An optimal low-order locking-free finite element method for Reissner-Mindlin plates

D. Chapelle^� Laboratoire Central des Ponts et Chaussées 2 allée Kepler, 77420 Champs/Marne, France

R. Stenberg Universität Innsbruck - Institut für Mathematik und Geometrie Technikerstrasse 13, A-6020 Innsbruck, Austria

Abstract

We propose a simple modification of a recently introduced locking-free finite element method for the Reissner-Mindlin plate model. By this modification, we are able to obtain optimal convergence rates on numerical benchmarks. These results are substantiated by a complete mathematical analysis which provides optimal a priori error estimates.

1 Introduction

The problem of shear locking which affects standard finite element methods used to approximate the Reissner-Mindlin plate model has been—and still remains— the subject of an extensive literature. Its causes are by now well understood, and ad hoc finite element schemes, based in general on mixed formulations where the shear force is used as an auxiliary unknown, have been designed to overcome this difficulty. However, one common drawback of these methods is that, unless special stabilization techniques are used (see [12, 13]), they do not apply to low-order finite elements.

A new mixed method was recently introduced and analysed in both [1] and [7], and numerically tested in [9]. This method uses relatively low-order finite elements, namely quadratic for the displacement and essentially linear for the rotations. The mathematical analyses performed in [1, 7] establish error estimates independent of the thickness parameter, thereby proving that locking is avoided. The estimates obtained in H^1-norm, however, are linear for the displacement as well as for the rotations, and therefore sub-optimal considering the quadratic displacement shape

�This author was supported in part by the Human Capital and Mobility Program “Shells: Mathematical Modeling and Analysis, Scientific Computing” of the Commission of the European Communities (Contract # ERBCHRXCT940536).

functions. The purpose of this paper is to show that, by a slight modification of this mixed method, one obtains improved convergence rates, both in theory and in numerical practice, that are optimal for the rotations and the displacement.

In the next section, we recall the Reissner-Mindlin variational formulation with the discretization introduced in [1, 7]. We also describe the modification we propose in order to improve error estimates. We proceed to present, in Section 3, numerical results that have been computed on two different benchmarks. In Section 4, we perform the mathematical analysis of the proposed finite element method, by which we derive optimal a priori error estimates for the rotation and the transverse displacement. Eventually, in Section 5, we carry out an analysis of the original scheme of [1, 7]. The conclusion of this analysis is that, whereas the approximate displacement is under-optimal, this procedure provides a better accuracy for the shear force.

2 Reissner-Mindlin formulation and discretization scheme

The standard Reissner-Mindlin variational formulation reads Gt^3a(β, η) + Gkt(∇w − β, ∇v − η) = (f, v), ∀(v, η) ∈ W × V, (1) with a(β, η)^{def}= 1 6 [ (ε(β), ε(η)) + ν 1 − ν (div β, div η) ] . Here β and w respectively represent the unknown rotation vector and transverse displacement of the plate, whereas η and v are the corresponding trial functions. We assume that the definition of W and V incorporates the relevant boundary conditions. f is the transverse load, t the thickness, G the shear modulus, k the shear correction factor and ν stands for Poisson’s ratio. The ε symbol denotes the linear strain operator, and (·, ·) the L^2-inner-product.

It is well known that, when the plate is very thin (t very small compared to the overall size of the plate), the load must be of the order of t^3 for the solution of (1) to remain bounded and non-vanishing (see e.g. [6]). Therefore we will assume that f is of the form f = Gt^3g, (2)

so that we can rewrite (1) as follows a(β, η) + k t^2 (∇w − β, ∇v − η) = (g, v), ∀(v, η) ∈ W × V. (3) The finite element scheme introduced in [1, 7] amounts to solving a(β_h, η) + kα(∇w_h − β_h, ∇v − η) + k( 1 t^2 − α)(Π_h [ ∇w_h − β_h ] , Π_h [ ∇v − η ] ) (4) = (g, v), ∀(v, η) ∈ W_h × V_h,

wh 2 Wh β_h 2 Vh Figure 1: Degrees of freedom

where α is a positive parameter chosen so that, for the values of t of practical interest 1 t^2 − α > 0, and Π_h is the operator that substitutes to a function its mean value over each element. The displacement w_h is sought in the space of piecewise-quadratic functions (P_2), whereas the rotation components are discretized in the space of piecewiselinear functions with an additional “bubble” degree of freedom within each element (P_1 +B_3). This bubble is necessary to avoid locking, but it can be condensed out at the element level, so that no significant computational cost is added compared to a simple piecewise-linear discretization. These finite element spaces are visualized in Figure 1.

The numerical scheme we propose corresponds to a modification of (4) by which we allow α to depend on the mesh parameter h and the thickness t by a simple rule (inspired from stabilization techniques, see [15, 16]) of the form α = μ t^2 + h^2

, (5)

where μ is a constant independent of t and h. It is to be noted that several modifications of (4) were already proposed in [9], namely α = O(h^{−2}) and α = O(h^{−1}), and reported to provide very good numerical results. The second of these strategies was mathematically analysed in [5], although for discretization spaces different from here, and improved—albeit still sub-optimal—error estimates were obtained.

3 Numerical results

In order to study the influence of α on actual numerical solutions, and assess the relevance of a rule such as (5), we used two benchmarks to compute approximation errors in Sobolev norms for different values of α. In both cases the system analysed was a square plate of unit side length. In the actual computations we used ν = 0.3 and k = 1.

In the first example, clamped boundary conditions are imposed on the whole boundary (w = 0, β = 0), and the load is determined so that the exact limit solution when t tends to zero (Kirchhoff solution) is exactly

w = x^2(x − 1)^2y^2(y − 1)^2, (x, y) ∈ [0, 1]^2. (6)

We set t = 0.001 in order to be able to use this limit solution as a reference for approximations computed with the Reissner-Mindlin model.

In the second case, the plate is simply-supported (w = 0, β · t = 0, where t is the tangent vector to the boundary). Note that we enforce “hard” simplysupported conditions, with the tangential component of the rotation set to zero. This is done in order to minimize the boundary layer effect (see [3]). Thus the solution computed for small values of t can again be compared to the exact limit Kirchhoff solution to derive approximation errors with very good accuracy. The numerical results presented here correspond to t = 0.001. The load is such that the Kirchhoff solution is now

w = sin(πx) sin(πy), (x, y) ∈ [0, 1]^2. (7)

In both cases, for symmetry reasons, only one fourth of the square was actually computed, and we considered regular meshes obtained by splitting each side of the (reduced) square into N parts, N = 10, 20, 40 (see the mesh for N = 10 in Figure 2). We computed the H^1-norm of the difference between the finite element solutions and the Kirchhoff solutions, separately for the displacement and the rotation vector. We also computed the L^2-norm of the same difference for the shear vector, the approximation of which was provided as a by-product of the finite element procedure (see Remark 1) by

q_h = k t^2

Π_h [ ∇w_h − β_h ] , (8)

to be compared with q = k t^2 (∇w − β) (9) for the exact solution.

The numerical results obtained for the two different benchmarks turned out to be very similar, particularly with regard to the influence of α. Therefore, while the actual numbers are listed in separate tables, the comments that follow pertain to both cases.

Tables 1 and 2 feature the interpolation errors. Then, for each mesh, we determined the approximate value of α for which the relative error was optimal for the displacement error. These values are displayed in Tables 3 and 4 with the corresponding errors. These optimal values do not seem to follow a rule in h^{−2}, as one might have hoped (note that here t^2 ≪ h^2). However, we also observed that the sensitivity of errors with respect to α is rather low. In fact, by setting α = μh^{−2}, one still obtains an excellent convergence behaviour, as shown in Tables 5 and 6, quadratic for the displacements and linear for the rotations. By contrast, setting α at a fixed value, one obtains the results shown in Table 7 and 8, where the convergence of the displacement is now suboptimal, even though it remains within the (linear) bound guaranteed by theory.

These numerical results, and in particular those of Tables 5 and 6 clearly support the conjecture that setting α according to a rule like (5) leads to improved convergence rates, optimal for both the rotation and the displacement. It remains

Figure 2: Mesh used for N = 10

N^{|w−wi|1}_{|w|1}^{|β−βi|1}_{|β|1}^{‖q−qi‖0}_{‖q‖0} 10 6.14 10^{−3} 0.184 6.50 10^{−2} 20 1.54 10^{−3} 9.26 10^{−2} 3.26 10^{−2} 40 3.85 10^{−4} 4.64 10^{−2} 1.63 10^{−2}

Table 1: Clamped case - Interpolation errors

N^{|w−wi|1}_{|w|1}^{|β−βi|1}_{|β|1}^{‖q−qi‖0}_{‖q‖0} 10 2.82 10^{−3} 0.135 4.67 10^{−2} 20 7.06 10^{−4} 6.75 10^{−2} 2.34 10^{−2} 40 1.77 10^{−4} 3.38 10^{−2} 1.17 10^{−2}

Table 2: Simply-supported case - Interpolation errors

N α^{|w−wh|1}_{|w|1}^{|β−βh|1}_{|β|1}^{‖q−qh‖0}_{‖q‖0} 10 200 1.21 10^{−2} 0.125 0.227 20 800 2.93 10^{−3} 6.19 10^{−2} 0.156 40 1600 7.07 10^{−4} 3.08 10^{−2} 9.52 10^{−2}

Table 3: Clamped case - Optimal values of α

N α^{|w−wh|1}_{|w|1}^{|β−βh|1}_{|β|1}^{‖q−qh‖0}_{‖q‖0} 10 200 5.35 10^{−3} 8.77 10^{−2} 0.193 20 400 1.30 10^{−3} 4.38 10^{−2} 0.130 40 1100 3.16 10^{−4} 2.19 10^{−2} 8.69 10^{−2}

Table 4: Simply-supported case - Optimal values of α

N α^{|w−wh|1}_{|w|1}^{|β−βh|1}_{|β|1}^{‖q−qh‖0}_{‖q‖0} 10 200 1.21 10^{−2} 0.125 0.227 20 800 2.93 10^{−3} 6.19 10^{−2} 0.156 40 3200 7.15 10^{−4} 3.08 10^{−2} 0.103 Conv. rate 2.03 1.01 0.60

Table 5: Clamped case - Errors for α = μh^{−2}

N α^{|w−wh|1}_{|w|1}^{|β−βh|1}_{|β|1}^{‖q−qh‖0}_{‖q‖0} 10 200 5.35 10^{−3} 8.77 10^{−2} 0.193 20 800 1.32 10^{−3} 4.37 10^{−2} 0.140 40 3200 3.24 10^{−4} 2.18 10^{−2} 9.69 10^{−2} Conv. rate 2.03 1.00 0.53

Table 6: Simply-supported case - Errors for α = μh^{−2}

N α^{|w−wh|1}_{|w|1}^{|β−βh|1}_{|β|1}^{‖q−qh‖0}_{‖q‖0} 10 200 1.21 10^{−2} 0.125 0.227 20 200 3.13 10^{−3} 6.20 10^{−2} 0.138 40 200 9.49 10^{−4} 3.09 10^{−2} 8.70 10^{−2} Conv. rate 1.72 1.00 0.67

Table 7: Clamped case - Errors for α fixed

N α^{|w−wh|1}_{|w|1}^{|β−βh|1}_{|β|1}^{‖q−qh‖0}_{‖q‖0} 10 200 5.35 10^{−3} 8.77 10^{−2} 0.193 20 200 1.32 10^{−3} 4.39 10^{−2} 0.124 40 200 3.63 10^{−4} 2.19 10^{−2} 8.18 10^{−2} Conv. rate 1.86 1.00 0.60

Table 8: Simply-supported case - Errors for α fixed

to substantiate this conjecture by a mathematical analysis, which is done in the next section.

4 Mathematical analysis of the approximation scheme

In this section, the symbol C will be used to denote a generic, strictly positive constant, which is allowed to take different values at different occurrences.

We start by recasting the variational problem in the appropriate mathematical framework. For the sake of simplicity we will focus on the clamped case. Denoting by Ω the planar region occupied by the plate, we define

W^{def}= H^1_0 (Ω), V^{def}= [ H^1_0 (Ω)

]_2 . The variational problem can be stated as:

(P_t): Find (w, β) ∈ W × V such that (3) holds for any (v, η) ∈ W × V . For any given value of t, (P_t) is a standard elliptic problem with a unique solution. Moreover, even in the limit t → 0, this problem remains well-posed, in that its solution admits a bounded (and non-vanishing) limit [6].

It is a standard procedure, in such a formulation where numerical locking is of particular concern, to define an equivalent mixed problem by introducing an auxiliary unknown. Here we use the scaled shear force

q^{def}= k t^2 (∇w − β). (10) This new unknown lies in Q^{def}= [L^2(Ω)]^2, and we can rewrite this definition in a variational form which, combined with (P_t), yields the following mixed problem: (P^′_t): Find (w, β, q) ∈ W × V × Q such that B(w, β, q; v, η, r) = (g, v), (11) for any (v, η, r) ∈ W × V × Q. The bilinear form B is defined by B(w, β, q; v, η, r)^{def}= a(β, η) + (q, ∇v − η) + (r, ∇w − β) − t^2 k (q, r).

It is (P^′_t), rather than (P_t), that will be the starting point of the finite element procedure which we now introduce.

Defining C_h as a partitioning of Ω into triangles, assumed to be regular in the sense of [10], we denote by h_K the diameter of each triangle K and set

h^{def}= max_{K∈Ch} h_K.

The finite element spaces used respectively for the displacement and rotation are (see Figure 1) W_h^{def}= {v ∈ W | v_{|K} ∈ P_2(K), ∀K ∈ C_h}, V_h^{def}= {η ∈ V | η_{|K} ∈ [P_1(K) + B_3(K)]^2, ∀K ∈ C_h}, where we recall that, in general, the space B_k(K) (k ≥ 3) is defined by

B_k(K)^{def}= {v ∈ P_k(K), v_{|∂K} = 0}.

In addition we define the shear discretization space as

Q_h^{def}= {r ∈ Q | r_{|K} ∈ [P_0(K)]^2, ∀K ∈ C_h}.

The finite element mixed problem is:

(P^′_{t,h}): Find (w_h, β_h, q_h) ∈ W_h × V_h × Q_h such that B_h(w_h, β_h, q_h; v, η, r) = (g, v), (12) for any (v, η, r) ∈ W_h × V_h × Q_h, with B_h(z, ϕ, s; v, η, r)^{def}= B(z, ϕ, s; v, η, r) + ∑ K∈Ch μk t^2 + h^2_K (∇z − ϕ − t^2 k s, ∇v − η − t^2 k r)_K, where μ is a positive constant.

Remark 1: From (12), q_h can be expressed in terms of the original unknowns as q_h = k t^2

Π_h[∇w_h − β_h], (13)

where Π_h is the L^2-projection operator onto Q_h. Taking into account the definition of Q_h, Π_h appears to be the already-mentioned operator that substitutes to a function its mean value on each triangle. Then, using (13) in (12), one obtains a reduced finite element problem in (w_h, β_h) which reads a(β_h, η) + ∑ K∈Ch k { μ t^2 + h^2_K (∇w_h − β_h, ∇v − η)_K +( 1 t^2 − μ t^2 + h^2_K

)(Π_h[∇w_h − β_h], Π_h[∇v − η])_K }

= (g, v), ∀(v, η) ∈ W_h × V_h. (14)

The only difference between this and (4), assuming α = μ/(t^2 + h^2), is that here we allow “α” to be set locally according to the size of each element. (e.g. in case the mesh is non-uniform).

Remark 2: The reduced problem (14) deduced from the mixed finite element method we propose is of the same type as that obtained by the approach of [1, 7]. There is, however, a difference in the mixed formulation itself: here we directly approximate the shear, instead of an artificial unknown that coincides with it in the limit t → 0.

We proceed to establish the convergence of our method by a stability-consist-ency argument. The consistency is satisfied “by construction” from (10).

Proposition 1 The mixed finite element scheme is consistent, i.e. the solution (w, β, q) of (P^′_t) satisfies B_h(w, β, q; v, η, r) = (g, v), (15) for any (v, η, r) ∈ W × V × Q. The stability property that we want to prove involves specific norms that we now define. |||v, η|||_V^{def}= ‖v‖^2_1 + ‖η‖^2_1 + ∑ K∈Ch 1 t^2 + h^2_K ‖∇v − η‖^2_{0,K} 1 2 ,

|||r|||_Q^{def}= t^2‖r‖^2_0 + ∑ K∈Ch h^2_K‖r‖^2_{0,K} 1 2 , |||v, η, r|||^{def}= { |||v, η|||^2_V + |||r|||^2_Q } 1_2 . We note for reference that ||| · |||_V satisfies the following equivalence property (detailed in [16]): c|||v, η|||^2_V ≤ ‖η‖^2_1 + ∑ K∈Ch 1 t^2 + h^2_K ‖∇v − η‖^2_{0,K} ≤ C|||v, η|||^2_V . (16) Furthermore these norms are tailored to provide the following continuity property.

Proposition 2 B_h is continuous for the norm ||| · |||, i.e. for any (z, ϕ, s) and (v, η, r) in W × V × Q, it holds that B_h(z, ϕ, s; v, η, r) ≤ C|||z, ϕ, s||| × |||v, η, r|||. (17)

Proof: For the cross terms, we have (s, ∇v − η) = ∑ K∈Ch (s, ∇v − η)_K

≤ ∑ K∈Ch (t^2 + h^2_K)‖s‖^2_{0,K} 1 2 ∑ K∈Ch 1 t^2 + h^2_K ‖∇v − η‖^2_{0,K} 1 2

≤ |||s|||_Q|||v, η|||_V , and a similar bound for (r, ∇z − ϕ). Furthermore, ∑ K∈Ch μk t^2 + h^2_K (∇z − ϕ − t^2 k s, ∇v − η − t^2 k r)_K

≤ C ∑ K∈Ch 1 t^2 + h^2_K ‖∇z − ϕ − t^2 k s‖^2_{0,K} 1 2

× ∑ K∈Ch 1 t^2 + h^2_K ‖∇v − η − t^2 k r‖^2_{0,K} 1 2

≤ C ∑ K∈Ch ‖∇z − ϕ‖^2_{0,K} t^2 + h^2_K

+ t^2‖s‖^2_{0,K} 1 2

× ∑ K∈Ch ‖∇v − η‖^2_{0,K} t^2 + h^2_K

+ t^2‖r‖^2_{0,K} 1 2

≤ C|||z, ϕ, s||| |||v, η, r|||. The remaining terms are obviously bounded, so that (17) is proved.

We now establish the stability result.

Proposition 3 Assuming 0 < μ < 1, formulation (P^′_{t,h}) is stable for the norm ||| · |||, i.e. for any (z, ϕ, s) ∈ W_h × V_h × Q_h, there exists (v, η, r) ∈ W_h × V_h × Q_h such that |||v, η, r||| ≤ C|||z, ϕ, s|||, (18) and B_h(z, ϕ, s; v, η, r) ≥ C|||z, ϕ, s|||^2. (19) Proof: In two steps.

i) Set v_1 = z, η_1 = ϕ and r_1 = −s. Then |||v_1, η_1, r_1||| = |||z, ϕ, s||| (20) and B_h(z, ϕ, s; v_1, η_1, r_1)

= a(ϕ, ϕ) + t^2 k ‖s‖^2_0 + ∑ K∈Ch μk t^2 + h^2_K [ ‖∇z − ϕ‖^2_{0,K} − t^4 k^2 ‖s‖^2_{0,K} ]

≥ a(ϕ, ϕ) + 1 − μ k t^2‖s‖^2_0 + μk ∑ K∈Ch 1 t^2 + h^2_K ‖∇z − ϕ‖^2_{0,K}

≥ C ‖ϕ‖^2_1 + ∑ K∈Ch ‖∇z − ϕ‖^2_{0,K} t^2 + h^2_K

+ t^2‖s‖^2_0 ≥ C { |||z, ϕ|||^2_V + t^2‖s‖^2_0 } , (21)

using (16).

ii) To obtain the second part of the shear norm, we now set v_2 = 0, r_2 = 0 and η_2 = −h^2_Kb_hs, where b_h is the bubble function within each element. An inverse inequality yields

|||v_2, η_2, r_2|||^2 = ‖η_2‖^2_1 + ∑ K∈Ch 1 t^2 + h^2_K

‖η_2‖^2_{0,K} ≤ C ∑ K∈Ch h^{−2}_K ‖η_2‖^2_{0,K} ≤ C ∑ K∈Ch h^2_K‖s‖^2_{0,K} ≤ C|||s|||^2_Q. (22) Moreover,

B_h(z, ϕ, s; v_2, η_2, r_2) = a(ϕ, η_2) − (s, η_2) − ∑ K∈Ch μk t^2 + h^2_K (∇z − ϕ − t^2 k s, η_2)_K.

By a simple scaling argument, we get

−(s, η_2) = ∑ K∈Ch h^2_K(s, b_hs)_K ≥ C ∑ K∈Ch h^2_K‖s‖^2_{0,K}, and we bound the two other terms like in the proof of Proposition 2. Hence,

B_h(z, ϕ, s; v_2, η_2, r_2) ≥ C ∑ K∈Ch h^2_K ‖s‖^2_{0,K} − C [ |||z, ϕ|||^2_V + t^2‖s‖^2_0 ] 1_2 |||0, η_2|||_V

≥ C ∑ K∈Ch h^2_K ‖s‖^2_{0,K} − [ |||z, ϕ|||^2_V + t^2‖s‖^2_0 ] , (23) using the bound on |||0, η_2|||_V obtained in (22). To conclude the proof, it suffices to consider convex combinations of the form

(v, η, r) = λ(v_1, η_1, r_1) + (1 − λ)(v_2, η_2, r_2),

where 0 < λ < 1. Then (20) and (22) imply (18), and combining (21) with (23), it is always possible to choose λ big enough to get (19).

Since the continuity, consistency and stability properties are satisfied, the approximation bound automatically follows by a classical argument. We therefore state the result and omit the proof.

Proposition 4 Assuming 0 < μ < 1, problem (P^′_{t,h}) has a unique solution (w_h, β_h, q_h). This solution satisfies |||w − w_h, β − β_h, q − q_h||| ≤ C inf_{(v,η,r)∈Wh×Vh×Qh} |||w − v, β − η, q − r|||. (24)

Remark 3: The extension of this result to higher order schemes is very straightforward. Considering indeed, for k ≥ 1 the following discretization spaces W_h = {v ∈ W | v_{|K} ∈ P_{k+1}(K), ∀K ∈ C_h}, V_h = {η ∈ V | η_{|K} ∈ [P_k(K) + B_{k+2}(K)]^2, ∀K ∈ C_h}, Q_h = {r ∈ Q | r_{|K} ∈ [P_{k−1}(K)]^2, ∀K ∈ C_h}, not a single word need be changed in the consistency, continuity and stability arguments (note in particular that the choice η_2 = −h^2_Kb_hs at step ii) of the stability proof is still allowed).

In the following two lemmas, we state some regularity results that are needed to derive error estimates.

Lemma 1 Assume Ω is convex. Given δ ∈ [L^2(Ω)]^2, there is a unique (z, ϕ, s) ∈ W × V × Q such that B(z, ϕ, s; v, η, r) = (δ, η), (25) for any (v, η, r) ∈ W × V × Q, and it satisfies ‖z‖_3 + ‖ϕ‖_2 + ‖s‖_0 + t‖s‖_1 ≤ C‖δ‖_0. (26)

Proof: Directly inferred from [2, Appendix].

In the next lemma, we consider the decomposition of the solution of problem (P^′_t), (w, β, q), into the Kirchhoff-Love solution (w_0, β_0), defined as the limit of (w, β) when the parameter t tends to zero, and a residual term (w_r, β_r), viz. (w, β) = (w_0 + w_r, β_0 + β_r). (27) This decomposition was introduced in a general framework in [4], and already used for plates in [17].

Lemma 2 Assume that Ω is convex and that g ∈ L^2(Ω). Then we have ‖w_0‖_3 + ‖β‖_2 + ‖q‖_0 + t‖q‖_1 ≤ C(‖g‖_{−1} + t‖g‖_0), (28) ‖w_r‖_2 ≤ Ct(‖g‖_{−1} + t‖g‖_0). (29)

Proof: Estimate (28) is directly obtained from [2, Appendix], where we also get ‖β_r‖_1 ≤ Ct‖g‖_{−1}. (30) Then recall ∇w_0 = β_0, (31) ∇w = β + t^2 k q. (32) Hence, ∇w_r = β_r + t^2 k q, (33) and since w_r is in H^1_0 (Ω) we therefore have, using (28) and (30), ‖w_r‖_2 ≤ C(‖β_r‖_1 + t^2‖q‖_1) ≤ Ct(‖g‖_{−1} + t‖g‖_0). (34)

We now state and prove the final result of this section.

Proposition 5 Assume 0 < μ < 1, Ω convex, and g ∈ L^2(Ω). Then it holds that |||w − w_h, β − β_h, q − q_h||| ≤ Ch(‖g‖_{−1} + t‖g‖_0) (35) Moreover, we have the improved estimates ‖β − β_h‖_0 ≤ Ch^2(‖g‖_{−1} + t‖g‖_0), (36) ‖w − w_h‖_1 ≤ Ch(t + h)(‖g‖_{−1} + t‖g‖_0). (37) Proof: We decompose the proof into three steps.

i) Let w̃_0, w̃_r and β̃ be the Lagrange interpolants of w_0, w_r, β, respectively, and q̃^{def}= Π_h(q). Defining w̃^{def}= w̃_0 + w̃_r, we have |||w − w̃, β − β̃, q − q̃||| ≤ I_1 + I_2 + I_3 + I_4 + I_5 (38) with I_1^{def}= ‖w − w̃‖_1, I_2^{def}= ‖β − β̃‖_1,

I_3^{def}= ∑ K∈Ch 1 t^2 + h^2_K |w − w̃|^2_{1,K} 1 2 ,

I_4^{def}= ∑ K∈Ch 1 t^2 + h^2_K ‖β − β̃‖^2_{0,K} 1 2 , I_5^{def}= |||q − q̃|||_Q.

We now analyse these five terms separately, using the regularity estimates (28) and (29). In order to bound I_1 and I_3, we use the above decomposition. We get I_1 ≤ ‖w_0 − w̃_0‖_1 + ‖w_r − w̃_r‖_1

≤ C(h^2‖w_0‖_3 + h‖w_r‖_2) ≤ Ch(h + t)(‖g‖_{−1} + t‖g‖_0), (39) and

I_3 ≤ ∑ K∈Ch 1 t^2 + h^2_K

|w_0 − w̃_0|^2_{1,K} 1 2 + ∑ K∈Ch 1 t^2 + h^2_K |w_r − w̃_r|^2_{1,K} 1 2

≤ C(h‖w_0‖_3 + h t ‖w_r‖_2) ≤ Ch(‖g‖_{−1} + t‖g‖_0). (40) Bounding the three remaining terms is more straightforward. We have I_2 ≤ Ch‖β‖_2 ≤ Ch(‖g‖_{−1} + t‖g‖_0), (41) I_4 ≤ Ch‖β‖_2 ≤ Ch(‖g‖_{−1} + t‖g‖_0), (42) and I_5 ≤ Ch(t‖q‖_1 + ‖q‖_0) ≤ Ch(‖g‖_{−1} + t‖g‖_0). (43) Combining Eqs. (38)–(43) and using Proposition 4, we get (35). ii) To prove (36), we use a duality argument. Invoking Lemma 1 with δ = β − β_h, (z, ϕ, s) satisfies B(z, ϕ, s; v, η, r) = (β − β_h, η), (44) for any (v, η, r). Note that we also have B_h(z, ϕ, s; v, η, r) = (β − β_h, η), (45) since (44) implies ∇z − ϕ = t^2 k s. Letting (v, η, r) = (w − w_h, β − β_h, q − q_h) in (45), we get ‖β − β_h‖^2_0 = B_h(z, ϕ, s; w − w_h, β − β_h, q − q_h) = B_h(z − z̃, ϕ − ϕ̃, s − s̃; w − w_h, β − β_h, q − q_h) (46) for any (z̃, ϕ̃, s̃) ∈ W_h × V_h × Q_h by the consistency property (Proposition 1). We choose for z̃ and ϕ̃ the Lagrange interpolants of z and ϕ, and let s̃ = Π_h(s). Then, |||z − z̃, ϕ − ϕ̃, s − s̃||| ≤ Ch { ‖z‖_3 + ‖ϕ‖_2 + ‖s‖_0 + t‖s‖_1 } ≤ Ch‖β − β_h‖_0, (47) using Lemma 1. Thus, applying Proposition 2 in (46), and using (47) and (35), we have ‖β − β_h‖^2_0 ≤ C|||z − z̃, ϕ − ϕ̃, s − s̃||| × |||w − w_h, β − β_h, q − q_h||| ≤ Ch‖β − β_h‖_0 × h(‖g‖_{−1} + t‖g‖_0), so that (36) is proved.

iii) Finally, to obtain the last estimate, we write ‖w − w_h‖_1 ≤ C‖∇(w − w_h)‖_0 ≤ C { ‖∇(w − w_h) − (β − β_h)‖_0 + ‖β − β_h‖_0 } ≤ C { (t + h)|||w − w_h, β − β_h|||_V + ‖β − β_h‖_0 } ≤ C(t + h)h(‖g‖_{−1} + t‖g‖_0), from (35) and (36). This concludes the proof.

Remark 4: In estimate (37), we considered t and h as independent parameters. In practice, however, unless a plate is very thick (and then a three-dimensional analysis may well be preferable), one will seldom perform actual computations on cases where h is smaller than t, so that

t ≤ h (48)

seems a very reasonable assumption. When this holds (it is then sometimes said that the plate is “numerically thin”, cf. [15]), estimate (37) becomes ‖w − w_h‖_1 ≤ Ch^2. (49)

Therefore, unless exceedingly fine meshes that violate (48) are used, the transverse displacement approximation behaves quadratically in the H^1-norm. Thus, although the discretization spaces used are unbalanced (P_2 for the displacement and P_1 for the rotations), all estimates are optimal, which is what we observed in the numerical examples.

Remark 5: Problem (P^′_t) can also be considered as a penalized form of the limit problem (namely the Kirchhoff model): (P^′_0): Find (w_0, β_0, q_0) ∈ W × V × Q such that

a(β_0, η) + (q_0, ∇v − η) + (r, ∇w_0 − β_0) = (g, v), (50) for any (v, η, r) ∈ W × V × Q. Thus, we can use the scheme analysed above as an approximation of the solution of (P^′_0). Then the term t‖g‖_0 appearing in (35)–(36) vanishes from the error estimates (since we consider the limit problem), but a consistency error is present. Namely, assuming 0 < μ < 1 and Ω convex, we obtain |||w_0 − w_h, β_0 − β_h, q_0 − q_h||| ≤ C(t + h)‖g‖_{−1}, (51) ‖β_0 − β_h‖_0 + ‖w_0 − w_h‖_1 ≤ C(t + h)^2‖g‖_{−1}. (52)

Therefore, if we now set t = h, the convergence of the scheme is again optimal for both the rotation and the deflection. Note further that the numerical results of Section 1, where we used the Kirchhoff solution as the reference, are rigorously justified by these error estimates.

5 Compared shear error estimates for the original scheme

In the previous section, we have proved that the proposed finite element scheme, compared with the original scheme introduced in [1, 7], provides improved error estimates for the transverse displacement with unchanged estimates for the rotation. Furthermore, as shown in Section 3, these theoretical results are fully confirmed by the convergence behaviours observed in actual computations. The purpose of the present section is to compare error estimates for the shear force. Those derived in [1, 7] are indeed expressed with abstract norms for which any direct comparison with our results is impossible. We will therefore carry out an analysis of the original scheme involving discrete norms of the type previously introduced.

We suppose that the values of interest for t lie in an interval [0, t_0]. We rewrite the original scheme as (P̃^′_{t,h}): Find (w_h, β_h, q_h) ∈ W_h × V_h × Q_h such that B̃_h(w_h, β_h, q_h; v, η, r) = (g, v), (53) for any (v, η, r) ∈ W_h × V_h × Q_h, with B̃_h(z, ϕ, s; v, η, r)^{def}= B(z, ϕ, s; v, η, r) + ρk t^2_0 (∇z − ϕ − t^2 k s, ∇v − η − t^2 k r), where ρ is a positive constant. Again, this discretization scheme is obviously consistent with the continuous problem.

Proposition 6 Problem (P̃^′_{t,h}) is consistent, i.e. the solution (w, β, q) of (P^′_t) satisfies B̃_h(w, β, q; v, η, r) = (g, v), (54) for any (v, η, r) ∈ W × V × Q. Denoting by Γ_h the collection of all the edges in the mesh that are not on ∂Ω, we define the new discrete norm for the shear for any r ∈ Q_h as follows

|||r|||~_Q^{def}= t^2‖r‖^2_0 + ∑ K∈Ch h^2_K ‖r‖^2_{0,K} + ∑ E∈Γh h_E‖[[r · n]]‖^2_{0,E} 1 2 , where h_E denotes the length of each edge E, and [[·]] the jump of the quantity across the edge. For the rotation and displacement we use the H^1-norm, so that the new global norm is |||v, η, r|||_O^{def}= { ‖v, η‖^2_1 + |||r|||^2_{Q̃} } 1_2 . Using this norm, we directly establish the stability of (P̃^′_{t,h}).

Proposition 7 Assuming 0 < ρ < 1, formulation B̃_h is stable for the norm ||| · |||_O, i.e. for any (z, ϕ, s) ∈ W_h × V_h × Q_h, there exists (v, η, r) ∈ W_h × V_h × Q_h such that |||v, η, r|||_O ≤ C|||z, ϕ, s|||_O, (55) and B̃_h(z, ϕ, s; v, η, r) ≥ C|||z, ϕ, s|||^2_O. (56) Proof: In three steps, out of which the first two closely resemble those of the proof of Proposition 3.

i) Set v_1 = z, η_1 = ϕ and r_1 = −s. Then |||v_1, η_1, r_1|||_O = |||z, ϕ, s|||_O, (57) and B̃_h(z, ϕ, s; v_1, η_1, r_1) = a(ϕ, ϕ) + ρk t^2_0 ‖∇z − ϕ‖^2_0 + t^2 k (1 − ρ t^2 t^2_0

)‖s‖^2_0 ≥ C { ‖z, ϕ‖^2_1 + t^2‖s‖^2_0 } , (58) since 0 < ρ < 1 and 0 < t ≤ t_0.

ii) Next, we define v_2 = 0, r_2 = 0 and η_2 = −h^2_Kb_hs. Like in the proof of Proposition 3 we have

|||v_2, η_2, r_2|||^2_O = ‖η_2‖^2_1 ≤ C ∑ K∈Ch h^2_K ‖s‖^2_{0,K} ≤ C|||z, ϕ, s|||_0. (59) Furthermore,

B̃_h(z, ϕ, s; v_2, η_2, r_2) = a(ϕ, η_2) − (s, η_2) − ρk t^2_0 (∇z − ϕ − t^2 k s, η_2). Again, by a scaling argument we obtain −(s, η_2) = ∑ K∈Ch h^2_K(s, b_hs)_K ≥ C ∑ K∈Ch h^2_K‖s‖^2_{0,K}, and the other two terms are easily bounded, so that we infer

B̃_h(z, ϕ, s; v_2, η_2, r_2) ≥ C ∑ K∈Ch h^2_K ‖s‖^2_{0,K} − C [ ‖z, ϕ‖^2_1 + t^2‖s‖^2_0

] 1_2

‖η_2‖_1

≥ C ∑ K∈Ch h^2_K ‖s‖^2_{0,K} − [ ‖z, ϕ‖^2_1 + t^2‖s‖^2_0 ] , (60) n s_2 s_1

Figure 3: [[s · n]]^{def}= (s_2 − s_1) · n

using the intermediate bound on ‖η_2‖_1 featured in (59).

iii) To obtain the jump term of the shear norm, we finally choose η_3 = 0, r_3 = 0 and set the degrees of freedom of v_3 so that v_3 = 0 at all vertices and v_3 = −h_E[[s · n]] at the midpoint of each edge E in Γ_h (see Figure 3 for the sign of the jump). Thus, v_3 |_E= −h_E[[s · n]]b_E, where b_E is the quadratic “1D-bubble function” along the edge. By an inverse inequality and scaling arguments, we infer |||v_3, η_3, r_3|||^2_O = ‖v_3‖^2_1 ≤ C ∑ K∈Ch h^{−2}_K ‖v_3‖^2_{0,K} ≤ C ∑ E∈Γh h^{−1}_E ‖v_3‖^2_{0,E} ≤ C ∑ E∈Γh h_E‖[[s · n]]‖^2_{0,E} (61) ≤ C|||z, ϕ, s|||_0. (62) On the other hand, B̃_h(z, ϕ, s; v_3, η_3, r_3) = (s, ∇v_3) + ρk t^2_0 (∇z − ϕ − t^2 k s, ∇v_3), and an integration by part within each element yields (s, ∇v_3) = − ∑ E∈Γh ∫ E [[s · n]]v_3dτ = ∑ E∈Γh h_E[[s · n]]^2 ∫ E b_Edτ = 2 3 ∑ E∈Γh h_E‖[[s · n]]‖^2_{0,E}. Using this equation and (61), we obtain

B̃_h(z, ϕ, s; v_3, η_3, r_3) ≥ C ∑ E∈Γh h_E‖[[s · n]]‖^2_{0,E} − [ ‖z, ϕ‖^2_1 + t^2‖s‖^2_0

] 1_2

‖v_3‖_1

≥ C ∑ E∈Γh h_E‖[[s · n]]‖^2_{0,E} − [ ‖z, ϕ‖^2_1 + t^2‖s‖^2_0 ] . (63) To conclude the proof, it suffices to use appropriate convex combinations of the sets (v_i, η_i, r_i), i = 1, 2, 3.

We proceed to derive a priori error estimates in the norms that we defined.

Proposition 8 Assume 0 < ρ < 1, Ω convex, and g ∈ L^2(Ω). Then problem (P̃^′_{t,h}) has a unique solution (w_h, β_h, q_h). Moreover this solution satisfies the following error estimate |||w − w_h, β − β_h, q − q_h|||_O ≤ Ch‖g‖_0. (64) Proof: The existence and uniqueness follow from the stability property. Regarding the regularity of the exact solution, we will use an estimate deduced from [2, Appendix] and slightly stronger than (28)-(29), namely

‖w‖_2 + ‖β‖_2 + ‖q‖_{H(div)} + t‖q‖_1 ≤ C‖g‖_0. (65)

Note that, since q ∈ H(div; Ω), the jump terms in |||q|||~_Q are well-defined and equal zero (cf. e.g. [6]).

We start by choosing interpolants for the exact solutions. Set w̃ and β̃ as the P_1- Lagrange interpolants of w and β respectively. We have the standard interpolation estimates ‖w − w̃‖_1 + ‖β − β̃‖_1 ≤ Ch‖g‖_0, (66) ∑ K∈Ch h^{−2}_K ( ‖w − w̃‖^2_{0,K} + ‖β − β̃‖^2_{0,K} ) 1 2 ≤ Ch‖g‖_0. (67) For q, we need to consider several non-standard norms. In addition to the abovementioned discrete norm, we will use the H^{−1}(div)-norm, for which one possible definition is (see [6])

‖s‖_H�1_{(div)} = sup

(v,η)∈H10 (Ω)×[H10 (Ω)] 2 (s, ∇v − η) ‖v, η‖_1 . Note that this expression is well-defined for instance if s ∈ L^2(Ω), which will be the case for our purposes. We now state and prove the required interpolation result for the shear in a separate lemma.

Lemma 3 Suppose that s ∈ [H^1(Ω)]^2. Then, there exists s̃ ∈ Q_h such that

‖s − s̃‖_H�1_{(div)} ≤ Ch‖s‖_{H(div)}, (68) ∑ K∈Ch h^2_K‖s − s̃‖^2_{0,K} + ∑ E∈Γh h_E‖[[(s − s̃) · n]]‖^2_{0,E} 1 2 ≤ Ch‖s‖_{H(div)}, (69) ‖s − s̃‖_0 ≤ Ch‖s‖_1. (70) Proof: We define the interpolant exactly like in [7, Prop. 4.3]. Using the Helmholtz decomposition theorem (see e.g. [6]), we can find ψ_1 ∈ H^1_0 (Ω) ∩ H^2(Ω) and ψ_2 ∈ H^2(Ω) such that

s = ∇ψ_1 + (∇ψ_2)^⊥, (71) ‖ψ_1‖_2 + ‖ψ_2‖_1 ≤ C‖s‖_{H(div)}, (72) ‖ψ_2‖_2 ≤ C‖s‖_1. (73)

We set ψ̃_1 as the standard P_1-Lagrange interpolant of ψ_1. For ψ_2, we use the Clément operator to construct ψ̃_2 as a P_1-interpolant which satisfies [11] |ψ_2 − ψ̃_2|_k ≤ Ch^{l−k}|ψ_2|_l l = 1, 2, 0 ≤ k ≤ l. (74) For interpolating s, we now set s̃^{def}= ∇ψ̃_1 + (∇ψ̃_2)^⊥.

Then s̃ is in Q_h. Estimate (70) follows from standard interpolation properties. (68) is proved in [7, Prop. 4.3]. Furthermore, using standard interpolation estimates for ψ_1, (74) for ψ_2 and (72), we have ∑ K∈Ch h^2_K ‖s − s̃‖^2_{0,K} ≤ Ch^2 ( |ψ_1 − ψ̃_1|^2_1 + |ψ_2 − ψ̃_2|^2_1 )

≤ Ch^2 ( h^2|ψ_1|^2 + |ψ_2|^2_1 ) ≤ Ch^2‖s‖^2_{H(div)}, It remains to study the jump terms. On any edge E, we have

[[(s − s̃) · n]] = [[(∇ψ_1 − ∇ψ̃_1) · n]] + [[((∇ψ_2)^⊥ − (∇ψ̃_2)^⊥) · n]], wherein [[(∇ψ_2)^⊥ · n]] = 0 because ψ_2 ∈ H^2(Ω), and

[[(∇ψ̃_2)^⊥ · n]] = [[ ∂ψ̃_2 ∂τ ]] = 0, since ψ̃_2 is uniquely defined along the edge. Finally, from a scaling argument we deduce ∑ E∈Γh h_E‖[[(∇ψ_1 − ∇ψ̃_1) · n]]‖^2_{0,E} ≤ C ∑ K∈Ch ( h^2_K |ψ_1|^2_{,K} + |ψ_1 − ψ̃_1|^2_{1,K} )

≤ Ch^2‖ψ_1‖^2 ≤ Ch^2‖s‖^2_{H(div)} and (69) follows.

Proof of Proposition 8 (continued): We define q̃ as an interpolant of q of the type provided by Lemma 3. It therefore satisfies |||q − q̃|||~_Q + ‖q − q̃‖_H�1_{(div)} ≤ Ch ( t‖q‖_1 + ‖q‖_{H(div)} ) ≤ Ch‖g‖_0, (75) taking (65) into account.

From the stability property, we know that we can find (v, η, r) ∈ W_h × V_h × Q_h such that |||v, η, r|||_O ≤ C|||w_h − w̃, β_h − β̃, q_h − q̃|||_O, (76) B̃_h(w_h − w̃, β_h − β̃, q_h − q̃_h; v, η, r) ≥ C|||w_h − w̃, β_h − β̃, q_h − q̃|||^2_O. (77)

Combining (77) and the consistency property, we infer |||w_h − w̃, β_h − β̃, q_h − q̃_h|||^2_O ≤ CB̃_h(w − w̃, β − β̃, q − q̃; v, η, r). (78) All the terms that the right hand side decomposes into are easily bounded by the Schwarz inequality, except the mixed ones. For (q − q̃, ∇v − η), we use the definition of the H^{−1}(div)-norm and Eqs. (75)-(76). We get (q −q̃, ∇v −η) ≤ ‖q −q̃‖_H�1_{(div)}‖v, η‖_1 ≤ Ch‖g‖_0|||w_h −w̃, β_h −β̃, q_h −q̃|||_O. (79) We split the other mixed term (r, ∇(w − w̃) − (β − β̃)) in two as follows

|(r, β − β̃)| ≤ C ∑ K∈Ch h^2_K‖r‖^2_{0,K} 1 2 ∑ K∈Ch h^{−2}_K ‖β − β̃‖^2_{0,K} 1 2

≤ Ch‖g‖_0|||w_h − w̃, β_h − β̃, q_h − q̃|||_O, (80) from (67) and (76). The remaining part is treated by an integration by parts (over each element) and scaling arguments. We get |(r, ∇(w − w̃))| = | ∑ E∈Γh ∫ E [[r · n]](w − w̃)dτ |

≤ ∑ E∈Γh h_E‖[[r · n]]‖^2_{0,E} 1 2 ∑ E∈Γh h^{−1}_E ‖w − w̃‖^2_{0,E} 1 2

≤ C ∑ E∈Γh h_E‖[[r · n]]‖^2_{0,E} 1 2 ∑ K∈Ch [ |w − w̃|^2_{1,K} + h^{−2}_K ‖w − w̃‖^2_{0,K} ] 1 2

≤ Ch‖g‖_0|||w_h − w̃, β_h − β̃, q_h − q̃|||_O, (81) from (66), (67) and (76). Finally, we infer from (78) that |||w_h − w̃, β_h − β̃, q_h − q̃_h|||_O ≤ Ch‖g‖_0, (82) and a triangle inequality concludes the proof.

Remark 6: This analysis of the scheme originally proposed in [1, 7] shows that, although it is detrimental to the convergence of the transverse displacement which is under-optimal in theory and in practice, it appears to provide stronger error estimates for the shear with an additional control on the jumps between elements. This is consistent with the numerical results that showed slightly better convergence behaviours for the shear in L^2-norm when “α was fixed”, although we did not obtain theoretical error estimates in this norm. Whether or not it is worth relinquishing some significant accuracy on the displacement in order to gain on the shear jumps is probably a question of engineering judgement.

Remark 7: We can use the estimates of Proposition 8 to obtain an error estimate for the shear force in the H^{−1}(div ) norm by an argument inspired from the “Pitkäranta-Verfürth trick” (see [14, 18], and also [8] for an application in a similar case). We thus get

‖q − q_h‖_H�1_{(div)} ≤ Ch‖g‖_0, (83)

which confirms the estimate obtained in [7].

References

[1] D.N. Arnold and F. Brezzi. Some new elements for the Reissner-Mindlin plate model. In J.L. Lions and C. Baiocchi, editors, Boundary Value Problems for Partial Differential Equations and Applications, pages 287–292. Masson, 1993.

[2] D.N. Arnold and R.S. Falk. A uniformly accurate finite element method for the Reissner-Mindlin plate model. SIAM J. Numer. Anal., 26(6):1276–1290, 1989.

[3] D.N. Arnold and R.S. Falk. Asymptotic analysis of the boundary layer for the Reissner-Mindlin plate model. SIAM J. Math. Anal., 27(2):486–514, 1996.

[4] I. Babus̆ka and M. Suri. On locking and robustness in the finite element method. SIAM J. Numer. Anal., 29(5):1261–1293, October 1992.

[5] D. Boffi and C. Lovadina. Analysis of new augmented Lagrangian formulations for mixed finite element schemes, to appear.

[6] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer- Verlag, 1991.

[7] D. Chapelle. Une formulation mixte de plaques où l’effort tranchant est approché dans son espace naturel. Research Report 2248, INRIA, November 1993.

[8] D. Chapelle and R. Stenberg. Stabilized finite element formulations for shells in a bending dominated state. Submitted to SIAM J. Numer. Anal.

[9] C. Chinosi and C. Lovadina. Numerical analysis of some mixed finite element methods for Reissner-Mindlin plates. Comput. Mech., 16:36–44, 1995.

[10] P.G. Ciarlet. The Finite Element Method for Elliptic Problems. North- Holland, 1978.

[11] P. Clément. Approximation by finite element functions using local regularization. R.A.I.R.O., R-2:77–84, 1975.

[12] M. Lyly and R. Stenberg. Stabilized MITC plate bending elements. In M. Papadrakakis and B.H.V. Topping, editors, Advances in Finite Element Techniques, pages 11–16. CIVIL-COMP Ltd, 1994.

[13] M. Lyly, R. Stenberg, and T. Vihinen. A stable bilinear element for Reissner- Mindlin plates. Comput. Methods Appl. Mech. Engrg., 110:343–357, 1993.

[14] J. Pitkäranta. Boundary subspaces for the finite element method with Lagrange multipliers. Numer. Math., 33:273–289, 1979.

[15] J. Pitkäranta. Analysis of some low-order finite element schemes for Mindlin- Reissner and Kirchhoff plates. Numer. Math., 53:237–254, 1988.

[16] R. Stenberg. A new finite element formulation for the plate bending problem.

In Ciarlet, Trabucho, and Viano, editors, Asymptotic Methods for Elastic Structures, pages 209–221. Walter de Gruyter & Co., 1995.

[17] M. Suri, I. Babus̆ka, and C. Schwab. Locking effects in the finite element approximation of plate models. Math. Comp., 64(210):461–482, April 1995.

[18] R. Verfürth. Error estimates for a mixed finite element approximation of the Stokes problem. RAIRO Anal. Num., 18:175–182, 1984.