
Appendix F

Lp
strong, Lp

weakand Integration

Orderandsimplificationarethefirststepstowardmasteryof asubject
— theactualenemyis theunknown.

— ThomasMann(1875–1955)

For a function f : Q � ��� B � B2 � , Bochner-measurabilitycorrespondsto
the uniform (i.e., Banachspace)topology of ��� B � B2 � . However, for several
applicationsit sufficesthat,e.g., f x : Q � B2 is measurablefor eachx � B (i.e.,
that f is stronglymeasurable). Westudythisandthecorrespondingweakconcept;
in particular, we defineand study Lp

strong andLp
weak spaces(in SectionF.1; we

note that L∞
strong is usually a Banachspace(TheoremF.1.9) but Lp

strong is often
incompletefor p � ∞ (ExampleF.1.10)).

In SectionF.2, we defineandstudyintegrationandconvolution for strongly
or weaklymeasurablefunctions.In SectionF.3,we treatHp

strongandHp
weakspaces

andtheLaplacetransformof stronglyor weaklymeasurablefunctions.
In this chapter, B, B2 andB3 denoteBanachspacesover the scalarfield K ,

whereK � R or K � C (we have K � C in SectionF.3), U , H, andY denote
Hilbert spaces,andµ is acompletepositivemeasureonasetQ.
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F.1 Lp
strongand Lp

weak

If youthinkyouhavethesolution,thequestionwaspoorlyphrased.

In this section, we study strong and weak (operator)measurabilityand
correspondingLp spaces.Westartwith thedefinitionsof measurability:

Definition F.1.1(Strong and weakmeasurability, L � Lstrong� LweakL � Lstrong� LweakL � Lstrong� Lweak) By
L � Q; 	 � we denotethe (equivalenceclassesof) Bochner measurable functions
Q � 	 .

Let F : Q � ��� B � B2 � . Then F is strongly measurable ( 
 F ���
Lstrong

� Q; ��� B � B2 �
� ) if Fx � L � Q;B2 � for all x � B, andF is weaklymeasurable
( 
 F ��� Lweak

� Q; ��� B � B2 �
� ) if ΛFx � L � Q� for all x � B � Λ � B�2.
ElementsF � G � L (respLstrong, Lweak) are identified( 
 F ����
 G� , or F ��
 G� ,

where 
 F � is theequivalenceclassof F) if F � G a.e. (resp.Fx � Gx a.e. for all
x � B, ΛFx � ΛGx a.e. for all x � B � Λ � B�2).

If F : Q � ��� B � B2 � and G : Q � ��� B�2 � B� � are strongly (resp. weakly)
measurableand � Fx � Λ��� B2 � B�2� ��� x � GΛ��� B � B� � a.e. for all x � B � Λ � B�2, then 
 G� is
theadjointof 
 F � ] in Lstrong(resp.Lweak) andwewrite 
 F ������
 G� .

If F � L � Q; ��� B � B2 ��� and G � L � Q; ��� B2 � B3 ��� , then we define 
 G��
 F � : �
 GF ��� Lstrong
� Q; ��� B � B3 ��� .

Theabovedefinitioncanbegeneralizedto situationswhereF is B3-valuedand
thereis a continuousbilinearmappingB � B3

� B2, but thesesituationscanbe
reducedto theaboveby consideringB3 asasubspaceof ��� B � B2 � . Thedefinition
of 
 G� 
 F � will bejustifiedin theproofof LemmaF.1.3(b).

We write 
 F � L , 
 F � Lstrong or 
 F � Lweak when theremay be confusionaboutthe
sensein whichanequivalenceclassis defined.Weusethestandardconventionto
write F in placeof 
 F � whenthereis no risk of confusion.

The Bochnermeasurabilityof an operator-valued function is often called
uniform measurability (in the literature,also the term “strong measurability”is
used,but weshallusethattermfor Lstrongonly).

We shall interpretthe definition of Lstrong andLweak for vector-valuedfunc-
tionsasfollows: if f : Q � B, thenwe considerf asa functionQ �!��� K ;B� , so
that strong(operator)measurabilityreducesto Bochnermeasurabilityandweak
(operator)measurabilityreducesto “weak vectormeasurability”,i.e., to thecon-
dition thatΛ f � L for all Λ � B� (for operator-valuedfunctions,by weakmeasur-
ability we referto weakoperatormeasurability, asdefinedin DefinitionF.1.1).

Lemma F.1.2

(a) L � Q; ��� B � B2 �
��" Lstrong
� Q; ��� B � B2 �
��" Lweak

� Q; ��� B � B2 �
� .
(b1) If 
 F �#� Lstrong

� Q; ��� B � B2 �
� hasan adjoint in Lstrong, thenthis adjoint is
unique.

(b2) If F � F �$� Lstrong, then 
 F �%� Lstrong �&
 F ���Lstrong
. If F � F �$� Lweak, then
 F �
� Lweak �'
 F ���Lweak

.
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(c) Let B be reflexive. If 
 F ��� Lweak
� Q; ��� B � B2 �
� , then 
 F ���(�

Lweak
� Q; ��� B�2 � B� �
� and 
 F �
�)�'
 F �*� .

In contrastto (a) and(b), in Example3.1.4we constructF � Lstrong + L s.t.
F �,� Lweak + Lstrong and esssup - F � Λ - B� � ∞ for certainΛ � B�2, even though
F �.
 0� Lstrong andhence 
 F � �Lstrong

�/
 0� �Lstrong
�/
 0� Lstrong. Thus,e.g., 
 F �0� Lstrong

mayhaveanadjointin Lstrongevenif F �21� Lstrong.
Proof: (a) This follows from (B.18) (Naturally, the inclusionsshouldbe

injective. By Lemma B.2.6, this is the case(but the equivalenceclasses
may be enlargedwith “less measurable”elementsandtheremay appearnew
equivalenceclassesaswemovefrom L to Lstrongor from Lstrong to Lweak).)

(b2)&(c) Thesefollow directly from thedefinition.
(b1) For 
 F �3� Lstrong

� Q; ��� B � B2 ��� we have, by LemmaB.2.6, that 
 F �4�
 0�65 ΛFx � 0 a.e.for all x � B � Λ � B�2.
If 
 F �*�7� 
 G� and 
 F �*�8� 
 H � , then � x � � G 9 H � Λ�:� 0 a.e. for all

Λ � B�2 � x � B. Therefore,hence � G 9 H � Λ � 0 a.e. for all Λ � B�2, by
LemmaB.2.6(because; x � B << - x - B = 1 > " � B� � � is norming),i.e., 
 G�?��
 H � .@
Now we go on with further propertiesof strongly and weakly measurable

functions:

Lemma F.1.3 Let 
 F �0� Lstrong
� Q; ��� B � B2 ��� , 
 G�A� Lstrong

� Q; ��� B2 � B3 �
� , 
 f �A�
L � Q;B� , 
 h�B� L � Q� , H : Q � ��� B � B2 � and 1 = p = ∞. Then we have the
following:

(a) F f � L � Q � B2 � andhF � Lstrong
� Q; ��� B � B2 �
� .

(b) We have 
 GF �#� Lstrong
� Q; ��� B � B3 �
� . In particular, Lstrong

� Q � ��� B�
� is an
algebra.

(c) If Hn � Lstrong for all n � N andHn
� H aC eC , thenH � Lstrong.

(d) If dimB � ∞, thenLstrong
� Q; ��� B � B2 �
� � L � Q; ��� B � B2 �
� (and 
 F � Lstrong �
 F � L); if B2 is separable, then Lweak

� Q; ��� B � B2 ��� � Lstrong
� Q; ��� B � B2 �
�

(and 
 F � Lstrong ��
 F � Lweak).

(e) If also R is a measure space, then �
� q � r �ED� F � q��� � Lstrong
� Q � R� and� q � r �FD� F � r 9 q� � Lstrong

� Q � R� .
(f1) Assumethat B is separable. Then - F - is measurable and -G
 F ��- L∞

strong
�

esssup- F -%HJI B � B2 K = ∞, in particular, 
 F �?��
 0�65 F � 0 a.e.

Moreover, 
 F �4�ML Lstrong iff F � q� �ML � for a.e. q � Q and 
 F N 1 �4� Lstrong.
If, B is alsoreflexive, thenF �O� Lstrongand 
 F �
�?��
 F �*� .

(f2) AssumethatQ is separableandµ � Ω �AP 0 for openΩ " Q.

Then Q � Q; ��� B � B2 �
��" L � Q; ��� B � B2 �
��" Lstrong
� Q; ��� B � B2 �
� . Moreover,Q b

� Q; ��� B � B2 �
�R" L∞ � Q; ��� B � B2 �
�R" L∞
strong

� Q; ��� B � B2 �
� , with equal
norms.
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Assume, in addition, that F �SQ � Q; ��� B � B2 �
� . Then 
 F �%�T�U
 F ��� and-G
 F �V- L∞
strong

� supQ - F - HJI B � B2 K = ∞; in particular, 
 F �)�'
 0�W5 F X 0.

If F � q� �YL ��� B � B2 � for a.e. q � Q, then 
 F � N 1 �Z
 F N 1 �F�YL Lstrong. Con-
versely, if 
 F �[�SL Lstrong and 
 G�#�\
 F � N 1 and - G - HJI B2 � BK = M a.e., then
F � q� �]L ��� B � B2 � for all q � Q.

(g) Assumethat B3 � B. Thenany separable setsX0 " B and Y0 " B2 are
contained,respectively, in closedseparablesubspacesX " B andY " B2,
s.t. there is a null setN " Q satisfyingF � q� x � Y and G � q� y � X for all
x � X, y � Y andq � Q + N. (Cf. Lemma3.2.6.)

(w) ReplaceLstrong by Lweak everywhere above in this lemma. Thenparts (c)
and (e) above hold, we havehF � Lweak

� Q; ��� B � B2 �
� , and g � L � Q;B�2 �
impliesthat gF f � L � Q� . Parts (f1) and (f2) (providedthat bothB andB2

are assumedto be separable in (f1)) also hold exceptpossiblythe claims
concerningL Lstrongand L L∞

strong.

Moreover, if f � L, thenF f � Lweak; if F � Lstrong, thenGF � Lweak;

Note that any measurablesubsetof Rn with the Lebesguemeasure(or any
countableset with the countingmeasure)satisfiesthe assumptionsof (f2), by
LemmaB.2.3(e).

Proof: (a) The claim on hF is a special case of (b). Now g j : �
∑ j

k ^ 1FxkχEk
� L � Q;B2 � for all j � N, ; xk > " B anddisjoint, measurableEk

(k � N). Therefore,F f � lim j _,` ∞ g j � L, when f � ∑∞
k ^ 1 xkχEk

. If f � L is
arbitrary, fn

� f a.e.,and fn is countably-valued(n � N), thenL a F fn
� F f

a.e.,asn �!b ∞, hencethenF f � L, by LemmaB.2.5(c).
(b) 1c Now Fx � L, henceGFx � L, by (a), for any x � B. Thus, 
 GF �3�

Lstrong.
2c We shall now show that 
 G� 
 F � : �\
 GF � is well defined,as promised

below DefinitionF.1.1: Let F de�(
 F � , Gde�R
 G� andx � B. By LemmaB.2.5(b1),
thereis a separablesubsetB0 " B s.t.F � q� x � B0 for a.e.q � Q. Chooseanull
setN " Q s.t.Fy � F d y onNc for all y in adense,countablesubsetof B0, hence
for all y � B0. ThenFGx � F d Gd x a.e.on Nc, hencea.e.,hence
 FG�?�f
 F d Gdg� ,
hencemultiplicationis well-defined.

3c Apply 1c to B2 � B � B3 to seethatLstrong
� Q; ��� B��� is analgebra.

(c) Now Hx � limnHnx a.e. henceHx � Lstrong, for any x � B (thus,it were
sufficient if Hn

� H strongly).
(d) We assumethatdimB � ∞ andprove thatF � L � Q; ��� B � B2 �
� . Take a

basee1 �
C
C
Ch� en " B, andset f j : � Fej � L � Q;B2 � for all j. ThenF ∑n
j ^ 1 α jej �

∑n
j ^ 1 α j f j , henceF � ∑ j f jPj � L, wherePj � B� is themapping∑n

j ^ 1α jej D�
α j . Obviously, Fx � 0 a.e.for all x � B if f F � 0 a.e.,hence
 0� Lstrong �'
 0� L.

If, insteadB2 is separable,then any F � Lweak
� Q; ��� B � B2 �
� is strongly

measurable,by LemmaB.2.5(b1)(andΛFx � 0 a.e.for all Λ � B�2 if f Fx � 0
a.e.,hence
 0� Lstrong ��
 0� Lweak).

(e) Now F �Vi � x � L � Q � B2 �j" L � Q � R� B2 � for all x � B, henceq D� F � q�
is in Lstrong

� Q � R� . The secondclaim follows analogously, by usingLemma
B.2.9.
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(f1) 1c Let ; bk > k k N be densein the unit ball of B. Then - F - HJI B � B2 K �
supk - Fbk - B2 is measurableand - F - L∞

strong
� supk - Fbk - L∞ = esssup- F - . But if- F - P M onE with µ � E �3P 0, then l kEk � E, whereEk : ��; q � E << - F � q� bk - P

M > , hencethen µ � Ek �mP 0 for somek, thus - Fbk - ∞ P M. Consequently,
supk - Fbk - L∞ = esssup - F - .

2c Claim 
 F � N 1 �n
 F N 1 � : If F N 1 exists a.e. and 
 F N 1 �o� Lstrong, then,
obviously, 
 F N 1 � 
 F �)� I and 
 F � 
 F N 1 �)� I in Lstrong.

For the converse,assumethat B3 � B and 
 G�4�p
 F � N 1. SetX0 : � B and
apply(g) to obtainanull setN " Q andaclosedseparablesubspaceY " B2 s.t.
F � q� 
 B� " Y for all q � Q + N.

Now IB 9 GF � 0 a.e.on Nc and � IB2 9 FG�rqY � 0 a.e.on Nc Therefore,

G qY � F N 1 a.e.onNc, say, onNc
1, whereN1 is anull set.But for any y � B2 we

haveFGy � y a.e.onNc
1, henceB2 � Y, i.e.,G � F N 1 onNc

1, hencea.e.
3c Assumenow thatB is alsoreflexive. Let Λ � B�2. Then � x � F � Λ�)�M� Fx � Λ�

is measurablefor all x � B � B�h� , andF � Λ : Q � B� is separably-valued(B�
is separable,by Lemma A.3.4(R2)), henceF � Λ is measurable,by Lemma
B.2.5(b1).Obviously, 
 F �%�?��
 F �*� .

(f2) (In fact,piecewisecontinuitysuffices(or thatQ �sl n k NQn, where,for
eachn, Qn " Q is a Borel set,F ��Q � Qn; ��� U � Y �
� , andµ � Ω ��P 0 for all open
Ω " Qn).) Note that we implicitly assumedthat Q is a topologicalspaceand
thatall Borel-setsaremeasurable.

1c By LemmaB.2.5(e),Q " L. (NotethatwehaveidentifiedF and 
 F � L for
F �tQ ; by 3c , this inclusionis injective.)Combinethiswith LemmaF.1.2(a)to
obtain Q " L " Lstrong.

2c Wehave - F - L∞
strong

� supQ - F - : If F �tQ and - F � q� x - P M : �'- F - L∞
strong

for somex � B s.t. - x - = 1, thenΩ : �'; q � Q << - F � q� x - P M > hasa positive
measure,hence - Fx - ∞ P M, a contradiction,hencesupQ - F - HJI B � B2 K = M,
hencesupQ - F - HJI B � B2 K � M.

3c Q b " L∞ " L∞
strongwith equalnorms: this follows from 1c and2c .

4c Now alsoF � is continuous,henceF � � L " Lstrong, by 1c . From the
definitionof 
 F � � we observe that 
 F � �?�'
 F � � .

5c If F � q� �uL ��� B � B2 � for q � Nc, whereN is a null set, then F N 1 �Q � Nc; ��� B2 � B�
�A" Lstrong
� Nc; ��� B2 � B�
� � Lstrong

� Q; ��� B2 � B�
� .
6c Assumethat 
 F �0�SL Lstrong, 
 G�3�/
 F � N 1 and - G - HJI B2 � BK = M on Nc

0,
whereN0 is anull set.

Let x0 � B and y0 � B2 be arbitrary. Set X0 : �\; x0 > , Y0 : �v; y0 > , and
apply(g) to obtainclosedseparablesubspacesX � Y anda setN s.t.F � q� X " Y
andG � q� Y " X for all q � Nc, x0 � X " B andy0 � Y " B2. By continuity,
F � q� X " Y for all q � Q.

SinceGFx � x andFGy � y a.e.for all x � B andy � B2, hencefor all x � X
andy � Y, wehave 
 F � N 1 �w
 G� alsoin L∞

strong
� Q; ��� Y� X �
� . Thus,wecanapply

(f1) to obtainthatF � q�xq X �yL ��� X � Y � for a.e.q � Q, sayfor q � Nc
x0 � y0

, where
Nx0 � y0 is anull set.

We now show that F � q� q X �ZL ��� B � B2 � for all q � Q: To obtain a
contradiction,assumethatF � q0 � q X 1�RL ��� B � B2 � for someq0 � Q. Thenthereis
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anopenV " ��� X � Y � s.t.F � q0 � � V andT � V & T �zL ��� X � Y �[{ - T N 1 - P
M, by LemmaA.3.3(A4). It follows thatV d : �f; q � Q << F � q� q X � V > is open
andV d " N0 l Nx0 � y0, henceµ � V d � � 0, henceV d6� /0, a contradiction.

In particular, F � q� x0 1� 0 and y0 � Ran� F � q�
� , for all q � Q. Becausex
andy werearbitrary, we have Ker� F � q�
� �|; 0 > andRan� F � q�
� � B2, hence
F � q� �]L ��� B � B2 � for any q � Q.

(g) Let DX " X0 andDY " Y0 bedenseandcountable.For any n � N, we
haveF � GF � n � � GF � nG � � GF � n � � FG� n � Lstrong, by (b).

For eachx � DX, thereis anull setNx
0 " Q s.t.Yx

0 : � F 
 Q + Nx
0 � x is separable.

SetY1 : � span� Y0 l}l x k DXYx
0 � , N d0 : �sl x k DX Nx

0. It follows thatF 
 Q + N d0 � x " Y1

for all x � X0, by continuity. Moreover, Y1 " Y is separable,by Lemma
B.2.3(a)&(c),andN d0 is anull set.

For eachk � 1 b N, givenN dk andYk, choose,analogously, a null setNk̀ 1
anda separablesubspaceXk ` 1 " B s.t. Xk " Xk ` 1 andG 
 Q + Nk̀ 1 � Yk " Xk̀ 1.
On the otherhand,for eachk � 1 b N, givenNk andXk, choosea null setN dk
andaseparablesubspaceYk " B2 s.t.Yk N 1 " Yk andF 
 Q + N dk � Xk " Yk.

SetN : �sl kNk l N dk, X : � span� l kXk � , Y : � span� l kYk � . If q � Q + N, then
F � q� x � Y for all x �~l kXk, hencefor all x � X, by linearity andcontinuity;
analogously, G � q� y � X for all y � Y.

(w) 1c F f � GF� hF� gF f � Lweak: Let f � L. A slight modificationof the
proof of (a) shows that F f � Lweak. Let now G � Lweak and F � Lstrong.
ThenFx � L for eachx � B, henceGFx � Lweak, by theabove; consequently,
GF � Lweak. Theclaimson hF andgF f follow.

2c Theotherclaims: Theaboveproofsof parts(c), (e) and(f) needonly be
slightly changed(in (f) we usea countablenormingsubsetof B�2 anda dense
subsetof B). @

Definition F.1.4(Lp
strong

� Q; ��� B � B2 �
�Lp
strong

� Q; ��� B � B2 �
�Lp
strong

� Q; ��� B � B2 �
� ) Let1 = p = ∞.
By Lp

strong
� Q; ��� B � B2 �
� we denotethe spaceof 
 F �o� Lstrong

� Q; ��� B � B2 �
�
havinga finitenorm - F - Lp

strong
: � sup�

x
�
B � 1

- Fx - Lp I Q � B2 K C (F.1)

By Lp
weak

� Q; ��� B � B2 �
� ) we denotethe spaceof 
 F �j� Lweak
� Q; ��� B � B2 �
�

havinga finitenorm -G
 F �V- Lp
weak

: � sup�
x
�
B � � Λ �

B2 � 1
- ΛFx - Lp I QK C (F.2)

It follows that Lp
strong

� Q; ��� B � B2 �
� � Lp � Q; ��� B � B2 ���E�� � Lp � Q;B2 �
� n when
n : � dimB � ∞ (cf. LemmaA.1.1(a4)). Note also that - F - Lp

weak
= - F - Lp

strong
=- F - Lp for F � Lp andthat - F - Lp

strong
(resp. - F - Lp

weak
) is thenormof theoperator

B a x D� Fx � Lp (resp.the“bilinear norm” of B � B�2 a � x � Λ �AD� ΛFx � Lp � Q� ;
cf. LemmaA.3.4(J1)).

Onecouldinsist thatLstrong
� Q; ��� B � B2 �
� shouldconsistof all linearF : B D�

Lstrong
� Q;B2 � (andanalogouslyfor Lweak, Lp

strong, Lp
weak), not just for thosethat
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take theform of a function(a.e.).SeeTheoremF.2.1(g)etc. for details.However,
thatbroaderdefinitionwouldcauseproblemsin severalapplications.

ThespacesLp
strongandLp

weakarenormedspaces:

Lemma F.1.5 Let1 = p = ∞. Then

(a1)Lp
strong

� Q; ��� B � B2 ��� is a subspaceof ��� B � Lp � Q;B2 �
� with samenorm.

(a2)Lp
weak

� Q; ��� B � B2 �
� is a subspaceof ��� B � ��� B2 � Lp � Q�
�
� with samenorm.

(b) If Q " Rn and µ � m, and B is a Hilbert space or B2 � K , then
L∞

strong
� Q; ��� B � B2 �
� � ��� B � L∞ � Q;B2 �
� .

(c1) We have Lp � Q; ��� B � B2 �
��" Lp
strong

� Q; ��� B � B2 ����" Lp
weak

� Q; ��� B � B2 �
� ,
continuously.

(c2) If F � Lstrong
� Q; ��� B � B2 ��� , then - F - L∞

strong
� - F - L∞

weak
; if F �

L � Q; ��� B � B2 �
� , then - F - L∞ �|- F - L∞
weak

.

(d) If F � Lp
strong

� Q; ��� B � B2 �
� and T � ��� B2 � B3 � , then TF �
Lp

strong
� Q; ��� B � B3 �
� and - TF - Lp

strong
= - T - H - F - Lp

strong
. Also the analo-

gous“weak” claimholds.

(e) If F � Lp
weak

� Q; ��� B � B2 ��� andB is reflexive, thenF �E� Lp
weak

� Q; ��� B�2 � B� �
�
and - F ��- Lp

weak
��- F - Lp

weak
.

(f) (dimB � ∞dimB � ∞dimB � ∞) If dimB � ∞, then Lp � Q; ��� B � B2 �
� � Lp
strong

� Q; ��� B � B2 �
�
(with equivalent norms). If dimB2 � ∞, then Lp

strong
� Q; ��� B � B2 �
� �

Lp
weak

� Q; ��� B � B2 ��� (with equivalentnorms).

(g1) Assumethat p � ∞ or µ is σ-finite. ThenHg � L for all g � Lp � Q;B� iff
H � Lstrong.

(g2)Assumethat p � ∞ or µ is non-atomic.ThenH i � ��� Lp � iff H � L∞
strong.

“Usually” Lp
strong andLp

weak areBanachspacesonly for p � ∞; seeTheorem
F.1.9andExampleF.1.10for details.

Proof: (a1)&(a2)Theseareobvious.
(b) Let F � ��� B � L∞ � Q;B2 ��� . W.l.o.g. we assumethat Q � Rn (replaceF

by FχQ). SetM : �'- F - H . For any q � Rn, thesetXq : �S; x � B << q � Leb� LFx� >
is a subspaceof B, and - LFx - = - Fx - ∞ = M - x - B on Q (x � B), by Lemma
B.5.3.

For eachq � Q, the mapx D� LFx � q� is obviously linear on Xq, henceit
hasa norm-preservingextensionG � q� � ��� B � B2 � , by LemmaA.3.11,so that- G � q� - HJI B � B2 K = M.

Let x � B. Thenfor a.e.q � Q we have x � Xq andhenceLF � q� x � G � q� x;
but LFx � Fx a.e.,henceFx � Gx a.e. Consequently, G : Q � ��� B � B2 � is
stronglymeasurableand - F 9 G - HJI B � L∞ I Q;B2 K�K � 0.

Thus, we have constructedG � L∞
strong

� Q; ��� B � B2 �
� s.t. G � F as an
elementof ��� B � L∞ � Q;B2 �
� . Finally, G satisfiesthe additional condition- G � q� - HJI B � B2 K = - G - L∞

strong
for everyq � Q.

(c1)&(d) Theseareobvious(andthenormsof theembeddingsin (c1)areat
mostone).
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(c2) The secondclaim follows from TheoremB.4.12(a); the first claim
follows from thesecond(notethatthenormsmaybeinfinite).

(e) Thisholdsbecausex � F � Λ � � ΛFx for all x � B�h� � B.
(f) 1c Casen : � dimB � ∞: By LemmaF.1.3(d),wehaveLstrong � L, sowe

only have to show that thetwo normsareequivalent.Let b1 �
C�C�C�� bn bea vector
baseof B with - bk - B � 1 (k � 1 �
C
C�CV� n), andsetε : � min �α �

Kn ^ 1 - ∑k αkbk - B P 0.
Then- T - HJI B � B2 K � sup�

b
� ^ 1

- Tb - = sup�α �
Kn ^ 1

- Tε N 1∑
k

αkbk -x� = ε N 1∑
k

- Tbk -x� (F.3)

for all T � ��� B � B2 � . Therefore,eachf � Lp
strong

� Q; ��� B � B2 ��� wehave

- f - p = ε N 1∑
k

- f bk - p = nε N 1 - f - Lp
strong

C (F.4)

Trivially, - f - Lp
strong

= - f - p, hencethe two setsareequalandhave equivalent
norms.

2c Casen : � dimB2 � ∞: As in 1c weseethatthereareΛk � B�2, - Λk -T� 1
(k � 1 �
C�C
CV� n) s.t.

- f x - p = ε N 1
n

∑
k̂ 1

- Λk f x - p = ε N 1 - f - Lp
weak

(F.5)

for all f � Lp
weak

� Q; ��� B � B2 �
� andx � B s.t. - x - = 1.
(g1) “If ” follows from LemmaF.1.3(a1). “Only if ”: If p � ∞, then we

have Hg � L when g X x, for eachx � B, henceH � Lstrong. If p � ∞ and
Q ��l n k NQn, µ � Qn � � ∞ for all n, thenwe cantake g � χQn

x for eachn � N
andx � B, henceHx � L for eachx � B, by LemmaB.2.5(d1).

(g2) By Theorem F.1.7(b), we have L∞
strong " ��� Lp � Lp � , isometri-

cally. Conversely, if � g D� Hg� � ��� Lp � , then H � Lstrong, by (g1), and- H - L∞
strong

�|- H i - H[I Lp K , by TheoremF.1.7(b). @
Thefollowing lemmamakesthingssimpler:

Lemma F.1.6 Let F : Q ����� B � B2 � . We haveF � Lp
strong

� Q; ��� B � B2 �
� iff Fx �
Lp � Q;B2 � for all x � B. We haveF � Lp

weak
� Q; ��� B � B2 �
� iff ΛFx � Lp � Q� for all

x � B.

Thus,if Fx � Lp for eachx, then“Fx � Lp uniformly”; theproof is basedon
theClosedGraphTheorem.

Proof: 1c Lp
strong: Let Fx � Lp � Q;B2 � for all x � B. Thenx D� Fx � Lp

is linear. Let xn
� 0 in B and Fxn

� f in Lp, as n � ∞. Then Fxnk
� f

a.e.for somesubsequence,by TheoremB.3.2,hencef � limk Fxnk � F0 � 0
a.e. Consequently, T : x D� Fx is bounded,by LemmaA.3.4(E1). Therefore,- F - Lp

strong
�|- T - HJI B � Lp K � ∞. Theconverseis obvious.

2c Lp
weak: For eachx � B, we haven Fx � Lp

strong
� Q; ��� B�2 � K ��� , by 1c ,

hence- ΛFx - p = Mx - Λ - B�2 for someMx � ∞. Thus,Tx : � Fx � ��� B�2 � Lp � Q�
� .
Obviously, T is linearB �!��� B�2 � Lp � .
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Let xn
� 0 in B andTxn

� H in ��� B�2 � Lp � , as n � ∞. Then, for each
Λ � B�2, we have ΛFxn � � Txn � Λ � HΛ in Lp � Q� hencesomesubsequence
convergespointwisea.e. But ΛFxn

� ΛF0 � 0 pointwiseeverywhere,hence
HΛ � 0 a.e. BecauseΛ � B�2 wasarbitrary, we have H � 0. Consequently,
T : x D� Tx is bounded,by LemmaA.3.4(E1).Therefore,- ΛFx - p �|- � Tx� Λ - p = - Tx - HJI B�2 � Lp K - Λ - B�2 = - T - HJI B � HJI B�2 � Lp K�K - x - B - Λ - B�2 �

(F.6)
hence- F - Lp

weak
��- T - HJI B � Lp K � ∞. Theconverseis obvious. @

For “usual” Lp’s,wehave thefollowing resultwith importantapplications:

Theorem F.1.7(L∞
strong " ��� Lp �L∞
strong " ��� Lp �L∞
strong " ��� Lp � ) Let F � Lstrong

� Q; ��� B � B2 �
� , 1 = p = ∞.

(a) Wehave - F f - Lp I Q;B2 K = - F - L∞
strong

- f - Lp I Q;BK � f � Lp � Q;B�
� .
(b) Letµ benon-atomicor p � ∞, andLp � Q;B� 1��; 0 > . Then- F - L∞

strong
� sup

f kx�J�V� 0� - F f - p � - f - p = ∞ � (F.7)

where � is Lp � Q;B� or �����,d i X, where �md " Lp � Q� andX " B aredense.

In particular, thenL∞
strong is a subspaceof ��� Lp � (with samenorm).

Proof: (a)1c SinceF � Lstrong
� Q; ��� B � B2 �
� , wehaveF f � L for all f � L,

by LemmaF.1.3(a).W.l.o.g.,weassumethat - F - L∞
strong

� ∞ and - f - p P 0.

2c Casef � CVMp: SetCVMp : ��; f � Lp � Q;B� << f is countably-valued> .
Clearly - F f - p = - F - ∞ - f - p for all f � CVM.

3c Case f � Lp: Let CVMp a fn
� f in Lp. Then ; F fn > is a Cauchy-

sequencein Lp � Q;B2 � , henceF fn
� g in Lp for someg � Lp with - g - p =- F - ∞ - f - p, andasubsequence; F fnk > convergesa.e.to g.

On theotherhand,a subsubsequenceconvergesto F f , henceF f � g a.e.,
hence- F f - p �|- g - p = - F - ∞ - f - p for all f � Lp.

(b) (Actually, evenfor p � ∞ it sufficesthatfor any E d �}� with µ � E d � � ∞,
thereis E " E d s.t.0 � µ � E � � µ � E d � . Weshow below thatthisconditionis also
necessary.) W.l.o.g.,weassumethat0 �w- F - L∞

strong = ∞.

1c A “counter-example”: Let E d ��� bes.t.µ � E d � � ∞ andµ � E � �R; 0 � ∞ >
for all measurableE " E d , andlet p � ∞ andB 1�w; 0 > 1� B2. Thenwe cantake
F : � χE � T, whereT � ��� B � B2 ��+ ; 0 > , sothat - F f - p � 0 for all f � Lp.

Indeed,if F f 1� 0, thenE d�d : � � F f � N 1 
 B2 + ; 0 >�� " E d andµ � E d�d �oP 0. By
LemmaB.2.8(b),thereareA " E d�d andΛ � B� s.t.Λ f P 1 on A andµ � A�BP 0.
Consequently, µ � A� � ∞, hence- Λ f - p � ∞, hencef 1� Lp, acontradiction.

2c Theequality:Weassumethat0 = M �w- F - L i
strongnf ty is arbitraryandfind

φ �7� + ; 0 > s.t. - Fφ - p � - φ - p P M. By (a), this establishesour claim.
Supposethat 0 � M ��- F - ∞ = ∞. Take x � X (set X : � B if none is

given) s.t. - Fx - ∞ P M - x - and chooseE dJ�~� s.t. - F � q� x - P M - x - for all
q � E d & 0 � µ � E d � andchooseE " E d s.t.0 � µ � E � � ∞.
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If p � ∞, then - FχEx - ∞ P M - x -�� M - χEx - ∞; obviously the inequality
is preserved if - χE 9 g - ∞ is small enoughandχE is replacedby g (andx by
xd�� X). Assumethenthat p � ∞.

For any n � N, thereis g �(� d s.t. - g 9 χE - Lp I E K = - g 9 χE - p � 1� n. Set

R : ��- χE - p � µ � E � 1� p. Since - g - p � - g - Lp I E K � � R b 1� n�
� � R 9 1� n� , wehave

- Fgx - p
p P Mp - x - p - g - p

Lp I E K P Mp � R 9 1� n� � R b 1� n� N 1 - gx - p C (F.8)

Consequently, - Fgx - p P M - gx - p for n big enough.Since - gx - p and - Fgx - p

are continuousfunctionsof x � B, we can replacex by somexdA� X close
enough. @
WhenapplyingtheHölderinequalityor similarresults,onemustmakecorrect

measurabilityrequirements(cf. (d)):

Lemma F.1.8 Let1 = p = ∞ & 1� p b 1� q � 1. LetF : Q ����� B � B2 � � G : Q ���� B2 � B3 � � f : Q � B. Then

(a1)F � Lp
strong & G � L∞ � { GF � Lp

strong & - GF - Lp
strong

= - G - L∞ - F - Lp
strong

.

(a2)F � L∞
strong & G � Lp � { GF � Lp

strong & - GF - Lp
strong

= - G - Lp - F - L∞
strong

.

(a3)F � Lp
strong & G � Lq � { GF � L1

strong & - GF - L1
strong

= - G - Lq - F - Lp
strong

.

(b) F � L∞
strong & f � Lp � { F f � Lp & - F f - Lp = - F - L∞

strong
- f - Lp.

(c) G � L∞
strong & F � Lp

strong � { GF � Lp
strong & - GF - Lp

strong
=- G - L∞

strong
- F - Lp

strong
.

(d) Wemayhave - F f - L1 P M - F - L2
strong

- f - L2, - F f - L2 P M - F - L2
strong

- f - L∞ and- GF - L2
strong

P M - G - L2
strong

- F - L∞
strong

for anyM P 0, Q � R andB �y� 2 � N � (or

B � KN for N P M2).

(a’) Claims(a1)–(a3)holdalsowith Lweak in placeof Lstrongif G is scalar(i.e.,
G : Q � K ).

(b’) F � L∞
weak & f � Lp � { F f � Lp

weak & - F f - Lp
weak

= - F - L∞
weak

- f - Lp.

(c’) G � L∞
weak & F � Lp

strong � { GF � Lp
weak & - GF - Lp

weak
=- G - L∞

weak
- F - Lp

strong
.

(a1”) F � Lp
strong & G�~� L∞

strong � { GF � Lp
weak & - GF - Lp

weak
=- G� - L∞

strong
- F - Lp

strong
.

(a2”) F � L∞
strong & G�~� Lp

strong � { GF � Lp
weak & - GF - Lp

weak
=- G�W- Lp

strong
- F - L∞

strong
.

(a3”) F � Lp
strong & G� � Lq

strong � { GF � L1
weak & - GF - L1

weak
=- G�W- Lq

strong
- F - Lp

strong
.
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Note that we may take G � L � Q� : � L � Q;K � (andB3 � B2). Note alsothat
F � Lp � Q;B2 � canbeinterpretedasF � Lp

strong
� Q; ��� K ;B2 �
� , sothat(a1”)–(a3”)

etc.apply.
Let Q � Rn. Then, with the assumptionsof (a3”) (or (a3)), the weak

convolution G 	 F exists everywhereon Rn (seeTheoremF.2.1(b)), hencethe
norm estimatesof Lemma D.1.7 can be applied (to � G� Λ � and Fx, for each
x � B andΛ � B�2). However, without theassumptionsof (a3”) (evenwhen,e.g.,
G � L2

strong, F � L2), we do not know whetherG 	 F exists asa function (with
valuesin ��� B � B3 � ).

Proof of LemmaF.1.8: By LemmaF.1.3(a)&(b),wehaveGF� hF � Lstrong,
F f � L, henceonly theclaimsonnormshave to beshown.

(a1) Let x � B. Then - Fx - Lp = - F - Lp
strong

- x - B, hence - GFx - Lp =- G - L∞ - F - Lp
strong

- x - B.

(a2)&(a3)Theproof is analogousto thatof (a1)(usetheHölderInequality
for (a3)).

(b) 1c Simplefunctions:Let f � ∑k
j ^ 1x jχE j

besimplewith setsE j disjoint.
Then - Fx j - = - F -6- x j - ( j = k), hence- F f - p

p = - F - p - f - p
p.

2c General f � Lp: By TheoremsB.3.2 and B.3.11, there are simple
functions ; fn > " Lp s.t. fn

� f a.e.and in Lp. Then F fn
� F f a.e. By

1c , ; F fn > is an Lp-Cauchysequence,henceF fn
� g in Lp for someg � Lp

with - g - p = - F -6- f - p. But a subsequenceof ; F fn > convergesa.e.to g, hence
g � F f a.e.,hence(b1)holds.

(c) Let x � B. Then - Fx - Lp = - F - Lp
strong

- x - B, hence - GFx - Lp =- G - L∞
strong

- F - Lp
strong

- x - B, by (b).

(d) Let B �S� 2 � N � . DefineF � L2
strong

� R ` ; ��� B�
� by F � ∑k k N χ � k � k̀ 1K Pk,
wherePk

� x j � j k N : � xkek, and f � L2 by f � ∑N
k̂ 1 χ � k � k ` 1K ek. Then

- F ∑
k

αkek - 2
2 �|- ∑

k

αkχ � k � k ` 1K ek - 2
2 � ∑

k

q αk q 2 �|- ∑
k

αkek - 2
B � (F.9)

hence - F - L2
strong

� 1. However, F f � f , hence - F f - 2 � N1� 2 and - F f - 1 �
N, although - f - ∞ � 1 and - f - 2 � N1� 2. (Note that we could take f �
∑∞

k̂ 1k N 1χ � k � k̀ 1K ek to obtain - f - 2
2 � ∑k k N 2 � ∞, - F f - 1 ��- f - 1 � ∑k k N 1 � ∞.)

Finally, set G : � ∑N
k̂ 1P1kχ � k � k ` 1K , where P1k

� x j � j k N : � x1ek.

Then - G - L∞
strong

� 1, but Ge1 � f , hence - FGek - 2 � N1� 2, although- F - L2
strong

- G - L∞
strong

- ek - B � 1.

(a’)–(c’) Theproofsof (a1)–(c)applymutatismutandis.
(a1”)–(a3”) Let Λ � B�2, x � B. Then ΛGFx � � G� Λ � Fx, - G� Λ - =- G� -6- Λ - B�3 and - Fx - = - F -6- x - B for all x � B � Λ � B�3, hence(a1”)–(a3”)hold

(by correspondingscalarresults).
@

Now we presenta lifting result(claims(s3)and(w3)) anduseit to show that
L∞

strongandL∞
weakarecomplete:
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Theorem F.1.9(L∞
strongL∞
strongL∞
strongand L∞

weakL∞
weakL∞
weakare complete) If (1.) Q " Rn is measurable,

µ � m, and B is a Hilbert spaceor B2 � K , or (2.) B is separable, then the
following hold:

(s1)L∞
strong

� Q � µ; ��� B � B2 �
� is a Banach space.

(s2)AnyCauchy-sequencein L∞
strongconvergesuniformlyoutsidesomenull set.

(s3)For each 
 F �e� L∞
strong

� Q � µ; ��� B � B2 �
� , thereisa representativeG �7
 F � Lstrong

s.t.supq k Q - G � q� -%HJI B � B2 K �|- F - L∞
strong

.

(s4) Q b
� Q; ��� B � B2 ���E� L L∞

strong
� Q � µ; ��� B � B2 �
� � L�Q b

� Q; ��� B � B2 �
� if (1.)
holds.

If, instead,B andB�2 areseparable, then

(w1)L∞
weak

� Q � µ; ��� B � B2 �
� is a Banach space.

(w2)AnyCauchy-sequencein L∞
weakconvergesuniformlyoutsidesomenull set.

(w3)For each 
 F ��� L∞
weak

� Q � µ; ��� B � B2 �
� , thereis a representativeG �8
 F � Lweak

s.t.supq k Q - G � q� - HJI B � B2 K �|- F - L∞
weak

.

All above assumptionsareunnecessaryif µ is thecountingmeasureon a set
Q (thenevery function is measurableandL∞ � L∞

strong � L∞
weak ��Q b, wherewe

usethe discretetopology on Q, henceall thesespacesare completeand have
 0�F�Z; 0 > ). However, we do not know whetherthe theoremholds for general� Q � µ� , B and B2; the main problemis the “lifting” claim (s3)/(w3); onceit is
established,thecompletenessclaim requiresjust thelatterassumption(cf. partII
below).

Recall from LemmaF.1.5(b)that we have L∞
strong � ��� B � L∞ � Q;B2 �
� in case

(1.).
Proof of Theorem F.1.9: Part I: (s3)&(w3): Obviously,

supq k Q - G � q� - HJI B � B2 K#  - F - L∞
strong

in (s3)andsupq k Q - G � q� - HJI B � B2 K4  - F - L∞
weak

in (w3) soweonly have to show theconverses.
1c Case(1.): Q " Rn: Thiswasshown in theproofof LemmaF.1.5(b).
2c Case(2.): separableB: Removeall Λ’s from 3c .
3c L∞

weak: Let 
 F �J� L∞
weak

� Q � µ; ��� B � B2 �
� , and let S " B andS2 " B�2 be
denseandcountable.SetM : �/- F - L∞

weak
. Then, for eachx � B andΛ � B�2,

we have q ΛF � q� x q = M - x -6- Λ - for a.e.q � Q; choosea null setN " Q s.t. this
inequalityholdsfor all x � S, Λ � S2 andq � Nc. By densityandcontinuity,
this inequalityholdsfor all x � B, Λ � B�2 andq � Nc, therefore,G : � χNcF is
of therequiredform.

Part II: (s1)&(w1): BecauseL∞
strongandL∞

weak arenormedspaces,we only
haveto provetheircompleteness.(Notethatourproofdoesnot require(1.) nor
(2.) explicitly, but we rely on Part I.)

1c L∞
strong is a Banach space: Let ;?
 Fn ��> be a L∞

strong-Cauchysequence.
AssumethateachFn is chosenso thatsup - Fn -%HJI B � B2 K = - Fn - L∞

strong
, asin (s3).

Setδn : � supk k N - Fn 9 Fǹ k - L∞
strong

(n � N), sothatδn
� 0 asn � ∞. Set

M : � lim
n_,` ∞

- Fn - L∞
strong

�¡
 0 � ∞ � � gx : � lim
n_,` ∞

Fnx � L∞ � Q;B2 � � x � B� � (F.10)
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sothat - gx
� t � - B2 = M - x - B for all x � B (setgx

� t � � 0 for t in thenull setNx " N dx
wherethelimit doesnotexist).

Now Fnx � gx uniformly onNc
x , whereNx : ��l n � k ; q � Q << - Fnx 9 Fǹ kx - P

δn > .
Obviously, Xq : �Z; x � B << limn_,` ∞ Fn

� q� x exists> is a subspaceof B for
all q � Q. For eachq � Q, we let F � q� be a norm-preserving(seeLemma
A.3.11)extensionof � Xq a x � gx

� q� � B2 � sothat - F � q� - HJI B � B2 K = M. Then,
for any x � B, we have for a.e.q � Q thatx � Xq, hencethatF � q� x � gx

� q� �
limnFn

� q� x (in particular, F is strongly measurable)and hence - F � q� x 9
Fn

� q� x -3� limk - Fǹ k
� q� x 9 Fn

� q� x - = δn - x - . Therefore,- F 9 Fn - L∞
strong = δn

�
0, sothatFn

� F in L∞
strong, asn �¢b ∞. Because; Fn > wasarbitrary, we have

shown thatL∞
strong is complete,henceaBanachspace.

2c L∞
weak is a Banach space:Let ;?
 Fn ��> beaCauchy-sequencein L∞

weakwith
eachFn chosenso that supq k Q - Fn

� q� -j�£- Fn - L∞
weak

. Set δn : � supk k N - Fn 9
Fǹ k - L∞

weak
(n � N), sothatδn

� 0 asn � ∞.
Let S " B andS2 " B2 bedenseandsetN : �Sl x k S� Λ k S2Nx � Λ, where

Nx � Λ �Sl n � k k N ; q � Q << - ΛFn
� q� x 9 ΛFǹ k

� q� x - P δn - Λ -6- x -�>e� (F.11)

so that µ � N � � 0. Let q � Nc. Then, for all n � k � N, we have - ΛFn
� q� x 9

ΛFǹ k
� q� x - = δn - Λ -6- x - for all Λ � B�2, x � B, by density, hence - Fn

� q� 9
Fǹ k

� q� - HJI B � B2 K = δn. In particular, ; Fn
� q� > is aCauchy-sequencein ��� B � B2 � ;

let F � q� � ��� B � B2 � be its limit. Then - F � q� 9 Fn
� q� -,� limk - Fǹ k

� q� 9
Fn

� q� - = δn; but q � Nc wasarbitrary, henceFn
� F uniformly onNc.

Part III: (s2)&(w2): In Part II we showedthatFn
� F uniformly on Nc for

somenull setN " Q, but weassumed; Fn > chosenasin Part I. For general; F dn >
we canchoosethesequence; Fn > asabove, so thatFn � F dn outsidesomenull
setNn for eachn � N. ThenF dn � F uniformly outsidethenull setN l8¤�l nNn ¥ .

Part IV: (s4): By LemmaF.1.3(f2), Q b
� Q; ��� B � B2 �
�J" L∞

strong
� Q; ��� B � B2 �
� ,

isometrically, hence L�Q b
� Q; ��� B � B2 �
�j" L L∞

strong
� Q; ��� B � B2 ��� . Conversely,

if F �8Q b
� Q; ��� B � B2 �
�?� L L∞

strong
� Q; ��� B � B2 ��� , thenF � q� �]L ��� B � B2 � for all

q � Q andhence
 F � N 1 �w
 F N 1 � , by two applicationsof LemmaF.1.3(f2)(since
thereis a boundedrepresentative of 
 F � N 1, by (s3)), hencethen 
 F � N 1 �]Q b.@
In contrastto the above theorem,the normedspacesLp

strong and Lp
weak are

usuallynot completefor p � ∞:

Example F.1.10 Let Q : �¦
 0 � 1� , B : �n� 2 � N � . Then there is a sequence; Fn > " Q � Q; ��� B�
��" L2 " L2
strong " L2

weak s.t. ; Fn > is a Cauchy-sequencein
L2

strong
� Q; ��� B��� and hencein L2

weak
� Q; ��� B�
� too, but ; Fn > doesnot converge

in eitherof thesespaces(althoughit doesconvergein ��� B;L2 � Q;B��� , which is a
Banachspace).Moreover, Fn

� t � � Fn
� t � � for all t �~
 0 � 1� andn � N. §

SeealsoExampleF.3.6.
Proof: 1c The constructionof ; Fn > : Set g � t � : � q t q N 1� 3, gn

� t � : � � q t q b
1� n� N 1� 3 � t � R � so that 0 = gn = n, gn ��Q 0

� R � , g � L2 � Q� and Mg : �
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supq k � 0 � 1̈ - τqg - 2 � ∞. Furthermore,gn
� t � � g � t � monotonelyfor eacht � R

and - g 9 gn - L2 I � N 1 � 1̈ K � 0, by theDominatedConvergenceTheorem.
Let ; qk > " Q bedense.For t � Q andn � N, defineFn

� t � : � ∑k k N gn
� t 9

qk � Pk (i.e., Fn
� t � x : � ∑k k N gn

� t 9 qk � xkek), where Pk is the projection Pk :
∑ j k N x jej D� xkek (k � N).

Notethatfor f � L2 � Q;B� , we have - f - 2
2 � ∑k - fk - 2

2. Obviously, Fn
� t � � �

∑k k N gn
� t 9 qk � P�k � ∑k k N gn

� t 9 qk � Pk for all n andt.
2c - Fn - HJI BK = n: This is obvious.
3c ; Fn > " Q � Q; ��� B�
� : Let n � N, t � Q and ε P 0. The function

gn is uniformly continuous,becausegn �YQ 0
� R � , hencethere is δ P 0 s.t.q gn

� t d � 9 gn
� t d�d � q � ε for q t d©9 t d�d q � δ. Let q t d©9 t q � δ andx � B. Then- � Fn

� t � 9 Fn
� t d �
� x - 2

B �ª- ∑
k

xk
� gn

� t 9 qk � 9 gn
� t d 9 qk ��� ek - 2

B = ∑
k

q xk q 2ε2 � ε2 - x - B C
(F.12)

Becausex wasarbitrary, wehave - � Fn
� t � 9 Fn

� t d �
� - = ε. Thus,Fn is continuous.
4c Fn

� F in ��� B � L2 � Q;B��� : For t � Q, n � N, and x � B, we define
F � t � : � ∑k k N g � t 9 qk � Pk. Then - Fx - 2

2 = ∑k q xk q 2M2
g � M2

g - x - 2
B. Thus, - F - =

Mg. Moreover, givenε P 0, thereis N � N bes.t. - g 9 gm - L2 I � N 1 � 1K�K � ε for all
n � m P N, and,consequently,- Fnx 9 Fx - 2

L2 I Q;BK = ∑
k

q xk q 2 - gn
�Vi 9 qk � 9 g �hi 9 qk � - 2

L2 I QK = ε2 - x - 2
B

� x � B� C
(F.13)

Therefore,Fn
� F in � . (In particular, ; Fn > is L2

strong-Cauchy.)
5c ; Fn > does not converge in L2

weak: (I.e., F does not correspondto
any function Q � ��� B� .) To obtain a contradiction, assumethat F �
L2

weak
� Q; ��� B�
� is suchthat � Fnx � y� � � Fx � y� in L2 � Q� for all x � y � B.

We have Fnek � τ N qkgnek
� τ N qkgek in L2 � Q;B� andpointwiseon Q, for

eachk � N. Thus, � Fek � ej �«�s� τ N qkgek � ej ��� : fk � j a.e.for all k � j � N, because� Fek � ej � is a.e. the pointwise limit of a subsequenceof ;x� Fnek � ej � > , and all
subsequencesof thelatterconvergeto fk � j .

Choosea null setN s.t. � Fek � ej �4�u� τ N qkgek � ej � on Q + N for all k � j. Then
Fek � τ N qkgek on Q + N for all k � N. Let t � Q + N andM P 0. By thedensity
of ; qk > in Q, thereis k s.t. qk � t and � τ N qkg� � t � � q t 9 qk q N 1� 3 P M, so that- F � t � ek - B P M. Consequently, - F � t � - HJI BK P M. But thisholdsfor all t � Q + N
andall M P 0, henceF mustbe unboundedalmosteverywhere;in particular,
F is not ��� B� -valued. @
(Seethenotesonp. 1023.)
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F.2 Strongand weak integration (s
¬y­

w
¬

)

Wheneveranyonesays,"theoretically," they reallymean,"not really."

— DaveParnas

Herewe definethe strong and weak(operator) integrals; in the restof this
sectionwe treatcorrespondingconvolutions.

Theorem F.2.1(Strong and weak integrals s
®
s
®
s
®

and w
®
w
®
w
®

) LetF : Q �¢��� B � B2 � .
(a) (Strong integral) If F � L1

strong, then there is a uniqueL � : s
®

QF dµ ���� B � B2 � s.t.Lx � ®
QFxdµ for all x � B. Moreover, - L - HJI B � B2 K = - F - L1

strong
.

(b) (Weak integral) If F � L1
weak, then there is a unique L � : w

®
QF dµ ���� B � B�h�2 � s.t. � Lx� Λ � ®

Q ΛFxdµ for all x � B, Λ � B�2. Moreover,- L - HJI B � B���2 K = - F - L1
weak

.

(c) A Bochner integral (a uniformintegral) is a strongintegral (i.e.,
®
QF dµ �

s
®

QF dµ for F � L1), anda strongintegral is a weakintegral (i.e., s
®

QF dµ �
w
®

QF dµ for F � L1
strong).

(d) If F � L1
weak

� Q; ��� B � B2 �
� andB is reflexive, thenF � � L1
weak

� Q; ��� B�2 � B�
�
andw

®
QF � dµ ��¯ w® QF dµ° � .

(e) Let T � ��� B2 � B3 � [and x � B]. In (a) we have s
®

QTF dµ � T s
®

QF dµ
and

®
QTFxdµ � T � s® QF dµ� x; in (b) we havew

®
QTF dµ � T w

®
QF dµ and

w
®

QTFxdµ � T � w® QF dµ� x.

(f) Claims (a), (b), (c) and (e) also hold with replacementsL1
strong D���� B � L1 � Q;B2 ��� andL1

weak D�!��� B � ��� B�2 � L1 � Q��� .
With replacement L1

weak D� ��� B � ��� B2 � L1 � Q;B3 �
��� we get that- w
®

QF dµ - HJI B � H[I B2 � B3 K�K = - F - HJI B � HJI B2 � L1 I Q;B3 K�K�K .
Evenif B2 is a Hilbert space, theexpression��� B � ��� B�2 � L1 � Q�
� refers to the
linear dualof B2.

(g) Let p �R
 1 � ∞ � . ThentheembeddingLp
strong

� Q; ��� B � B2 �
� �±��� B � Lp � Q;B2 �
�
is a linear isometryto thesubspaceLstrong

� Q; ��� B � B2 �
��� ��� B � Lp � Q;B2 �
� .
Analogously,

Lp
weak

� Q; ��� B � B2 �
� � Lweak
� Q; ��� B � B2 ����� ��� B � ��� B�2 � Lp � Q�
�
� (F.14)

isometrically.

Thus,if B2 is reflexive (e.g.,a Hilbert space)andF � L1
weak, thenw

®
QF dµ ���� B � B2 � and - w

®
QF dµ - HJI B � B2 K = - F - L1

weak
.

If B andB2 areHilbert spaces,then,of course,all asteriskscanberemoved.
If B � K , then w

®
becomesthe “weak� -integral” (or Gelfand Integral or

Dunford Integral). The asteriskin (d) refersto Banachadjoints(sinceB andB2

areonly assumedto be Banachspaces);however, (d) is obviously true alsofor
Hilbert adjoints(i.e., “Fd”, not “FB”).
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By ExampleF.1.10, the subspacesmentionedin (g) neednot be closedin
general.

Proof of Theorem F.2.1: Theuniquenessis obviousin (a) and(b).
(a) It is obvious that L : x D� ®

QFxdµ � B2 satisfies - Lx - B2 = - Fx - L1 =- F - L1
strong

- x - B.

(b) As in (a), we seethat L : x D� � Λ D� ®
QΛFxdµ � K � � B�h�2 satisfies- L - = - F - L1

weak
.

(c) This is obvious(see(B.18)).

(d) By Lemma F.1.5(e), F �z� L1
weak. Now L � : � ¯ w® QF dµ° � ���� B�h�h�2 � B� ��" ��� B�2 � B� � . But²

Q

� F � Λ � xdµ � ²
Q

ΛFxdµ � � Lx� Λ � � L � Λ � x � x � B � Λ � B�2 � � (F.15)

henceL �T� w
®

QF � dµ.
(e)This followsfrom thedefinition(see(a)and(b)), becausefor Λ � B�3 we

have ΛT � B�2.
(f) The above proofswill do mutatismutandis(alternatively, usethe fact

that
®

is linearandboundedon L1; in fact,(a) and(b) canthenbededucedas
specialcasesof (f); see(g)).

(Onecouldalsoextend(d) by usingthefactthat ��� B � ��� B2 � L1 � Q;B3 �
�
� ���� B2 � ��� B � L1 � Q;B3 �
�
� , isometrically.)
Recall from RemarkA.3.22 that the linear (Banach)dual B�2 : � BB

2 is
equippedwith scalarmultiplication � βΛ � y : � β � Λy� α � K � Λ � Y � , y � Y),
hencetheisometryBd

2
� B�2, y D� � i � y� B2

becomesconjugate-linear, cf. Remark
A.3.22.

(g) Notefirst that themapLstrong
� Q; ��� B � B2 ���AD� � B D� L � Q;B2 �
� is well-

defined(i.e.,zerofunctionsmapto zeromapping),linearandone-to-one,hence
aninclusion.Obviously, theLp

strongand � normsareequalonLstrong, hencethe
strongclaimsof (g) hold. Theweakclaimscanbeprovedanalogously. @
Therestof this sectionis dedicatedfor ��� B � Lp � Q;B2 �
� .
Most of the above also holds for the Banachspace ��� B � Lp � Q;B2 ��� (and

the weak claims for ��� B � ��� B2 � Lp � Q�
�
� ). Because��� B � Lp � Q;B2 ��� contains
Lp

strong
� Q; ��� B � B2 �
� asasubspace,thefollowing appliesto Lp

strong too:

Lemma F.2.2(Strong convolutions) Let F � ��� B � Lp
ω
� Rn;B2 �
� and f �

Lr
ω
� Rn;B� , p � r �~
 1 � ∞ � , n � N b 1, ω � R (werequire thatω � 0 if n 1� 1).

(a) Assumethat f is finite-dimensionaland p N 1 b r N 1   1. Then� F 	 f � � t � : � ²
Rn

F � f � t 9 s�
� � s� ds � ²
Rn

F � f � s�
� � t 9 s� ds � B2 (F.16)

existsfor a.e. t � Rn, and - F 	 f - Lp
ω = - F - H - f - L1

ω = ∞.

(b) Thus, we can (and will) extend 	 to ��� B � Lp
ω
� Rn;B2 �
� � L1

ω
� Rn;B� �

Lp
ω
� Rn;B2 � .
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(c) Moreover, τT � F 	 f � � � τTF � 	 f � F 	 τT f � T � Rn � (time-invariance),and
if n � 1 andπ N F � π N f � 0, thenπ N � F 	 f � � 0 (causality).

(d1) ( ³F � H∞³F � H∞³F � H∞) Assumethatn � 1 � p, K � C, F � π ` F and f � π ` f . Then- ³F - HJI H∞ I Cώ ; H[I B � B2 K�K = - F - HJI B � L1
ω I R ´ ;B2 K�K C (F.17)

Moreover, if r � 1 or f is finite-dimensional,then µF 	 f � ³F ³f on Cὼ .

(d2)Assumethatn � 1 � p andK � C. Then ³F : ω b iR �U��� B � B2 � is strongly
continuousanduniformlybounded:-?³F � ω b ir � - HJI B � B2 K = -)³F - H[I B � ¶ b

I ω ` iR;B2 K�K = - F - HJI B � L1
ω I R;B2 K�K � r � R � C

(F.18)

Moreover, if r � 1 [or f is finite-dimensionaland r = 2], then µF 	 f � ³F ³f
[a.e.] on ω b iR.

(d3)Assumethatn � 1 � p andthatB andB2 arecomplex Hilbert spaces.Then- F - TI I B � B2 K = - F - H . Moreover, F � TIC 5 F � π ` F, and (if K � C) the

function ³F coincideswith thetransform·F 	 of Theorems6.2.1and3.1.3.

(e) ��� B � Lp
ω
� R ` ;B2 �
�B"c ��� B � Lp�

ω � � R ` ;B2 �
� for pd��R
 1 � p� , ω d P ω.

(f) The convolution also extends to ��� B � Lp
loc

� R ` ;B2 �
� � Lr
loc

� R ` ;B� �
Lp

loc
� R̀ ;B2 � .

(g) Parts (a)–(f) also hold with ��� B � ��� B�2 � Lp
ω
� Rn ���
� in place of��� B � Lp

ω
� Rn;B2 ��� (use ��� B � ��� B�2 � Lp

loc
� R `A���
� in (f), B�V�2 in place of B2

for thevaluesof F 	 f , and ��� B � B�V�2 � in placeof ��� B � B2 � for thevaluesof³F).

In particular, ��� B � ��� BB
2 � L1 � R � `¸¨ �
�
�2" TI 
 C� � B � B2 � when B and B2 are

Hilbert spaces.

(h) Parts(a)–(f)alsoholdwith ��� B � eω ¹ MTIB2 � in placeof ��� B � L1
ω
� R;B2 �
� and

eω ¹ MTIB in placeof Lr
ω
� Rn;B� (for n � 1).

(Alsotheweak(cf. (g)) andmultidimensionalanalogiesholds.)

Notethat(h) correspondsto classSMTIω
� B � B2 � of Definition 2.6.3,andthat��� B � L1

ω
� R;B2 ��� is its closedsubspace.

Here,of course,º » F : � ³F � H � Cὼ ; ��� B � B2 �
� is definedby

³F � s� x : � ² ∞

0
eN st � Fx� � t � dt � B2

� x � B � s � C ` � ; (F.19)

analogously, ³F � H∞ � Cὼ ; ��� B � B�h�2 ��� for ��� B � ��� B�2 � L1
ω
� R `A���
� (see(g)). In claim

concerningº » , weassumethatK � C.
Wedo not know whetherthenorminequalitiesmayhaveadditionalconstants

growing with thedimensionof f (asin theproofof (a)) for r P 1, thuspreventing
thegeneralizationto infinite dimensionsfor suchr; at leastthis is not thecasein
(d3) (wherep � 1 andr � 2 but B andB2 arerequiredto beHilbert spaces).An
analogousphenomenomis illustratedin ExampleB.4.13.
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Proof of Lemma F.2.2: W.l.o.g.weassumethatω � 0.
(a) 1c F 	 f exists: If f � φx, φ � Lr � Rn � , x � B, then²

Rn
F � φ � t 9 s� x� � s� ds � ²

Rn
φ � t 9 s� � Fx� � s� ds � � Fx 	 φ � � t � � (F.20)

which existsa.e.and - F 	 φx - p = - F - H - φx - 1, by LemmaD.1.7. By linearity,� F 	 f � � t � existsfor a.e.t � Rn whenever f is finite-dimensional.
2c - F 	 φx - p = - F - H - φx - 1: LetE1 �
C
C
CV� Ek " Rn bemeasurableanddisjoint,

andlet x1 �
C
C
CV� xk � B, k � N b 1. Then

- F 	 k

∑
j ^ 1

χE j
x j - p = k

∑
j ^ 1

- F - H - χE j
x j - 1 ��- F - H - k

∑
j ^ 1

χE j
x j - 1 C (F.21)

By density (TheoremB.3.11 and LemmaA.3.10), F 	 hasan extensionT :� � L1 � Lp with - T f - p = - F - H - f - 1. But as in (F.21), one verifies that
if thevaluesof f lie in a finite-dimensionalsubspaceBd of B, then - F 	 f - p =- F - H MB� - f - 1. By density, the two continuousextensionsto k-dimensional
f � L1 mustcoincide,hence- F 	 f - p = - F - H - f - 1 for finite-dimensionalf .

(b) This follows from (a).

(c) This extendsfrom caseof finite-dimensionalf (seeLemmaD.1.7),by
continuity.

(d1) Thenormboundon ³F follows from LemmaD.1.11(a1’).By Lemma
D.1.1(c),wehave ³F � H∞ � C ` ; ��� B � B2 �
� .

Let φ � Lr � Rn � , x � B. Thenº » � F 	 φx� ��º » � Fx 	 φ � � ·Fx³φ �p³F ³φx (F.22)

on C ` , by LemmaD.1.11(c’). By linearity, the sameappliesto any finite-
dimensionalf in placeof φx. If r � 1, then µF 	 f � ³F ³f holdsfor general ³f , by
continuity.

(d2) The proof is analogousto that of (d1): -?³F � ω b ir � - HJI B � B2 K =- F - H (r � R), by TheoremF.2.1(a). By LemmaD.1.11(a1)&(b),we have- ³F - H[I B � ¶ 0
I ω ` iR;B2 K�K = - F - H . As in (d1), we obtain µF 	 f � ³F ³f from Lemma

D.1.11(c).
(d3) Theorem3.1.3(resp.6.2.1)providesa uniquecontinuousextensionof

F 	 (restrictedto finite-dimensionalL2 functions)to TI (resp.to TIC). Indeed,
the operatordefinedby ³F coincideswith F 	 for finite-dimensionalfunctions,
by (d2) (resp.by (d1)).

(e) This follows from LemmaD.1.4(b4).
(f) This follows from causality(asin thecaseof LemmaD.1.7too).
(g) The above proofs apply mutatismutandis. (Recall BB

2 from Remark
A.3.22.)

(h) If f � ∑N
j ^ 1x jδT �j , then

- F 	 f - MTI = N

∑
j ^ 1

- Fxk 	 δT �j - MTI = N

∑
j ^ 1

- xk -6- F - H ��- F - H - f - MTI C (F.23)
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By density, the map F 	 (and the above inequality) hasa uniquecontinuous
extensionto measuresof form f � ∑∞

j ^ 1x jδT �j ; combinethiswith (a) to observe
thatany f � MTIB canbeallowedin (a).

For (b)–(f), the proof is analogousto the original one (use Lemma
D.1.12(c)&(c’) in placeof LemmaD.1.7),henceomitted. @
The above “strong convolution” (of functions Q � ��� B � B2 � and Q � B)

canalsobe definedbetweentwo operator-valuedfunctions(Q � ��� B2 � B3 � and
Q �!��� B � B2 � , or, slightly moregenerally, asfollows:

Lemma F.2.3(G 	 FG 	 FG 	 F) LetF � ��� B � L1
ω
� Rn;B2 �
� , G � ��� B2 � Lp

ω
� Rn;B3 �
� .

(a) - G 	 F - HJI B � Lp
ω I Rn;B3 K�K = - F - H - G - H , where � G 	 F � � x� � t � : � � G 	 Fx� � t � . In

particular, ��� B � L1
ω
� Rn;B�
� is a convolutionBanach algebra.

(b)WehaveτT � G 	 F � � � τTG� 	 F � G 	 τTF � T � Rn), � G 	 F � 	 f � G 	 � F 	 f � ,� G 	 f � 	 g � G 	 � f 	 g� ( f � g � L1
ω
� Rn; 	 � with suitable 	 ) and n � 1 &

π N F � 0 � π N G { π N � F 	 G� � 0.

(c) � es¹ G� 	 � es¹ F � � es¹ � F 	 G� for s � Rn.

(d1) µG 	 F � ³G ³F onCὼ if n � 1, K � C, F � π ` F andG � π ` G.

(d2) µG 	 F � ³G ³F on ω b iR if n � 1 � p andK � C.

(e) If F � Lstrong
� R ` ; ��� B � B2 �
� , - F �hi � - HJI B � B2 K � L1

ω, G �
Lstrong

� R ` ; ��� B2 � B3 �
� and - G �Vi � - HJI B2 � B3 K � Lp
ω, then F 	 G �

eN ω ¹ Lp
strong

� R ` ; ��� B � B3 ��� and-J- G 	 F -%HJI B � B3 K - Lp
ω = -J- G �Vi � -%H[I B2 � B3 K - Lp

ω
-[- F �Vi � -%HJI B � B2 K - L1

ω
C (F.24)

(h) Parts (a)–(e) also hold with ��� B � eω ¹ MTIB2 � in placeof ��� B � L1
ω
� R;B2 �
�

(for n � 1).

(Alsothemultidimensionalanalogiesholds.)

(i) Claims(a)–(h)alsohold for F � L1 � Rn;B2 � (takeB : � K ).

Weareafraidthattheweakanalogiesof theaboveclaimsdo nothold.
Proof: (W.l.o.g.weassumethatω � 0.)
(a) Given x � B, we have Fx � L1 � Rn;B2 � , hence - G 	 Fx - p =- G - H - Fx - 1 = - G - H - F - H - x - B.
(b)–(e) Analogously to (a), we obtain this from analogousclaims on

functions and from Lemma F.2.2 (one easily verifies that � es¹ G� 	 � es¹ F � �
es¹ � F 	 G� holdswhenF andG arefunctions).

E.g.,by LemmaD.1.7,wehave � G 	 f � 	 g � G 	 � f 	 g� for one-dimensional
f andg, hencefor finite-dimensional,hencefor all f � g � L1, by densityand
continuity. Consequently, for f � φx, φ � L1 � Rn � , wehave� G 	 F � 	 f � � G 	 F � x 	 φ � � G 	 Fx� 	 φ � G 	 � Fx 	 φ � � G 	 � F 	 f � C (F.25)

By linearityandcontinuity, wemayagainallow for any f � L1.
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(h) Theaboveproofsapplymutatismutandis(useagainLemmaD.1.12(c)).
(i) Notethat ��� K � L1 � Rn;B2 �
� � L1 � Rn;B2 � (with equalnorms). @

Theabove “strongconvolution of operator-valuedfunctions”canbegeneral-
izedto L1

loc too, if thesupportsof thefunctionsareboundedto theleft:

Lemma F.2.4 Let F � ��� B � L1
loc

� R ` ;B2 �
� , G � ��� B2 � L1
loc

� R ` ;B3 ��� , f �
L1

loc
� R ` ;B� .
The claims of Lemma F.2.3 can be generalized to this situation, and��� B � L1

loc
� R ` ;B�
� is a convolutionalgebra.

AlsotheextensionX : � ��� B � Bδ0
b L1

loc
� R ` ;B�
� is a convolutionalgebra with

unit Iδ0, where δ0 	 f : � f for all f . Moreover, if L � ��� B� and B2 � B, then
Lδ0

b F is invertiblein X iff L �]L ��� B� .
Proof: 1c For eachT P 0, wehaveπ � 0 � T K � F 	 G� � π � 0 � T K � π � 0 � T K F 	 π � 0 � T K G� ,

by causality, hencewe canapplyLemmaF.2.3. Obviously, X is a convolution
algebra(with � L1δ0

b F1 � 	 � L2δ0
b F2 � � L1L2δ0

b L1F2
b F1L2

b F1 	 F2).
2c Obviously, L �uL ��� B� is necessaryfor the invertibility. Sufficiency

follows asin the finite-dimensionalcase(see,e.g.,Theorem2.3.1on p 42 of
[GLS]). @
We leave it to the readerto extend the above resultsfor ��� B � M � Rn;B2 �
� ,

whereM refersto (uniform) measures;see[GLS], pp. 121–127for the finite-
dimensionalcase.

(Seethenotesonp. 1023.)
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F.3 WeakLaplace transform ( ¼ w)

To generalizeis to bean idiot.

— William Blake (1757–1827)

In this section,we defineandstudyHp
strongandHp

weak spacesandtheLaplace
transformof stronglyor weaklymeasurablefunctions.

Let U andY be complex Hilbert spaces,andB, B2 andB3 complex Banach
spaces.

Definition F.3.1(Hp
weakHp
weakHp
weak and the weakLaplace transform ³F³F³F) Let 1 = p = ∞,

ω � R.
ByHp

weak
� Cὼ ; ��� B � B2 �
� wedenotethespaceof functionsF : Cὼ

�&��� B � B2 �
�
havinga finitenorm- F - Hp

weak
I Cώ ; HJI B � B2 K�K : � sup�

Λ
�
B �2 � 1 � � x � B � 1

- ΛFx - Hp I Cώ ; HJI B � B2 K�K C (F.26)

ThespacesHp
weak

� Dr ;
��� B � B2 �
� , Hp

strong
� Cr̀ ; ��� B � B2 �
� andHp

strong
� Dr ;

��� B � B2 �
�
are definedanalogously. We also setHp

strong� ω � 	 � : � Hp
strong

� Cὼ ; 	 � , Hp
strong� ∞ : �l ω k RHp

strong� ω (p �~
 1 � ∞ � ).
Let F : R � ��� B � B2 � and s � C. If eN s¹ F � L1

weak, then we set ³F � s� : �� º » wF � � s� : � w
®

R eN stF � t � dt. Thefunction º » wF is the (weak)Laplacetransform
of F. ThestrongLaplacetransformº » s is definedanalogously.

Obviously, º » wF is an extension of º » F. One easily verifies that - i- Hp
strong

I Cώ ; HJI B � B2 K�K : � sup� x � B � 1 - Fx - Hp I Cώ ; H[I B � B2 K�K and - i - Hp
weak

I Cώ ; HJI B � B2 K�K are

normson correspondingspaces;in LemmaF.3.2(c) we shall show that Hp
strong

andHp
weak areBanachspaces.

Next we list thebasicrelationsbetweendifferentHp� spaces:

Lemma F.3.2(Hp " Hp
strong " Hp

weak " H∞Hp " Hp
strong " Hp

weak " H∞Hp " Hp
strong " Hp

weak " H∞) Letω � R, ε P 0, 1 = p1 = p = p2 =
∞.

(a1) Hp � Cὼ ; ��� B � B2 �
�¡" Hp
strong

� Cὼ ; ��� B � B2 �
�~" Hp
weak

� Cὼ ; ��� B � B2 �
�¡"
H∞ � Cὼ ` ε;

��� B � B2 �
� , continuously. Moreover, H∞
weak � H∞

strong � H∞.

(a2)Hp
strong

� Cὼ ; ��� B � B2 �
�E"c Hp2
strong

� Cὼ ` ε;
��� B � B2 ��� ,

andHp1
strong

� Cὼ ; ��� B � B2 �
�?� Hp2
weak

� Cὼ ; ��� B � B2 ���A" Hp
strong

� Cὼ ; ��� B � B2 �
� .
Theseclaimsalsoholdwith “weak” or void in placeof “strong”.

(b) Let G � Hp
weak

� Cὼ ; ��� B � B2 �
� . Then - G � s� - H[I B � B2 K =� π � Res 9 ω �
� N 1� p - G - Hp
weak

I Cώ ; HJI B � B2 K�K .
(c) The spacesHp

strong
� Cὼ ; ��� B � B2 ��� and Hp

weak
� Cὼ ; ��� B � B2 �
� are Banach

spaces.

(d) Hp
strong

� Cὼ ; ��� B � B2 �
� � ��� B � Hp � Cὼ ;B2 �
� and Hp
weak

� Cὼ ; ��� B � B�h�2 ��� ���� B � ��� BB
2 � Hp � Cὼ ���
� .
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(e) (dimB � ∞dimB � ∞dimB � ∞) If dimB � ∞, thenHp � Cὼ ; ��� B � B2 �
� � Hp
strong

� Cὼ ; ��� B � B2 �
�
(with equivalentnorms). If dimB2 � ∞, then Hp

strong
� Cὼ ; ��� B � B2 �
� �

Hp
weak

� Cὼ ; ��� B � B2 �
� (with equivalentnorms).

Note from Theorem 6.2.1 that TICω
� U � Y � operators correspond to

H∞ � Cὼ ; ��� U � Y �
� functionsthroughan isometric isomorphismonto. Thus, all
Hp

weak functionsoverHilbert spacesareTIC∞ operators,by LemmaF.3.2(a).
Recall from RemarkA.3.22 thatBB

2 � B�2 meansthe Banachdual of B2, not
the “sesquilinear”(“Hilbert”) dualBd

2 (which is usuallydenotedby B�2 if B2 is a
Hilbert space).

Proof: (a1) By Lemma D.1.1(c), we have H∞
weak � H∞

strong � H∞. The
embeddingHp "

c
Hp

strong "
c

Hp
weak follows from LemmaF.1.5(c1)andLemma

D.1.2(b1);the embeddingHp
weak

� Cὼ ; ��� B � B2 �
�B"c H∞
weak

� Cὼ ` ε;
��� B � B2 ��� fol-

lows from LemmaD.1.4(d).
(a2)By (a1),wemayreplaceHp2

weakby H∞ in thesecondclaim. By Lemma
D.1.4(d),thentheclaimshold for void in placeof “strong”. Apply this for each
x0 � B [and Λ � B�2] to obtainthe strong[weak] claim (note that we canuse
sameembeddingboundsasfor theuniformcase).

(b) Casep � ∞ follows from (a), sowe assumethat p � ∞. If G is scalar,
thenthis holds,by (6.4.3)of [HP] (becausethenthe nonstandardassumption
(iii) of Definition 6.4.1 of [HP] is redundant,by Theorem3.3.1(a3)). Thus,
we canreplaceG � s� by ΛG � s� x for any x � B andΛ � B�2 with - x -x�©- Λ - = 1
(becausethen - ΛGx - Hp = - G - Hp

weak
); thegeneralinequalityfollows.

(c) Let ; fn > " Hp
weakbeaCauchysequence.By (a), for eachα P ω thereis

fα s.t. fn
� fα in H∞ � Cὰ ; ��� B � B2 �
� ; let f � H � Cὰ ; ��� B � B2 �
� bethepointwise

limit function. GivenΛ � B�2 andx � B, theCauchy-sequenceΛ fnx converges
in Hp; the limit is equalits pointwiselimit Λ f x, hencef � Hp

weak and fn
� f

in Hp
weak.

Theproof for Hp
strong is analogous,andit canbeobtainedfrom (d) too (the

sameappliesto Hp
weak, thoughnotasobviously).

(d) The left-hand-sidesare obviously (isometrically)subspacesof right-
hand-sides.If p � ∞, thentheconversesfollow from LemmaD.1.1(d).Assume
thenthat p � ∞.

By (a), we have ��� B � Hp � Cὼ ;B2 �
�B"c ��� B � H∞ � Cὰ ;B2 ��� �
H∞ � Cὰ ; ��� B � B2 �
� , for all α P ω. Thus, any F � ��� B � Hp � Cὼ ;B2 �
� takes
form of a function F � H � Cὼ ; ��� B � B2 �
� . As notedat the beginning of the
proof, thetwo normsonF areequal,henceF � Hp

strong
� Cὼ ; ��� B � B2 �
� .

For F � ��� B � ��� B�2 � Hp � Cὼ �
�
� , theproof is analogous.
(e) This follows from LemmaF.1.5(f). @

Thefollowing is ratherobvious:

Lemma F.3.3 Let F : R ` �¦��� B � B2 � , f : Ω ����� B � B2 � , Ω � Cὼ or Ω � ∂rD,
and1 = p = ∞. Then

(a1)Wehavef � Hp
strong

� Ω; ��� B � B2 �
� iff f x � Hp
strong

� Ω;B2 � for all x � B.
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(a2)Wehavef � Hp
weak

� Ω; ��� B � B2 �
� iff Λ f x � Hp
strong

� Ω;B2 � for all x � B and
Λ � B�2.

(b) If T � ��� B2 � B3 � andx � B, thenT º » s �zº » sT, T º » w �zº » wT, andT ³Fx �\½TFx
wherever ³F exists.

(c) We have ·FB � s� � F � s� B and ·Fd � s� � F � s̄� d for any s for which either
transformis definedif B andB2 are reflexive(thisappliesto º » w and º » ).

(Recall that “F � ” refers to “FB” in Banachand to “Fd” in Hilbert space
settings.)

Proof: We get (a1)&(a2) from LemmaF.1.6, (b) from TheoremF.2.1(e),
and(c) from LemmaF.2.1(d). @
Functionsin L1

weak have boundedholomorphicweakLaplacetransformson
theright half-plane:

Lemma F.3.4( µL1
weak " H∞µL1
weak " H∞µL1
weak " H∞) Let F : R ` � ��� B � B2 � , s0 � C, r : � Res0, ε P 0,

1 = p = ∞, p N 1 b q N 1 � 1.

(a1) If eN s0 ¹ F � L1
weak, then ³F � H∞ � Cr̀ ; ��� B � B�h�2 �
� , and -?³F - H∞ I Cŕ ; H[I B � B���2 K�K =- eN s0 ¹ F - L1

weak
.

(a2) If eN s0 ¹ F � L1
strong, then ³F � H∞ � Cr̀ ; ��� B � B2 �
� , and - ³F - H∞ I Cŕ ; HJI B � B2 K�K =- eN s0 ¹ F - L1

strong
.

(b1) If eN s0 ¹ F � Lp
weak, then ³F � H � Cr̀ ; ��� B � B�h�2 �
�¸� H∞ � Cr̀ ` ε

��� B � B�V�2 �
� , and- ³F - H∞ I Cŕ ; H[I B � B���2 K�K = Mε � p - eN s0 ¹ F - Lp
weak

.

(b2) If eN s0 ¹ F � Lp
strong, then ³F � H � Cr̀ ; ��� B � B�h�2 ���¾� H∞ � Cr̀ ` ε

��� B � B�V�2 �
� , and-?³F - H∞ I Cŕ ; H[I B � B���2 K�K = Mε � p - eN s0 ¹ F - Lp
strong

.

(c1) If p = 2 andeN r ¹ F � Lp
weak

� R ` ; ��� B � B2 �
� , then ³F � Hq
weak

� Cr̀ ; ��� B � B�h�2 �
�
and - ³F - Hq

weak
I Cŕ ; H[I B � B���2 K�K = � 2π � 1� q - eN r ¹ F - Lp

weak
, with equalityfor p � 2.

(c2) If p = 2 andeN r ¹ F � Lp
strong

� R ` ; ��� B � Y �
� , then ³F � Hq
strong

� Cr̀ ; ��� B � Y �
�
and -?³F - Hq

strong
I Cŕ ; HJI B �Y K�K = � 2π � 1� q - eN r ¹ F - Lq

strong
, with equalityfor p � 2.

(d) The (strong/weak)Laplace transformis an isometric isomorphismmod-
ulo ¿ 2π of L2

ω
� R ` ;Y �
� onto H2

strong
� Cὼ ;Y � , of ��� U � L2

ω
� R ` ;Y �
� onto

H2
strong

� Cὼ ; ��� U � Y �
� � ��� U � H2 � Cὼ ;Y �
� and of ��� U � ��� YB � L2
ω
� R ` ���
�

ontoH2
weak

� Cὼ ; ��� U � Y �
� � ��� U � ��� YB � H2 � Cὼ ���
� .
Recallthatwe mayreplaceB�V�2 by B2 above if B2 is reflexive (e.g.,a Hilbert

space).
From (d) we concludethat the inversetransformof H2

strong
� C ` ; ��� U � Y �
�

coversin generalmorethanL2
strong

� R ` ; ��� U � Y ��� , asshown in ExampleF.3.6.
Proof: (a2)&(b2)&(c2) Modify the proofs of (a1), (b1) and (c1) accord-

ingly.
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(a1)Let s � Cr̀ . We have eN stF � t � � eN I sN s0 K teN s0tF � t � , and q eN I sN s0 K t q =
1, hence - eN s¹ F - L1

weak
= - eN s0 ¹ F - L1

weak
. By TheoremF.2.1, it follows that-)³F � s� - = - eN s0 ¹ F - L1

strong
. By Lemma D.1.10(a)and Lemma D.1.1(b), ³F �

H � Cr̀ ; ��� B � B2 ��� .
(b1) Set Mε � p : �±- eN ε ¹ - q and use (a1) (note that - eN s0 ¹ eN ε ¹ F - L1

weak
- =

Mε � p - eN s0 ¹ F - Lp
weak

).

(c1) Now ³F � H � Cr̀ ; ��� B � B�h�2 �
� , by (b1). For any Λ � B�2, x � B, we have
Λ ³Fx ��º » ΛFx, by (d), and- Λ ³Fx - Hq I Cŕ K = � 2π � 1� q - ΛFx - Lp

r
� (F.27)

by TheoremE.1.7,with equalityfor p � 2.
Takingthesupremumon bothsidesof (F.27)over - Λ -x�©- x - = 1, we obtain

that - ³F - Hq
weak

I Cŕ ; HJI B � B���2 K�K = � 2π � 1� q - eN r ¹ ³F - Lp
weak

I R ´ ; H[I B � B���2 K�K , with equalityfor
p � 2.

(Thus, º » w is an isometricisomorphismof π ` L2
weak ontoa closedsubspace

of H2
weak. We believe that this is a propersubspaceof H2

weak; in particular,
we believe that for any infinite-dimensionalU andY, someH2

weak functions
do not have boundaryfunctions (althoughthey have “boundary operators”
B � B�2 � L2 � ω b iR � ; thesituationfor L2

strongseemsto beanalogous.)
(d) Theidentitiesweregivenin LemmaF.3.2(d).Becauseº » is anisometric

isomorphismtimes ¿ 2π of L2
ω onto H2

ω, by LemmaD.1.15,it is alsoan iso-
metric isomorphismtimes ¿ 2π (onto) ��� U � L2

ω
� R ` ;Y �
� � ��� U � H2 � Cὼ ;Y �
�

and ��� U � ��� YB � L2
ω
� R ` �
�
� �!��� U � ��� YB � H2 � Cὼ �
�
� . @

Themultiplicationof elementsof differentHp spacesworks in thesameway
asthatof Lp spaces:

Lemma F.3.5(Hr
weak

i Hp
strong " Hp

strong� εHr
weak

i Hp
strong " Hp

strong� εHr
weak

i Hp
strong " Hp

strong� ε) Let 1 = p = ∞ and1� p b 1� q � 1. Let
F : C ` � ��� B � B2 � � G : C ` � ��� B2 � B3 � � f : C ` � B. Thenall claims (i.e.,
(a1)–(a3”)) of LemmaF.1.8holdwith H in placeof L andG� � ī � in placeof G� .

Moreover, if f � Hp
strong

� Cὼ ; ��� B � B2 �
� andg � Hr
weak

� Cὰ ; ��� B2 � B3 �
� , where
r �R
 1 � ∞ � andω P α, thengf � Hp

strong
� Cὼ ; ��� B � B3 ��� and - gf - = M - g -6- f - ; the

sameholdswith Hp in placeof Hp
strong.

Naturally, by shiftingoneobtainsananalogousCὼ claim.
Proof: Theproductfunctionsareholomorphic,by LemmaD.1.2(b3).The

claimson normsfollow from LemmaF.1.8.
Thelastclaimfollowsfrom thefactthatg � H∞ � Cὼ ; ��� B2 � B3 �
� , by Lemma

F.3.2(a). @
As notedabove,theLaplacetransformL2

strong
� H2

strongis notontoin general:

Example F.3.6 [ ÀL2
strong 1� H2

strongÀL2
strong 1� H2

strongÀL2
strong 1� H2

strong] Even for U : � � 2 � N � , there are
H2

strong
� C ` ; ��� U �
� functionsandL2

strong
� iR; ��� U �
� functionsthatarenotLaplace

transformsof any L2
strong

� R; ��� U �
� functions,not even of any L2
weak

� R; ��� U �
�
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functions (nor of any other ��� U � -valued functions, see 5c of the proof of
ExampleF.1.10).

In fact, there is ³F � H2
strong

� C ` ; ��� U ���A� Lstrong
� iR; ��� U ��� s.t. ³F � ī � �7�

H2
strong

� C ` ; ��� U �
�?� Lstrong
� iR; ��� U �
� but ³Á is not theLaplace(or Fourier)trans-

form of any F : R ` � ��� U � (nor of any F � R `:+ N � � ��� U � whereN is a null
set). §

Proof: Let Fn � L2
strong

� 
 0 � 1� ;U � (n � N), F � ��� U � L2 � 
 0 � 1� ;U �
� beasin
ExampleF.1.10.

Becauseπ � 0 � 1K L2 "c L2
ω and º » L2

ω � H2
ω, we have ³Fn � ³F � H � C; ��� U �
�3�

H2
strong

� Cὼ ; ��� U �
� for all ω � R, and ³Fn
� ³F in eachH2

strong
� Cὼ ; ��� U �
� . The

claimson ³F � ī � � follow from dualityandthefactthat ³Fn
� ī � � �.·F �n for eachn � N.

Assumethenthat ³F �Rº » G for someG � L2
strong

� R; ��� U ��� (if G : � R `Â+ N � ���� U � whereN is a null set, for somereasonablesenseso that ³Fu0 � ½Gu0

for all u0 � U , then Gu0 equalsthe inversetransformof ³Fu0, hencethen
Gu0 � L2 � R ` ;U � ; consequently, thenG � L2

strong
� R ` ; ��� U �
� ).

Givenu0, we have ³Fnu0
� ³Fu0 in H2, henceFnu0

� Gu0 in L2, asn � ∞,
henceFn

� G in L2
strong

� R; ��� U �
� , whichis acontradiction,by ExampleF.1.10.

Thus, ³F is not thetransformof any G : R ` �¢��� U � . @
We finish this appendixby a moretechnicallemma. A main observation of

thelemmais that ³Á � ī � �E� H2
strong, then

Á
is smoothing(see(b2)below).

Lemma F.3.7 Let ω � R, ε P 0, 1 = p = ∞.

(a1) (Inversetransform of H1H1H1) Let g � H1 � Cὼ ;B�?� L1 � ω b iR;B� andγ   ω.
Theng � ³f , where

f � t � � 1
2π

etγ
²

R
etir g � γ b ir � dr � B � t � R � C (F.28)

Moreover, eN ω ¹ f �7Q 0
� R;B� , π N f � 0, andsupR - eN ω ¹ f - B = - g - H1

ω � 2π.

(a1’) Let g � H1 � Cὼ ;B� andγ P ω. Theng � ³f , where f is definedby (F.28).
Moreover, eN ω ¹ f �7Q b

� R;B� , π N f � 0, andsupR - eN ω ¹ f - B = - g - H1
ω � 2π.

(a2)LetG � H1
strong

� Cὼ ; ��� B � B2 �
� andγ P ω. ThenG �p³F, where

F � t � � 1
2π

etγ s
²
R

etir G � γ b ir � dr � t � R � C (F.29)

Moreover, π N F � 0, supR - eN ω ¹ F - B = - G �Vi 9 ω � - H1
strong

� 2π, andeN ω ¹ f x �Q b
� R � B2 � for all x � B.

(a3)LetG � H1
weak

� Cὼ ; ��� B � B2 �
� andγ P ω. ThenG �Z³F, where

F � t � � 1
2π

etγ w
²
R

etir G � γ b ir � dr � t � R � C (F.30)
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Moreover, π N F � 0, supR - eN ω ¹ F - B = - G �Vi 9 ω � - H1
weak

� 2π, andeN ω ¹ Λ f x �Q 0
� R � for all x � B andΛ � B�2.

(b1) (Inverse transform of H2H2H2) Let ³Á � H2 � Cὼ ; ��� U � Y �
� . ThenÁ
: L2

ω
� R ` ;U � a u D� º » N 1 ³Á ³u satisfies eN ω ¹ Á u �!Q 0

� R;Y � , and
supR - eN ω ¹ Á u - Y = - ³Á � ī � - H2 I Cώ ; HJI U �Y K�K - u - L2

ω
for all u � L2

ω
� R ` ;U � (for all

u � L2
ω
� R;U � if weextend

Á
ontoL2

ω; this extensioncoincideswith theop-
erator

Á � TICω (seeTheorem6.2.1)if, in addition, ³Á � H∞ � Cὼ ; ��� U � Y �
� ).
(b2) Let ³Á � ī � �Ã� H2

strong
� Cὼ ; ��� Y� U �
� . Thenthemap

Á
: u D� º » N 1

w ³Á ³u satisfies

eN ω ¹ Á u �YQ b
� R;Y � and supR - eN ω ¹ Á u - Y = - ³Á � ī � ��- H2

strong
I Cώ ; H[I U �Y K�K - u - L2

ω

for all u � L2
ω
� R ` ;U � (for all u � L2

ω
� R;U � if we extend

Á
onto L2

ω; this
extensioncoincideswith the operator

Á � TICω (seeTheorem6.2.1)if, in
addition, ³Á � H∞ � Cὼ ; ��� U � Y �
� ).

As statedin Theorem3.3.1(a1),expressiong � H1 � L1 meansthat g � H1

hasa boundaryfunction in L1. By (a1), any elementof H1
strong

� C ` ; ��� B � B2 �
is the (strong)Laplacetransformof a boundedandweakly continuousfunction
R ` �!��� B � B2 � .

By (b2), an I/O map with a transfer function in “dual” H2
strong produces

boundedandcontinuousoutput. This fact will be usedin Theorem6.9.1(b)to
show that suchmapsareexactly the I/O mapswith a WPLS realizationwith a
boundedoutputoperator.

We will seein Theorem3.3.1(d2)that if ³Á � ī � �o� H2
strong � H∞, then,actually,³Á � L2

strong � L∞
strong, so that themapu D� º » N 1 ³Á ³u definedin (b2) canbe defined

with the sameformula (but with the (Fourier) transformsconsideredon ω b iR
only) for any u � L2

ω
� R;U � .

Proof of Lemma F.3.7: We take ω � 0 w.l.o.g.(replaceg by g � ω bMi � for
thegeneralcase;seealsoRemark2.1.6).

(a1) By the usualcontour integration argument(use(6.4.4) of [HP] and
notethat et I γ ` ir K is boundedfor boundedγ), expression(F.28) is independent
of γ P 0 for any t � R. But (F.28) is continuous(from the right) at γ � 0,
hencewe may take γ � 0 too to obtainthesamef . With γ � 0 we obtainthat- f - ∞ = - g - H1

ω � 2π. By LemmaD.1.11(a1)&(b),wehave f �8Q 0
� R;B� .

By p. 230 of [HP], g �fº » π ` f . Let T P 0 and set fT : � τ N Tπ ` f �
L∞ � R ` ;B� . Then · fT � eN T ¹ g � H1, sothat · fT ��º » π `,ÄfT , by theabove,where

ÄfT � t � � 1
2π

²
R

etir · fT � ir � dr � f � t 9 T � � t � R � C (F.31)

By uniqueness(Lemma D.1.10(b)), fT � π ` f �Vi 9 T � , henceπ � N T � 0K f � 0.
BecauseT P 0 wasarbitrary, wehaveπ N f � 0.

(a1’) Apply (a1)with ω b ε in placeof ω for someε P 0.
(a2)Apply (a1’) for Gx (x � B).
(a3) Apply (a1) for ΛGx (x � B � Λ � B�2) (note that ΛGx � H1 � L1, by

Theorem3.3.1(a1)).
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(b1) 1c Caseu � π ` L2: Let u � L2 � R ` ;U � , so that ³y : � ³Á ³u � H1 � C ` ;Y � .
Then - ³y - L1 I iR;Y K ��- ³y - L1 I iR;Y K = - ³Á - H2 - ³u - H2 = 2π - ³Á - H2 - u - 2 � (F.32)

by Theorem3.3.1(a). Thus, supR - y - Y = - ³y - H1 � 2π �Å- ³Á - H2 - u - 2 and y �Q 0
� R;Y � , by (a1).
2c Caseu � L2: By repeatingthe proof of Lemma2.1.3, we can show

thateachsuch
Á

extendsto a time-invariant(τt Á � Á
τt for all t � R) operatorÁ

0 � ��� L2
ω
� R;U � � Q 0

� R;Y �
� with thesamenorm.By continuity, thisextension
satisfiestherequirementsof (c1).

3c Case
Á � H∞: Let ³Á � H∞ too,sothat

Á � TIC � U � Y � , by Theorem6.2.1.
By time-invariance,

Á
u � Á

0u for any u � L2 � 
 T � b ∞ � ;U � , T � R. If un
� u

in L2, then
Á

un convergesin both L2 and Q 0, so that the limits mustbeequal
(a.e.),by TheoremB.3.2,hence

Á � Á
0 on L2.

(b2) By LemmaF.3.5(a3”),we have - ³Á ³u - H1
weak

= - ³Á � ī � ��- H2
strong

- ³u - H2 for

u � L2 � R ` ;U � . Consequently, Λ
Á

u �MQ 0
� R � for all Λ � Y � , and the norm

estimateholds(cf. theproofof (b1)),by (a3).
If u �}Q ∞

c , then
Á

u � W1 � 2
1 " Q (because

Á � TIC1), byTheorem3.1.5(alter-
natively

Á
u "�Æ N 1 
 L1 � 1 b iR;Y � � " e1 ¹ Q 0 " Q , by LemmaD.1.11(e2)&(e1)).

For generalu, we cantake un �(Q ∞ (n � N) s.t.un
� u in L2; it follows from

the norm estimatethat
Á

un convergesin Q b and
Á

un pointwiseto
Á

u, henceÁ
u �7Q b.

The restof theproof is analogousto 2c and3c of (b1). (Note thatwe can
analogouslyshow thateN ω ¹ Λ Á

u �7Q 0
� R � for eachΛ � Y � .) @

Notesfor Appendix F
Dinculeanu[Dinculeanu], Chapter IV, has some results in this direction

for functions F : Q � ��� B � B2 � s.t. - F - is measurable(if F � L∞
strong and B

is separable,then F “weakly locally integrable” in Dinculeanusterms). In
[CZ], Lweak � Lstrong is defined for separableHilbert spaces,but the norm-6- F - HJI B � B2 K - Lp is usedinsteadof the Lp

strong norm; also the appendix[Sbook]
will list similar results.However, for p � ∞ their resultsbecomespecialcasesof
thoseof ours,byTheoremF.1.9(s3).Wedonotknow any studiesin ourgenerality.

For some purposesit would be more natural to define Lp
strong and Lp

weak
as spacesof (equivalenceclassesof) functions, whosevaluesare unbounded
operators.Fortunately, theabovesettingsufficesfor our purposes.

SeeChapter3 for further resultson L∞
strong in the Hilbert spacesettingand

AppendicesB andD andnotesthereinfor uniform variantsof the resultsof this
appendix.


