Appendix F

L &rong Liveax@Nd Integration

Orderandsimplificationare thefirststepgoward masteryof a subject
—theactualenemyis theunknown.

— ThomasMann(1875-1955)

For a function f : Q — B(B,B;), Bochnermeasurabilitycorrespondsto
the uniform (i.e., Banachspace)topology of B(B,B;). However, for several
applicationgt sufiicesthat, e.g., fx: Q — B is measurabldéor eachx € B (i.e.,
that f is stronglymeasuable). We studythisandthecorrespondingveakconcept;
in particular we defineand study Lgtmng and L\f’veak spaceqin SectionF.1; we
note that Lg,ng is usually a Banachspace(TheoremF.1.9) but Lg’tmng is often
incompletefor p < o (ExampleF.1.10)).

In SectionF.2, we defineand study integrationand corvolution for strongly
or weakly measurabléunctions.In SectionF.3, we treatH%,,,andH} . spaces
andthe Laplacetransformof stronglyor weakly measurabléunctions.

In this chapter B, B, and Bs denoteBanachspacesver the scalarfield K,
whereK =R or K = C (we have K = C in SectionF.3), U, H, andY denote
Hilbert spacesandp is acompletepositive measuren asetQ.
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F1 L&ongandLy,

weak

If youthink youhavethe solution,the questionwaspoorly phrased.

In this section, we study strong and weak (operator) measurabilityand
correspondind. P spacesWe startwith the definitionsof measurability:

Definition F.1.1(Strong and weak measurability, L, Lstrong Lweak BY
L(Q; *) we denotethe (equivalenceclassesof) Bochner measuable functions
Q— .

Let F : Q — B(B,B)). Then F is strongly measurable ([F] €
Lstrond Q; B(B,B2))) if Fx € L(Q;By) for all x € B, andF is weakly measurable
([F] € LweaQ; B(B,By))) if AFx e L(Q) for all xe B, A € B,.

Elements, G € L (respLstrong Lweak) are identified([F| = [G], or F € [G],
whete [F] is theequivalenceclassof F) if F = G a.e (resp.Fx = Gxa.e for all
x € B,AFx=AGxa.e forall x€ B, A € B).

If F:Q — B(B,By) and G : Q — B(Bj,B*) are strongly (resp. weakly)
measuableand(Fx, /\)<BZ,B§> = (X, GN\)g g+ a.e forall xe B, A € B, then[G] is
theadjointof [F]] in Lstrong(resp.Lweay andwewrite [F]* = [G].

If F € L(Q;B(B,By)) and G € L(Q; B(Bz,B3)), then we define[G][F] :=
[GF] € Lstrond Q; B(B,Bg)).

Theabovedefinitioncanbegeneralizedo situationswvhereF is Bz-valuedand
thereis a continuousbilinear mappingB x Bz — B>, but thesesituationscanbe
reducedo theabove by consideringBz asa subspacef B(B, B;). Thedefinition
of [G][F] will bejustifiedin the proofof LemmaF.1.3(b).

We write [F]i, [FlLgong OF [FlLyeac Whentheremay be confusionaboutthe
sensan which anequialenceclassis defined.We usethe standardconventionto
write F in placeof [F| whenthereis no risk of confusion.

The Bochnermeasurabilityof an operatotvalued function is often called
uniform measuability (in the literature,alsothe term “strong measurability”is
used but we shallusethattermfor Lgtrongonly).

We shallinterpretthe definition of Lstrongand Lyeak for vectorvaluedfunc-
tionsasfollows: if f : Q — B, thenwe considerf asafunctionQ — B(K;B), so
that strong(operator)measurabilityreducego Bochnermeasurabilityandweak
(operator)measurabilityreducedo “weak vectormeasurability”,i.e., to the con-
ditionthatAf € L for all A € B* (for operatotvaluedfunctions,by weakmeasur
ability we referto weakoperatormeasurabilityasdefinedin Definition F.1.1).

LemmaF.1.2

(@) L(Q;B(B,B2)) C Lstrond Q;B(B,B2)) C Lwea Q; B(B,By)).

(b1) If [F] € Lstrond Q; B(B, B2)) hasan adjointin Lsyong thenthis adjoint is
unique

(b2) If F,F* € Lstrong then [F*]Lstrong = [F]’[Smng. If F,F* € Lweak then
[F*Lweak = [FIL yeurc



(c) Let B be reflxive If [F] € LweadQ;B(B,B2)), then [F*] €
Lweak(Q; @(Bza B*)) and[F*] = [F]*

In contrastto (a) and (b), in Example3.1.4we constructF € Lsyong\ L S.t.
F* € Lweak\ Lstrong and esssup||F*A||g« = o for certain/A € B3, even though
F € [0]Lgyong @Nd hence[F]Lstrong [ ]Lstrong [O]Lsyony THus,e.9.,[F] € Lstrong
may have anadjointin Lsyongevenif F* & Lsirong
Proof: (a) This follows from (B.18) (Naturally, the inclusionsshouldbe
injective. By LemmaB.2.6, this is the case(but the equivalenceclasses
may be enlagedwith “less measurable’tlementsandtheremay appeamew
equialenceclassesiswe move from L to LstrongOr from Lstrongt0 Lweal)-)
(b2)&(c) Thesefollow directly from the definition.
(b1) For [F] € Lstrond Q; B(B,B2)) we have, by LemmaB.2.6, that [F] =
[0] & AFx=0a.eforallxe B, A € Bj.
If [F]* = [G] and [F]* = [H], then (x,(G—H)A) = 0 a.e. for all
N € B, x € B. Therefore,hence(G—H)A = 0 a.e.for all A € B5, by
LemmaB.2.6 (becausgx € B| ||x||g < 1} C (B*)* is norming),i.e.,[G] = [H].
]

Now we go on with further propertiesof strongly and weakly measurable
functions:

LemmaF.1.3 Let [F] € LsrondQ; B(B,Bz)), [G] € Lstrond Q; B(B2,Bg)), [f] €
L(Q;B), [h] € L(Q), H:Q — B(B,By) and1 < p < ». Thenwe havethe
following:

(@) Ff € L(Q,B2) andhF € Lstrond Q; B(B,B2)).

(b) We have[GF| € LstrondQ; B(B,B3)). In particular, Lstrond Q, B(B)) is an
algebra.

(c) If Hn € Lstrongfor all ne N andH, —+ H ae., thenH € Lgtrong

(d) If dimB < oo, thenLstrond Q; B(B,Bz)) = L(Q;B(B,Bz)) (and [F]Lgon, =
[F]L); if By is sepamble then Lyead Q; B(B,B2)) = Lstrond Q; B(B, B2))
(@nd[F]Lgron = [FlLyead-

(e) If also R is a measue space then ((g,r) — F(d)) € Lswrond Q@ x R) and
(a,r) = F(r—a) € Lstond QX R).

(f1) Assumethat B is sepaable Then||F|| is measuable and ||[F]||_>
esssup||F|| s, <, in particular, [F]=[0] < F=0a.e

strong

Moreover, [F] € GLswongiff F(q) € GB for a.e g € Q and [F 1] € Lstrong
If, B is alsoreflexive, thenF* € Lsyrongand [F*] = [F]*.

(f2) Assumehat Q is sepaableandp(Q) > 0 for openQ C Q.

ThenC(Q;B(B,B3)) C L(Q; B(B, Bz)) C Lstrond Q; B(B,B2)). Moreover,

(b(QB(B,Bz)) C L*(Q;B(B,B2)) C Lrond Q; QE(B B2)), with equal
norms.



Assume in addition, that F € C(Q;B(B,By)). Then [F*] = [F]* and
||[F]||L§°trong: sup, ||F||3(B’Bz) < oo; in particular, [F]=[0] < F =0.

If F(q) € GB(B,By) for a.e q€ Q, then[F]~1 = [F~Y] € GLstrong CoN-
versely if [F] € GLswongand [G] = [F]™! and ||G|| g, 5 < M a.e, then
F(q) € GB(B,By) forall ge Q.

(g) Assumethat B3 = B. Thenany sepagable setsXy C B andYp C By are
contained respectivelyin closedsepaable subspaceX C B andY C By,
s.t.there is a null setN C Q satisfyingF(g)x € Y and G(q)y € X for all
xe X,yeY andge Q\N. (Cf. Lemma3.2.6.)

(w) Replacel strong bY Lweak everywhee above in this lemma. Thenparts (c)
and (e) above hold, we havehF € LyeadQ; B(B,B2)), andg € L(Q;B3)
impliesthatgFf € L(Q). Parts (f1) and (f2) (providedthat both B and B;
are assumedo be sepaablein (f1)) also hold exceptpossiblythe claims
concerningg L strongand GL gtrong

Moreover if f € L, thenF f € Lyeak if F € Lstrong thenGF € Lyeak

Note that any measurablesubsetof R" with the Lebesguemeasurgor ary
countableset with the counting measure)satisfiesthe assumptionf (f2), by
LemmaB.2.3(e).

Proof: (a) The claim on hF is a special caseof (b). Now gj :=
Z|J(:1FXkXEk € L(Q;By) for all j € N, {x} C B anddisjoint, measurables,
(ke N). ThereforeFf =limj,,»gj €L, whenf =3 xXg. If felLis
arbitrary f, — f a.e.,and fy is countably-@lued(n € N), thenL > Ff, —» Ff
a.e.,asn — +oo, hencethenF f € L, by LemmaB.2.5(c).

(b) 1° Now Fx € L, henceGFx € L, by (a), for ary x € B. Thus,[GF] €
I-strong

2° We shall now shaw that [G][F] := [GF] is well defined,as promised
below DefinitionF.1.1: LetF’ € [F|, G’ € [G] andx € B. By LemmaB.2.5(b1),
thereis a separablesubseBy C B s.t.F(g)x € Bp for a.e.q € Q. Chooseanull
setN c Qs.t.Fy=F’yonN¢ for all yin adensegcountablesubsebf By, hence
for all y € Bg. ThenFGx= F'G'x a.e.onN€, hencea.e.,hencelFG| = [F'G'],
hencemultiplicationis well-defined.

3° Apply 1° to B, = B = Bz to seethatLsirong Q; B(B)) is analgebra.

(c) Now Hx = limpHnx a.e. henceHx € Lsrong for any x € B (thus,it were
sufficientif H, — H strongly).

(d) We assumehatdimB < « andprove thatF € L(Q; B(B,By)). Take a
baseey,...,en C B, andsetfj := Fej € L(Q;By) forall j. ThenFS"_;ajej =
yi_1a;jfj, henceF = 5 f;P; € L, whereP; € B* is themappingy |_; ajej —
aj. Obviously, Fx=0a.e.for all x e Biff F = 0 a.e.,hence[0] g, = [O]L

If, insteadB; is separablethenary F € LyeaQ; B(B,By)) is strongly
measurableby LemmaB.2.5(b1)(andAFx =0 a.e.for all A € B iff Fx=0
a'e"hence[o]Lstrong = [O] Lweak)'

(e) Now F(-)x € L(Q,B2) C L(Q x R By) for all x € B, henceq — F(q)
is in LsrongQ x R). The secondclaim follows analogouslyby usingLemma
B.2.9.



(f1) 1° Let {bc}ken be densein the unit ball of B. Then||F|s@g, =
sup ||Fby||, is measurabland||F||L= = sup||Fbg||L» < essup||F|. Butif

strong
|IF|| > M onE with u(E) > 0, thenUyEy = E, whereE, := {q € E | |F (q)by|| >
M}, hencethen pu(Ex) > O for somek, thus ||[Fbk|l« > M. Consequently
sup [|Fbyl[L < esssup||F||.

2° Claim [F]t = [F1: If F~! exists a.e.and [F 1] € Lstrong then,
obviously, [FJ[F] =1 and[F][F 1] =1 in Lstrong

For the corverse,assumehat Bz = B and [G] = [F]~1. SetXo := B and
apply(g) to obtainanull setN C Q andaclosedseparablsubspac® C By s.t.
F(q)[B] C Y forallge Q\N.

Now Ig — GF =0 a.e.on N® and(lg, — FG)‘Y = 0 a.e.on N°¢ Therefore,
G‘Y =F~1a.e.onN¢, say onN¢§, whereN; is anull set.But for ary y € B, we
have FGy=ya.e.onN¢, henceB, =Y, i.e.,G=F~1on N7, hencea.e.

3° Assumenow thatB is alsoreflexive. Let A € B;. Then(x, F*A) = (Fx,\)
is measurabldor all x € B=B**, andF*A : Q — B* is separably-alued(B*
is separablepy LemmaA.3.4(R2)), henceF*A is measurablepy Lemma
B.2.5(b1).Obviously, [F*] = [F]*.

(f2) (In fact, piecavise continuity sufiices(or thatQ = UnenQn, Where,for
eachn, Q, C Qis aBorelset,F € C(Qn; B(U,Y)), andpu(Q) > 0 for all open
Q C Qn).) Notethatwe implicitly assumedhatQ is a topologicalspaceand
thatall Borel-setsaremeasurable.

1° By LemmaB.2.5(e),C C L. (Notethatwe haveidentifiedF and[F]_ for
F € C; by 3°, thisinclusionis injective.) Combinethiswith LemmaF.1.2(a)to
obtainC C L C Lstrong

2° We have||F||Lg,,,, = SURy [IF|: If F € Cand|[F (@)X > M := [[F [z,
for somex € B s.t. x| < 1, thenQ := {q € Q|||[F(q)x|| > M} hasa positive
measure,hence||FX||. > M, a contradiction,hencesup, ||F||s@g, < M,
hencesup, [|F[|388,) = M.

3° (b C L C LgyongWith equalnorms:this follows from 1° and2°.

4° Now alsoF* is continuous,henceF* € L C Lstrong by 1°. Fromthe
definitionof [F]* we obserethat[F*] = [F]*.

5 If F(q) € GB(B,By) for g € N¢, whereN is a null set,thenF~1 ¢
C(NS; B(Bg,B)) C Lstrong(NC; B(Bo,B)) = Lstrong(Q; ‘B(B2,B)).

6° Assumethat [F] € GLstong [G] = [F] ! and ||G|| 5,5 < M on N§,
whereNy is anull set.

Let Xp € B andyp € B, be arbitrary Set Xp := {x0}, Yo := {Yo}, and
apply (g) to obtainclosedseparablesubspaceX,Y andasetN s.t. F ()X C Y
andG(q)Y ¢ X for all ge N, xp € X € Bandyp € Y C B,. By continuity,
F(qQX CYforallge Q.

SinceGFx= xandFGy=ya.e.for all x € Bandy € B,, hencefor all x e X
andy € Y, we have [F]~1 = [G] alsoin L gtrond Q; B(Y, X)). Thus,we canapply
(f1) to obtainthatF(q)‘X € GB(X,Y) fora.e.q € Q, sayfor g€ Ng , , where
Nyo.yo IS anull set.

We now shav that F(q)|X € GB(B,By) for all g€ Q: To obtain a
contradictionassume:hatF(qo)|X ¢ GB(B,B,) for somegp € Q. Thenthereis



anopenV C B(X,Y) s.t.F(go) eVandT €V & T € GB(X,Y) = ||T7Y >
M, by LemmaA.3.3(A4). It follows thatV’ := {q € Q|F(q)|y € V} is open
andV’ C NoU Ny, y,, henceu(V') = 0, henceV’ = 0, acontradiction.

In particular F(q)xo # 0 andyp € Ran(F(q)), for all g € Q. Becausex
andy were arbitrary we have Ker(F(qg)) = {0} andRanF(q)) = By, hence
F(g) € GB(B,By) forary q€ Q.

(g) Let Dx C Xp andDy C Yy bedenseandcountable.For any n € N, we
have F(GF)", (GF)"G, (GF)", (FG)" € Lstrong by (b).

Foreachx € Dy, thereisanull setNy C Q s.t.Y3 := F[Q\ Nj|xis separable.
SetY: = sparfYo U Uxepy &), Nj = Uxepy Ny It follows thatF[Q\ Ng|x C Y1
for all x € Xg, by continuity. Moreover, Y1 C Y is separableby Lemma
B.2.3(a)&(c),andN} is anull set.

For eachk € 1+ N, givenN; andY, choose analogouslya null setNy. 1
anda separablesubspace;1 C B s.t. Xk C Xikr1 andG[Q\ Nicr1]Yk C X1
On the otherhand,for eachk € 1+ N, given Ny and Xy, choosea null setN;
andaseparablesubspacdi C By s.t.Yi_1 C Yi andF[Q\ N{ Xk C Yi.

SetN := UxNk UNy, X 1= sparfUiXy), Y := spar{uxYk). If g€ Q\ N, then
F(q)x € Y for all x € UgXg, hencefor all x € X, by linearity and continuity;
analogouslyG(q)y € X forally €Y.

(w) 1° Ff,GF,hF,gFf € Lyeak Let f € L. A slight modificationof the
proof of (a) shows that Ff € Lyeak Let Nnow G € Lyeak and F € Lstrong
ThenFx € L for eachx € B, henceGFx € Lyeak by the abore; consequently
GF € Lyeak TheclaimsonhF andgF f follow.

2° Theotherclaims: Theabove proofsof parts(c), (e) and(f) needonly be
slightly changedin (f) we usea countablenormingsubseif B} andadense
subsebf B). O

Definition F.1.4 (LErongQ: B(B,B2))) Let1< p< oo,
By Lgtrong(Q;QS(B, B2)) we denotethe spaceof [F] € LsirondQ; B(B,B2))
havinga finite norm
IFllg = SUP IFX]Looey: D)
[Xle<1
By Lvﬁ’,eak(Q;Qs(B, B))) we denotethe spaceof [F] € LyeaQ; B(B,By))
havinga finite norm
I[Flll,e == sup  [[AFX|Lp(q)- (F2)

weak
[IXll8,lIAllB, <1

It follows that L 5 ,nd Qi B(B, B2)) = LP(Q; B(B,Bz)) & (LP(Q;B2))" when
n:=dimB < o (cf. LemmaA.1.1(a4)). Note aIsothat||F||vaveak <|IFllp <

strong —
IF|lLe for F € LP andthat | F||L§’trong (resp.||F||vaveak) is the norm of the operator

B > x— Fx € LP (resp.the“bilinear norm” of B x B; 3 (x,A) — AFx € LP(Q);
cf. LemmaA.3.4(J1)).

OnecouldinsistthatLsyrong Q; B(B, B2)) shouldconsistof all linearF : B —
LstrongQ; B2) (andanalogouslyfor Lueak Liong Liead: NOt just for thosethat




take theform of afunction(a.e.).SeeTheorenF.2.1(g)etc. for details.However,
thatbroaderdefinitionwould causeproblemsn severalapplications.
The spacest_strong and L\f’veak arenormedspaces:

LemmaF.1.5 Letl < p<o. Then

(al) Lstrong(Q' B(B,B,)) is a subspacef B(B,LP(Q; B,)) with samenorm.

(a2)L? wead Q: B(B, B2)) is a subspacef B(B, B(B,,LP(Q))) with samenorm.

(b) If QC R" and p=m, and B is a Hilbert spaceor B, = K, then
strong(Q B(B,B2)) = B(B,L*(Q;B2)).

(c1) We have LP(Q; B(B,B2)) C L&ondQ:B(B,B2)) C Lb . (Q;B(B,B2)),
continuously

(c2) If F € LswondQ;B(B,B2)), then |[Fllig,,, = IIFllLe
L(Q:B(B,B2)), then|[F||L> = |||z,

(d) If F € LEondQB(B,By) and T € B(By,Bs), then TF €
Lgtrong(Q,QS B,B3)) and ”TF”Lé’trong < ||T||Q;||F||L§tmng. Also the analo-
gous“weak” claimholds.

@IfFeLy . (QB(B, Bg)) andB is reflexive, thenF* € LY (Q; B(B3, BY))
and||F*fl.e  =IIFllcp

(f) dimB< oo) If dimB < o, then LP(Q;B(B,By)) = Lstmng(Q B(B,B>))
(with equivalentnorms). If dimB; < o, then Lstrong(Q B(B,B)) =

LP . Q: B(B,By)) (with equivalennorms).

(91) Assumehat p = o« or p is o-finite. ThenHg € L for all g € LP(Q; B) iff
H € Lstrong

(92) Assumehat p = o or pis non-atomic.ThenH- € B(LP) iff H € L ong

if F e

Wk’

“Usually” LStrong and Lv‘f,eak areBanachspacesnly for p = o; seeTheorem
F.1.9andExampleF.1.10for details.

Proof: (al)&(a2) Theseareobvious.

(b) Let F € B(B,L"(Q;B)). W.l.o.g.we assumehatQ = R" (replaceF
by FXq). SetM := ||F||3. Forary q € R", thesetXq := {x € B| q€ Leb(LFx)}
is a subspacef B, and ||LFx|| < ||[FX||e < M||X||g on Q (X € B), by Lemma
B.5.3.

For eachqg € Q, the mapx — LFx(q) is obviously linear on Xy, henceit
hasa norm-preservingxtensionG(q) € B(B,B;), by LemmaA.3.11, so that
1G58y <M.

Letx € B. Thenfor a.e.q € Q we have x € Xq andhenceLF (g)x = G(q)x;
but LFx = Fx a.e.,henceFx = Gx a.e. ConsequentlyG : Q — B(B,By) is
stronglymeasurabland||F — G|| 35 L»(0;8,)) = O-

Thus, we have constructedG € Lstrong(Q; B(B,B)) s.t. G=F asan
elementof B(B,L*(Q;By)). Finally, G satisfiesthe additional condition
1G(D 38,8y < IGlLg,n, fOr everyge Q.

(c1)&(d) Theseareobvious(andthenormsof theembeddingsn (c1) areat
mostone).



(c2) The secondclaim follows from TheoremB.4.12(a); the first claim
follows from the secondnotethatthe normsmaybeinfinite).

(e) Thisholdsbecause(F*A) = AFx for all x e B** = B.

(f) 1° Casen:=dimB < o«: By LemmaF.1.3(d),we have Lsyrong= L, Sowe
only have to shav thatthetwo normsareequvalent. Let by, ..., b, beavector
baseof Bwith ||by|ls =1 (k=1,...,n), andsete := Ming) o1 || Tk Akbk/lz > O.
Then

ITll 3,8, = Sup [ITh]| < sup ||T€_1Z(Xkbk||,§ 8_1Z||Tbk||, (F.3)
Ibll=1 Jacn=1

forall T € B(B,B,). Thereforegachf ¢ Lgtmng(Q; ‘B(B,B,)) we have

1]l < e‘lg || fbul[p < e~ f|p (F.4)

strong'
Trivially, || f ||L§trong
norms.

2° Casen:=dimBy < «: Asin 1° we seethatthereare/\ € B3, ||Ax|| =1
(k=1,...,n)s.t.

< || f|lp, hencethe two setsare equaland have equivalent

n
Ifxllp<e™t S [IAktxilp < e HIflle_ (F5)
k=1

forall f € L}, (Q;B(B,By)) andx € Bs.t.||x|| < 1.

(g1) “If " follows from LemmaF.1.3(al). “Only if”: If p = o, thenwe
have Hg € L wheng = x, for eachx € B, henceH € Lgyong If p <  and
Q = UnenQn, U(Qn) < = for all n, thenwe cantake g = Xq X for eachn € N
andx € B, henceHx € L for eachx € B, by LemmaB.2.5(d1).

(92) By Theorem F.1.7(b), we have Lgong C B(LP,LP), isometri-
cally. Corversely if (g+— Hg) € B(LP), thenH € Lswong by (91), and
[H L 0ng = IH - l3(Lr), By TheoremF.1.7(b). O

Thefollowing lemmamakesthingssimpler:

LemmaF.1.6 LetF : Q — B(B,By). We haveF € Lgtrong(Q; B(B,By)) iff Fx €
LP(Q;By) for all x€ B. We haveF € L} __(Q;B(B,By)) iff AFx € LP(Q) for all

X € B.

Thus,if Fx € LP for eachx, then“Fx € LP uniformly”; the proofis basedon

the ClosedGraphTheorem.

Proof: 1° LEong Let Fx € LP(Q;By) for all x € B. Thenx+— Fx € LP
is linear Let X, — 0in B andFx, — f in LP, asn — . ThenFx, — f
a.e.for somesubsequencdyy TheoremB.3.2, hencef = limgFx, =F0=0
a.e. ConsequentlyT : x — Fx is boundedpy LemmaA.3.4(E1). Therefore,
IFllLe = [IT|la@,Lry < . Thecorverseis obvious.

strong

2° Lheac For eachx € B, we haven Fx € L§,ndQ; B(B3,K)), by 1°,
hencel| AFx||p < My||Al|g; for someMy < 0. Thus,Tx:=Fx € B(B3,LP(Q)).
Obviously, T is linearB — B(B5,LP).



Let X, — 0 in B andTx, — H in B(B},LP), asn — . Then, for each
N € B3, we have AFxp = (Txa)A — HA in LP(Q) hencesomesubsequence
convergespointwisea.e. But AFx, — AF0 = 0 pointwiseeverywhere hence
HA = 0 a.e. Because\ € B; wasarbitrary we have H = 0. Consequently
T : x+— Txis boundedpy LemmaA.3.4(E1). Therefore,

IAFX][p = I (TX)Allp < [[TXl|5(83,Lp) 1Al < ||T||$(B,B(B§,LP))||X||B||/\||B§(a )
F.6
hence||F||vaveak: I T||3B,Lp) < . Thecorverseis obvious. m

For “usual” LP's, we have the following resultwith importantapplications:
Theorem F.1.7 (LgyongC B(LP)) LetF € Lstrond Q; B(B,B2)), 1 < p < w.

(2) We have|F flLaqey) < IFlIL gl fliLege) (f € LP(QB)).
(b) Letp benon-atomicor p = o, andLP(Q; B) # {0}. Then

IFllLgong=sup [[Ffl[p/[Ifllp < oo, (F.7)
fez\{0}

whee Z isLP(Q;B) or £=Z’-X,whee £’ ¢ LP(Q) andX C Baredense

In particular, thenLg;ngis a subspacef B(LP) (with samenorm).

Proof: (a) 1° SinceF € Lsyrond Q; B(B,B2)), wehaveF f e L forall f € L,
by LemmaF.1.3(a).W.l.0.g.,we assumehat||F|| g, < « and||f||, > 0.

2° Casef € CVMP: SetCVMP = {f € LP(Q;B) | f is countably-alued.
Clearly||F f||p < ||F ||| f||p for all f € CVM.

3° Casef € LP: Let CVMP > fy, — f in LP. Then{Ff,} is a Cauchy-
sequencén LP(Q;By), henceF f, — g in LP for someg € LP with ||g]|p <
|IF |||l f|| p, andasubsequencgF fy, } convergesa.e.to g.

Onthe otherhand,a subsubsequenamrnvemesto F f, henceF f =g a.e.,
hencel|F f||p = [|gllp < [[F ||| f|p for all f € LP.

(b) (Actually, evenfor p < « it suficesthatfor any E’ € 9t with u(E’) = o,
thereisE C E' s.t.0 < u(E) < W(E’). We shaw below thatthis conditionis also
necessary W.l.0.g.,we assumehat0 < ||F||.>

strong —

1° A “counter-example”: Let E' € 9t bes.t. u(E’) = o andp(E) € {0, o}
for all measurabl& C E’, andlet p < « andB # {0} # B. Thenwe cantake
F :=Xg'T,whereT € B(B,B) \ {0}, sothat||F f||p=0forall f € LP.

Indeed,if Ff # 0, thenE” := (Ff)~1[B,\ {0}] C E’ andu(E") > 0. By
LemmaB.2.8(b),thereareA C E” andA € B* s.t. Af > 1onAandu(A) > 0.
Consequentlyp(A) = o, hence||Af||, = o, hencef ¢ LP, acontradiction.

2° Theequality: We assumehat0 <M < ||F|||_istmmgmty is arbitraryandfind

Qe E\{0} s.t.||F@||p/|l9llp > M. By (a), this establishesur claim.

Supposethat 0 < M < ||[Fl|je < 0. Take x € X (setX := B if noneis
given) s.t. [|[FX|| > M||x|| and chooseE’ € 90 s.t. ||F(q)x|| > M]|x|| for all
geE’ & 0< W(E’) andchooseE C E' s.t.0 < YU(E) < oo.



If p= oo, then||[FXeX||» > M||X|| = M||XeX||~; Obviously the inequality
is presered |f IXe — 9l is smallenoughand Xg is replacedby g (andx by
X € X). Assumethenthatp < .

Forary ne N, thereis g € £’ s.t.||[g— XellLeE) < 19— Xellp < 1/n. Set

R:= |Xellp = W(E)YP. Since|lgllp/llgllLrE) < (R+1/n)/(R—1/n), we have
IF XI5 > MPIIXI|Pllgl| s gy > MP(R—1/n)(R+1/n) *|gx]lp. (F.8)

Consequently||Fgx||p > M||gx||p for n big enough.Since||gx||, and||Fgx|p
are continuousfunctionsof x € B, we canreplacex by somex € X close
enough. O

WhenapplyingtheHdélderinequalityor similarresults onemustmake correct
measurabilityrequirementgcf. (d)):

LemmaF.1.8 Letl<p<w & 1/p+1/q=1. LetF:Q— B(B,By), G:Q—
B(B2,B3), f: Q— B. Then

(@1)F € L&iong& GE€L” = GF € L&iong& IIGFllip, < lIGlI=lIF g,
(az)F 6 Lg)trong & G e Lp = GF 6 LStrOng & ||GF||LEII’0H < ||G||Lp||F||Lstr0ng'
(@3)F € I—strong & Gel9= GF¢ I—strong & ||GF||L%UOn < ”G“Lq”F”Lstrong'

(b)F € Lgong & feLP = FfelLP & |[Ff|Lr< ||F|||_§mng|| IILp.
() G € Lgong & F € I-strong = GF ¢ I-strong & ||GF|lcp

strong

|| || I—strong” || Lstrong
(d)Wemayhavel||F fl.1 > M[[F |l 2 [ITllL2, IFfll.a>M[[F(l 2 [[fllL~and
IGF 2,0y > MGz, IF lLong fOr anyM >0, Q=R andB = £2(N) (or

strong

B=KN for N > M?).

(a’) Claims(al)—(a3)hold alsowith Lyeaxin placeof Lsirongif Gis scalar(i.e.,
G:Q—K).

(O)FeLSy & fELP=FfelLb . & ||Ff||Lp <||F|||_

strong

| fllLe.
) Ge Ly & F € Lstmng — GF ¢ Lpeak & |IGF|l» <

weak

weak

Gz IF s,
(aln) F e Lstrong & G e LStrong = GF ¢ L\I/)VGak & ||GF||L\?veak <
*
||G |||—strong|| |||—strong'
(@2") F € L&ong & G € Lfong = GF € Ljesx & [GFllp <
|| G* || Lstrong” || Lstrong'

(@3") F € L&ong & G* € Liong = GF € Liea & IGF[l1 <
IG

” I-strong” ” I-strong'



Note thatwe maytake G € L(Q) := L(Q;K) (andB3 = By). Note alsothat
F € LP(Q; By) canbeinterpretedasF € Lgtmng(Q; B(K;By)), sothat(al”)—(a3")
etc.apply.

Let Q = R". Then, with the assumptionsof (a3”) (or (a3)), the weak
convolution G x F exists everywhereon R" (seeTheoremF.2.1(b)), hencethe
norm estimatesof LemmaD.1.7 can be applied (to (G*A) and Fx, for each
x € B andA € B5). However, without the assumptionsf (a3”) (evenwhen,e.g.,
G € L3yong F € L?), we do not know whetherG « F exists asa function (with
valuesin B(B, B3)).

Proofof LemmaF.1.8: By LemmaF.1.3(a)&(b),wehave GF,hF € Lstrong
Ff € L, henceonly theclaimson normshave to be showvn.
(al) Let x € B. Then ||Fx||Lr < ||F]|_p_ |IX]|s, hence ||GFX||Lr <

strong

1GllL=lIF e, IXlB-

(a2)&(a3)The proofis analogoudo thatof (al) (usethe Holder Inequality
for (a3)).

(b) 1° Simplefunctions:Let f = zlj(:]_XjXEj besimplewith setsE; disjoint.
Then||Fx;|| < [IFIl[Ix;l (i < k), hencel|F f[|B < |F [P f]5.

2° Generl f € LP: By TheoremsB.3.2 and B.3.11, there are simple
functions {f,} Cc LP s.t. f, — f a.e.andin LP. ThenFf, — Ff a.e. By
1°, {F fy} is an LP-CauchysequencehenceF f, — g in LP for someg € LP
with ||g][p < ||F|||| f|lp- Butasubsequencef {F f,} corvemesa.e.to g, hence
g=Ff a.e.,henceg(bl) holds.

(c) Let x € B. Then ||Fx|Lr < ||F|||_§trong
Gl grangl I [1L8 g0l X181 DY (b)-

(d) Let B = ¢(N). DefineF € LgondR+; B(B)) by F = Fen X k)Pl
whereP(Xj) jeN := &, andf € L2by f = z{}'zlx[k,kﬂ)e& Then

|F Zm&ll% =|| ZGkX[k,kH)eKH% = Z ja|? = || Zakexnéa (F9)

IIX||s, hence ||GFX||Lr <

hence|[F|| z = 1. However, Ff = f, hence|[F f[|2 = N2 and ||F f||, =

N, although||f|je = 1 and ||f|2 = N¥/2. (Note that we could take f =
Y1 K Xickr 1y & toobtain|| 13 = 3k 2 < oo, [[F [l = || flls = yxk * =00

Finally, set G := S} PuXyki1), Wwhere Pu(X)jen = Xi&.
Then [|GllLg,,, = 1. but Gey = f, hence [[FGe(2 = N%/2, although
IF 112,006/ CllLGrongll &llB = 1.

(@)—(c’) Theproofsof (al)—(c)apply mutatismutandis.

(al”)—~(a3”) Let A € B;, x € B. Then AGFx = (G*A)Fx, ||G'A|| <
IG*|ll|Alle; and||Fx|| < [|F|l][x||s for all x e B, A € B, hence(al”)—~(a3")hold
(by correspondingcalarresults). O

Now we presentalifting result(claims(s3)and(w3)) anduseit to shav that

[ee]

strong@NdL e, arecomplete:



Theorem F.1.9(Lgyongand Ligeac @re complete) If (1.) Q C R" is measuable,
i = m, and B is a Hilbert spaceor By, = K, or (2.) B is sepanble thenthe
following hold:

(s1)L&irond Q: 1 B(B, Bp)) is a Banad space

(s2) Any Caudy-sequenci LgongConvergesuniformly outsidesomenull set.

(s3)Foreath [F] € L ond Q, 1 B(B, Bp)), thereis arepresentatives € [F] o,
s.t.SURo 1G(A) | 3(B,8,) = IIF LS 0ng

(s4) (b(Q;B(B,B2)) N GLGond Q1 B(B,B2)) = GGh(Q;B(B,By)) if (1.)
holds.

If, instead B and B are sepaable, then

(W1)Lyead Q1 B(B,By)) is a Banad space
(w2) Any Caudy-sequencin L, convergesuniformly outsidesomenull set.

(w3)Foread [F| € Ly Q, 1 B(B,By)), thereis arepresentatives € [F]L ...
S.L.sURo |G(A) BB, = IIF L2

weak’

All abore assumptiongreunnecessarif | is the countingmeasureon a set
Q (thenevery functionis measurabl@ndL® = Lgong= Liyeak = Cb, Wherewe
usethe discretetopology on Q, henceall thesespacesare completeand have
[0] = {0}). However, we do not know whetherthe theoremholds for general
(Q,1), B and By; the main problemis the “lifting” claim (s3)/(w3); onceit is
establishedthe completenesslaim requiregust the latterassumptior{cf. partll
below).

Recallfrom LemmaF.1.5(b)thatwe have Lgong= B(B,L"(Q;B2)) in case
(1.).

Proof of Theorem F.1.9: Part I: (s3)&(w3):  Obviously,
SupﬁlEQ ”G(q)”Q;(B,Bz) > ||F ||L;°trong in (SS)andsthEQ ”G(q)”Q;(B,Bz) 2 ||F ||L$eak
in (w3) sowe only have to showv the corverses.

1° Case(1.): Q ¢ R": Thiswasshaown in the proof of LemmaF.1.5(b).

2° Case(2.): separmbleB: Remweall A'sfrom 3°.

3% Liyeax L€t [F] € Lyeal(Q,1B(B,B2)), andlet SC B and$S, C BS be
denseand countable. SetM := ||F||.=_ . Then,for eachx € B andA € Bj,
we have |AF (g)x| < M||x||||A]| for a.e.q € Q; chooseanull setN C Q s.t.this
inequality holdsfor all x € S A € S andqg € N€. By densityand continuity;
this inequalityholdsfor all x € B, A € B, andq € N, therefore,G := X\cF is
of therequiredform.

Part II: (s1)&(w1l): Becausd gongandL ., arenormedspacesye only
have to prove their completenesgNotethatour proof doesnotrequire(1.) nor
(2.) explicitly, but werely on Part1.)

1° Lgrong IS @ Banad space: Let {[F]} be a Lg,,gCauchysequence.
AssumethateachF, is chosenso thatsup||Fnl| g g,) < I|FnllLg,ey aSin (s3).
Setd, = supen [|Fn— Fn+k||L§°trong (n € N), sothatd, — 0 ash € . Set

M:= irEmHFnHLgmnge [0,00), Ox:= nirﬂw FixeL®(Q;B2) (xeB), (F10)

n



sothat||gx(t)||s, < M||X||s for all x € B (setgx(t) = Ofor t in thenull setNy C N}
wherethelimit doesnot exist).

Now Fnx — gy uniformly on N§, whereNy := Un{q € Q| ||FnX — x| >
On}-
Obviously, Xq := {x € B| limp_ 4+ Fn(Q)X exists} is a subspaceof B for
all g€ Q. For eachq € Q, we let F(q) be a norm-preservingseeLemma
A.3.11)extensionof (Xq > X — gx(d) € Bp) sothat||F(g)|lz@e e, <M. Then,
for ary x € B, we have for a.e.q € Q thatx € Xy, hencethatF (g)x = gx(q) =
lim,Fy(q)x (in particular F is strongly measurable)and hence||F(g)x —
Fr(a)x]| = limy || Fnpi(a)x— Fa(a)X[| < 3n[|X[|. Therefore|[F — F[|Lg, g < On—
0, sothatFy — F in Lgyong ash — +. BecauseFn} wasarbitrary we have
shavn thatL giongis complete hencea Banachspace.

2° Lyvoakis @ Banad space:Let {[Fy]} beaCauchy-sequenada L, with
eachF, chosenso that supeq [IFn(a)[| = [|Fnl|Le, . Setdn := supen ||IFn —
Frakl|Le_ . (n€ N), sothatd, — 0 asn € .

weak

LetSC Band$; C By bedenseandsetN = Uyeg pes,Nx A, Where

N = Unken{d € Q| IAF(a)x = AFnpi(a)XI| > SnllAJl[IX]1}, (F11)

sothatu(N) = 0. Let g € N°. Then,for all n,k € N, we have ||AFRy(q)x —
ARk (Q)X|| < 8nl||AJl||X]|| for all A € B3, x € B, by density hence||F,(q) —
Fnik(d)||38,8,) < On- In particular {F,(q)} is aCauchy-sequenda B(B, By);
let F(q) € B(B,By) be its limit. Then ||F(q) — Fn(q)|| = lim]||Fnax(q) —
Fn(9)|| < 0n; but g € N¢ wasarbitrary henceR, — F uniformly on NC.

Part lll: (s2)&(W2): In Partll we shovedthatF, — F uniformly on N° for
somenull setN C Q, butwe assumedF,} choserasin Partl. For generalF}
we canchoosethe sequencd F,} asabove, sothatF, = F! outsidesomenull
setN, for eachn € N. ThenF,; — F uniformly outsidethenull setNU (Un Np).

Part IV: (s4): By LemmaF.1.3(f2), (5(Q; B(B, Bz)) C Lgiond Q: B(B, Bz)),
isometrically henceG (h(Q; B(B,B2)) C GLgond Q; B(B,B2)). Cornversely
if F € G(Q;B(B,B2)) N GLgond Q: B(B,B2)), thenF(q) € GB(B,B) for all
q € QandhencelF] ! = [F1], by two applicationsof LemmaF.1.3(f2) (since
thereis a boundedrepresentatie of [F]~2, by (s3)), hencethen[F]~! € (.

d

In contrastto the above theorem,the normed spacesl_s'f’tmng and L\f\’,eak are
usuallynotcompletefor p < co:

ExampleF.1.10 Let Q := [0,1], B := ¢?(N). Then there is a sequence
{Fn} € C(QB(B)) C L? C L&ongC Lieac St {Fn} is a Cauchy-sequenci
L2rondQ: B(B)) and hencein L2.(Q; B(B)) too, but {F,} doesnot corverge
in eitherof thesespacegalthoughit doescorvergein B(B;L%(Q;B)), whichis a
Banachspace) Moreover, Fy(t) = Fy(t)* for all t € [0,1] andn € N. <

SeealsoExampleF.3.6.
Proof: 1° The constructionof {F,}: Setg(t) := |t| Y3, gn(t) := (|t| +
1/n)~3 (t € R) sothat0 < gn < N, Gn € Go(R), g € L?(Q) and Mg :=



SURycpo,1 [IT90]|2 < 0. Furthermoregn(t) — g(t) monotonelyfor eacht € R
and||g — gnl|_2(_1,1) — O, by the DominatedCorvergenceTheorem.

Let {ak} C Q bedense.Fort € Q andn € N, defineF,(t) := SN On(t —
ak) P (i.e., Fa(t)X := Sken0n(t — Ok)Xk&), Where B is the projection B :
Y jenXj€ — Xk (K€ N).

Notethatfor f € L2(Q;B), we have || f||3 = 3 || fk||3. Obviously, Fn(t)* =
% keN 9n(t — Ak)PE = Y ken Gn(t — ak) P for all n andt.

2° ||Fnl|g) < n: Thisis obvious.

3 {R} C C(Q;B(B): Letne N, te Qande > 0. The function
gn is uniformly continuous,becauseg, € (p(R), hencethereis & > 0 s.t.
lgn(t") — gn(t”)| < e for |t' —t”| < d. Let |t' —t| < dandx € B. Then

I(Fa(t) = Fa(t))XIE= | Zxk(gn(t ~0k) — On(t' — k))&l < Z [xe[%€? = €%||.

(F.12)
Becausewasarbitrary we have || (Fy(t) — Fa(t')) || < €. Thus,F, is continuous.

4 F, — F in B(B,L%(Q;B)): Forte Q, ne N, andx € B, we define
F(t) = SkenO(t — Q)P Then[[FX[3 < 3y [x2MZ = MZ|[x|3. Thus,|F| <
Mg. Moreover, givene > 0, thereis N € N bes.t. ||g— gml| 21,1y, < € for all
n,m> N, and,consequently

IFox— FXlIF2 o) < Z Xc?llgn(- — o) — 9 — A Iz < E7IIXIE (x € B).

(F.13)
ThereforeF, — F in B. (In particular {F,} is Lgtrong-Cauchy)

5° {Fn} doesnot corverge in L2, (l.e., F doesnot correspondto
ary function Q — B(B).) To obtain a contradiction, assumethat F €
L2 .. (Q:B(B)) is suchthat(F.x,y) — (Fx,y) in L?(Q) for all x,y € B.

We have Fre = T %gnex — T %gey in L?(Q;B) andpointwiseon Q, for
eachk € N. Thus,(Fe,ej) = (1" %ge, ej) =: fj a.e.for all k, j € N, because
(Fex, €)) is a.e.the pointwiselimit of a subsequencef {(F.e,ej)}, andall
subsequences thelattercorvergeto fy ;.

Choosea null setN s.t.(Fex, ej) = (1”%gex, ej) on Q\ N for all k, j. Then
Fex=1"%gex onQ\ N for all ke N. Lett € Q\ N andM > 0. By thedensity
of {qk} in Q, thereis k s.t. gk < t and (T~%g)(t) = |t — q| /3 > M, sothat
|IF(t)ex||s > M. Consequently|F (t)||3s) > M. Butthisholdsfor allt € Q\N
andall M > 0, henceF mustbe unboundedalmosteverywhere;in particular
F is not B(B)-valued. O

(Seethenotesonp. 1023.)



F.2 Strongand weakintegration (§, W)

Whenegeranyonesays,'theoretically,” they reallymean,"'not really.”
— Dave Parnas

Here we definethe strong and weak (opemator) integrals; in the restof this
sectionwe treatcorrespondingonvolutions.

Theorem F.2.1(Strong and weak integrals $ and W) LetF : Q — B(B,B,).

(a) (Strong integral) If F € Lgtmng thenthere is a uniquel =: ﬁQqu €
B(B,B2) s.t.Lx= [oFxduforall x € B. Moreover, ||L|| g8, < I[FIl_

1 .
strong
(b) (Weak integral) If F € L\}veak’ thenthere is a uniquelL =: WoFdu €
B(B,B5") s.t. (LA = [oAFxdu for all x € B, A € B;. Moreover
ILllsee5) < [IFllLz_-

(c) ABodnerintegral (a uniformintegral) is a strongintegral (i.e., fQ Fdu=
$oFduforF e L1), anda strongintegral is a weakintegral (e, $oF du=
Wi F dufor F € Lyong-

(d) If F € L}, {(Q;B(B,By)) and B is reflexive thenF* € LL _ (Q; B(B3,B))
andioF*dp= (\ﬁQqu> :

(e) Let T € B(Bz,Bs) [and x € B]. In (a) we have$,TFdu= T$,Fdu
and fQTdep = T@QF dwx; in (b) we have\ﬁQTF du= TWQF du and
Wo TEXdp =T (W F du)x.

(f) Claims (a), (b), (c) and (e) also hold with replacementsL%trongH
B(B,LY(Q;By)) andL} .. — B(B, B(Bs,L1(Q)).

With replacement Ll . — B(B,B(B,,L1(Q;Bs))) we get that
||WQF du”QZ(B,‘B(Bz,Bg)) < ||F||$(B,$(82,L1(Q;Bg)))-

Evenif B, is a Hilbert spacetheexpressionB(B, B(B3, L1(Q)) refersto the
linear dual of By.

(9) Letp e [1,00]. Thentheembedding_gtrong(Q; B(B,B2)) — B(B,LP(Q;B2))
is a linear isometryto the subspacé.syrond Q; B(B,B2)) N B(B,LP(Q;By)).
Analagously

L\?veak(Q; @(B’ BZ)) = Lweak(Q; Q;(B, B2)) n $(81 93(55, Lp(Q))) (F14)
isometrically

Thus,if By is reflexive (e.g.,a Hilbert space}andF € Li,, thenWiF due
B(B, B2) and|| o F dull (g6, < [IFllz .

If B andB; areHilbert spacesthen,of course all asterisksanberemoved.

If B = K, thenW becomesthe “weak’-integral” (or Gelfand Integral or
Dunford Integral). The asteriskin (d) refersto Banachadjoints(sinceB andB;
areonly assumedo be Banachspaces)however, (d) is obviously true alsofor
Hilbert adjoints(i.e., “F9", not“FB”).



By ExampleF.1.10, the subspacesnentionedin (g) neednot be closedin
general.
Proof of Theorem F.2.1: Theuniquenesss obviousin (a) and(b).
(a) It is obviousthatL : X — [oFxdu € B, satisfies||Lx||s, < [|FX|[.1 <
IF s, JIXle-
(b) As in (a), we seethatL : X — (A — fQ/\deu € K) € B}* satisfies
L < [F e .
(c) Thisis obvious(see(B.18)).
(d) By Lemma F15(e), F* € LL_. Now L* := (\ﬁQqu)* =
B(B5*,B*) C B(B5,B*). But

/Q(F*/\)xdu:/Q/\deu:(Lx)/\:(L*/\)x (xeB, AeBS), (F15)

hencel* = W F* du.

(e) Thisfollows from thedefinition(see(a) and(b)), becauséor A\ € B; we
have AT € B.

() The above proofswill do mutatismutandis(alternatvely, usethe fact
that [ is linearandboundedon L?; in fact, (a) and(b) canthenbe deducedas
specialcasef (f); see(q)).

(Onecouldalsoextend(d) by usingthefactthat B(B, B(B2,L1(Q;B3))) =
B(By, B(B,L1(Q; Bg))), isometrically)

Recall from RemarkA.3.22 that the linear (Banach)dual B} := BS is
equippedwith scalarmultiplication (BA)y := B(Ay) a e K, A€ Y*, y€Y),
hencetheisometryB‘Z‘ — B3, y+— (-,Y)g, become<onjugate-linearcf. Remark
A.3.22.

(9) Notefirst thatthe mapLswongQ; B(B,B2)) — (B — L(Q;B2)) is well-
defined(i.e., zerofunctionsmapto zeromapping) Jinearandone-to-onehence
aninclusion.Obviously, the Lgtmngande normsareequalon Lsyong hencethe
strongclaimsof (g) hold. Theweakclaimscanbe provedanalogously O

Therestof this sectionis dedicatedor B(B,LP(Q;B>)).

Most of the above also holds for the Banachspace®(B,LP(Q;B;)) (and
the weak claims for B(B, B(B,LP(Q)))). BecauseB(B,LP(Q;B;)) contains
L&rondQ: B(B, B2)) asasubspacethefollowing appliesto L §;onqtoo:

Lemma F.2.2(Strong corvolutions) Let F € B(B,LL(R™By)) and f ¢
LL,(R™B), p,r € [1,0],ne N+ 1, we R (werequire thatw = 0 if n# 1).

(a) Assumehat f is finite-dimensionaindp 1 +r—1 > 1. Then

(F+ ) (t) ::/ F(f(t—s))(s)ds:/ F(f(9)(t—9)dscB, (F.16)
RN RN

existsfora.e t € R", and ||F « f||_p <|[F|[s]|f[| s < .

(b) Thus, we can (and will) extend x to B(B,L)(R™B,)) x LL(R"B) —
L&(R™ By).



(c)Moreover, TN (Fx f) = (tT"F)* f = Fx1' f (T € R") (time-irvariance),and
if n=21andrF,1tf =0, thentt (F % f) = 0 (causality).

(d1)(|?e H*) Assumeghatn=1=p,K =C,F =1 F andf =1, f. Then

||'€||q;(H°°(c$;a;(B,Bz)) < [IFll 3B LR, :B,))- (F17)

Moreover if r = 1 or f is finite-dimensionalthenF + f = Ef on C&.

(d2)Assuméhatn= 1= pandK = C. ThenF : w+iR — B(B, Bp) is strongly
continuousand uniformlybounded:

||'€(w+ir)||$(3,52) < |||E\||B(B,Cb(w+iR;Bz)) <[IFllgeLire,)) (TER).

Moreover, if r = 1 [or f is finite-dimensionabndr < 2], thenF x f = F f
[a.e] onw+IiR.

(d3)Assumehatn = 1= p andthatB andB, are comple Hilbert spacesThen
IFllTiB,Bo) < lIF[l3. Moreover F € TIC & F = 1. F, and (if K = C) the
functionF coincideswith thetransformF x of Theoems6.2.1and3.1.3.

(€) B(B,LE(R+:B2)) € B(B,LL(RyiBp)) for p € [1,p], &I > o

(f) The convolution also extendsto B(B,L{.(R+;B2)) x Li.(R4;B) —
L|FC))C(R+; B).

(g) Parts (a)—(f) also hold with fB(B,fB(BE,L(ﬁ’)(R”))) in place of
B(B,LY(R™B,)) (use B(B, fB(BZ,Lloc(R+))) in (f), B5* in place of B,
for thevaluesof F « f, and B(B, B}*) in placeof B(B, By) for the valuesof
F).

In particular, B(B,B(B3,L(Ryy)))) C TI[C]|(B,B2) whenB and B; are
Hilbert spaces.

(h) Parts (a)—(f) alsohold with B(B, € MTlg,) in placeof B(B, LL(R;By)) and

e”MTlg in placeof L,(R"; B) (for n=1).

(Alsotheweak(cf. (g)) and multidimensionainalagiesholds.)

Notethat(h) correspondso classSMTI,(B, By) of Definition 2.6.3,andthat
B(B, Ly,(R; B)) is its closedsubspace.
Here,of course £F := F € H(C{;; B(B,By)) is definedby

E(9)x:= /Owe—ﬂ(Fx)(t)dt €B, (xeB,seCh); (F19)

analogouslyF € H*(C}; B(B ,B5*)) for B(B, B(B5,LL(R+))) (seg(@)). In claim
concerningzt, we assumehatK = C.

We do not know whetherthe norminequalitiesmay have additionalconstants
growing with thedimensionof f (asin theproofof (a)) for r > 1, thuspreventing
the generalizatiorto infinite dimensiondor suchr; atleastthisis notthe casein
(d3) (wherep = 1 andr = 2 but B andB, arerequiredto be Hilbert spaces)An
analogouphenomenonis illustratedin ExampleB.4.13.



Proof of Lemma F.2.2: W.l.o.g.we assumehatw = 0.
(@)1° F « f exists: If f =q@x, e L"(R"), x€ B, then

/ F((p(t—s)x)(s)ds:/ ot — ) (FX)(s) ds= (Fx+ ) (t), (F.20)
Rn Rn

which existsa.e.and||F * @x||p < ||F||5||@x||1, by LemmaD.1.7. By linearity,
(F * f)(t) existsfor a.e.t € R" whenever f is finite-dimensional.

2° ||Fx@x||p <||F|5||@X||1: LetEy,...,Ex C R" bemeasurablanddisjoint,
andletxy,...,xx € B,ke N+ 1. Then

k k k
IF+S Xexilo< S IFllalxe il =IFllall S Xexille  (F21)
= =1 =1

By density (TheoremB.3.11 and LemmaA.3.10), Fx hasan extensionT :
B x LY — LP with ||Tf||p < ||F|l3|/f]l2. Butasin (F.21), one verifiesthat
if thevaluesof f lie in afinite-dimensionasubspac®’ of B, then||F x f||p <
|IF||sMg|| f||1. By density the two continuousextensionsto k-dimensional
f € L1 mustcoincide,hence||F * f||p < ||F|| 5| f||1 for finite-dimensionalf.

(b) Thisfollowsfrom (a).

(c) This extendsfrom caseof finite-dimensionalf (seeLemmaD.1.7), by
continuity.

(d1) The normboundon F follows from LemmaD.1.11(al’). By Lemma
D.1.1(c),we have F € H*(CT;B(B,By)).

Letpe L"(R"),xe B. Then

L(F x@x) = Z(Fx* @) = Fxp= Fx (F.22)

on CT, by LemmaD.1.11(c’). By linearity, the sameappliesto ary finite-
dimensionalf in placeof @x. If r =1, thenF + f = F f holdsfor generaIfA, by
continuity.

(d2) The proof is analogousto that of (d1): ||F(w-+ iN)|ls@s,) <
|IFl|s (r € R), by TheoremF.2.1(a). By LemmaD.1.11(al)&(b),we have
IF |58, co(etir:Ba) < IFll5. Asin (d1), we obtainF « f = F f from Lemma
D.1.11(c).

(d3) Theorem3.1.3(resp.6.2.1)providesa uniquecontinuousextensionof
Fx (restrictedto finite-dimensional 2 functions)to Tl (resp.to TIC). Indeed,
the operatordefinedby F coincideswith Fx for finite-dimensionafunctions,
by (d2) (resp.by (d1)).

(e) Thisfollowsfrom LemmabD.1.4(b4).

(f) Thisfollowsfrom causality(asin the caseof LemmabD.1.7t00).

(g) The above proofs apply mutatis mutandis. (Recall BE from Remark
A.3.22)

(W If £ =33, then

N N
IF+ v < 5 [IFxc 3pllvm < 3 [IXdl[Fllz = IF[[s[| flwm- (F.23)
=1 =1



By density the map Fx (andthe above inequality) hasa unique continuous
extensionto measuresf form f =3, X 6Tj:; combinethiswith (a) to obsere
thatary f € MTlg canbeallowedin (a).

For (b)—(f), the proof is analogousto the original one (use Lemma
D.1.12(c)&(c") in placeof LemmaD.1.7),henceomitted. O

The above “strong cornvolution” (of functionsQ — B(B,B;) and Q — B)
canalsobe definedbetweentwo operatotvaluedfunctions(Q — B(Bgy, B3) and
Q — B(B,By), or, slightly moregenerally asfollows:

LemmaF.2.3(G*F) LetF € B(B,LL(R";By)), G € B(By, L}(R" B)).

(@) [[G*Fllz@ Lo Rrns,) < [IFll5/|Glls, whee (G+F)(X)(t) := (G Fx)(t). In
particular, B(B,L%(R"; B)) is a corvolutionBanad algebra.

(b)Wehavet" (GxF) = (1TG)*F =G*1'F (T €R"), (GxF)* f =Gx(F % f),
(Gxf)xg=Gx(f*g) (f,g € LL(R"*) with suitablex) andn=1 &
MF=0=mtG=1(F*xG)=0.

(c) (e°G) x (e°F) = €% (F xG) for se R".

(d1)G+xF=GF onCgifn=1,K=C,F =m,F andG=T,G.

(d2)G+F = GF onw+iRifn=1= pandK =C.

(e) If F € LsrondR+:B(B,Bp)), [[F()llsmp,) € LY, G €
LswondR4+;B(B2,B3)) and ||G()||s@,p,) € L& then F x G €
e Lgtrong(R+; B(B,B3)) and

G *Flla@eylle < GO 5@,85 Iy HFC)lls@pylliy  (F24)

(h) Parts (a)—(e) also hold with B(B,e”MTlg,) in place of B(B,LL(R;By))
(forn=1).

(Alsothe multidimensionalnalagiesholds.)
(i) Claims(a)—(h)alsoholdfor F € LY(R™;B,) (take B := K).

We areafraidthatthe weakanalogief theabove claimsdo not hold.

Proof: (W.l.o.g.we assumehatw=0.)

(@) Given x € B, we have Fx € LY(R"By), hence ||G x Fx||p <
IGlI5IFxll1 < 1G] 5l|F [l5]IX]le.

(b)—(e) Analogouslyto (a), we obtain this from analogousclaims on
functionsand from LemmaF.2.2 (one easily verifies that (e°G) x (e’F) =
e* (F *G) holdswhenF andG arefunctions).

E.g.,byLemmaD.1.7,wehave (Gx f)xg= Gx(f xg) for one-dimensional
f andg, hencefor finite-dimensionalhencefor all f,g € L1, by densityand
continuity. Consequentlyfor f = gx, o€ L1(R"), we have

(GxF)x f = (G*xF)xx@= (G+FX)x@=Gx* (Fxx@) =Gx(Fxf). (F25)

By linearity andcontinuity, we mayagainallow for ary f € LL.



(h) Theabove proofsapply mutatismutandiguseagainLemmabD.1.12(c)).
(i) Notethat B(K,L1(R"; Bp)) = L1(R"; B,) (with equalnorms). O

The above “strong convolution of operatofvaluedfunctions” canbe general-
izedto L too, if thesupportsof thefunctionsareboundedo the left:

LemmaF.2.4 Let F € B(B,LL.(Ry;By)), G € B(By,LE (R:;B3)), f €
Lioc(R+:B).

The claims of LemmaF.2.3 can be genealized to this situation, and
B(B,Li.(R+;B)) is a convolutionalgebra.

AlsotheextensionX := B(B, B3+ L. (R+;B)) is a corvolutionalgebra with
unit 189, whewe & x f := f for all f. Moreover, if L € B(B) and B, = B, then

Ldo + F isinvertiblein X iff L € GB(B).

Proof: 1° ForeachT > 0,wehaveTig 1) (F G) = Tig 1) (Tio 1) F * Tio 1)),
by causality hencewe canapply LemmaF.2.3. Obviously, X is a convolution
algebra(with (L18p+ F1) * (L2800 + F2) = L1L28o + L1Fo+ FiLo + Fr ¢ ).

2° Obviously, L € GB(B) is necessaryor the invertibility. Sufficiency
follows asin the finite-dimensionaktase(see,e.g., Theorem2.3.10n p 42 of

[GLS)). O

We leave it to the readerto extend the above resultsfor B(B,M(R"; By)),
whereM refersto (uniform) measuressee[GLS], pp. 121-127for the finite-
dimensionatase.

(Seethenotesonp. 1023.)



F.3 WeakLaplacetransform (£,,)

To genealizeis to beanidiot.
— William Blake (1757-1827)

In this section,we deflneandstudyHStrong andH peak spacesandthe Laplace
transformof stronglyor weakly measurabléunctions.

Let U andY be comple Hilbert spacesandB, B, and B3 complex Banach
spaces.

Definition F.3.1(HP,, and the weak Laplace transform F) Let 1 < p < ,
weR.

ByH!..(Cd: B(B, B)) wedenotethe spaceof functionsF : Cf; — B(B, By))
havinga finite norm

IFllwp_(ct58,8 sup  [IAFXlyeics5(8.8,)- (F.26)
weakl 2) = Al <1, [le<1 (C&:B(B,B2))

ThespacedH!..(Dr; B(B,By)) Strong(C B(B,By)) and Hstrong(Dr,QS(B B2))

are definedanalogously We also setHstrongw( )= Hstrong(Cw, Strongw =

UweRHgtrongm (p€ [1a oo])

LetF : R — B(B,By) andse C. If e SF € L} .., thenwe setF(s) :=
(LwF)(s) := Wig e *F(t) dt. Thefunctionr,F is the (weak)Laplacetransform
of F. ThestrongLaplacetransform?s is definedanalogously

Obviously, £wF is an extension of £F. One easily verifies that || -
IR o CriB(B,B2) = SURNIe<t IFXlHp(cai@B) @A Il - e, (ctimEBy)) BT€
normson correspondingpaces;in LemmaF.3.2(c) we shall shov that HS'Dtrong

andH ., areBanachspaces.
Next we list the basicrelationsbetweerdifferentH? spaces:

Lemma F.3.2(HP C HE1ongC Hijeak C H?) Letwe R, €>0,1<p1<p<pp <
0,

(1) HP(C5iB(8,B2)) C HErond Ci5iB(B,B2) C Ml C5 B(B,B2)) C
H®(Cg,¢: B(B,Bz)), continuouslyMoreover, Hiy.. . = Hetrong= H°°

(@2) |"stron Cs: Q;(B B2)) C strong(CuH—s; (B, BZ))
andHE; o Ch: B(B, Bz )NHEZ (CEB(B,B2)) C Hirond Cihi B(B,B2))
TheseclalmsalsohoIdW|th ‘weak” orv0|d|n placeof ‘strong”.

(b) Let G e HP__(CHiB(B,By)). Then |G(9)[|ln@Be,) <

weal

(M(Res— ) P |IGllwe_cs.58,8,)-

weal

(c) The spacesHstrong(C B(B,By)) and H . (C&: B(B,By)) are Banadh
spaces.

(d) Hstmng(c By)) = B(B,HP(C{;Bz)) and HP ..(CE: B(B,Bs)) =
B(B, QB(Bszp( )))



(e) (dimB < ) If dimB < «, thenHP(C{;; B(B, B>)) StrOng(C B(B,By))
(with equivalentnorms). If dimB; < oo, then Hstrong(Cw,QS (B, Bz))
HP . (C&: B(B,By)) (with equivalennorms).

Note from Theorem 6.2.1 that TIC(U,Y) operators correspond to
H®(CZ; B(U,Y)) functionsthroughan isometricisomorphismonto. Thus, all
V?,eakfunctlonsoverHllbertspaceareTIC operatorshy LemmaF.3.2(a).

Recallfrom RemarkA.3.22 that B§ = B; meansthe Banachdual of By, not
the “sesquilinear”(“Hilbert”) dual Bg (which is usuallydenotedby B if By is a
Hilbert space).

Proof: (al) By LemmaD.1.1(c), we have Hy, = Hgyong= H®. The
embeddingHP ¢ Hstrongc HP o, follows from LemmaF.1.5(c1)and Lemma
D.1.2(b1);the embeddlngﬂweak(cj); B(B,B2)) C Hyea Cér+e: B(B, B2)) fol-
lows from LemmaD.1.4(d).

(a2)By (al),we mayreplacel—lweak by H* in thesecondclaim. By Lemma
D.1.4(d),thentheclaimsholdfor void in placeof “strong”. Apply thisfor each
Xo € B [and A € B}] to obtainthe strong[weak] claim (note thatwe canuse
sameembeddingoundsasfor the uniform case).

(b) Casep = « follows from (a), sowe assumehat p < . If G is scalar
thenthis holds, by (6.4.3) of [HP] (becausdghenthe nonstandaréssumption
(i) of Definition 6.4.1 of [HP] is redundantby Theorem3.3.1(a3)). Thus,
we canreplaceG(s) by AG(s)x for ary x € B andA € B with ||x||,[|Al| < 1
(becausehen||AGX||xpe < ||G||vaeak); the generainequalityfollows.

(c)Let{fy} C Hvﬁ’,eak bea CauchysequenceBy (a),for eacha > wthereis
fa s.t. fn— fo in H®(CY; B(B,By)); let f € H(C{; B(B,By)) bethepointwise
limit function. GivenA € B} andx € B, the Cauchy- sequenoﬁfnx converges
in HP; the limit is equalits pointwiselimit Afx, hencef € HY _, and fn — f
in Hweak'

The proof for Hstmng is analogousandit canbe obtainedfrom (d) too (the
sameappllestoHp 1 thoughnotasobviously).

(d) The Ieft-hand-sidesare obviously (isometrically) subspace®f right-
hand-sideslf p = «, thenthecorversedollow from LemmabD.1.1(d).Assume
thenthatp < o,

By (a, we hae B(BHP(CEB))C B(BH(CY;B)) =
H*(C{;B(B,By)), for all a > w. Thus, ary F € B(B,HP(C{;;By)) takes
form of a function F € H(C{;; B(B,By)). As notedat the beginning of the
proof, thetwo normson F areequal,henceF € Hstrong(Cj); B(B,By)).

For F € B(B, B(B5,HP(C{))), the proofis analogous.

(e) Thisfollows from LemmaF.1.5(f). O

Thefollowing is ratherobvious:

LemmaF.3.3 LetF : R, — B(B,By), f : Q — B(B,B,), Q =C{, or Q = arD,
and1l < p <o, Then

(al)We havef € Hstrong(Q B(B,Byp)) iff fx € Hstrong(Q; By) for all x € B.



(a2)Wehavef € HP (Q; B(B,By)) iff Afx € HEond Q; B2) for all x € Band
N € B3,

(b) If T € B(B,,Bs) andx € B, thenT£s = £sT, TLy = LT, andTFx = TFx
wheever F exists.

(c) We have FB(s) = F(s)B and Fd(s) = F(§)¢ for any s for which either
transformis definedf B andB; are reflexive (this appliesto £, and £).

(Recall that “F*" refersto “FB” in Banachandto “F9 in Hilbert space
settings.)
Proof: We get (al)&(a2)from LemmaF.1.6, (b) from TheoremF.2.1(e),
and(c) from LemmaF.2.1(d). 0

Functionsin L} ., have boundedholomorphicweak Laplacetransformson
theright half-plane:

LemmaF34(L akCH°°) LetF : Ry — B(B,B), o € C, r ;== Resy, € > 0,
1<p<o,plig?

(@1) If & 0F € Lieqp thenF € H*(C/"; B(B,By")), and ||F [l a(m m5)) <
&7 F .2

weak
(a2) If € 9F € Lijong thenF € H*(C}; B(B,By)), and [|Fllye(ct s(s8,)) <
e % F ||,

strong’
(b1)If e ©F € P, thenF € H(C;": B(B,By")) N H™(C;f, /B(B,B5")), and
IFlle(crimemy)) < Meplle™F e

weak’
(02)If € F € Liong thenF € H(C/'; B(B,B5*)) NH*(C;.B(B,B5")), and
||F||H°° cti3(8,8;)) < Me plle™F |l

strong’

(cl)If p<2ande "F € L@eak(m; (B,By)), thenF € Hl . (Ci; B(B,B%Y))

and||F||Hq (CHBBE) < < (2m*||le”"F e, with equalityfor p= 2.

(c2)lf p<2ande"F € Lstrong(R+; B(B,Y)), thenF ¢ Hgtrong(cﬁ; B(B,Y))
and||F ||Hqtrong(c+ sBy)) < (210 Ya|e"F ||Lgmmg, with equalityfor p = 2.
(d) The (strong/weak)LapIace transformis an isometricisomorphismmod-
ulo V2 of LZ(RT;Y)) onto Ha;ond CHiY), of B(U,LA(RT;Y)) onto
HZ,ond Cd: B(U,Y)) = B(U,H?3(C;Y)) and of B(U,B(YB,L2(RT)))

ontoH2 . (C&: B(U,Y)) = B(U, B(YB,H3(C{))).

Recallthatwe may replaceB5* by B, above if B; is reflexive (e.g.,a Hilbert
space).
From (d) we concludethat the inverse transform of Hstrong(C+; B(U,Y))
coversin generamorethaantron9(R+, (U,Y)), asshonvn in ExampleF.3.6.
Proof: (a2)&(b2)&(c2) Modify the proofs of (al), (bl) and(cl) accord-
ingly.



(al)Letse Cf. Wehave e 9F(t) = e (S%)te=%tF (1), and e (S| <
1, hence||e‘S’F||L1 S |le"F | 2 . By TheoremF.2.1, it follows that

IIF( )|| < ||le % F||L%tmng. By LemmaD.1.10(a)and LemmaD.1.1(b), F €
(b1) Set Mg, := |le ¥||q and use (al) (note that |le e *F|| 1 k|| <
M plle™ F i)

(c1) Now F € H(C;; B(B,B5")), by (b1). For ary A € B, x € B, we have
AEX= £AFX, by (d), and

IAFXacciy < (27 AFX]|p, (F.27)

by TheorenmE.1.7,with equalityfor p = 2.

Takingthe supremunon bothsidesof (F.27) over ||A[], [|X]| < 1, we obtain
that||F||Hq (crm@ay) < @YU Flle (r..5epy)) With equalityfor
p =

(Thus,fW is anisometricisomorphismof 1, L2 ontoaclosedsubspace
of HZ__,. We believe that this is a proper subspaceof Hweak; in particulay
we believe that for ary infinite-dimensionall andY, someH2,,, functions
do not have boundaryfunctions (althoughthey have “boundary operators”
B x B — L?(w+iR); thesituationfor L3,n,Seemso beanalogous.)

(d) Theidentitiesweregivenin LemmaF.3.2(d).Becausef is anisometric
isomorphismtimes /2 of L2, onto H2, by LemmaD.1.15, it is alsoan iso-
metric isomorphismtimes v/21t (onto) B(U,L2(R*;Y)) — B(U,H?(CE;Y))
andB(U, B(YB,LZ(RT))) — B(U, B(YB,H2(C{))). 0

Themultiplication of elementwf differentHP spacesvorksin the sameway
asthatof LP spaces:

Lemma F.3.5 (H,ea HitrongC Hbtronge) Let1< p< o andl/p+1/q=1. Let
F:Ct— B(B,By), G: C+ — B(By,B3), f:Ct — B. Thenall claims(i.e.,
(al1)—(a3")) of LemmaF.1.8 hold with H in placeof L andG*(') in placeof G*.

Moreover, if f € Hstrong(C B(B,By)) andg € H), .. C&; B(B2,B3)), whee
r € [1,0] andw > a, thengf € HStron C&iB(B,Bg)) and||gf|| < MJ|g]|||f]|; the
sameholdswith HP in placeof Hstrong

Naturally, by shifting oneobtainsananalogousC claim.
Proof: The productfunctionsareholomorphic,by LemmaD.1.2(b3). The
claimson normsfollow from LemmaF.1.8.
Thelastclaimfollowsfrom thefactthatg € H*(C; B(B,, B3)), by Lemma
F.3.2(a). O

As notedabove, the LaplacetransformLstrong—> Hgtmngis notontoin general:

Example F.3.6 [Lstmng;é Hsm,nd Even for U := /%(N), there are
Hgtmng(c+ (U)) functionsand Lstrong(lR; ‘B(U)) functionsthatarenot Laplace
transformsof ary Lstrong(R, B(U)) functions,not even of ary L2__(R; B(U))



functions (nor of ary other B(U)-valued functions, see 5° of the proof of
ExampleF.1.10).
In fact, thereis F € Hzirond CT5 B(U)) N LswondiR; B(U)) s.t. F()* €

HZ;ond CT3B(U)) NLstrondiR; B(U)) but D is notthe Laplace(or Fourier)trans-
form of ary F : Ry — B(U) (nor of ary F(R;+\N) — B(U) whereN is anull
set). <

Proof: Let Fy € LZ;0nd([0,1);U) (n€ N), F € B(U,L?([0,1);U)) beasin
ExampleF.1.10.

Becauseryp L% C L, and 7LE, = HE, we have Ry, F € H(C;B(U)) N

StrOng(C ;BU) )for allwe R, andF, — F in eachHstrong(Cj);fB(U)). The

claimson F (-* follow from dual|tyandthefactthatFn(_) =R foreace N.
AssumethenthatF = £.G for someG e Lstrong(R BU)) (if G: (R \N) —

B(U) whereN is a null set, for somereasonablesensesolhat Fug = 6L\|o
for all ug € U, then Gup equalsthe inversetransformof Fug, hencethen
Gu € L2(R+,U) consequentlythenG € Lyong R4 B(U))).

Givenug, we have Fug — Fug in H2, henceF,ug — Gup in L2, asn — oo,
henceR, — Gin L,ngR; B(U)), whichis acontradictionpy Exampler.1.10.

Thus,F is notthetransformof ary G: Ry — B(U). m

We finish this appendlxby a moretechnicallemma. A main obsenation of
thelemmalsthat]D)O* € Hstrong thenD is smoothing(see(b2) below).

LemmaF3.7 Letwe R, €>0,1< p< oo,

(a1) (Inversetransform of HY) Letg € HY(C{;B) NLY(w+iR;B) andy > w.
Theng = f, whee

(1) = %TetV/Re“rg(y—i—ir) dreB (teR). (F28)

Moreover e f € (b(R;B), L f =0, andsup, [[e”® f|lg < [|gf|,4y,/2m

(al’) Letg € HY(C;B) andy > w. Theng = f, whee f is definedby (F.28).
Moreover = f € Gb(R;B), Tt f =0, andsupz [|e™* fl| < |||y /21T

(a2) LetG € HYyond Ch: B(B,B)) andy > w. ThenG = F, whee

F(t)= Eewfe“fe(wir)dr (teR). (F.29)
R
Moreover, TLF =0, supk ||[e“F||g < ||G(- —oo)||H%tan2Tr, ande “fxe
(b(R,By) for all x € B.
(a3)LetG € HL . (C&; B(B,By)) andy > w. ThenG = F, whee

= %Tety\ye‘"G(y-i—ir) dr (teR). (F.30)
R



Moreover, TT_F =0, supg e “F|lg < [|G(- — )|}z /21 ande™Afx €
(o(R) for all x e BandA € B,.

(b1) (Inverse transform of H2) Let D e H2(CE; B(U,Y)). Then
D : L2(R.;U) > u — £ D0 satisfies e®Du € (»(R;Y), and
sug |le"“Du|ly < ||]D>(_)||H2 CHBUY )||u||L2 for all ue L2 (R, ;U) (for all
ue L2(R;U) if weextendD onto L(ZD, this extensioncoincideswith the op-
erator D € TIC,, (seeTheoem6.2.1)if, in addition,D € H*(C}; B(U,Y))).

(b2) Let D()* € HZ0nd C; B(Y,U)). ThenthemapD : u~ £, 'Da satisfies
e “Du € G(R}Y) and sug[le Dully < [[D()" Nz, camwyylUllz

for all u € LZ(R,;U) (for all u e L2(R;U) if we extendD onto L2;; this
extensioncoincideswith the operator D € TIC, (seeTheoem6.2.1)if, in
addition,D € H*(C{;; B(U,Y))).

As statedin Theorem3.3.1(al),expressiong € H' N L! meansthatg € H!
hasa boundaryfunctionin L. By (al), ary elementof Hstrong(C+; ‘B(B,By)
is the (strong)Laplacetransformof a boundedandweakly continuousfunction
R, — B(B,By).

By (b2), an I/0 map with a transferfunction in “dual” HStron produces
boundedand continuousoutput. This factwill be usedin Theorem6 9.1(b)to
show that suchmapsare exactly the I/O mapswith a WPLS realizationwith a
boundedutputoperator

We will seein Theorem3.3.1(d2)thatif D(-)* € Hstmng NH®, then,actually
De Lstrongﬂ L strong SOthatthemapu— £~ DG definedin (b2) canbe defined
with the sameformula (but with the (Fourier) transformsconsideredn w+ iR
only) for ary u € L2(R;U).

Proof of Lemma F.3.7: We take w= 0 w.l.0.g.(replaceg by g(w—+ ) for
thegenerakaseseealsoRemark2.1.6).

(al) By the usualcontourintegration agument(use (6.4.4) of [HP] and
notethat &Y+ is boundedfor boundedy), expression(F.28) is independent
of y> 0 for ary t € R. But (F.28) is continuous(from the right) at y = 0,
hencewe maytake y = 0 too to obtainthe samef. With y = 0 we obtainthat
[ flleo <ll9lly2, /21t By LemmaD.1.11(al)&(b)we have f € (o(R;B).

By p. 230 of [HP] g= 2 f. Let T >0 andset fr ;=17 Tm.f €
L®(R,;B). Thenfr = e T'g € H1, sothat fr = £, fr, by theabore, where

_ E[/Re“rﬂ(ir)dr: f(t—T) (teR). (F31)

By uniquenesg{LemmaD.1.10(b)), fr = . f(- — T), hencem_s o f = 0.
Becausd > 0 wasarbitrary we have_f = 0.

(@l’) Apply (al)with w+ € in placeof w for somee > 0.

(a2)Apply (al’) for Gx (x € B).

(a3) Apply (al) for AGx (x € B, A € B3) (notethat AGx € H1 N L1, by
Theorem3.3.1(al)).



(b1) 1° Caseu € T, L2 Letu e L2(R;;U), sothaty:= Dt € H(C*;Y).
Then

9l iRy = IVl agirayy < D2l 8l 2 < 21| D[ |ull2, (F32)

by Theorem3.3.1(a). Thus, sug ||VIly < ||¥lln1/2t= ||ﬁ||Hz||u||2 andy €
(o(R;Y), by (al).

2° Caseu € L% By repeatingthe proof of Lemma2.1.3, we can shav
thateachsuchD extendsto atime-invariant(t'D = Dt for all t € R) operator
Do € B(LZ(R;U), Co(R;Y)) with thesamenorm. By continuity, this extension
satisfiegherequirementsf (c1).

3° CaseD € H”: LetD € H” too,sothatD € TIC(U,Y), by Theorem6.2.1.
By time-invariance,Du = Dou for ary u € L?([T,+0);U), T € R. If uy — u
in L2, thenDu, convergesin both L2 and (o, sothatthe limits mustbe equal
(a.e.),by TheoremB.3.2,henceD = Dy onL2.

(b2) By LemmaF.3.5(a3"), we have DU, < ||®(3*||H§mg||ﬁ||H2 for

u € L2(R;;U). ConsequentlyADu € (o(R) for all A € Y*, andthe norm
estimateholds(cf. the proof of (b1)), by (a3).

If ue ¢, thenDu € Wi’z C C (becaus® € TIC1), by TheorenB.1.5(alter
natively Du ¢ F [LY(1+iR;Y)] c e¥ (G C ¢, by LemmaD.1.11(e2)&(el)).
For generalu, we cantake u, € C* (n € N) s.t.u, — uin L?; it follows from
the norm estimatethat Du,, corvergesin (¢, andDu, pointwiseto Du, hence
Du € G.

Therestof the proof is analogougo 2° and3° of (b1). (Notethatwe can
analogouslyshawv thate “ ADu € (p(R) for each/A € Y*.) O

Notesfor Appendix F

Dinculeanu[Dinculeanu], Chapter IV, has some resultsin this direction
for functionsF : Q — B(B,Bp) s.t. ||F|| is measurablgif F € Lg,ng and B
is separablethen F “weakly locally integrable” in Dinculeanusterms). In
[CZ], Lweak = Lstrong is defined for separableHilbert spaces,but the norm
[IIF [l B,)llLe is usedinsteadof the Lg’tmng norm; also the appendix[Sbook]
will list similar results.However, for p = o their resultsbecomespecialcasef
thoseof ours,by TheorenF.1.9(s3).We donotknow ary studiesn ourgenerality

For some purposesit would be more natural to define Lgtmng andLP ..
as spacesof (equialenceclassesof) functions, whosevaluesare unbounded
operatorsFortunately the above settingsufficesfor our purposes.

SeeChapter3 for further resultson Lg;,ngin the Hilbert spacesettingand
AppendicesB andD andnotesthereinfor uniform variantsof the resultsof this

appendix.



