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1 Introduction

In this paper we will consider a family of finite element methods for the
Reissner-Mindlin plate model, which was introduced in [18] and further an-
alyzed in [12]. The origin of the method is in a "Galerkin-Least-Squares”
method in introduced by Hughes and Franca [9]. In this paper the shear
force was discretized independtly and locally condensed. In our paper [18] we
showed that this step is unnecessary; it is possible to formulate the stabilized
method directly in the displacement variables, the deflection and the rota-
tion vector. For lowest order methods this was firs done by Pitkédranta [15].
This stabilized method has two advantages compared to more traditional
methods. First, standard basis functions can used, i.e. no "bubble-function”
are needed. Second, the condition number of the stiffness matrix is optimal
which open the way for using direct multigrid and other iterative solvers.

So far, there has been relatively few works on multigrid methods for
Reissner-Mindlin plate methods. The first are the work of Peisker, Rust and
Stein [14], in which Pitkdrantas method is analyzed. In a subsequent paper by
Peisker [13] the Hughes-Franca method is analyzed. This work also contain
an algorithm in which the shear force is kept as an independent unknown.
This method has the disadvantage that the stiffness matrix of mixed form,
not symmetric and positively definite as the engineering community is used
to. The same holds for the multigrid methods analyzed in the paper by
Arnold, Falk and Winter [1] and Brenner [7].

2 The plate model

In order to analyze the method in connection with multigrid algorithms we
consider the plate model with a general loading. Let 2 C IR? be the midsur-
face of the plate and suppose that the plate is clamped along the boundary T'.
The variational formulation of Reissner-Mindlin model is: find the deflection
w € H}(Q) and the rotation vector 8 = (8., 8,) € [H3(2)]* such that

a(B, )+t (Vw—B,Vu—n) = (fv)+(f,n) Y(v.n) € Hy(Q)x[Hy(Q)].

(2.1)
Here t is the thickness of the plate and f is the transverse load acting on €.
The bilinear form a represents bending energy and is defined as

1

a(B.m) = {(e(B).em) + T (div B,divm) |, (2:2)

where v is the Poisson ratio, €(+) is the small strain tensor and "div” stands
for the divergence, viz.

e(8) = 5{VB+(VA)'}, (2.3
div@ = o "oy (2.4)



The loading in the shear equilibrium equation (se below) will be needed for
the multigrid analysis. Here and below we for D C IR? define the Sobolev
spaces H*(D), with s > 0, in the usual way, i.e. first for integral values
s and then for nonintegral values by interpolation, cf. [10]. The norms
and seminorms will be denoted by ||-||s.p and |-|sp, respectively. The Lo-
inner products in Ly(D), [Lo(D)]? or [Ly(D)]?*? are denoted by (-,+)p. The
subscript D will be dropped when D = ().
By taking the scaled shear force

q=1t"(Vw - B) (2.5)

as an independent unknown in the space [Lo(2)]? one gets the following mixed
formulation: find (w,3,q) € H}(Q) x [H}(2)]* x [L*(Q)]? such that

a(B:m)+(q,Vo—n) = (fv)+(f,m) Y(v,n) € Hy(Q) x [Hy(Q),
(Vw — B,s) —t*(q,s) = 0 Vs € [L*(Q)]2 (2.6)

The distributional differential equations of this system are obtained by inte-
grating by parts:

LB+q = f in(),
—divg = f inQ,
—t’q+Vw—-0B = 0 inQ, (2.7)
w=0, 8 = 0 on 0.

Here the differential operator L is defined from

1. v )
Ln = gdlv {s(n) +1o lev nI} (2.8)
and m is the moment tensor
1 v .
m = 6{6(6)+ _levﬁl}. (2.9)
It holds
L3 =divm, (2.10)

where we used the notation div for the divergence operator applied to a
second order tensor:

OMeyy n OMmyy Omy, N Omy,

Ox oy = Ox oy

). (2.11)

divm = (

The first two equations in (2.7) above are the local equilibrium equations
between the moment, shear force and load. The third equation represents
the constitutive relation between the shear strain and shear force.

In the limit ¢ — 0 the solution (w, 8) = (w, B,) of the Reissner-Mindlin
equations converges to the Kirchhoff solution with

By = V. (2.12)



The limit solution wy satisfies the biharmonic equation in the domain 2 and
only two boundary conditions on each part of the boundary, cf. [2]. This
singularity gives rise to the boundary layers in the solution which complicates
the convergence analysis of the methods.

Throughout the rest of the paper we will assume the domain €2 to be
convex. The following regularity estimate is proved in [11].

Theorem 2.1. Let Q be a convexr polygonal domain. Denote by (w,(3,q)
the Reissner—Mindlin solution for the clamped plate and let w = wo + w,.,
where wqy is the deflection obtained from the Kirchhoff model. With f €
H7YQ), tf e L*Q) and f € [L*(Q)]?, it then holds

lwolls + ¢~ lw,ll2 +118ll2 + llgllo + tlalls < CULA -1+ tllfllo+ 1 F1lo)- (213)

In our analysis we will utilize the following t-dependent norms.

Iomlhe=limlo+ inf {Iefh+ o}, (214)
[wmlse = lmlla+ int {1o0lls+ ¢l | (2.15)

and
1 H)llre = 1F o + 111 + 201 F . (2.16)

Using these norms these the regularity estimate (2.13) gives

[(w, B3¢ < CICF, F)ll-1.t- (2.17)

Furthermore, the norms |[|(-,-)||-1; and ||(-,-)||1;+ are dual. The following
theorem (cf. the duality of the K- and J-functional in the theory of in-
terpolation spaces [3]), where &~ denotes equivalence of norms, is proved in
Schoberl [16, 17].

Theorem 2.2.
10, )l s~ sup 12U,

2.18
wap W, (2.18)

2.1 Finite element subspaces

We will use standard notation from finite element analysis and we will assume
that the domain 2 is polygonal and let Cj, be the partitioning of Q into tri-
angles or convex quadrilaterals satisfying the usual compatibility conditions.
For generality we allow a mesh consisting of both triangles and quadrilater-
als. As usual hx denotes the diameter of K € Cj, and h stands for the global
mesh parameter h = maxgec, hx. We define

P, (K) when K is a triangle,

Fn(K) = { Qm(K) or Q! (K) when K is a quadrilateral. (2.19)



The finite element subspaces for the deflection and the rotation is then defined
as follows

W, = {U € H&(Q) | Vg € Rk+1(K), VK € Ch}, (220)
Vi = {ne[H(QP | nx € Ri(K), VK € Ch}, (2.21)

with the polynomial degree k > 1.
The finite element method is then defined as follows.

Method 2.1. ([18, 12]) Given the loading (f, f) € L*(Q) x [L*(Q)]?, find
(wn, B),) € Wy, x V), such that

An(wn, By v,m) = Fr(v,m) Y(v,m) € Wi x Vy, (2.22)

with the bilinear and linear forms defined as

Ah<z7 ¢7 v, 77)
= a(¢p,m) — Y ahi(L ¢, Ln)k (2.23)
KeCy,
+ > (2 +ahk) (Ve — ¢ — ahk L é, Vv —n— ah}Ln)x.
KeCy,

Fulom) = (f0) + (Fom) = 3 ab%( + ahl) '(F,In)x  (2.24)

Kecy,

=Y+ ahi)ahi (£, Vo —n)k.

KeCy,

Here and in throughout the paper « is a positive parameter lying in the range
0 < a < O, where Cy is the constant in the following inverse inequality

Cr Y ML ollsx <alp.¢) Vo€V,

Kecy,

From the solution (wy, 3,) we then calculate the approximation for the shear
by

Qui = (£ +ahi) ™ (Vw, = By, + ahi(f = LB,)) . VK €Ch (2:25)
Note that from (2.7) we see that the exact shear satisfies
qi = (" +ahi) " (Vw — B +ahi(f —LB)),  VKEC, (2.26)

Remark 2.1. For triangular elements with k = 1 it holds L ¢ = 0, V¢ € V,,
and the bilinear form is simply

An(z div,m) = ald,m) + > (P +ahi) (V2= ¢, Vo—n)x  (227)

KecCy,

and, furthermore, there is no upper limit for the parameter o. This has been
first prosed by Fried and Yang [8] and analyzed by Pitkdranta [15]. This
formulation can be used for quadrilaterals as well, when k = 1.



In our previous works [18, 12] we have analyzed the method for f = 0.
Hence, we will here prove the consistency for a general loading.

Theorem 2.3. The solution (w,3) to (2.7) satisfies the equation
Ah<w7:3; 1)717) = Fh(va T’) V(U7T’) € Wh X Vh~ (228)

Proof. Recalling the first equation in (2.7), the expression (2.26), and the
variational form (2.6), we get

Ah(“%ﬁ;,%n)
KeCy,
+ > (P +ahi) " (Vw— B — ahi LB, Vo —n— ahiLn)k
KeCy,
= a(Bn)+ Y ahi(q—f L)k
KeCy,
+ Z —ah3(t? +ahy) ' f,Vo—n —ahi Ln)k
KeCy,
= a(Bm)+ > ohi(q,Ln)k— Y ahi(f,Ln)k
Kecy, Kecy,
+(q, Vo —n)— Y ahi(q,Ln)k
KeCy,
— Y ahi(t* + ahi) N (f, Vv —n — ahi L)k
KeCy
= a(Bn)+(q,Vo—n)— > ahi(f.Ln)k
KeCy
— Z axgh*(t* + ah3) ', Vv —n — ah% L n)k
KeCy,
= (fo)+(fim)— > ahi(f,Ln)k
KeCy,
— Y ol (P + ahi) N (f, Vo —n — ahi L)k
KeCy,
= (f,0)+(fim) = D ahi(t® + ahi) ' (f, Vo — n)k
Kecy,
— Y (1= ahi(* + ahf) )(f, ahiLn)k.
KeCy,
= (o) +(fin) = Y ahi(t® +ahi) ™' (f. Vo —n)k
KeCy

_ Z (2 + ah3) " D(f, ah Ln)k

KeCy

= Fu(v,m).

The following norms are the natural for the stability and error analysis.



Definition 2.1. For (v,n) € H}(Q) x [HL(Q)]? we define

1o, = llollf + lImll} + Y (¢ + k) Ve = 1l (2.29)
KecCy,
and for r € [L*(Q)]?
7 ln = (Y (& + hi)llrllF )" (2.30)
KeCh
The stability of the method is immediate (cf. [12]).
Theorem 2.4. There is a positive constant C such that

An(v,mso,m) 2> Cll(wn)llln Y(v,n) € Wi x V.

From the stability, consistency and regularity result the following error
estimate is is proved in [12] (which also contains some refined estimates).

Theorem 2.5. For the solution (wy, 3,) of (2.22) it holds

[(w = wn, B =Bl + llg = gnlln < CRI(S, )l -1e (2.31)

For the multigrid analysis we additionally need estimates for the discrete
solution with an inconsistent right hand side given by the following method

Method 2.2. Given the loading (f, f) € L*(Q) x [L*(Q)]?, find (w},B)) €
Wi, x V3, such that

An(wy, Briv,m) = (f,0) +(f,m) V(v,n) € Wy X V. (2.32)
For this one readily obtain the estimate.

Theorem 2.6. [t holds

[ (w = wh, B = Bp)llln < CAICS, Fll-1e (2.33)

We will also need the following estimates.

Theorem 2.7. It holds

1w = wn, B = Bu)lle < CRAI(F, £)ll-1s- (2.34)

and
l(w = 1wy, B = Bi)lle < CRI(S, £l -1 (2.35)
Proof. Step 1. Let For (I,1) given, let (2,0) € HL(Q) x [Hi(Q)]* be the

solution to the problem

a(0.n) +17*(V2—0,Vo—n) = (L,v)+(I,m) Y(v,n) € Hy(Q) x [Hy(Q)]*.
(2.36)
Denoting r = t72(Vz — ), the regularity estimate (2.13) gives

1z, 03 + ll7llo < ClI(L Dl -1 (2.37)



Note also that it holds
rig = +ahi) (Ve -0+ ahi(l-LO)) . VKEeC,. (239
As in Theorem 2.3 we now have
An(z,0;0,m) = Lyp(v,m) VY(v,m) € Wi X V), (2.39)
with

Ly(w,m) = (Lv)+@,m) - > ahit*(t* +ahi) (1, Ln)k

KeCy,

- Z (t* + ahi) tahk (1, Vv — n)k. (2.40)

Kecy,
Step 2. Next, we let Z € W), and 0 € V), be the the solution of
An(2,0;0,m) = Lo(v,m) Y(v,m) € Wy X Vi, (2.41)
and define 7 by
i = (1 +ah) " (VZ— 0+ ahi (1~ L6)), VKecC. (242)

Hence, it holds

Ap(z—2,0 — é;v,n) =0 Y(v,m) €W, x Vp, (2.43)
and
[(z = 2,0 = 0)|[|n + [lr — 7| < ChI[(L,D)]| -1z (2.44)
From this it also follows that
(S RAILOIE )" + || #lln < ORI 1. (2.45)
Kecy,

Step 3. We choose v = w — wy, and n = 8 — 3, in (2.39) and obtain

(lvw - wh) + (lHB - ﬁh)

= An(z,0;w —wp, B — By) (2.46)
+ ) ahk (1 + ahd) ML L (B - B))k
KeCy,
+ ) (4 ahf) T ahi (L YV (w —wy) — (B = By))k-
KeCy,

From (2.22) and (2.28) we have

Ap(w —wy, B — By; 2,0) = 0. (2.47)



Using the symmetry of A, we then get

(l7w - wh) + (le - Bh)

:Ah(z_'gae_é;w_whaﬁ_ﬁh) (248)
+ Y ah (8 + ahi) (L L(B — By))k
Kecy,
+ ) (£ +ahi) T ahi (LY (w —wy) — (B = By))k-
Kecy,

The first term above we estimate using Theorem 2.5 and (2.44)

|An(z — 2,0 — é;w —~7~Uha,3 — Bl
< Clliz =260 = 0)|l[ulll(w — wn, B = By)llln (2.49)
< CRG D —rall (f, )l

The second term is treated as follows

| > ahi (8 + ahi) " (1, L (B — By)x]

KecCy,

< Chllto( D BEIL (B = BuIE «)

KeCy,

< CR|(LD—rell(f, £l =15

1/2

(2.50)

where the last step follows from Theorem 2.5 and a scaling argument. The
last term is readily estimated

[ > ( +ahf) ahi LV (w —w) = (B = By))x|

KeCy,

< Chlllfo|[[(w — wn, B = Bu)ll[n (2.51)
< CRP(LD =l (f, F)ll =1t

The estimate (2.34) now follows by combining (2.48) — (2.51).

Step 4. Finally, we turn to the estimate for (w —wj,3—37). From (2.39)
we get

(L, w —wy) + (1,8 = By)

:Ah(zve;w_w;ﬂ_ﬁ;) (252)
+ > ahp (P + ahi) ' (1L L(B - B;))k
Kecy,
+ ) (8 + ahf) T ahi (1L YV (w — wy) — (B = By))k-
KeC,

10



Next, adding and subtracting Aj(Z, 0;w — wi, B — Br,) gives

(L, w —wy) + (1,8 = By)

= Az~ 50— 0w —wl. B — B) (2.53)
+ ) alj 2 (P + ah) TN (L L(B - Bk
KeCy
+ ) (2 + ahi) T ahk (L V(w —wy) — (B = By))k
KeCy

Using (2.44), (2.45) all except the last term are estimated as in Step 3. This
last term we treat using (2.41), (2.32) and (2.24)

== ali 2 (t* + ahi) N (f,LO)k (2.54)
KeCy,
= >+ ahi) ol (f,VE - 0)k.
Kecy,

Next, we use (2.45)

1D ahi (2 + ahi) 7N (£, LO)K| (2.55)
KeCy,
< ORI fllo( Y RAIL B2 £)"* < CHA O -rall (f, )| -1
KecCy,

From (2.42) and (2.45) we get

D (7 + ahf)ahi (£, VE - 0)]

KeCy,
= | > ol (f,7 + i (t* + ahi) " (L6 - 1)) |
Kecy,
~ 1 2
< Ch FllollFlln + CRIFllo( D ML OIS i) eIl
KeCy
< ORI -1elCF £ -1z (2.56)

The asserted estimate (2.35) now follows by combining the estimates in this
step. [

3 The multigrid method

In this section we prove that a simple multigrid method leads to a solver with
optimal complexity and which is robust with respect to the parameter t.

11



The stabilized bilinear-form 4; depends on the underlying mesh. Thus,
the sequence of meshes lead to different operators on each level. Hence, apply
the non-nested framework from [5] and adapt the notation from [4], Section
4.

Assume that we have a sequence of hierarchically refined meshes which
we denote by C1,Cs,...Cy. On each level k, 1 < k < J, we the finite element
spaces are denoted by W x V. We note that the spaces are nested, i.e.,

sz—l X Vk—l C Wk X Vk

such that no special grid transfer operators have to be defined. On each level
we denote the bilinear form by

Ak(WkXVk>X(WkXVk)—>]R,

in accordance to (2.23).

Since, we assume a hierarchy of meshes the are all uniform and we denote
the corresponding mesh-size with A (or h when it is irrelevant which level is
in question).

On each level k, an inner product (+;-)g : (W x Vi) x (Wi, x Vi) — R is
defined as

(2,650, = B2+ £)72 (2, 0) + B2 (8,m),

and || - ||z denotes the corresponding norm. We define the operator Ay :
Wi x Vi — Wy x Vi, by

(Ak(za(s)av7n)k = Ak(za 57%”7) V(Uﬂ?) € Wk X Vk

Furthermore, we define the projections P,_1 : Wi, x V, — Wy_1 x V1 and
Qr—1: Wi x Vi, = Wiy x Vi1 by

Ap—1(Pr-1(2,0);v,m) = Ap(2,6;v,1m) V(v,m) € Wi_1 x Vi,
and
(Qr-1(2,0);v,M)p—1 = (z,0;v,m)  V(v,n) € Wiy X Vj_y.

Finally, let Ry : W, x Vi, — Wi x Vi be the smoothing operator defined
by a scaled Jacobi iteration or by a Gauss-Seidel iteration. A symmetrized
smoothing iteration is defined by setting R,(f) = Ry if [ is odd, and R,(Cl) = Rl
if [ is even. Here, (+)* denotes the adjoint operator with respect to (-;-).
We define the multigrid operator B, by induction. Set B; = A;'. For
k=2,...,J wedefine By, : W), x V), — W), x V. as follows.

Algorithm 3.1. With g, € W) x Vi, we define Brgr by the following algo-
rithm.

Initialize z) € Wy x Vi as 2§ =0
forl=0...m;—1 do

12



+1 gttt =l + R;(gl)(gk — Ayap)
ot = a4 B Q1 (gk — Agx)t)
o=l 4+ Ry (g — Agarl)

We assume that the number of smoothing steps depends on the level as

my, = 277%. This is the so called variable V-cycle multigrid algorithm.

Theorem 3.1. Assume that the Reissner Mindlin plate problem satisfies the
reqularity estimate (2.13). Then the multigrid algorithm provides an optimal

preconditioner By, i.e.
cond(ByA;) < C.

The constant C' does neither depend on the number of levels, nor on the
parameter t.

Proof. We apply Theorem 4.6 from [4]. Tt is easily checked that there holds
an inverse inequality

A (O, M v M) < M ll(oe,me) i V(v,m) € Wi XV,

with A\, ~ h™*. We have to check that the following conditions hold for all
(v,m) € Wy x Vi

e (A4): B
(Ri(vr: )3 v ) > chig [l (0 ) [ (3.1)
where Ry, := (I — R, Ay)(I — Rt AL)A " is the symmetrized smoother.

e (A.10) with the choice a = 1/2:
Ae((I = Pir) (0,133 0k mi) < i || Aol A (g, i o, mi) 2 (3.2)

for all (v,n) € Wy x V.
These conditions are proven in Lemma 3.1 and Lemma 3.4 below. O

Lemma 3.1 (Smoothing Property). Let the smoother be defined by a
properly scaled Jacobi iteration, or by the symmetrized Gauss-Seidel iteration.
Then condition (3.1) is satisfied.

Proof. We apply Theorem 5.1 and Theorem 5.2 from [4], respectively. For
this we have to show that the decomposition

dimw, dimV,
(Uka nk) = Z (Ui7 0) + Z (Oa le)
i=1 i=1

into the one dimensional spaces generated by the finite element basis func-

tions is stable with respect to the || - ||x-norm, i.e.,
dimw; dimV,
Do w0l + > 1Om)lE < clltw, .
i=1 i=1

13



This holds true since both components of || - || are just scaled L*-norms.
Furthermore, we need that the number of overlapping finite element functions
is uniformly bounded. O

Lemma 3.2 (Approximation property). Let (2, dx) € Wi x V. be given.
Define the coarse grid functions (z_1,0,_1) € Wi_1 X Vi_1 by the projection

Ap—1(2r—1,0p—1; V1, My 1) = Ar(2k, O3 V1, M) (3.3)

for all (vi—1,Mmy_1) € Wi_1 X Vi_1. Then there holds the approximation
estimate

A2k, 0k v,
(26 — 2x—1, 0% — Ok_1)||1.c < CR? Sup k (20, Ops v 77).
waewex Ve 1w mle

Proof. Let (zx,dx) € Wi x Vi, be given. Let IT and IT be Clément projection
operators. Define g € L*(Q) and g € [L?*(Q2)]? by

(9.v) + (g.m) := Ai(z1, 61 v, IIy). Vv € L*(Q), YV € [L*(Q)]*. (3.4)
There holds

1.y =  sup EUT@m
’ wpewxV, 10 ml

— sup Ak (2k, 0x; v, TIn)
waewx Ve Ml

= sup Ak (2, 1; v, IIn) [ (TIv, TIn) ||
(v, MW x V), | (v, TIn) |y ¢ (v, m)]|1.4

= sup Ak (21, 0k 0, M)
waewxV,  Iw.m)

(I, TI) | 1.¢

1t

Since II is bounded in the L?>-norm as well as in the H!'-semi-norm, and IT
is bounded in L2-norm, the compound operator is bounded with respect to

[RRIEwS
We pose the plate problem: find (z,d) € H}(Q2) x [Hj(2)]* such that

A(z,8;v,m) = (9,v) + (g:m)
Using that (II,II) is a projection on Wy x Vi, we recast (3.4) as
Ar(zk, 0k50,m) = (9,0) +(g:m)  V(v,n) € Wi X V.

This means that (2, dx) is the finite element solution obtained by of Method
2, where the consistency terms on the right hand side were skipped. Theo-
rem 2.7 provides the estimate

1(z = 2k, 6 = 8k)ll1e < chF [[(9, )| -1-

14



Using (3.3), we observe that
Ae-1(26-1,01-1;v,m) = (g9,v) + (g, M) V(v,n) € Wiy x Vi,

and again Theorem 2.7 proves

1(z = 26-1,8 = 83—1)|l14 < chp_y [|(9. )| -1s-

From the triangle inequality we obatin the result

1(zk-1 = 20, 051 = O)llae < chiill(g. @)l

< ch; sup A (2 Ok; v, 77).
waewix Ve 1wl

]

The norms || - ||z and Ag(-,-)'/? can be embedded into a scale of norms.

For this we set

@l =l and  [[[(v,n)][l2 := Ax(v,m;0,m)"2.
Norms in between are defined by interpolation [6, Chapter 12], i.e.
o, s = I Mgz, s €0,2).
Furthermore, the scale is extended by duality to the range (2, 4]
Ai(v,m; 2,0
(0 m)lloss o= sup T2 g g
0 1= 9)ls
In particular there holds
Ak(vv"?;%&) (Ak(v7n)7z75>k
(v, )[l4 = sup ————m— = sup = [ Ak (v, )]
B ST TP S T

Lemma 3.3. The discrete 1-norm and the continuous 1-norm satisfy the

following relation:

(o, < Clitv, e V(v,m) € Wi X Vi (3.5)

Proof. Let (v,m) € Wy x Vj. By the definition of the || - ||;+ norm, there

exists a decomposition v = vy + v, such that

lvolls + ¢ llwrllo + lmllo < [1(v, m)l1.e

Although v is a finite element function, its decomposition will in general not

remain in the finite element space. To return to the finite element space, we
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define Clément-interpolation operators I : L?(Q2) — W}, and IT : [L?(Q2)]> —
V. with the following approximation properties:

lv —Iv||s < hZ*||v]|m, 0<s<1,0<m<2 s<m,
ln =Ml < A F ., 0<s<m <L
The finite element functions are decomposed into finite element functions
as

(v,m) = (Ilvy, IIVIIvy) + (ITv,, n — IIVIIvy). (3.6)

Applying the triangle inequality leads to
(v, [l < [1[(Hvo, ITVIIvg ) |[[1 + [|[(Tlvy, 7 — IV v )] (3.7)
We estimate both terms by using that |||.]||; is the interpolation norm of

|||/lo and [||-]||2 with parameter 1/2. For vy € H3(2), the continuity and
approximation properties of II and an inverse inequality leads us to
[||(TTw, TIVITvo) [[[5 = [ TIVITvo||F + (7 + ) 7| (I — 1) VIIv |3
< [TIVw ¥ + [ITIV (v — vo) |17
+(h+ )7 |(I = ) Volfg + (= + ) 7||( = T) V(I — M)uolfg

< Jlwoll3-
With an inverse inequalities and L2-continuity we obtain

[[|(Tlog, IVITwg )[[[5 = A2[ITIVITvo|§ + h*(R + ) 72[|TIvo [

< lvollg-

The interpolation space [L*(Q2), H3()]1/2 is Hg(2). Thus, we can apply
operator interpolation to the linear operator v — (Ilv, IIVIIv) and obtain

that
|[(Iwo, TIVIIwg) [ |1 < [Jvolly < (v, m)]13,. (3.8)

We continue with the second term of (3.7). From
[11(TTv,, 1 — TIVTTwy) |3
= [l = TIVIIwo) [} + (A + )7 VITv, — m + IV IIvo g
< B{{ImllS + llvollT} + (b 6) 7 {A7lv 5 + Il + llvoll7}
< b= {Jlwolli + 2 [lv 5 + lImI5}
< b2l (w,ml,

and

[11(TTv,, m — TIVIIvo)||[5

h*||m — IV |[5 + h*(h + )|, |5
R {lmlle + 2 [lvw I + lloll T}
(v n)lI3,

IAINA

we can conclude that

[11(TTv,, 1 — TEVTI0o) [ < [I(v, m)II1 -
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Lemma 3.4. The approximation property (3.2) holds.

Proof. Applying Lemma 3.3 twice and Lemma 3.2 we obtain

[(wr — wr—1,B8, — Br_)llli < cl[(wi —wr—1, 8, — Bj_1) 1t

< ch2 sup Ak(wkn@k;v;n)
wm W, m)

ch? sup Ak (wr, By; v; )
wm @l

= ch®|[|(wr, Bp)l]s-

IN

This combined with

Ak(wk — Wy—1, B}, — By_1; Wk, ﬂk)
< wi — w1, By, = Byl [I[(we, By)|I]3
< ch?|||(wr, B3
< ch® |[|(wr, B2 |1 (wr, Bi) [l
= ch® Ap(wi, By wi, B) " | Ak (wr, By) |l

gives the asserted estimate (3.2). O

4  Computational results

We applied the proposed multigrid algorithm to a unit-square model prob-
lem. The plate is fully clamped on the boundary. The right hand side is the
uniform load f = 1. The first C; mesh consists of two triangles; the subse-
quent meshes C,,...,C; are obtained by regular refinement of one triangle
into four.

We applied a conjugate gradient iteration with a multigrid precondi-
tioner. We used the variable V-cycle with 2=/ alternating Gauss-Seidel
presmoothing and postsmoothing steps on the k' level. Furthermore, we
have computed the condition number of the preconditioned system matrix
by the Lanczos algorithm.

Table 1 shows the condition number, and the required number of cg itera-
tions for relative reduction of the error by a factor 1078, The error reduction
was measured in the norm (Br,r)"/2. We clearly see that the condition num-
bers and iteration numbers are bounded uniformly with respect to h and ¢.
Note that the condition number of the matrix A behaves like h=2(h + t) 2
which was as high as 10°.
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t=0.1 t = 0.0001

Level | Elements || cond.numb. | c¢g || cond.numb. | cg
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8 32768 3.20 13 7.60 23

Table 1: Computational results

elling, Control and Numerical Simulation”, by TEKES — The National Tech-
nology Agency of Finland (project KOMASI decision number 210622).

References

1]

D. N. Arnold, R. S. Falk, and R. Winther. Preconditioning discrete
approximations of the Reissner-Mindlin plate model. RAIRO Modél.
Math. Anal. Numér., 31(4):517-557, 1997.

D.N. Arnold and R.S. Falk. Edge effects in the Reissner-Mindlin plate
theory. In A.K. Noor, T. Belytschko, and J.C. Simo, editors, Analytical
and Computational Models of Shells., pages 71-89, New York, 1989.
ASME.

J. Bergh and J. Lofstrom. Interpolation Spaces. An Introduction.
Springer-Verlag, Berlin, 1976. Grundlehren der Mathematischen Wis-
senschaften, No. 223.

J. H. Bramble. Multigrid Methods. Longman Scientific & Technical,
Longman House, Essex, England, 1993.

J. H. Bramble, J. E. Pasciak, and J. Xu. The analysis of multigrid
algorithms with non-imbedded or non-inherited quadratic forms. Math.
Comp., 55:1-34, 1991.

S. Brenner and L. R. Scott. The Mathematical Theory of Finite Element
Methods. Springer, Berlin, Heidelberg, New York, 1994.

S. C. Brenner. Multigrid methods for parameter dependent problems.
Math. Modelling Numer. Anal., 30:265-297, 1996.

I. Fried and S.K. Yang. Triangular, nine-degrees-of-freedom, C° plate
bending element of quadratic accuracy. Quart. Appl. Math., 31:303-312,
1973.

T.J.R. Hughes and L.P. Franca. A mixed finite element formulation for
Reissner-Mindlin plate theory: Uniform convergence of all higher-order
spaces. Comp. Meths. Appl. Mech. Engrg., 67:223-240, 1988.

18



[10]

[11]

[12]

[15]

[16]

[17]

[18]

J. L. Lions and E. Magenes. Non-homogeneous Boundary Value Prob-
lems and Applications I. Springer-Verlag, Berlin, Heidelberg, New York,
1972.

M. Lyly, J. Niiranen, and R. Stenberg. A refined error analysis of MITC
plate elements. Mathematical Models and Methods in Applied Sciences,
16:967-977, 2006.

M. Lyly and R. Stenberg. Stabilized finite element meth-
ods for Reissner-Mindlin plates. Unwversitiat  Innsbruck, In-
stitut  fiur Mathematik und Geometrie. Forschungsbericht 4-1999.
http://math.tkk.fi/ rstenber/Publications/report-4-99.ps.

P. Peisker. A multigrid method for Reissner-Mindlin plates. Numer.
Math., 59:511-528, 1991.

P. Peisker, W. Rust, and E. Stein. Iterative solution methods for plate
bending problems: multigrid and preconditioned cg algorithm. STAM J.
Numer. Anal., 27(6):1450-1465, 1990.

J. Pitkédranta. Analysis of some low-order finite element schemes for
Mindlin-Reissner and Kirchhoff plates. Numer. Math., 53(1-2):237-254,
1988.

J. Schoberl. Multigrid methods for a class of parameter dependent prob-
lems in primal variables. Johannes Kepler Universitdt Linz, Spezial-
forschungsbereich F013, 4020 Linz, Austria, SEB-Report No. 99-3, 1999.

J. Schoberl. Robust multigrid methods for parameter dependent prob-
lems. Ph.D. Thesis, University of Linz, Austria. 1999, 1999.

R. Stenberg. A new finite element formulation for the plate
bending problem. In P. Ciarlet, L. Trabucho, and J.M. Viano,
editors, Asymptotic Methods for FElastic Structures, pages 209—
221. http://math.tkk.fi/ rstenber/Publications/anewrm.ps. Walter de
Gruyter & Co., Berlin - New York., 1995.

19






(continued from the back cover)

A504

A503

A502

A501

A500

A499

A498

A497

A496

Janos Karatson , Sergey Korotov , Michal Krizek
On discrete maximum principles for nonlinear elliptic problems
July 2006

Jan Brandts , Sergey Korotov , Michal Krizek , Jakub Solc
On acute and nonobtuse simplicial partitions
July 2006

Vladimir M. Miklyukov , Antti Rasila, Matti Vuorinen
Three sphres theorem for p-harmonic functions
June 2006

Marina Sirvid
On an inverse subordinator storage
June 2006

Outi Elina Maasalo , Anna Zatorska-Goldstein

Stability of quasiminimizers of the p—Dirichlet integral with varying p on metric
spaces

April 2006

Mikko Parviainen
Global higher integrability for parabolic quasiminimizers in nonsmooth domains
April 2005

Marcus Ruter , Sergey Korotov , Christian Steenbock

Goal-oriented Error Estimates based on Different FE-Spaces for the Primal and
the Dual Problem with Applications to Fracture Mechanics

March 2006

Outi Elina Maasalo
Gehring Lemma in Metric Spaces
March 2006

Jan Brandts , Sergey Korotov , Michal Krizek
Dissection of the path-simplex in R™ into n path-subsimplices
March 2006



HELSINKI UNIVERSITY OF TECHNOLOGY INSTITUTE OF MATHEMATICS
RESEARCH REPORTS

The list of reports is continued inside. Electronical versions of the reports are
available at http://www.math.hut.fi/reports/ .

A509

A508

A507

A506

A505

Jukka Tuomela, Teijo Arponen , Villesamuli Normi
On the simulation of multibody systems with holonomic constraints
September 2006

Teijo Arponen , Samuli Piipponen , Jukka Tuomela
Analysing singularities of a benchmark problem
September 2006

Pekka Alestalo , Dmitry A. Trotsenko
Bilipschitz extendability in the plane
August 2006

Sergey Korotov

Error control in terms of linear functionals based on gradient averaging tech-
niques

July 2006

Jan Brandts , Sergey Korotov , Michal Krizek

On the equivalence of regularity criteria for triangular and tetrahedral finite
element partitions

July 2006

ISBN-10 951-22-8457-X
ISBN-13 978-951-22-8457-3



