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Abstract. We study positive supersolutions of the nonlinear elliptic
equation

−∆γu+
b

uβ−1
|∇γu|β = cu in Ω,

with 0 < β ≤ 2, where Ω is either a bounded domain or an unbounded
exterior domain in RN , and ∆γ is the Baouendi–Grushin operator. Ex-
tending classical Liouville-type results known for the Laplacian (γ = 0,
β = 1) to the subelliptic Grushin setting, we derive conditions on the
coefficient functions b and c ensuring the absence or existence of positive
supersolutions, and provide explicit examples illustrating the sharpness
of our results. Our approach employs generalized Hardy inequalities
adapted to the Grushin structure, allowing treatment of degenerate and
unbounded coefficients without restrictive boundedness assumptions.

1. Introduction

Let N ≥ 3 be an integer and let N = m + k for some positive integers
m and k. Consider the space RN = Rm × Rk, where a point z ∈ RN is
represented as z = (x, y) with x ∈ Rm and y ∈ Rk. Let γ ≥ 0 be a real
parameter. The Baouendi–Grushin operator ∆γ is defined by

∆γu(z) = ∆xu(z) + |x|2γ∆yu(z),
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where

∆x =

m∑
i=1

∂2

∂x2i
and ∆y =

k∑
j=1

∂2

∂y2j

denote the standard Laplace operators acting on the variables

x = (x1, . . . , xm) and y = (y1, . . . , yk),

respectively, and |x| denotes the Euclidean norm of x in Rm. The associated
Grushin gradient is given by

∇γ = (∇x, |x|γ∇y) =
( ∂

∂xi
, . . . ,

∂

∂xm
, |x|γ ∂

∂y1
, . . . , |x|γ ∂

∂yk

)
,

so that ∆γ = ∇γ · ∇γ . The vector field ∇γ is homogeneous with respect to
the anisotropic dilation

δR(x, y) = (Rx,R1+γy), R > 0,

and the Jacobian of such a transformation is

J(δR) = RQ, Q = m+ (1 + γ)k = N + γk,

where Q is the homogeneous dimension of RN . The Baouendi–Grushin op-
erator satisfies the scaling property

∆γ(u ◦ δR) = R2(∆γu) ◦ δR,

which reflects its intrinsic anisotropic nature. To study the geometry induced
by Baouendi–Grushin operator, we introduce the Grushin distance

ρ = ρ(z) =
(
|x|2(1+γ) + (1 + γ)2|y|2

) 1
2(1+γ) ,

which is homogeneous of degree one under the anistotropic dilation, that is,

ρ(δR(x, y)) = Rρ(x, y), (x, y) ∈ Rm × Rk.

The corresponding open metric balls centered at the origin are given by
Bρ

r = {z ∈ RN : ρ(z) < r}. A direct computation in [32] shows that

|∇γρ| =
|x|γ

ργ
.

Furthermore, if u = u(z) = f(ρ(z)) for some f ∈ C2
(
(0,∞)

)
, then

∆γu =
|x|2γ

ρ2γ

(
f ′′ + (Q− 1)

f ′

ρ

)
,
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which will be a useful formula for our analysis. Throughout this paper, a
domain Ω is called exterior domain, if {z ∈ RN : ρ(z) > R > 0} ⊂ Ω for
some R > 0.

The operator ∆γ is a fundamental example of a degenerate elliptic opera-
tor arising in the theory of subelliptic PDEs. When γ > 0 the the Baouendi–
Grushin operator exhibits anisotropic behavior, with the degeneracy local-
ized on a lower-dimensional subspace {0} × Rk, on which the weight |x|2γ
vanishes. For γ = 0, the Baouendi–Grushin operator reduces to the stan-
dard Laplacian in RN , recovering the classical elliptic theory. The Grushin
operator was originally introduced by V.V. Grushin [34] and later studied by
Baouendi [7]. It has since become a fundamental model in several fields, in-
cluding sub-Riemannian geometry, harmonic analysis, and PDEs on singular
spaces. Its degeneracy mimics that of more complicated structures, such as
the Heisenberg group, to which it is closely related in the special case γ = 1,
see [13, 14]. This connection has sparked considerable interest in the study
of subelliptic operators with nontrivial geometries [1, 8, 15, 14, 22, 32, 33, 6].

In this paper, we are concerned with Liouville-type theorems for positive
C2 supersolutions of the equation

−∆γu+
b

uβ−1
|∇γu|β = cu in Ω, (1.1)

where 0 < β ≤ 2, Ω ⊂ RN is either a bounded domain or an unbounded
exterior domain in RN and the coefficient functions b = b(z) and c = c(z) are
assumed to be continuous in Ω. Note that, for 1 ≤ β ≤ 2, any supersolution
to

−∆γu+
b · ∇γu|∇γu|β−1

uβ−1
= cu in Ω, (1.2)

where b ∈ RN and c ∈ R are constants, is also a supersolution of (1.1)
with b replaced by |b|. For (1.1) and (1.2), with γ = 0 and β = 1, the
existence and nonexistence of supersolutions have been widely studied in
the literature, particularly for Ω = RN and for exterior domains RN , with
N ≥ 3. A notable result of Berestycki, Hamel, and Nadirashvili [9], based
on eigenvalue problem techniques, asserts that u ≡ 0 is the only nonnegative
solution of

−∆u− b · ∇u− cu = 0 in RN ,

where b ∈ RN , c ∈ R with 4c − |b|2 > 0. This condition can be intuitively
understood by comparing to the one-dimensional ODE

u′′ + bu′ + cu = 0 in R,
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where b and c are constants, which has positive exponential solutions if and
only if b2 − 4c ≥ 0. Hence, if 4c − b2 > 0, the only nonnegative solution is
u ≡ 0, even when R is replaced by an unbounded interval.

Berestycki, Hamel and Rossi [10] extended the results of [9] to elliptic
equations with non-constant coefficients. They showed that, if the vector
field b = b(x) and the function c = c(x) are continuous and bounded, then

−∆u+ b · ∇u ≥ cu in RN ,

does not have positive solutions provided that

lim inf
|x|→∞

(
c(x)− |b(x)|2

4

)
> 0. (1.3)

Rossi [42] further generalized these nonexistence results to the setting of fully
nonlinear elliptic operators. Some refinements of these results appear in [2],
which employs a generalized Hardy inequality, see also [21]. Additionally,
we refer to [16], where the authors established Hadamard and Liouville-
type properties for nonnegative viscosity supersolutions of fully nonlinear
uniformly elliptic partial differential inequalities, both in the whole space
and exterior domains. For further discussion of related problems, see [4, 3,
5, 16, 31, 11, 12].

We also note that Liouville-type theorems for the Grushin operator have
attracted significant interest. Capuzzo-Dolcetta and Cutr̀ı [17] investigated
the problem

−∆γu ≥ uq, u ≥ 0 in RN

and employing techniques for sublaplacians on stratified Lie groups, they
proved that, for a fixed integer γ > 1, this problems does not have nontrivial
positive solutions in the range 1 < q ≤ Q

Q−2 . D’Ambrosio and Lucente [26]

explored necessary conditions for the solvability of

L(x, y,Dx, Dy)u ≥ |x|−θ1 |y|−θ2 |u|q in Rm × Rk,

where the operator L encompasses Grushin-type operators as special cases.
Liouville theorems for nonnegative solutions of the equation

−∆γu = up in RN (1.4)

have also been studied. Monticelli [41] established a Liouville theorem for
nonnegative classical solutions in the entire space and by Yu [45] for nonneg-

ative weak solutions to (1.4) with the optimal exponent p < Q+2
Q−2 . Both stud-

ies applied the Kelvin transform combined with the moving planes method.
Moreover, Monti and Morbidelli [40] studied classification results for (1.4)
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in the critical exponent case p = Q+2
Q−2 using the moving spheres technique,

a variant of the moving planes method widely applied in elliptic equations.
For other Liouville-type results related to the Grushin operator, we refer the
reader to [24, 26, 8, 13, 14, 20, 40, 41, 16, 29, 30, 37] and references therein.

In this paper, we consider positive supersolutions to a more general prob-
lem (1.1) in bounded or exterior domains Ω ⊂ RN , where the coefficient
functions b, c ∈ C(Ω) satisfy the condition

D(z) = c(z)−
(β
2

) 2
2−β

(
2
β − 1

)
b(z)

2
2−β ≥ 0 in Ω,

if 0 < β < 2, and c(z) > 0, ∥b∥L∞(Ω) < 1 in Ω, if β = 2. If Ω is an exterior
domain, we assume these conditions hold eventually, that is, for sufficiently
large |z|. By employing a generalized version of the Hardy inequality, we
obtain new Liouville-type results that appear to be essentially sharp. In
particular, in the case of an exterior domain we include the degenerate case

lim sup
|z|→∞

D(z) = 0

and allow unbounded coefficient functions b and c.

2. Hardy inequalities for the Grushin operator

Our main results are derived using certain generalized Hardy-type inequal-
ities for the Grushin operator, proved in this section. The proof applies the
divergence theorem to selected vector fields, following the method of Miti-
dieri [39], see also [28]. These inequalities are well adapted to the analysis
of equation (1.1). For more extensive treatments of Hardy-type inequalities
related to Grushin-type operators, see [18, 1, 32, 27, 23, 25, 36, 43, 35].

Proposition 2.1. Let Ω ⊂ RN be a domain and assume that u, v ∈ C2(Ω)
are positive functions.

(i) For every ϕ ∈ C∞
c (Ω) we have∫
Ω

−∆γu
u ϕ2 dz ≤

∫
Ω
|∇γϕ|2 dz. (2.1)

As a consequence, we have(Q−2
2

)2 ∫
Ω

|x|2γ
ρ2+2γ ϕ

2 dz ≤
∫
Ω
|∇γϕ|2 dz. (2.2)

In particular, when γ = 0, so that Q = N , we obtain(
N−2
2

)2 ∫
Ω

ϕ2

|z|2 dz ≤
∫
Ω
|∇ϕ|2 dz.
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(ii) Let 0 ≤ α ≤ 1. Then

α

∫
Ω

−∆γu
u ϕ2 dz + (1− α)

∫
Ω

−∆γv
v ϕ2 dz

+ α(1− α)

∫
Ω

∣∣∇γ log
u
v

∣∣2 ϕ2 dz ≤ ∫
Ω
|∇γϕ|2 dz

(2.3)

and

α

∫
Ω

−∆γu
u ϕ2 dz + α(1− α)

∫
Ω

|∇γu|2
u2 ϕ2 dz ≤

∫
Ω
|∇γϕ|2 dz, (2.4)

for every ϕ ∈ C∞
c (Ω).

The following simple lemma will be used in the proof of Proposition 2.1.
We include a proof for the sake of completeness.

Lemma 2.2. Let u ∈ C2(Ω) and let F ∈ C2 be a real-valued function on
the range of u. Then

∆γ(F (u)) = F ′′(u)|∇γu|2 + F ′(u)∆γu.

Proof. By the definition of ∆γ and the chain rule, we have

∆γ(F (u)) = ∆xF (u) + |x|2γ∆yF (u)

= F ′′(u)|∇xu|2 + F ′(u)∆xu+ |x|2γ
(
F ′′(u)|∇yu|2 + F ′(u)∆yu

)
= F ′′(u)

(
|∇xu|2 + |x|2γ |∇yu|2

)
+ F ′(u)(∆xu+ |x|2γ∆yu)

= F ′′(u)|∇γu|2 + F ′(u)∆γu.

□

Proof of Proposition 2.1. First we prove (2.1). Let W ∈ C2(Ω) and ϕ ∈
C∞
c (Ω). By integration by parts we have

−
∫
Ω
(∆γW )ϕ2 dz = −

∫
Ω
∇γ · ∇γW ϕ2 dz = 2

∫
Ω
∇γW · ϕ∇γϕdz

≤
∫
Ω
|∇γW |2ϕ2 dz +

∫
Ω
|∇γϕ|2 dz,

which after regrouping terms gives

−
∫
Ω

(
∆γW − |∇γW |2

)
ϕ2 dz ≤

∫
Ω
|∇γϕ|2 dz. (2.5)

Let W = logE, where E ∈ C2(Ω), E > 0. Lemma 2.2 implies that

∆γW = ∆γ logE =
|∇γu|2
E2 +

∆γE
E and ∇γW =

∇γE
E .
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By substituting these equalities into (2.5) we arrive at∫
Ω

∆γE
E ϕ2 dz ≤

∫
Ω
|∇γϕ|2 dz.

This proves (2.1).
Let E = E(z) = ρ(z)θ. A direct computation gives

−∆γE
E = −θ(θ +Q− 2) |x|2γ

ρ2+2γ ,

and by (2.1) we obtain

−θ(θ +Q− 2)

∫
Ω

|x|2γ
ρ2+2γ ϕ

2 dz ≤
∫
Ω
|∇γϕ|2 dz.

By setting θ = Q−2
2 we arrive at (2.2).

Let u, v ∈ C2(Ω), u, v > 0, and set W = uαv1−α, 0 ≤ α ≤ 1. We claim
that

−∆γW
W = α

−∆γu
u + (1− α)

−∆γv
v + α(1− α)

∣∣∇γ log
u
v

∣∣2 . (2.6)

To prove the above formula first we note that for two functions w1 and w2

we have

∇γ(w1w2) = (∇x(w1w2), |x|γ∇y(w1w2))

= (w1∇xw2 + w2∇xw1, |x|γw1∇yw2 + |x|γw2∇yw1)

= w1∇γw2 + w2∇γw1.

Morover, for a function w and a vector field V , we have

∇γ · (wV ) = ∇x · (wV ) + |x|γ∇y · (wV )

= ∇xw · V + w∇x · V + |x|γ∇yw · V + |x|γw∇y · V
= ∇γw · V + w∇γ · V.

It follows that

∆γ(w1w2) = ∇γ · ∇γ(w1w2) = ∇γ ·
(
w1∇γw2 + w2∇γw1

)
= w1∆γw2 + 2∇γw1 · ∇γw2 + w2∆γw1.

Using the equality above for W = uαv1−α, we obtain

∆γW
W = α(α− 1)

|∇γu|2
u2 + α

∆γu
u − α(1− α)

|∇γv|2
v2

+ (1− α)
∆γv
v

+ 2α(1− α)
∇γu·∇γv

uv

= α
∆γu
u + (1− α)

∆γv
v − α(1− α)

(
|∇γu|2

u2 +
|∇γv|2

v2
− 2

∇γu·∇γv
uv

)
= α

∆γu
u + (1− α)

∆γv
v − α(1− α)|∇γ log u−∇γ log v|2



8 Aghajani, Cowan and Kinnunen

= α
∆γu
u + (1− α)

∆γv
v − α(1− α)

∣∣∇γ log
u
v

∣∣2 .
This proves (2.6). Multiplying (2.6) by ϕ2 and applying (2.1), we obtain
(2.3). Note that (2.3) also holds for nonnegative functions by replacing u
and v with u+ ε and v + ε and passing to the limit as ε→ 0.

Finally, setting v ≡ C (a constant) in (2.3), for any u > 0 and 0 ≤ α ≤ 1,
we have

α

∫
Ω

−∆γu
u ϕ2 dz + α(1− α)

∫
Ω

|∇γu|2
u2 ϕ2 dz ≤

∫
Ω
|∇γϕ|2 dz.

□

Proposition 2.3. Let Ω = {z ∈ RN : ρ(z) ≥ R0} be an exterior domain in
RN and suppose that w = w(z) satisfies∫

Ω
wϕ2 dz ≤

∫
Ω
|∇γϕ|2 dz, (2.7)

for every ϕ ∈ C∞
c (Ω). Then

lim inf
ρ(z)→∞

ρ(z)2+2γ

|x|2γ w(z) ≤
(Q−2

2

)2
.

Proof. Let d > 1, R > 2R0, and let ψ = ψR(ρ) ∈ C∞(
[0,∞)

)
be a cutoff

function such that 0 ≤ ψ ≤ 1, ψ ≡ 0 on [R0,
R
2 ]∪ [2dR,∞), ψ ≡ 1 on [R, dR],

|ψ′(ρ)| ≤ 4
R ,

R
2 < ρ < R, and |ψ′(ρ)| ≤ 4

dR , dR < ρ < 2dR. Consider the
test function

ϕ = ϕ(z) = ρ(z)−δψ(ρ(z)),

where δ = Q−2
2 . A direct computation gives∫

Ω
|∇γϕ|2 dz =

∫
R
2
<ρ<2dR

|∇ϕ|2 dz

=

∫
R
2
<ρ<R

|∇γϕ|2 dz +
∫
R<ρ<dR

|∇γϕ|2 dz +
∫
dR<ρ<2dR

|∇γϕ|2 dz

= I1(R) + I2(R) + I3(R).

Since |∇γρ| = |x|γ
ργ , we have

|∇γϕ|2 =
∣∣−δρ−δ−1ψ(ρ) + ρ−δψ′(ρ)

∣∣2|∇γρ|2

≤
(
δ + ρ|ψ′(ρ)|

)2 |x|2γρ−Q−2γ .

The bounds on ψ′ imply that

|∇γϕ|2 ≤ (δ + 4)2|x|2γρ−Q−2γ in
{
R
2 < ρ < R

}
∪ {dR < ρ < 2dR},
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and since ψ ≡ 1 in R < ρ < dR we have

|∇γϕ|2 ≤ δ2|x|2γρ−Q−2γ in {R < ρ < dR}.

A standard computation shows that∫
Bρ

r2
\Bρ

r1

|x|2γρ−Q−2γ dz = Cm,γ,k ln
r2
r1
.

It follows that

I1(R), I3(R) ≤ Cm,γ,k(δ + 4)2 ln 2, I2(R) ≤ Cm,γ,kδ
2 ln d,

and thus ∫
Ω
|∇γϕ|2 dz ≤ Cm,γ,k

(
2(δ + 4)2 ln 2 + δ2 ln d

)
. (2.8)

For the left-hand side of (2.7), we have∫
Ω
wϕ2 dz ≥

∫
R<ρ<dR

wρ−2δ dz =

∫
R<ρ<dR

(ρ2+2γ

|x|2γ w
)
|x|2γρ−Q−2γ dz

≥ inf
R<ρ<dR

ρ2+2γ

|x|2γ w

∫
R<ρ<dR

|x|2γρ−Q−2γ dz

= Cm,γ,k ln d inf
R<ρ<dR

ρ2+2γ

|x|2γ w.

Combining (2.7) and (2.8), we obtain

inf
R<ρ<dR

ρ2+2γ

|x|2γ w − δ2 ≤ 2 ln 2
ln d (δ + 4)2.

Letting d→ ∞ and then R→ ∞, we conclude that

lim inf
ρ→∞

ρ2+2γ

|x|2γ w ≤ δ2 =
(Q−2

2

)2
,

as claimed. □

3. Preliminary results

Using the Hardy-type inequalities in the previous section, we obtain gen-
eral results, which assert that, if (1.1) has a positive supersolution u, then
the coefficient functions c = c(z) and b = b(z) satisfy certain inequalities
that are independent of u.

Proposition 3.1. Assume that (1.1) has a supersolution u > 0 in a domain
Ω ⊂ RN .
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(i) If 0 < β < 2, then the coefficient functions b = b(z) and c = c(z)
satisfy

sup
0<t<1

(
t

∫
Ω
cϕ2 dz − t(1− t)

β
β−2

∫
Ω

(
2
β − 1

)(βbs
2

) 2
2−β ϕ2 dz

)
≤

∫
Ω
|∇γϕ|2 dz,

(3.1)

for every ϕ ∈ C∞
c (Ω). In particular, if β = 1, the inequality above

simplifies to√∫
Ω
cϕ2 dz −

√∫
Ω

b2

4 ϕ
2 dz ≤

√∫
Ω
|∇γϕ|2 dz.

(ii) If β = 2 and b∞ = ∥b∥L∞(Ω) < 1, then

(1− b∞)

∫
Ω
cϕ2 dz ≤

∫
Ω
|∇γϕ|2 dz, (3.2)

for every ϕ ∈ C∞
c (Ω).

Proof. (i) Let 0 < β < 2 and u be a positive supersolution of (1.1). Let

v = ut

t , 0 < t < 1. Applying (2.2) with F (s) = st

t , we obtain

−∆γv = (1− t)ut−2|∇γu|2 − ut−1∆γu,

or equivalently,

1
t
−∆γv

v = (1− t)
|∇γu|2

u2 − ∆γu
u .

By (1.1) we have

1
t
−∆γv

v ≥ (1− t)
|∇γu|2

u2 + c− b
|∇γu|β

uβ . (3.3)

Let T =
|∇γu|

u . An elementary calculation shows that

(1− t)
|∇γu|2

u2 − b
|∇γu|β

uβ = (1− t)T 2 − bT β

≥ −
(β
2

) 2
2−β

(
2
β − 1

)
(1− t)

β
β−3 b

2
2−β ,

for T ≥ 0. Substituting this into (3.3), we obtain

1
t
−∆γv

v ≥ c−
(β
2

) 2
2−β

(
2
β − 1

)
(1− t)

β
β−3 b

2
2−β .
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By the Hardy-type inequality in (2.1), we have

t

∫
Ω
cϕ2 dz − t(1− t)

β
β−2

∫
Ω

(
2
β − 1

)(βb
2

) 2
2−β ϕ2 dz

≤
∫
Ω

−∆γv
v dz ≤

∫
Ω
|∇γϕ|2 dz.

(3.4)

We obtain (3.1) by taking the supremum over t ∈ (0, 1).
(ii) Let β = 2, b∞ = ∥b∥L∞(Ω) < 1 and assume that u is a positive

supersolution of (1.1). Then

−∆γu
u + b∞

|∇γu|2
u2 ≥ c in Ω.

By multiplying both sides by (1− b∞)ϕ2, ϕ ∈ C∞
c (Ω), and integrating over

Ω, we obtain

(1− b∞)

∫
Ω

−∆γu
u ϕ2 dz + b∞(1− b∞)

∫
Ω

|∇γu|2
u2 ϕ2 dz ≥ (1− b∞)

∫
Ω
cϕ2 dz.

By applying (2.4) with α = 1− b∞, we arrive at

(1− b∞)

∫
Ω
cϕ2 dz ≤

∫
Ω
|∇γϕ|2dz,

which proves (3.2).
□

If β ̸= 1, the supremum in (3.1) cannot be computed explicitly, in general.
However, through certain estimates, we obtain the following more explicit
result.

Corollary 3.2. Assume that (1.1) has a positive supersolution u > 0 in a
domain Ω ⊂ RN . If 0 < β < 2, then the coefficient functions b = b(z) and
c = c(z) satisfy ∫

Ω

(
c−

(β
2

) 2
2−β

(
2
β − 1

)
b

2
2−β

)
ϕ2 dz

≤ 2β
2−β

(∫
Ω
cϕ2 dz

) 1
2
(∫

Ω
|∇γϕ|2 dz

) 1
2

,

(3.5)
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for every ϕ ∈ C∞
c (Ω). On the other hand, if 0 < β ≤ 1, then the following

refined inequality holds

β
2−β

((∫
Ω
cϕ2 dz

) 2−β
2

−
(∫

Ω

(β
2

) 2
2−β

(
2
β − 1

)
b

2
2−β ϕ2 dz

) 2−β
2
)2

≤
(∫

Ω
cϕ2 dz

)1−β ∫
Ω
|∇γϕ|2 dz,

(3.6)

for every ϕ ∈ C∞
c (Ω). As a consequence, if Ω ⊂ RN is an exterior domain

and 0 < β < 2 then (1.1) does not have positive supersolutions, if

sup
R>2R0

 infR<ρ(z)<dR
ρ(z)2+2γ

|x|2γ b(z))

supR
2
<ρ(z)<2dR

ρ(z)1+γ

|x|γ
√
c(z)

 = ∞. (3.7)

Proof. We write (3.4) in the form

At−Bt(1− t)
β

β−2 ≤
∫
Ω
|∇γϕ|2 dz,

where

A =

∫
Ω
cϕ2 dz and B =

∫
Ω

(
2
β − 1

)(βb
2

) 2
2−β ϕ2 dz.

Assume that A > B for a given ϕ ∈ C∞
c (Ω) and let

g(t) = At−Bt(1− t)
β

β−2 , 0 < t < 1.

An elementary calculation shows that

max
0<t<1

g(t) = βA
2−β

t20
1+

2(β−1)
2−β

t0
= βB

2−β t
2
0(1− t0)

2
β−2 =M(t0),

where t0 is the unique solution of

(1− t0)
2

2−β = B
A

(
1 + 2(β−1)

2−β t0
)
. (3.8)

From (3.8) we obtain

B
A

(
1 + 2(β−1)

2−β t0
)
= (1− t0)

2
2−β ≥ 1− 2t0

2−β ,

from which it follows that

t0 ≥ 2−β
2

A−B
(β−1)B+A ≥ 2−β

2β
A−B
A

and consequently

M(t0) =
( βA
2−β

) t20

1 + 2(β−1)
2−β t0

≥
( βA
2−β

) t20
1+

2(β−1)
2−β

≥ At20 ≥
(2−β

2β

)2 (A−B)2

A .
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This leads to (∫
Ω

(
c−

(β
2

) 2
2−β

(
2
β − 1

)
b

2
2−β

)
ϕ2 dz

)2

≤
( 2β
2−β

)2(∫
Ω
cϕ2 dz

)(∫
Ω
|∇γϕ|2 dz

)
.

For the case 0 < β ≤ 1, from (3.8) we conclude that (1− t0)
2

2−β ≤ B
A , or

equivalently,

t0 ≥ 1−
(
B
A

) 2−β
2 .

Since M(t0) >
( βA
2−β

)
t20, we obtain

βA
2−β

(
1−

(
B
A

) 2−β
2

)2
≤

∫
Ω
|∇γϕ|2dz,

from which it follows that

β
2−βA

β−1
(
A

2−β
2 −B

2−β
2
)2 ≤ ∫

Ω
|∇γϕ|2 dz,

We obtain (3.6) by inserting A and B.
To prove the last part, testing (3.5) with ϕR as in the proof of Proposition

2.3 gives

infR<ρ<dR
ρ2+2γ

|x|2γ b

supR
2
<ρ<2dR

ρ1+γ

|x|γ
√
c
≤ 2β

2−β

(2(δ+4)2 ln 2
ln d + δ2

)
.

This implies that (1.1) does not have positive supersolutions, if (3.7) holds.
□

4. Liouville-type results

Based on the estimates above, we present several nonexistence results
on both bounded domains and unbounded exterior domains. We begin by
considering the case where the coefficients c(x) ≡ c ∈ R and b(x) ≡ b ∈ R
are constants, that is,

−∆γu+
b

uβ−1
|∇γu|β = cu in Ω, (4.1)

where Ω ⊂ RN is a domain and 0 < β ≤ 2.
Consider the eigenvalue problem{

−∆γu = λu in Ω,

u = 0 on ∂Ω.
(4.2)
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Let Ω ⊂ RN be a bounded open set such that 0 ∈ Ω and denote by Hγ(Ω)
the completion of C1

0 (Ω) with respect to the norm

∥u∥γ =

(∫
Ω
|∇γu|2 dz

) 1
2

.

It turns out that Hγ(Ω) is a Hilbert space with the inner product

⟨u, v⟩γ =

∫
Ω
∇γu · ∇γv dz.

Let 2∗γ = 2Q
Q−2 be the critical Sobolev exponent. It is known that the embed-

ding Hγ(Ω) ↪→ L2∗γ (Ω) is continuous, see [44, 15]. Moreover, if Ω ⊂ RN

is bounded, then the embedding Hγ(Ω) ↪→ Lp(Ω) is compact for every
p ∈ [1, 2∗γ).

Let Ω ⊂ RN be a bounded domain. The first eigenvalue λγ1(Ω), and the
related eigenfunctions of −∆γ , are characterized by the variational formula

λγ1(Ω) = min
u∈Hγ(Ω)

∫
Ω |∇γu|2 dz∫
Ω |u|2 dz

,

and there exists a positive function e1 ∈ Hγ(Ω), which is an eigenfunction
corresponding to λγ1 , normalized such that ∥e1∥L2(Ω) = 1. Moreover, the first

eigenvalue λγ1(Ω) is simple.

Remark 4.1. We note that the simplicity of λγ1(Ω) can also be directly
deduced from our Hardy-type inequalities. Assume that u and v are two
solutions of (4.2). Then from (2.3) we obtain

λ1

∫
Ω
ϕ2 dz + α(1− α)

∫
Ω

∣∣∇γ log
u
v

∣∣2 ϕ2 dz ≤ ∫
Ω
|∇γϕ|2 dz.

By choosing ϕ = e1, the first eigenfunction, we have∫
Ω

∣∣∇γ log
u
v

∣∣2 e21 dz ≤ 0,

which implies that u
v ≡ c.

Proposition 4.2. Consider (4.1) with 0 < β ≤ 2 in a domain Ω ⊂ RN . If
0 < β < 2, we assume that

c−
(β
2

) 2
2−β

(
2
β − 1

)
b

2
2−β > 0 (4.3)

and if β = 2, we assume that 0 ≤ b < 1.
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(i) If Ω ⊂ RN is a bounded domain, then (4.1) does not have positive
supersolutions provided that

sup
0<t<1

t
(
c− (1− t)

β
β−2

(
2
β − 1

)(βb
2

) 2
2−β

)
> λγ1(Ω), (4.4)

if 0 < β < 2, and

(1− b)c > λ1(Ω), (4.5)

if β = 2. In particular, if β = 1, the condition reduces to
√
c − b

2 >√
λγ1(Ω).

(ii) If Ω is an exterior domain in RN , then (4.1) does not have positive
supersolutions.

Proof of Proposition 4.2. (i) Let u > 0 be a supersolution of (4.1). If 0 <
β < 2, from (3.1) we have

sup
0<t<1

t
(
c− (1− t)

β
β−2

(
2
β − 1

)(βb
2

) 2
2−β

)∫
Ω
ϕ2 dz ≤

∫
Ω
|∇γϕ|2dz, (4.6)

for all ϕ ∈ C∞
c (Ω). Dividing both sides by

∫
Ω ϕ

2dz and taking infimum over
all 0 ̸= ϕ ∈ C∞

c (Ω) we obtain

sup
0<t<1

t
(
c− (1− t)

β
β−2

(
2
β − 1

)(βb
2

) 2
2−β

)∫
Ω
ϕ2 dz ≤ λγ1(Ω).

Hence, positive supersolutions do not exist, if (4.4) holds. If β = 2, by (3.2)
we obtain

(1− b)c

∫
Ω
ϕ2 dz ≤

∫
Ω
|∇γϕ|2 dz,

and similarly to the previous case, the equation does not have positive su-
persolutions, if (4.5) holds. Note also that, for the special case β = 1, we
have

sup
0<t<1

t
(
c− b2

4(1−t)

)
=

(√
c− b

2

)2
.

(ii) Let Ω ⊂ RN be an exterior domain. By (4.3) there exists t0 such that

D0 = c− (1− t0)
β

β−2
(
2
β − 1

)(βb
2

) 2
2−β > 0.

Then, by (4.6) and Proposition 2.3, we obtain

t0D0 lim inf
ρ→∞

ρ2+2γ

|x|2γ ≤
(Q−2

2

)2
,

which leads to a contradiction since

lim inf
ρ→∞

ρ2+2γ

|x|2γ = ∞.
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Similarly, in the case β = 2 by (4.6) and Proposition 2.3 we have

(1− b)c lim inf
ρ→∞

ρ2+2γ

|x|2γ ≤
(Q−2

2

)2
,

which leads to a contradiction, if (1− b)c > 0. □

Remark 4.3. Using Corollary 3.2, it is possible to derive an explicit (though
generally weaker) criterion, in place of inequality (4.4), for the nonexistence
of positive supersolutions to (4.1). For instance, if 0 < β ≤ 1, applying (3.6)
and following an argument similar to the one above, we find that there does
not exist positive supersolutions, if the constants c and b satisfy

c
2−β
2 − β

2

(
2
β − 1

) 2−β
2 b >

√
2−β
β c

1−β
2

√
λγ1(Ω).

Proposition 4.4. Let b, c ∈ C(RN \Bρ
R0

), 0 < β ≤ 2,

α+ = lim sup
|z|→∞

ρ(z)2+2γ

|x|2γ c(z), α− = lim inf
|z|→∞

ρ(z)2+2γ

|x|2γ c(z),

and

τ+ = lim sup
|z|→∞

(ρ(z)1+γ

|x|γ
)2−β

b(z), τ− = lim inf
|z|→∞

(ρ(z)1+γ

|x|γ
)2−β

b(z).

(i) If τ+ <∞ (when β = 2 we assume τ+ < 1), then (1.1) does not have
positive supersolutions provided

α− >
(Q−2

2

)2(( 2
β − 1

)
T 2
0 + 2

βT0 + 1
)
, (4.7)

where T0 is the unique solution of

2

β

(Q−2
2

)2−β T0

(T0+1)β−1 = τ+. (4.8)

(ii) The above results is sharp in the sense that, if τ− <∞ (when β = 2
we assume τ− < 1) and

α+ <
(Q−2

2

)2(( 2
β − 1

)
T 2
0 + 2

βT0 + 1
)
, (4.9)

where T0 is the unique solution of

2
β

(Q−2
2

)2−β T0

(T0+1)β−1 = τ−, (4.10)

then (1.1) has positive supersolutions in RN \Bρ
R for sufficently large

R.



Baouendi–Grushin operators 17

(iii) If 0 < β < 2 and τ+ = ∞, then (1.1) does not have positive superso-
lutions, if

lim sup
R→∞

( infR<ρ(z)<2R
ρ(z)2+2γ

|x|2γ c(z)

supR
2
<ρ(z)<4R

ρ(z)2+2γ

|x|2γ b(z)
2

2−β

)
= ∞. (4.11)

Similarly, for β = 2 the same conclusion holds, if

lim sup
R→∞

((
1− sup

R
2
<ρ(z)<4R

b(z)

)
inf

R<ρ(z)<2R

ρ(z)2+2γ

|x|2γ c(z)

)
= ∞.

Remark 4.5. If β = 1, the value of T0 in the proposition above can be
computed explicitly. From (4.8) we obtain T0 = τ+

Q−2 and substituting it

into (4.7), the equation does not have positive supersolutions, if

α− >
(Q−2+τ+

2

)2
.

Similarly, from (4.9) and (4.10) a positive supersolution exists in RN \ BR

for R sufficently large, if

α+ <
(Q−2+τ−

2

)2
.

Moreover, if β = 2, then T0 = τ+
1−τ+

, and the equation does not have super-

solutions, if

(1− τ+)α− >
(Q−2

2

)2
while a positive supersolution exists in RN \BR for R sufficently large, if

(1− τ−)α+ <
(Q−2

2

)2
.

Proof of Proposition 4.4. (i) Consider first the case β ̸= 2, and suppose that
(1.1) has a supersolution u > 0. From Proposition 3.1, the coefficient func-
tions b = b(z) and c = c(z) must satisfy (3.1). Testing this inequality with
ϕ = ϕR and using the gradient bound in (2.8), we obtain∫

Ω
|∇γϕ|2 dz ≤ 2C(δ + 4)2 ln 2 + Cδ2 ln d.

On the other hand, we have∫
Ω
cϕ2 dz ≥

∫
R<ρ<dR

cρ−2δ dz

=

∫
R<ρ<dR

(ρ2+2γ

|x|2γ c
)
(|x|2γρ−2δ−2−2γ) dz
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≥ inf
R<ρ<dR

ρ2+2γ

|x|2γ c

∫
R<ρ<dR

|x|2γρ−Q−2γ dz

= C ln d inf
R<ρ<dR

ρ2+2γ

|x|2γ c.

For the remaining term in (3.1) we have∫
Ω

(
2
β − 1

)(βb
2

) 2
2−β ϕ2 dz ≤

(
2
β − 1

)(β
2

) 2
2−β

∫
R
2 <ρ<2dR

b
2

2−β dz

≤
(
2
β − 1

)(β
2

) 2
2−β sup

R
2
<ρ<2dR

ρ2+2γ

|x|2γ
b

2
2−β

∫
R
2
<ρ<2dR

|x|2γ
ρ2+2γ ϕ

2 dz.

By applying the Hardy-type inequality in (2.2), we obtain∫
Ω

(
2
β − 1

)(βb
2

) 2
2−β ϕ2 dz ≤

(
2
β − 1

) (β
2

) 2
2−β

·
(

2
Q−2

)2
sup

R
2
<ρ<2dR

ρ2+2γ

|x|2γ b
2

2−β

∫
R
2
<ρ<2dR

|∇γϕ|2 dz.

Combining the estimates in (3.1), we obtain

t infR<ρ<dR
ρ2+2γ

|x|2γ c

t(1− t)
β

β−2

((
2
β − 1

)(β
2

) 2
2−β

(
2

Q−2

)2
supR

2
<ρ<2dR

ρ2+2γ

|x|2γ b
2

2−β

)
+ 1

≤ 2(δ+4)2 ln 2
ln d + δ2,

(4.12)

for every t ∈ (0, 1). Taking the limits d→ ∞ and then R→ ∞, we arrive at

tα−

t(1−t)
β

β−2
(
2
β−1

)(β
2

) 2
2−β

(
2

Q−2

)2
τ

2
2−β
+ +1

≤
(Q−2

2

)2
,

or equivalently,

α− ≤ (1− t)
β

β−2
(
2
β − 1

)(β
2

) 2
2−β τ

2
2−β

+ + 1
t

(Q−2
2

)2
.

Hence there is no solution, if

α− > inf
0<t<1

(
(1− t)

β
β−2

(
2
β − 1

)(β
2

) 2
2−β τ

2
2−β

+ + 1
t

(Q−2
2

)2)
.

Letting t = 1
1+T , T > 0, we rewrite the display above as

α− > inf
T>0

((
2
β − 1

)(β
2

) 2
2−β τ

2
2−β

+

(
T+1
T

) β
2−β + (T + 1)

(Q−2
2

)2)
.
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Let

f(T ) =
(
2
β − 1

)(β
2

) 2
2−β τ

2
2−β

+

(
T+1
T

) β
2−β + (T + 1)

(Q−2
2

)2
,

where 0 < T < ∞. Since f(T ) → ∞ as T → 0 or T → ∞, f attains a
minimum at a unique point T0 such that f ′(T0) = 0, that is,

β
2 τ+(T0 + 1)β−1 = T0

(Q−2
2

)2−β
.

Then

f(T0) =
(Q−2

2

)2(( 2
β − 1

)
T 2
0 + 2

βT0 + 1
)
,

which proves (i) for β ̸= 2.
If β = 2 we apply (3.2) and obtain(

1− sup
R
2
<ρ<2dR

b
) ∫

R
2
<ρ<2dR

cϕ2R dz ≤
∫

R
2
<ρ<2dR

|∇γϕR|2 dz.

Using the estimates as before we find that(
1− sup

R
2
<ρ<2dR

b
)

inf
R<ρ<dR

ρ2+2γ

|x|2γ c ≤
2(δ+4)2 ln 2

ln d + δ2 (4.13)

and letting d→ ∞ and R→ ∞, we arrive at

(1− τ+)α− ≤
(Q−2

2

)2
.

Hence there is no solution, if

(1− τ+)α− >
(Q−2

2

)2
,

which matches with (4.7) and (4.8) as β = 2, completing the proof of (i).
(ii) To prove the existence part, we look for a constant a > 0 such that

the function u = ρ−a is a supersolution of (1.1). We observe that

−∆γu = −a(a−Q+ 2)|x|2γρ−a−2−2γ ,

b|∇γu|β
uβ−1 = aβ|x|γβρ−a−β(1+γ)b

and cu = cρ−a. Thus, we have

−∆γu+
b|∇γu|β
uβ−1 − cu = ρ−a−2−2γ |x|2γ

(
a(Q− 2− a)

+ aβ
(ργ+1

|x|γ
)2−β

b− ρ2+2γ

|x|2γ c
)
.

Let α1 > α+ and τ1 < τ−. Then for |z| sufficiently large, we have

a(Q− 2− a) + aβ
(ργ+1

|x|γ
)2−β

b− ρ2+2γ

|x|2γ c ≥ a(Q− 2− a) + aβτ1 − α1.
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Hence, u = ρ−a is a supersolution in RN \BR for large enough R provided

α1 ≤ (Q− 2− a)a+ aβτ1.

Such parameters α1 and τ1 exist, if

α+ < sup
a>0

((Q− 2− a)a+ aβτ−).

Let
g(a) = (Q− 2− a)a+ aβτ−, 0 < a <∞.

We have g(0) = 0, g(∞) = −∞ and g(a) > 0 for small enough a > 0, so
that g attains supremum at a unique point a0, where g

′(a0) = 0, that is,

βaβ−1
0 τ− = 2a0 −Q+ 2.

Then
g(a0) =

(
2
β − 1

)
a20 +

(
1− 1

β

)
(Q− 2)a0.

Set a0 =
(Q−2

2

)
(T0 + 1) to match the earlier parametrization. Then

g(a0) =
(Q−2

2

)2(( 2
β − 1

)
T 2
0 + 2

βT0 + 1
)
,

where
β
2 (T0 + 1)β−1τ− =

(Q−2
2

)2−β
T0.

This completes the proof of (ii).
(iii) If 0 < β < 2, it suffices to choose d = 2 and t = 1

2 in (4.12) and to
apply τ+ = ∞. If β = 2, we may choose d = 2 in (4.13). □

Corollary 4.6. Let b > 0, c, µ ∈ R, 0 < β < 2 and λ > −(2 − β)(1 + γ).
The equation

−∆γu+
b|x|(2−β)γρλ

uβ−1
|∇γu|β = c|x|2γρµu in RN \Bρ

R0
(4.14)

does not have positive supersolutions in each of the following cases:

(i) µ > 2λ
2−β , c > 0,

(ii) µ = 2λ
2−β , c > (β2 )

2
2−β ( 2β − 1)b

2
2−β .

In all other cases, positive supersolutions exist for sufficiently large R0.

Remark 4.7. Consider the equation (4.14) with γ = 0 and β = 1, that is,

−∆u+ b|x|λ|∇u| = c|x|µu in RN \Bρ
R0
.

In [19], nonexistence results were established for λ > 0, assuming that c −
3eb2 > 0 and µ = 2λ, though this condition is not optimal. These findings
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were refined in [3], aligning with our results for λ > 0. Our work extends
these results to include λ > −1. Furthermore, when µ = 2λ

2−β , we obtain

D(z) = c(z)−
(β
2

) 2
2−β

(
2
β − 1

)
b(z)

2
2−β

=
(
c(z)−

(β
2

) 2
2−β

(
2
β − 1

)
b(z)

2
2−β

)
|x|2γρ(z)µ.

This leads to the degenerate case where lim|z|→∞D(z) = 0, provided µ +
2γ < 0. By (ii), there does not exist positive supersolutions to (4.14), if
−2γ − 2 < µ < −2γ.

Proof of Corollary 4.6. By the assumption we have

τ+ = lim sup
|z|→∞

(ρ1+γ

|x|γ
)2−β

b = lim sup
|z|→∞

bρλ+(2−β)(1+γ) = ∞.

Assume that c > 0. We note that

inf
R<ρ<2R

ρ2+2γ

|x|2γ c

sup
R
2
<ρ<4R

ρ2+2γ

|x|2γ b
2

2−β

=

inf
R<ρ<2R

cρ2+2γ+µ

sup
R
2
<ρ<4R

bρ
2+2γ+

2λ
2−β

≈ C0R
µ− 2λ

2−β .

Hence, condition (4.11) is satisfied, if µ > 2λ
2−β , and thus the equation does

not have positive supersolutions in this case, which proves (i).
If µ = 2λ

2−β , we verify condition (3.7). We note that

D(z) = c(z)−
(β
2

) 2
2−β

(
2
β − 1

)
b(z)

2
2−β

=
(
c−

(β
2

) 2
2−β

(
2
β − 1

)
b

2
2−β

)
|x|2γρ(z)µ.

Therefore, we have

inf
R<ρ<dR

ρ2+2γ

|x|2γ D(z)

sup
R
2
<ρ<2dR

ρ1+γ

|x|γ
√
c(z)

=

(
c−

(β
2

) 2
2−β

(
2
β − 1

)
b

2
2−β

)
√
c

inf
R<ρ<dR

ρ2+2γ+µ

sup
R
2
<ρ<2dR

ρ1+γ+
µ
2

≥

(
c−

(β
2

) 2
2−β

(
2
β − 1

)
b

2
2−β

)
√
c

CγR
1+γ+

µ
2 .

Note that the exponent satisfies

1 + γ + µ
2 = 1 + γ + λ

2−β > 0.
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Therefore, condition (3.7) holds, and by Corollary 3.2, the equation in (4.14)
does not have positive supersolutions, which proves (ii).

To complete the proof, we construct positive supersolutions in the remain-
ing cases. First, observe that, if c ≤ 0, then any positive constant function
is a supersolution. When c > 0, we look for constants a, t > 0, to be chosen
later, such that the function

u = u(z) = e−aρ(z)t

is a supersolution of (4.14). A direct computation gives

−∆γu+ b|x|(2−β)γρλ

uβ−1 |∇γu|β − c|x|2γρµu = |x|2γe−aρt

ρ2γ

(
−t2a2ρ2t−2

+ ta(Q− 2 + t)ρt−2 + tβaβbρλ+β(t−1−γ)+2γ − cρµ
)

= |x|2γe−aρt

ρ2γ+2−2t

(
−t2a2 + ta(Q−2+t)

ρt + btβaβρλ+β(t−1−γ)+2−2t+2γ

− cρµ+2γ+2−2t
)
.

Let t be such that

λ+ β(t− 1− γ) + 2− 2t+ 2γ = 0,

from which it follows that

t = λ+(2−β)(1+γ)
2−β > 0.

Then u is a supersolution provided

−t2a2 + ta(Q−2+t)
ρt + btβaβ − cρ

µ− 2λ
2−β > 0. (4.15)

If µ < 2λ
2−β , the last term vanishes at infinity, and the inequality holds for

small a > 0 and sufficiently large |z|, by taking into account the facts that
t > 0 and 0 < β < 2. If µ = 2λ

2−β , then (4.15) becomes

−t2a2 + ta(Q−2+t)
ρt + btβaβ − c ≥ 0,

which is the case, if −t2a2 + btβaβ − c ≥ 0.
Letting T = at, this becomes

f(T ) = −T 2 + bT β − c > 0

for some T > 0. This holds provided that

min
T>0

f(T ) =
(β
2

) 2
2−β

(
2
β − 1

)
b

2
2−β − c > 0.

This completes the proof. □



Baouendi–Grushin operators 23

Acknowledgements. This research was carried out during the first au-
thor’s visit at the Department of Mathematics at Aalto University. He would
like to thank the institution and the Nonlinear Partial Differential Equations
group for the kind and warm hospitality.

References

[1] L. Aermark and A. Laptev, Hardy’s inequality for the Grushin operator with a mag-
netic field of Aharanov-Bohm type, St. Petersburg Math. J., 23 (2012), no. 2, 203–208.

[2] A. Aghajani and C. Cowan, Explicit estimates on positive supersolutions of nonlinear
elliptic equations and applications, Discrete Contin. Dyn. Syst. 39 (2019), no. 5,
2731–2742.
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