ni1:= SetDirectory ["~/Factorisation/"];
<< kappaLi b. m
<< hel per. m

KappaLib v1.1

Loadi ng hel per. m..

m Metaclass VI:

n4)= vars = {x0, x1, x2, x3};

al 0 0 -bl 0 O
0 a2 0 0 a4 O

, 0 0 a8 0 0 ab
In[5]:= kappa:enMatuxToKappa[ bl 0 0 al 0 O ];

0 a4 0 0 a2 o0
0O 0 a5 0 O a3

nel:= vars = {x0, x1, x2, x3};
fr = enKappaToFresnel [kappa, vars];

s We may assume that a4, a5!= 0

nie= Full Siplify [fr /. {a4 - 0, x1 - 0, x3 - 0}]
FullSinplify[fr /. {ab » 0, x0 » 0, x3 -» 0}]

outisl= 0
outf9]= 0
im0 frSym= x0% + x1% - x2% - x3* + D0 x0 x1 x2 X3 +

DL (x2% x3% - x0? x1%) - D2 (x1% x3% + x0% x2?) - D8 (x1? x2? + x0% x3?);

n[11]:= SubSym = {
2al?a2 2ala2? 2al?a3 2a2?a3 2al a3?

D0 -> - - + +
ad a5 bl a4 a5bl a4 a5bl a4 a5bl a4 a5bl

2a2a3?2 2ala4 2a3a4d 2ala5 2a2a5 2a2bl 2a3bl

+ - - + + -

a4 a5 bl a5 bl a5 bl a4 bl a4 bl a4 a5 a4 ab

(a2 - a3)? - a4? - a5?2
DL -> ,
a4 a5
(al -a3)2- (a5"2-b1"2)
D2 -> ,
ab bl

(al -a2)%2-(ad”2-b1n2)

D3 ->

¥

a4 bl
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nz)= Sinmplify [fr - (a4 a5 bl) frSym/. subSym]

outj12]= 0O

m We assume that the Fresnel polynomial factorises

n13:= A = Tabl e [ToExpressi on[" A" <> ToString[Mn[{i, j}]1 <> ToString[Max [{i, j}111,
{ia Ol 3}1 {Jv 0! 3}]1
B = Tabl e [ToExpression["B" <> ToString[Mn[{i, j}1] <> ToString[Max [{i, j}111,
{i, 0, 3}, {j, 0, 3}1;
A // Matri xForm
B // Matri xForm
factorised = (vars. A.vars) (vars. B.vars);
Out[15]//Matrix Form=
AO0 A01 A02 A03
A0l All Al2 A13
AD2 Al2 A22 A23
AD3 Al3 A23 A33

Out[16]//MatrixForm=

BOO BO01 BO2 BO3
BO1 Bl11 Bl2 BI13
BO2 Bl2 B22 B23
BO3 B13 B23 B33

nr1el:= cons = Uhion[Fl atten[CoefficientList [frSym-factorised, vars]]]1;



In[19]:=

cons =sinp[cons];

show[cons] // Mat

Out[20]//MatrixForm=

ri xForm

1 0

2 1 - A00 BOO

3 1-Al1 B11

4 -1 - A22 B22

5 -1 - A33 B33

6 2 (A01 BOO + AOO BO1)

7 2 (A02 BOO + AOO BO2)

8 2 (A03 BOO + AOO BO3)

9 2 (A1l BO1 + A01 Bl1)

10 2 (A12 B11 + All B12)

11 2 (A13 B11 + All B13)

12 ~2 (A22 BO2 + AD2 B22)

13 : 2 (A22 B12 + A12 B22)

14 : 2 (A23 B22 + A22 B23)

15 : 2 (A33 BO3 + AD3 B33)

16 2 (A33 B13 + A13 B33)

17 2 (A33 B23 + A23 B33)

18 ~Al1 BOO - 4 AO1 BO1 - AOO B11 - DL

19 : _A33 B22 - 4 A23 B23 - A22 B33 + DL

20 : ~A22 BOO - 4 AD2 BO2 - AD0 B22 - D2

21 ~A33 Bl11 - 4 A13 B13 - All B33 -2

22 - ~A22 B11 - 4 A12 B12 - All B22 - D3

23 ~ A33 BOO - 4 AD3 BO3 - AOO B33 - [3

24 - ~2 (A12 BOO + 2 AD2 BO1 + 2 AO1 BO2 + AOO B12)
25 - -2 (2 A12 BO1 + A1l BO2 + AD2 Bl11 + 2 A01 Bl2)
26 : ~2 (A13 BOO + 2 A03 BO1 + 2 AO1 BO3 + AOO B13)
27 - ~2 (2 A13 BO1 + A1l BO3 + AO3 Bl11 + 2 A01 B13)
28 ~2 (A22 BO1 + 2 A12 BO2 + 2 A2 B12 + AD1 B22)
29 : ~2 (A23 BOO + 2 A03 BO2 + 2 AD2 BO3 + ADO B23)
30 : ~2 (2 A23 B02 + A22 BO3 + AD3 B22 + 2 AD2 B23)
31 _2 (A23 Bl1 + 2 A13 B12 + 2 A12 B13 + All B23)
32 ~2 (2 A23 B12 + A22 B13 + A13 B22 + 2 Al2 B23)
33 : ~2 (A33 BO1 + 2 A13 BO3 + 2 AO3 B13 + AO1 B33)
34 2(A33I302+2A23803+2A03823+A02833)
35 2 (A33 B12 + 2 A23 B13 + 2 Al3 B23 + Al2 B33)
36 : -4 (A23BOl+A13BOZ+A12803+A03812+A02 B13 + AD1 B23)

+D0
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m Equation (2): By renaming and scaling, we may assume that A00 = 1.

In[21]:=

sub = {A00 -> 1, BOO - 1};

|3
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n[22]:= €ONS =sinp[cons //. sub];

show [cons ]
Out[23]//MatrixForm=

1 : 0

2 1-Al11 Bl11

3 -1-A22 B22

4 -1 - A33 B33

5 ~2 (AD1 + BO1)

6 -2 (AD2 + BO2)

7 2 (A03 + BO3)

8 -2 (A11 BO1 + A01 Bl1)

9 -2 (A12 B11 + Al1 B12)

10 : -2 (A13 Bl11 + Al11 B13)

11 ~2 (A22 BO2 + AD2 B22)

12 ~2 (A22 B12 + A12 B22)

13 ~2 (A23 B22 + A22 B23)

14 2 (A33 BO3 + AO3 B33)

15 : 2 (A33 B13 + A13 B33)

16 2 (A33 B23 + A23 B33)

17 -All -4 A01 BO1 - B11 - D1

18 : -A22 - 4 A2 B02 - B22 - D2

19 -A33 -4 A03 BO3 - B33 - 8

20 : -A33 B22 - 4 A23 B23 - A22 B33 + D1

21 -A33 Bl1 -4 A13 B13 - All1 B33- 2

22 : -A22 Bll1 - 4 A12 B12 - A1l B22 - I3

23 : -2 (Al2+2 AD2 BO1 + 2 AO1 BO2 + B12)

24 —2(A13+2A03801+2A01 BO3 + B13)

25 : 2 (A23+2 AD3 BO2 + 2 AD2 BO3 + B23)

26 : -2 (2A12 BO1 + A1l BO2 + AO2 Bl11 + 2 A01 B12)
27 -2 (2 A13 BO1 + A11 BO3 + AO3 Bl11 + 2 A01 B13)
28 : -2 (A22 BO1 + 2 A12 BO2 + 2 AD2 B12 + AD1 B22)
29 : -2 (2 A23 B02 + A22 BO3 + AO3 B22 + 2 AD2 B23)
30 : -2 (A23 B11 + 2 A13 B12 + 2 A12 B13 + All1 B23)
31 : -2 (2 A23 B12 + A22 B13 + A13 B22 + 2 A12 B23)
32 -2 (A33 BO1 + 2 A13 BO3 + 2 AO3 B13 + A01 B33)
33 2(A33802+2A23803+2A03823+A02833)
34 2 (A33 B12 + 2 A23 B13 + 2 A13 B23 + A12 B33)
35 : -4 (A23801+A132+A12803+A03812+A02813+A01 B23) + DO

ni24):= tnp = Join[Take [cons, {5, 7}], Take[cons, {17, 19}]1, Take[cons, {23, 25}11;
tnp // Matri xForm
Out[25]//MatrixForm=

-2 (A01 +BO1)

-2 (AD2 + B02)

-2 (AD3 + B03)
-All -4 A01 B01-Bl1-D1
-A22 - 4 A2 BO2 - B22 - D2
-A33 -4 A0D3 B03 - B33 -3

2 (Al2 + 2 AD2 BO1 + 2 AD1 BO2 + B12)
-2 (A13+2 AD3 BO1 + 2 AD1 BO3 + B13)
2 (A23 +2 AD3 B02 + 2 AD2 BO3 + B23)
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nze):= Sol ve [toEgs [%], {B01, B02, BO3, Bll, B22, B33, Bl2, Bl3, B23}]
out[26]= {{BOl - -A01, B02 » -A02, B0O3 -» -A03, Bll - 4 A01%2 - A11 - D1, B22 » 4 A022 - A22 - 2,

B33 - 4 A032- A33-D8, B12 - 4 A01 AD2 - A12, B13 - 4 AO1 AD3 - A13, B23 - 4A02A03—A23}}
n271:= sub = Join[sub, %[[1]]]

out[27]= {AOOel, BOO -» 1, BO1 » -A01, BO2 - -A02, BO3 -» - AO3,
Bll - 4 A012 - All - D1, B22 - 4 AD22 - A22 - D2, B33 - 4 A0D32 - A33 - L8,
Bl2 - 4 AO1 A02 - A12, B13 - 4 AO1 AO3 - Al3, 823+4A02A03—A23}

n[28]:= €ONS =sinp[cons //. sub];

show[cons ]
Out[29]//MatrixForm=
1 0
2 2 A01 (-4 AD1%+2 A11 + D1 )
3 1+All (-4 AD1%+All + DL
4 2 AD2 (74A022+2A22 [2)
5 2A03( 4 A032 + 2 A33 + [B)
6 -1+A22 (74A022+A22 [2)
7 -1+ A33 (74A032+A33 [B)
8 8A02A12+2A01(12A022+2A22 m)
9 8A03A13+2A01(12A032+2A33 EB)
10 8A03A23+2A02(712A032+2A33+ )
11 -24 A012 AD2 +8 AD1 A12 +2 AD2 (2 A1l + D1)
12 -24 AD12 AO3 +8 AD1 A13+2 AD3 (2 A1l + D1)
13 - 24 A022 AD3 +8 AD2 A23 + 2 AD3 (2 A22 + D2)
14 -8 AD1 AD2 A11 -8 AD12 A12 +2 A12 (2 A1l +D1)
15 -8 AD1 AD3 A1l -8 A012 A13+2 A13 (2 A1l +D1)
16 -8 AD22 A12 -8 AD1 AD2 A22 + 2 A12 (2 A22 + D2)
17 -8 AD2 AD3 A22 -8 AD22 A23 + 2 A23 (2 A22 + D2)
18 -8 AD32 A13-8 AD1 AD3 A33+2 A13 (2 A33 + B)
19 -8 AD32 A23 -8 AD2 AD3 A33 + 2 A23 (2 A33 + DB)
20 : 8 AD3 A12 +8 AD2 A13 +8 AD1 (-6 AD2 AD3 + A23) + DO
21 -4 AD22 A11 - 16 AD1 AD2 Al12 + 4 A122 - 4 AD12 A22 + 2 A1l A22 + A22 D1 + A11 D2 - D8
22 -4 AD32 A11 - 16 AD1 AD3 A13+4 A132 -4 AD12 A33+2 A1l A33+A33 D1 - D2+ A1l D8
23 -4 AD32 A22 - 16 AD2 AD3 A23 + 4 A232 - 4 AD22 A33 + 2 A22 A33 + D1 + A33 D2 + A22 D8
24 . 2 (—4A022A13—4A01 AD3 A22 + 2 A13 A22 + 4 A12 A23 -8 AD2 (AD3 Al2 + AD1 A23) + Al3 DZ)
25 2(—4A032A12+4A13A23—8A03 (A02A13+A01A23)—4A01A02A33+2A12A33+A12D3)
26 2(—8A01A03A12+4A12A13—4A02 (AD3 A1l + 2 AD1 A13) - 4 AD12 A23 + 2 A1l A23 + A23 DL

m Eliminate

nzo;:=  Vari abl es [cons ]

out[30]=  {A01, AD2, AD3, All, Al12, Al13, A22, A23, A33, DO, D1, D2, D3}
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n31:= elinvars = Vari abl es [A]
condvars = {0, D1, D2, D3}

out31]=  {A00, AD1, A02, AO03, All, Al2, Al3, A22, A23, A33}
outzz)= {00, D1, D2, DB}

nz3):= gb = Full Sinplify [GoebnerBasis[cons, condVars, elinmvars]]; // Timng
out[33)= {10.39, Null}

in34):= Show([sinp[gb]]

Out[34]//Matrix Form=

1 DO (4 +D22) (4+D82)
DO (-4+D12) (4+D2?)

DO (-4+D12) (4+D8?)
(-4+D12) (4+D22%) (4+D82)
(4+De%) (DL D2+2D8) (4+D82)
(4+De%) (2D2+DL DB) (4+D82)
(-4+D12) (4+D2%) (2 DL -D2DB)
(-4+D12) (2 DL -2 D8) (4+D82)
(4+D22) (D2-DB) (D2+D8) (4+082)
D02+ 4 (-4+D12-D22-D1 D2 D8 - D82

© 00 N O O M WDN

=
o

[
©

m Equation (1) implies that DO =
Equation (4) implies that D1

+2 or -2.
nes;= dSub = {D0 » 0, DL -» 2 signa};

nze):= gb =sinp[gb /. dSub];
show[gb]
Out[37]//MatrixForm=
1 0
4 (4+l]22) (4+D32) (—l +Si grraz)
2 (4+l]22) (4+l}32> (B8 + D2 si gna)
2 (4+l]22) (4+l}32> (D2 + D3 si gna)
(4+D22) (D2-0B) (D2+D8) (4+D82)
4 (4+D22) (2 DB-4sigm) (-1 +sigm?)
(4+D32) (D2 8 -4 sigma) (-1+sigma?)
4 (4+D22+DB%+2 D2 D8 signa - 4 sigma?)

0 N OO O~ WN

s Equation (3): (D3+D2 sigma)=0

n[zs;:= dSub = Append [dSub, D2 - -signa D3];



nzo;= gb =sinp[gb /. dSub];
show[gb]
Out[40]//MatrixForm=
1: 0
2 4 (4+D82) (-1 +sigma?)
3 4 (4+ D32)25i gma (-1 +sigma?)
4 : 4 (4+082) (-1+sigma?) (4+D82sigm?)
5 D82 (4+D82) (-1 +sigma?) (4+ D82 sigma?)
6 -2 D8 (4+D8%) (-1+sigma?) (4« D82 sigma?)
7 4 (4+082) sigma (-1 +sigma?) (4+ D82 sigma?)

n[41):= dSub
oua11= {00 - 0, DL - 2sigma, D2 - -D8 sigma}
m We have proven that:
DO =0, D1=sigmax2, D2=-sigmaD3

where sigma = +1 or sigma = -1

m Metrics for general sigma

1 0 0 0
0 -sigma 0 0
- AM=|0 0 5 (si gna [B+'\/4+[132) 0 ;
0 0 0 = (—[B—signa 4+[132)
1 0 0 0
0 -signa 0 0
BB=|0 O é(sigrra[B—'\/4+[Bz) 0 :
0 0 0 -2(—[13+signa 4+D82)

n44):= delta =frSym- (vars. AA. vars) (vars. BB. vars);

npas;:= exp = Ful | Sinplify [Expand [delta //. dSub]]
1
outeer (-1 +si gma?) - (-2 x12+ D8 x22)? + (4+ D82) x3*)

n46):= €xp /. signa -» 1
exp /. sigma » -1

outf46]= 0O

outf471= 0

Metaclass_VI.nb
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m Check signatures

n4s;= AA /. signa -» -1 // MatrixForm
AA /. sigma » 1 // MatrixForm

Out[48]//MatrixForm=

10 0 0
01 0 0

00 (EB+\/4+[B2) 0
5 (— D8 ++/ 4+ D82 )
Qut[49]//MatrixForm=

1 0 0 0
0 -1 0 0

00 %(D{hm) 0
o

n[so):= pri nt Not ebook [" Met acl ass_M . pdf "]
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