|Q],
0<t< 2% By applying the Calderén-Zygmund decomposition to f = yg at the
level t = %, we obtain countably many dyadic subcubes @;, i =1,2,..., of @ such

that

(1) the interiors of @;,i=1,2,..., are pairwise disjoint,
Q; NE]
il

(3) |E\NUR, Q| =0.

2) t< <2"tforeveryi=1,2,... and

THE MORAL: The set E can be covered, up to a set of measure zero, by
pairwise almost disjoint dyadic subcubes @;, i =1,2,..., of @ such that every cube
Q; intersects substantially both E and the complement of E, that is, |@; NE| > #|Q;|
and |Q; \E|=1Q;| - 1Q; nE|=(1—-2"1)|Q;] for every i.

Moreover, we have

¢ =|E|

GQi
i=1

(o) (o]
=t) 1QiI<) IQinE|=
i=1 i=1

UEnQ»
i=1
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and
[o¢] (o ¢] o0
El=EnUQi|+|E\NUR:i|=|UQinE)
i=1 i=1 iz1
<) 1Q:nE|<2"t) 1Q;1=2"¢t|JQi|.
izl = i1

THE MORAL: The Lebesgue measure of E is comparable to the Lebesgue

measure of Ug’il Q;.

1.2 Dyadic cubes of R”

Next we consider the dyadic cubes in R” and a global version of the Calderén-

Zygmund decomposition. A half open dyadic cube in R is an interval of the form
[m27* (m+1)27%),

where m, k € Z. The advantage of considering half open cubes is that they are
pairwise disjoint. A dyadic cube of R" is a cartesian product of one-dimensional
dyadic cubes

n
[Ttm 27", (m;+1)27"),
j=1

where m1,...,m,, k € Z. The collection of dyadic cubes 2y, k € Z, consists of the
dyadic cubes with the side length 27%. The collection of all dyadic cubes in R” is

2R@RM=2=] 2.
kez
Observe that 25, consist of cubes whose vertices lie on the lattice 27%7" and
whose side length is 27%. The dyadic cubes in the kth generation can be defined
as 2 = 27%([0,1)" + Z"). The cubes in 2}, cover the whole R” and are pairwise
disjoint, see Figure 1.7. Moreover, the dyadic cubes have the same properties
(2)-(5) in Remark 1.1 as the dyadic subcubes of a given cube.

WARNING: It is not true that every cube is a subcube of a dyadic cube.
For example, consider [—1,1]". However, there is a substitute for this property:
For every cube @ there is a dyadic cube Q' € & such that Q' = Q < 3Q’, see the
discussion in Section 1.4.

Remarks 1.9:

(1) For any subcollection 2 < @ of dyadic cubes whose union is a bounded set,
or a set of finite Lebesgue measure, there exists a subcollection of pairwise
disjoint maximal cubes with the same union (exercise). Note that [0,2%)",
k=0,1,2,..., is a collection of dyadic cubes for which there does not exist
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(2)

Figure 1.7: Dyadic cubes in R”.

a subcollection of pairwise disjoint maximal cubes with the same union.
This shows that some kind of boundedness assumption is needed above. A
cube @’ € 2 is called maximal, if there does not exist any strictly larger
Q@ € 2 with Q' = @, see Figure 1.8. A useful property is that the collection
maximal cubes are always pairwise disjoint. This follows at once from
nestedness property of the dyadic cubes. Indeed, if two different cubes in
2 satisfy @ NQ’ # @, then one is contained in the other, and hence one of
them cannot be maximal.

There are many ways to construct dyadic cubes in R, see [15]. For example,
we may start with any cube @¢ and the corresponding dyadic subcubes
2(Qo). Then we may take any increasing sequence of cubes Qo c Q1 < Q2 <

.. so that @, is a dyadic child of @+1 and U2, @ = R". In other words,
for any @, we choose one of 2" dyadic parents @11 in such a way that the
the union if the selected cubes eventually covers the entire space. Note that
@k € 2@y +1) and thus D(@4) € D(@p+1). Let DR =P = U2  D(Qy). The
obtained collection & satisfies properties (2)-(5) in Remark 1.1 (exercise).
In addition, for every compact set K, there exists a cube in 2 containing
K. Note that the standard collection of dyadic cubes does not satisfy this
property. For example, if K =[-1,1]", then there does not exist a standard
dyadic cube that covers K.
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nEEN

N I —

Rl

Figure 1.8: A collection of maximal cubes.
(3) Assume that f ELIOC(R”). Then

Epfo= ) (]{?f(y)dy)m(x)

QEDy,

is the conditional expectation of f with respect to a g-algebra generated
by D, k € Z. Note that

/Ekf(x)dx / (][ f(y)dy))(Q(x)dx
R R* Qedy
= (]l f(y)dy)/ re(x)dx
QE@k Q R”

=2 /f(y)dy=/ fx)dx
Qe /@ R?

for every k € Z and E, can be considered as a discrete analog of convolution
approximation.

In the one dimensional case every nonempty open set is a union of countably
many disjoint open intervals and the Lebesgue outer measure of an open set is the

sum of volumes of these intervals. Next we consider this question in the higher
dimensional case.

Lemma 1.10. Every nonempty open set in R” is a union of countably many
pairwise disjoint dyadic cubes.
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Proof. Let Q be a nonempty open set in R”. Consider dyadic cubes in &; that are
contained in Q and denote 21 = {Q € 27 : @ < Q}. Then consider dyadic cubes in
Q9 that are contained in Q and do not intersect any of the cubes in 21 and denote

29={Q€D2:Q cQ, @nJ = ¢ for every J € 21}.

Recursively define

k-1
2 ={Q€9k QcQ, @nd =g forevery J € UQL}
i=1
for every k =2,3,.... Then & =UJ;2,2; is a countable collection of pairwise

disjoint dyadic cubes.
Claim: Q =Ugeo Q.

Reason. 1t is clear from the construction that Ugey @ = Q. For the reverse inclu-
sion, let x € Q. Let % be so large that the common diameter of the cubes in 9, is
smaller than r, that is, v/#2* < r. Since Q is open, there exists a ball B(x,r) cQ
with r > 0. Since the dyadic 2}, cubes cover R", there exists a dyadic cube @ € 9,
with x € @ and @ c B(x,r) c Q. There are two possibilities @ € 24, or Q ¢ 2;,. If
Q € 2, then x € Q@ cUgeo Q. If @ ¢ 2y, there exists J € U] 2; with JNQ # .
The nesting property of dyadic cubes implies@ cJ andxeQ cJ clUgeco2®. =

Remark 1.11. The Whitney decomposition of a nonempty proper open subset Q
of R" states that it can be represented as a union of countably many pairwise
disjoint dyadic intervals whose side lengths are comparable to their distance to
the boundary of the open set. More precisely, there are pairwise disjoint dyadic
cubes Q;,i=1,2,..., such that

® Q:U;‘)ZIQiy

Vnl(Q;) < dist(Q;,R" \ Q) < 4v/nl(Q)),
¢ if the boundaries of @; and @; touch, then % < % <4,
* for every @; there exist at most 12" cubes in the collection that touch it.

See [11, Proposition 7.3.4].

Theorem 1.12 (Global Calder6n-Zygmund decomposition (1952)). Assume
that £ € LY(R"). Then for every ¢t > 0 there are countably or finitely many dyadic
cubes @;,i=1,2,...,in R” such that

(1) ];,i=1,2,..., are pairwise disjoint,
(2) t<][ IfMIdy <2™t for every i =1,2,... and
Q;

3) |f(x)| <t for almost every x € R” \U(i)lei'
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The collection of cubes @;, i =1,2,..., is called the Calderén-Zygmund cubes in R"
at level ¢.

THE MORAL: The difference to the Calderén-Zygmund in a cube is that we
assume global integrability instead of local integrability. With this assumption,
we obtain the Calderén-Zygmund decomposition at every level ¢ > 0. Note that, if
the function belongs to L>°(R"), the Calderén-Zygmund decomposition is empty
for ¢t = ||f oo, see Remark 1.6.

Proof As in the proof of Theorem 1.4, consider the (possibly empty) collection 2’
of dyadic cubes @' € 2 in R" that satisfy JCQ' [f(»|dy > t. Note that

1 1
1@ =1Q'l < —/ [fldy < —/ lfidy
t Q' t Jrn

for every cube Q' € 2'. Thus for every cube Q' € 2’ there exists a maximal cube
Q; € 2'. Otherwise, the proof is similar as the proof of Theorem 1.4. a

Remark 1.13. Instead of assuming f € L1(R") we may assume f € L?(R") for some

1< p <ooin Theorem 1.12. To see this, we apply Hélder’s inequality to obtain

1
t<4 1foidy< (][ IFIP dy),,
Q' Q'

for every cube @’ € 2’ in the proof of Theorem 1.12. Then the existence of a

maximal cube can be concluded from
1 1
1Qr =@1< 5 [ 1foPdy< o [ irordy
for every cube Q' € 2'.

Example 1.14. Consider the Calderén-Zygmund decomposition for f : R — R,
f(x) = x10,117(x) at level t > 0. We may assume that 0 <t <1 = |f|, since
fQ |f(x)|dx < 1 for every interval @ < R". In other words, if ¢ = 1, there are
no intervals @ in R" for which f ! f(x)|dx >t and the Calderén-Zygmund decom-
position is empty. For 0 <t <1, choose % € {0,1,2,...} such that g~ nlk+l) < ¢ < 9k
We claim that the Calderén-Zygmund decomposition at level ¢ consists only of one

dyadic interval [0,2k)”. To see this, we observe that

1

110,2%)7| | (x>ldx=2‘"k/ n(@)da=2""%>1.
I[0,2%)"| Jio,2ky f X011

[0,2% )

On the other hand, if @' is a dyadic ancestor of @, that is @ c @', @ # @', where
Q' €9, then Q' =[0,2k*1)" 1 €(1,2,...}, and thus

1
QI

so that [0,2%)" is the maximal dyadic cube with the property JCQ [f()|dx > t.

/ If ()| dox = 27Mk+D < g nk+D) 4
Q/
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1.3 Calderdon-Zygmund decomposition of
a function

For a function f € L1(R"), and any level ¢ > 0, we have the decomposition

f=Fxunsa +Fxunsa (1.15)

into good part g = f x{r|<s, Which is bounded, and the bad part b = f x(|>s. These
parts can be analyzed separately using real variable techniques. For the good part
we have the bounds

||g||1=/ Ig(x)ldxz/ If(x)ldxs/ [fldx=1flli and lglleo<t
R® {IfI<t} R™
and for the bad part

1
6l <lIflli and HxeR™:b(x)# 0} <|{xeR™:|f(x) >t < ?Ilflll.

The last bound follows from Chebyshev’s inequality and tells that the measure
of the support of the bad part is small. This truncation method is will be useful
in later in connection with interpolation, see Lemma 2.1, but here we consider a
more refined way to decompose an arbitrary integrable function into its good and
large bad parts so that not only the absolute value but also the local oscillation is
in control.

Theorem 1.16 (Calderon-Zygmund decomposition of a function (1952)). As-
sume that f € LY(R") and let ¢ > 0. Then there are functions g and b, and countably
or finitely many pairwise disjoint dyadic cubes @;, i = 1,2,..., such that

(1) f=g+b,
2) lglhi=<lfll,
(3) lglleo <27,

o0
4) b= Zbi’ where b; =0inR*"\Q,;,1=1,2,...,
i=1
(5) bi(x)dx=0,i=1,2,...,
Q;

(6) ][ 16;(x)|dx < 2"t and
Q;

1
(7) < ;Ilf||1.

GQ;‘
i=1

THE MORAL: Any function f € LY(R") can be represented as a sum of a
good and a bad function f = g + b, where g is bounded and b = 2?21 b;, where b;,
i=1,2,..., is a highly oscillating localized function with integral average zero.
Note that the bad function b contains the unbounded part of function f.
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Remarks 1.17:
(1) It follows from (1) and (2) that

oli<if—gli<ifli+Ilgli<2lfl

and thus b € L1(R™). This shows that the bad function b is integrable.
(2)

1 1
||g||,,:( / |g<x>|1’dx)p :( / 8P gl dx|”
R™ R~

1 1 1

- p = -
< ( gl 1|g(x)|dx) <llgl? gl *
Rn

% nal-1 % nal1-1
<lgly @")" » <Iflf @) »

and thus g € L?(R") whenever 1 < p < co. This shows that the good
function g is essentially bounded and belongs to all LP-spaces.

Proof Let @;,i=1,2,..., be the Calderén-Zygmund cubes for f at level ¢ > 0, see
Theorem 1.12. Let

(), xE[R”\iji,

glx) = i=1
][f(y)dy, xeq;, 1=12,..,
Qi

that is,
8w = f@yrue, @ () + ifQiin(x)
_ fa)- i(f(x) - fote, @
and

b@) = () -g(x) = Y (F) - fxq;(®) = Y bi(x)
i-1 i=1

with b;(x) = (f(x) - f@,)xq,(x), i=1,2,....

THE MORAL: The function g is defined so that it is equal to f outside the
Calderén-Zygmund cubes and in a Calderén-Zygmund cube the it is the average
of the function in that cube.

f = g + b follows from the construction above.
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(2)

Ig(x)ldx=/ Ig(x)ldx+/ lg(x)dx
R" RPAUR, @ Uz, Qi

= If)ldx+)_ [ lgx)ldx

RPAUR, Q; i=1/@Qi
o0
=/ |f(x)|dx+z Ifg;1dx
RPAUR, Q; i=1/@Q;

A

[0}
/ Ifldx+) [ Iflg,dx
R™\UZ, Qi i=1/Q;

/ If@ldx+) 1 1f(x)]dxIQ;]
RPAUR, Q; i=1/Q;

=/ |f(x)|dx+/
R"\U?ngi ue

i:lQi

If(x)dx = If (x)|dx.
Rﬂ

By Theorem 1.12, we have |f(x)| <t for almost every x € R* \?2, @; and

’][ fdy
Qi

This implies that |g(x)| < 2"¢ for almost every x € R".

See the proof of (1).
(5)

s][ IfWldy<2™t, i=1,2,....
Q;

][ bi(x)dxz][ (f(x) - f@,)xq,(x)dx
Qi Qi
=][ fx)dx—fg,=0, i=12,....
Q;
By Theorem 1.12 , we have
/ Ibi(x)lde/ (f I +1flg,)dx
Q; Q;

<2/ If()ldx <2"14Q;l, i=1,2,....
Qi

(7)
UeRi|=>1Qil<=> [ Ifmidy==Ifl.
i=1 i=1 tisJe; ¢ m

1.4 Dyadic maximal function on R”

There is an interpretation of the Calderén-Zygmund decomposition in terms of
maximal functions. The dyadic maximal function of f € LIIOC(R”) is

Mdf(x)=sup][ lfnldy, (1.18)
Q
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where the supremum is taken over all dyadic cubes @ containing x. By Lemma

1.3, for almost every x € R*, we have
1= Jim { \fldy < Maf )
k—co /q,

where x € Q1 € 9. Thus the dyadic maximal function is bigger than the abso-
lute value of the function almost everywhere. This explains the name maximal

function.
Example 1.19. Let f:R" — R, f(x) = x10,11»(x) as in Example 1.14. For
xe€{y=1,...,n) ER" 1 y; =0 for every i = 1,...,n},

consider the smallest integer & € {0,1,2,...} with x € [0,2%)", that is, choose the
smallest dyadic cube [0,2%)" with with side length at least one and the corner at

the origin containing the point x. Then (exercise)

Mgf(x) = If()ldy =27
[0,2F)n

and M;f(x) =0 for every

xe€R"\{y=(y1,...,y2) ER":y; =0 for every i = 1,...,n}.

WARNING: The dyadic maximal function is not comparable to the standard

Hardy-Littlewood maximal function
Mfx)= sup][ If(»ldy, (1.20)
Q

where the supremum is taken over all cubes @ in R” containing x.

Example 1.21. 1t is clear that M, f(x) < M f(x) for every x € R”, but the inequality
in the reverse direction does not hold. Consider f:R" — R, f(x) = y[o,112(x) as in
Example 1.19. Then M4 f(x) =0 and Mf(x) > 0 for every

x€R"\{y=(1,...,yn) ER":y; =0 forevery i = 1,...,n}.

Note that it is possible to compare integral averages over cubes @1 €@ c @2

by observing that
L ronay<f irondy< 2 ironay.
Rl Jq, Q QI /g,

The challenge is to bound the volume ratios ‘I%_lll and ll%_zll For a cube @ = Q(x,1),

[ >0, we may take a dyadic cube @1 € 9, containing the center x of @ with the
side length 27% where % <27k < é Then @1 c® and
1_lQ:_1

0<—=< <— <.
4" Q2
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In general, there does not exist a dyadic cube @2 with @  @2. Even in the case
such a cube exists, the side length of @2 may be arbitrarily many times lager
than the side length of @ and there does not exist a uniform upper bound for ll%—zll
(exercise).

However, it is possible to cover

l I l I
Q=Q(x,l)= [xl—g,xﬁ'g] EREERS [xn—g,xn+§

by a finitely many dyadic cubes of comparable size. We may take a dyadic cube

n
Qo= [lIm:27% (m;+127%), mq,...,mn, kez,
J J
Jj=1

containing the corner (x1 — é,...,xn - é) of @ with the side length 2% where
é <27% <. Then @ c @2, where

Q2= [[Im;27*,(m;+3)27%)
j=1

has the same corner as @2 € 25, but the side length is 3-27%. The cube @ is not
a dyadic cube, but it is a union of 3" pairwise disjoint dyadic cubes in &;,. This
approach can be developed further, see [15]. We shall return to this in the proof of
Lemma 1.26.

Lemma 1.22. Assume that f € L1(R") and let
E, = (xeR": Myf(x)>t), t>0.

Then E; is the union of pairwise disjoint dyadic Calderén-Zygmund cubes @;,
1=1,2,..., given by Theorem 1.12. In particular, the cubes @;, i =1,2,..., satisfy
properties (1)-(3) in Theorem 1.12.

Proof. We show that E; = U?ZlQi- If x € E4, then M4f(x) >t and there exists a
dyadic cube @ € 2 such that x € @ and

][ [f(»ldy>t.
Q

The Calderén-Zygmund cubes @;, i =1,2,..., given by Theorem 1.12 is the collec-
tion of maximal dyadic cubes with this property. This implies that x € U2, @; and
thus E; c U‘i’ZlQi.

On the other hand, if x € U2, @;, then x € @; for some i =1,2,... and by the
Calderén-Zygmund decomposition

Myf(x) 2][ If(»ldy > ¢.
Qi

This shows that x € E; and thus U‘i’zl Q; c E;. This completes the proof. a
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Figure 1.9: The distribution set of the dyadic maximal function.

THE MORAL: The union of the Calderén-Zygmund cubes is the distribution
set of the dyadic maximal function. This means that the Calderén-Zygmund
decomposition is more closely related to f = f x(ar, < + f Xip1,£>1) instead of f =
fxuri<sy + £ xur1>s in (1.15). Note carefully, that this is not the Calderén-Zygmund
decomposition of a function constructed in the proof of Theorem 1.16, but Lemma
1.22 shows that {My;f > t} is the union of the Calderén-Zygmund cubes. This
suggest another point of view to the Calderén-Zygmund decomposition, in which
we analyse the distribution set of the dyadic maximal function, for example, using
the Whitney covering theorem, see Remark 1.11.

Example 1.23. Consider f :R" — R, f(x) = xj0,112(x) as in Example 1.14 and Ex-
ample 1.19. If ¢ = 1 = ||f||, the Calderon-Zygmund decomposition is empty and
{xeR" : Myf(x) >t} =¢@. For 0 <t <1 the Calderén-Zygmund decomposition
consist of one dyadic cube [0,2%), £ €{0,1,2,...} and {x € R" Myf(x)>t}= [0,2%).

Remarks 1.24:
(1) By applying Theorem 1.12 (2) and summing up over all Calderén-Zygmund
cubes, we have

e 1& 1
E¢d =) 1Qil<=) |f(y)|dy=—/ lfldy.
i=1 tisiJq; t JE,

This is a weak type estimate for the dyadic maximal function. Observe

that in contrast with the standard Hardy-Littlewood maximal function,
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(2)

3

“4)

there is no dimensional constant in the estimate. This estimate also holds
true for other measures than Lebesgue measure.

We also have an inequality to the reverse direction, since by Theorem 1.12

(2) we have
/ F(Idy = Z |f(y)|dy<2”tZ|Q|-2"t|Et| (1.25)

This is a reverse weak type inequality for the dyadic maximal function.

If t > s, then E; c E; and, by maximality of the Calderén-Zygmund cubes,
each cube in the decomposition at level ¢ is contained in a cube in the
decomposition at level s. In this sense, the Calderén-Zygmund decomposi-

tions are nested.

Instead of assuming that f € LY(R?) in Lemma 1.22 we may assume that
fe Llloc(R") is such that the set E; = {x e R" : M4 f(x) > t}, t > 0, has finite
measure. If x € E;, then M;f(x) >t and there exists a dyadic cube @ € 2
such that x € @ and

][ FDIdy >t
Q

Observe that
Mdf(Z)Z][ lfldy >t
Q

for every z € @ and thus @ c E;. In particular, this implies that the union
of such dyadic cubes is a set of finite measure. By Remark 1.9 (1) there
exists a subcollection of pairwise disjoint maximal cubes @;, i = 1,2,...,
with the same union. By maximality, the parent cube @’ of every @,
1=1,2,..., intersects R* \ E; = {x e R" : M4 f (x) < t}. This implies that, for
every i = 1,2,..., there exists a point z; € Q; with M;f(z;) <t. It follows
that

Q']
Q1
This shows that the Calderén-Zygmund decomposition in Theorem 1.12

t<][ lf»ldy < ][ lf()ldy <2"Mgf(z;) < 2"t.
Q Q'

can be obtained under the assumption that |[{x e R" : My f(x) > t}| < oco.

Next we show how we can use the Calderén-Zygmund decomposition to obtain

estimates for the standard maximal function defined by (1.20).

Lemma 1.26. Assume that f € L1(R?) and let Q;, i = 1,2,..., be the Calderén-
Zygmund cubes of f at level ¢ > 0 given by Theorem 1.12. Then

1)

(2)

Qi c{xeR*: Mf(x)> ¢t} and
i=1

{xeR" :Mf(x)>4"t}c fj3Qi.
i=1
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THE MORAL: The first claim is essentially a restatement of the fact that
Myf(x) < Mf(x) for every x € R* and thus

xeR":Mgf(x)>thc{xeR" :Mf(x)>t}.

By Example 1.21 the does not exist a constant ¢ such that M f(x) < cM f (x) for
every x € R", but the second claim implies the following distributional inequality
in the reverse direction

llxeR™" : Mf(x)>4"t}1< ) 13Qil=3" Y 1Q;l
i=1 i=1 (1.27)

=3"{xeR" : Myf(x)>t}|

for every ¢ > 0. In particular, this gives the weak type estimate for the standard

Hardy-Littlewood maximal function as well, since

gnqn
lx eR": Mf(x)> 8} <3" |{x e R" : Maf(x)> £ }| < . /If(y)ldy
Rn

for every ¢ > 0. Thus the weak type estimate for the standard Hardy-Littlewood
maximal function follows from the corresponding estimate for the dyadic maximal
function. Moreover, by Cavalieri’s principle we obtain the correspding estimate for
the L? norms, see Example 2.6 (2). This shows that information on dyadic cubes

can be used to obtain information over all cubes, see also Example 2.6 (2).

THE MORAL: Even though two functions are not comparable pointwise, their

distribution functions and L? norms may be comparable.

Proof: If x e U2, Qi, then x € @; for some i =1,2,.... By Theorem 1.12

Mf(x)z][ Fldy >t
Q;

and thus U2, Q; c{x e R" : M f(x) > t}.

Assume that x € R" \ U‘i’zl 3Q; and let @ any closed cube in R” containing
x. Choose k € Z such that 27%71 < [(Q) < 27%. Then there exists at most 2" such
dyadic cubes R1,...,R, € 95, which intersect the interior of @. We note that
Q c3Rjfor every j=1,...,m. Each cube R}, j =1,...,m, cannot be a subset of any
of the cubes @;, i =1,2,..., since otherwise x € @ c 3R; < 3Q); for some i =1,2,...,
which is not possible, since x € R" \ U2, 3Q;. Since R; is not contained in the
union of the Calderén-Zygmund cubes, by the proof of Theorem 1.12 and Theorem

1.4, we have
1

— | Ifpldy<t, i=1,...,m.
|Rj|/Rj fldy
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Figure 1.10: At most 2" dyadic cubes R1,...,R,, € 9}, intersect the interior of @.

On the other hand, |R| = 27%" = 272~ *+Dn < on1(Q)" < 2"|Q| and 1 < m < 2", thus

1 1
@/Qlf(y)ldy—@ - If(y)ldy
gl / Fld
L QIR g, TN

Since this holds true for every cube @ containing x, we have M f(x) < 4"t for every
xR\ Ul?il 3®;. In other words,

o0
R\ | J3Q; c {x e R" : Mf(x) < 4™},
i=1

from which the claim follows. O

Remark 1.28. By Remark 1.24 (4) it is enough to assume that [{x e R" : M5f (x) >
t}| < oo in Lemma 1.26.

1.5 Dyadic maximal function on a cube

Next we discuss briefly the dyadic maximal function with respect to the dyadic
subcubes of a cube. Let @y = R” be a cube and assume that f € L1(Qo). The dyadic
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maximal function My.q,f at x € Qo is
Mg q,f(x)= Sup][ Ifldy, (1.29)

where the supremum is taken over all dyadic cubes @ € 2(Q() with x € Q.
Let f,g € LY(Qo) and x € Qq. It follows immediately from the definition that
Mgq,f(x)=0,
Mg (f+8)x)<sMgq,f(x)+Mggq,8x),

and
Mg q,(af)x)=lalMqq,f(x)
for every a € R.

Let E; ={x€Qo:Mgq,f(x)>1}, t >0. For every ¢ = |f|g, the set E; is the
union of pairwise disjoint dyadic Calderén-Zygmund cubes @;, i =1,2,..., given
by Theorem 1.4. In particular, cubes @;, i =1,2,..., satisfy properties (1)-(3) in
Theorem 1.4. For 0 <t <|flg,, we have E; = Q.

Theorem 1.4 gives simple proofs for norm estimates for the dyadic maximal
function. The next result is a weak type estimate.

Lemma 1.30. Let Q) c R” be a cube. Assume that f € L1(Q¢) and let E; = {x €
Qo:Mgq,f(x) >t} Then

1
E¢dl<— [ If(@)ldx
tJE,
for every ¢ > 0.

Proof. Lett>0.If t <|flg,, then E; = Q¢ and thus

1 1
IEt|=IQo|<—/ If(x)ldx=—/ [f ()| dx.
tJQo t JE,

Then assume that ¢ > |f|g,. Let @;, i =1,2,... be the collection of dyadic subcubes
of Q¢ given by Theorem 1.4. By using the properties of the Calderén-Zygmund
cubes, we obtain

=§ / folde= 1 / @)l d.

a

There is also a reverse weak type estimate for the dyadic maximal function.

Lemma 1.31. Let @y < R” be a cube. Assume that f € L1(Qg) is a nonnegative
function and let E; = {x € Qo : M4 g,/ (x) > t}. Then

If (o)l dx < 2" t|1E,|
E,

for every t = |flg,-
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Proof. Let Q;, i = 1,2,... be the collection of dyadic subcubes of @g given by
Theorem 1.4. By using the properties of the Calderén-Zygmund cubes, we obtain

lf@ldx=) [ fx)dx<2"t) |Qi|=2"tIE,l
E; i=1/Q; i=1



Marcinkiewicz interpolation
theorem

Interpolation of operators is an important tool in harmonic analysis. Consider
an operator, which maps Lebesgue measurable functions to functions. A typical
example is the maximal operator. The rough idea of interpolation is that if we
know that the operator is a bounded in two different function spaces, then it is
bounded in the intermediate function spaces.

We are mainly interested in L?(R") spaces with 1 < p < oo and we begin with a
useful decomposition of an LP(R") function into two parts. To this end, we define
LPI(R™) + LP2(R™), 1 < p1 < pg < 00, to be the space of all functions of the form
f =711+ 2, where f1 € L°PY(R") and f2 € LP2(R").

Lemma 2.1. Let 1 < p; < pg <oco and pj < p < pe. Then LP(R*) c LP1(R") +
LP2(R™).

THE MORAL: Every LP(R") function can be written as a sum of an LP1(R")

function and an LP2(R") function whenever p1 < p < po.

Proof. If p = p1 or p = po, there is nothing to prove, since f = f +0. Thus we
assume that p; < p < pg. Assume that f € LP(R") and let ¢ > 0. Define

f), if |f(l>t,

f1x) = F)xqr1>n(x) = { .
0, if [f(x)<t,

and
(x), if Ifx)I<t,
fz(x)=f(x))c{|f|st}(x)={fx. "o
0, if |f(x)|>t.

Clearly
) = F)xgr>0@) + F@)xgr<n@) = f1(x) + fo(x),

25
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see (1.15).
First we show that f; € LP1(R"). Since p; < p, we obtain

/ Ifl(x)lpldx=/ If(x)l"ldx=/ IFQIPYPIf(x)IP dx
R" {If1>2} {If1>t}

<t | |f@)IP dx <t P If11] < co.
RIZ

Then we show that fo € LP2(R"). Since pg > p, we have

| fo(x)[P? dx:/ |f (x)|P? dx:/ If @)IP27P|f(x)P dx
Rr {Ifl<t)

{IfIst}
<th27P If ()P dx < tp2_p||f||§ <oo.
Rn
Thus f = f1 + f2 with f1 € LP1(R") and f2 € LP2(R"), as required. a

Definition 2.2. Let T be an operator from L?(R") to Lebesgue measurable func-

tions on R”.

(1) T is sublinear, if for every f,g € LP(R"),
IT(f + )@ <ITf ()] +1Tgx)l

and
[Taf)x)=1allTfx)], a€cR,

for almost every x € R".
(2) T is of strong type (p,p), 1 < p < oo, if there exists a constant ¢, indepen-
dent of the function f, such that

||Tf||p SC”f”p

for every f € LP(R").
(3) T is of weak type (p,p), 1 < p <o, if there exists a constant ¢, independent
of the function f, such that

p
e € R ITFG > 8 < (S1F 1)
for every t >0 and f € LP(R"™).

THE MORAL: Operator is of strong type (p, p) if and only if it is a bounded
operator from LP(R") to LP(R"). The corresponding weak type condition is a
substitute for this for several operators in harmonic analysis which fail to be
bounded in certain LP(R") spaces. For example, the Hardy-Littlewood maximal
operator is a sublinear operator which is not of strong type (1,1) but it is of weak
type (1,1).
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Remarks 2.3:

(1) Every linear operator T is sublinear, since
IT(f + )X =1Tf(x)+Tgl < |Tf)|+Tg(x)|

and

[T(af)x) =laTf(x)| = lal|Tf(x).

(2) The notion of strong type (p,p) is stronger than weak type (p,p). If
ITflp <cllflp for every f € LP(R"™), by Chebyshev’s inequality

n. 1 1 p_ (€ p
xeR .|Tf(x)|>t}|s§Aanf(x>|de—t—pann <(G0rms)

Theorem 2.4 (Marcinkiewicz interpolation theorem (1939)). Let 1 < p; <
pe2 < oo and assume that T is a sublinear operator from LP1(R"™)+ LP2(R") to
Lebesgue measurable functions on R”, which is simultaneously of weak type

(p1,p1) and (pg2, p2). Then T is of strong type (p, p) whenever p1 < p < po.

THE MORAL: Weak type estimates at the endpoint spaces imply strong type
estimates spaces between.

Proof. Assume that if there exist constant ¢; and cg, independent of the
function f, such that

weR":ITF@I> 8l < (CNFl,)" >0,
for every f € LP1(R") and
weR"ITFI> 81 < (2 1F1lpa), £>0.
for every f € LP2(R") . Consider the decomposition
f=r+fe=Frarso+ i<

where f1 € LP1(R") and f5 € LP2(R"), given by Lemma 2.1. Sublinearity |Tf(x)| <
|Tf1(x)| + T fo(x)] implies that for almost every x for which |Tf(x)| > t, either
|Tf1(x)| > % or |Tfa(x)| > % Thus

Hx e R™ :|Tf(x)| >t} < |{x e R™ : | T f1(x)| >
<|{x eR":|Tf1(x) >

bu{xeR™:|Tfo(x)| > £}
H+{x € R™ T falx) > £}

c P1 c P2
1 2
s(?“fl”pl) +(?||f2||p2)

2 2

2 P1
< (ﬂ) / ()P dx

t {xeR™:|f(x)|>2}
202

P2
+(—) / |f(x)|P2 dx.
t {xeR™:|f(x)|<t)

DOl DO[~+
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By Cavalieri’s principle

ITf(x)IpdeP/ P eR": |Tf(2)| >t} dt
R" 0

o0
s(2c1)mp/ tP—Pl—l/ If(x)Pr dxdt
0 {xeR™:|f(x)|>t}

o0
+(2c2)p2p/ tp_pz_l/ If(x)P2dxdt,
0 {xeR™:|f(x)|<t}

where the integrals on the right-hand side are computed by Fubini’s theorem as

00 [f ()]
/ tP—Pl—l/ If()Prdxdt = If(x)lpl/ PPl dx
0 {xeR™:|f(x)|>} R” 0
1
= [F PP f ()P dx
P—pP1Jrr
1
= If ()P dx
P—P1Jrr

and
o0 o0
/ tp_m_l/ [f()P2dxdt = |f(x)|p2/ PPl dtdx
0 {xeR7:|f(x)|<t} R" If )l
1
=— If @)IP2|f ()P P2 dx
P2—Dp Jrn

1
= If (x)IP dx.
pP2—p Jrr

Thus we arrive at

ITFIE = / TGP dx
Rn

<(2¢1)P!

IF@IP da +(2ca)P2 —L IF )P dx
R D2 — R”

+
b—-p1 p2-p

92¢1)P1 (2¢0)P2
_ (( c1) (2¢2) )“f”;

Assume that ||Tf|leo < c2l|f |l for every f € L®°(R") and write
f=fitfe= fX{|f|>i} +fX{|f|s%}‘

Then f1 € LP1(R") as in Lemma 2.1 and fg € L®(R"), since | f2lloo < % We apply
strong (co,00) estimate for fo and obtain

t t
|Tf2(x)|<||Tf2||oos62”f2||oo<02 ==
202 2

for almost every x € R” and, consequently,

[{x e R":|Tfa(x)| > §}| = 0.
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Thus

lw e R ITF (0> 11l < [{x € R ITF1(0)] > §}| + [{x € R 1 IT o) > £}
< [{xeR" T f1(x) > §}|

c p1
1
s(fuflnpl)

2
2c1

pP1
<% / @I dx
4 {xeR”:If(x)I>%}

By Cavalieri’s principle
NTFIL =/ ITf(x)IP dx
Rﬂ/

:p/ P {x e R" : |TF(x)| > t}| dt
0

o0
S(ch)plp/ tP—Pl—l/ If ()Pt dxdt
0 (xeR":lf(x)|>%}

2¢ao|f (%)
= @e'p [ If@IP / 221 gt d
R™ 0

_(2e)Pip
P—p1 R~

- (201)1701;"1’1 L

12cof ()PP f ()Pt dx

If ()P dx
[Rn,

p-pP1
N P 0
pb—p1
Remarks 2.5:

(1) In particular, if T is a linear operator which is strong type (p1,p1) and
(p2,p2), then it is strong type (p,p) whenever p; < p < ps. For linear
operators there are better Riesz-Thorin type interpolation results, see [2]
and [22].

(2) If T is a linear operator instead of sublinear, then it is enough to assume
weak type (p1,p1) and (pg, p2) estimates for simple functions.

(3) Note that the constant in strong type (p, p) estimate blows up as p — p;
and p — pg, when ps < co.

(4) By considering f = f1+ f2 = fxyfr1>ys + f Xufi<yny» Where y >0 is chosen
appropriately, we obtain strong type bound [ Tfl, <clflp, p1 <p < p2,

with
1.1 1.1
b A
5 I-LT I-L
sz(pfpl-'-pzp—p) et eyt PP, if pa<oo,

and )

» PL 1 P21

c=2( P ) ¢ cy 7, if pa=oo.
pP—p1
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5)

(6)

(7

The proof is based only on Cavalieri’s principle, from which we conclude
that the Marcinkewicz interpolation theorem holds for other measures
than the Lebesgue measure as well. In this case we assume that the weak
type estimates hold with respect to the given measure. Moreover, the
Marcinkewicz interpolation theorem holds in more general spaces than
the Euclidean spaces.

There are more general versions of the Marcinkiewicz interpolation theo-
rem in Lorenz spaces, see [2] and [22].

There is a general theory of interpolation of operators in Banach spaces
and more general topological spaces. The Marcinkiewicz interpolation
theorem has lead to real method of interpolation and Thorin’s method has
lead to complex method of interpolation, see [2] and references therein.

Examples 2.6:

o))

(2)

The dyadic maximal function defined in (1.18) is of strong type (co,00),

since for every x € R”, we have
Maf(x)= sup][ F Iy < flloo,
Q

where the supremum is taken over all dyadic cubes @ containing x. Thus
IMgfloo < Iflloo for every f € L°(R™). In fact, we have |Mgflloo = Il fllo
for every f € L°(R") (exercise). On the other hand, by Remark 1.24 (1) we
have

o € R” : M f () > )] < %/R F@ldy, t>0,

for every f € LY(R"). Since the dyadic maximal function is sublinear, by
the Marcinkiewicz interpolation theorem we conclude that it is of strong

type (p, p) for every 1 < p <oo and
p2P
(Mafllp < pTl"f”p’ 1<p<oco.

When p = oo, the bound holds with constant one.

Note that by Lemma 1.26 and Remark 1.24 (4), we obtain similar bounds
for the standard Hardy-Littlewood maximal function defined by (1.20) as
well. If

Hx e R™ : Myf(x) >t} <oo

for every ¢ > 0, then by (1.27), we have

HxeR" :Mf(x)>4" 8} <3"|{x e R" : Mgyf(x) > t}|
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for every t >0 and
(e.¢]
IMFI, =p/ P xR : Mf(x) > 8} dt
0
{00}
=4np/ Pl {x e R" : Mf(x)> 4"t} dt
0
s4"3”p/ P x e R : Myf(x) > t}|dt
0
=12" ||Mdf||§~
In particular, by (1) it follows that
IMfll,<clfll, whenever 1<p<oo.

This gives a dyadic proof for the Hardy-Littlewood-Wiener maximal func-

tion theorem.

Next we demonstrate how to apply the Marcinkiewicz interpolation theorem to-
gether with the Calderén-Zygmund decomposition to prove a strong type estimate
for certain sublinear operators, see [3, Lemma 2.1] and [18, Lemma 2.10]. Let @;,
i1=1,2,..., be the Calderén-Zygmund cubes for f € LP(R") at level ¢ > 0, see Theo-
rem 1.12 and Remark 1.13. We consider the Calderén-Zygmund decomposition of
f =g+ b in to good and bad parts as in Theorem 1.16.

Theorem 2.7. Let 1 < p <oo and assume that T is a sublinear operator of weak
type (p,p) such that Tb(x) = 0 for almost every x € R" \U?2; @;. Then T is of
strong type (¢,q) for 1 < g <p.

WARNING: The condition Tb(x) =0 for almost every x € R* \ U2, Q; is rela-
tively restrictive. However, a similar technique can be applied for other operators

as well.

Proof. We show that T is of weak type (1,1). Let f € L1(R™). As in the proof of the

Marcinkiewicz interpolation theorem (Theorem 2.4), we have
Hx €R™ : [TF(x)] >t} < [{x eR™ : |Tg(x)| > £} + [{x e R" : |Tb(x)| > £}|.

Since T is of weak type (p, p), by Theorem 1.16 (3) and (2) we have

p
c 2P cP _
erR”:ITg(x)l>%}Is(zllgllp) < IglZ gl

2 tb
2P cP _
< t—p(z"t)P Lifi
2p(n+1)cp

N

7”}””1-



CHAPTER 2. MARCINKIEWICZ INTERPOLATION THEOREM 32

On the other hand, since T'b(x) = 0 for almost every x € R* \U?2, @;, by Theorem
1.16 (7) we obtain

oo 1
[{x eR™:1Tb) > £} = U Qi| < Pt
i=1
This implies that
2P(n+tlep 11
|{x€|R2”:|Tf(x)|>t}|$f||f||1, t>0,

and thus T is of weak type (1,1). Since T is of weak type (1,1) and of weak type
(p,p), the Marcinkiewicz interpolation theorem (Theorem 2.4) implies that T is of
strong type (q,q9), 1<q <p. a

The Marcinkiewicz interpolation theorem shows that if a sublinear operator
satisfies weak type conditions at the end points of exponents, then it is satisfies
the strong type condition for all exponents in between. The next result describes
the difference between the weak type and strong type conditions. This result will
be used in the proof of Theorem 5.1 later.

Theorem 2.8 (Kolmogorov). Let 1 < p < co. Assume that T is a sublinear

operator from LP(R") to Lebesgue measurable functions on R”.

(1) If T is of weak type (p, p), thenforall0 < g < p and A c R” with 0 < |A| < o0,
there exists ¢ < oo such that

/ ITF dx < A7 £, 2.9)
A

(2) If there exists 0 < ¢ < p and constant ¢ such that (2.9) holds for every
A cR" with 0 < |A| < oo, then T is of weak type (p, p).

THE MORAL: This shows that the weak type condition of a sublinear operator
at a given exponent is essentially equivalent to the strong type condition for all

strictly smaller exponents.

Proof: Since T is of weak type (p, p), we have
c
HxeA:|Tf(x)| >t <{xeR":|Tf(x) >t} < t—pllflli, t>0.

Thus for every 0 < g < p, we obtain

/le(x)quxzq/ 19N € A ITF) > )l de
A 0
® a1 ¢ p
s/o t? mln{lAl,t—p”f”p}dt

clflplAIYP 00
—q / (7Y A i + cq / (9P £ dit
0 clflplAI-VP

1-4
<clAI"FIf19.
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Let t>0and A ={xeR":|Tf(x)| >t}. Then A is a measurable set and
|A| <oo. If |[A| = 0o, there are sets Ay c A with |A,| =k for £k =1,2,..., such that

_9 _aq
tkat‘I|Ak|s/ ITFG dx < cl A 112 = k5 119
Ap,
This is impossible. Thus by (2.9), we obtain
_9q
tq|A|</|Tf<x>|qusc|A|1 s
A

It follows that
c
He eR™ :|Tf(x)| > 8} =1Al< t—p||f||§-

Thus T is of weak type (p, p). a



Bounded mean oscillation

The space of functions of bounded mean oscillation (BMO) turns out to be a natural
substitute for L>°(R") in harmonic analysis. It consists of functions, whose mean
oscillation over cubes is uniformly bounded. Every bounded function belongs
to BMO, but there exist unbounded functions with bounded mean oscillation.
Such functions typically blow up logarithmically as shown by the John-Nirenberg
theorem. The relevance of BMO is attested by the fact that classical singular
integral operators fail to map L*°(R") to L>°(R"), but instead they map L>*°(R") to
BMO. Moreover, BMO is the dual space of the Hardy space H'. BMO also plays a

central role in the regularity theory for nonlinear partial differential equations.

3.1 Basic properties of BMO

The mean oscillation of a function f € Llloc([R”) in a cube @ cR" is

1
]{glf(x)—fQIdx— @/Qlf(x)—fmdx.

The mean oscillation tells that how much function differs in average from its
integral average in Q. Observe that, if f € L{> (R"), then we have (exercise)

]l |f(x) - foldx < esssupf —essinff.
Q Q Q

THE MORAL: The mean oscillation is bounded by the pointwise oscillation.

Definition 3.1. Assume that f € Llloc([RZ”) and let

£l =SUP][ If (x)—fqldx,
Q@ /@

34
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where the supremum is taken over all cubes @ in R”. If | /||« < oo, we say that
f has bounded mean oscillation. The number || f||, is called the BMO norm of f.
The class of functions of bounded mean oscillation is denoted as

BMO = {f e L1 (R"):|Ifll. <oo}.

loc

THE MORAL: Afunction f € Llloc([R{") belongs to BMO, if there exists constant
M < oo, independent of the cube @ < R", such that inequality

][ lf(x)—fgldx<M
Q

holds for every cube @ < R". The BMO norm is the smallest constant M for which
this is true.

If f,g € BMO, then
If+gll :Sgp][ If(x)+g(x)—fq —8gqldx
Q

$sup][ If(x)—fQIdx+sup][ lg(x)—gqldx
QR /@ @ /@
=flls+1glls <oo.

Thus f +ge€BMO and ||f +gll« < Ifll+ +lgll.. Moreover, if a € R, then
lafll =sup][ laf(x)—afgldx
Q JQ
=|a|83p][ If(x)=fgldx=lallfl, <oo.
Q

Thus af € BMO and |laf |« = |alllfll«. This shows that BMO is a vector space.
However, the BMO norm is not a norm, it is only a seminorm. The reason is that
£+ = 0 does not imply that f = 0. In fact, we have

Iflls=0< f=c for almost every xeR",

where c € R is a constant. To see this, for every constant function f = ¢, we have

||f||*=SuP][ If(x)—fQIdx=sup]l lc—cldx=0.
Q@ /@ Q@ J/Q

Conversely, if || f ||« = 0, then for every cube @ < R", we have

][ If (@) — foldx =0.
Q

This implies |f(x) — fg| = 0 and thus f(x) = fg for almost every x € Q. This implies
that f(x) = ¢ for almost every x € R”. To see this, observe that f(x) = fg(o,1) for
almost every x € @(0,1). Moreover, f(x) = fgq,) for almost every x € Q(0,k),
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k=1,2,.... Thus fgor = feo,1, # =1,2,..., and f(x) = fg(o,1) for almost every
x€Q(0,k), k=1,2,.... Since R" = Z":lQ(O,k), this implies f(x) = fg,1) = ¢ for
almost every x € R".

THE MORAL: The previous discussion shows that functions f and f +¢, c € R,
have the same BMO norm.

We may overcome this by identifying all BMO functions, whose difference is

constant by considering the equivalence relation
f~g—=f-g=c¢, ceR.

The space of corresponding equivalence classes f is a normed space with norm
II f l« = If ll«. Instead of considering the equivalence classes, we identify functions
whose difference is constant almost everywhere. In this sense a function in BMO
is defined only up to an additive constant.

Next we study basic properties of BMO functions. The following lemma will

be a useful tool in showing that certain functions belong to BMO.

Lemma 3.2. Assume that for every cube € c R", there exists a constant cg, which

may depend on €, such that
][ If(x)—cqldx<M,
Q

where M < oo is a constant that does not depend on @. Then f € BMO and
I« <2M. Moreover,

1 .
§|lfll* sszpcgé%]g If(x)—cqldx<|fll.

THE MORAL: Theintegral average in the mean oscillation can be replaced
with any other number depending on the cube in the definition of BMO.

Proof. Let @ be a cube in R”. Then

F 1= foldz< £ 17 -coldx+ f 1fq-cqldx
Q Q Q
<]ZQ|f—CQ|dx+|fQ—CQ|
2]1 If —cqldx+
Q

<][ |f—CQ|dx+][ If (x)—cqldx
Q Q

<2][ If —cqldx<2M.
Q

][(f(x)—cQ)dx
Q

This implies that
£l = sup][ If(x) - fgldx <2M.
Q@ J/Q
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First by taking infimum over cq € R for a fixed cube € and then taking supremum

over cubes @ in the estimate above, we obtain
£l < 2supcin€fR][ |f(x)—cqldx.
Q ‘@ Q
On the other hand, it is clear that

lnf][ |f(x)— CQ|dx<][ If(x)-fqldx.

This shows that

aup 1nf][ f)—cqldx < If.. .

Remark 3.3. For a cube @ a constant cg, for which infCQGR JCQ |f(x) - cqldx is
attained, satisfies

1 1
HxeQ:f(x)>cqll< §|Q| and [{xeQ:f(x)<cgll< EIQI.

Even if it is not unique, we call such a constant cg the median of f in . On the
other hand, the constant cg for which incheR :,C Q If(x)—cq |2dx is attained is fo

(exercise).

THE MORAL: The median minimizes the L! mean oscillation and the integral

mean value minimizes the L2 mean oscillation.

Remark 3.4. We use Lemma 3.2 to show that f € BMO implies |f| € BMO. Indeed,
by the triangle inequality

][ [If () =1 fql| dxs][ If ) —foldx<Ifl«
Q Q

for every cube @ in R". Lemma 3.2 with cg = |fg| implies |f| € BMO and [||f]ll+ <
201 £ 11 «.

Examples 3.5:
(1) We note that L*°(R"*) c BMO and ||« <2|f|lco. This follows, since

][ |f(x)_fQ|de][(|f(x)|+|fQ|)dxs][ (@)l dax +fq]
Q Q Q

S][ [f)ldx+Iflq <2][ If )l dx <2l fllo
Q Q

for every cube Q.

THE MORAL: Every bounded function is in BMO.
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(2) Let f:R" — [—o00,00], f(x) =log|x|. We show that f € BMO. By Lemma 3.2
it is enough to show that for every cube Q(x,!), with x € R* and [ > 0, there
exists a constant cq(, ) € R so that

sup ][ [loglyl - cqq,pldy < oo.
Qx,0)J Q(x,l)

We consider two cases.

Case 1: First assume that |x| < y/nl. In this case, we choose cg() =log!

and by change of variables y =1z,dy = 1" dz, we obtain

l7
:/ [loglzlldz
Q.1

Claim: [loglzlldz < / |log|z||dz < co whenever |x| < /nl.
Q%1 B(0,2y/7)

1
n [log |yl —CQ(x,l)|dy=/ [log(l|z]) —logl|dz
Q) Q(£,1)

Reason.
|z|<ﬂ+@<\/ﬁ+ﬁs2\/ﬁ
l 2 2
for every z € @(%¥,1). Thus Q(%,1) c B(0,2/n). =

Case 2: Assume then that |x| > /nl. In this case, we choose cq(x,;) = log|x|,
do the same change of variables as above, and obtain

|10g|y|_CQ(x,l)|dy=/ [log!l|z| —loglx||dz

" JQen Q1)
l
:/ logﬂ dz
Q(:,1) ||
l
Claim: log# dz <log2 < oo whenever |x| = /nl.
Q3,1 x
Reason. We note that
|z|zm_@$®>1_L@>1_lzl
l 2 |x| x| 2 2 2
for every z € Q(%,1) and
| |<M+@$M<1+Lﬁ\l+l=§
l 2 |x] x| 2 2 2

for every z € Q(’Z—C, 1). Thus

1 lz| 3
log= <log— <log—
0g 2 0g ™ 0g 2
for every z € Q(%,1). This implies
l 1
’10gE < —log - =1log2
|| 2

for every z € Q(7,1). ]
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We conclude that in both cases the mean oscillation is uniformly bounded
and thus log|x| € BMO.

THE MORAL: log|x| € BMO, but log|x| ¢ L°°(R"). This is an example
of an unbounded BMO function. Thus inclusion L*°(R") is a proper subset
of BMO.

(3) Let f :R—R,

—loglx|, x>0.

1 <0
f(x)z{ oglx|, x<0,

Since f is an odd function, we have

1 a
%/_af(x)dxzo

for every interval [-a,a] cR. For 0 <a < 1 we have

1 /¢ 1 [
||f||*?—/ If(x)ldx:—/ —logxdx
2a J_, 0

a
a

1 1
=—lim /(x—xlogx)=—(a—-aloga)
a £—>0+€ a

:1—logaﬂ>oo.

Thus f ¢ BMO, even though by (2) and Remark 3.4, we have |f(x)| =
|log|x|| € BMO.

THE MORAL: |f|]€BMO does not imply that f € BMO. Since f =
|f1sgnf with |f| €e BMO and sgn f € L°(R") c BMO, this also shows that
product of two functions in BMO does not necessarily belong to BMO.

(4) Consider dyadic BMO, where the supremum of the mean oscillation is
taken only over dyadic cubes. It is clear that BMO is a subset of dyadic
BMO, but the converse inclusion is not true. For example, the function in
(3) belongs to dyadic BMO, but it does not belong to BMO (exercise).

THE MORAL: BMO is a proper subset of dyadic BMO.

(5) Let g:R—R,

logx, x>0,
glx) =
0, x<0.

Let f be as in (3). Since log|x| € BMO by (2) and f ¢ BMO by (3), the
difference

1
glx) = E(loglxl - (%)) = X(0.00) log|x| ¢ BMO.

THE MORAL: feBMO does not imply that fy4 € BMO, A cR"™.



CHAPTER 3. BOUNDED MEAN OSCILLATION 40

Theorem 3.6. Assume that f,ge Ll (R").

loc

(1) If f,g € BMO, then max(f,g) € BMO and min{f, g} € BMO. Moreover, we
have

3 3 . 3 3
Imax{f,gHl < §|If||* +§|Igll* and [min{f, g}l < §||f||* + éllgll*.

(2) If f e BMO and h € R", then function 75 f € BMO, where 75, f(x) = f(x + h).
Moreover, we have |7, ||« = | f]l«.

(3) If f e BMO and a € R, a # 0, then function §,f € BMO, where §,f(x) =
f(ax). Moreover, we have 6,f 11« = If Il .

Proof: Since max{f,g} = %(f +g+1|f —gl), by Remark 3.4, we obtain

1 1 1

*s_ - T = T = *

| max{f, g}l 2IIIf glll 2IIfII 2I|gll
1 1

<If-gls+=Ifll«+ =gl
If -zl 2||f|| 2||g||
3 3

< - « T = PN
2||f|| 2IIgII

On the other hand, min{f, g} = %( f+g—I|f —gl) and a similar argument as above
shows that min{f, g} € BMO.

m Change of variables y =x+h, dx =dy, gives

1 1 1
= — d = — hd = d =

(Thf)q IQI/thf(x) x |Q|/Qf(x+ )dx Q7 Q+hf(y) y=1q+h

for every cube @ in R”. Here @ +h ={z +h :z € @}. Thus

1
ITnf =sup—/ [Taf(x)— (7 )qldx
@ 1QlJg

=8su i
BRFTs]
—su #/ FO)~founld
Qp|Q+h| Qih y Q+rlQy

=supi/ F3)— Faldy = If..
Q 1QlJg

/Q|f<x+h>—fQ+h|dx

(3)| Change of variables y = ax, dx = |a| " dy gives
Gafo =g [ duf@ax=o [ flana
= x)dx = — ax)dx

QI 9 QI Jq

1 1
=— fdy = — dy = faq,
IQI/an' fydy Ian/an(y) ¥ =fa@
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where a@ ={az:z € Q}. Thus

0uflls« =su
1611 P|Q|

sup@/ If(ax) - fagldx

—supm/ lf(y)— fandy

=Sup—/If(y)—ledy:Hfll*. g
Q 1QlJg

/ 150 f ()= 5o ol dx

Remark 3.7. Every function f € BMO can be approximated pointwise by an in-
creasing sequence of bounded BMO functions, since truncations

k, fx)>EFk,
fr(x) = min{max{f(x), -k} k} =1 f(x), -k<fx)<k,
—k, flx)<-—F,

k=1,2,..., belong to BMO with ||f]| < %Ilfll* for every k =1,2,..., fr — [ point-
wise and fk — fin Lloc(R”) as k — oo (exercise).

3.2 Completeness of BMO.

We show that BMO is a Banach space using the argument from [17]. The proof is

based on the Riesz-Fischer theorem, which asserts that the LP space is complete.

Theorem 3.8. BMO is a Banach space with the norm | - ||.. Here we consider

BMO as a space of equivalence classes of functions up to an additive constant.

Proof. Let (f;); be a Cauchy sequence in BMO. Fix a cube @ and consider the
representative f; —(f;)g of equivalence class fi. We claim that ( fi—(fi)g)liis a
Cauchy sequence in L1(Q). Since (f;) is a Cauchy sequence in BMO, for every
€ >0 there exists i, such that ||f; — f;ll« <¢,if i,j = i.. We observe that

I(7i = FdQ) = (£~ F) 1) = /Q |(Fi)~(fdq) = (£i(@) ~ (£)q) | dx
=|QI][ (i) = (fiq) - (fit®) — (fq)| dx
Q
=191 £, (69~ 1) - s - ol dx
Q

<IQINfi—fjll« <€lQ when i,j=i,.

This shows that (f; —(f;)q); is a Cauchy sequence in LYQ). Since LY(Q) a complete

space, we conclude that sequence (f; —(f;)q); converges in L1(Q) to function
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g® € L1(Q) and thus

1—00

I(f: = (Fdq) = &% 1 gy — O (3.9)

Let @ > @ be a cube containing @. As above, the sequence (f; —(fi)g)i
converges in L1(Q') to a function gQ' and thus

i—00

Then we consider the sequence ((f;)g — (f;)g); of real numbers, whose terms can
be also interpreted as constant functions on cube @. It follows from (3.9) and
(3.10) that

|((Fq - (Fe) — (&2 — e 1)
= ||((ft —(fi)Q’) ) ((fl —(ft)Q ||L1(Q)
” fi— (fz)Q Q HLI(Q)+ ” fi— (fz)Q -8 ||L1(Q) ﬂ>0

Since the sequence ((f;)g — (f;)q); of constant functions converges to gQ’ -g%in
LY(Q) as i — oo, there exists a subsequence that converges almost everywhere in
@. This implies that gQ’ —-g® e LY(Q) is a constant function in Q. Let

¥ -¢9=0@Q.,Q) inQ, (3.11)

where C(Q,Q’) is a constant. On the other hand, by (3.10) we have

'][ —(fg)dx— ]{ggQ’dx <][ |(fi — (figr) - 8% ()| dx

[—00

IQIH _(fl)Q ||L1(Q)_’0
It follows that
(fidg — (fidg =][ (fi_(fi)Q’)dxi_,—oo’][ g% dx
Q Q
and thus
C@Q,Q"= ][ g% dx. (3.12)
Q

We define the function f as follows. Let @ = ®Q(0,k), 2 =1,2,... and

f=g%-C@1,Q1) in Q. (3.13)

In principle, this definition makes sense, since every x € R"” belongs to @, for &
large enough, but we have to show that f is well defined, that is, if 1 <% <%/, then

-C@1,Qr) =g -C(@Q1,Q) in Q.

By (3.11) this is equivalent to showing that

C@1,Qr)-CQ1,Q:) =C(Q,Qr)
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whenever 1<k < k'. However, this follows from (3.12) and (3.11), since
C(Q1,Qr)-C(Q1,Q%) =][ g% dx—][ g% dx
Q1 Q1
-} (g% - ax
Q1

_ ][ C@QrQu)dx = C(Qr, Q1)
Q1

This shows that f is well defined.

We claim that sequence (f;); converges to f defined by (3.13) in BMO. It
follows from (3.13) that f € Llloc(lR”). Then we show that f is the required limit
function. Let £ > 0. Since (f;); is a Cauchy sequence in BMO, there exists i, such
that |f; — fjll« <g,if i,j = i, or, equivalently, for every cube @ in R", we have

]{2|(fi_(fi)Q)_(fj_(fj)Q)ldx<8, if i,j=i.
By letting j — oo and using (3.9), for every cube @ in R"*, we have
][|(fi_(fi)Q)—gQ|dx<£, if Q=i
Q

Every cube @ in R” is contained in @, for £ large enough, so that by (3.13), (3.12)
and (3.11), we obtain

P\ (F — — _ @ _(F.
][Ql(ﬁ F)= (i - gl d ][Qlﬂ g ’“+C((Q;,)Qk) (Fq +foldx
:ngl

=]{2|fi — g% +(g%)q, —(fi)q + fq|dx

= ]{2 i~ (Fdq -89+ ((8%)q, — (89" — %) + fo) |dx

-

=0

=][|fi—(fi)Q—gQ|dxs.€, if izi,.
Q

Here we used the fact that

(€%, — (6% — g9%) + fg = C(Q1, Q) — C(@, Qi) + ][ fdz
Q

=CQ1,Qr)-C(Q,Qr) +][ (g% (%) - C(Q1,Q1)) dx
Q

=C(Q1,Qr) - C(@Q,Qr) +(g%)q — C(@1,Q1)
=C(Q1,Q:r)-C(Q,Qr)+C(Q,Q:)—C(Q1,Q:)=0.

This shows that f e BMO and

IIfi—fII*=sgp][Q|(fi—f)—(fi—f)Q|dx 0.
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3.3 The John-Nirenberg inequality

We begin with an example.

Example 3.14. Consider f :R — R, f(x) = log|x|, which is an example of an un-
bounded function in BMO, see Example 3.5 (2). Then

1

1 [ a 1/
flma,a1= —/ loglx|dx = —/ logxdx = — /(xlogx—x) =loga—-1, a>0,
2a |_, a o al

and thus for x €e[-a,a] and ¢t > 1, we have

elx| :

|f (%) = fi-a,a1l >t < |log|x| —(oga —1)| > t < |log — t<=>|x|<ge_.
a e

This implies
tx € [-a,al: |f ()~ fi-qal >t} =2ae™"71, ¢>1,

THE MORAL: The distribution function decays exponentially.

The John-Nirenberg inequality gives a similar exponential estimate for the
distribution function of oscillation of an arbitrary BMO function. The proof that we

present here is based on a recursive use of the Calderén-Zygmund decomposition.

Theorem 3.15 (The John-Nirenberg lemma (1961)). There exists constants
c1 and cg, depending only on dimension n, such that if f € BMO, then

cot

£ 1

I{erzlf(x)—fQ|>t}|sclexp(— )IQI, t>0,

for every cube @ c R".

THE MORAL: The John-Nirenberg inequality tells that logarithmic blowup,
as for f(x) =log|x|, is the worst possible behaviour for a general BMO function. In
this sense the John-Nirenberg inequality is the best possible result we can hope

for.

Proof. Let @ c R"” be a cube and let s > ||f|« to be a parameter, which is to be
chosen later. Then

]glf(y)—ledyS 11« <s.

Apply the Calderén-Zygmund decomposition for f —fg at level s in @, see Theorem
1.4. We obtain pairwise disjoint dyadic subcubes @;,, i1 =1,2,..., of @ such that

8<][ If) —fqldy<2"s, i1=12,...,

1
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and

If(x)—fgl <s for almost every xe@\ UQ,1 (3.16)
i1=1

This implies

|fQi1—fQ|=’]€2 (F)- fo)dy
i1

S][ lf) - fgldy<2's, i1=1,2,.... (3.17)

i1
Since cubes Q;, are pairwise disjoint subcubes of § and f € BMO, we obtain

Y Qi< Y - fQ|dy<—/|f(y) feldy<""g1  @1®)

i1=1 L1 1
We proceed recursively. Since f € BMO, we have
][ |f(y)—fQi1|dys Iflls<s forevery i1=1,2,....
i1
We apply the Calderén-Zygmund decomposition for f — fQil at level s in every cube

Q;,,11=1,2,.... We obtain pairwise disjoint dyadic subcubes Q;, ;,, 12 =1,2,...,
of @;, such that

S<]Z If() - fq,ldy<2"s, iz=12,...
Q

i1,
and -
If(x)~fq, |<s foralmostevery x€@;,\ U Qi (3.19)
ig=1
This gives
o0
Y iy sl < / lf()—-fq; 1d (3.20)
ig=1 S iy=1 Qiy,ig
1 £ 1l .
s;/ F-faldy< LGy, =12,

i1
By (3.17) and (3.19), for every i1 =1,2,..., we have
IF (@)~ fol < IFG)~ fg, | +\fq,, ~ fa

oo
<s+2"s<2-2"s for almostevery x€Q;;\ | Qiy.iy-
i9=1

By (3.16), we obtain

[e.°]
If(x)—fgl<2-2"s for almost every x€@\ U Qiliy

i1,ig=1
and by (3.18) and (3.20), we have
= = = < I« 710
Z |Qi1,i2|: Z Z |Qi1,i2|S Z f |Qi1|<( f ) |Q|
i1,i2=1 i1=1ig9=1 i1=1
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At kth step we observe that

][ If(y)—fQilw'yikilldys Ifll« <s forevery ii,...,ip_1=1,2,....

Qg

We apply the Calderén-Zygmund decomposition for f — fQiLm.ik_l at level s in every
cube Qil ,,,,, in 10 L1s--rip—1=1,2,.... We obtain pairwise disjoint dyadic subcubes
Qiy,.ip, 2 =1,2,...,0fQ;, _;, , suchthat

s<][ If(y)—fQil,___,ik_l|dy<2”s, ir=12,...

Qig,..ip,
and
oo
|f(x)_fQi1,z |<s foralmostevery x€@Q;, i, ,\ U @iy, i,
ir=1
As above, we have
S ||f||*
Y @i, iyl < 1QI,
11,0 =1
and
o0
If(x)- fol <k2"s for almostevery x€@Q\ |J @iy, .i-
11500 =1

In other words, almost every point of the set {x € @ : |[f(x)— fg| > k2" s} belongs to
some of the cubes @;; . i,, i1,...,ip =1,2,....

Let us then complete the proof of the exponential estimate for the distribution
function. To this end, first assume that ¢ = 2"s. Then we choose an integer & with
k2"s <t <(k +1)2"s. By the beginning of the proof, we have

keQ:IfW-fol>thclxeQ:IfW~fol>k2"stc  |J @iy,

115l =1

where the last inclusion holds up to a set of measure zero. Thus

{x € Q : |f(x)_fQ| >t < U Qil,...,ije = Z |Qi1,u.,ik|
i1l =1 U1l =1

("f"*) |Q|<exp( klog )IQI.

1711

Since

t<(k+1)2"s = k2"s+2"s < 2k2"s = k2" g,
we have ;

> 2n+ls’
from which it follows that
(e <o
ex 0. s ex —_—
P i) <SP g o IIfII*
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Recall that s > ||f ||« is a free parameter and it can be chosen as we want. By

choosing s = 2||f ||+, we obtain

¢ 2071«

log cat
271201 £ 1l 1711

TP

€@ If ()~ fol > Bl <exp|- )|Q|=exp( )IQI,

log2 . .
where cg = 2?1%. This proves the claim in the case t = 2"s.

Then assume that 0 < ¢ < 2"%s = 2"*1||f|.. In this case

t
oy < b
27|«

and thus

|{er:|f(x>—fQ|>t}|s|Q|e-e‘1se-exp(— )IQI.

t
2m+ L £

Thus, in both cases, we have

cot
|{er:|f<x>—fQ|>t})<c1exp(—”f2” )IQI,
Withclzeandczzgz%. O

Remarks 3.21:
(1) The John-Nirenberg lemma can be stated in the following form: There

exists a constant ¢1 = c1(n) > 0 such that
t

|{er:|f<x>—fQ|>t}|sclexp(—m)m £>0,

for every cube @ c R™.

(2) The John-Nirenberg lemma gives a characterization of BMO. Assume that

there exist constants ¢; and cg, independent of cube @, such that
HxeQ:|f(x)—fgl>tH <ciexp(—c2t)IQl, t>0,

for every cube @ in R"”. Then

1 1 (o0}
@/Q|f(x)—fQ|dx—lQ—|/0 lxeQ:1f(x)—fol >t} dt

o c1 7 c1
<ecq exp(—cot)dt = —— /exp(—czt)z—
0 Cc2 0

C2
for every cube @. Thus f € BMO with ||f ]|, < g—;

(3) If a function f satisfies the BMO condition with the average fg replaced
with some other constants cg, see Lemma 3.2, the same is true for the
John-Nirenberg inequality. Assume that for every cube @ < R, there is
constant cg, which may depend on @, such that

][ If(x)—cqldx< M,
Q
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where M < oo is a constant that does not depend on @. Then Lemma 3.2
implies f € BMO and || /||« <2M and the John-Nirenberg lemma applies.
Moreover,

If(x)—cql<If(x)—fql+Ifg —cql
s|f<x>—fQ|+][ If - cqldx <If ()~ fol + M,
Q
and thus

Hxe@:If(x)—cql>tI<Hxe@:|f(x)-fol + M >t}
C2(t—M)) ' (
<ciexp|———||Q] =c7 exp
' p( T A ST
for every t > M and every cube @ c R". Here ¢ depends on n and [ f]..
For 0 <t < M we have

“Jia

Hxe@Q:If(x)—cql>t <|Q| <c}exp(—coM)IQ| < c1exp(—c2t)|Q|,
where ¢ depends on n and ||f||..

Remark 3.22. The proof of Theorem 3.15 can be modified to give a slightly better
estimate than in Theorem 3.15, see [13]. By applying (3.18) in the form

) 1
5 |Qi1|<—/|f<y>—fQ|dy
sJq

i1=1
we obtain the bound

(o]

% k 11
5 |Qi1,...,,-k|<(”f ") / F)— foldy

11,0 =1

=(”fT") ||f||*/'f(y) feldy.

By choosing s = 2| f ||« as in the proof of Theorem 3.15, we obtain

I{xEQ:If(x)—fQ|>t}|sexp( ”;” )Ilfll /If(y) foldy, (3.23)
for every ¢ = 2"s = 2"*1||f||, with cg = ;%.

Let p > 1 and sg = 2""!||f]|.. Denote E; = {x € Q : |f(x)— fg| > t}, ¢ > 0. Then
o0
/|f(x)—fQ|pdx=p/ - UE, | di
Q 0
S0 o0
=p/ tp_1|Et|dt+p/ tP"YE,|d¢
0 S0

For 0 < ¢ <s¢ we have t?"1 < s‘g_l, which implies that

S0 o0
p/ B dt < pst” /|Et|dt<psp 1/ \Eldt
0 0

=psg /If(x) fqldx.
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By (3.23), we obtain

o p-1 < p p-1 t
p/sot 'Et'dt\nfn*/'f(x) fQ'dx/o f exp( ||f||*)dt
IFL\PY [ cat \PL [ eat
IIfII*/lf() fqldx ( 2) /o (Ilfll*) exp( ||f||*)dt
I£1. s
||f||*/'f() fqldx ( ) /0 s7 e ds

T
_P (p)nfnp 1/If(x) foldz

Cy

for every cube @ in R". Here I' is the gamma function. This implies

1 T
/Q|f(x)—fQ|desp(s’g ! (")ufn" 1)/|f(x) foldx

<p(2‘"+1""‘1’ c(p ))nfn" ! / If (x) - fqldx.

2

This proves that if f € BMO, there exists a constant ¢ = ¢(n, p) such that
/ If () - fol” da < cnfnf:‘l/ If ()~ fqldx.
Q Q

for every cube @ c R”. This implies that f € L} (R") for every p > 1 with the
estimate above, compare with Theorem 3.28 below. This shows that, in a certain

sense, BMO functions satisfy a reverse Holder inequality.

3.4 Alternative proofs for the John-Nirenberg
inequality

We discuss two other proofs for the John-Nirenberg lemma. First we present the

original proof of the John-Nirenberg lemma in [13].

Proof (The original proof of the John-Nirenberg lemma). Assume that f € BMO
and let @ be a cube in R”. By considering ”f% with |||l > 0 we may assume
that || f]« = 1. We show that there exists constants ¢; and cg, depending only on

dimension n such that
Hxe® :1f(x)-fql >t <ciexp(—c2t)IQl, t>0.

By replacing f with f - fg, we could also assume fg = 0. However, we want to keep
track on the oscillation in the argument. Denote Eq(¢) = [{x € @ : |f(x) - fg| > ¢},
t > 0. We consider a pointwise infimum of functions F' satisfying

Eq®)| < F () / If - folda
Q
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for every ¢ > 0 and every cube @ < R"”. With a slight abuse of notation we denote

this minimal function by F'. By Chebyshev’s inequality
1
[Eq(®)| < —/ If —fqldx
tJq

for every t >0 and @ cR"” and thus F(¢) < ¢ for every t > 0.
Let s=|f|l« =1. Then

]{?If(y)—ledys Ifl«<s.

Apply the Calderén-Zygmund decomposition for function f — f at level s in @,
see Theorem 1.4. We obtain pairwise disjoint dyadic subcubes @;,i=1,2,..., of @
such that

s<][Q If)—foldy<2's, i=12,...,

and

[e.°]
If(x)—fgl<s for almost every xe€@\ UQi.
i=1

For t > 2"s we have

EQ(®)] =) e Qi :If(x)fol > 1)

<) HxeQi:If@)—fg,l+Ifq, — fal >t}

i=1
<F|{reqir@-ral+ f 1ro-roidy>e)
iz
iuer, F@)— fg| >t —27s)
oZo‘,lEQl(t 2"s)|.
By the definition of F' and the assumption || f| . =1, we have
[Eq®)] < y |Eq,(t—2"s)|

i=1

<L F(- 2"s)/ If - fo,ldx

i=1

F@—-2"9)lfl« Z Qi

i=1

F t—2"
FE-27) 5 REERY | ir-fela
S Q;

Ft-2"
sg/lf—fgldx
S Q

8
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By minimality of F we have

F@)s< @ (3.24)

for t = 2"s.

A recursive application of (3.24) and the fact that F' is a non-increasing function
implies that F' is exponentially decreasing. Let s =e and ¢ = 2"s = 2"e. Let k& be
an integer with k2"e <t < (k + 1)2"e. By applying (3.24) k£ — 1 times, we have

1 t
F(t)<F(k2"e)<e *VF(@©2%) < e_kﬂ% =27 * <2 exp (1 - %)

for every t = 2"e. This implies
- t
|EQ<t>|<F(t>/|f—fQ|dx<2 "exp(l—T)/v—fmdx

Q 2"e) Jq

for every t = 2"e. For 0 <t < 2"e we have
t
Eo)<IQ| < 1-— .
B <1l <exp1- 71— ] 1@

This proves the required inequality with ¢1 = e and ¢ = (2%¢)~ L. O

Next we discuss an alternative proof of the John-Nirenberg lemma by A.P.
Calder6n. He never published the proof himself but it is contained in a paper by
U. Neri [17]. Calderéon’s method is very flexible and it applies also in the parabolic

case.

Proof (Calderén’s proof of the John-Nirenberg lemma). Assume that f € BMO and
let @ be a cube in R”. By considering ”f% with ||fll« >0 we may assume that
£ 1« = 1. By replacing f with f — fo, we may also assume fg = 0.

Lett=|fll« =1. Then

][|f<y>—fQ|dy=][ FOIdy < Ifl. <t.
Q Q

Apply the Calderén-Zygmund decomposition for f at level ¢ in @, see Theorem 1.4.
We obtain pairwise disjoint dyadic subcubes @;, i =1,2,..., of @ such that

t<][ Ifnldy<2™, i=1,2,...,
Q;

and

o0
If(x)| <t for almostevery x€@\|JQ;.
i=1

It follows that ©
HxeQ:|f(x)| >t} < Z 1Q;l.
i=1

We consider |[E(#)| = ¥.72, |Q;| as a function of ¢ > 1. Note that this is the measure

of the union of the Calderén-Zygmund cubes at level ¢.
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Let £ > s = 1 and denote {@;} = {;(?)} and {Q;} = {Q ;(s)} the corresponding
Calderon-Zygmund cubes at levels ¢ and s respectively. Index i refers to a cube
at level ¢ and index j refers to a cube at level s. Observe that each cube @; is
contained in a unique cube @ ;. In particular, the function [E(#)| is non-increasing.

By the properties of the Calderén-Zygmund cubes

tZIQ I<Z lf(»ldy.

i=1/@Q;

For every j=1,2,... denote I; = {i : @; = @} and rewrite the inequality above as

(S Ri1<Y Y [ 1Fidy.
i=1

jZliEIj Qi

Each @; was obtained by subdividing a parent dyadic cube Q} in the previous
generation with |fg' | <|flg <s and |Q}| =2"Q;|. Thus
J J

2 | Mfidy< ) | (fWi+s=Ifg ) dy

iel; Qi i€l Q;
<Y ||f(y)|+s—|fQ/||dy
lEI
<) [ fDi-ifglldy+ ). [ Isldy
lEI Q l€I Ql
/lf(y) foldy+s Y Qi
zEI l€I

/ P~ forldy+s T 1Q4

i€l
< ||f||*|Qj|+S Z 1Q;l
i€l
=2"Qjl+s ) 1Q;l.

lEIj

Here we also used the assumption | f||. = 1. By summing over j we have

tZIQ <y Z/.If(y)ldy

Jj=li€l;

<2"Z|QJ|+SZZ|Q|

Jj=1liel;

<2" Z |Qj|+SZ Q1.
: =)

J=1

This implies

n

2
E@®)] < —— )] (3.25)

fort>s=1.
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Let a = 27! and apply (3.25) to have

|E(t+a)l < E@)

for every t = 1. For ¢ = a we choose an integer k£ with ka <t < (k + 1)a. Together

with the fact that |E(¢)| is non-decreasing, this implies

IE@)| < |[E(ka)| <2~ % D|E(a)| < exp ((2 - af) log2) IQ| = 4exp (— tl‘;gz) Q1.
For 0 <t <a, we have
BOI<1Q) <47 21Q) < 4exp -2 g1
This proves the John-Nirenberg inequality with ¢; =4 and cg = ;’(’121 . O

Remark 3.26. Let Qo < R™ be a cube and assume that f € L1(Q,). Consider the
dyadic maximal function My g, f defined by (1.29). Let E; ={x € Qo : M4 g,f (x) >
t}, t > 0. For every t = |f|g, the set E; is the union of pairwise disjoint dyadic
Calderén-Zygmund cubes @;, i = 1,2,..., given by Theorem 1.4. This implies
|E| = Zfz 1 |Q;|. Thus Calderén’s proof of the John-Nirenberg lemma gives

cot
11

This is a stronger assertion than in the Jon-Nirenberg lemma, since by the

I{ero:Md,QO(f—fQO)(x)>t}|selexp( )|Q|, t>0,

Lebesgue differentiation theorem

If () = fQol < Ma,q,(f — fo)(x)

for almost every x € Q.

3.5 Consequences of the John-Nirenberg
inequality

Next we consider two consequences of the John-Nirenberg inequality. Assume
that f € L} (R") and let 1< p <oo. Let

I ll+,p = sup (][ £ () - fol? dx)" :
Q Q

where the supremum is taken over all cubes @ in R?, and the corresponding
function space
BMO, = {f € L{, (R"): | fll+p <oo}.

THE MORAL: BMO, is an L? version of BMO. The standard BMO corre-
sponds to the case p =1.
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Note that if 1 < p < g, by Jensen’s (or Holder’s) inequality

][Q e (]i) IF-fel” dx); = (]{2 If(x) - fql? dx);

for every cube @ in R". This implies
Il Ul p <IUfllag (3.27)

and thus BMO, c BMO, « BMO whenever 1<p <gq.
The next result shows that these are same spaces.

Theorem 3.28. Assume that f € Llloc([Rz”). For every p with 1 < p < co there exists

a constant ¢ = c¢(n, p) such that

Il < U llep <cllfll.

THE MORAL: Norms ||[f|l«p and [ f[l+ are equivalent and thus BMO, = BMO

for every 1< p <oo.

Proof. The first inequality in the claim follows from Jensen’s inequality as in
3.27).
On the other hand, by the John-Nirenberg lemma, there exist constants ¢

and cg, depending only on dimension n, such that

][|f(x)—fQ|de=i/ P xeQ: 1f(x)—fol > 81l dt
Q QI Jo

o0 t
< pc tP~Lex (—i)dt
pl/o P\
M ()
co o UFl« 171
p oo
:pcl(”f”*) / sPle S ds
C2 0

p
:pcl(”f”*) o)

C2

for every cube @ in R". Here I is the gamma function. This implies

1
(peil'(p))?
1£1lep < I (Fa [P -

THE MORAL: The proof shows that, in a certain sense, BMO functions satisfy

a reverse Holder inequality.
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Remark 3.29. In particular, it follows that BMO c Lfoc([R{") for every 1 < p <oo.

To see this, we note that

(][wa)w dx); - (]gv(x)—fQ*’lepdx);

s(][ |f<x>—fQ|de);+|fQ|
Q
<1Fllep +IFlg <clfll +Iflo < oo

for every cube @ in R". Recall that by Holder’s inequality, LS (R") < L{’O R <
LIIOC(R"). In other words, every BMO function is locally integrable to arbitrarily

large power p, but is not necessarily locally bounded as f(x) =log|x| shows.

We show that BMO functions are locally exponentially integrable. This could
be done by using the Taylor series expansion of the exponential function, but we

apply Cavalieri’s principle instead.

Theorem 3.30. Assume that f € BMO. There exist a constant ¢ = ¢(n) > 0 such

that
2 ][ (If(x)—le)
exp| ———— | dx<c
Q cllfi

THE MORAL: BMO is a substitute for L°(R") in the sense that every function

in BMO is locally exponentially integrable. In particular, this implies that every

for every cube @ in R".

function in BMO is locally integrable to any power.

Proof. Let c1 = c1(n) > 0 be the constant in the John-Nirenberg inequality such

that
t

cillfll«

|{er:|f<x>—fQ|>t}|sc1exp(— )IQI, £>0,

for every cube @ < R”. By denoting

IF @)~ fol
800 = 517l

for every x € R”, we have
Hxe® :g(x) >t} <ciexp(-28)|Q|, ¢>0,

for every cube @ c R".
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Cavalieri’s principle and the John-Nirenberg lemma imply

/ exp(g(x))dx = / {x € @ : exp(g(x)) >t} dt
Q 0
1 o)
= / Hx € @ : exp(g(x)) > t}| dt+/ Hx € @ :exp(g(x)) >t} dt
0 1

1 00
s/)QUh+/’eﬂweQ:gm>ﬂuh
0 0

scllQI/ exp(—8)dt+|Q| =(c1+1)|Q|.
0
The claim holds with ¢ = max{ci +1,2¢1}. a

Remark 3.31. We have already several times used the fact that

IIfIpr(A)Z/AI]"(ac)Ipdxzp/0 P lxeA:|f(x)|>tldt, 1<p<oo.

This can be easily generalized by replacing ¢ with any other increasing and

differentiable function ¢ : [0,00) — [0,00), when we obtain
(o0}
/ e(fDdx = / P'Olfx e A:|f(x)] > t}dt+p(0)Al (3.32)
A 0

In particular, we can choose ¢(t) = e! (exercise). Instead of a change of variables

we could have used this version of Cavalieri’s principle in the previous proof.

Remark 3.33. It can be shown that the following claims are equivalent for f €
Ll
loc

(1) f € BMO,

(2) there are positive constants ¢; and cg, independent of cube @, such that

][ el @Fal g < o
Q

(R™) (exercise):

for every cube @ in R”,

(3) there are positive constants ¢; and cg, independent of cube @, such that

][ eC1f @) dx][ e 1@ gy <y
Q Q

for every cube @ in R".

3.6 The sharp maximal function

We define the sharp maximal function f#:R” —[0,00] of f € L1 (R") by

loc

e = sgp][ If(y) - fqldy, (3.34)
Q
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where the supremum is taken over all cubes @ in R” containing x.

THE MORAL: The difference compared to the Hardy-Littlewood maximal
function is that instead of the integral averages we maximize the mean oscillation

over cubes.

The connection of the sharp maximal function to BMO is that
f €BMO = [If Il = lIf*lloo < 00.

Since 1
][If(y)—fQIdys—/|f(y)|dy+|fQ|<2][ If(»|dy
Q @l Jq Q

for every cube @ < R", by the definition of the Hardy-Littlewood maximal function
FHx)<2Mf(x) for every xeR"

and, by the maximal function theorem, for every p with 1 < p < oo, there exists

constant ¢, depending only on n and p such that

£, <20MFllp <clfllp.

THE MORAL: The sharp maximal operator is a bounded operator on LP(R")
whenever 1 < p < oco.

There is no pointwise inequality to the reverse direction M f(x) < cf*(x), as can
be seen by considering constant functions. However, it turns out that the L? norms
of the sharp maximal function and the Hardy-Littlewood maximal functions are
comparable under certain assumptions. In order to prove this, we consider certain
useful inequalities for the distribution functions. This kind of inequalities, with ¢

replaced by A, are sometimes called as good lambda inequalities.

Lemma 3.35. Assume that f,g:R" — [0,00] are measurable functions with the

property that there exist nonnegative constants a, b and ¢ for which
HxeR™: f(x)>t, gx)<ctl <allxeR": f(x)>bt}|

for every ¢ > 0. Moreover, we assume that f € L?(R") with 1 < p <oco. Then there
exists constant A = A(a, b, c, p), such that | f|l, <Allglp, whenever a <b?.

THE MORAL: LP-bounds can be proved using distribution function inequalities

instead of pointwise inequalities.

Proof. Since
XeR": fx)>t={xeR": f(x)>t, glx)<ctlUlx e R : f(x) > t, g(x) > ct},
the assumption implies

Hx e R™: f(x) >t} <allx e R" : f(x) > bt} + [{x e R" : glx) > ct}]
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for every ¢ > 0. Thus
(o]
f(x)P dx :p/ Pl {x e R : f(x) >t} dt
R? 0

o0 o0
Spa/ tp_ll{xeR":f(x)>bt}|dt+p/ P {x e R" : g(x) > ct}| dt
0 0

zliip/nf(x)pdx+cip/wg(x)pdx. O

Since ||, < oo, we may absorb term I;Lp fn@n f(x)P dx < oo into the left-hand side.
This implies

a 1
(1— b—p)/n F)P dx < c—p/wg(x)pdx

and, since a < bP, we arrive at

bP
P v p
Rnf(x) dxscp(bp—a) Rng(x) dx.

Remark 3.36. If b <1 in Lemma 3.35, we may replace assumption | f|, < oo with
I£1py < oo for some pg with 0 < pg < p. To prove this, let

k
I =p/ tp_ll{xE[R” fx)>edt, k=1,2,....
0

Chebyshev’s inequality gives

" 1

HxeR™: f(x) >t} < — f(x)P0dx < oo
tpo Rﬂ
for every t > 0, and since p1 < p, we have
k
I <p||f||£g/ PP dt<oo, k=12,....
0
As in the proof of Lemma 3.35, we obtain
a 1 p
i< sIve+ gl k=12,...

If b<1, then I, <I; and

a 1
el — p
I < bp1k+ " lglp-

Since a < b?, we have

a 1 p
(1-55)n < S5 lel
and, equivalently, I, < A IIgIIZ. The claim follows by letting & — co.

Recall that the dyadic maximal function defined in (1.18) is

Mgf(x)= sup][ If(»idy,
Q
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where the supremum is taken over all dyadic cubes @ containing x. Analogously,

we define the dyadic sharp maximal function as
fi) = sup][ lf ) —fqldy,
Q@

where the supremum is taken over all dyadic cubes @ containing x. We observe
that fg(x) < 24Mf(x) for every x € R* and, as before, that there is no pointwise
inequality in the reverse direction. However, we have the following good lambda
inequality for the distribution functions.

Lemma 3.37. Assume that f € Llloc([R”), ¢c>0and 0<b < 1. Then
e eR™ : Maf(x)>t, fhx) < ctl <alfx e R" : Myf(x)> bt}
2"¢

for every ¢ >0 with a = {=¢.

Proof. We may assume that |{x € R” : Mz f(x) > bt}| < 0o, since otherwise there is
nothing to prove. Let @;, i =1,2,..., be the collection of Calderén-Zygmund cubes

at level bt >0 as in Lemma 1.22. See also Remark 1.24 (4). In particular, we have
[e.0]
{xeR" :Myf(x)>bt}= UQl
i=1
We show that
HeeQ;: Maf(x)>t, fix)<ctl<alQl, i=12,....

Let Q; be the unique parent dyadic cube of @;, i =1,2,.... By maximality of the

Calderén-Zygmund cubes, as in Theorem 1.12 and Lemma 1.22, we have
][~ If(»)ldy < bt. (3.38)
Q;
We claim that
My(fre)x)>t and Mg((f- f@i)in)(x) >(1-b6)t
for every x € @; with M f(x) > t. To prove the first inequality, we note that

]1 FOldy<bi<t
Q/

for all dyadic cubes @' containing @;. Here we used maximality of the Calderén-

Zygmund cubes again. Thus all dyadic cubes @ containing x with

][ FOldy > t
Q

are subcubes of @; and consequently

My(fxg,)x)=Mgf(x)>t. (3.39)



CHAPTER 3. BOUNDED MEAN OSCILLATION 60

To prove the second inequality, by sublinearity of the dyadic maximal operator, we

have
Ma(f x@)(x) < Ma((f — g )x@)x) + Ma(fg, xq,)(x)

for every x € @;. We also note that
My(f5,xQ)x)=Ifg,| forevery x€Q;.
Thus (3.39) and (3.38) imply
Ma((f - fg,)x@)x) = Ma(f xq,)x) - Ma(fg xq,)(x)
>t— |féi| =>t— |f|Qi =t-bt

for every x € @; with M4 f(x)>t.
By the weak type estimate for the dyadic maximal function, see Remark 1.24

(1), we obtain

HeeQ;: Maf(x)>t, fix)<ctl <lixeQ;: Mqf(x)>t}|
<HxeQi: Ma((f - fg5)xQ,)x) > (1-b)}|
< I{xe R" :Md((f—fQ )XQ; )(x) > (1-b)t}]

o L f 0~ fa vy

(1 b)t
s(l_b)t/@ P~ fg 1y
= (1|Qb|)tx €Q; ffato)

if there exists x € @; such that fj(x) < ct. Otherwise the set is empty and there is
nothing to prove. Here we also used the fact that, by the definition of the dyadic

sharp maximal function, we have
4 1
fiw> = | If0)=fo|dy forevery x€Q;
il JQ;

and thus
inf fi)> = / F0)— g, dy.

x€Q;
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By summing over the Calderén-Zygmund cubes we arrive at

e eR™ : Maf(x)>t, fhx) < ctll <lfx e R : Mg f(x) > bt, f(x) < ct}]

{xe '°° Qi:Mgf(x)>bt, f,f(x) < ct}

=1

;I{xEQi :Mgf(x)>bt, fi(x) < ct)]

o0
<a) IQil=a
i=1

iji
iz1

=al{xeR": Myf(x)> bt}.

This completes the proof. a

Now we are ready to prove that, under certain assumptions, the sharp maximal
function and the Hardy-Littlewood maximal function are comparable on L? level
even though they are not comparable pointwise.

Theorem 3.40 (Fefferman-Stein (1972)). Let 1 < p < co. Assume that f €
LPo(R™) for some 1< pg < p and f* € LP(R"), then f € LP(R") and

IMFlp <elfip,
where ¢ = c(n, p).
THE MORAL: Under the assumptions in the Fefferman-Stein theorem,
Il <IMFllp <C||f#||p <cllMflp<clflp,

that is, the L? norms of £, Mf and f* are comparable. Here we used the facts
that f(x) < Mf(x) for almost every x € R?, f#(x) < 2Mf(x) for every x € R” and
IMfll, <clfll, with 1 < p <oo. The last fact is the Hardy-Littlewood-Wiener

maximal function theorem, see Example 2.6.

Remark 3.41. The assumption f € LP°(R™) for some 1 < pg < p cannot be omitted.
For example, if f is a nonzero constant function, then f# = 0 and the claim does
not hold.

Proof Letc=2""P2 p= % and a = % =2"*1¢. By Lemma 3.37,
lx eR™ : Mgf(x)> ¢, fhx) < ctl <alfx e R" : Myf(x)> bt}

for every ¢ > 0. Since a =2"*1¢ =271 < 27?7 = pP by Lemma 3.35 and Remark
3.36 we obtain

IMafll, <clfilly,
with ¢ = e(n, p). This proves claim for the corresponding dyadic maximal functions.
It is clear that f‘?(x) < f*(x) for every x € R” and thus

IMaflp<Ifilp <clfiy.
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On the other hand, by Example 2.6 (2) we have
IMFlp < 127 IMafllp < 12%C||f#||p-
This completes the proof. O
Remark 3.42. Alternatively, we could conclude in the proof that
IMFlp<clfly <clMaflp<clfily<clf¥i,

for some constant ¢ = ¢(n, p).

3.7 BMO and inferpolatfion

Many interesting linear operators in harmonic analysis, as the Hilbert and Riesz
transforms, are bounded in L?(R") with 1 < p < 0o, but they fail to be bounded in
the limiting cases p =1 and p = co. The substitute in the case p =1 is that they
map L1(R") to weak L1(R"). It turns out that the substitute in the case p = oo is
that they map L°(R") to BMO. In this sense, the space BMO plays a similar role
for L¥(R") as weak LY(R") plays for L1(R").

BMO is a natural substitute for L>°(R") also in the following sense. If f €
LPO(R™) for some 1 < pg < p, by Theorem 3.40 we have

FeLP(R") < MfeLP(R") < f*e LP®R"), 1<p<oo.
The situation is different in the case p = co. Then
fEL®R") < MfeL®R"), but f'eL®R") < feBMO.

The following result is a BMO version of the Marcinkiewicz interpolation
theorem for linear operators, see Theorem 2.4.

Theorem 3.43 (The Stampacchia interpolation theorem (1965)). Let 1< p; <
oo and assume that T is a linear operator from LP1(R")+ L°°(R") to Lebesgue
measurable functions on R”, which is of strong type (p1,p1) and bounded from
L*°(R") to BMO. Then there exists a constant ¢ such that |Tf|, < clfll, for
every f € LPL(R")nLP(R"), that is, T satisfies the strong type (p, p) estimate for
functions f € LP1(R")n LP(R™).

THE MORAL: BMO can be used as a substitute for L>°(R") also in interpola-

tion.

Proof Denote Sf = (Tf)* and let f,g € LP1(R™) + L°(R"). Since T is linear, we
have
S(f +8)=(T(f +g)' = (Tf+Te)* < (T +(Tg),
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which implies that S is a sublinear operator. By the assumption

1S Flloo = ITF) oo = 1TFllx <clfloo

for every f € L®°(R"™). Thus S is of strong type (co,00).
On the other hand, by the Hardy-Littlewood-Wiener maximal function theo-
rem, see Example 2.6 (2), we have

I1SFllpy = WTF)Y¥ 1 p, <2AMTPllp, <l TFllp, <cllflp,

for every f € LP1(R"). Thus S is of strong type (p1, p1) with p1 > 1. The Marcinkiewicz
interpolation theorem, see Theorem 2.4, implies

ISflp <cllflp

for every f € LP(R") whenever 1< pj < p <oo.
Let f € LPL(R*) N LP(R"). Since T is of strong type (p1,p1), we conclude that
Tf € LPL(R™). On the other hand,

Ty = 1SFllp < clfllp <oo
for every f € LP(R™), which implies (T'f)* € L?(R"). By Theorem 3.40, we obtain
ITFlp <IMTHlp <elTH I, <clflp (3.44)
for every f € LPL(R*)n LP(R™). d

Remark 3.45. The claim of the Stampacchia interpolation theorem can be ex-
tended to all f € LP(R") by the following argument. Let f € LP(R"). Since
LPYR")NLP(R") is dense in L?(R"), there exists a sequence (f;) of functions
fi e LPA(R")NnLP(R"), i = 1,2,..., such that f; — f in LP(R") as i — oo. For ex-
ample, we may consider f; = fx{|f|>%}, i=1,2,.... We could also use the fact
that compactly supported continuous functions are dense in L?(R") to obtain the

approximation. By (3.44), we see that

ITfi =TFillp =1Ti = Flp <cllfi—fjlp

which implies that (T'f;) is a Cauchy sequence in LP(R"). Since L?(R") is a
complete space, there exists A € LP(R") such that T'f; — h in LP(R") as i — co.
We claim that the function 4 is independent of the approximating sequence.
To see this let (f;) and (g;) be two sequences of functions f;,g; € LP1(R") n LP(R"),
i=1,2,..., such that f; — f in L?(R") and g; — f in LP(R") as i — co. As above,
we conclude that (T'f;) and (T'g;) are Cauchy sequences in L?(R") and there exist
hi1€LP(R"™) and hg € LP(R") such that Tf; — h1 and T'g; — ho in LP(R") as i — oo.
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By (3.44), we see that

lhi—=holp=ITf;-Tg;—(Tfi —h))+(Tg;—halp
<ITfi-Tgillp +ITfi=hilp +1Tg; —halp
=IT(fi—gdllp +ITfi=hilp +11Tg; —hallp

i—00

<cllfi—gilp +ITfi—h1llp +1Tg; —h2lp — 0.

This implies that |21 —Azll, = 0 and thus h1 = Ao almost everywhere.

We may extend the operator T' from LP1(R™)nLP(R") to LP(R") by setting
Tf = h. We claim that this operator is bounded on L?(R"). By Minkowski’s
inequality

WTFlp = ITfillp) S WTF =Tfillp = 1T(f = f)llp <clf = fill, —=0
Since f; — f in L?(R") as i — oo, by using (3.44) once more, we conclude that
ITfp =ilim ITfillp < Cilim Ifillp =clflp.

This shows that the extended operator T is of strong type (p, p) whenever 1 <
p1 < p <oo. Observe that T is the unique bounded linear operator on L?(R") that
extends the corresponding operator on LP1(R"™) N LP(R™).

THE MORAL: Abounded linear operator on a dense subspace of L? can be

uniquely extended to a bounded linear operator on L”.



Muckenhoupt weights

In this chapter we study the theory of Muckenhoupt’s A, weights and weighted
norm inequalities. Some of the results can be used to give characterizations of
BMO functions. The main goal is to show that the Hardy-Littlewood maximal
operator is of weighted strong type (p, p) with 1 < p < oo if and only if the weight
satisfies Muckenhoupt’s A, condition. Weighted norm inequalities arise in Fourier
analysis, but these techniques play an important role also in harmonic analysis
and partial differential equations.

4.1 The A, condition

Any nonnegative locally integrable function w on R” is called a weight, that is,
w e Llloc([R") and w = 0 almost everywhere in R”. There is a natural measure

associated with a weight, since every weight w gives rise to the measure
WwE) = / w(x)dx,
E

where E is a Lebesgue measurable subset of R*. Since w € Llloc([R{”), we have
HWK) < oo for every compact set K < R*. Note that measure u associated with
weight w is absolutely continuous with respect to the Lebesgue measure, that
is, it satisfies the property |E| = 0 implies p(E) = 0. Conversely, we observe that
every Radon measure, which is absolutely continuous with respect to the Lebesgue
measure, is given by a weight. Let 1 be a Radon measure on R?, which is absolutely
continuous with respect to the Lebesgue measure. Recall that a Radon measure
is a Borel regular outer measure with the property that the measure of every
compact set is finite. By the Radon-Nikodym theorem, there exists a function

65
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weLl1
oc

(R™), w =0, such that

WE) = / w(x)dx
E

for every Lebesgue measurable set E in R”.

THE MORAL: Every Radon measure which is absolutely continuous with
respect to the Lebesgue measure is given by a weight.

By measure and integration theory, the set function p is a measure on Lebesgue

measurable sets and

/f(x)du(x)Z/f(x)w(x)dx.
E E

For w = 1 we have the standard Lebesgue measure and L?(R"). The weighted
space Lebesgue space LP (R™;w), with 1 < p < oo, is the space of Lebesgue measur-

able functions f : R" — [—00,00] for which
1
p
I 1lLr@ew) = (/ If(x)lpw(x)dx) < o0.
RTL

THE MORAL: LP(R";w)is a space where the standard Lebesgue measure is
replaced with a measure given by a weight. The weight function describes the

nonhomogeneous mass distribution on R".

We study weighted norm inequalities for the Hardy-Littlewood maximal oper-

ator

Mf(x)= sup][ Ifnidy,
Q

where the supremum is taken over all cubes @ in R"” containing x. We have
already seen that the Hardy-Littlewood maximal operator is of weak type (1,1)
and strong type (p,p) with 1 < p < oo, see Example 2.6. Next we consider the

similar estimates in weighted spaces. We use a relatively standard notation
w(E)=wE)= / w(x)dx,
E

where E is a Lebesgue measurable subset of R”.

We discuss the following questions:

(1) For which weights w we have the weighted strong type (p, p) estimate
Mf@E)Vwx)de<sc | |f@)IPwx)dx, (4.1)
R? R?

with 1< p < oo, for every f € LL (R")?

loc
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(2) For which weights w we have the corresponding weak type (p, p) estimate

w({x e R" :Mf(x)>t}):/ w(x)dx
{xeR™":Mf(x)>t}

< i/ If@)Pwx)dx, t>0, (4.2)
tp Rn
with 1 < p < oo, for every f ELlloc(Rn)?

THE MORAL: These estimates hold with w = 1, but do they hold for some
other weights?

We note that the strong type estimate implies the weak type estimate, that is,
(4.1) implies (4.2). This follows from Chebyshev’s inequality, since

wlxeR" :Mf(x)>t}) < tiP / (MF(x)Pw(x)dx
Rn

< £ IfIPw(x)dx, t>0.
tp Rﬂ

THE MORAL: The strong type estimate implies the weak type estimate also
in the weighted case.

We begin with a weighted weak type estimate by Fefferman and Stein. The
argument is similar to the proof of the standard weak type estimate for the

maximal function.

Theorem 4.3. Let w be a weight and f € L1 (R").

loc

(1) Let 1< p <oo. There exists a constant ¢ = ¢(n) such that
w(lx e R : Mf(x)> ) < tip / IF P Mw(x)dx, ¢>0.
Rﬂ
(2) Let 1< p <oo. There exists a constant ¢ = ¢(n, p) such that

Mf)Ywx)dx<c |[f ()P Mw(x)dx.
R" R"

THE MORAL: The weights appearing on the both sides are different. The
weight on the left-hand side is w and on the right-hand side Mw. For weights
satisfying the pointwise inequality Mw(x) < cw(x) for almost every x € R?, we
obtain (4.1) and (4.2). This condition, called the Muckenhoupt A1, condition will
be discussed later.

Proof. Let E; = {x e R" : Mf(x) > t}. For every x € E;, there exists a cube @,
containing x such that

][ lf(ldy >t.
Qx
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Let K be a compact subset of E;. Since K is compact, it can be covered by a finite
number of cubes as above. By the Vitali covering theorem, we obtain pairwise
disjoint cubes Q(x;,l;),i=1,2,...,N, such that K c Uf\ilQ(xi,5l,-). This implies

N
w(K)z/w(z)dst w(z)dz
K i=1JQ(x;,5L;)

N 1

<Y [ weds ] ifoIdy
i=1JQ(x;,51;) t Qi)
5" N

X z][ wedz [ ifGIdy
t Q(x;,51;) Qx;,l;)

5nN

=— Z (If(y)l][ w(Z)dy) dy
Qx;,l;) Q(x;,51;)
5n N
/ lfMIMw(y)dy,
Q(xl l )

since

Mw(x)z][ w(z)dz
Q(x;,51;)

for every x € Q(x;,l;). Since Q(x;,l;)<E;, i =1,2,...,N, are pairwise disjoint, we
conclude that n

5
w(K) < ey IFMDIMw(y)dy
E;

for every compact subset K of E;. The claim follows from this, since

w{xeR™ : Mf(x)>t}) =sup{w(K): K c E;, K compact}

5
<s— | If)IMw(y)dy.
t E,

A similar proof gives the weak type (p, p) estimate, since by Holder’s inequality

1
‘< ][ |f<y>|dy<(][ |f(y)|de)”
Qx Qx

The corresponding strong type estimate can be proved as in the proof of the
standard Hardy-Littlewood-Wiener theorem (exercise). d

We begin with deriving necessary conditions for (4.1) and (4.2). Since the
strong type estimate implies the weak type, a necessary condition for the weak
type estimate is also a necessary condition for the strong type estimate. Thus we
assume that (4.2) holds.

Assume that f is a Lebesgue measurable function on R”?, let @ be a cube in R"
with |flg >0 and let 0 <t <|flg. If |f|lg = O there is nothing to prove. Since

M(fXQ)(DC)?][ If(y)dy forevery x€@,
Q
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we have @ c {x e R" : M(f yq)(x) > t}, and thus (4.2) implies
w@) sw({x e R™ : M(f xq)(x) > t})
<= / IF@)xg)Pw(x)dx
tp Rn

c
:t—p/Q|f(x)|pw(x)dx.

Since this holds for 0 < ¢ < |f|q, by letting ¢t — |f|q, we obtain

1 P
(—/ |f(x)|dx) w(@) < C/ If )P w(x)dx, (4.4)
Q1 Jq Q

which is equivalent to

1
][Qlf(x)ldx—@/Qlf(x)ldx

1
1 P
p
sc(w(Q)/Qlf(x)l w(x)dx)

:C(][Qlf(x)lpdu);,

where u the measure associated with w. Here we assume that w(®) > 0, but this

is not a serious issue, as we shall see. Observe that if w = 1, the inequality above
follows from Hoélder’s (or Jensen’s) inequality.

THE MORAL: Thisis Holder’s (or Jensen’s) inequality with the Lebesgue
measure on the left-hand side and the weighted measure on the right-hand side.
In particular, this implies that every function in L?(R";w) is locally integrable.

For a measurable set E c @, we may choose f = yg in (4.4) and obtain
|E|\P
w(Q) Ql < cw(E), (4.5)

which is equivalent to
( |E| )p w(E)
—| <ec——.
(8] w(®)
Here we assume that w(Q) > 0. Observe that the constants in (4.4) and (4.5) are
independent of the cube @.

THE MORAL: This is a quantitative version of absolute continuity of the
Lebesgue measure with respect to the weighted measure: For every € > 0 there
exists 6 > 0, independent of a cube @ = R"?, such that % < ¢ for every measurable

set E c @ with % < §. Compare with Remark 4.21 below.

We conclude certain elementary properties of weights directly from (4.5).

Lemma 4.6. The following properties hold for a nonnegative Lebesgue measur-
able function w that satisfies (4.5).



CHAPTER 4. MUCKENHOUPT WEIGHTS 70

(1) Either w =0 or w > 0 almost everywhere in R”.

(2) Either w e Llloc([R”) or w = oo almost everywhere in R”.

THE MORAL: We may assume that w > 0 almost everywhere in R” and that
we Llloc([R”), since otherwise we get a trivial theory. In this case, the Lebesgue
measure and the weighted measure have the same sets of measure zero, the same

classes of measurable sets and measurable functions.

Proof. We observe that either w > 0 almost everywhere in R* or w =0 on a set
of positive measure. Let E = {x € R"” : w(x) = 0} and assume that |E| > 0. We begin
with showing that we can assume that E is bounded. Since

(o]

(QO0,k)NE)
k=1

0<|E|= =k1im IENQO, k)],
—00

by choosing k¢ large enough, we have |[E nQ(0,%¢)| > 0. We obtain from (4.5) that

1Q(0,%)|
dx = 0,R)<c|—
/Q(o,k)w(x) S (@ ))<C(|EHQ(0,ko)I

QR \? )
s C(IEOQ(O,ko)I) /E“’(x)dx‘o

p
) w(E NQ(0,%0))

for every k = k¢. It follows that

/ w(x)dx = / w(x)dx = lim w(x)dx =0.
n Upp, @O.2) k=0 JQ(.k)

Since w = 0, we conclude that w = 0 almost everywhere in R”.
We observe that either w = co almost everywhere in R” or w < oo on a set
of positive measure. Assume that |{x € R" : w(x) < oo}| > 0. Then

0<{xeR™: w(x) <oo}| =

G {xeQ(0,k): w(x) < oo}‘
k=1

zklim Hx € Q(0,k) : w(x) < oo}|.

Thus there exists k¢ such that |[{x € Q(0,%¢) : w(x) < oo} >0 . Then

Utx €Q0,k0) : w(x) < i)

i=1
= lim |{x € Q(0, ko) : w(x) < i}.

0< {x e Q(0,k0): w(x) <oo}| =

Thus there exists i such that |{x € @(0, k() : w(x) <ig}| > 0. Let

E={xe€Q0,ky) :w(x)<ip}
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and recall that |[E| > 0. We obtain from (4.5) that

p
IQTO,k)I) w(E)

/ w(x)dx =w(Q(0,k)) < c(
Q(,k) E|

<e ( |Q(0, %)
|E|
p

C(IQ(O,k)I) / w(x)dx

|E] {x€Q(0,k0):w(x)<io}
c(lQ(O,k)l
|E|
<e ( |Q(0, )
|E|

p
) w(x € Q(0,ko) : w(x) <ig)

N

p
) iolix € Q(0, ko) : w(x) < i)l

P
) i0lQ(0,k0)| < oo

for k = k¢. Thus w € LY(Q(0, %)) for every k = k( and consequently f € Llloc(R”). a

We continue deriving necessary conditions for (4.2) and consider the cases
p=1and 1< p <oo separately.
The case p = 1. If |[E| > 0, then (4.5) gives

1 w(E)
— dx < .
|Q|/Q”’(x) =g

Denote a = essinf,cq w(x) and let € > 0. Recall that

essi)nfw(x) =sup{m € R: w(x) = m for almost every x € @}.
X€

There exists E, c @ such that |E.;| >0 and w(x) <a + ¢ for every x € E.. Thus

i/w(x)dacsc ! /(a+£)dx:c(a+£):c(essinfw(x)+€),
QI Jg E:l JE, x€Q

from which it follows that

]l w(x)dx < cessinfw(x).
Q Q

X€E
This leads to the definition of the Muckenhoupt class Aj.

Definition 4.7. A weight w € Llloc([RE”), with w(x) > 0 for almost every x € R", for

which there exists a constant ¢, independent of cube @, such that

X€

][ w(x)dx < cessinfw(x). 4.8)
Q Q

for every cube @ in R” is called an A; weight. The smallest constant ¢ for which
(4.8) holds is called the A constant of w and it is denoted by [wly; .

Remark 4.9. Equivalently, (4.8) can be written in the form
][ w(x)dx < cw(x) for almost every x€@, (4.10)
Q

for every cube @ in R”.
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Theorem 4.11. A weight w € A if and only if there exist a constant ¢ such that
Muw(x) < cw(x) for almost every x€R". 4.12)

Furthermore, we can choose ¢ =[wla,,if w e Ajy.

THE MORAL: Bythe Lebesgue differentiation theorem w(x) < Mw(x) < cw(x)
for almost every x € R". Thus an A; weight is pointwise comparable to its maximal

function. This is a maximal function characterization of A;.
Proof. It is clear that (4.12) implies (4.10), since
][ w(y)dy < Mw(x) < cw(x) for almost every x€R".
Q

Assume w € A1 with the constant [w]s,. We claim that
Hx € R™ : Mw(x) > [wla, w(x)} = 0.

Let x € R* with Mw(x) > [w]a,w(x). There exists a cube @ containing x such that
][ w(y)dy > [wla, wx). (4.13)
Q

For every ¢ > 0 there is a cube @, whose corners have rational coordinates with
Q <@ and |Q \ Q| < . Note that |Q| = 1Q|+1Q \ Q| < |Q| +¢. By choosing ¢ >0
small enough, we have

1 1
()dzT/()dz—/()d [wla, w(x).
][wa y Q] wa YZ 0r+e wa ¥ >lwla,wlx

Thus we may assume that the corner points of the cubes @ satisfying (4.13) are
rational. The A; condition in (4.8) and (4.13) imply

[wla, w(x) < ][ w(y)dy <[wla, essinfw(y)
Q yeQ

and thus

w(x) < essinfw(y).
yeQ

This implies that x € E, E c @ with |E| = 0. Since there are at most countable
many cubes @;, i =1,2,..., with rational corners, satisfying (4.13), we have

{x e R" : Mw(x) > [wla,wx)} < | J@QiNE)),
i=1

where E; cQ; with |[E;|=0,i=1,2,.... This implies

Hx e R" : Mw(x) > [wla, w@)} < ) 1Q;NE;|< ) |E;|=0.
i=1 i=1
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We have shown above, that w € A; is a necessary condition for the weighted

weak type estimate. By Theorem 4.3 (1) with p =1 and Theorem 4.11, we have

muew%Mﬂm>m<§ | ()| Mw(x)dx
Rn
<$ | If@w@dx, ¢>0.
t [Rn

THE MORAL: The Muckenhoupt A; condition is a necessary and sufficient
condition for the weighted weak type estimate with p = 1.

The case 1 < p <oco. Next we derive necessary conditions for (4.2) in the case
1< p <oo. We would like to choose f = w P in (4.4), where p' is the conjugate
exponent given by ;1) + 1% =1, but we do not know whether w!™?' ¢ L] (R") and
thus some of the quantities that we encounter may be infinite. To overcome this

problem, consider the sequence (wy) defined by

1\1-7
wk(x):(w(x)+g) , k=1,2,....

Since w(x) < oo for almost every x € R”, we have wp(x) > 0 for almost every x € R"”

and thus
1\ 1\
0</wk(x)dx:/ (w(x)+—) dxs/ (—) dx <oo
Q Q k Q\k

for every cube @ in R". From this we conclude that w; € Llloc([R%"), (wp) is an

increasing sequence and
. _ 1-p’ n
khm wp(x) = w(x) for every xeR".

—00

Since (1-p')p = —p’, by (4.4) with f = w;,, we obtain

p
w(Q)(i/ wk(x)dx) sc/wk(x)pw(x)dx
QI Jg Q

1 1-p"p 1
sc/Q(w(x)+ E) (w(x)+ E) dx
1\
= c/ (w(x)+—) dx
Q k
=c/ wp(x)dx
Q

for every £ =1,2,.... Since 0 < fQ wp(x)dx < oo, we obtain

p-1
w@IQI” ( / wk(x)dx) <
Q
By passing £ — oo, the Lebesgue monotone convergence theorem implies

Y
w@)QI™? (/ w(x)!™P dx) <c
Q
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and consequently

i/w(x)alx(i/w(x)l_p’dx)p_l<c
Q1 Jo Q1 Jo N

for every cube @ in R". Note carefully that exponent 1—p’ = ﬁ with 1<p<oo
is a negative number. In particular, we have wl P e Llloc([R”). Now we are ready

to define the Muckenhoupt condition A, for 1 < p <oo.

Definition 4.14. Let 1 < p <oo. A weight w € L1 (R?), with w(x) > 0 for almost

loc
every x € R", for which there exists a constant ¢, independent of cube @, such that

1 p-1
][ w(x)dx (][ w(x)1-» dx) <c (4.15)
Q Q

for every cube @ in R", is called an A, weight. In this case, we denote w € A,.
The smallest constant ¢ for which this holds, is called the A, constant of w and it

is denoted by [w]a,,.

THE MORAL: The Muckenhoupt A, condition is a necessary condition for
the weighted weak type (p, p) estimate and thus and thus also for the weighted
strong type (p, p).
Remarks 4.16:

(1) The Ag condition reads

][w(x)dx]l ! dx<c
Q QW)

for every cube @ in R".
(2) If w e A, with 1< p < oo, we have w € L} (R") and wli P e L} (R") by

(4.15). This implies 0 < w(x) < oo for almost every x € R” and thus

0<][ w(x)dx <oo and 0<][ w(x)l_p/dx<oo.
Q Q

THE MORAL: Thereis no danger, for example, to divide by an integral

average over a cube since 0 and oo do not occur.

(3) By Hoélder’s inequality

1 1 %
|m=/wun( ) dx
Q w(x)
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4)

(5)

(6)

(7

for every cube @ in R”, from which it follows that

/ p-1
][w(x)dx(][ w(x)!™? dx) =1.
Q Q

THE MORAL: The A, constant [wly, is bigger or equal than one.
By Holder’s (Jensen’s) inequality

1 1
(][ w(x)pdx)p s(][ w(x)qu)q, —co<ps<g<oo, pq#O0.
Q Q

Moreover,

|=

b——0o0 XE

lim (][ w(x)de)P — essinfw(x)
Q Q

and

1
lim (]l w(x)? dx) "~ ess supw(x).
Q

p—oo *€Q

It can be also shown that

1
lim (][ w(x)? dx) - exp (][ logw(x)dx) .
p=0l/q Q

Condition (4.15) can be written in the form

1 1-p
][ wx)dx<c (][ w(x)1-» dx)
Q Q

for every cube @ in R”. This is a reverse Holder inequality with a negative
power on the right-hand side.
The A1-condition can be seen as a limit of the A, conditions as p — 1%,

since

1-p
lim (][ w(x)ﬁ dx) =essinfw(x).
p—17 Q x€Q

Ifwe A, and a =0, then function aw € A,. Moreover, we the A, constants
of aw and w are same (exercise).

If we A, and & € R", then function 7,w € Ap, where Taw(x) = w(x + h).
Moreover, we the A, constants of 7w and w are same (exercise).

IfweA, and a €R, a #0, then function §,w € A, where d,w(x) = w(ax).

Moreover, we the A, constants of 6,w and w are same (exercise).

Example 4.17. Let w :R™ — [0,00], w(x) = |x|* with @ > —n. Note that in this range

of @, we have w ELIIOC(R”). Then w € A, with 1 < p < oo whenever —n <a <n(p-1).

Moreover, w € A; whenever —n < a <0. See also Remark 5.4. On the other hand,

the measure associated with w is doubling for —n < @ < 0o, see Definition 4.23.

Thus for @ > n(p — 1) this gives an example of a doubling weight which does not

belong to A . (Exercise)
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4.2 Properties of A, weights

The following basic properties of A, weights follow rather directly from the

definitions and Hélder’s inequality.
Theorem 4.18. (1) Iflsp<g<oo,thenA,cA,.
(2) If p > 1, then w € A, if and only if wiP e A, . Here p' is the conjugate
exponent given by 1% + 1% =1.
3) Ifwy,wg € Aq, then wlw;_p €A,.
THE MORAL: The first claim shows that A, classes are nested and that A
is the strongest condition. The second claim is an interpretation of duality. The

third claim gives a method to construct A, weights from A; weights. Later we

shall see that all A, weights can be written in this fashion.

Proof: If1=p<q<ooandw€A1,then

1

, q-1 -1 a-1
(][ w(x)!™? dx) = ][ (L)q ' dx sesssupL
Q Q \w(x) e wx)

B 1 - [wla,
B essinfyeq w(x) h J(Q w(x)dx

for every cube @ in R”. This shows that w € A,.
Assume then 1< p <q <ooand w € A,. By Holder’s inequality

1

_ 1 -1
(f, v as) (@—l [ (o) dx)q

g-1

(qfl)f;%i
1! 1 \a1|”! 1 \@DEL
a (L)) | e
| | Q w(x) Q

This implies

1 q-1 1 p-1
][w(x)dx(][ w(x)-¢ dx) s][ w(x)dx(][ w(x)i-p dx) <lwla,
Q Q Q Q

for every cube @ in R". In the last inequality we used the fact that w € A . This
shows that w e A,.
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Assume that w € A, with 1< p <oco. Then

. 1 Pl
][ w(x) P dx (][ (wx)P) 7 dx)
Q Q
, P
:][ w(x) P dx (][ w(x)dx)p
Q Q
L 1

=][ w(x) T dx(][ w(x)dx)P <twl}”
Q Q ’

for every cube @ in R™. This shows that wlreA Pl
Assume that w!™?' € Ay with 1< p <oco. As above

1 =
][ w(x)1-r dx (][ w(x)dx)
Q Q
, o
2][ w() 7P dx (][ w(x)dx)p
Q Q

! ! L p _1 !
=][ w(x) P dx (][ (wx)P) T dx) <[w!'™P la,
Q Q

for every cube @ in R". This shows that we A .
Assume that wi € Ay and wg € A1. The A, condition for wlw;_p is

p-1
][ w1()wa(x) P dx (][ wl(x)ﬁwg(x)dx) <c.
Q Q

Since w1 € A1 and wo € A1,

<[w;la, for almost every x€@, i=1,2.

w;(x)

QI
w; (@)
This implies

1\t
][wl(x)wQ(x)l_pdxz][ wl(x)( ) dx
Q Q wa(x)
p-1
s[wzlgjl( <l ) ][ w1 (x)dx
Q

wa(Q)
_p-1(_1Q] )P—lwl(@
wz2ly, (wz(Q) Q|

and

_1_

1 p-1 1 p-1 Pt
(]{gwl(x)lpwg(x)dx) =(][Q(wl(x)) wg(x)dx)

[ p-l
< [wl]Alm (][Q wz(x)dx)

QI (wz(Q))P-l
wi@\ 1QI ’

= [wl]Al
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Thus

p-1
][wl(x)wg(x)l_pdx(][ w1 () 7 wa(x) dx s[wﬂAl[wz]f\Il
Q Q

for every cube  in R”. d

The following result shows that the class of Muckenhoupt weights is closed

under maximum and minimum.

Theorem 4.19. Let 1< p <oo and assume that v,w € A,. Then max{v,w}€ A,

and min{v,w} € A,.

Proof. Note that max{v(x),w(x)} > 0 for almost every x € R” and max{v,w} €
L} (R"). By (4.15) we have

][ max{v(x),w(x)}dxs][ v(x)dx+][ w(x)dx
Q Q Q

1 1-p 1 1-p
< [U]Ap (][ v(x)T-p dx) + [w]Ap (][ w(x)1-» dx)
Q Q

1-p
<(lvla, + [w]Ap)(][ max{v(x),w(x)}ﬁ dx)
Q

for every cube @ c R"”. Thus max{v,w} € A,.
Let o(x) = min{v(x), w(x)} for x € R™. Clearly o(x) > 0 for almost every x € R"

1 1
and o € L], (R"). By Theorem 4.18 (2), we have vT-7 € A andwT? €A p . By
p— p—
the beginning of the proof
1 1 1 1
o077 = (minfv,w}) ™7 =max{vTr,wTr}e A,
o=

and min{v,w} =0 € A, follows from Theorem 4.18 (2). O

The next lemma gives a weighted Hélder type inequality for integral averages.
The estimate below also implies that f € Llloc(lR”) whenever f € LIIOC(IR”;w) if

weAp.

Lemma 4.20. Let 1 < p < oo and assume that w € A,. Let f € L (R®) be a

loc
nonnegative function. Then

1 1
][Qlf(x)ldxs[w]l’;p (%Q)/QV(x)V’w(x)dx)p

for every cube @ c R".

THE MORAL: This shows that every w € A, 1 < p < oo, satisfies (4.4). Recall
that in (4.4) we assumed that the weight satisfies a weak type estimate in (4.2).
Thus we obtain (4.4) from (4.2) and w € A, separately.
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Proof. Assume that w € A;. By (4.8) we have

w(Q)
Q]

for every cube @ in R". This implies

(|Q|/ If(x)ldx)w(Q)—/lf( ) g)

<[wla, / |f (x)|essinfw(x)dx
Q x€Q

< inf
[wla, eii—bn w(x)

< [w]Al/ |f () lw(x)dx
Q

for every cube @ in R”.

Assume that w € A, with 1 < p <oco. Hélder’s inequality and (4.15)

imply

1 1 _1
][ f@)ldax= — / I @)lwx)? wx) » dx
Q QI /g

sﬁll(/ W) T d )p(/ |f(x)|pw(x)dx)
:(%ﬁ”);(]{? 07 d )p ( (Q)/lf(x)lpw(x)dx)

1

% 1 » P
g[“’]AP(FQ) /Q P uwds) o

Remark 4.21. Assume that w € A, with 1 < p <oo. For a cube @ cR" and a

measurable set E c @ we may choose f = yg in Lemma 4.20 and obtain

T
Q1) T w@)’

compare to (4.5). In particular, we may apply Lemma 4.6 and conclude that the

(4.22)

assumptions w € L1 (R") and w > 0 almost everywhere in R” in the definition of

loc

Muckenhoupt A, weights (Definition 4.14) are natural.

The following doubling condition is useful in harmonic analysis.

Definition 4.23. A Borel measure p on R” is doubling, if there exists a constant
¢ such that
w(B(x,2r)) < cu(B(x,r))

for every x e R” and r > 0. A weight w in R” is doubling, if the measure associated
with w is doubling, that is, there exists a constant ¢ such that w(B(x,2r)) <

cw(B(x,r)) for every x e R” and r > 0.
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THE MORAL: The doubling condition gives a scale and location invariant

bound for the measure of a ball with the radius doubled.

Remarks 4.24:
(1) The Lebesgue measure with w =1 is doubling since

w(B(x,2r)) = / 1dy =|B(x,2r)1=2"|B(x,r)| = 2"w(B(x,r))
B(x,2r)

for every x e R* and r > 0.

(2) The doubling condition in Definition 4.23 can be equivalently stated in the
form that there exists a constant ¢ such that w(Q(x,21)) < cw(Q(x,1)) for
every x € R” and [ > 0 (exercise). Recall that Q(x,[) is a cube with center
at x € R” and side length [ > 0.

As an application of Lemma 4.20 we conclude that Muckenhoupt weights are
doubling.

Theorem 4.25. Let 1< p <oo and assume that w € A,. Then w is doubling, that
is, there exists a constant ¢ = c(n, p, [w]Ap) such that w(B(x,2r)) < cw(B(x,r)) for

every x € R" and r > 0.

Proof. Let x € R" and r > 0. Since Q(x, 4—2) c B(x,2r) c Q(x,4r), Lemma 4.20 with

f = xB(x,r» implies

1 _ BGnl _ 1BG,nl _a 1Bl
27~ |B(x,2r)| |Q(x,j_%)| 1Q(x,4r)]|

=n? ][ fody
Q(x,4r)

1
w(Q(x,47)) JQ(x,4r)

w(B(x,r)) )é
w(B(x,2r))

1 »
<nitarf ( FOPuw(y)dy

1
<nz[wl} (

p
The claim follows by raising both sides to power p and reorganizing the terms. O

Let w be a doubling weight in R” with a constant c¢;. For a measurable function
feLl (R";w)the weighted maximal function M¥ f(x) at x € R" is

loc

w B 1
M f(x)—srliop—w(B(x’r)) B(x)r)lf(y)lw(y)dy. (4.26)

where the supremum is taken over all cubes @ < R” with x € @. Note that

1
MY = —_ d
T =0 B Jogey ! M)

where p is the measure associated with w. For w = 1 we obtain the standard
Hardy-Littlewood maximal function Mf.
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Let 1 < p <oco. There exists a constant ¢ = ¢(n, p,c1) such that
MY fllLe@®esw) < el flLe @2 w) (4.27)

for every f € LP(R";w). The proof of this statement is a straightforward adaptation
of the proof of the maximal function theorem by applying a weak type (1,1)

estimate for M f (exercise).

THE MORAL: The weighted weak type (1,1) estimate and the weighted strong
type (p, p) estimate for M¥ f can be proved is the same way as in the nonweighted
case, if the weighted measure is doubling. Note carefully the difference to (4.1)
and (4.2), where we consider weighted norm inequalities for the nonweighted

Hardy-Littlewood maximal operator.

Remark 4.28. Let w be a doubling weight in R” and let f € Llloc(lR”;w). There

exists a measurable set E such that w(E)=|E|=0 and

}T&m B(x,r)|f(y)_f(x)|w(y)dy =0

for every x e R" \ E. As a consequence, if x € R* \ E and (Q;);en is a sequence of
cubes such that x € @ for every j €N and /(@) — 0 as j — oo, then

f(x)=lim 1

dy.
@) /ij(y)w(y) y

The proof of this statement is a straightforward adaptation of the proof of the

Lebesgue differentiation theorem (exercise).

4.3 A weak type characterization of A,

We have already shown that the Muckenhoupt A; condition is a necessary and
sufficient condition for the weighted weak type estimate in (4.2) with p = 1. Next

we discuss the corresponding characterization for A, weights with 1 < p <oo.

Theorem 4.29 (Charaterization of the weak type (p, p) estimate). Assume
that w e Llloc(lR”) such that w(x) > 0 almost every x € R” and let 1 < p <oo. Then
w € A, if and only if there exists constant ¢ < co such that

wlix € R : Mf(x)> t}) < tip / IF P w(x)dax
[Rn

for every ¢ >0 and f € LL (R™).

loc

THE MORAL: The A, condition with 1< p <oois equivalent with weighted
weak type (p,p) estimate in (4.2). In other words, the Muckenhoupt condition
characterizes weights for which a weighted weak type estimate holds for the

Hardy-Littlewood maximal function.
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Proof. We have already shown that the A, condition is necessary for the
weighted weak type (p, p) estimate.

Assume that w € A,. By Theorem 4.25, the weight w is doubling. We
would like to apply Lemma 1.26 in which we assume that the function is integrable.
Thus we consider the truncated functions

fr=FfxBoweL'®), k=1,2,....

Lemma 1.26 gives

{xeR" : Mfp(x)>4"t} < | 3Q;
i=1

where @;,i=1,2,..., are the Calderén-Zygmund cubes for f3 at level ¢ > 0. Since
the Calderén-Zygmund cubes are pairwise disjoint, we obtain

w{x eR™" : Mfp(x)>4"t}) < OZO: w(3Q;).
i=1

Moreover, by Lemma 1.22 and Theorem 1.12, we have
][ Ifrldx>¢t, i=1,2,....
Qi
Using the doubling property of w and Lemma 4.20, we conclude

wlx eR" : Mfr(x)>4") <) w@BQ;)<c) w@;)
i=1 i=1

A

00 -p
c). ( ][ |fk(x)|dx) / | Fr (0P w(x)dx
i=1\JQ; Q;

o0

siz fr()IPw(x)dx
thi5Jq

C
< t_P/Rn |fr ()P w(x)dx.

Then we would like to pass & — co. Since M f(x) < M f.1(x) for every x € R”
and £=1,2,..., we have

w{x R : Mfi(x) > t) <w(x €R" : Mfpr(x)> 1), k=1,2,....

We claim that

(o]

xeR" Mf(x)>t}=| J{xeR" : Mfr(x) > t}.
k=1

First we note that Mf,(x) < Mf(x) for every x € R” and & = 1,2,... and thus
{xeR" : M fr(x) >t} < {x e R" : Mf(x) > t}. For the reverse inclusion, let x € R” such
that M f(x) > t. Then there exist a cube @ containing x such that JCQ lf(ldy > t.
Choose % large enough so that @ < B(0,%). Then

Mfk(x)?][ Ifk(y)ldy=][ lfidy >t
Q Q
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and thus {x e R" : Mf(x) > t} < {x € R" : Mfr(x) > t}. Finally, by the monotone

convergence theorem

(o]

w({xelRi”:Mf(x)>t})=w( {xe[Rz”:Mfk(x)>t})

k=1
= lim w(fx €R" : M (@) > 1))

im < P
sklggotp /Rnlfk(x)l w(x)dx

c
= t_P/Rn If ()Pw(x)dx. O

Remarks 4.30:
(1) The weak type estimate for f € LP(R";u) follows from Theorem 4.29 by
considering sequence (wp,), with wp(x) = w(x) + %, k=1,2,....

(2) In the beginning of this section, we showed
42)=> @4 —=weA,.
On the other hand, the previous theorem implies w € A, = (4.2). Thus

weA, = (4.2) = (4.4).

4.4 A strong fype characterization of A,

By the Marcinkiewicz interpolation theorem and Theorem 4.29 we may conclude
that the Hardy-Littlewood maximal operator is bounded on L?(R";w), with 1 <
p < oo, whenever w € Ug<p Aq, see Section 4.7. Remark 4.45 below asserts that
Ug<pAg = Ap, but this is based on a deep self-improving property of Muckenhoupt
weights. In this section we discuss a direct proof by Lerner [14], which shows that
the Hardy-Littlewood maximal operator is bounded in LP(R";w) whenever w € A,
with 1 < p <oo0, see (4.1).

Theorem 4.31 (Charaterization of the strong type (p,p) estimate). Assume
that w € Llloc([R”) such that w(x) > 0 almost every x € R” and let 1 < p <oo. Then
w € A, if and only if there exists a constant ¢ < oo such that

/ MFfx))Ywx)dx<c |f )P w(x)dx
Rn Rﬂ

for every f e L1 (R™).

loc

THE MORAL: The A, condition with 1 < p <oco is equivalent with weighted
strong type (p,p) estimate (4.1). In other words, the Muckenhoupt condition

characterizes weights for which a weighted maximal function theorem holds true.
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Proof. Since weak type (p, p) estimate (4.2) follows from strong type (p,p)
estimate (4.1), necessity have been proved in the beginning of the chapter, see
also Theorem 4.29.

Let 0 = wﬁ. Theorem 4.18 (2) implies that o € A/, where p' = [%.
Assume that f € LP(R";w). Let x € R" and consider a ball B = B(xg,r) with x € B.
Then

1

J B 1 P
]{Blf(y)l y=c w(B(x0,3r))(U(B(x0,3r))/3|f(y)l y) ,

where

_ (w(B(x0,3r))0(B(x0,3r))Pl)pll
) IBJP
w(Q(xo,6r))0(Q(x0,6r))P 1)11
|Q(x0,67)I7
1

1 p-1\p-1
:c(n,P)(][ w(y)dy (][ w(y)-r dy) )
Q(x0,6r) Q(x0,67)

1
< C(n,p)[w]j:;;1

< c(n,p)(

For z € B, we have B c B(z,2r) c B(xp,3r) and thus

1
dys ————— -1 d
/ PNy s [ o oy

<M°(fo N)z),

U(B(xo,3r))

where MY is the weighted maximal function as in (4.26). This implies

p-1 p-1
B YR =
| |(0'(B( 3 ))/|f(y)|dy) / /If(y)ldy) dz

< / (M°(fo)=2)" " dz
B

U(B(xo, 3r))

:/(Mg(fa_l)(z))pﬂw(z)_lw(z)dz
B

and consequently

_1
o -1 - -1
][ oy \c( (B(xo,3r)>/ (010 ™H@)" wie)” W(Z)dz)

N

1
1 orp TPl o )j
c(w(B(x’Zr)) B(x,2r)(M (fo )(Z)) w(z) w(Z)dZ

1
-1

<c(M¥(M°(fo P lw 1 )(x)?
with ¢ = c(n, p,[wla,). By taking supremum over all balls B with x € B, we obtain

M*f(x)< (MY (M°(fo Yy lw™ )(x))%
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for every x € R" with ¢ = c(n,p,[wls,). Here M * is the noncentered maximal
function of f € LIIOC(R") defined by

M*f(x)= sup]l If(»idy,
B>x JB

where the supremum is taken over all balls B with x € B.

Observe that w € Ay and o € A,/ are doubling weights by Theorem 4.25, with
constants depending on n, p and [w]a,. The strong type estimate (4.27) for the
weighted maximal function M* with the exponent 1% > 1 and M? with the

exponent p > 1 imply

/ (M* f(0))Pw(x)dx < c/ (Mw(MU(fafl)pflwfl)(x))ﬁw(x)dx

n

<c / n((M”(fa-l)l"l(mw‘l(x)))%w(x)dx
—e / (M7(foHw) o dx

< C/Rn (f@o@) P o(x)dx

=] If(@)Po(x)' P dx

=c | If)Pw(x)dx,
Rﬂ

1
with ¢ = ¢(n, p,[wla, ), where we used the facts that o =w > and w = o=, O

4.5 A, and reverse HOlder inequalities

This section discusses the limiting Muckenhoupt condition with p = oco. There are
several equivalent versions of the definition. The Muckenhoupt condition below is
a reverse inequality to (4.22), which holds for A, weights with 1 < p <oco.

Definition 4.32. weight w € Llloc(lR"), with w(x) > 0 for almost every x € R", be-
longs to the Muckenhoupt class A, if there exist constants ¢,6 > 0 such that

8
o) (1) s

w@ QI
whenever @ c R” is a cube and E c @ is a measurable set. The smallest constant
c for which this holds, is called the A, constant of w and it is denoted by [w]a_.

THE MORAL: The Ay condition gives a quantitative version of absolute
continuity of the weighted measure with respect to the Lebesgue measure. If

w € Ay, for every € > 0 there exists § > 0, independent of a cube @ = R”, such that

% < ¢ for every measurable set A ¢ @ with :g—: <.
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By Theorem 4.18 (1), we have A, c A, for 1 < p < g <oo. We show that
A =Ui<p<ooAp. Neither inclusion is trivial. The main tool is a reverse Holder
inequality, see Theorem 4.40 (3). The first step is to show that an A, weight is
doubling.

Theorem 4.34. Assume that w € A,,. Then w is doubling, that is, there exists a

constant ¢ = c(n,w) such that w(B(x,2r)) < cw(B(x,r)) for every x € R” and r > 0.

Proof. Let [w]a_, and & be the constants in (4.33). Let 0 < f < 1 with 0 <[w]s_f° <
landa=1- [w]Aoo,B§ > 0. Let @ cR" be a cube and E c @ a measurable set with
[El=z(1-P)IQI. Then |Q \E|=|Q| - |E| < IQ| and (4.33) implies

\E|\°
W@Q\E) <[wla. (|Q|Q—I|) W@ < [wla Fw(@.
Consequently,
wE) =w@)-w@Q\E) = (1-[wla fOw@) = aw@). (4.35)

Let xe R* and r > 0. Let /; =4r and
liv1 :(l—ﬁ)%lj for every j=1,...,k—1,
where k& = k(n, B) is the smallest integer for which Q(x,l;) < B(x,r). Then
Qx,lj+1)<cQ(x,lj) and [Q(x,lj1)=01-p)Q(x,1))l

for every j=1,...,k— 1. Hence we may apply (4.35) iteratively for these cubes,

and obtain
w(B(x,2r)) < w(Q(x,4r)) = w(Q(x,11)) < a_lw(Q(x,lz))
< <aFwx, 1) < a'Fw(B(x,r).
This proves the claim with the constant ¢(n,w) = al~*. a

Let @ c R" be a cube, o be a weight and f € L1(Q;0) be a nonnegative function.
We denote the o-weighted average of f by

1
fQ;O’ = _U(Q)/Q;f(DC)U(x)dx

Next provide a sufficient condition for a weighted reverse Holder inequality.
Lemma 4.36 and its proof are interesting already in the unweighted case o =1,
see Remark 4.39 below.

Lemma 4.36. Let 0 € A, and let w = 0 be a measurable function such that
wo € LY (R"). Assume that there exist a >0 and 0 < 8 < 1 such that

loc

o({xeQ :w(x) > Pwg..}) = ao(Q)
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for every cube @ c R”. Then there exist constants ¢ = q(n,0,a,8)>1 and ¢ =
c(n,o,a,pB) such that

c

a(Qo) Jq,

1
w(x)qa(x)dx) "< wx)o(x)dx

(U(QO) Qo

for every cube @ c R”.

Proof. Let Qo = R” be a cube. For ¢t > wq,,s, let 2; € 2(Qo) be the collection
of maximal dyadic subcubes @ < @ such that wg,, >, compare the proof of
Theorem 1.4. Observe that @ < @ with @ # Qo for every @ € Z;, since ¢ > wg,.q,
see Remark 1.7.

Let @ € 2; and let Q' € 2(Q¢) be the dyadic parent cube of @, which satisfies
the conditions @ < @' and 2"|Q| = |Q’|. Theorem 4.34 implies

o(@")
o(@)

By maximality of @ € 2;, we have wg.; <t and

<c(n,o).

1
t<wg,y = @ /Q w(x)o(x)dx
(@)
Q)

<
o(

(4.37)

o(

2?,) /Q,w(x)a(x)dx <ct.

with ¢ = ¢(n,0). On the other hand, if x € Qo \Ugeg, @, then wg., <t for every Q'€
P(Qp) with x € @'. Otherwise @' c @ for some € Z;, and this would contradict
the choice of x. Since there are arbitrarily small such cubes @’ containing x, the
Lebesgue differentiation theorem for the doubling weight o, see Remark 4.28,
shows that w(x) < ¢ for almost every x € Qo \ Ugcg, @ With respect to the measure
associated with o.

Let p be the measure associated with the weight wo, that is,

u(A)z/w(x)a(x)dx
A

for every Lebesgue measurable subset A of R*. We claim that u is absolutely
continuous with respect to the measure induced by o. If A ¢ R” such that o(A) =
fA g(x)dx =0, then o(x) =0 almost every x € A and

HA) =/ w(x)o(x)dx =0.
A
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By (4.37) and the assumption we obtain

pix e Qo :wx) >t} < Z we) = Z w(x)o(x)dx
QeD; QeD, Q

<ct ), 0@

QeD;

<< Y o(ix€Q 1 wx) > fwg.e)) (4.38)

* Qe

< ct Y olxe@:w(x)> pt})
QE@;

< %ta({x €Qo: w(x)> i)

with ¢ = ¢(n,0). The final inequality holds since the cubes in 2; c 2(Q) are
pairwise disjoint.

Next we multiply (4.38) by t972, where 1 < g <2 is to be specified later, and
then integrate the resulting estimate from wq,, to to > wq,,s. This gives

to
/ t92u{x € Qo 1 w(x) > t)dt
WQy;o

c to dt
< a_ﬁq o (ﬁt)qU({xEQO w(x)>ﬁt})7
c to . dt
= [ (p)0(ix € Qo : minfw(x), to} > pe}) L

BY Jo ¢

a
c

s E—

apq

*° dt
/ (Bt)o({x € Qo : min{w(x), 0} > Bt}) 5
0

min{w(x),to}?o(x)dx

~qap? Jg,

<¢ min{w(x), 0}7 L w(x)o (x)dx < oo
qap? Qo
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with ¢ = ¢(n,0). By Fubini’s theorem,

to
/ 192 u({x € Qo :w(x) > ) dt

WQy;o

to
= / tq_zu({x € Qo :min{w(x),to} >t} dt

W0
min{w(x),to}
z/ (/ tq2dt) wx)o(x)dx
{erO:w(x)>wQ0;g} WQ o
1

=— (min{w(x), 0} — (wg@y.0)? 1) wx)o(x) dx
g-1 {xeQo:w(x)>wq 0t
1
= —— | wminfwx),t0}? lo(x)dx
g-1 Qo
1 . .
-— min{w(x),to}? " w(x)o(x)dx
q-1 {xeQow(x)<wg o}
1
-— (W@q0)?  wx)o(x)dx
q- 1 {xEQo:w(x)>wQ0;U}

)41
= L min{w(x),to}q_lw(x)a(x)dx— M/ w(x)o(x)dx.
q-1 Qo g-1 Qo

Combining the estimates above, we arrive at

(wgye)?

/ w(x)o(x)dx
1 Qo

_ L( 1 w(x)a(x)dx)q(T(Q )
T g-110(Qp) Qo °

for every to > wq,.s. By choosing 1 < g <2 to be so small that

( 1 c(n,o)

= in{w(x), to}? tw(x)o(x)dx <
7—1 qaﬁq) Qommwx 0 w(x)o(x)dx

1 c(n,o)
—_— - >
q-1 qaps
we have
min{w(x), £} w(x)o(x)dx < c( ! w(x)a(x)dx]q
7(Q0) Jg, 0 ~\o@o) Jg, ’

with ¢ = ¢(n,0,a, B). Letting ¢ty — co and applying Fatou’s lemma we have

min{w(x), 20}? tw(x)o(x)dx

wx)o(x)dx < liminf

a(Qo) Jq, 0= a(Qo) Jg,

1 q
<c (U(Qo) o w(x)a(x)dx)

with ¢ = c(n,o,a, p). a

Remark 4.39. Before discussing a general result related to reverse Holder inequal-
ities, we discuss the special case of A;. Assume that w € A;. By Theorem 4.11, we
have

Mg ow(x) < Mw(x) < [w]a, w(x)
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for almost every x € @. Here M g is the dyadic maximal function in a cube @ as

in (1.29). Chebyshev’s inequality and Lemma 1.31 imply

|{x€Q:w(x)>t}|<%/ w(x)dx

{xeQ:w(x)>¢}

< / w(x)| dx
{xe@:My qu(x)>t}

<2"tl{xeQ : Mg qu(x) > t}|
<2"tl{x € Q 1w(x) > [wl, 1)
for every ¢t = wg,. This is similar to (4.38) with u and o equal to the Lebesgue

measure. Proceeding as in the proof of Lemma 4.36, we conclude that there exist
constants g = g(n,[wla,) > 1 and ¢ = c(n,[w]s,) such that

1
(][ w(x)? dx)q < c][ w(x)dx
Q Q

for every cube @ < R". This shows that every A weight satisfies a reverse Holder
inequality. A similar argument can be applied to show that every A, weight, with

1< p < oo, satisfies a reverse Holder inequality, see [8].

Next we discuss a general result related to reverse Hoélder inequalities.

Theorem 4.40. Assume that w € Llloc([R”), with w(x) > 0 for almost every x € R*,

Then the following three conditions are equivalent:

(1) we A,
(2) weAp for some 1< p <oo,

(3) there are constants ¢ and ¢ > 1 such that

1
(][ w(x)? dx)q < c][ w(x)dx
Q Q

for every cube @ c R".

Moreover, the constants and exponents in each of the conditions only depend on n,

w, and each other.

THE MORAL: A weight belongs to a Muckenhoupt class if and only if it

satisfies a reverse Holder inquality. Moreover, Ao = U1<p<ocAp-

Proof | (1) = (2) |Let 0 € Ao and w =0~ L. Let 0 < = (o) < 1 so small that

[w]Aoo,B5 < 1, where [w]a, > 0 and 6 = (o) > 0 are the constants appearing
in (4.33) for 0. Let a =1-[wla p° >0. Let Q cR" be a cube and E = {x € Q :
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w(x) > Pwg.s}. Since w(x) < fwg,, for every x € @ \ E, we obtain

Q\E|l 1 1 /
— dx = d
1] IQI o w)w(x) "dx = |Q| w(x)o(x)dx
< 'BwQ’U/ o(x)dx ﬂ w(x)a(x)dx/ o(x)dx
Rl Jo\E |Q| (Q) Q Q\E
f Q]
=—— \E)<§p.
QI o(Q) o@NE)<fp
By (4.33), we have
g(E)+0(Q \E) o(E) (IQ \EI) U(E)
1= 441
0@ 2@ e Tgr | <o TP (44D
and thus

ao(@) = (1-[wla_, p°)o(Q) < o(E).

From Lemma 4.36 we obtain g = q(n,0,a,8) = ¢(n,0) >1 and ¢ = ¢(n,0,a,p) =
c(n,o0) such that

1 1
1 ( / a(x)l_qu)q :(L / w(x)qa(x)dx)q
a(@) \a 0@ Jq

< %Q)/Qw(x)a(x)dx

_ e _ e IQIQT
Q@ @@

Reorganization of the terms gives

|=

_g-1 g-1 _1 1— q
QI 7 o@) 7 |Q| ¢ (/ o(x) qu) < c(n,0).
Q

With p = 1 we have

1 p-1
][ o(x)dx (][ o(x)T-» dx) <ec.
Q Q

Hence o € A, with p = p(n,0) and the A, constant ¢ = c¢(n,0).

(2) = (3) |Let 1< p <oo and assume that we A,. Let 0 < = f(p,w) <1be

1 1
so small that (flwla, )Pt <1. Let a =1-(flwla,)?T >0. Let @ be a cube and
={x € Q :w(x) > Pwgq}. Since w € A,, we have

(5] ol e

1 p-1
<wq (][ w(x)1-» dx) <lwla,.
Q
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As in (4.41), we obtain

1
-1

B> (1-(plwla,) 77 ) 1QI = alQl.

From Lemma 4.36, with o(x) = 1 for every x € R*, we obtain ¢ = g(n,a,p) =

q(n,p,w)>1and ¢ =c(n,a,p) =c(n,p,w) >0 such that

1
(][ w(x)? dx)q < c][ w(x)dx
Q Q

for every cube @ c R", and thus assertion (3) holds.

(3) = (1) | Let w be a weight and assume that there are constants ¢ and
g > 1 such that (3) holds. Let @ c R” be a cube and E c @ be a measurable set. By
Holder’s inequality and the reverse Holder inequality, we obtain

1
w(E)=/ w(x)dx < IEIQT_1 (/ w(x)qu)q
Q Q

1 1
<clE| ¢ IQIq][
Q

g-1
w(x)dx=c (:(EQ_:) ’ w(Q).

Thus w satisfies the A, condition (4.33) with 6 = qT_l >0, and (1) holds. a

Remark 4.42. By Remark 4.21 we have a reverse inequality to (4.33) for w e A,,.
Theorem 4.40 implies that the Lebesgue measure and the weighted measure with
w € A are mutually absolutely continuous with quantitative estimates.

4.6 Self-improving properties of A,

From Theorem 4.40 we obtain a self-improveving property for Muckenhoupt

weights.

Theorem 4.43. Let 1 < p <oo and assume that w € A,. There exists a constant
e=¢(n,p,lwla,) >0 such that w e A,_, with [wla, , depending only on n, p, and
[wla,.

THE MORAL: Assume that weA,. Then we Ay, for every £ >0, but there
also exists a small € > 0 for whichwe A, _,.

1
Proof. By Theorem 4.18 (2), we have w™? € Ay with p’ = [%, and [wly , depends
only on p and [wlg,. Theorem 4.40 implies that there exist ¢ = c(n, p,[wls,) and
g =q(n,p,[wla,) > 1 such that

1
(][ w(x)% dx) ! < c][ w(x)ﬁ dx (4.44)
Q Q
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for every cube @ cR". Let 0 <¢=¢(p,q) =¢(n,p,[wla,) <p —1 be determined by
4 =—1_ By(4.44)and weA,, we have

p-1~" p-e-1°
1 p—e-1
(][ w(x) - dx)
Q

p-1

(]l w(x)-» dx) !
Q
1 p-1

sc(][ w(x)1-» dx)

Q

-1

SC(][ w(x)dx)

Q

for every cube @ < R" with ¢ = c(n,p,[wla,). This shows that w € A,_, with a

constant c(n, p,[wla,). a
Remark 4.45. For 1<p <oowehave Ay =Ug<pAy.

The reverse Holder inequality implies the following self-improving property of
A, weights.

Theorem 4.46. If w € A, with 1 < p <oo, then there exists € = é(p,q) = £(n, p,[wla, ) >
0 such that wl*¢ € A,,.

Proof. Ifw € Ap with 1< p <oo, then by Theorem 4.40 there exists ¢ = ¢(n, p,[wla,) >
Oand c= c(n,p,[w]Ap) such that

1+¢
][ w)'tedx<c ( ][ w(x)dx) (4.47)
Q Q
for every cube @ c R".

Assume that w € A;. Then (4.47) and the A; condition (4.8) imply

1+¢
][ wx) edx<ec (][ w(x)dx) < c(essinfw(x))' "¢ = cess}gnfw(x)1+€
Q Q

XE! XE!

This shows that wl*€e A;.

Assume that w € A, with 1 < p <oco. Theorem 4.18 (2) implies

wli P e Ap. By Theorem 4.40 we may choose ¢ > 0, so that both w and wl?'

satisfy a revere Holder inequality with the same exponent 1 + ¢, that is, (4.47)

holds and s
£
][ w(x) PO gy < ¢ (][ w7 dx)
Q Q

for every cube @ c R". Together with (4.15), this implies

][w(x)“gdx (][ w(x)(lﬂ)(l_p’)dx)p
Q Q

1+¢ , (1+¢e)(p-1)
<c (][ w(x)dx) (][ w(x)P dx) <c <oo.
Q Q

This shows that wl* e Ap. O

-1
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4.7 Strong type characterization revisited

In this section we give two proofs for the strong type estimate in Theorem 4.31
based on the self-improving property of Muckenhoupt weights in Theorem 4.43.
Assume we A,.

The first argument is based on the Marcinkiewicz interpolation theorem,

see Theorem 2.4, which is applied with the weighted measure

w(E):,u(E)z/ w(x)dx.
E

Observe that the Marcinkewicz interpolation theorem holds for other measures
than the Lebesgue measure as well, see Remark 2.5 (5). The Hardy-Littlewood
maximal function is of strong type (co,00) with respect to the Lebesgue measure,
since

IMFf Il Loown)y < IIf lLoown),

see the discussion in Example 2.6. We claim that the Hardy-Littlewood maximal
function is also of weighted type (co,00). Since w(x) > 0 for almost every x € R",
we observe that w(A) =0 if and only if |A| = 0. This implies

”f”LOO(R";w) = lnf{t . W({x € Rn : If(x)l > t}) = 0}
=inf{t: {x eR™ : |f(x)| > £}| = 0} = || f | Loo(mn)-

Thus
IMFllLomrwy = IMFllLeomr) < 1 lzeo@ny = I f | Loonsup)-
By Theorem 4.43, we have w € A, for some g < p, so that by Theorem 4.29 we
see that the Hardy-Littlewood maximal operator is of weak type (q, q), that is,

w{xeR" :Mf(x)>th<c lf@)w(x)dx t>0.
Rn

Since the Hardy-Littlewood maximal operator is of weak type (¢, q) and strong
type (0o0,00), the Marcinkiewicz interpolation theorem, see Theorem 2.4, shows
that it is of strong type (p, p) whenever g < p < oo.

Then we consider the second approach. Without loss of generality, we may
assume that the right-hand side of the strong type estimate in Theorem 4.31 is
finite. By Theorem 4.43, there exists 1< ¢ =q(n,p,[wla,) <p such that w e A,.
Let x € R", r >0 and @ = Q(x,2r). Lemma 4.20 implies

][ If(y)ldySc(n)][ FOldy
B(x,r) Q

1

L 1

< c(n,q,w)(m/ If(y)lqw(y)dy) !
Q

< c(n,q,w)(Mw(Iflq)(x))%,
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where MY is the weighted maximal function, see (4.26). By taking supremum

over all r > 0, we obtain
1
M|f|(x) < c(n,q,w) (MY (f|9)(x)),

where M is the standard centered maximal function over balls. By (4.27) we arrive

at

D
q

/(Mf(x))pw(x)dxsC(n,p,q,w) (MY f19)(x)) 4 w(x)dx
R” R?

<cln,p,w) | |If)Pw(x)dx.
[Rn

Finally, the A, constant of w depends on w only through [wls,, see Theo-
rem 4.43. The constant in Lemma 4.20 only depends on [w]a, and g. The constant
in (4.27) depends on n, fl—’ and the doubling constant of w, which in turn only
depends on [wls,, n and g, see the proof of Theorem 4.25. Hence we conclude that

the claim holds with ¢ = ¢(n, p,w) = c(n,p,[w]AP).

Remark 4.48. The previous proof shows that standard and weighted L* norms
are same if the measures are mutually absolutely continuous. Thus weights for
which we have a weighted strong type (co,00) are precisely those weights. This
shows that the question of characterizing weights for which we have a weighted
strong type (0o,00) is much easier than the corresponding question for 1 < p < co.
In this sense the A, condition can be seen as a quantitative version of absolute
continuity, see Remark 4.21 and (4.33).



A, and BMO

5.1 Characterizations of A,

In this section we discuss two characterizations of Muckenhoupt weights. We
begin with a characterization of the A1 weights by the Hardy-Littlewood maximal

function

Mf(x)=sup][ lfnidy,
Q@3xJQ

where the supremum is taken over all cubes @ in R” containing x. This charac-
terization is based on the argument in the proof of Theorem 2.8 (Kolmogorov).
The following result has been originally shown by Coifman and Rochberg in
[6]. Later we shall apply this result to give a characterization of BMO by the
Hardy-Littlewood maximal function.

Theorem 5.1 (Coifman-Rochberg (1980)). (1) Assume that f € Llloc([R%”) is
such that Mf(x) < co for almost every x € R” and let 0 < < 1. Then
w(x)=(Mf(x))° is an A; weight with [w]a, depending only on n and 6.

(2) Conversely, if w € A1, then there exist f € Llloc([R"), 0<6 <1 and b, with

b, % € L®°(R"), such that w(x) = b(x)(M f(x))? for almost every x € R".

THE MORAL: This result asserts that every A; weight is essentially of the
form (M f(x))° for some f € Llloc(IR”) and 0 < < 1. Moreover, this gives a useful

method to construct A; weights.

Proof: We show that there exists constant ¢ = ¢(n,8), such that for every cube
@ and for every x € @ we have

][ Mf(y) dy < cMFGY.
Q

96
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This implies
][ Mf(»)°dy<cinf Mf(x)° < cessinfMf(x)°,
Q x€Q x€EQ

which means that (Mf)? € A;.
Let @ be a cube in R" and x € . Decompose [ as f(x) = f1(x) + fa(x) with

f1(x) = f(x)x2q(x) and fa(x) = f(x)yrr\2q(x).

We may consider (Mf1)° and (Mfs)° separately, since by sublinearity of the
maximal operator Mf(y) < Mf1(y)+ Mfa(y) and by the elementary inequality
(@a+b)’ <a®+8% a,b>0,0<6<1, we obtain

Mf(y)° < Mf1(y)° + Mfa(y)°

for every y € R*. This implies that

][Mf(y)édys][ Mfl(y)édy+][ Mfa(y)Y dy.
Q Q Q

Thus is is enough to show
][ MFfi(yPdy<cMf(x)’, c=c(n,8), i=1,2. (5.2)
Q

We may assume that || f1||; > 0 for i = 1,2, since otherwise f1 = 0 almost everywhere
in R” and Mf; = 0 almost everywhere in R”. By the Cavalieri principle and
the weak type (1,1) estimate for the maximal operator, there exists a constant
¢ =c(n,p) such that

6 o0
][Mfl(y)ﬁdyz—/ O NxeQ: Mfi(x) >t} dt
Q QI Jo

o0 [ 51 . ¢
< — t° " min @I, = f1ll1; dt
IQl/o {Q ; f1 1}

[ [

B to 00
< —(/ |Q|t5‘1dt+/ c||f1||1t5‘2dt)
|Q| 0 to

t
2/}+Jhm 5 7
. QI 6-1,/
5 Ifilln o _1)
tall+c————¢ .
0( “lQr 1-5"°

The integral above has been divided into two parts by using an arbitrary parameter
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to > 0. By choosing to = “{éllll , we arrive at

1105 Ifily 6 1QI
Mfi(y)Pdy< L1
][Q AT dy<- a5 ( Tl 1—6llf1||1)

- (1+ 1"_‘55) (@i'/m If(y)ldy)6

=2n6(1+%)(%/ﬂ|ﬂyndy)6

<cMf(x)

with ¢ = ¢(n, p,5). This proves (5.2) for (Mf1)°. Note that we could have used
Theorem 2.8 (Kolmogorov) directly in the argument as well.

To obtain a similar estimate for (M f5)? we derive a pointwise estimate in Q.
Let y € @ and let R be any cube containing y. If R < 2@, then

1
R /R If2(2)Idz = 0.

Thus we may assume that R intersects the complement of 2@ and this gives a
lower bound /(R) > %Z(Q) for the side length of R. This implies @ c 5R. Thus

1 /If()ld <2 [ \heid
—_— V4 s — V4 Z
IRl Jg"* I5R| Jsp '~
BRI Jsg
<5"MF(x).

<

If(2)ldz

By taking supremum over all cubes R containing y, we obtain M fa(y) <5"M[f(x)
for every y € @. This implies that

][ MFa(y)® dy < 5" Mf(x)°
Q

which proves (5.2) for (M fs)°.
If we Ay, by Theorem 4.18 (1) we have w € A, for every p > 1. By Theorem
4.40, there exist ¢ = ¢(n,[wla,) > 0 and £ = &(n,[w]la,) > 0 such that

a1
(][ w(y)1+£dy) e SCJ[ w(y)dy
Q Q

for every cube @ in R". Together with (4.12), this implies

1 1
1+e Tre
M@ )@) T = (sup ][ w(y)“fdy) = sup ( ][ w(y)'*e dy)
Q3x.JQ Q3x \J @

< csup][ w(y)dy = cMw(x) < cw(x)
Q3xJQ
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for almost every x € R”. By Holder’s inequality

w(x) < Mw(x) = sup][ w(y)dy
Q3xJQ

T+e
< (sup ][ w(y>1+fdy) = Mw**) (@)
Q3xJQ

for almost every x € R®. Thus we have
w(x) < Mf(x)° <cw(x) for almost every x€R”,

where £(x) =w(x)!*¢ and § = ;=-. Then

w(x)

= wrar ™ f&)° = b@Mf(x)

w(x)

for almost every x € R* with

_ w)
" M

Note that 0 < % < [|b]loo <1 by the estimate above. a

Remark 5.3. The claim (1) in Theorem 5.1 does not hold for § = 1. In fact, if f is a
compactly supported measurable function with 0 < ||f |l < oo, then the function
M f cannot be an A; weight nor an Ay weight. To see this, assume that Mf € A;.
Theorem 4.18 (1) implies A; c Ag and thus we have Mf € As. Theorem 4.18 (2)
with p = 2 implies that w = (Mf)! € As. In particular, we have

1 1
< —
Mf(x)  f(x)

O<w(x)=

for almost every x € R”. By the boundedness of the maximal function in L2(R";w),

see Theorem 4.31, we obtain
. MFf(x)dx = /R n(Mf(x))z w(x)dx
<c N If ()12 wx)dx
<c Rnlf(x)ldx < 0.

However, by the properties of the maximal function, the left-hand side is finite
only if f(x) = 0 for almost every x € R”.

Remark 5.4. The original result of Coifman and Rochberg is more general. As-

sume that u is a positive Borel measure on R” and define the maximal function

Mux)=sup— [ ldu(x)=sup HQ)

1
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for every x € R”. If 0 < M u(x) < oo for almost every x e R* and 0 < <1, we can
show as above that w = (M ,u)5 is an A1 weight. Claim (1) in the previous theorem
follows by considering the measure W(E) = |, g |f ()| dx for Lebesgue measurable

E cR". In particular, if u =9, where ¢ is the Dirac measure at the origin, then
Mé(x) =clx|™".

Thus |x|* € Ay, if —n < @ # 0 and, by Theorem 4.18 (3), we conclude |x|* € A, if
—n<a<n(p-1). See also Example 4.17.

By Theorem (4.18) (3), we know that wi,wg € A1 implies wlw;_p €Ap. The
next result shows that the converse holds true as well. Thus we obtain a charac-
terization for A, weights with 1 < p < oco. This was first proved by Jones [12]. The
proof presented here is from [5].

Theorem 5.5 (Jones factorization (1980)). Let w be a weight and 1 < p < co.
Then we A, ifand only if w = wlw;_p, where w1,wg € A1.

THE MORAL: Every weight we A, with 1 < p <co can be written as a product
of two A; weights in the form wlw;_p , where w1,ws9 € Aq. This is a factorization
result for Muckenhoupt weights.

Proof First we consider the case p = p’ = 2. Assume that w € Ay. We claim that

w= wlwgl, where wi,wg € A1. Consider operator
_1 1
Sf=w 2Mw?:2f).

Since w € Ao, we also have w™! € A and Theorem 4.31 implies that M : L2(R"*;w™1) —
L2(R™;w™1) is a bounded operator, that is,

Mf@EPwx) tde<e [ 1f@)Pwe)  dx
R7 R™

for every f € L2([R";w™1'). This implies that S : L2(R") — L2(R") is bounded. In-
deed, if f € L2(R"), then w3 f € L2®R";w~1) and

Sf@2dx= | Mw? ) wk)  dx
R” R”
1
<c Iw(x)ﬁf(x)lzw(x)fldx
Rn

=c [ If*da.
Rn

By switching the roles of w and w™! we see that also f — w%M(w_%f) is a bounded
operator L2(R") — L2(R™).
Let
1 1 1 1
Tf=w?2Mw2f)twzMWw™2f).
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Then T : L2(R") — L2%(R") is a bounded operator. Moreover, since the Hardy-

Littlewood maximal function is sublinear, we see that T is subadditive. Thus
ITflz<cllfle and T(f+g)<Tf+Tg

for every f,g € L2(R™).
Let f € L2R™) and
n= f 2c) *T*F, (5.6)
k=1
where T% = T*~16 T is the iterated operator and c is the constant in the L2 bound

above. Since
IT*fle<c®iflle, k=1.2,...,

the series (5.6) converges absolutely and by the completeness of L2(R"*) we conclude
that n € L2(R™). By the properties of T, we obtain

o0 o0 o0
Tn< Y. )7 *TH =Y @) * T f =2¢ Y (2e) *T* f < 2¢n.
k=1 k=2 k=2

This implies that wq = w%n is an A1 weight, since

Muwy = M(w?n) < Mw? )+ wM@w 2n)

= w%Tn s2cnw% =2cw;.

In the same way we see that wg = w_%n € A (exercise). This proves the claim is

the case p =2, since

1 D _ 1—
w=w?2nw 2n) lzwlwzlzwlw2 P,

Assume then that w € A, with p = 2. Set

? 1

Tf=(w » Mw? f¥)7 +wr Mw™? ).
Since w € A, Theorem 4.18 (2) implies that w' ' =w ™7 € A,. Theorem 4.31
implies that M :Lp/(IR”;w‘p//p) — Lp/([R{”;w‘P//P) is a bounded operator and M :
LP(R";w) — LP(R";w) is a bounded operator. As above, we see that T : L’ (R") —
LP(R") is a bounded operator. Since 1% = 1, Minkowski’s inequality implies that
T is sublinear. Consider 1 defined by (5.6), then n € LP(R"). The claim follows
(exercise) by choosing

1 P _1
wi=wrnr and we=w P1.

!

/ _r
Assume then that 1< p <2. Sincew!™ =w™ 7 € Ap, with p’ =2, as above we

obtain ,
_r !
p wl P

w =W, s

where wi,wg € Aj. The claim follows by raising this equality to the power —I%.D
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5.2 Characterizations of BMO

In this section we discuss the connections between functions of bounded mean
oscillation and Muckenhoupt’s weights. In particular, we discuss two characteri-
zations of BMO.

Theorem 5.7. Assume that p > 1.

(1) Ifw € A, then logw € BMO. Moreover, if w € Ag, then [[logw||+ <log(2[wla,).
(2) Conversely, if f € BMO, then exp(6f) € A, for 6 = 6(n,|fl+) > 0 small

enough.

THE MORAL: This gives the following characterization for BMO: If p > 1,
then
BMO ={alogw:a=0,weAy}.

Proof: Assume first that w € A, with 1 < p <2. Let @ cR” be a cube. By
Theorem 4.18 (1) we have w € Ag. Let f =logw. Then expf = w € Ag and by the

As condition we have
]l exp(f(x))dx][ exp(—f(x))dx = ][ w(x)dx]l w(x) tdx < [wla,.
Q Q Q Q
This implies

][ exp(f(x)— fQ)dx][ exp(fg — f(x))dx
Q Q

= exp(—fQ)exp(fQ)]{? exp(f(x))dx]i? exp(—f(x))dx <[wla,.
By Jensen’s inequality
1= exp(0) = explf - fo) =exp ]{2 (fq - ) dx) < ]{2 explfq - f(x)dx
and thus

-1
][ exp(f(x)—fg)dx <lwly, (][ exp(fg — f(x))dx)
Q Q

-1
<l (exp ][ (fo-fds]|  =lwla,.
Q
Similarly
1 =exp(0) = exp (][ (f(x)- fQ)dx) < ][ exp(f(x) - fg)dx
Q Q

and

-1
][ exp(fg — f(x)dx <[wly, (][ exp(f(x)— fQ)dx)
Q Q

-1
<[wla, (exp (][ (f(x)—fQ)dx)) =[wla,.
Q
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Thus
][Q explf(x) - foldx = ]{2 max{exp(£(x) — fg),exp(fo - f)} dx
< ]{2 exp(f(x) - f)dx + ]{9 exp(fg — f(x))dx < 2[wly,
By Jensen’s inequality

exp(][ If(x)—fQIdx)s][ exp|f(x) - foldx < 2[wly,
Q Q

and thus
][ If(x)— fgldx <log(2[wly,).
Q

This shows that f € BMO whenever 1< p <2.

If p > 2, then p’ <2 Theorem 4.18 (2) and (1) we have wli P e Ap cAj. The
claim follows from this as above.

Assume that f € BMO and first consider the case p = 2. We may assume
that ||f]« > 0. By Theorem 3.30 there exists a constant ¢ = ¢(n) > 0 such that

][Qexp(wjl)f%) dx<c

for every cube @ cR". Let @ < R™ be a cube and let g =6f with § = c”/}”* . Then

][eXP(Ig(x)—gQI)dx=][ exp(S]f(x) - fgDdx <c.
Q Q

Thus
][ exp(g(x) —gQ)dx][ exp(gq —g(x))dx < 2,
Q Q

and observing that exp(gg)exp(-gq) = 1 gives

][ exp(g(x))dx ][ exp(—g(x))dx < c2.
Q Q

This is the Ay condition for exp(g) on the cube @. The claim follows by taking

supremum over all cubes @ < R” and observing that Agc A, forp=2. If1<sp <2,

then p’ > 2 and by the above argument exp(6f) € A for small enough § > 0.

Theorem 4.18 (2) implies that exp(-6f) € A2 = A,/. Theorem 4.18 (2) implies

OP-Df ¢ A 0
p-

Remarks 5.8:
(1) The proof shows that BMO = {alogw :a =0, w € As}.

(2) The parameter § is necessary in Theorem 5.7. Indeed, we have —nlog|x| €
BMO(R"™) but |x|™" = exp(—nlogl|x|) € As.
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We define a class of functions of bounded lower oscillation, which is closely

related to BMO. Since essinfyeq f(x) < f(y) for almost every y € @ we have
][Q ) - essintf (I dx = fo - essinff @)

Definition 5.9. We say that f of bounded lower oscillation, denoted f € BLO, if
there exists constant ¢ such that

’ _esslrlf’ X)sc

THE MORAL: Inthe definition of BLO we compare the mean oscillation to
the essential infimum instead of the mean value as in the definition of BMO.

Remarks 5.10:
(1) Lemma 3.2 implies BLO c BMO.

(2) BLO is not a vector space, but it is closed under adding and multiplication
by a nonnegative factor. In fact, we have BLO n —BLO = L*°(R"). Indeed,
if f € BLO and —f € BLO, then simultaneously

fq —essinff(x)<c and —fg+esssupf(x)<c
x€Q x€Q

for every cube @ in R". By adding up, we obtain

esssup f(x)—essinff(x)<c
x€Q x€Q

for every cube @ in R, which implies f € L°(R").

The class BLO is connected to A1 in the same way as BMO is connected to A,
with p > 1 in Theorem 5.7.

Theorem 5.11. (1) If w € A4, then logw € BLO.
(2) Conversely, if f € BLO, then exp(df) € A1 for § > 0 small enough.

THE MORAL: This gives the following characterization for BLO:
BLO={alogw:a=0,weA}.
Proof: Assume that w € A1 and let @ be a cube in R". Then

w(Q)
Q]

This is equivalent with

<[wls,w(x) for almost every x€@.

esssup(w(x) 1) <[wly, 19l (5.12)

x€Q W(Q)'
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We denote logw = f and thus w = exp(f). Since

esssup(exp(—f(x))) = exp(— essebnff(x)),

xe€Q X
(5.12) can be written as

1@

. 5.13
w(Q) (65.13)

exp(—essinff(x)) <[wla,
x€Q
Jensen’s inequality together with (5.13) gives
exp(fq —essinff(x)) = exp(fg)exp(—essinff(x))
x€EQ XEQ

< [w]Al][ exp(f(x))dxbl?é)
Q

=[wla,.

Thus
fo —essinff(x) <[wla,,
x€Q

and f € BLO.
Assume that f € BLO. If we denote a = essinf,cq f(x), then by the defini-
tion of BLO we have
fo<c+a. (5.14)

Ifo<é< ﬁ, where cg = ﬁ, then by the proof of Theorem 3.30, we have

][Q expld(f () fo))d < ][Q exp(01f ()~ fgh i <,
where ¢’ is independent of @. This implies
]{g exp(§f(x))dx < ¢’ exp(5fg).
By (5.14) we arrive at
][Q exp(6f(x))dx < ¢’ exp(6fq) < c'exp(6(c +a))
=c'exp(6c)exp(da) = ¢’ exp(Sc) eisEian(eXpwf(x))),
which shows that exp(6f) € A1. O

Remark 5.15. By Remark 5.4 we have |x|* € A1, if —n < a # 0. See also Example
4.17. Thus by Theorem 5.11 (1), we have log|x| € BMO. This is a way to avoid the
direct computation in Example 3.5 (2).

Next we clarify the connection between BLO and BMO.

Lemma 5.16. Every function in BMO can be represented as a difference of two
functions in BLO.
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Proof. Assume that f € BMO. By Theorem 5.7 we have f = alogw, where w € Ag

and a = 0. By Theorem 5.5 every Ay weight w can be represented as w = wlwgl,

where wi,wg € A1. Thus
f=alogw = alog(wlwgl) =alogw; —alogws.

By Theorem 5.11 we have logwi,logwg € BLO and a = 0. This completes the
proof. d

Now we are ready for a maximal function characterization of BMO.
Theorem 5.17. Every function f in BMO can be represented as
f=alogMg—BlogMh+b,
where g,h € LIIOC(R"), b e L*®(R") and a,f > 0.

THE MORAL: Every function in BMO can be represented as a difference
logarithms of maximal functions plus a bounded function. Moreover, this gives a
useful tool to construct BMO functions.

Proof. By Lemma 5.16
f(x)=alogwi(x)—alogws(x),
where w1,wg € A1. By Theorem 5.1
w1(x) =b1(x)(Mgx)?* and wa(x) = ba(x)(Mh(x))’2, (5.18)
where g,h € L] (R"), 51,62 €(0,1) and b1,b2, 3-, 55 € L(R™). Thus

f(x)=alogwi(x)—alogwa(x)
= alog(b1(x)(Mg(x))°1) — alog(ba(x)(Mh(x))°?)
=alogMg(x)— Blog M h(x)+ b(x),

where a =612 >0, f=062a >0 and b =a(lnb; —Inby) € L>(R"). ]

5.3 Maximal functions and BMO

The main result of this section is a boundedness result for a maximal operator on
BMO(R"). Using Theorem 5.7, which was based on the John-Nirenberg inequality,
and the Coifman-Rochberg lemma, see Theorem 5.1, we obtain the following
boundedness result for the maximal operator on BMO(R"). The proof is based on
[4]. This result was first proved by Bennett, DeVore and Sharpley in [1], see also
[2, Theorem 7.18].
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Theorem 5.19 (Bennett, DeVore and Sharpley (1981)). Let f € BMO(R") and
assume that M < oo for almost every x € R”. Then Mf € BMO(R") and there
exists a constant ¢ = ¢(n) such that

IMfls<clflls.

Proof. We may assume that ||f|. >0, and by Remark 3.4, we may also assume
that f = 0. By Theorem 3.30 there exists a constant c¢; = ¢1(n) > 0 such that

Q cilfl
for every cube @ c R". Let @ c R” be a cube and let g =6f with 6§ = m By
(5.20), we have
exp(—gQ)][ exp(g(x))dx :][ exp(g(x)—gq)dx s][ exp(lg(x)—gql)dx
Q Q Q
= ][ exp(8|f(x)—fghdx<cy,
Q
which implies
][ exp(g(x))dx < c1exp(gq).
Q
By Jensen’s inequality,
exp(gq) = exp (][ g(x)dx) < ][ exp(g(x))dx < c1exp(gq).
Q Q
This holds for all cubes @ < R", and thus
exp(M g(x)) < M(exp g)(x) < c1 exp(M g(x)) (5.21)

for every x € R". Since expg € Llloc([R”) and Mg(x) = M [ (x) < oo for almost every
x € R", Theorem 5.1 shows that

[N

w = (M(expg))
is an A weight with [w]a, <c2 =c2(n). Let
1 1
v =(exp(Mg))2 =exp(;Mg).
1
The inequalities in (5.21) imply v(x) < w(x) < ¢{ v(x) for every x € R" and thus

][ v(x)dx < ][ w(x)dx < [wla, essinfw(x)
Q Q xEQ

1
< cf [wla, eiseé?nfv(x) < c(cl,cz)eiseianv(y)

for every cube @ cR". Thus v is an Ay weight and [v]4, < c(c1,c2) = C(n). Using
v= exp(%Mg), Theorem 5.7 and the fact that v € Ay with [v]a, <[v]a,, we obtain

I1Mgll
2

= [llogvll« <log(2[vla,) <log(2lvla,) < c(n).
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Since g =6f with § = m, we have
_IMgll« _ 2¢(n)
IMFIL = 555 < =52 = )l f L. 5
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