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Introduction

We present a new method to approximate conformal mappingstotmal mappings can

be applied in numerous applications, e.g., electrostainck aerodynamics. In applica-

tions equipotential lines can be interpreted physicallg pstential, wind, heat flow [SL].

There are few examples where conformal mappings onto caalothomains, a rectangle

or circle, can be given easily in analytical form. Thus useahputational methods Is
required.

The history of numerical computation of conformal mappidgse back to 1950, see e.qg.

[Por]. The most popular algorithm Is based on the Schwanzs@iffel mapping and Is
Implemented for MATLAB by Driscoll [Dri, DT, Tre]. Another ethod is due to Marshall
[Mar]. For further references and discussion see also ttentdook [PS].

Conformal Moduli and Mappings

The modulus of a quadrilateral can be given by the Dirichlettmann boundary value
problem. This quantity Is closely related to the capacitg cbndenser.

T

Definition. (Conformal Modulus of a Quadrilateral)

Let Q(€; 21, 20, 23, 24) De a generalized quadrilateral, whéres a simply connected

domain and points,, zs, 23, z, are positively ordered on the boundary cut¢eand
let;, 7 = 1,2, 3,4, be the arcs of{) between 2, 2o), (22, 23), (23, 24), aNd(2y, 21),

respectively. Suppose thatis the unique harmonic solution of the Dirichlef-

Neumann problem with boundary conditiomns= 0 on~,, u = 1 0Ny, andg—g = 0
on~; U~s. Then the conformal modulus of a generalized quadrilatemiven by

M(Q7 Z1y 22y 23 24) — /Q ’VU’Q dx dy

ne problem with reversed boundary conditions is calleadtmugate Dirichlet-Neumann

problem. This problem can be solved by using standard ngalanethods. In our exam-
ples thehp-FEM software by H. Hakula (see [HRV]) Is used.

Theorem. (Conjugate Function Method)

Let (€2; 21, 20, 23, 24) be a quadrilateral with modulusand letu; satisfy the Laplace
_et
1hus 1S the conformal mapping

equation with Dirichlet-Neumann boundary conditions obwab Definition.
us satisfy the conjugate problem. Thén= v
that map<? onto a rectangldé? such that the image of the pointgs 2, z3, z, are
1+1h,1h, 0,1, respectively. The mappingmaps the boundary curves, v, 3, V4
onto curvesy;, vy, 75, V4, respectively.
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Figure: Dirichlet and Neumann boundary conditions are mark with #md thick lines,
respectively, and is the modulus of the quadrilateral.

For construction of the conformal mapping and drawing eo@ptial lines we use the
following algorithm, which construct a conformal mappinmgrh the domairt) onto a
rectangleR. The boundary curves of ¢} correspond to the sides of the rectangle

Algorithm. [HOR]

1. Solve the DN-problem to obtatn and compute the modulus of the quadrilater

2. Solve the conjugate DN-problem fay.
3. Then the conformal mapping is given bby= v, + ihus.

4. Fix the equipotential line grid on the rectandteand solve the pre-image of th

equipotential lines.
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Examples of numerical conformal mappings, obtained bygutgwe algorithm described
are given below. The first example is a reproduction of a pectust obtained by Schwarz
In 1869. The image of a rectangular grid in a conformal magia square onto a disk
IS Illustrated. In this case an analytic presentation ofntia@ping can also be obtained K
using elliptic integrals.

Our second example deals with a quadrilateral with a cunagddary. In this case ar
analytic expression of the mapping is not known. Moreovandard numerical methods
such as the Schwarz-Christoffel mapping, are not well dute situations like this.

References

[Dri]
[DT]
[HQR]
[HRV]
[Kuh]

[Mar]

[PS]

[Por]

[SL]

[Tre]

T.A. D RIScoOLL, Schwarz-Christoffel toolbox for MATLAB
http://www.math.udel.edu/~driscoll/software/SC/.

T.A. DRIscoLL and L.N. TREFETHEN Schwarz-Christoffel MappingCambridge Monographs
on Applied and Computational Mathematics, 8. Cambridgevélsity Press, 2002.

H. HAKULA, T. QUACH, and A. RasiLA, Conjugate function method for numerical conformal

mappingsManuscript.

H. HAKULA, A. RASILA, and M. VUORINEN, On moduli of rings and quadrilaterals: algorithms

and experimentArXiv:0906.1261, 2010.

R. KUHNAU, The conformal module of quadrilaterals and of rinlgdandbook of complex analy-
sis: geometric function theory, Vol. 2, 99-129, Elseviem#terdam, 2005.

D.E. MARSHALL, Zipper, Fortran Programs for Numerical Computation of Conformadpe

and C Programs for X-11 Graphics Display of the Maps. Samleii@s, Fortran, and C code

available online ahttp://www math washington.edu/ “marshall/personal html.

N. FAPAMICHAEL and N.S. SyLIANOPOULOS, Numerical Conformal Mapping: Domain Det

composition and the Mapping of Quadrilaterahorld Scientific Publishing Company, 2010.
R.M. PORTER, History and Recent Developments in Techniques for Numke@doaformal Map-

ping, Quasiconformal Mappings and their Applications (ed. b¥?&nusamy, T. Sugawa and M.

Vuorinen), Narosa Publishing House Pvt. Ltd., New Delhdidgn(2007), 207-238.

R. SCHINZINGER and P.A.A. lAURA, Conformal mapping: methods and applicatiorevised
edition of the 1991 original, Dover Publications, Inc., Moia, NY, 2003.

L.N. TREFETHEN Numerical computation of the Schwarz-Christoffel tramsfation SIAM J.
Sci. Statist. Comput. 1 (1980), no. 1, 82-102.

| >4

N

y




