(1= SetDirectory["~/KappaLib/"];
<< kappaLib-1.1.m
<< helper.m

Kappalib v1.1

Loading helper.m..

m Metaclass Il:
n4:= vars = {x0, x1, x2, x3};

al -bl O 0 0 0

bl al ©0 0 0 0

0 a2 o 0 -b2

1 0 al bl O ]
0 0 -bl al O

0 0 b2 O 0 a2

I

kappa = emMatrixToKappa [

= O O

n7:= fr = emKappaToFresnel [kappa, vars];
ingl= FullSimplify[emDet [kappa]]
oug- (al? +b12)? (a2? + b2?)

= We assume that Fresnel polynomial factorises:

in9l= A = Table[ToExpression["A" <> ToString[Min[{i, j}]] <> ToString[Max[{i, j}11],
{i, 0, 3}, {j, 0, 3}1;
B = Table[ToExpression["B" <> ToString[Min[{i, j}]] <> ToString[Max[{i, j}11],

{i, 0, 3}, {j, 0, 3}];

A // MatrixForm

B // MatrixForm

factorised = (vars.A.vars) (vars.B.vars);
Out[11])/MatrixForm=
A00 A01 A02 AO03
A01 All Al2 Al3
A02 Al2 A22 A23
AO03 Al3 A23 A33
Out[12]//MatrixForm=
B0O0O BO1 BO2 BO03
B0l B1l Bl12 B13
B02 Bl2 B22 B23
B03 B13 B23 B33

inf14= cons = Union[Flatten[CoefficientList[ fr - factorised, vars]]];
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in[15]= cons = simp[cons];
show[cons] // MatrixForm
Out[16]//MatrixForm=

: 0

: -A33 B33

: ~A00 BOO - b2

: b1%2 b2 - A22 B22

: -Al11B11 +bl1?b2

: -2 (A01B00 + A00 BO1)

: -2 (A02 B0O + A00 B02)

: -2 (A03 BOO + AOO BO3)

: -2 (A11B01 +A01 B11)

: -2 (A12 B11 +All B12)

: -2 (A13B11 +All B13)

: -2 (A22 B02 + A02 B22)

: -2 (A22B12 + Al2 B22)

: -2 (A23 B22 + A22 B23)

: -2 (A33B03 + A03 B33)

: -2 (A33B13 +Al13 B33)

: -2 (A33 B23 + A23 B33)

: -A33B11-4A13B13-Al1B33
: -A33B22 - 4 A23 B23 - A22 B33

: -A22B11-4A12B12+2bl?b2-A11B22
~A33B00 - 4A03B03 +4bl?b2-A00B33

: -2 (2A12B01 +A11B02 +A02B11+2A01B12)

3 -2 (A13B00+2A03B01+2A01B03 +A00B13)

: -2 (A22B01+2A12B02 +2A02B12 +A01B22)

: -2 (A23 B00 + 2A03 B02 + 2A02 B03 + A00 B23)

: -2 (A23 B11+2A13B12+2A12B13 +Al1B23)

: -2 (2A23B12 +A22B13 +A13B22 +2A12B23)

: -2 (A33B01+2A13B03 +2A03B13 +A01B33)

: -2 (A33B02 +2A23B03 +2A03B23 +A02B33)

: -2 (A33B12 +2A23 B13 +2A13 B23 +A12 B33)

: -A11B00-4A01B01+2albl-2a2bl-A00Bl11
: -A22B00-4A02B02-2albl+2a2bl-A00B22
: -4 (A23B01 +A13B02 +A12B03 +A03B12 +A02B13 +A01B23)

: -2 ((al-a2)?+A12B00 + 2A02 B0l + 2A01 B02 - b1? + A00 B12 + b2?)
: -2 (2A13B01+A11B03+A03B11+2A01B13+bl ((al-a2)?+bl”+b2%))
: -2 (2A23B02+A22B03+bl ((al-a2)?+bl?+b2%) +A03B22 +2A02 B23)
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.




= Equation (3): By rescaling, we may assume that A00 = 1.

in[i7]= sub = {AOO0 -> 1, BOO » -b2};
cons = simp[cons //. sub];
show[cons]

Out[19]//MatrixForm=
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in20):= tmp = Join[Take[cons, {3, 5}], Take[cons, {19, 21}], Take[cons, {23, 24}],

-2
-2
-2
-2
-2
-2
-2
-2
-2

0
-A33 B33

-2B01+2A01b2
-2B02+2A02b2
-2B03+2A03b2
b1%2 b2 - A22 B22

-Al11B11 +bl%b2
A11B01+A01BI11
Al12 B11l +AllB12
A13B11+AllB13
A22 B02 + A02 B22
A22 B12 + Al2 B22
A23 B22 + A22 B23
A33 B03 + A03 B33
A33B13 +Al13 B33
A33 B23 + A23 B33)
-A33B11-4A13B13-A11B33
-A33B22 - 4A23 B23 - A22 B33
-4 A03B03 +A33b2+4bl?b2-B33
-2 (2A03B01+2A01B03+B13-A13b2)
-2 (2A03B02 +2A02B03 - A23 b2 + B23)
~A22B11-4Al12B12+2bl?b2-Al1B22
-4A01B01+2albl-2a2bl-Bll+Allb2
-4A02B02-2albl+2a2bl+A22b2-B22
2A12B01+Al11B02 +A02B11 +2A01B12
A22 B0l +2A12B02+2A02B12 + A0l B22
A23B11 +2A13B12+2Al12B13 +AllB23
2 A23 B12 + A22 B13 + A13 B22 + 2 A12 B23
A33B01 +2A13B03+2A03B13 +A01 B33
A33B02 + 2A23 B03 + 2 A03 B23 + A02 B33
A33B12+2A23B13+2A13B23 +Al12B33
-4 (A23B01+A13B02 +A12B03 +A03B12+A02B13 +A01 B23)
-2 ((al-a2)?+2A02B01+2A01B02-bl”+B12-Al2b2 +b2?)

-2 (2A13B01+A11B03 +A03B11+2A01B13+bl ((al-a2)?+bl”+b2%))
-2 (2A23B02+A22B03 +bl ((al-a2)?+bl?+b2%) + A03 B22 + 2 A02 B23)

)
)
)
)
)
)
)
)

Metaclass_II.nb

{cons[[33]]}]

Out[20]= {72 BO1+2A01b2, —2B02+2A02b2, -2B03+2A03b2, -4 A03B03 +A33b2 +4bl?b2-B33,

-2 (2A03B01+2A01B03+B13-A13b2), -2 (2A03B02+2A02B03 -A23b2+B23),
-4A01B0l+2albl-2a2bl-B11+All1b2, -4A02B02-2albl+2a2bl+A22b2-B22,

-2 ((al-a2)?+2A02B01 +2A01B02-bl®+B12-Al2b2+b2?)}

n21]= Solve[toEgs[tmp], {BO1l, BO2, BO3, B33, B13, B23, B11, B22, B12}]

out21]= {{301 - A01 b2, B02 -» A02 b2, B03 - A03 b2, B33 - -4 A03%2b2 + A33b2 + 4 bl? b2,
B13 » -4A01A03b2 +Al13 b2, B23 > -4 A02 A03 b2 + A23 b2,

Bll >2albl-2a2bl-4A012b2+A11b2, B22 > -2albl+2a2bl-42a022b2+A22b2,

Bl2 » -al?+2ala2-a2?+bl?-4A01A02b2+Al12b2 7b22}}

in22)= sub = Join[sub, %[[1]]]

Out[22]= {AOO -1, BOO - -b2, BO1 - A01 b2, B02 - A02 b2, B0O3 - A03 b2,

B33 > -4 A03%2b2 +A33b2 +4bl?b2, B13 > -4 A01A03 b2 + A13 b2, B23 »> -4 A02 A03 b2 + A23 b2,
Bll >2albl-2a2bl-4A01%b2+Al11b2, B22 > -2albl+2a2bl-4A022b2+A22b2,
Bl2 > -al?+2ala2-a22+bl?2-4A01A02b2+Al2 b2—b22}

|3
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In[23]:=

cons = simp[cons //. sub];
show[cons]

Out[24]//MatrixForm=

In[25]:=

Out[25]=

Out[26]=

out[27]=

In[28]:=

Out[28]=
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Variables[cons]
elimVars = Variables[A]
condVars = Variables [kappa]

0

41203 (2A03%*-A33-2bl1%) L

~A33 (-4A03”+A33 +4Dbl1?)
4A02 (albl-a2bl+2A02°b2 -1

4201 (-albl+a2bl+2A01°b2 -
4 (-2A03A13+A01 (6A03°-A33-2
4 (-2A03A23+A02 (6A03°-A33-2
4 (2R03*A13+2A01 A03A33 - Al3 (A33
4 (203*A23 + 2 A02 A03 A33 - A23 (A33

b1?b2 + ALl (-2albl+2a2bl+4A01
2alA22bl-2a2A22bl+ (4A02%A22 -
8 A01A03A11Db2-4A13 (albl-a2bl+ (-:
4alA23bl+8A02A03A22b2-4A23 (a2bl+
4 (-2 (R02A13 +A01A23) b2 +A03 ((al-a2)?-bl?®+b
(6 2017 A02 b2 - A02 (al bl -a2bl +Allb2) +A0L ((al-
(6 201 A02? b2 + AO1 (albl-a2bl-A22b2) +A02 ((al-
-2 ((al-a2) (2R03+al-a2) bl+bl’®+2 (-6A01*A03 +Z
-2 (4R02A23b2+2A03 (~albl+a2bl-6A02°b2+A22b
2 (al-a2) A33bl+2 (2A03% A22 + 8 A02 A03 A23 - 2 A23% +

4
4

2 (-alA33bl+a2A33bl+ (2A03°All+8A01A03A13-2A13°

2 (al?All-2al (Alla2+Al2bl) +2A12 (a2bl+2A01%°b2) +All

2 (a1?A22+a2?A22-2Al2a2bl+al (-2a2A22+2Al12bl) + 4A02° Al2
: 2233 ((al-a2)?-bl%) +4 (2A03*A12 - 2A13A23 + 4 A03 (A02AL3 +A0L1A23)
4 (a1l A23 +a2”A23 -Al3a2bl+al (-2a2A23+Al3bl) + (4A02A03A12 +2A02?A13 + 2 A0
: 4 (al®?Al13 +a2A23bl-al (2Al3a2+A23bl) +2A02A03A11b2 +4A01A03A12b2 +2A01°?
26 : 2 (2al”’Al2+a2 (-All+A22) bl+al (-4Al2a2+ (All-A22) bl) - 2A12°b2+ (2A02% A1l +2

(A01, AO2, AO3, al, All, Al2, Al3, a2, A22, A23, A33, bl, b2}

{a00, AO1, AO2, AO3, Al11l, A12, A13, A22, A23, A33}

{al, a2, bl, b2}

gb = GroebnerBasis[cons, condVars, elimVars]; // Timing

{206.954, Null}
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in29]= show[simp[gb]]

Out[29]//MatrixForm=

1 : b1° b2? (b12 - b22)°

2 (al - a2) bl® (bl -b2) b2? (bl +b2)

3 (al -a2) bl*b2? ((al - a2)? - bl + b2?)

4 (al-a2) bl® ((al-a2)?+ (bl-b2) (bl+b2))

5 -b1° b2% (b1* -2 (2 (al-a2)?+bl?) b2? + b2?)

6 b1® ((al-a2)?bl?+bl* - (5 (al-a2)?+2bl?) b2? + b2*)

7 (al-a2) bl® ((al-a2)?-bl%+b2%) ((al-a2)?+bl?+b2?)

8 -b1*b2% (-5 (al-a2)?bl? +bl®+ ((al -a2)?-2bl?) b2? + b2*)

9 b1*b2? (-5b1°+ 14 Db1* b2® - 13b1? b2* + 4 b2* ((al - a2)? + b2?))
10 bl ((al-a2)?+2 (al-a2) bl-bl%+b2%) ((al-a2)?+bl?+b2?) (al®+a2*+2a2bl-bl1’-
11 : b1? (-2bl* ((al-a2)?+bl?) + (3 (al-a2)* -8 (al-a2)2bl”+7bl?) b2%+2 (3 (al - a2)*
12 : -bl* (-3al*+12al’a2-3a2*+ (bl? —b22>2—2a22 (b1% +b2%) + 4 al a2 (3 a2%+bl? +b2?) -2

= Since b1, b2 have the same signs, equation (1) implies that b1=b2
in3o)= show[simp[gb /. bl - b2]]

Out[30]//MatrixForm=

0
(al -a2)3b2°®
(al - a2)3b2°
(al - a2)2b2®
(al - a2)? b2’

-4 (al-a2)?p2’

4 (al-a2)?p2?0
(al -a2)®>b22+2 (al - a2)3b2*
(al -a2)*b2* -4 (al-a2)?b2°
(al-a2)*b2*+4 (al -a2)?b2°
11 : (al-a2)®b2-2 (al-a2)*b2%®-8 (al-a2)2b2°

4
4

5 0 N o 0w N

3
3

in31]= show[simp[gb /. {bl » b2, al » a2}]]

Out[31]//MatrixForm=
(1 = 0)

= Verify

1 0 0 bl
Caa_ |0 P10 0|
= AR =19 0 -p1 o |7

bl o0 0 0

-1 0 0 bl
0 -bl O 0
0 0 -bl O
bl O 0 0

verify = (vars.AA.vars) (vars. (bl BB).vars);
Simplify[fr - verify /. {al » a2, bl » b2}]

BB

out[3s}= 0

= Check that both metrics have Lorentz signature

In36:= Det [AA]
Det [BB]

ouzsl= -bl*

oua7= -bl*
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= Extra: Check expressions for inverse matrices

ins]= Inverse[AA] // MatrixForm
Inverse[BB] // MatrixForm
Out[38]//MatrixForm=

bl
0o -~ o
bl
o 0o -1 o
bl
1 1
P 0 -

Out[39]//MatrixForm=




