Geometric implications of the Poincaré inequality

Riikka Korte

Abstract. The purpose of this work is to prove the following result: If a doubling metric measure space
supports a weak (1, p)-Poincaré inequality with p sufficiently small, then annuli are almost quasiconvex.

We also obtain estimates for the Hausdorff s—content and the diameter of the spheres.
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1. Introduction

Standard assumptions in analysis on metric measure spaces include that the measure is doubling and that
the space supports a Poincaré inequality, see for example [3], [5] and [17]. Roughly speaking the doubling
condition gives an upper bound for the dimension of the metric space and the Poincaré inequality implies
that there has to be a number of rectifiable curves connecting any two points in the space. However, very
little is known about these assumptions. The objective of this work is to obtain geometric consequences of

the Poincaré inequality under some conditions for the measure.

It is known that if a complete doubling metric measure space supports a (1, p)-Poincaré inequality, then the
space is quasiconvex i.e. there exists a constant such that every pair of points can be connected with a curve
whose length is at most the constant times the distance between the points, see [17], [5] and [14]. We have

included a sketch of the proof here.

In this work, we improve this result: If the space supports a weak (1, p)-Poincaré inequality with p sufficiently
small, then annuli are almost quasiconvex. This result, Theorem 3.3, is of a quantitative nature, and we obtain
an estimate for the modulus of curve families joining small neighbourhoods of a pair of points. Observe that
the proof of quasiconvexity gives only one curve joining any pair of points. This result is also partial converse

of the result by Semmes about families of curves implying Poincaré inequality, see [16].

The condition in the main result is related to a weaker condition, which is called local linear connectivity,
see for example [10]. In [4] and [11] the standing assumption is that the space is locally linearly connecdted
and that it supports a (1, p)—Poincaré inequality. It follows from the main theorem that the assumption on

local linear connectivity can be removed.



Finally, we complement the main result by proving that if the space supports a (1, p)-Poincaré inequality
for a sufficiently small p, then we obtain lower bounds for the Hausdorff s—content and the diameter of the
spheres. If the measure is Ahlfors Q-regular, for some @ > 1, then the results of [1] and [15] yield upper

bounds for the Hausdorff (Q —1)—dimensional content of spheres. Our result therefore completes this picture.

2. Preliminaries

In this section we recall standard definitions and results needed for the proofs of Theorems 3.1, 3.3, and 3.4.
In this paper (X, d, 1) denotes a metric measure space and p is a Borel regular outer measure such that the
measure of bounded open sets is positive and finite. The ball with center x € X and radius r > 0 is denoted
by

B=B(z,r)={ye X : d(z,y) <r}.
We write

1
Ug :][ ud,u:—/ wdp
A 1(A) J 4

for every measurable set A C X with 0 < p(A) < oo and measurable function v : X — [—o0, 00].

The measure is said to be doubling if there is a constant C}, > 1 such that
w(B(x,2r)) < Cup(B(z, 1))

for every z € X and r > 0.

Let s > 0. The restricted Hausdorff s—content of a set E C X is
(oo}

HE(E) = infz Ty
i=1

where the infimum is taken over all countable covers of E by balls B; of radius r; < R. The Hausdorff

s-content of E is H°(F) and the Hausdorff measure

Ho(E) = lim HE(E).

Thus the s—content of E is less than or equal to the Hausdorff s—measure of the set, and it is finite for

bounded sets.

A curve in X is a continuous map «y of an intervel I C R into X. A curve is rectifiable, if its length is finite.
We say that the space is quasiconvez if there exists a uniform constant C;; > 1 such that every pair of points
z,y € X can be connected with a rectifiable curve 7y, whose length satisfies {(7,,) < Cyd(z,y). Moreover,

the space is locally quasiconvex if each point has a quasiconvex neighbourhood.

A metric space is said to be linearly locally connected if there is a constant C' > 1 so that for each x € X and
r > 0 any pair of points in B(z,r) can be joined in B(z,Cr) by a rectifiable curve, and any pair of points

in X \ B(z,r) can be joined in X \ B(x,r/C) with a rectifiable curve.



Let U be an open set in X. We say that a Borel function g : U — [0, o0] is an upper gradient of u in U if

() — u(y)] < / gds

Yy

whenever v, is a rectifiable curve joining two points # and y in U. In R" the modulus of the gradient is an

upper gradient of every Sobolev function, but unlike the gradient, an upper gradient is not unique.

We will use the following definition for the Poincaré inequality:

Definition 2.1. We say that a metric measure space X supports a weak (1, p)-Poincaré inequality, 1 < p < oo,

if there exist constants C' > 0 and A > 1 such that

1/p
][ lu = up | duy < Cr (][ q" du) (2.1)
B(z,r) B(z,Ar)

for every z € X and 0 < r < diam(X), for every function v : X — R, and for every upper gradient g of w.

The word weak refers to the possibility that A may be strictly greater than 1.

There are several possible definitions for the Poincaré inequality. Most of them are equivalent if the measure
is doubling and the space is complete. For example, instead of all measurable functions, it is enough to
require inequality (2.1) for compactly supported Lipschitz functions with Lipschitz upper gradients. Or we
may replace the upper gradient by the local Lipschitz constant, see [14]. For more information about the
Poincaré inequality, see also for example [2], [6] and [9]. Let I" be a family of curves in X and let 1 < p < oo.

The p—modulus of T' is defined as

mod, I' = inf/ PP du,
X

where the infimum is taken over all nonnegative Borel functions p : X — [0, co] satisfying

/ pds>1 (2.2)
y

for all rectifiable curves v € I'. Functions p satisfying (2.2) are called admissible (metrics) for T.

Suppose that E and F' are closed subsets of an open set U C X. The triple (E, F;U) is called a condenser
and its p—capacity for 1 < p < oo is defined as

cap,(E, F;U) = inf/ gP du,
U

where the infimum is taken over all upper gradients g of all functions u in U such that ujp > 1 and u;p < 0.
Such a function u is called admissible for the condenser (E, F;U). If U = X, we write (E,F;U) = (E, F). If
X supports a (1, p)-Poincaré inequality then any function u that has an upper gradient in L?(X) must be
(X) (see [12]) and hence is in class LF (X) (see [8]).

measurable and be in class L} -

loc

There is a fundamental equality between the modulus and the capacity.

Proposition 2.2. Let (X, d, 1) be a metric measure space. Then

cap, (E, F;U) =mod,(E, F;U
pp( ) ) P ) 9 )



where the modulus on the right-hand side is the modulus of all curves joining the sets E and F in U.

For the proof of Proposition 2.2, see for example [9].

It is possible to estimate modulus through capacity. Because we want estimates from below, the following

result is useful.

Proposition 2.3. Let (X, d,u) be a proper and locally quasiconver metric measure space. Suppose that X
supports a weak (1, p)—Poincaré inequality, 1 < p < 0o, and that E and F' are two compact disjoint subsets

of X. Then, in the definition of cap,(E, F), we can restrict to locally Lipschitz functions u.

For the proof, see [13].

Given a Lipschitz function v : X — R and =z € X, we set

1
M#* = —upl|d
@) o diamB]{B v = usl dp,

where the supremum is taken over all balls B C X that contain x. With this sharp fractional maximal

operator we obtain a pointwise estimate for the oscillation of functions. For the proof, see for example [7].

Proposition 2.4. Let (X,d, ) be a metric measure space with p doubling, and let uw : X — R be Lipschitz.
Then there exists C' > 0 that depends only on the doubling constant of u such that

[u(z) —u(y)| < Cd(z,y) (M7 u(z) + M*u(y)),

whenever xz,y € X.

3. Quasiconvexity of annuli

In this section we prove Theorem 3.3, which is the main result of this paper. We start with a sketch of the

proof of Theorem 3.1. See also [17], [5] and [14].

Theorem 3.1. Suppose that (X,d, ) is a complete metric measure space with p a doubling measure. If X
supports a weak (1,p)-Poincaré inequality for some 1 < p < oo, then X is quasiconver with a constant

depending only on the constants of the Poincaré inequality and the doubling constant.

Proof. Let ¢ > 0. We say that x,z € X lie in the same e—component of X if there exists a finite chain

20,21, - - -, 2N such that

zy =z and (3.1)
d(Zi7Z1j+1) §€ for alli:O,...,N— 1.

Clearly, lying in the same e—component defines an equivalence relation, and the distance between two different

e—components is at least ¢. If x and y lie in different e—components, then it is obvious that there does not



exist a rectifiable curve joining x and y. Thus, the function g = 0 is an upper gradient for the characteristic
function of any component. By applying the (1, p)-Poincaré inequality to the characteristic function of any
component, it follows that all the points of X lie in the same e—component. Hence for every ¢ > 0 the space

X consists of only one e-component.

Let us fix z,y € X and prove that there exists a curve 7 joining = and y with length at most Cd(z,y),
where C' depends only on the doubling constant and the constants in the Poincaré inequality. We define the

e—distance of x and z to be

N-1
Pu.e(2) == inf Z d(ziy 2i41),

1=0

where the infimum is taken over all finite chains {z;} satisfying (3.1). Note that

Pae(2) < 00

for all z,z € X. If d(z,w) < ¢, then

12, (2) = pae(w)| < d(z,w).

Clearly, for all ¢ > 0, the function g = 1 is an upper gradient of p, .. Thus by Proposition 2.4 and the
Poincaré inequality,
Pa.e(Y) = [Pz () = prc(v)]
< Cd(x, y) (M#px,e(x) + M#px,a(y))

< Cd(z,y) sup M¥ p,, . (2)
zeX

1/p
< Cd(x,y)sup (7[ q° du)
B B

< Cd(z,y).
Note that C' does not depend on .
Now we take a sequence €; — 0. For every ¢;, there exists a chain z;0 = x,...,2; N, = y such that

d(Zjﬁi, Zj,i-i-l) S €j for all i = 0, PN ,ij —1.

Let
Sii =Y d(zjks Zjks1):
k=0
We define mappings
7] : [07 Od(.I, y)] — {Zj,oa sy Zj,Nj}
so that
vi ([8j.i-1,854)) ={zj:}, if i=0,...,N;—1and

(3.2)
’y(f) =1, if t> Sj,Njfl-



Let {a;}52; be a countable dense subset of [0, Cd(x,y)]. We define 7y ; = ~y; and choose {v;;}i C {vj-1,i}i

for every j so that

lim v;,(a;) = z;
11— 00

for some x; € X. Because bounded and closed sets are compact in X, such a subsequence exists for every j.

Now we can define 7 : {a1,as9,...} — X so that
V(a;) = z;
for every j € N.

It is straightforward to show that 7 is 1-Lipschitz. Because {a;}; is dense and X is complete, there exists a
unique 1-Lipschitz extension « for ¥ to the set [0, Cd(z,y)]. Hence ~ is a curve connecting x and y, and its

length is at most Cd(x,y). Because 2 and y were arbitrary, this proves that X is quasiconvex. (|
The following result is a modification of Theorem 5.9 in [10]. We include the proof for the sake of completeness.

Lemma 3.2. Let (X,d,pu) be a metric measure space. Suppose that the measure p is doubling and that X
supports a weak (1, p)-Poincaré inequality for some 1 < p < oo. Let E and F be two compact subsets of a
ball B(z, R) C X and assume that for some 0 < k < 1, we have

min{u(E), u(F)} > ku(B(z, R)). (3.3)

Then there is a constant C > 1 so that
/ g* du > C'ku(B(z,R))R7?,
B(z,10AR)

whenever u is a continuous function in the ball B(z,10AR) with ujp < 0 and wyp > 1, and g is an upper

gradient of u in B. Here, X is the same constant that appears in the weak Poincaré inequlity (2.1).

Proof. Let u be a continuous function in the ball B(z, 10AR). Assume that ujz <0 and ujp > 1, and let g

be an upper gradient of u in B(z, 10AR).

The proof splits into two cases depending on whether or not there are points x in F and y in F' so that

neither

|u(z) — up(z,R)|
nor

[u(y) — up(y,p)l

exceeds 1/5. If such points can be found, then

1< u(z) —u(y)| <1/5+ [up(a,r) — uBe,r)| +1/5,

and hence

1/p
B(y,5R) B(z,10AR)



from which the claim follows. Note that B(x, R) C B(y,5R) C B(z,10R).

By symmetry, the second alternative is that for all points z in E we have that
1/5 < |u(z) — up(a,r)l-

Because u is continuous, and hence x is a Lebesgue point of u,

1/5< Z |UB(z,2-iR) — UB(z,2-i-1R)|

j=0
<cyf [ — (- dp
2 o
oo 1/p
<C» (277R) ][ gP du .
; ( B(z,\277R)

Hence there exists j, such that

1/p
C 2R ][ gPdp| =277
B(xz,\27Jx R)

Using the Covering Theorem 1.2 in [9] and the fact that X is doubling, we find a pairwise disjoint collection
of balls of the form B(xy, A\ri) with 7, = 277=x R such that

EC UB(Z‘k, 5)\7%)

k
and
C/ 9P dp > w(B(xk, Arg))R7P. (3.4)
B(mk,)\rk)
Hence using equations (3.4) and (3.3) we get
g’ dp > / g"dp
/B(z,w,\R) ; B(xk,ATk)

>(1/C) »  w(B(wg, Arg)) R™P

NgERINgE

>(1/C) > u(B(zy, 5Ary)) R™P

ES
Il

1

>(1/C)u(EYR™P = (5/C)u(B(z, R) R

as desired. This completes the proof. (|
The following theorem is our main result.

Theorem 3.3. Let (X,d, ) be a complete metric measure space with a doubling measure u that satisfies

(B(z,1)) r\Q
5(3@,3)) <c(3)

R
for some @ > 1 and for every x € X and 0 < r < R. If X supports a weak (1,p)—Poincaré inequality for

some p < @Q, then there exists a constant C' > 1 such that for all z € X, r > 0, every pair of points in



B(z,r) \ B(z,r/2) can be joined in B(z,Cr)\ B(z,r/C) with a curve whose length is at most C' times the

distance between the points.

Proof. Fix a ball B = B(z,r) and points x,y € B(z,r)\ B(z,7/2). By Theorem 3.1 X is quasiconvex. Hence
there exists a curve connecting = and y whose length is at most Cyd(x,y). If d(x,y) < r/2Cy, the shortest

curve connecting z and y in X cannot intersect B(z,7/4) or leave B(z,2r). So we may assume that

> —.
d(flf,y) — 20q

Consider the sets
E = B(z,ar) and F = B(y,ar).

If we choose a = 1/(8Cy), then dist(E, F') is comparable to r, and from each point of E and F' there exists
a curve in the annulus connecting it to x and y respectively with length no more than r. So it is enough to
prove that the sets E and F can be connected with a curve in B(z,Cr) \ B(z,r/C) with length at most Cr

for some uniform constant C' > 1.

Let T' be the family of rectifiable curves joining E and F, and not leaving B(z, 10Ar). Given A > 1, T'{! is
the subset of I' consisting of all the curves intersecting B(z,7/A) and I'4' is the subset of I' consisting of all

the curves not intersecting B(z,r/A).

Because the measure p is doubling, it follows that
. 1
min{u(E), u(F)} = 5u(B(z 1))
By Lemma 3.2 with p = @Q,

modq(I') =capg (£, F'; B(z,10Ar))

= inf/ g9 dp
9 JB(z,10\r)
1

ZC*O,U(B(Z, r)r=?,

where the infimum is taken over all functions g satifying the conditions of Lemma 3.2. The constant Cy is

independent of . On the other hand,
modg(I'{') < modg(B(z,7/A), X \ B(z,7/2))
and we can control the right—hand side of the above inequality using the following admissible metric
p(x) = (|2 — 2/1085(A/2) ™ XB(zr/2)\B(zr/4) (T)-

Without loss of generality, we may assume that log, A is an integer. By using

log,(A/2) . ‘
B(Z’T/Q)\B(Z’T/A) = U B(Z,27j7‘)\B(Z72*]71,r)7

j=1



we have

modg(I'{) < / p? du
X

log,(A/2) » 4
<(logy(A4/2))~% Z w(B(z, 2 7)) (270r) @
logz(4/2)
<C29(10gy(A/2) " u(B(z,m)r=@ S (277)22@

=C29(log,(4/2))' (B (z,m)r™ .
Because 1 — Q) < 0, by choosing
A > 9l-(27FCC,) T
then modg(I'{!) is small compared to modg (). Hence

(B, r)r<.

modg (') > modg(T) — modg(I'y') > 5C
0

Let
It ={yerd : i(y) > Lr}.
Then p = 1/(LT)XB(Z,1O>\T‘) is an admissible metric for F?’L , and hence we have that
mon(Ff‘L) < /X p®@dp = pu(B(z,10\r))r~ 9. L79
< Cu(B(z,7)r 9. L9
If L > (4CoC)"/?, then

AL
modg (' \Ty™") > IToNa

and hence there exists a curve connecting F and F' in B(z,10Ar)\ B(z,7/A), with length less than Lr. This

(B(z,m)r™?,

completes the proof. O

The following theorem shows that Theorem 3.3 does not hold if p > @, because in that case, the modulus of
a curve family going through one point may be positive. If we have two metric measure spaces (X1, dy, (1)
and (X3, ds, o) that satisfy the (1, p)-Poincaré inequality, and we glue X; and X, together by identifying
points z; € X; and xo € X with positive p—capacity, we get a space that supports the (1, p)-Poincaré

inequality but where the annuli around the point x; are disconnected.

Theorem 3.4. Let (X,d, ) be a metric measure space with a doubling measure p. If the local growth bound

Q(x) — hm Sup log ,LL(B("E, T))
r—0 logr

at a point xg is strictly less than p and the space supports (1,p)—Poincaré inequality, then there exists 1,

such that

cap,({zo}, X \ B(xo,74,)) > 0.



On the other hand, if p < Q(xo), then
cap,({zo}, X \ B(wo,7)) =0
for all v > 0.
Proof. If p > q where ¢ = Q(xg), then there exists 0 < ¢, < min{1,diam(X)/3} such that for all r < ¢,

we have

w(B(zo,7)) = 1°, (3.5)
where s = (p + ¢q)/2. Let u be a continuous function such that u(zg) = 1 and v = 0 in the complement of
B(zg,rg,), where 0 < 75, < ts, is chosen so that pu(B(xo,Tz,)) < p(B(xo,tz,))/2, and let g be an upper
gradient of u. Let r; = 2%, and B; = B(xg,r;). Because X supports a (1, p)-Poincaré inequality and zg

is a Lebesgue point, we have

o0
1/2 < |’u(l‘0) - uBol < Z |U’Bi - uBi+1|
=0

o 1 1/p
<CY ri|—%= / 9" du

; (M(Bl) B(xo,Ari)

0o 1/p
<C)» ri|r® / g"dp

; ( B(xg,)\n-)

0o 1/p
<cN e / g7 du

; ! < B(a}o,)\txo)

1/p
<Ct, /" ( / g9 du) :
B(waAtwg)

Note that 1 — s/p > 0. Here we used also equation (3.5) and the fact that u is a doubling measure.
It follows that
/ g'du>Cty 7 > C
B(xo,Atzq)
and we have a lower bound for the capacity.

If 1 < p < ¢, then there exist a real number p < gy < ¢ and a sequence of positive numbers s; — 0 such that
1(B(zo, i) < s7°.

Then p(B(zg,7)) < r? for all ng/p < r < s; and by a standard way of estimating the capacity of an annulus
we get
cap, ({zo}, X \ B(xo,1)) < cap, (B(ao, s{*/"); X \ B(xo, 51))
< C(—logs;)' 7P,

which converges to 0 as s; — 0. O

The following example shows that the condition ¢ > 1 is necessary in Theorem 3.3.



Example 3.5. Let X = R with euclidean metric and Lebesgue measure. Then X supports a (1, 1)-Poincaré
inequality and satisfies the mass bound with @ = 1, but all the annuli are disconnected and hence they are

not quasiconvex.

4. Size of spheres

In this section, we complement the main result by proving that if the space satisfies the assumptions of
Theorem 3.3, we obtain lower bounds for the Hausdorff s—content and the diameter of the spheres. The

proofs are based on methods similar to that in Theorem 3.3.

Theorem 4.1. Let (X,d, ) satisfy the same assumptions as in Theorem 3.3. Then there exists ¢ > 0 such
that if 3r < diam X, then

diam({z € X : d(xz,xz9) =7}) > cr

for every xg € X.

Proof. Fix x¢ € X and r < diam(X)/3. Let
G={zeX :d(x,z) =1}
Fix z € G and 0 < a such that G C B(z,ar). Suppose that a < 1/4. Let
E = B(xg,7/2) and F = X\ B(x,7).
As X is connected and complete, and 7 < % diam(X), the set {x € X : d(zg,x) = 3r/2} is nonempty.
Because the measure 4 is doubling, there exists v = v(C},) > 0 such that
min{u(E), u(F N B(zo,2r))} > vu(B(wz, 3r)).

By Lemma 3.2 we have

capg(E, F') = capg(E, F N B(xo, 2r); B(xo,37)) > (B(z0,7))r <.

1
o
On the other hand, we can estimate capq (X \ B(z,7/2), B(z,ar)) in the same way as in Theorem 3.3 and
obtain
CapQ(E7 F) = CapQ(Ea G)
< capo(X \ B(z,7/4), B(z,ar))
<Ca(log1/a)'=p(B(o, ).

Here we used the fact that E C X \ B(z,r/4) and G C B(z, ar).

Hence

Cy(log1/a)'=Cu(B(x,r))r ¢ > capg(E, F) > Cilu(B(xo,r))r_Q,



and this gives the lower bound
a > exp (—(Cng)ﬁ> .
O

Theorem 4.2. Let (X, d, p) satisfy the same assumptions as in Theorem 3.3. Then if g € X, 3R < diam(X)

and s < QQ — p, we have
HE({zx e X : d(z,z9) = R}) > cR°.

Proof. Let
E =B(zg, R/2),
F =B(z0,2R) \ B(xo,R), and
F={zeX:dzmz)=R}

Let {B(z;,7;)}; be a covering of F. If r; > ¢oR for some i, then
oo
er > >y R°.
j=1

So we may assume that all r; are small compared to R.

By using the admissible metric

gi(x) = Or @™/ P D g(q, ;) QO b R\ Bl (T

we get the estimate

cap,(B(z, 1), F) < Cu(B(x()?R))R—QrQ—p’

2

and hence

capp(ﬁ, E)< Z cap,(B(z, 1), E)

i=1

<Cp(B(zo, R)R™Y 1277
=1

<Cu(B(wo, R)R™PY (ri/R)°.
i=1

On the other hand using Lemma 3.2 in the same way as in the proof of Theorem 4.1 we get the following

lower bound for the capacity
cap, (F, E) = cap,(F, E) > cju(B(zo, R))R". (4.1)
Therefore, by the previous series of inequalities,

CZ(ri/R)Su(B(xo, R))R™P > cu(B(xzo, R))R7P,



that is,
Z r; > cR®.
Finally, by taking infimum over all coverings of F we get ’Hf"(ﬁ ) > cR*. |
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