LOCAL TO GLOBAL RESULTS FOR SPACES OF BMO
TYPE
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ABSTRACT. We study a class of spaces, JN,, related to BMO in
the abstract setting of a metric space with a doubling measure.
We obtain a Reimann-Rychener type local to global result and
also show that a Boman type condition is sufficient to make the
embedding of JN,, into weak L? to hold. We discuss certain nec-
essary condition. Our abstract setting covers various situations at
once and, in particular, includes all geodesic spaces.

1. INTRODUCTION

In addition to the classical space BMO, John and Nirenberg intro-
duced a class of larger spaces, which we refer to as JN,, in their article
[19]. Whereas BMO has been studied a lot, these JN,, spaces have not
been investigated so systematically. In the original definition a func-
tion u € L'(Q) is in the class JN,(Q), where @ is a Euclidean cube, if
it satisfies

L) K@ s 1P (f luurl i) <o

Pew

where the supremum was taken over all partitions of () into pairwise
disjoint cubes P. John and Nirenberg proved that the functions in
JN,(Q) satisty the weak L” estimate

Nz € Q: lu(r) —ugl > A} < CKY(Q),

for each A > 0, and C' > 0 is a dimensional constant.

The definitions of J N, and BMO seem similar, and in fact lim, . K, =
llul|gvo- Even if this may be the original reason that resulted in their
discovery, it is not the only thing to make JN, interesting. In [8] Cam-
panato gave a proof of the Stampacchia interpolation theorem using
the weak LP estimate of JN, functions (see also [12] and [11]).

In this paper we are interested in local to global properties of JN,,.
The motivation comes from corresponding results about BMO. Given
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a domain 2 C R", the classical space BMO(f2) has a local counterpart
BMO)0c(92) defined by

HuHBMO]OC = sup ][ lu — up|dr < 00,
TBCQJ B

where 7 > 1. This kind of local conditions arise naturally in context

of partial differential equations, but usually the global case 7 = 1 is

equally interesting. A well-known result by Reimann and Rychener

[22] tells that local BMO conditions imply the global one. For further

local to global type results we refer to Staples [24] and [25].

Another local to global question is to characterize the domains in
which the John—Nirenberg inequality holds globally. For BMO it was
proved by Smith and Stegenga [23] and Hurri-Syrjanen [17] that the
answer is Holder domains. The results about both the local to global
property of norms and that of the John-Nirenberg inequality have also
been generalized to metric measure spaces with some additional struc-
ture. See [7] and [20].

A recent paper by Hurri-Syrjénen et al. [18] was probably the first
one to discuss local to global questions related to JN,. They used
definition (1.1) on domains 2 C R™ more general than Euclidean cubes.
It was not completely clear what the local counterpart of (1.1) should
be, but in [18| it was defined by asking the cubes in (1.1) to have
bounded overlap and to have their concentric 7-dilates contained in
the domain 2. With this definition, a Reimann—Rychener type local
to global result could be proved. In addition to that, the authors of
[18] managed to show that a weak L” estimate holds at least for John
domains.

The first generalization of JN, spaces from Euclidean to metric
spaces was done by Aalto et al. in [1|. Their definition and results
were later improved by Berkovits et al. in [2]. The main problem in
generalizing the definition (1.1) is to decide how partitions should be
interpreted. The clearest definition can be found in [2]. It replaces
the partitions into cubes by collections of disjoint balls and also gives
a local version where 7-dilates of the balls should still form a collec-
tion that satisfies the global defining criterion. See Definition 2.1 in
Section 2.

In this paper we will continue the work with JN, spaces on metric
measure spaces by proving some results of [18| in the metric setting.
We use the definitions and results of [2]. The proof of the Reimann—
Rychener type result is a modification of the original proof in [18|. In
order to prove the weak LP estimate, we will apply a proof described
by Franchi et al. in [10], that is, we use Chua’s [9] chaining argument
in context of weak LP spaces. This will, together with the weak LP
estimate for balls proved in [2], yield an inequality corresponding to
the one proved in [18].
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As a short introduction to the subject, we briefly sketch the idea of
chaining argument. Domain {2 is covered with balls that have bounded
overlap. The distribution function of

lu —ug| < |u—ug|+ |up —upg,| + |ug, — uq)|

is controlled by the distribution functions of the three terms on the
right-hand side. Difficulties usually have to do with the second term.
In case the domain satisfies an appropriate chaining condition, it can
be brought back to the first one, for which we already have an estimate.

If u is a BMO function, then |up — ug,| is controlled by the quasihy-
perbolic distance, which is actually a BMO function itself. This makes
it possible to characterize domains with good properties in terms of the
quasihyperbolic metric. See [25], [17] and [23]. For JN,, however, no
analogous phenomenon is known.

The paper is organized as follows. In Section 2, we recall the basic
definitions. In Section 3, we define Boman sets and prove a lemma
needed in the proof of a global John—Nirenberg inequality. In Section 4,
we prove the Reimann—Rychener type result, and in Section 5 we prove
the global John—Nirenberg type inequality in Boman sets and discuss
a necessary condition.

2. NOTATION AND DEFINITIONS

Throughout the paper, X = (X, d, 1) will be a metric measure space
with metric d and doubling measure ;. A Borel regular measure is said
to be doubling if there exists a constant ¢, such that given any open
ball B C X, we have

0 < u(2B) < cuu(B) < oo.

Every open metric ball B = B(z,r) = {x € X : d(z,2) < r} in X
always comes with a fixed center z € X and a radius r > 0. In what
follows, we write a concentric dilate as AB = B(z, Ar), and § is always
a bounded open subset of X. The integral average of a function u over
a set E with positive u-measure is written as ug, i.e.

1
ug = udu:—/udu.
" ]Z};“ w(E) Jg

Generic constants will be denoted by C' without subscript. Their values
may vary even within a line. The notation < means that an inequality
holds up to generic constant C'

We follow the definition introduced in [2].

Definition 2.1. Let Q C X beopen, 7 > 1and 1 < p < co. An L}()
function v is in the space JN, ,(Q) if

K@) = sup > u(B) (]é | — up| du)p < o0

TBEF
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where F denotes any collection of pairwise disjoint balls contained in
Q. If 7 =1, it can be omitted in the notation.

We will consider functions that are in weak LP on certain sets. Thus
the standard notation

[l ey = sup A (o € B2 u(@)] > A
will be used to clarify the arguments.

3. BOMAN SETS

We begin by defining a class of sets that satisfy a condition closely
related to the Boman chain condition introduced in his unpublished
paper [4]. That, in turn, is known to characterize John domains in
Euclidean and many metric measure spaces (see [6]). Thus the follow-
ing class of sets will be a natural substitute to John domains as we
generalize results of [18] to metric measure spaces.

Definition 3.1 (Boman set). A set 2 is called Boman if there are
constants Cy > C; > 1, C3 > 1,A > 1 and M € N and a collection of
pairwise disjoint balls F such that

() @ =Uper 1B = Uper GoB.

(ii) If B € F, there are at most M balls V' € F with CoV NCyB #
.

(iii) There is a central ball B, € F such that for each B € F there
exists a finite chain of balls C(B) = {B;}¥2, ¢ F with B, = B,
and By, = B.

(iv) In a chain C(B), for each pair of balls B; and B;_; correspond-
ing to consecutive indices there exists a ball D; C C7B;NC1B;_4
such that p(D;) > C3(u(B;) + u(Bi_1)).

(v) If V € C(B), then B C A\V.
The constants C, Cy, C3, M and X\ will be called Boman parameters
of Q, and any chain C(B) satisfying the conditions above will be called
a Boman chain of B.

The main difference between the original Boman chain condition and
our definition is the way the Cs-dilates are allowed to overlap. In the
classical version a point could belong to at most M balls, but here we
ask every ball to meet at most M balls. For instance, in a geodesic
metric space with a doubling measure both definitions yield the same
class of domains. This can be seen essentially by applying the results
in [6] Lemma 3.2 there replaced by a modified version of a Whitney
type decomposition.

The John-Nirenberg lemma for JN, is an embedding into weak L”.
As we study its local to global properties, the interplay between LP:*°
and geometry of Boman sets will play an important role. The following
lemma is a version of an argument used by Chua in [9].
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Lemma 3.2. Let Q) be a Boman set and 1 < p < oco. Then there exists
a constant C' depending only on p, ¢, and the Boman parameters of
so that

Z |uc,B — uc,B. gp,oo(clB) <C Z llu— uC’1VHI£nO<>(01V) :
BeF VeF

Proof. 1t is well-known that even if |||/ .z is merely a quasinorm,
there exists a norm equivalent to it. See e.g. [13]. This fact will
allow us to iterate the (quasi-)triangle inequality so that the number
of applications does not affect the constant we get.

Denote the collection of Boman balls of €2 by F. Take any B € F
and form its Boman chain {Bi}ffl. Then, because of the preceding
remark, we have

kp

Lreo(CyB) S OZ ”uClBi —UCiBi HLP’OO(ClB)
i=2

HuClB — Uy B.

with C not depending on choice of B € F.
Each term in the sum is L”* quasinorm of a constant so we may
directly compute

HuC1Bi —UC1B; ||Lp,oo(clB) = ‘U'OlBi — UCyB; 1 ‘ H (ClB)l/p

11 (C1B) r
(OlBl ﬂ Cle'—l)

= |uc,p, — ucyp,_, | 1 (C1B; N CiB; 1)"" (,u

and further

luc, B, — ucy s, | 1 (C1B; N CiBi1)'”
= HuclBi — UC1B; HLPvOO(CleClBi_l)

S C (HU - uCIBiHLP’O"(ClBiﬂClBi,ﬂ + Hu - uClBi—l HLP#”(CleClBi_l))

<C (Hu ~ UGByl oo (1) T [u—ue,s._, HLp,oo(clBi71)> '

Now, using part (iv) of the Boman condition, we get

kp
Z HuclB,- — UGB HLwo(ClB)
i=2

ks 1/p
1 (B)
<C Bkt — 1 .
B (u(a&)) Il = versllneeicumy

=1
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Part (v) of the Boman condition states that B C AB; for all chain balls
B; € C(B) Thus xB < XAB;» and

XB
—(1)/]9 || ClB U(JlB* LPvOO(ClB)
1 (B)
kB
x5(7)
< C —— |lu — , :
(Cl >1/p (C1By)
v (7)
<c z 2070 e
Ve]-'lu(v)l/p 1

where C' depends only on p, ¢, and the Boman parameters of (2.
Plugging these estimates into the original quantity to be controlled
and using the fact that Boman balls are pairwise disjoint, we get

> llueys — uess. |l

Lp:>o(C4 B)
BeF
XB d
—Z ||U'ClB up, LPOO(ClB) M
BeF
7) p
XAV
<CZ/( 1/p || UC1V||LP,00(CI\/)> d,U/
BeF ver M
P
X)\V
/(Z 1/p | u UCHVHLp,oo(Clv)) dp.
Q@ \ver M

In order to conclude the proof, we make use of a classical fact. The
inequality

(3.1)

Z apX\B

BeF

Z apXB

BeF

N)‘p

holds for any collection of balls ]—" and any collection of positive numbers
{ap}per whenever 1 < p < oo and A > 1. See [9] or [25]. By (3.1) and
Holder’s inequality,

P
/(Z ovle 1/ Ju UCWHLwo(c V)) dp
Q P '

ver M

p
/(Z XV 1/ ” uC1VHLp7<>°(CV)) dp
Q P '

ver M

/

p/p
XV
( ||u - uClvHip,oo(cm> (Z XV(Jf)> dp
Q\ver # VeFr

<C Z lu — Ucw”ip,oo(clvw
VeF
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which is the desired inequality. Il

4. A LocAL TO GLOBAL RESULT

In their paper [18] Hurri-Syrjénen et al. formulated a chain decom-
position lemma for John domains. Its essential content was roughly
equivalent to the definition of Boman sets. Using the decomposition,
they managed to prove a local to global result for JN, spaces. They
could, in addition, prove that functions in JN, on John domains satisty
a weak LP estimate.

Using the chain condition 3.1 instead of the chain decomposition in
[18], we will generalize both results to metric measure spaces with dou-
bling measure. The embedding into weak LP will work without further
assumptions about the underlying measure space, but the equality of
global and local spaces JN, ,(£2) requires something more. One suf-
ficient condition is that all metric balls are Boman sets with uniform
parameters. It should be noted that this requirement is a condition
on the space instead of the domain. The uniform Boman condition on
metric balls is satisfied, for example, by all geodesic spaces. See [16].

Whereas Lemma 3.2 was a statement about Boman sets and L7,
the following lemma is about corresponding phenomena between Bo-
man sets and JN,. It is together with its proof almost identical to
Lemma 3.2 in [18].

Lemma 4.1. Let Q) be a Boman set with parameters C1,Csy, C3, X and
M as in definition 3.1. Let 1 < p < oo and u € L'(Q). Let F be the
collection of Boman balls of €2, and denote the central Boman ball by

B,.. Then
P
d,u>

p
<][ lu — ug| d,u) + <][ |u — uc, B,
Q Q

< ﬁ ZM(OIP) <][01P lu — uc, pl dﬂ)p7

PcF

where C' depends only on p, ¢, and the Boman parameters of ).

Proof. Clearly,

[ lu—ualdn <2 [ Ju—ucyn
Q Q

<2) lu —uc,p| dpp + 1 (C1B) lue, 5 — uc, 5>
C1B

dp

)

:22/ |U—UCIB|dM+QZM(C1B)\UclB—UCIB*

Ber /1B BEF
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In order to estimate Sy, we form a Boman chain C(B) = {B;}'?, for
every ball in the sum. Using (iv) of Definition 3.1, we get

kp
> n(CB) ucys — oy < D2 p(CB) S [ucis, — e,
Ber BeF =2
kp
BeF i—2 Y C1BiNC1B;_1

kp

S Z : (OIB) Z (JZC‘&B-QC1B-_1 ‘u N UCIBFl’ d/jj

BeF =2
+][ ]u — Uc, B;
C1B;,NC1B;_1

)

kp

SCZM(ClB>Z (][ ‘u_uclBFl’ d/L—i-][ ’u_uCIBi‘ d,u)
BeF i=2 W C1Bi1 C1B;
(4.2)
<CY u(@iB) Y ][ u—uc,v| dp.
) Clv

BeF VeC(B

Part (v) of the chain condition states that if V' € C(B), then B C \V.
Thus the collection S(V) = {B € F:V € C(B)} satisfies

(4.3) U Bcaw
BeS(V)

Changing order of summation in (4.2) and using (4.3) together with
the doubling condition, we obtain

S n(@B) Y | ju-ueyl du
) v

BeF Vec(B
e | X ) -l
VeF \ Bes(V) 1B

< CZ ‘u_uclv‘ d:ua
ver’/ GV

and hence S; + Sy < 5.
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It remains to estimate S;. Applying Holder’s inequality, we see that

S [ el d
C1B

BeF
= 3" w(@B) u(CB) / o — ucrs] i
VeF 1B

< (};u(clB)) l/p/ (;;# (CLB)"P (/ClB e el dﬂ)p) 1/p
> u(CiB) (][CB = ] dﬂ)p) 1/p

BeF

S @ (

which proves the claim. Il

The equality of local and global JN,, spaces is just a simple corollary
provided that all metric balls are Boman sets with uniform parameters.
C-dilates of Boman balls will do in the definition of local JN,,.

Theorem 4.2. Let X be a metric measure space with a doubling mea-
sure p such that all balls are Boman sets with parameters Cy,Cy, C3, M
and X. Then for every open Q C X we have JN, ,(2) = JN,(Q) pro-
vided T < Co/CY.

Proof. We define JN,, ; 1(€2) as the space defined by the same condition
as in Definition 2.1 but by replacing F with a collection of balls included
in 2 such that each ball meets at most M balls in the same collection.
A collection of balls satisfying this can be divided into at most M
collections of pairwise disjoint balls. Thus we have that JN,.(£2) C
JNp - 21 (82).

In order to prove that JN, - (Q) C JN,(Q), take u € JN, -1 (Q2)
and an arbitrary collection of pairwise disjoint balls contained in (2.
Denote it by D. For each B € D form its collection of Boman balls
F(B). The C;-dilates of these Boman balls form a collection accessible
in the defining condition of JN, ;(€2). Using Lemma 4.1, we get

50 (f o= usl )

BeD

<eX B X @) (f - uer i)

BeD PeF(B)

=C> u(B (Ji\u—uB! du)p

)
BeJg
S CKS,T,M<Q)
Thus JN,m(2) C JN,(2). The remaining inclusion JN,(§2) C
JN, () is clear. O
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5. A JOHN-NIRENBERG INEQUALITY

In their paper [2] Berkovits et al. generalized the weak type estimate
of functions belonging to JN, to metric measure spaces. More specifi-

cally, they proved that in case a function is in J Np(é) with B a ball,
then it is in L»*°(B) where B is a proper concentric subball of B.

Theorem 5.1 (Berkovits-Kinnunen-Martell [2]). Let u € JN,(2). If

A~

B =71B CQ for some T > 1, then for every A > 0
Ny ({z € B:|u—ug|>A\}) < CKP(B),
where C' depends only on T and the doubling constant.

5.1. A Sufficient Condition. Theorem 5.1 together with Lemma 3.2
constitutes the proof of a global weak L? estimate in Boman sets. To
give a detailed proof of the weak L” estimate, we will apply an argument
first described by Franchi et al. in [10, see pp. 133-134], that is, we
use Chua’s 9] chaining argument in context of weak L? spaces.

Theorem 5.2. Let 2 be a Boman set with parameters Cy,Cy, C3, A
and M as in definition 3.1. Let w € JN,(Q2). Then

Nu({x e Q:|u—ug| > A} <CKP(Q),

where C' depends only on p, the doubling constant and the Boman pa-
rameters of €.

Proof. Let F be the collection of Boman balls. Denote the central ball
by B,. If A > 0, then

Nu({x € Q:|u—ue,p,

>A) <Y NMu({z € CiB: ju—ucp.| > A}

BeF
A A
< (5) u({x€C1B3‘U_uClB‘>§})
BeF
+3 A (£ € OB Jucys — ucys,] > 2}
2 u 1 . C1B C1 B« 2
BeF
= Sl+S2

Notice that the balls C'y B satisfy the assumption of Theorem 5.1. Thus
using the definition of weak LP norm, Lemma 3.2 and Theorem 5.1, we
may estimate

S2 < Y Nueis = ueipoee(ermy < C Y lu=ucslrme,ny

BeF BeF
=C Z sup NPu({z € C1B: |u—ue,g| > A\}) <C Z KP(CyB)
Ber M0 BeF

and
S1<C Y KICyB).

BeF
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The collection {Cy B} peF consists of balls that meet at most M balls of
the same collection. We may decompose it into at most M collections of
pairwise disjoint balls Dy, i = 1, ..., M such that {CyB}per = UM, D;.
This leads to the estimate

(5.1) Sy + 8y < ci > KI(B) < MKX(Q).

i=1 BED;
On the other hand, we have that

v Q- _ o [ (lucis. —ual\"
Nu({z € Q: fuc,p, —ug| > A}) <A S du
Q

(52) <@ (f1u- uClB*r)p du < CK2(Q),

where we used Lemma 4.1 and the fact that the collection of dilated
Boman balls can be decomposed into at most M collections of pairwise
disjoint balls. With estimates (5.1) and (5.2) we conclude that

Nu({z € Q:|lu—ug| > A}) < Nu({z € Q:|u—ues,| > N2})
+ N u({x € Q: fue, b, — ual > A/2})
< CO(S1+ S22+ KP(Q)) < CKP(Q),

which proves the claim. Il

5.2. A Necessary Condition. We close the paper by a discussion on
a necessary condition. It was shown in [18, Theorem 5.1] that if the
global weak L” estimate holds, then the domain necessarily supports
a Poincaré inequality. In [18, Corollary 5.6], on the other hand, a
necessary condition is formulated in terms of the John condition. This
result is strongly based on a separation property and the results in [5]
that do not seem to carry over to the generality of the present paper.
However, provided that the underlying metric space X is assumed to
support a (p,p)-Poincaré inequality with suitable dilatation constant,
the aforementioned result in [18, Theorem 5.1| has an analogue in more
general metric measure spaces.

Let ¢ > 1. A metric space X is said to support a (g, p)-Poincaré
inequality if there exist constants Cpy > 0 and dilatation constant
7 > 1 such that for every ball B C X, all integrable functions v on X,
and all upper gradients g of u,

1/q 1/p
(][ lu — up|? d,u) < Op;diam(B) <][ g° du)
B 7B

with Cp; independent of the ball B. We refer to [3] for a detailed
account of upper gradients and metric spaces supporting Poincaré in-
equalities.

In his article [14] Hajlasz discussed an interesting consequence of the
Maz’ya truncation argument presented in [21|. A Poincaré inequality
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can be deduced from a corresponding distributional inequality where
the L9 norm on the left hand side is replaced by the L%* norm. More
precisely, let 1 < p < g < oo be fixed. If w is in weak L?(Q2) and g in
LP(€2) then the condition

a/p
inf sup AN ({z € Q: |u(z) —¢| > A\}) <C (/ q° du)
Q

ceER x>0

is equivalent to

1/q 1/p
inf(/\u—clqdu) gC(/gpdu> :
ceR Q Q

We refer also to [16, Section 2| and [15].
We close this paper with the following observation which gives a
necessary condition for a weak type inequality.

Proposition 5.3. Let 1 < p < 0o and 19 > 1 be fized and let X be a
metric measure space with a doubling measure p and which supports a

(p, p)-Poincaré inequality with dilatation constant T < 1y. Suppose that
for every u € LY(Q)

inf sup Npu ({x € Q: |u(z) —c| > A\}) < CKP?

c€R 2> 70

(€2).

If g is an upper gradient of u, then

1/p 1/p
inf(/\u—c|pd,u> SC(/gpd,u) :
ceR [¢) (9]

Proof. Let F be a collection of pairwise disjoint balls contained in 2 (as
in Definition 2.1). Then by Hélder’s inequality and the (p, p)-Poincaré
inequality

inf sup\u ({x € Q: |Ju(z) —c] > A}) < Z wu(B) diam(B)p][B g’ du

ceR
A>0 ToBEF

< diam(Q)” > / gpduSC/g”du,
B Q

ToBEF

where C' depends on C'p; and on the diameter of 2. This together with
the above discussion proves the claim. Il
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