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Abstract
We discuss the stabilization of finite element methods in which essential boundary conditions are approximated by
Babuska’s method of Lagrange multipliers and we show that there is a close connection with this technique and

a classical method by Nitsche.
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1. Introduction

The foundations for the theory of mixed finite element methods were laid down in a paper by
Babuska [1] in which he introduced the idea of approximating essential boundary conditions in
the Dirichlet problem by using a Lagrange multiplier. It was shown that the method will converge
optimally if the finite element spaces, i.e. the space for the unknown in the domain and the space for
the multiplier on the boundary, satisfy an “inf-sup” condition. In the original paper [1] the actual
question of how to construct subspaces satisfying the inf-sup condition was more or less left open.
This problem was later studied in detail in a series of papers by Pitkdranta [19-21], and it was
shown that there is not too much freedom in choosing the spaces if the optimal order of
convergence of the method is desired.

Traditionally, the method of using Lagrange multipliers has perhaps not been considered as
amethod to be used in practice, but more as a model problem for studying the mixed finite element
method. Lately, there has, however, been a renewed interest in the method and it has been
proposed to be used in domain decomposition [8, 9, 16], in fictitious domain methods [11, 12] and
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for contact problems [13, 15, 17]. However, in view of the difficulties with satisfying the inf-sup
condition the usefulness of the technique can be questioned.

During the last few years it has been shown that the problem with the stability of a mixed finite
element formulation can to a large extent be avoided by adding well-chosen stabilizing terms to the
bilinear form defining the mixed method (cf. [10, 14] and the references therein). In two recent
papers by Barbosa and Hughes [4, 5] this stabilization technique was proposed for the original
method of Babuska. Since the finite element spaces now do not have to satisfy an inf-sup condition,
the method now seem to have a much greater potential in the applications mentioned above.
Similar ideas was independently introduced by Verfiirth [22] for the approximation of slip
boundary conditions for the Navier—Stokes equations and by Baiocchi et al. [3] for domain
decomposition.

The plan of this paper is the following. First, we recall the method of Babuska. Next, we propose
and analyze a simplification of the stabilized formulation of Barbosa and Hughes. We then show
that this method is closely related to a classical method by Nitsche [18].

2. Preliminaries

Let Q2 be a bounded domain in R? d = 2 or 3, with a smooth boundary I'. We consider the model
Dirichlet problem

—Au=f in @, (2.1)
u=g onl. (2.2)

This problem is chosen only for notational simplicity; our statements are also valid for other
second-order elliptic problems such as, e.g., the equations of linear elasticity and Stokes problem.

The Sobolev spaces H*(S) for S« Q or S < I', and s > 0, are defined in the standard way (cf.
[1, 2, 7]. The norms are denoted | - ||; s with the subscript S dropped when S = Q. We recall that
the following trace inequality holds for v € H%(2), with s > 4,

lolls-1/2,r < Cllv]s. (2.3)

(In the paper C and C; will denote positive constants which all are independent of the mesh
parameter h.) We will also use the space H Y?(I'), ie. the dual space of H'?(Q), with
the norm

Vil oy = sup —FaZ2 2.4)

E
zeHV3(I') |z ||1/2,r

where {-,-> denotes the duality pairing.
For functions v € H!(Q) with Av € L?(), it holds (cf. [1, 2]) dv/én e H™V*(I') with

ov

n < C(llv]y + | Avllo). (2.5)

—1/2,F
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The problem is then given in the following variational formulation: given fe L*(Q2) and
ge HYX(I), find ue H(R) and A € H™Y3(I') such that

B, L0, 1) = (f,0) + g, p> Y (v,p) € H(Q)x H™V*(T), (2.6)
with the bilinear form defined by
B, A0, 1) = (Vu, Vo) + {A,v) + {pu). 2.7

Above (-, -) denotes the inner product in L3(2).
The problems has a unique solution (cf. [1]). By using Green’s formula in (2.6) we get the relation

ou
/1+5£=0 onT. (2.8)

3. The finite element methods

When discussing the finite element methods we will, for notational simplicity, consider the case
when simplicial meshes are used, but we emphasize already now that the big advantage of the
stabilized methods is that a very big freedom can be allowed in chosing the finite element spaces
since no stability conditions are needed.

Let now %, be a partitioning of the whole of R? into closed simplices (i.c. triangles and
tetrahedrons, respectively) and assume that the partitioning satisfies the usual requirements that
the intersection of two simplices is either empty, a vertex, an edge or a face. The partitioning of Q is
now defined as

%y = {K|K = SnQ for some S€ &,}. (3.1)
The finite element subspace for the field variable is then defined as
Vy={ve H(Q)|yx € P(K) VK € €}, (3.2)

where P,(K) denotes the polynomials of degree k > 1 on K.
We will assume that the elements of €, verify the usual regularity condition

he < Cpx VK €%, (3.3)

where hg and pi are the diameter of K and the diameter of the biggest circle (sphere) inscribed in K,
respectively. We have to remark here that this condition is not automatically valid for every mesh
AR, satisfying the same condition.

To define the space A, for the Lagrange multiplier on the boundary we proceed as follows. For
d = 2 the finite element partitioning &, of the boundary consists of segments and for d = 3 the
elements are curved triangles. This partitioning is also assumed to satisfy the usual compatibility
conditions, i.e. the intersection of two elements is assumed to be either empty, a point or a curved
edge (for d = 3). We further assume that each element E € &), is the image of the reference element
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E (i.e. the unit interval or unit triangle) under a smooth mapping Fz. We then define

Ay ={pe L*(I) | u(x)ys = A(F '(x)) for some ji € PyE), VE € £}, (3.4)
with [ > 0.
The regularity assumptions for the boundary mesh we state as follows:
IFgll < Chg,  |FE'l <Chg! VEeé,, (3.5)

where ||| denotes the Euclidian norm and hg is the diameter of E € &,,.
We will also make the natural assumption that there are constants C;, C, such that

Cihx < hg < Cyhg for all K € 4, and E € &, with KNnE # 0. (3.6)
As usual we will denote h = maxg 4, hg, and from (3.6) it then follows that hy < Ch for all E € &},
First, we will consider the original method.
Method 1: Babuska'’s method of Lagrange multipliers

In this the variational formulation (2.6) is transferred to the finite clement subspaces: find
(un, An) € V4, x A, such that

B(un, An;0, ) = (f,0) + g, 0> V0, p) € Vi X Ay (3.7)
The convergence of the method is given by the following classical result.

Theorem 1A (Babuska [1], Brezzi [6]). Suppose that the finite element subspaces satisfy the
conditions

{p, 0D

ve?/l:\lz()} TIR 2 Clpl-12.r Vee Ay, (3.8)
and

o]} = Clvll} Vove{veVildpv)=0Vued}. (3.9)
For the solution (uy, A;) to the problem (3.7) it then holds

lu—uplly + 1A = Al =2, S CH* N ttllgs s + B 32 2hs 1 1), (3.10)

when ue H**(Q) and A e H'*(I').

This method has been thoroughly studied by Pitkdranta. Among other things, he showed that
the stability and error analysis is most easily performed using the following mesh-dependent norms
(introduced in [20] with a different notation)

follfen= Y hg'lvld,e forve H'(Q) (3.11)
Eeé,
and
1zI1Z 120 = Y helzld,e for ze LA(I). (3.12)

Eeé,
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For these norms it holds

2> < vlyzmllzll-yzs YV©,2)€ H(Q)x L*(I). (3.13)
We also denote
lohie= vl + llvll1j2.s Yve HY(RQ). (3.14)

The interpolation estimates in these norms are proved by scaling (cf. [20]).

Lemma 1. For ue H**1(Q) it holds
inf [|u— vl 5 < CH*luflis . (3.15)

veV,

Lemma 2. For 1 e H'*Y(I') it holds
inf |4 —pll-12,0 < Ch ™32 Al 1, r. (3.16)

ned,

In the sequel we will also need the following inequality, which is proved by scaling using the
regularity conditions.

Lemma 3. There exist a constant C; such that

ov

C’%

< Wl VveV,. (3.17)

~1/2,h

In [20] the following result is proved.

Theorem 1B (Pitkidranta [20]). Suppose that the finite element subspaces satisfy the conditions
{pv)

v;tl\lzo} T 2 Clull-12,n VuE A (3.18)
and

ol = Cllvlis Voe{veV,|{uv) =0Vue A} (3.19)
For the solution (uy, A;) to the problem (3.7) it then holds

e —tnllyn+ 14— Apll-1/2.0 < Ch*\ulli+1 + A2 A1+ 1.r)s (3.20)

when ue H**1(Q) and A € H'*\(I).

In the papers [19-21], it is shown that the spaces ¥}, and A, should be designed quite carefully in
order that the stability conditions would be valid. Hence, there are reason to be quite pessimistic
with regards to the general usefulness of this approach in the applications for which the methods
has been proposed.

Therefore, it is natural to try to modify the method with similar techniques as those that has been
successfully used for the Stokes problem [14, 10]. This has also been done by Barbosa and Hughes
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[4,5]. Their methods did, however, contain terms that are not necessary for the stability. By
dropping them we obtain the following method.

Method 2: A simplification of the symmetric formulation of Barbosa and Hughes [4, 5]
Find (u,, 4,) € V), x 4, such that

Bu(tn, An; 0, 0) = (f;i0) + (g, > V(v,p) € Vyyx Ay, (3.21)
with
ou ov
Bu(u, A;0,10) = B(u, A0, ) — o Y hp( A+ 4+ ), (3:22)
Fes, on on/g

where 4 is the original bilinear form (2.7) and {-,">g denotes the L?-inner product on E.
The first observation concerning this method is that it is consistent due to (2.8).

Lemma 4. For the exact solution (u,2) to (2.6) it holds

B, Ao, 0) = (fiv) + g, 1> V(v,p) € Viy x Ay, (3.23)
provided that 1 € L*(I').

The next observation is that the modified bilinear form is bounded with respect to the
mesh-dependent norms.

Lemma 5. There is a positive constant C such that

| Bu(v, s 2,m)| < CUloll,n+ ol = 1y2,0)CN 2l 0 + 7l -1/2,8)
V(v,u) € HY(Q)x L3(I') ¥ (z,n) € H (Q) x L*(I'). (3.29)

Next, we will prove the stability and optimal order of convergence.

Lemma 6. Suppose that 0 < o < C;. Then it holds

sup Bn(v, 1; 2, 1)

= C(||lv + _ . 3.25
o8 Tzlin+ Tl > CUPhn+ 1) (3.25)

Proof. Let (v, u) € V), x A, be arbitrary. We first note that the estimate of Lemma 3 gives

ov? )
0,E

on
2(L—aCrHIVold+o ¥ hellpld e
Eeé,

= C(IVolld + el 2 12.0), (3.26)

B0, 50, — ) = ||Volld +a Y hg (Ilull%,s -

Eed),
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since it was assumed that 0 < & < C;. Next, let IT,: L>(I') - A, be the L?-projection. Since the
functions of A, are discontinuous, we can define i € A, by f;z = hg ' II,v g for all E € &,. We then
have

Wil = 1/2.0 = 1HIpv 12, 8- (3.27)
By using (3.13), Lemma 3 and the Young inequality we then get

= - v _
'gah(vaﬂ;()’ﬂ)=<v,ﬂ>—(x Z hE<'u+-a—,”>
n E

Eeé,

_ ov
=y he ' | Tywlld e — a Y < +—'— HhU>
E

Eeé&), Eeé,

13_13
on

= w3 — ( + ||/1||—1/2,h>||nhv||1/2,h

-1/2,h
= [ Iyl 3.0 — C200V0llo + el = 1j2,8) N v 12,0
= HHhU”%/Z,h —1Ci(\volo + “#“—1/2,}:)2 -3 I T,0113)2,4

||HhU“1/2 »— Cs(]l VU”O + H#”—l/z h)- (3.28)
Let now (z,1) = (v, — u + dj1) with é > 0. Using (3.26) and (3.28) we obtain

Y

Bi(v, 5 2,1) = Bu(v, 30, — ) + 3By(v, 150, 1)
= (Cy — 8C3)IVol§ + 281 Twli3 2.0 + (Cy — 8C3)||#||—1/2 h
= C(|Vold + | Hw| 320 + ell® 1/2.0)s (3.29)

when choosing 6 < C{/C;. Now, by scaling one can prove that

IVoll3 + | Huvlii2. = Clloli . (3.30)
Since (3.27) gives
Izllen + Il =120 < CUOIL L+ T =1/2.8) (3.31)

we have proved the asserted stability estimate (which is optimal in view of Lemma 5). []

Theorem 2. Let (uy, Ay) € Vy, x Ay, be the solution to the problem (3.21) and suppose that 0 < a < C;.
Withue H**1Y(Q) and 2 € H'* (') it then holds

lu—uplli,n+ A — gl —12.8 & C(hk llulles 1 + hi+32 WA+ 1,r)- (3.32)

The big advantage with this formulation compared to the original method of Babuska is that the
finite element subspaces can be chosen completely arbitrarily.
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Let us next have a closer look at the method. We note that since the functions of A, are
discontinuous, the variable 4, can be eliminated locally on each boundary element. By testing with
u € A, in (3.21), we get the following expression for A,:

0
Ang = <Hh auh>

where (as before) IT, is the L2-projection onto A,. Now, substituting this into the equation we get
from (3. 21) when testing by v € V,,, and using the basic property of an orthogonal projection (i.e.
I, = II} = IT¥) we get the following symmetric (and positive definite, cf. below) system for solving
the unknown u;:

ou ov
(Vuy, Vv) — <Hh‘5"f,ﬂhv> - <Hha Hhuh>

+ (ahg) ™ '(Tyu — Myg)|g VE € &4, (3.33)

+ Y (ahg)” ' <Hyup, Tyodg + OlEZ hE<(Hh - I) au,, , T, — I)‘—>E
=(fiv)— <Hh %,th> + ) (ohg) ™ ' g, Mo 5. (3.34)

Now, since the space A, can be chosen arbitrarly, we may think that we choose A, = L*(I'). Then
the projection IT, becomes the identity and we observed that we have rediscovered a classical
method.

Method 3: Nitsche’s method [18]
Find u, € V, such that

%h(uh;v) = ﬁh(v) Yve Vh, (3.35)
with
ou ov
Bn(u;v) = (Vu, Vv) — <6n u> - <a > +9 ¥ hg ' (u,v)g, (3.36)
F0) = (f0) + {g,0) - <§% g> +7 T he'(gode. (337

By the way we have arrived at this formulation, it is clear that we have an optimal error estimate for
it. That is, however, more easily obtained directly.

Theorem 3. Let u, € V), be the solution to the problem (3.35) and suppose that y > Cr'. With
ue€ H**Y(Q) it then holds

N —upllin < CH*lullisr- (3.38)



R. Stenberg/Journal of Computational and Applied Mathematics 63 (1995) 139-148 147

Proof. The consistency of the method is immediately seen from the formulation. The stability is
proved by Schwartz, Young and Lemma 3:

v
Bu(v;v) = | W3 — 2<v,%> + 7llvl3)2,4
ov
= | Wld —2(vllyz2. 6_“ +V“U”%/2,h
nil-1/2,n
1]|évll?
1wl =5 ool

1
> (1 —8—C1> | Vollg + (v — &) llvllf/2,n

> Cloli.n (3.39)

when we choose C; ! <e <.
We have thus established the stability and the consistency. The assertion then follows from
Lemma l. [

In view of our analysis it seems that the Nitsche method is the most straightforward method to
use. Unfortunately, this method seems to be quite unknown. We think, however, that it would be
worthwhile to explore it in applications such as contact problems, for fictitious domain methods
and for domain decomposition.

References

[1] L Babuska, The finite element method with Lagrangian multipliers, Numer. Math. 20 (1973) 179-192.

[2] 1. Babuska and A. Aziz, Survey lectures on the mathematical foundations of the finite element method, in: A. Aziz,
Ed., The Mathematical Foundations of the Finite Element Method with Application to Partial Differential Equations
(Academic Press, New York, 1973).

[3] C. Baiocchi, F. Brezzi and L.D. Marini, Stabilization of Galerkin methods and application to domain decomposi-
tion, in: A. Bensoussan, Ed., Proc. Conf. of the Occasion of the 25th Anniversary of INRIA (Springer, Berlin, 1992).

[4] J.C. Barbosa and T.J.R. Hughes, The finite element method with Lagrange multipliers on the boundary: circum-
venting the Babuska—Brezzi condition, Comput. Methods Appl. Mech. Eng. 85 (1991) 109-128.

[5] J.C. Barbosa and T.J.R. Hughes, Boundary Lagrange multipliers in finite element methods: error analysis in natural
norms, Numer. Math. 62 (1992) 1-15.

[6] F. Brezzi, On the existence, uniqueness and approximation of saddle point problems arising from Lagrangian
multipliers, RAIRO Anal. Numér. 2 (1974) 129-151.

[7] P.G. Ciarlet, The Finite Element Method for Elliptic Problems (North-Holland, Amsterdam, 1978).

[8] M.R. Dorr, A domain decomposition preconditioner with reduced rank interdomain coupling, Appl. Numer. Math.
8 (1991) 333-352.

[9] C. Farhat and M. Geradin, Using a reduced number of Lagrange multipliers for assembling parallel incomplete
field finite element approximations, Comput. Methods Appl. Mech. Eng. 97 (1992) 333-354.

[10] L.P. Franca, T.J.R. Hughes and R. Stenberg, Stabilized finite element methods, in: M. Gunzburger and R.A.
Nicolaides, Eds., Incompressible Computational Fluid Dynamics, Ch. 4 (Cambridge Univ. Press, Cambridge, 1993)
87-107.



148 R. Stenberg/Journal of Computational and Applied Mathematics 63 (1995) 139-148

[11] R. Glowinski, T.-W. Pan and J. Periaux, A fictitious domain method for Dirichlet problems and applications,
Comput. Methods Appl. Mech. Eng. 111 (1994) 283--303.

[12] R. Glowinski, T.-W. Pan and J. Periaux, A fictitious domain method for external incompressible viscous flow
modeled by Navier—Stokes equations, Comput. Methods Appl. Mech. Eng. 112 (1994) 133-148.

[13] J.O. Hallquist, K. Schweitzerhof and D.W. Stiliman, Efficiency refinements of contact strategies and algorithms in
explicit FE programming, Institut fiir Baustatik, Universitat Karlsruhe, Mitteilungen 13/1992.

[14] T.J.R. Hughes and L.P. Franca, A new finite element formulation for computational fluid dynamics: VII. the Stokes
problem with various well-posed boundary conditions: symmetric formulations that converge for all velo-
city/pressure spaces. Comput. Methods Appl. Mech. Eng. 65 (1987) 85-96.

[15] N. Kikuchi and J.T. Oden, Contact Problems in Elasticity (SIAM, Philadelphia, 1988).

[16] P. LeTallec, Neumann—-Neumann domain decomposition algorithms for solving 2D elliptic problems with
nonmathing grids, INRIA, Roquencourt, preprint, 1992.

[17] J. Nagtegaal and N. Rebelo, On the development of a general purpose finite element program for analysis of
forming processes, Int. J. Numer. Methods Eng. 25 (1988) 113-131.

[187] J. Nitsche, Uber ein Variationsprinzip zur Lésung von Dirichlet-Problemen bei Verwendung von Teilriumen, die
keinen Randbedingungen unterworfen sind, Abh. Math. Univ. Hamburg 36 (1970/1971) 9-15.

[19] J. Pitkdranta, Boundary subspaces for the finite element method with Lagrange multipliers, Numer. Math. 33 (1979)
273-289.

[20] J. Pitkédranta, Local stability conditions for the Babuska method of Lagrange multipliers, Math. Comput. 35 (1980)
1113-1129.

[21] J. Pitkdranta, The finite element method with Lagrange multipliers for domain with corners, Math. Comput. 37
(1981) 13-30.

[22] R. Verfiirth, Finite element approximation of incompressible Navier—Stokes equations with slip boundary condi-
tion II, Numer. Math. 59 (1991) 615-636.



