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ABSTRACT. We establish a variational parabolic capacity in a context of degenerate
parabolic equations of p-Laplace type, and show that this capacity is equivalent to the
nonlinear parabolic capacity. As an application, we estimate the capacities of several
explicit sets.
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1. INTRODUCTION

Capacity is a central tool in the classical potential theory. It is utilized for example in
boundary regularity criteria, characterizations of polar sets and removability results. In
the elliptic case, capacity has turned out to be the right gauge instead of the Lebesgue
measure for exceptional sets with respect to Sobolev functions.

In this work, we study a capacity related to nonlinear parabolic partial differential
equations. The principal prototype we have in mind is the p-parabolic equation

dyu — div(|Vul’ > Vu) =0,

with p > 2.
In [13], the second and third author of this paper together with Kinnunen and Korte
defined the nonlinear parabolic capacity of a set E C Qs = Q x (0,00) as

cap(£, Qo) = sup{t(Qeo) : suppp C £,0 <y, < 1},

where 11 is a non-negative Radon measure, and u,, is a weak solution to the measure data
problem

u(z,t) =0, for (z,t) € 0,Q%.

The nonlinear parabolic capacity has many favorable features, including inner and outer
regularity, as well as subadditivity to mention a few. The main motivation to study such
a capacity is its possible applications to questions regarding boundary regularity and
removability. The above capacity is analogous to thermal capacity p = 2 related to the
heat equation, which together with its generalizations have been studied for example by
Lanconelli [20, 21], Watson [29], Evans and Gariepy [7], as well as Gariepy and Ziemer
[8, 9]. In the elliptic case, the reader can consult [12].

However, computing the capacities of explicit sets using the above definition is quite
challenging. Again, the situation can be compared to the elliptic case, where explicit
calculations are usually based on the variational formulation of the capacity. Our objec-
tive is to develop tools for estimating capacities of explicit sets in the nonlinear parabolic

{&u — div(|Vul 2 Vu) = g, in Qs
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context. In analogy to the elliptic situation, a central role is played by the nonlinear
parabolic variational capacity which in the case of a compact set K can be written as

P e (K, o) = {0l wiay = [0y + 100, = v € CR(Q X R), v > xuch,

where W(Qr) = {u € V(Qr) : du € V'(Qr)}, V(Qr) = LP(0,T; W, P(Q)) and V'(Qr) =
(LP(0,T; Wy ()"

Our main result (Theorem 4.9) shows that there exists a constant ¢ = ¢(n,p) > 1 such
that for any compact set K C (2,

¢t capy,, (K, Q) < cap(K, Q) < ccapy,, (K, Qo).

As an application, in Section 5, we estimate the capacities of space-time curves (Theo-
rem 5.1), cylinders (Theorem 5.5) and certain hyper-surfaces (Theorem 5.7). In addition,
we give a lower bound for cap,,, in terms of a time-integral involving the elliptic capacity
(Theorem 5.2).

We first establish the main result in the special case that K is a finite union of space-
time cylinders. The simple structure of such sets allows us to derive estimates using
test-functions mollified in time, since in this case we can control the size of the mollified
test-function. As an intermediate step, we prove the equivalence between the nonlinear
parabolic capacity (defined above) and the following capacity that we call the energy
capacity

cape, (K, Qr) = inf{||u||len,0p : © € V(Qr), u is p-superparabolic in Qp, u > xx},

where

1 T
[tl[en,or = sUD —/u2(:c,t) da:+/ /|Vu|pdxdt.
o<t<T 2 Jo o Ja

The proof is based on using the capacitary potential (or balayage/réduite) as a test-
functions in the measure data problem, together with a straightforward estimation.

The main part of the paper is devoted to establishing the equivalence between the
variational and energy capacities in two main steps.

First, in Theorem 4.2, given a non-negative supersolution u we construct a function
v > u for which we can bound the key variational quantity [|v||,,, in terms of the energy
of u, ||ul|,,. Such v is obtained as the solution to a specific backwards in time equation
with —2A,u as a right-hand side.

Second, in Theorem 4.4, given v € W, we show that there exists a supersolution u > v
such that ||ul|,, < c|lv||,, in a suitable intrinsic geometry. Such u is obtained as a
solution to the obstacle problem using rescaled v as an obstacle. The above inequality is
then derived from the definition of u being a supersolution, in essence using the difference
between the rescaled u and v as the test-function. This establishes the main result for
finite unions of space time cylinders in (7. To complete the proof, we approximate a
compact set with unions of cylinders and pass to the limit 7" — oo.

Our work owes its inspiration to the work of Pierre [25] for the heat equation, and can
be seen as a nonlinear generalization of Pierre’s results. For other, but quite different
generalizations, see [6], [26], and [27]. Finally, the results in this paper generalize to a
wider class of equations of p-parabolic type even if for expository reasons we only work

with the p-parabolic equation.
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2. PRELIMINARIES

2.1. Parabolic spaces. We begin by describing the basic notation. In what follows,
B(zo,7) = {z € R" : |zg — x| < r} stands for the usual Euclidean ball in R", © a domain,
and U a bounded open set in R"™. If U’ is a bounded subset of U and the closure of U’
belongs to U, we write U’ € U. We denote

Uty = U X (t1,t2), Ur =Ux(0,T) and Uy :=U x (0,00).
Furthermore, the parabolic boundary of a cylinder Uy, 4, := U X (t1,t5) C R™ is
8pUt1,t2 = (U X {tl}) U (GU X (tl,tg]).

We define the parabolic boundary of a finite union of open cylinders U’ , as

titd
Ty (U Ufg,tg) = (U 3pr§¢;) \UUfg,t;-

Note that the parabolic boundary is by definition compact. We let a ~ b denote that
there exists a positive constant ¢ depending only on n and p such that ¢ ta < b < ca.

As usual, W'P(U) denotes the space of real-valued functions f such that f € LP(U)
and the distributional first partial derivatives 0f0xz;, 7 = 1,2,...,n, exist in U and belong
to LP(U). We use the norm || f|lwie@w) = || fllr@) + [|V flr@)- The Sobolev space with
zero boundary values, W, *(U), is the closure of C5°(U) with respect to the Sobolev norm.
By Sobolev’s inequality, we may endow W,*(U) with the norm ”fHWOLp(U) = |V fllzr)-

By the parabolic Sobolev space LP(ty,to; WIP(U)), with t; < ts, we mean the space of
measurable functions wu(x,t) such that the mapping = — u(z,t) belongs to WP (U) for
almost every t; < t <ty and the norm

to l/p
oo = ([ IOl )
1

is finite. The parabolic space LP(ty,ty; WyP(U)) is defined in a similar fashion. Analo-
gously, by the space C(t1,t; LY(U)), t; < ts and ¢ > 1, we mean the space of functions
u(z,t), such that the mapping ¢t — [, [u(z,t)|?dz is continuous on the time interval
[t1,12]. Moreover, we let sup and inf be the essential supremum and essential infimum
respectively, throughout this paper.

2.2. Nonlinear parabolic problems. We can now introduce the notion of weak solu-
tion to

dyu — div(|Vul’ > Vu) = 0. (2.1)

Definition 2.1. A function u € L?, (0, T; W,-"(Q)) is called a weak supersolution to the
p-parabolic equation in Qp, if

// (IVulP > Vu - Vo — udse) dudt >0, (2.2)
Qr

for every ¢ € C5°(Qr), ¢ > 0. It is called a weak subsolution, if the integral above is
instead non-positive. We call a function v a weak solution in €)p if it is both a super-
and subsolution in Q. i.e.,

// (IVul" 2 Vu V¢ —udp) dvdt =0,
Qr
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for every ¢ € C§°(€r). By parabolic regularity theory a weak solution has a continuous
representative: we call this representative p-parabolic.

In this work we consider weak super-solutions with zero boundary data, that is, zero
boundary values on the lateral boundary 0€2x (0, T") and zero initial values on Q2 x {t = 0}.
By this we mean that u € L?(0,T, W, (Q)) and

}lzlg%)h/ /|u| dz = 0.

Moreover we say that a time ¢ € (0,T) is a Lebesgue instant for u € LP(0, T, Wy P(Q)) if

t+h
lim — / / lu(x, s) — u(z,t)|*dv ds = 0.
t Q

h—0 h

Note that if u € LP(0,T, W, 7(Q)) then almost all t € (0,T) are Lebesgue instants, since
p > 2. In what follows, we often choose a supersolution with zero boundary data and
above 1 on a compact set K C . In this case, we can always choose our function so
that for small enough ¢, u = 0 in Q x (0,¢€), and thus takes zero initial values in any
reasonable sense.

Closely related to weak supersolutions, is the more general class of p-superparabolic
functions in © C R™| see [11].

Definition 2.2. We call a function u : © — (—o00, 00| p-superparabolic if
(i) w is lower semicontinuous;
(ii) w is finite in a dense subset of ©;
(iii) the following parabolic comparison principle holds: Let @, ;, € ©, and let h be
a p-parabolic function in Qy, 4, which is continuous in Uy, 4. Then, if h < u on
0pQty 1, B < w also in Qy, 4,

We denote the lower semicontinuous regularization of u by

t(z,t) = liminf uw = lim inf u.
(y,8)—(x,t) r—0 By (x) X (t—rP t+rP)

We recall the following theorem from [19].

Theorem 2.3. Let u be a weak supersolution in Qp. Then the lower semicontinuous
reqularization 4 is a weak supersolution and u = U almost everywhere in .

Vice versa we also have the following theorem of [17].

Theorem 2.4. Let u be a locally bounded and p-superparabolic function, then u is a weak
supersolution.

Let u be a supersolution. Then by the Riesz representation theorem, there exists a
Radon measure p, such that u solves the following measure data problem

//QT (IVu’ > Vu - Vo — ud,p) dvdt = //QTgbdMu’ (2.3)

for every ¢ € C§°(2r). Conversely, for every finite positive Radon measure, there is a
superparabolic function, see for example [4, 15] and [16].

Next we introduce the parabolic obstacle problem, see [2], [18], [23], and also [5]. The
following definition of the obstacle problem with ¢ € C'(Q7) as an obstacle, is taken from
23].
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Definition 2.5. Let 1) € C(Qr), and consider the class
Sy = {4 : u is a weak supersolution, 4 > 9 in Qr}.
Define the function
w(z, t) = il;lfu(x, t),
where the infimum is taken over the whole class S;,. We say that its regularization
u(z,t) == w(x,t)
is the solution to the obstacle problem.
In potential theory, the function in the above definition is often called the balayage,

and it has the following basic properties, see [18] and [23]:

(i) v e C(Qp),
(ii) w is a weak solution in the set {(z,t) € Qp : u(x,t) > ¢(x,t)}, and
(iii) w is the smallest weak supersolution above ¢ | i.e. if v is a weak supersolution in
Qp and v > 9, then v > .

Continuity of the obstacle can be dropped in the definition of the obstacle problem
without losing (iii). Indeed, a special case we are often going to utilize is the characteristic
functions of a compact set K C .,

Y= Xk

We denote the solution to this obstacle problem by Ry This function is sometimes called
a balayage/réduite, and it can also be seen as a capacitary potential for the following
reason: Ry is a supersolution by Theorem 2.4, and thus there is a Radon measure pg
related to this solution through (2.3). Moreover, supp ux C K and it is shown in [13,
Theorem 5.7] that

cap(K, Q) = pr(K). (2.4)

2.3. Parabolic capacities. Next define the functional spaces

V(Qr) = L0, T; Wy (), V'(Qr) = (L7(0, T3 Wy"(Q)),

/Q v¢dxdt'.

with norms

1/p
||U||V(QT) = (/ |V'U|p d,’]} dt) s ||U||V/(QT) = Sup
Qr ¢l (g S1EECE (Qr)

We also define
W(QT) = {U € V(QT) . &gu € V,(QT)},

equipped with the natural norm ||u||y + ||0yul||y», which can equivalently be written as

/ w0y dx dt‘ )
Qr

A first observation, when generalizing the approach in [25] to the nonlinear setting,
is that one of the fundamental structures of the p-parabolic equation (2.1) is invariance
w.r.t. intrinsic rescaling. Let u be a p-superparabolic function in €2, then we can define
its energy as follows

1 T
lalloncry = sup / (a1 dz + / / Vup da dt.
o<t<T 2 Jo o Ja
5
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If we instead consider v(z,t) = Alu(z, \27Pt), then v is still p-superparabolic in 2., and
its energy has changed as follows

[[t][en
[V]len, 000 = %

We would like cap,,, to reflect this, and therefore define the anisotropic quantity in W
as
lolbwiar = IolBq,, + 100
where 1/p +1/p’ = 1. The above quantity now scales as A\* w.r.t. the intrinsic rescaling,
but in order to encode the geometry within the definition, we set

Definition 2.6. For any compact set K C (r, we define
capy (K, Qr) = inf{\* : \* = ||v||we veCF(QUxR), v>xk}
If T' = oo, we use the definition

capya, (K, Qo) = inf{[|v|lwa.) v € CF(2 X R), v > xk}.

A2=pr)?

A couple of remarks are in order. First, note that Definition 2.6 is for compact sets.
Second, although being intrinsic in nature via the anisotropic nature of || - [,y (q,), the
capacity cap,, (K, Q) only minimizes w.r.t. a quasi-norm without any intrinsic condi-
tions. Third, note that for an arbitrary v € W({l«) we can always find a unique solution
A > 0 to the equation

X = [l
In fact, since A = A* is strictly increasing and for a given v, A = [[v]lw@,,_,,)
increasing, we see that for each smooth v there exists a unique solution A to the above
equation. We define the variational capacity for more general sets in the usual way:

A2—pr)

1S non-

Definition 2.7. Let U C Q7 be an open set, then we define the intrinsic variational
capacity as the limit of exhaustions of compact sets, i.e.

capy,, (U, Qr) = sup{cap,,,(K,Qr) : K is compact, and K C U}.
For Borel sets B we define it as follows,
capy,, (B, Qr) = inf{cap,, (U,Qr) : U is open, and B C U}.

For lack of a better name, we have taken liberty to call the above quantity the vari-
ational capacity, due to its connections to the capacity as well as due to the elliptic
analogy.

3. PROPERTIES OF THE VARIATIONAL CAPACITY

We start by listing some very basic properties of the variational capacity. For this,
let O C Qand 0 < T} < T < Ty, < 400. Let K, Ky, and Ky be compact sets of
Q= x (0,T) such that K; C K. Then the following properties hold:

capy,, (K, Qr) < +oo,

Capvar(Klﬁ QT) < Capvar(K27 QT)’ (31)
Capvar(K7 QT) < Capvar(K> Q{T)7 (32)
Capvar(K7 QTl) < Capvar(K7 QT2)' (33)

The next lemma turns out the be crucial in what follows, it allows us to reduce the

analysis to finite collections of space-time cylinders instead of general compact sets.
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Lemma 3.1. Let K;, i = 1,2,... be compact sets in Qr such that K1 D Ky D ..., then
hm capvm(KZ-, QT) = capvar(ﬂ,»Ki, QT) .
1—00

Proof. Let K :=N;K;. From (3.1) we get
Capvar(K7 QT) < Capvar(Ki7 QT)’

and by passing to the limit as i — oo (cap,,, (K, 1) is non-increasing), we get
capy,, (K, Qr) < lim cap,,, (K, Q7).
11— 00

To prove the reverse inequality, the idea is to choose v > xx which can be used to
approximate cap,,, (K,€Qr) closely. Then multiplying v by a constant slightly larger
than 1, we get an admissible test-function for the capacity of K; for 7 large enough. Yet,
as the constant is close to one, we only make a small error.
To work out the details, set A\* = cap,,,(K,Qr). For any ¢ > 0, there exists v €
Cs°(Q x R), v > xk such that \2 = ||U||W(Q>\2_pT) and
/\121 < Ca‘pvar(K’ QT) +e

Next, note that since v is smooth we know that for any v > 0 there exists ig := io(7y)
such that

vy = (1= 7)™ > e,
for i > ig. Hence for \, satisfying \> = HU»V‘|W(Q)\37PT) we have
)\i > capy., (K, Qr).
Furthermore, by scaling properties
losllwiey ) < (1= 7)7PA2

Moreover, since

)\12) = HUHW(QA?TPT) S HU'YHW(Q)\%pr)’
we clearly have that A\, < A, due to the definition of A,. This now implies that

A = o3llwie,op,) < loylwia,omyy < (1= 7N (3-4)

It also holds that

Capvar(Ki7QT) < )\'2y < (1 - 7)_1))\12)

Indeed, the first inequality holds by definition of cap,,, (K;, Qr), and the second inequality
follows from (3.4). We now see that

CaPya (K, Q1) < capy, (K5, Qr) <A < (1= 9)7PA7 < (1—9) 7 (capy., (K, Qr) +¢),
for any i > ig(7y). Letting first ¢ — oo and then v — 0, we see that
cap,, (K, Qr) < Zlgglo capy,, (K, Qr) < capy,, (K, Qr) + €.
Since € > 0 was arbitrary, we conclude the proof. O
Lemma 3.2. Let K be a compact set in . Then
Timn cap,,, (K, Q) = cap,, (K. Q).
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Proof. The proof goes as follows. For large enough 7" we find a test-function almost
realizing the capacity. If T is large enough, we may multiply the obtained function by
a cut-off function in time without changing the norm too much. This new function is
admissible to test the capacity related to the reference set €2, and for large 7" the error
becomes arbitrarily small.

Let us go to the details. Define A% = cap,, (K, Q7) for T > 0 and note that (3.3) says
that A7 is nondecreasing with respect to T'. Thus the limit lim7_, )\2T exists and we have

M= lim A\ = llm capy,, (K, Qr) < capy,, (K, Q) < 00. (3.5)

T—o0

Now, for given € > 0 let T be so large that
K CQx(0,(\+¢)P/27/2)

holds. By the definition of variational capacity cap,,, (K, 1) we may choose v, € C§°(£2x
R) such that v, > xx and

0< )\12)’6 = HUEHW(Q)\%;pT) < )\% +e< )\2 + €, )\v,e > Ap. (36)

Denote 7 := A2 PT/2. By above two displays we have that K C Q x (0,7). Let 6 €
C5°(—o0, 27) be such that 6§ = 1 in (0,7),0<0<1,and |¢| <2/7. Then v.f > xx and
for any function ¢ € V({2 ) we have that

}<8t Ue V(Qoo) ‘ —

2T
/ /vﬁ@t(b dx dt‘
2T

2T
00 (00) dz dt — / / vl da dt‘
Q o Ja

2
<[[0wellvr@unllllviea,) + ;|’U6¢HL1(927)

C
< (N0welvionn) + Sllecl s,y ) I0lviaun)

< ([10vellvr@sr) + 2 vellvin ) 10 1vi@sn)-

Therefore by the above calculation, the definitions of the involved quantities and
Jensen’s inequality, we obtain

leblbwion) < o, , + 100D .

10vvel vy + 7P |[ucllyian) |
1+ cr2/p

< el a+w*®ﬂ(

< oelwin + (0 +er 271 = 1) Dy,
+C7_—2/p(1 +C7__2/p)p,_l“UeHI;;I(Q2T)
(1 + 6T72/p) ”UEHW(QQT)
= (1 +ex2e=2/rp=2/r) \2 |

where the constant ¢ depends only on p and €2. Since v.0 > Y, it is admissible to test
variational capacity cap,,, (K, (), thus we have by the above display, (3.5), and (3.6)
that

N < cap (K, Qo) < [[0llwian) < (14N + )P 2PT20) (A2 4 ).

Letting 7' — oo and then € — 0 implies that A\* = cap,,, (K, Q) finishing also the proof
since A2 = limy_, o cap,,, (K, Q7). O
8



4. EQUIVALENCES OF DIFFERENT CAPACITIES

In this section, we first prove the main theorem, the equivalence between the capacity
and the variational capacity, in the special case that K is a finite union of space-time
cylinders. The structure of such sets is much simpler, which allows us to derive estimates
using test-functions mollified in time, since we can control the change in the mollification,
cf. (4.2). We first prove the equivalence between the energy capacity, defined below, and
the nonlinear parabolic capacity. Then we establish the equivalence between the energy
and variational capacities.

Later, in Theorem 4.8, we extend the result to any compact set by approximating K
with a finite unions of cylinders. Finally, we pass to a limit as T" — oc.

4.1. Energy capacity versus nonlinear parabolic capacity. To prove Theorem 4.7
let us first introduce an intermediate notion of capacity defined in terms of the energy

1 T
lullongy = suD » / (1) dz + / / IVl d d.
0<t<T2 (9] 0 Q

The energy capacity is defined as
cape, (K, Qr) = inf{||u||len0p : v € V(Qr), u is p-superparabolic in Qp, u > xx}.
Theorem 4.1. Let K C Qp be a finite family of compact space-time cylinders. Then
cap,, (K, Q) ~ cap(K, Q).
Proof. First, we give a rough description of the steps of the proof. Let
ux = Ry

be the capacitary potential of K, and p be the corresponding Radon measure in (2.3).
To prove that cap,, (K, Qr) < 2cap(K, Qr), we use the fact that cap(K, Qo) = pux(Qr),
and estimate the right hand side from below by testing the measure data equation

8tuK — APUK = UK, (41)

formally with the test-function ¢ = ug, see (2.3). The reverse inequality follows in a
straightforward manner by testing the measure data equation above, with a supersolution
u for which v = 1 on K, and using the fact that u is a supersolution.

To work out the details, let x5 € C5°(0,7") be a cutoff function in time approximating
X(0,)- To be more precise, x5 increases pointwise to x( s as h — 0 and x5, = 1 on
[h,t — h]. Fix h. After a standard density argument, ((usx)cXne)e is an admissible test-
function in (2.3) for small enough e. Recall that (). is the standard mollification only
over the time variable.

By Fubini’s theorem, we obtain

@) > [ [ (orexn i

¢ ¢
= —/ /(uK)Eﬁt(uK)exh,t d:vds—/ /(uK)fx'ht dxds
0o Ja 0o Jo

t
+/ /\VuK\pQVuK-V((uK)GXM)deds.
0o Jo

Now

t t 1
—/0 /Q(UK)Eat(uK)exhﬁt dxds—/o /Q(UK)S)(’M drds — i/gu%(x,t) dz,
9



and

t t
/ /(’VUK|p_2VUK)6 -V (ug)exns deds — / / |Vug|P dxds,
0 Jo 0o Ja

for almost every t € (0,7") as first € — 0 and then h — 0. Hence

1 t
pr () > —/u%(w,t) dx—l—/ /|VUK]” dx ds
2 Ja 0 Jo

follows for almost every t € (0,7"). Taking essential supremum over ¢ leads to

1 T
2u (Qr) > sup —/u%(x,t)d:c—i—/ /|VuK\p drdt.
Q o Jo

0<t<T

On the other hand, since K is a finite union of space-time cylinders, we know that for
€, h > 0 small enough, the following holds

47k < ((ug)exnr)e < 1. (4.2)

Because of (4.2) and passing to the limit as above we can estimate

1 T
471,UK(QT) < 5/U%($,T) dx +/ / ‘VUK'p dx dt
Q 0 Q

1 T
gsup—/u%(x,t)dx—i-/ /\VuK|p dx dt.
t 2 /g 0o Jo

Therefore, since cap(K, Q) = pr (1), we obtain
27 ukllenor < cap(K, Qoo) < 4|t flen0r, (4.3)

which implies that
cape, (K, Qr) < 2cap(K, Qu)-

To prove the other direction, let u be a supersolution such that u = 1 on K, u(z,0) = 0,
and vanishes on the lateral boundary. Using (ucxnr)e as a test-function for the measure
data equation for ug, (2.3), we get from (2.4) that

4 cap(K, Q) < / (uxnr)e dix

T T
——/ /(uK)ﬁtuexhyT dx dt—/ /(UK)eueXZ,T dx dt
o Ja 0o Ja

T
—i—/ /(|VUK\p_2VuK)6 - Vuexnr dr dt.
0 Jo

Furthermore, first using integration by parts, and then using ((ux)cxnr)e as a test-
function in (2.2) for u, we get

/ /uK Opuexpr dr dt = / /u@t UK )eXhT)e dx dt

S/ /]Vu\pQVU-V((uK)GthT)dedt.
o Ja

Using the above two displays, first taking the limit as € — 0 and then as h — 0, gives us
with the aid of Young’s inequality that

T
41 cap(K, Q) S/uK(I,T)u(x,T) dx—l—/ /]Vu|p_2Vu-Vudedt
Q 0o Ja
10



T
+/ / \Vug|P*Vug - Vudz dt
0o Ja

S(SHUKHeH,QT + C@)”“Hf:ﬂih .

Recalling (4.3) and choosing small enough §, we may absorb the first term on the right-
hand side into the left-hand side. Further, recalling the definition of cap,,, we get

cap(K, Q) < ccap, (K, Qr). O

4.2. Variational capacity versus energy capacity. In Theorem 4.2, given a non-
negative supersolution u € V(Qp) = LP(0,T; W,?(Q)), we construct, by using a back-
wards in time equation with a right hand side depending on u, a solution v € W(Qr) =
{veV(Qr) : dw € V'(Qr)} such that by the comparison principle v > u. The suitably
chosen exponents in the definition of || - [\, allow us to obtain ||v||w.) < cl|ullenor
by a direct estimation starting from the backwards-in-time equation.

On the other hand, in Theorem 4.4, given a smooth non-negative v with zero boundary
values, we show that there exists a supersolution u such that u > v a.e. and [|ul|,, <
cllv||,y in a suitable intrinsic geometry. In the proof, we construct u as a solution to the
obstacle problem using rescaled v as an obstacle, and then derive the above inequality by
a using a suitable test-function in the weak equation for u.

Finally, combining these results in Theorem 4.6 we end up with

Capvar(K7 QT) ~ Ca‘pen(K7 QAQ*PT) :

As we already know by Theorem 4.1 that cap,,, (K,Qr) =~ cap(K, Qs ), we obtain the
main result

capy,, (K, Qs) == cap(K, Qy),

by passing to the limit 7" — oc.
The proof of the next theorem follows the ideas in [25]. Indeed, the use of a backward-
in-time equation is taken from there.

Theorem 4.2. For each non-negative bounded supersolution w € V(§dr), there exists a
function v € W(Qr) such that v > u and
[vllw@r < cllullenor
with ¢ = ¢(p).
Proof. Let 7 € (0,T) be a Lebesgue instant for « and let v7 € LP(0,7; WyP(R)) be the
solution to the following problem
{aﬂf — AT =0, inQx (7,00)

v (z,7) = u(z, 7).
Let now «”™ be such that

u(x,t) = u(x,t), ift<r
u(x,t) = v (x,t), ift>rT,

from this we find that v € V(Qu) and ||t ||ena., < c||t|leng, follows by using (2.2).
Since the set of Lebesgue instants 7 € (0,7") have full measure we see that there exists
a sequence of Lebesgue instants converging to 7', call this sequence {7;}. We can now
easily see that u™ is an increasing sequence of supersolutions that converges pointwise to a

bounded supersolution @, which coincides with w in © x (0,7). Moreover we can deduce
11



that ||t)lenn., < ¢||tllency, since the sequence also converges in V(€2,,) by Lebesgue
dominated convergence.

Let us now take any Lebesgue instant for u that is bigger than 7', from now on we call
this instant 7, and we will rename @ as u. Solve the equation

{—&w —Apu = =2A,u (4.4)

(e, 7) = ulz,7)
in €, with zero lateral boundary values. The right hand side is naturally interpreted
as [2|Vul’?Vu - Vodz. Equation (4.4) has the unique solution v € W(£,), since we
know that u € V(€2;) and hence Ayu € V'(Q,).

Now choose the mollified test-function ¢ = (vexh r)e, where again x,, = 1 in [h, 7 —
hl, xnr € C3°(0,7) and subscript € denotes mollification in time. Testing the weak

formulation of equation (4.4) with ¢ and passing to the limit as ¢ — 0 similarly as in
Theorem 4.1, we obtain

1

5 /Q VX, dv dt + /Q \VulPxh,, dedt = 2/Q |VulP~2Vu - Vo, do dt.

Passing to the limit as h — 0 we obtain by Young’s inequality that

1 1
——/vz(x,T) dx—l——/vQ(x,O) dx—i—c/ |Vv|pdxdt§c/ |VulP dz dt,
2 Ja 2 Ja Q, Q,

which gives together with the terminal data of v that

1
/ |VolPdxdt <c (5 / u?(z,7) dx +/ |Vul|P dz dt) < c|lulen, - (4.5)
Q Q Q

Let us now consider the dual norm. We have by (4.4) and Holder’s inequality that

/ v dr dt’
QT

/ IVu|P~2Vov - Vo da dt‘ +2 ‘/ |VulP2Vu - Ve dx dtH
Q, Q,

[ —
lellv)<1

|
Illv(aH)<1

/

1/p
< e (Il + lelq,)

where ¢ € C3°(€);) and 1/p+ 1/p’ = 1 so that 1/p’ = (p —1)/p . Since
101, + lullsq,) < cllullena.,
holds by (4.5) and definition of ||tt||en,0,, We also get
1001,y < ellulleno
Hence we conclude that

[vllwier) < ellullenor-

To check that v > u, we do the following formal computation
-0 — Ay = =20pu > —0u — Ayu,

based on (4.4) and the definition of a supersolution for u. Now we can use the compar-

ison principle for backwards equations to conclude the inequality in €2.. The rigorous
12



treatment goes via weak formulation and standard mollification argument. Indeed, sub-
tracting the backwards equations in the weak form, passing to limits, and using the initial
condition, we get for a.e. s € (0,7) that

/Q(u — )3 (z,8)dr —0

< —/ (|VuP2Vu — |[Vol|P2Vv) - V(u — v),; dodt
<0.
This implies that u < v a.e. in €2, U

The proof of Theorem 4.4 utilizes the following rescaling lemma.

Lemma 4.3. Let v € W(Qy,), and suppose that A > 0 is the intrinsic parameter satisfying

2
A = [vlwi@,opyp)-
Further, let
o(x,7) = A u(z, A27PT).
Then

Proof. Changing the variables as t = A\>7P7, we get from the definition of the norms
I [v@,2-pp) and || - [hyoy), that

/\2pr 1/p
[vllve,s pp = (/ / |Vo(z,t)]P de dt)
0 Q

T 1/p
= ( / IAVO(z, 7) [P dzA*P dT) = 22715y
0 Q

~ To find out the scaling of the norm of the time derivative in the dual space we denote
é(x,7) = ¢(x, \>7P1) and observe by a similar calculation as above

IDllv@epp) = APy
Now denoting ¢ = \2P/P¢ and rewriting

H¢||V(Q/\2,pT)S1

A2=pT
= sup / / vy dx dt
l¢llvo <1|Jo Q

A27pT)—

\2=PT
= sup / / 2, NP2ONP 20, (w0, \P2t) da dt
811y (e

A27pT)S

= sup
H)\(Q_p)/p¢>||V(szT)§1

T
/ / Nz, T)N20,6(x, 7) dz X2 dr
Q

= sup
H)‘<2_p)/p¢||V(QT)S1

T
)\H(p?)/z?/ /@(%7))\(217)/11&&(%7-) dx dr
0o Jo
13



= 2\ gy

= / / o(2, 7)0,¢(x, 7) da dr
H¢||V(QT)<1

= A 100y @),
because 1 + (p — 2)/p = 2/p’. Therefore

A = [vllw@,e )

/
= ol .+ 0wl

"(Qy2-pr)
= N[5 + NN105I3
= N[lollwar)
holds, which is exactly (4.6) since A > 0. O

Theorem 4.4. Let v € C§°(2 x R) be non-negative. Let X be the non-negative number

such that
A = [[vllw@,ep)-
Then there exists a continuous non-negative supersolution u in Qy2—pp such that u > v

and
||u||enQ)\2 pp — c||U||W )\2 pT)

for a constant ¢ = c(n, p).

Proof. Assume, without loss of generality, that A > 0. Indeed, otherwise v is identically
zero and we may simply take u = 0.

Let © be defined as in Lemma 4.3, then consider the obstacle problem with ¢ as the
obstacle in €2r. Let @ be the continuous solution to this problem. Note that u is a
supersolution and that

w>0v in Qp.
Moreover, since 0f2 is regular and o is continuous up to the parabolic boundary, @ is
continuous up to the parabolic boundary as well and @ = v on 9,{)r. Thus, for each
0 > 0 we find an €, € > 0, such that

= (((2=0=0))+Xnr)es

vanishes on 9,{2y. Here x; - is again a smooth approximation of a characteristic functions
X(0,r) Where 7 € (0,7'), and the subscript € refers to the standard time mollification. We
may use 1 as a non-negative test-function in the weak formulation for . Then using
integration by parts, we obtain

|| G 5-5)00 de

, (7
[ / Vil ), (- 0= 8 dede = [ [ v
o Jo
From this we obtain

| [t =8)) da

o~ 2
= /8 u v 5)6)+Xh77—d$dt (48)

Q

/3 - u—®—5)€)+xh,7dxdt.



Using integration by parts on the first term on the right-hand side of (4.8), we get

1 (7 [0(a—10—06))>
5/0 /Q ((a (;t >)+Xh,7dxdt // +Xh7()d$dt.

From the definition of W, properties of standard mollifiers, and Lemma 4.3, we can
estimate the second term on the right-hand side of (4.8) as

81}6 . . . -
/ / ) dadt > |3l 1 — Ty = — i — 3w

Combining the previous two displays in (4.8), passing to a limit first in € and then in J,
and using Lemma 4.3, we get

limsup/ /&L6 0 — 0)e)t+Xn,r dzdt

§,e—0
> —||t]|v, —1——/ / L(t) dx dt.

Next, by Young’s inequality and Lemma 4.3, we get
lim / /(|va|p—2va)e V(@ = —6)e) s Xnr dv dt
Q

6,e—0 0
_ / / (IVal~2Vi) - V(i — §)ynr de dt
0 Q

2/ /]Vfc|pxh,7da:dt—/ /]V&]p_lwé\xhﬁdxdt
o Ja 0 Ja
1 /7 B 1 /7 5
> —/ /|Vu|pxh77da:dt——/ /|Vv|pxh77d:pdt
pPJo Ja pPJo Ja
1 /7 . 1
> —/ / \Va|Pxprdedt — —.
PJo Ja p

Finally, recall that since the obstacle v is continuous, the solution « is continuous and
hence 5. — 0 on {a = ¥} uniformly as §,¢ — 0. In addition, by the properties of the
obstacle problem supp p1z C {& = 0}. Thus combining the previous estimates with (4.7),
we conclude that

- +1
//IVu|pthdxdt——/ /U—’U Xhr ( )dxdt§||u||\2(m)+pT-

Passing to a limit h —> 0, using the initial Condltlon and choosing 7 to be a Lebesgue
instant such that [, @*(z,7)dz > 3 supy.,or [, @* dz, we end up with

/ /!Vﬁ]”dmdt%— sup /ﬁgdxgc.
0o Jo 0<t<T Jo

To get rid of the term [, 0 dm|g on the left hand side, we used the fact that C'(0,T; L*(Q)) <
W(Qr), together with Lemma 4.3. Now by changing variables u(z,t) = \a(x, \P~2t) we
obtain the estimate

llen,zmp < eX* = cllvlwia,e )

where u is a supersolution satisfying u > v, which completes the proof. O

Next we combine the previous two theorems to obtain cap,,, (K, Qr) ~ cap,, (K, Qx2-p7).
When combining the previous results, we would like to take v to be smooth, and the fol-

lowing lemma gives us the appropriate mollification.
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Lemma 4.5. Let K be a compact set consisting of a finite union of space-time cylinders.
Let v € W(Qr) be such that v > xk for a compact set K C Qp. Then there exists a
w € CP(Q x R) such that w > xx and

lwllwier) < cllvlw@r)-

The proof of Lemma 4.5 can be established by following [6, Appendix A] together
with the fact that on a finite union of space-time cylinders we can control the space-time
mollification, cf. (4.2). In addition, close to the lateral boundary of Qr, the mollification
can be done by using partition of unity, as usual. The details are left for the reader.

Theorem 4.6. Let K be a compact set consisting of a finite union of compact space-time
cylinders, set \* = cap,,,(K,Qr), and suppose that K C Qy2-pp. Then

cap,q- (K, Qr) =~ cap,,(K, Qx2-»r),
where Qy2-pr 15 interpreted as Qs if X = 0.

Proof. Suppose first that cap,, (K,€Q7) > 0. To compare the variational and energy
capacities, we first define
M\ = cap,, (K, Qr).
Given § > 0, choose a superparabolic function u € V(22-»7) such that v > yx, and
HUHBH,Q)\Q—pT < Capcn<K’ QAQ—T’T) + 0.

Without loss of generality we can assume that v is bounded and using Theorem 4.2 we
find a function v € W(Qy2-»7) such that v > u > yx and

”’UHW(QA27;7T) S CHu”enyQ)\2pr ° (4'9)

By Lemma 4.5, we may replace v with a smooth version still staying above xx and still
satisfying (4.9), but with a different ¢. Furthermore, associated to v there is A\, > A such
that \2 = lvlwie,s-,,) and

CaPy (K, Q7)) < A2 = HUHW(Q)\%—pT) < cllulleng,s ., < c(CaPe, (K, Qy2-rr) +0).
This gives
Capy (K, Q7) < ¢ cape, (K, Qa-or).

Conversely, for small enough § > 0 let us now consider v € C§°(2 x R) N W(Qy2-»7)
such that v > xx and

N < lvlwieys -, = A < (1+0)X,

which we find by the definition of cap,,,. Theorem 4.4 yields a superparabolic function
u € V(Qy2-p;) such that u > v and

lullensayy sy, < lellwinsy) < 1+ 6) cap (K, ).

Since K is compact and belongs to (2)2-»r, we find small enough ¢ so that K C §22-»,
as well. Extending u to the entire cylinder €2, as a solution with initial values at the
time to = A27PT equal to u, we see that

lullenoyo-pr < ltllengn < 2fulleng s, < (14 0) capy, (K, Qr), (4.10)

where the second inequality is due to an energy inequality, valid for solutions,

/ /|Vu|p da:dt—{—sup/uQ(a:,t) dr < c/uQ(a:,to) dr.
to Q to<t JQ Q
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The estimate (4.10) immediately gives that
cape, (K, Qy2-»7) < ¢ capy,, (K, Qr),

concluding the proof when A > 0.
To finish the proof, we consider the case cap,,, (K, Q) = 0. For any § > 0 there exists

veCFOQ xR NW(Qy), v > Xk, such that
6> A5 = [lvllw

Q32-p7)

For this given v, we may argue as in the first step using Theorem 4.4. Indeed, we find u
such that © > v > xx and

lullengn < cllvliwiez-,,) < cd”.
Therefore cap,, (K, Q) = 0 and the proof is finished in all cases. O
4.3. Nonlinear parabolic capacity versus the variational capacity.

Theorem 4.7. Let K C Qp be a compact set consisting of a finite union of compact
space-time cylinders K =, @;ﬁé, and let \* = cap,,(K,Qr). If K C Qy2-»p, then

ap oy (K, 0r) ~ cap(K, D).

where Qy2—pr is interpreted as Qs if A = 0.

Proof. The proof follows immediately from Theorem 4.1 and Theorem 4.6. U
We are now ready to prove the main result. We start with a local version.

Theorem 4.8. Let K C Qr be a compact set and assume that for \* = cap,,(K,Qr)
we have K C Qy2—pp. Then

cap o (K, Qr) =~ cap(K, Qu),
where Qy2-pp 15 interpreted as Qs if X = 0.

Proof. Let {K;}32, be a nested sequence of compact sets, each a finite union of space-time
cylinders, such that

ﬂm:K
i=1
Then from Lemma 3.1 we see that
lim cap,, (K;, Qr) = cap,, (K, Qr) = A% (4.11)
12— 00

First there exists an ¢; such that if ¢ > i1, then K; C Qp. Second since ); is a non-
increasing sequence, we get that there is an 7, such that K; C €y2-»p C £2,2-», holds for

all i > i5. Now, for i > max{i, i}, Theorem 4.7 gives
capy,, (Ki, Qr) ~ cap(K;, Quo).

Using the outer regularity of cap(-, ) (see [13, Lemma 5.8]) together with (4.11) com-
pletes the proof. O

Our main theorem follows immediately.
Theorem 4.9. Let K be a compact set of Qs Then
cap (K, Qso) & cap(K, Qo).

Proof. Combine Theorem 4.8 with Lemma 3.2. O
17



5. ESTIMATES OF CAPACITIES FOR EXPLICIT SETS

In this section we establish estimates of the capacities for explicit sets, including space-
time cylinders and special hyper-graphs. First, let us define the standard elliptic capacity
for a compact set K, K C (2, as

cap, (K, ) = inf{/ VulPdx : uw> xg, u € CSO(Q)}
0

Theorem 5.1. Let K C ) be a compact set such that cap, (K,Q) = 0. Let ¢ : [t1,ts] — Q,
0 <t <ty <T, be a Lipschitz continuous function and let the set K4 be defined as

Ky ={(z+¢(),t) : v € K,t€lts,ta]}
and assume that it belongs to Qp. Then
cap,,(Kg, r) = 0.
Proof. Let K. = {x : d(x, K) < €} for € > 0. Then also the closure of U := {(z+¢(t),1) :

x € Kt € [t1,t2]} belongs to  x R for small enough ¢ > 0 and it covers K. By the
assumptions we find a smooth function v € C§°(K,) such that v > xx and

1
</K |VulP da:) o (5.1)

Let us now consider the function

o(m ) = u(p(t) + )6(t).
where 6 € C§°(—€/2+11,ta+€/2), 0 = 1 on [t1, t5] as well as || < 2/¢, and we also define
d(t) == H(t;) when t < t; as well as ¢(t) := ¢(ty) when t > t,. Then v € Wy (2 x R)
and v > x,. Strictly speaking this is not an admissible smooth test-function since ¢ is

only Lipschitz, but this point could easily be overcome by an approximation argument.
From (5.1) we get that

[0lhq.) < clta =t + €)er.

We also see that
Ow(x,t) = 0pp - Vul(o(t) + x)0(t) + u(o(t) + x)0'(t),
and consequently
0w (z, 1) < [[0:]lo| V(o (t) + @) + 16 (1)] [ule(t) + )] -
Using Holder’s inequality, Sobolev’s inequality, and (5.1) we get
10:0[| Lot (0 (e 21 e /2410y < €t — t1 + E)l/p,||8t¢||00||vu”LP'(K€) + e Hull .

< ety —ty + €)VP)| 00| so€? + ce.

Thus, for suitably small ¢ > 0, we obtain
100]viow) < e,

for a constant ¢; = ¢1(t2 — t1,]|0:0]|cs |2, 7, p) > 1. Letting € to zero finishes the
proof. O

Next, we will derive a lower bound for the variational capacity in terms of the elliptic
capacity. Since we are going to consider time slices, we need the following convenient
notational tool, the t-slice of £ C R"*! is defined as follows

m(E) ={z: (z,t) € E} CR"™
18



Theorem 5.2. Let K C Qr be a compact set and let \* = cap,,,.(K,Qr). Then

AZ=PT
/ Cape(ﬂ-t(K)v Q) dt < Capva,ﬂ(K, QT)
0

Proof. Let v € C5°(Q2 X R) be such that \2 = ||U||W(Q)\2_pT) < A + e Then

cap,(m(K), Q) S/Q]Vv(:v,t)\pda:,

and hence

AP AP
/ cap, (m (K ), Q) dt < / / Vol O dudt < vl ) < A+ e
0 0 Q v
follows. Letting € to zero finishes the proof. O

A point has a zero elliptic p-capacity if and only if p < n, see for example Section 2.11
[10]. From this and the previous two results we have the following corollary.

Corollary 1. Let ¢ : [t,ts] — Q be a Lipschitz continuous function with 0 < t; <ty <T
and define ® = {(¢(t),t) : t € [t1,t2]}. Then

cap,,(®,Qr) =0
if and only if 2 < p < n.

Lemma 5.3. Let 2 < p < n and Q, = B(0,7) X (ty — 7,t9) such that Q, € Qr. Let
A2 = cap,,(Qr, Qr). If Q. C Qy2-pp, then

capy(Q, Q) = ¢~ P
with ¢ = ¢(n, p).
Proof. We know that
cap,(B(0,7),) > cap,(B(0,7),R") > ¢~ 1r"7?,
see for example [1, 10, 24]. Using Theorem 5.2 we conclude that
capy. (Q,, Qp) > ¢ ™ P, O
The converse of Lemma 5.3 holds as well.

Lemma 5.4. Let 2 <p <n, Q, = B(0,r) x (to — 7,t9), & = B(0,2r) and assume that
Q. € Qp. Then there exists a constant ¢ = ¢(n,p) such that

cap(Q., Qo) < c(r™ +7r"7P).
Proof. Let u solve

—Apu=0, inQ\ B(0,r)
u=1, on B(0,7)
u =0, on 0f).

Then

/ \Vul? doe =~ r"7P. (5.2)
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Furthermore, u is a supersolution to the p-Laplace equation in 2 and 0 < u < 1. Next,
define the function
0, if (z,t) € Q x (—o0,tg —T)
v(x,t) == < u(x), if (z,t) € Q x [ty — 7, t0)
h(z,t), if (z,t) € Q X [ty, +00),

where h(x,t) is the solution to the Dirichlet problem

ht — Aph = O, in Q x (t(), OO)
h(-,t) =0, on 0N X [tg, 00)
h(-,t) =u(-), inQx{t}.

Since v is bounded we observe that v satisfies a comparison principle, (cf. for example
Lemma 2.9 in [3], Theorem 2.4 or Theorem 1.1 in [14]). This implies that v is a superso-
lution in Q, satisfying v > xg-. Moreover, since h is a solution in 2 X (¢, 00), we have
the usual energy estimate

1 o 1 1
sup—/hz(x,t)dx+/ /|Vh]pdxdt§ —/uQ(x,to)da: < —/ ldx < cr™.
t>t0 2 Jo to Jo 2 Jo 2 Ja

Integrating (5.2) in time over [ty — T,%o), using the previous estimate, and Theorem 4.1
we see that

Cap(@m QOO) < CHUHGH,QOO < C(rn + T?“nip). 0
Theorem 5.5. Let Q. = B(0,r)

X (to — rP,to), and assume that Qo C Qr. Then

cap(Qy, Qo) ~ 1.
Proof. Follows from (3.2), Lemma 5.4, Lemma 5.3, and Theorem 4.9. O

Let us now state a useful comparison lemma between the energy capacity and the
nonlinear parabolic capacity. Observe that earlier, we only worked the equivalence be-
tween the capacity and the energy capacity for a finite union of cylinders in Theorem
4.1 whereas the lemma below is for any compact set. Due to the lack of a convergence
theorem for the energy capacity with respect to shrinking sequences of compact sets, we
only establish a one sided bound in the next lemma.

Lemma 5.6. Let K C Q. be a compact set. Then there exists a constant ¢ = c¢(n,p) > 1
such that

cap,,(K, Q) < ¢ cap(K, Qo).

Proof. There is a shrinking sequence of compact sets K; C €, ¢ = 1,2,..., such
that N;K; = K, and each K; consists of a finite union of space time cylinders. Since
capy, (+, ) is a non-decreasing set function, the conclusion of the lemma follows easily
from [13, Lemma 5.8]. O

Our next theorem is in some sense a parabolic counterpart to the fact that the elliptic
capacity only sees the external boundary, i.e.

cap,(K,R") = cap,(0.K,R"),

where 0. K is the external boundary, that is, the boundary of the unbounded component

of the complement of K. See for example [22] or [28].
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Theorem 5.7. Let QF = B(xg,7) X (to,to + 7) be such that Qs C Qo and let
H = {(z,h(x)) : z € B(xo,7)}
where h € C(R™) satisfies h(x) =ty on 0B(xg,r) and H C Q. Then

o1 (/ cap,(m(H), Q) dt + r") < cap(H, Qo) < (™ + 777P)
0

with ¢ = ¢(n, p).

Proof. The bound from above follows immediately from Lemma 5.4. Let us consider the
lower bound. To this end, for any € > 0 we find v such that ||v||en.0., < cape,(H, o) + €.

Since v is p-superparabolic and v > x4, we have by the lower semicontinuity that 1 <
v(z) <liminf, ,, v(y) whenever z € H. Define

H={(x,t) : @ € B(zo,7),t € (to, h(x))},
i.e., the set of all the space-time points lying between the graphs (x,ty) and (z, h(z)).
Set now N
sy {min(Lo ), i (.0 € 7
1, if (z,t) € H.

m Note that ¢ is lower semicontinuous in €2 X (¢y,00) and hence it is p-superparabolic in
Q X (tg,00) by the “Pasting lemma” in [3].

Let us now consider two cases,

(A) [m (H)] = 1/2|B(x0,7)],
(B) Alternative (A) does not hold.

In alternative (A), we know that v > 1 on HN B(x, ) x {to} and we have a bound for
the measure of this set. Next, since v is a bounded p-superparabolic function in {2, it
is also a supersolution by [17, Theorem 5.8]. As such we can see that by testing formally
with vX (1>}

sIBal < [

v (x,ty) do < 2/ |VolPdz dt < 2||v||en,0u (5.3)
0

QX (tg,00)
where rigorous treatment goes via mollifications.

In the case of alternative (B), we know by the continuity of h that there exists ¢ > 0
such that |m, 4o (H)| > 1|B(xo,7)|, moreover we know that o > 1 on Tioro(H). Again
since ¥ is a bounded p-superparabolic function, we can as in (5.3), test formally with
UX {t>tg+o} (t), and get

1
Z|B(x0,r)| < / 7 (z,tg + o) dv < 2/ |VolPdx dt
Q Q

X (to+0,00)
- 2/ Vol? de dt < 2[v]|en.
Qx (to+0,00)\'H

Thus we obtain that in both alternatives (A) and (B) we have |B(zg,7)|/4 < ||V]|en,00 <
ccap(H, ), where in the last inequality we have used Lemma 5.6. Together with
Theorem 5.2 we get the desired lower bound by summing up. U

From the above theorem we can obtain a symmetric upper and lower bound on the
capacity of a cylinder, which tells us that the parabolic capacity of a cylinder is essentially
the sum of the elliptic capacity of the lateral part integrated and the parabolic capacity

of the bottom disc.
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Corollary 2. Let Q, = B(0,r) x (to — 7, ) be such that Q2 C Qoo Then
CapvaT(@rv Qoo) ~r" —+ Tr" TP,

Proof. From Lemma 5.3, and Lemma 5.4 we get that

Tr" P

S Capvar(@ra QT) S C(?”n + TT‘n_p).

To improve the lower bound, note that B(0,r) x {to} C Q,, hence we can use Theorem
5.7 and Theorem 4.8 to get

_ rn
Capvar(Qm QT) Z ? U

If the hyper-graph bends up, we can establish a symmetric upper and lower bound
even in this case.

Corollary 3. Let Qf (1) = B(0,7) X (tg, to+7) be such that Q3,(7) C Qo and let H be as

above. Suppose furthermore that 1 C (xo,to) + (Q, (7) \Q:F/M(T/M)) for some M > 1.
Then

¢t (r” + Tr”’p) < cap(H,Qr) <c (r” + Tr”’p) ,
for ¢ =c(n,p, M).

Proof. The upper bound follows from Lemma 5.4. The lower bound, on the other hand,
is a consequence of the fact that

Cape(ﬂ-f/ (%)7 Q) > Tn/cv
and thus Theorem 5.7 yields the result. U

REFERENCES

[1] D. R. Adams L. I. Hedberg. Function spaces and potential theory. Grundlehren der Mathematischen
Wissenschaften 314. Springer-Verlag, Berlin, 1996.

[2] H. W. Alt and S. Luckhaus. Quasilinear elliptic-parabolic differential equations. Math. Z.,
183(3):311-341, 1983.

[3] A. Bjorn, J. Bjorn, U. Gianazza, M. Parviainen. Boundary regularity for degenerate and singular
parabolic equations. Calc. Var. Partial Differential Equations, doi: 10.1007/s00526-014-0734-9, 1-
31, 2014.

[4] L. Bocecardo, A. Dall’Aglio, T. Gallouét, L. Orsina. Nonlinear parabolic equations with measure
data. J. Funct. Anal. 147 (1997), no. 1, 237-258.

[5] V. Bogelein, F. Duzaar, and G. Mingione. Degenerate problems with irregular obstacles. J. Reine
Angew. Math., 650 (2011), 107-160.

[6] J. Droniou, A. Porretta and A. Prignet. Parabolic capacity and soft measures for nonlinear equations.
Potential Anal. 19 (2003), no. 2, 99-161.

[7] L. C. Evans and R. F. Gariepy. Wiener’s test for the heat equation. Arch. Rational Mech. Anal., 78
(1982), 293-314.

[8] R. Gariepy and W. P. Ziemer. Removable sets for quasilinear parabolic equations. J. London Math.
Soc., 21 (1980), no. 2, 311-318.

[9] R. Gariepy and W. P. Ziemer. Thermal capacity and boundary regularity. J. Differential Fquations.,
45 (1982), 374-388.

[10] J. Heinonen, T. Kilpeldinen and O. Martio. Nonlinear potential theory of degenerate elliptic equa-
tions. Unabridged republication of the 1993 original. Dover Publications, Inc., Mineola, NY, 2006.
xii+404 pp.

[11] T. Kilpeldinen and P. Lindgvist. On the Dirichlet boundary value problem for a degenerate parabolic
equation. SIAM J. Math. Anal., 27(1996), no. 3, 661-683.

[12] T. Kilpeldinen and J. Maly. The Wiener test and potential estimates for quasilinear elliptic equa-
tions. Acta Math., 172 (1994), 137-161.

22



[13]
[14]
[15]

[16]

[27]
28]

[29]

J. Kinnunen, R. Korte, T. Kuusi and M. Parviainen. Nonlinear parabolic capacity and polar sets of
superparabolic functions. Math. Ann. 355 (2013), no. 4, 1349-1381.

K. Kinnunen and P. Lindqvist. Pointwise behaviour of semicontinuous supersolutions to a quasilinear
parabolic equation. Ann. Mat. Pura Appl. 185 (2006), 411-435.

J. Kinnunen, T. Lukkari, and M. Parviainen. An existence result for superparabolic functions J.
Funct. Anal. 258 (2010), 713-728.

J. Kinnunen, T. Lukkari, and M. Parviainen. Local approximation of superharmonic and super-
parabolic functions in nonlinear potential theory J. Fized Point Theory Appl. 13 (2013), no. 1,
291-307.

R. Korte, T. Kuusi and M. Parviainen. A connection between a general class of superparabolic
functions and supersolutions. J. Evol. Equ. 10 (2010), no. 1, 1-20.

R. Korte, T. Kuusi and J. Siljander. Obstacle problem for nonlinear parabolic equations. J. Differ-
ential Equations 246 (2009), no. 9, 3668-3680.

T. Kuusi. Lower semicontinuity of weak supersolutions to a nonlinear parabolic equation. Differential
Integral Equations 22(11-12), (2009), 1211-1222.

E. Lanconelli. Sul problema di Dirichlet per I’equazione del calore. Ann. Mat. Pura Appl., 97 (1973),
83-114.

E. Lanconelli. Sul problema di Dirichlet per equazione paraboliche del secondo ordine a coefficiente
discontinui. Ann. Mat. Pura Appl., 106 (1975), 11-38.

N.S. Landkof. Foundations of modern potential theory. Translated from the Russian by A. P.
Doohovskoy. Die Grundlehren der mathematischen Wissenschaften, Band 180. Springer-Verlag, New
York-Heidelberg, 1972.

P. Lindqvist and M. Parviainen. Irregular time dependent obstacles. J. Funct. Anal. 263 (2012),
2458-2482.

V. Maz’ya. Sobolev spaces with applications to elliptic partial differential equations. Second, revised
and augmented edition. Grund. der Math. Wiss., 342. Springer, Heidelberg, 2011. xxviii+866 pp.
M. Pierre. Parabolic capacity and Sobolev spaces. SIAM J. Math. Anal. 14 (1983), no. 3, 522-533.
L.M.R. Saraiva Removable singularities and quasilinear parabolic equations. Proc. London Math.
Soc. (3) 48 (1984), no. 3, 385-400.

L.M.R. Saraiva. Removable singularities of solutions of degenerate quasilinear equations. Ann. Mat.
Pura Appl. (4) 141 (1985), 187-221.

T. Ransford. Potential theory in the complex plane, London Mathematical Society Student Texts,
28. Cambridge University Press, Cambridge, 1995.

N. A. Watson. Thermal capacity. Proc. London Math. Soc., 37 (1978), 342-362.

BENNY AVELIN, DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF JYVASKYLA,
P.O. Box 35, 40014 JYVASKYLA, FINLAND
E-mail address: benny.avelin@jyu.fi

TuoMo Kuusi, DEPARTMENT OF MATHEMATICS AND SYSTEMS ANALYSIS, AALTO UNIVERSITY
SCHOOL OF SCIENCE, FI-00076 AALTO, FINLAND
E-mail address: tuomo.kuusi@aalto.fi

MIKKO PARVIAINEN, DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF JYVASKYLA,
P.O. Box 35, 40014 JYVASKYLA, FINLAND
E-mail address: mikko. j.parviainen@jyu.fi

23



