NEW THREE AND FOUR NODED PLATE
BENDING ELEMENTS

Mikko Lyly and Rolf Stenberg Rakenteiden Mekaniikka, Vol. 27
No. 2, 1994, pp. 3-29

Summary. We report on calculations with two new low-order Reissner-Mindlin plate
bending elements obtained by combining a recent stabilization technique with a mixed
interpolation of shear strains. The methods are a stabilization of a linear triangular
element by Hughes and Taylor and a stabilization of the bilinear quadrilateral method
MITC4 by Bathe and Dvorkin.

Introduction

Recently considerable progress has been made in the construction of good finite
element methods for "thick” plates with shear deformation. Of the new methods
the "MITC” elements (Mixed Interpolated Tensorial Components), introduced by
Bathe and Dvorkin, have been among the most succesful. They have been reported
to performed excellently in numerous test calculations, cf. [9, 10, 11]. It has also
been possible to give a mathematical error analysis of these methods, cf. [7, §]
for the analysis in the limiting "Kirchhoff” case and [13] where a complete error
analysis is given. The analysis shows that the methods are stable and of optimal
accuracy if the polynomial order of the methods are at least two.

The bilinear quadrilateral element of this type, the MITC4, is not stable. Nev-
ertheless, it is known to work quite well in practical calculations. In our recent
computational paper [24] we, however, showed that there are cases when the accu-
racy decreases due to the lack of stability.

The linear triangular element that one obtains from the MITC family is an
element that was introduced by Hughes and Taylor [21] (henceforth abbreviated
HT). In their paper it was reported that the element performs well for certain
mesh configurations but badly for others. Hence, the method does not seem to be
reliable enough to be used in practice. From a theoretical standpoint the irregular
behaviour is expected since the method is not stable.
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In {13] we, however, showed that both the HT and MITC4 elements can easily
be modified to get elements which are stable and of optimal accuracy. The idea
was to combine the elements with a stabilization technique originally introduced
by Fried and Yang [18]. Recently this technique has been mathematically analyzed
and also generalized in several ways, cf. [26, 20, 28].

We should mention that in addition to the elements considered in this paper we
know of only two linear elements for which the convergence have been rigorously
proved; an element by Arnold and Falk [2], and a MITC-type element, mentioned
in [13, page 145] and independently introduced by Durdn and Liberman {15]. In
[17] it was shown that the stabilization technique of Fried and Yang can also be
applied to simplify the Arnold-Falk element. These elements are of the same order
of accuracy as the elements considered here, but for the same mesh they lead to
a greater number of degrees of freedom. Hence, the present elements seem to
be preferable. We should, however, mention that both the original and modified
Arnold-Falk elements work well in practice, cf. [16, 29] where some computational
results are presented.

The purpose of this paper is to present the results of some test calculations
with the stabilized HT and MITC4 elements. We also compare with the results
obtained with the corresponding unstabilized elements and also the "classical”
bilinear element with selectively reduced integration. For the quadrilateral elements
calculations of this type have recently been presented in our paper [24]. Here we
complement this paper by giving the results for other test problems. Computational
results for the triangular element have earlier only been presented in the conference
paper [29]. Here we also present the elements using a notation which might be easier
when considering a computer implementation.

Thick plate theory

Let Q be the region occupied of the plate and denote by w(z,y) and 8(z,y) =
(Bz B,)T the transverse deflection and the rotations of the normal of the plate,
respectively, With the given load f the solution to the plate bending problem is
then obtained by minimizing the total potential energy, i.e. it holds [32]

I(w,B) = min 1I{v,n), (1)
with

(v, = % [ () B L + % [(@v=nTc(Vo-myde- [ foan. (2

The minimization is performed in the set of all kinematically admissible deflections
and rotations for which the strain energy is finite. For simplicity, we have assumed




that no shear force nor bending moment has been prescribed on the free boundary.
L is the " curvature” operator for vector valued functions and V is the usual gradient
operator for scalar functions, viz.
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E and G are the elasticity matrices for the bending and for the shear, respectively.
For the isotropic linear elastic materials we have
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where E is the Young modulus and v is the Poisson ratio. ¢ denotes the thickness
of the plate (assumed constant) and & is the shear correction factor which usually
takes the value 5/6.

The bending moments M(z,y) and the shear forces Q(z,y) are obtained from
the solution w and B through the equations

M= (M, M, M,,)" = ELp, (5)

Q=(Q: Q)" =G(Vw-p). (6)
The shear strain is given by
~+ = Vw - 3. (M

The finite element methods

The Hughes-Taylor and Bathe-Dvorkin elements

The method by Hughes and Taylor [21] is a triangular element using the stan-
dard linear basis functions for the deflection and the rotation. In the quadrilateral
method of Bathe and Dvorkin [11], the MITC4, isoparametric bilinear basis func-
tions are used. Hence, we can use the established notation [31]

Wep = Nyw, (8)

Bep = Nﬁév (9)

where w and B stand for the nodal values of w,, and Brg, respectively. N, (z,y)

and Np(z,y) are the usual shape function matrices for the three (HT) or four
(MITC4) noded elements.




For the shear strain different basis functions are used. Let ({,7) be the co-
ordinates of the reference element 0™/ and let

;- (am/as ay/as)

<=\ ac/0n oy/on (10)

be the Jacobian matrix of the mapping from 2™/ to the element Q°. On the
element ¢ the shear strain is approximated by functions of the form

Ye = J;17:ef? (11)
with
ref __ Qe — CeT]
4 = ( o cef) for HT, (12)
ref Qe + CeNp
vt = (be + def) for MITC4. (13)

The local degrees of freedom are given by the parameters a., b., ¢. and d, (for the
MITC4).

Now, along the edges of reference element the tangential component of the shear
strain is a constant (i.e. independent of £ and 7). By the definition (11) this also
holds on the final element: +7+, is a constant, independent of z and y, on each edge
of the element, where = = (7, 7,)7 is the tangent to the edge. (We should here also
remark that for the HT element 47¢/ consists of the rigid body motions on Q7¢/. It
is quite easily seen that this property is preserved by the mapping; on {1° also ~.
consists of the rigid body motions.) With this local representation we are now able
to define the global basis functions for the shear so that the tangential component
is continuous across inter element boundaries. As the degrees of freedom we take
the tangential component at the midpoints of each edge.

Let us denote the shear strain approximation so obtained as

Yre = Y- (14)

The shear strain Vw,, — B,, obtained from the representations (8) and (9) is
now interpolated with these new basis functions. Hence, we define ~,, from the
condition that

TT'VFE =7 (Vw,, — Brg), (15)
in the midpoints of the edges to the element. Now, since it holds (cf. [31])

VN,(z,y) = JJ'VN,(&,7m) on the element O°, (16)




and since r7Vw,, is constant and continuous along interelement edges, we con-
clude that Vw,, can be exactly represented by the basis functions for the shear.
Hence, the condition (15) means that modified basis functions, denoted by Ny, are
used in the shear expression, viz.

Yry = VN, — N3B. (17)

In the finite element methods this modified shear expression is used. Hence, we
seek the the solution from the minimizing condition

,5(,8) = min 115 (5,7) (18)

o,7

with the finite element energy defined as

o..(5,7) = }-/(LNﬁr“;)TELNgﬁ dQ (19)
FEAT 2 Ja
1 o~ o~
+3 /Q (VN® — N5i)T G (VNG — Ngi) dO — /Q fodg.
This leads to the system of equations
ko kyg w f

W _ , 20
(’cl‘ﬁa kﬁﬂ) (ﬁ) (0) (20

where f is the force vector, given elementwise through

= NT dQ.
= [ InTdo (21)
The element stiffness matrix is given by
ko, = [ (VN GVN,d
b = [ (VNG VN, dn, (22)
K== [ (VNG N de, (23)
kg = /ﬂ Krgcﬁrﬁ dsl + /S;C(LN,g)TELNg dQ. (24)

The approximate shear force is obtained from
QFE = G(VNwﬂ) - Nﬁﬂ—) (25)

In Figure 1 we show the degrees of freedom for the HT and MITC4 elements. We
would like to repeat that the degrees of freedom for the shear do not enter into the

calculations. They are only used in the construction of the stiffness matrix.
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Figure 1: Degrees of freedom for the HT and MITC4 elements and their stabilized
modifications.

The Hughes-Taylor element with reduced integration

In [21] it was shown that the HT element performs better if the energy expression

is calculated inexactly with the midpoint rule. The method obtained is then given
by (20) with

ko = (VNw(xuye))TG V Ny (e, ye) Aes (26)
;ﬂ = '(VNw(xuye))TGNﬁ(me’ ye) Ae7 (27)
kzﬂ = &ﬁ(me’ yC)TG &ﬂ(a:e? ye) A + (LNB('Tea ye))TE LNp(:Ee, ye) Ae» (28)

where (2., y.) is the midpoint of the element {1° and A, is its area. We remark that
the bending energy is still evaluated exactly by this. The shear force is piecewise
constant given by

Q,, = G(VNy(z.,ye)® — Ng(z,,y.) B) on the element Q°. (29)

The stabilized Hughes-Taylor and Bathe-Dvorkin elements [13, 24]

The stabilized methods are obtained in a very simple way, in the discrete en-
ergy expression (19) the shear elasticity matrix G is replaced with the following
modification

t2
Gy = (m) G on the element 0°. (30)




Here k. is the length of the diameter of the element ¢ and « is a positive parameter.
The stiffness matrix obtained is as in (20) with

kzc;zw = /(;C(VNUJ)TGFEVNU, dﬂ, (31)
kg = — /QC(VN,U)TGFEKI,Q dqQ, (32)
kg = /Q N3G N5 d + /QC(LNg)TELNﬁ dq. (33)

With a = 0 we recover the original elements. Note also that when the mesh size
approach zero the modified methods converge towards the original ones.
The shear force is given by (note that Gy, varies from element to element)

Qrp = Gry(VN,@ — N3f)  on the element Q. (34)

The quadrilateral method with selective reduced integration [19]

In the quadrilateral method with selective reduced integration an inexact mid-
point integration rule is used for the shear term. Hence, the stiffness matrix of the
method is as in (20) with

kow = (VN (Ze, %)) G VN, (22, ye ) A, (35)
k‘i},@ = ‘(VNHI(‘(KCS ys))TGNﬁ(xe7ye) Aey (36)
ks = Np(ze,ye)T G Ny(z.,ye) Ao + /Qe(LNg)TE LNsdQY, (37)

where again (z.,y.) and A, are the midpoint and the area of Q¢, respectively.
The shear force is given by

Qs = G(VN, (e, ) — Ngf(z.,y.)) on the element Q°. (38)

Error estimates for the methods

In this section we will review the known theoretical results with respect to the
convergence of the methods. When studying the convergence and locking, one has
to consider a sequence of problems for which the load varies as f = 3¢ with the
function g fixed. With this the exact solution to (1) has a nonvanishing and finite
limit when ¢ — 0. For a well designed locking-free element the convergence should
be independent of the plate thickness ¢ for this sequence of problems. The error
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estimates proved for finite element methods are usually given in ” Ly-norms”, i.e.
the norms defined by (cf. [31, page 401})

{ lolle, = [Jq ©* dQJY/?,  for scalar functions,

(39)

Imllz, = [JanTn d0)'?  for vector valued functions.

The error estimates are given with the mesh parameter (cf. [19, 31])
h= max h,. (40)

1<e<Ny

For the MITCA it is possible to prove error estimates for a particular class of meshes
for which the region is first divided into quadrilateral subregions and then every
subregion is regularly divided into quadrilaterals (we refer to [27] for the exact
statement of this). For this class of meshes it has been possible to prove that
[7, 8,13]

“M" MF‘E“L? < Ch» (41)

and
IVw — Vw, |, £ Ch. (42)

For the case when the elements are rectanguar it additionally holds [7, §]
”w - wFE”LR < Ch. (43)

Here C denotes different positive constants which only depend on the exact solution
to the problem. The constants are independent of the plate thickness ¢ which means
that the method will not lock (for this particular class of meshes). We remark that
for a method that locks, the usual error analysis would lead to estimates as above
with C — oo, when t — 0. For the above estimates to be valid it is required that
the Ly-norm of all second partial derivatives of the deflection and the rotation are
bounded.

In the error analysis the estimates are given for the scaled shear force q = t=3Q
since it is this quantity that has a finite non-vanishing limit when ¢ — 0 (with the
above scaling of the load). For this quantity the best estimate obtained is (this
estimate can be derived by combining results from [13, 22, 27] ) (below ¢ will denote
different positive constants)

lo=analia < € (5755 (14)

We see that for very thin plates the shear obtained with the MITC4 may be highly
unreliable. That this is the case we will show by our numerical examples.
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For the HT element (with both exact and reduced integration) there has not
been presented any error estimates. In fact, an attempt to perform an analysis
reveals that the element cannot be very good. That this is the case will be shown
in the next section.

For the stabilized MITC4 and HT a complete error analysis can be given, cf. [13].
The methods will converge optimally, the estimates (41) and (42) hold for general
finite element meshes. For the shear the following estimate is derived, which also
is optimal,

la—apelle. =C (2—%) . (45)

We see that the shear does not necessarily have to converge, but it stays bounded
independent of the plate thickness.

For the quadrilateral method with selective reduced integration an error analysis
was presented in [22]. They proved both the estimates (41) and (42) but under
very restrictive conditions; the elements have to be rectangular and much more
smoothness is required of the exact solution. The estimate for the shear they
obtained is

la=arallin < € () (46)

Hence, the shear obtained with that method cannot, in general, be very good.

Numerical results

We perform all our numerical tests for one geometrical configuration, a square
plate of unit side length occupying the region Q = [0,1] x [0,1]. In all cases the
loading and boundary conditions will be symmetric so that only one quarter of
the plate will be analyzed. The physical parameters are chosen as F = 1 and
v = 0.3. For the shear correction factor we take the usual value! x = 5 /6. The
stability parameter is taken as a = 0.1 for the stabilized MITC4 and « = 0.2 for
the stabilized HT.

Convergence studies for regular and irregular meshes

In the first test case the plate is subject to a uniform load acting on the area
[3/8,5/8] x [3/8,5/8]. As the boundary conditions we choose the "hard” simply
supported case, i.e. both the deflection and the tangential component of the rota-
tion vanish on the boundary. With this choice all the variables of interest converge

!Below we will show that the stabilized methods are the methods that work best. In those
the shear term is modified quite much, and hence the value of the shear correction factor seems
to be a rather irrelevant question.
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Figure 2: One symmetric quarter of the simply supported test plate. The plate is
subject to a pressure load acting on the dotted area.

in the L;-norm towards the classical Kirchhoff solution when ¢t — 0. It should here
be pointed out that for the "soft” simply supported case when only the deflection
vanish on the boundary, the shear obtained from the Reissner-Mindlin model does
not converge in the L,-norm towards the Kirchhoff solution, cf. [1, 3] and [12, page
408] for a numerical example.

When testing a plate element for locking the most revealing is to do it for thin
plates. This we will do and due to the boundary conditions chosen we can consider
the Kirchhoff solution as the exact one. This we calculate with classical series
techniques [25].

The quadrilateral partitioning is obtained by dividing the quarter plate into
N X N equal squares as shown in Figure 2. The triangulation is then obtained by
drawing in each square the diagonal from the bottom left to the top right corner.
This triangulation is the one for which the Hughes-Taylor elements were reported
to perform best in their article [21].

We also repeat the calculations for a sequence of irregular meshes obtained by
moving each node by random in the neighborhood of its original position as shown
in Figure 3. The nodes lying on the boundary of the loading area are naturally not
moved.

We first choose t = 0.01 and then calculate the normalized center point deflection
and the L,-errors for the deflection, bending moment and shear force using the
different elements. The results are shown in Tables 1 - 8. (The stabilized HT is
denoted by STAB3, the stabilized modification of the MITC4 element is referred
to as STAB4 and the HT element with reduced integration (for the shear energy)
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Figure 3: Examples of the finite element meshes. The triangular elements are
obtained by splitting each quadrilateral element by drawing a straight line from its
bottom left corner to the top right corner.
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is abbreviated as HTRI).

In Tables 3 and 4, INT denotes the Lagrange interpolant for the deflection (i.e.
a finite element deflection with exact nodal values). In Tables 5 and 6, INT means,
however, the bending moment calculated from the Lagrange interpolant for the
rotation. The normalized Ljy-errors for the interpolants are shown in order to
approximately define the "best possible level” for the results obtained by using the
finite elements - if the interpolant is bad then there is no reason to expect a good
finite element solution either.

Table 1. The normalized centerpoint deflections w,.,(center)/w(center) for the regular
and irregular meshes with £ = 0.01. Three noded elements.

STAB3 HT HTRI
N Regular Irregular Regular Irregular Regular Irregular

4 0.9670  0.9648 0.6910 0.6713  0.8922 0.8816

8 0.9925 0.9916  0.9602 0.9578 0.9801  0.9780
16  0.9988 0.9986  0.9946 0.9942 0.9959  0.9956

Table 2. The normalized centerpoint deflections w, ,(center)/w(center) for the regular
and irregular meshes with ¢ = 0.01. Four noded elements.

STAB4 MITC4 SRI
N Regular Irregular Regular Irregular Regular Irregular

4 1.0013 1.0057  0.9758  0.9784  0.9759  0.9452
8 1.0012 1.0012  0.9950  0.9940  0.9950  0.9220
16  1.0009 1.0009  0.9994  0.9991 0.9994 0.9744

Table 3. The Lj-errors ||w — w,pllL, /llwllr, for the regular and irregular meshes with
t = 0.01. Three noded elements.

STAB3 HT HTRI INT
N Regular Irregular Regular Irregular Regular Irregular Regular Irregular
4 0.0503 0.0524 0.3112 03327 0.1106 0.1235 0.0249  0.0260

8 0.0123 0.0135 0.0416  0.0424  0.0211 0.0228  0.0063  0.0070
16 0.0026  0.0020 0.0059 0.0064 0.0046 0.0050 0.0016 0.0017
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Table 4. The Ls-errors ||w — w,.||L,/||w||z, for the regular and irregular meshes with
t = 0.01. Four noded elements.

STAB4 MITC4 SRI INT
N _Regular Irregular Regular Irregular Regular Irregular Regular Irregular

4 0.0208 0.0191 0.0372  0.0365 0.0372 0.0719 0.0274  0.0274
8 0.0049  0.0056 0.0090 0.0103 0.0090 0.0863  0.0069 0.0077
16 0.0009 0.0010 0.0018 0.0021 0.0018 0.0262 0.0017 0.0019

As we can see from the tables above, the HT element and its modified version
with reduced integration lock severely in the case of the coarsest mesh with N = 4.
For N = 8 and N = 16 the results are better, but still much less accurate than
those obtained with the stabilized version. For the stabilized method the deflection
is optimally convergent and almost as good as the interpolant in each case.

The four noded SRI element gives a very good deflection with regular meshes
but the accuracy is completely destroyed when the mesh is distorted; the error in
deflection is larger for N = 8 than it is for N = 4, and for N = 16 the L,-error for
the irregular mesh is ten times as big as for the regular mesh. That this happens
is clearly a sign of the lack of stability of this method. The original MITC4 does
not lock in this benchmark example, but still the accuracy is not as good as for its
stabilized modification. The stabilized MITC4 gives here the best approximation
(better than the interpolant) for the deflection, even for the irregular and coarse
meshes.

Table 5. The Lj-errors ||M — M, ||, /||Ml|z, for the regular and irregular meshes with
t = 0.01. Three noded elements.

STAB3 HT HTRI INT
N _Regular TIrregular Regular Irregular Regular Irregular Regular Irregular

4 01997 02054 03511 03814  0.2179  0.2290  0.1923  0.1968
8 0.0987 0.1004 0.1057 0.1129  0.0996  0.1029  0.0975  0.0991
16 0.0490  0.0504  0.0493 0.0514  0.0492  0.0506  0.0490  0.0502
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Table 6. The Ly-errors || M — M, ||z,/|| M|z, for the regular and irregular meshes with
t = 0.01. Four noded elements.

STAB4 MITC4 SRI INT
N Regular Irregular Regular Irregular Regular Irregular Regular Irregular

4 0.1186  0.1188  0.1187  0.1191 0.1187  0.1807  0.1137  0.1155
8 0.0587  0.0632 0.0587  0.0636  0.0587  0.1746  0.0581 0.0623
16 0.0293 0.0314 0.0293 0.0315 0.0293  0.0787  0.0292  0.0313

Tables 5 and 6 give the calculated results for the bending moment. Also here
the stabilized (HT and MITC4) elements give the most accurate approximations.
According to the theoretical estimate (41) the bending moment is optimally con-
vergent, also with irregular meshes, and the accuracy is practically equal to that
of the interpolant.

The original HT fails here again for the coarsest mesh: for N = 4 the error is
twice as large as for its stabilized modification. The most interesting result is for
the SRI element. Again the distortion of the mesh increases the error considerably.

Both the original MITC4 and the HT with reduced integration give good results
for the moment.

Next, we give the results for the normalized Ljy-errors in the shear force. From
Table 7 we see that the stabilized HT gives a shear force which is of the right
order of maginitude and converges, although rather slowly. This is in complete
accordance with the theoretical result (45). The original Hughes-Taylor elements
yield shears that are extremely erraneous (except for the HTRI with the finest
mesh).

In Table 8 the results for the quadrilateral methods are given. We see that both
the MITC4 and its stabilized modification converge. This convergence is far better
than what could be expected from the theoretical analysis and must be explained
as a superconvergence effect. The results for the SRI are very interesting. For the
regular mesh the convergence and accuracy is very good, but for the irregular mesh
the accuracy is extremely bad.

In the calculations the errors in the shear usually show up as oscillations. In

Figure 4 the shear component @, is given along the horisontal symmetry line.



Table 7. The Lj-errors |Q — Q.. |lz,/||Q|lL, for the regular and irregular meshes with
t = 0.01. Three noded elements.

STAB3 HT HTRI
N _Regular TIrregular Regular Irregular Regular Irregular

4 0.4253 0.4323 14.689 14.584 5.6177  6.2973
8 0.3597 0.3716 5.2791 5.1639 1.2431  1.4258
16 0.2923 0.3057 1.3877 1.4368 0.2474  0.4183

Table 8. The Lj-errors ||Q ~ Q. llL, /l1QllL, for the regular and irregular meshes with
t = 0.01. Four noded elements.

STAB4 MITC4 SRI
N _Regular Irregular Regular Irregular Regular Irregular

4 0.2493 0.2736  0.2497 0.2961 0.2806  3.0391
8 0.1239 0.1668 0.1240 0.2250  0.1431  7.4700
16 0.0610 0.1162  0.0610 0.1357  0.0713  4.7214

After this, we repeat our calculations with a thinner plate and choose ¢ = 0.001.
Tables 9 - 16 show the results obtained from the calculations. The conclusions are
about the same as before. However, the shortcomings of the HT, HTRI, SRI and
MITC4 elements are now much more clearly seen. From Tables 13 and 14 we find
that the bending moment is now very bad for the HT and HTRI elements.

Again the behaviour of the SRI should be noted. For the regular meshes the
results are excellent, but that cannot be said for the irregnlar meshes. Still, this
element is presented in most of the recent textbooks, cf, [19, pages 327-335], (32,
pages 69-76] and [14, pages 325-328]. In these works some shortcomings of this
element is pointed out, but it seems that the authors have not been fully aware of
how erratically this element can behave.

The only elements which are able to properly approximate the deflection and
shear force are the stabilized HT and MITC4 elements, and also the original
MITC4. For the MITC4 the shear with the irregular mesh is much less accu-
rate than what is obtained with the stabilized form, but still as good as that of the
stabilized HT. We should, however, point out that there are other test cases for
which the MITC4 fails more severly for plates of this thickness, cf. [24, Table 8].

In Figure 5 we show the shear distribution along the horisontal symmetry line for
this case and the MITC4. We here also show the oscillations appearing in the @,
component which should vanish identically. For the stabilized methods the results
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Figure 4: The distribution of the shear force Q, along the horisontal symmetry line
for the SRI (top), the MITC4 (upper middle), the STAB4 (lower middle) and the
STAB3 (bottom). A regular (left) and irregular (right) mesh with N = 16. The
thickness of the plate is t = 0.01. The dotted line gives the exact solution.
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are as in Figure 4. The shear for the SRI with the irregular mesh is so highly
oscillating that there is not any point in showing it. For the regular mesh the SRI
gives a shear which is very near that of the MITC4.

Table 9. The normalized centerpoint deflections w re{center)/w(center) for the regular
and irregular meshes with ¢ = 06.001. Three noded elements.

STAB3 HT HTRI
N _Regular Irregular Regular Irregular Regular Irregular
4 0.9661  0.9639  0.0327  0.0377 0.3868  0.3685

8 0.9916  0.9907 03496  0.4058  0.9268  0.9246
16 0.9980 0.9977  0.8824  0.8968  0.9927  0.9910

Table 10. The normalized centerpoint deflections Wy (center)/w(center) for the regular
and irregular meshes with ¢ = 0.001. Four noded elements.

STAB4 MITC4 SRI
N _Regular Irregular Regular Irregular Regular Irregular
4 1.0005 1.0005 0.9750 0.9775  0.9750  0.9344
8 1.0004 1.0004  0.9942 09931 09942  0.8001
16  1.0001 1.0001  0.9986  0.9983  0.998  0.8434

Table 11. The Ly-errors ||w — w, .||z, /||w||L, for the regular and irregular meshes with
t = 0.001. Three noded elements.

STAB3 HT HTRI INT
N Regular Irregular Regular Irregular Regular Irregular Regular Irregular
4 0.0509 0.0530 0.9663 0.9609  0.6032  0.6239  0.0249  0.0260

8 0.0130  0.0141  0.6445 0.5880  0.0757  0.0756  0.0063  0.0070
16 0.0032  0.0035 0.1210 0.1061  0.0083  0.0099 0.0016 0.0017

Table 12. The Lj-errors ||w — w, ||z, /||w||L, for the regular and irregular meshes with
t == 0.001. Four noded elements.

STAB4 MITC4 SRI INT
N _Regular Irregular Regular Irregular Regular Irregular Regular Irregular
4 0.0213  0.0195 0.0377  0.0371  0.0377  0.0838  0.0274  0.0274

8 0.0054 0.0061 0.0095 0.0109 0.0095 0.2241  0.0069 0.0077
16 0.0013 0.0015  0.0024 0.0027 0.0024 01784  0.0017 0.0019
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Table 13. The La-errors ||M — M, l|L, /||M]|r, for the regular and irregular meshes with
t = 0.001. Three noded elements.

STAB3 HT HTRI INT
N Regular Irregular Regular Irregular Regular Irregular Regular Irregular

4 0.1997  0.2054 0.9669  0.9619  0.6413  0.6681 0.1923 0.1968
8 0.0987 0.1004 0.6591 0.6186  0.1610  0.1696  0.0975 0.0991
16  0.0492  0.0504 0.1425 0.1442 0.0553  0.0656  0.04%0  0.0502

Table 14. The Ls-errors ||M~ M, |1, /l|Mllz, for the regular and irregular meshes with
t = 0.001. Four noded elements.

STAB4 MITC4 SRI INT
N Regular Irregular Regular Irregular Regular Irregular Regular Irregular
4 0.118  0.118  0.1187  0.1192  0.1187  0.2183  0.1137  0.1155

8 0.0587  0.0632 0.0587  0.0640  0.0587  0.4221 0.0581 0.0623
16 0.0293  0.0314 0.0293 0.0317  0.0293 0.3626  0.0292 0.0313

Table 15. The Ly-errors ||Q — Q, llL,/l|@QllL, for the regular and irregular meshes with
t = 0.001. Three noded elements.

STAB3 HT HTRI
N Regular Irregular Regular Irregular Regular Irregular
0.4294 0.4363 65.079 69.372 158.98 151.75

0.3791 0.3911 169.56 166.86 71.721  69.868
16  0.3621 0.3763 114.92 105.41 18.017  19.263

[o

Table 16. The Lq-errors ||Q — Q. |lr,/1|QllL, for the regular and irregular meshes with
t = 0.001. Four noded elements.

STAB4 MITC4 SRI
N Regular Irregular Regular Irregular Regular Irregular

4 0.2493 0.2744 0.2497  0.3053 0.2806  4.5754

8 0.1239 0.1733  0.1240 0.3080  0.1431  25.050
16 0.0610 0.1426  0.0610 0.2644  0.0713  48.855
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Figure 5: The distribution of the shear forces ), and @, along the horisontal
symmetry line for the MITC4 with a regular (left) and irregular (right) mesh with
N = 16. The thickness of the plate is ¢ = 0.001. The dotted line gives the exact
solution.

The dependence of the accuracy of the stabilized elements on the parameter o

The accuracy of the stabilized HT and MITC4 elements clearly depends on the
choice of the numerical parameter a. We will next study this dependence and
we choose the previous test example with irregular mesh, N = 8 and ¢ = 0.01.
Figures 6 - 10 show the normalized centerpoint deflection, and the Ly-errors for
the deflection, bending moment and shear force with respect to the parameter o.

As we can see from Figures 6 and 7, a larger a gives a "more flexible” plate.
The accuracy of the deflection is (in this case) optimal if we choose a & 0.2 for the
stabilized MITC4 and o ~ 0.4 for the stabilized HT. From Figure 8 we find that
the normalized Ly-error in the bending moment is almost a constant with respect
to a. Figures 9 and 10 give the normalized L,-errors in shear force. As we can see,
a larger « increases the accuracy of the shear.

The question of which would be the best value of the alpha is not properly

posed. It depends on what quantity one is interested in and in the error measure.
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Figure 6: The normalized centerpoint deflection w, ,(center)/w(center) with re-
spect to the parameter a.
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Figure 7: The errors ||{w — w,||L,/]|w]lz, with respect to the parameter c.
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Figure 8: The errors ||[M — M, _||,/||M]|r, with respect to the parameter a.
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Figure 10: The error ||Q — @, ,|lz,/||Ql|L, with respect to the parameter c.

Furthermore, it also depends, for example, on the boundary conditions and the
geometry of the plate, cf. [24]. What is more important to note is that the accuracy
does not seem to be very sensitive to the choice. Note also that the stabilized HT is
more sensitive than the stabilized MITC4. The probable explanation to this is that
the unstabilized MITC4 have already some intrinsic stability, it mostly works quite
well. The same conclusion can be drawn from the choice of boundary conditions.
From a stability point of view the hard clamped condition is the worst case and
for this the sensitivity with respect to « is greatest, cf. [24, Figure 15].

In practice, the choice given in previous section has proven to work well in all
our benchmark examples as well as in some real life calculations.

The Weissman-Taylor robustness test

We finally consider a rather simple coarse mesh distortion sensitivity test intro-
duced by Weissman and Taylor [30]. One symmetric quarter of a hard clamped
square plate is divided into a 2 x 2 mesh as shown in Figure 11. The middle node is
then moved along the the cross diagonal direction from the top left to the bottom
right corner so that the mesh becomes distorted. The plate is subject to a constant
pressure load and the thickness of the plate is ¢ = 0.01.

Figures 12 - 15 show the normalized centerpoint deflections and the L,-errors in
deflection, bending moment and shear force for the original MITC4, SRI and for
the stabilized modifications of the HT and MITC4 elements as a function of the
movement §. The reason for not taking the original HT nor its modified version
with selective reduced integration into consideration here is that these elements
lock severely in this test.
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Figure 11: One symmetric quarter of the clamped square plate used in the Weiss-
man-Taylor robustness check. The clamped plate is subject to a constant pressure

load.
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Figure 12: The distortion sensitivity of w, ,(center)/w(center) for the 2 x 2 mesh.
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Figure 13: The distortion sensitivity of the errors ||w —w,||z,/ |lwl|r, for the 2 x2
mesh.
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Figure 14: The distortion sensitivity of the errors ||M — M_||1,/||Ml]|r, for the
2 x 2 mesh.
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Figure 15: The distortion sensitivity of the errors ||Q — Q. ||1,/]|Ql|r, for the 2x 2
mesh.
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As we can see from the figures, the stabilized elements are much more robust
than the others. Especially the shear force of the original MITC4 and SRI elements
is very sensitive for even small changes in §.

Conclusions

In this paper we have presented stable and optimally convergent three and four
noded Reissner-Mindlin plate elements. By performing some quite extensive nu-
merical tests we have showed that the new elements perform very well and better
than some methods which are well known in the literature. This confers the results
of the mathematical analysis of the methods.

We have tried to do as revealing ”benchmark” computations as possible. In the
literature this aspect is far too often treated in a non-satisfactory way. A typical
example would be to calculate a square unit plate with a uniform load and a regular
mesh, and to report on, say, the centerpoint deflection and the maximum moments.
By such a simple test one could, e.g., draw the conclusion that the method with
selective reduced integration is a good method. Our results show, however, that
the method is more or less useless. Instead, we think that in test calculations one
should report on all quantities of physical interest for different meshes and loadings,
etc. By doing this we have shown that the possible non-stability of a method is
first seen in an inaccurate and oscillating shear force. That the shear force is a
critical variable appears to be well known (see the remark on page 224 of [20]), but
usually the results for it are not reported. To our knowledge, this problem has not
been addressed until quite recently [23].

To find good benchmark tests is, however, far from a trivial task. We refer to
[6, 4, 5] for some recent interesting discussions on this.
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PALKIN POIKKIPINNAN SIIRTYMAKERTOII\@ESTA
/

Mika Reivinen ja Eero-Matti Salonen ;;’;’Rakenteiden Mekaniikka, Vol.27
No 2, 1994, s. 30-40

Tiivistelmi: Artikkelin tarkoituksena on tiydentis teoksessa Arvo Ylinen: Kimmo- ja
lujuusoppi, n:ossa 96 esitetyn ulokepalkin probleemaa erilli kiinnitetyn pdsin reunach-
totapauksella, joka tuottaa palkin poikkipinpnan siirtymiikertoimelle mielenkiintoisen
lukuarvon. Reunaehtoon piddytiin méirittelemilld palkin poikkileikkauksen keski-
midrdiset siirtymikomponentit ja kiertymi tietyn tydkriteerin perusteella.

JOHDANTO

Leikkausvoiman vaikutus palkin muodonmuutoksiin esitetiin paikkiteoriassa tavalli-
sesti muodossa [1, $.287] (kuva 1) J

dv=C—G%dx. | (1)

Tisséd dv on leikkausvoiman Q johdosta palkirﬁx’ékselin alkion dx osuudella syntyvi ak-
selin poikittaissiirtymi, A palkin poikkileiklgé{uspinta—ala, G palkin materiaalin (homo-

geeninen, isotrooppinen) liukukerroin ja { poikkipinnan siirtymikerroin.

Kaava (1) esiintyy kirjallisuudessa useirfmytis vaihtoehtoisessa asussa

jolloin siis k=1/. Tistd kertoiﬁlesta kiytetdiin englanninkielisessd kirjallisuudessa

yleensd nimitystd “‘shear correction factor”.




