
Appendix C

Almost Periodic Functions (AP)

Anaphorismis neverexactlytrue; it is eithera half-truthor one-and-
a-half truths.

— Karl Kraus

In this appendixwe briefly presenta few factsaboutvector-valuedalmost
periodicfunctions.

Becausethe Fourier transformof a discretemeasure(e.g., of an I/O map
consistingpurelyof delays)is analmostperiodicfunction(by LemmaC.1.2(h2)),
this has importantapplicationsin control theory. We shall use this theory to
combinethe MTId and MTICL1

spectralfactorizationresultsfor onesfor MTI
in Section5.2by usingtheresultsof this section.

Definition C.1.1(AP) LetB bea Banach space, andlet f : R � B becontinuous.
If ε � 0, thena numberT � R is calledan ε-almostperiodof f if

sup
t � R

�
f � t � T �	� f � t � ��
 ε � (C.1)

Thefunction f is calledalmostperiodic( f � AP � R;B� ) if for each ε � 0 there is
R � 0 s.t.each interval � r 
 r � R��� R (r � R) containsat leastoneε-almostperiod
of f .

Lemma C.1.2(AP) Let B and B1 
�������
 Bn be Banach spaces.Thenwe havethe
following:

(a) ThesetAP � R;B� is a closedsubspaceof � bu � R;B� (with thenorm
�
f
�

: �
supR

�
f
�
B). If B is a Banach algebra, thensois AP � R;B� .

(b) Bochner’s criterion A function f ��� b � R;B� is AP iff � f ����� h��� h � R is
compactin � b � R;B� .

(c) If fk � AP � R;Bk � for k � 1 
�������
 n, then � fk � nk� 1 � AP � R;B1 � ����� � Bn � ; if,
in addition,φ ����� B1 � ����� � Bn;B� , thenφ � f1 
 f2 
�������
 fn ��� AP � R;B� .

(d1) If f � AP � R;B� , thenK : � f  R ! is compact.

(d2) If f andK areasin (d1),andφ ����� K;B1 � , thenφ " f � AP � R;B1 � .
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(e) (APAPAP is inverse-closedin � b� b� b:) If f � AP � R; #$� B1 
 B2 ��� and f is point-
wise invertible on R with f % 1 bounded(i.e., f �'&(� b), then f % 1 �
AP � R; #$� B2 
 B1 ��� (i.e., f �)& AP).

(f1) (Bohr transformation) Let f � AP � R;B� . For each λ � R, thelimit

fλ : � lim
T * ∞

1
2T

+ T

% T
f � t � e% iλt dt � B (C.2)

exists, the values fλ are boundedby supR
�
f
�
B and determine f � AP

uniquely, at mostcountablymanyof themare nonzero, and 0 is the only
limit point of theset � fλ � λ � R (calledtheAP-spectrumof f ).

We formally denotef , ∑λ � R fλeiλt .

(f2) Thefunction f -� fλ is linear andof norm1.

(f3) If f � AP � R;B1 � , g � AP � R;B2 � , φ �'#$� B1 � B2 
 B� , and either
∑λ � R

�
fλ
�
B1 . ∞ or ∑λ � R

�
gλ
�
B2 . ∞ (in particular, when either AP-

spectrumis finite), thenfor λ � R wehave

φ � f 
 g� λ � ∑
µ� R

φ � fµ 
 gλ % µ �/
 (C.3)

In particular, if B � B1 � B2 is a Banach algebra, then � f g� λ � ∑µ� R fµgλ % µ
for λ � R.

(f4) If H is a Hilbert space, then
�
f
�
AP : � ∑λ

�
fλ
� 2
H �0� � f

� 2
H � 0 
 supR

�
f
� 2
H ,

and � f 
 g� : �1�32 f 
 g4 H � 0 makesAP � R;H � an innerproductspace(i.e., a pre-
Hilbert space),whosecompletion“ AP” is isomorphicto 5 2 � R;H � . (Note
that

�
f
�
: � �

f
�

∞, andthatwewrite
�
f
�
AP whenwereferto thisBesicovitch

spacenorm.)

(f5) Let F � AP � R; #$� B 
 B2 ��� . Then, in AP, f -� F f has the norm�
F
�76�8

AP

8
R;B9;: AP

8
R;B2 9<9 
1�

F
�

∞.

(g) If f � AP � R;B� andε � 0, thentherearen � N, bk � B, λk � R (k � 1 
�������
 n)
s.t.

�
f � ∑n

k� 1bkeiλk = � ∞ . ε and fλk >� 0 for k � 1 
�������
 n.

(h1)Periodic functionsarealmostperiodic.

(h2)Let � aλ � λ � R �?5 1 � R;B� . Thenf : � ∑λ � R aλeiλt is in AP � R;B� and fλ � aλ
for all λ � R (this characterizesf uniquely, by (f1)).

(i) Theclassof treatedin (h2) is inverse-closedAP andin � b.

Proof: (a)–(d2)We haveAP �@� bu, by Property2 of [LZ, Section1.1]. By
Property6, AP is a vectorspace,andby Property3 it is closed.By Properties
7, 4 and6, claims(c), (d1) and(d2) hold, respectively; by Theorem1.2.1,(b)
holds.

By Property7, thefirst claimin (c) holds;combinethiswith (d2) to observe
thatφ "A� f1 
 f2 
�������
 fn �B� AP � R;B� , i.e., thattherestof (c) holdstoo.

Now (c) impliesthattherestof (a)holds.
(e) This follows from (d2),becauseK �1&C# by LemmaA.3.3(A3).
Part (f1) follows from [LZ, pp.22–24];part(f2) is obvious.



ALMOST PERIODICFUNCTIONS(AP) 959

(f3) Clearly  φ � aeiµt 
 beiνt �D! λ � φ � a 
 b�E� ei

8
µF ν 9 t � λ � φ � a 
 b� χ G λ H � µ � ν � , when

λ 
 µ 
 ν � R 
 a � B1 
 b � B2.
Therefore,(C.3) holdsfor f 
 g with a finite AP-spectrum.For sucha fixed

g, both sidesof (C.3) are continuousfunctionsof f from AP to B (because
thesumon theright is finite) for eachλ � R, hence(C.3) holdswhenever the
AP-spectrumof g is finite, by (g).

If ∑λ � R
�
fλ
� . ∞, then(C.3)holdsfor eachg with afinite AP-spectrumand

bothsidesof (C.3)areacontinuousfunctionof g, hence(C.3)holdsfor any g.
Thecasefor ∑λ � R

�
gλ
� . ∞ followsby exchangingtherolesof f andg.

(We have no needto studywhetherthese5 1 conditionsare necessary;at
leastthey arenot whenB is a Hilbert space:ChoosePn

� f asin (g). By (f4),� gλ � λ � R �I5 2 and ��� Pn � λ � fλ � λ � R �0��� Pn � f � λ ��� λ � R
� 0 in 5 2, hencealsothe

right sideof equation(C.3)with Pn in placeof f convergesasn � ∞ (because�
φ � fµ 
 gλ % µ � � B 
 M

�
fµ
�J�

gλ % µ
�

for someM . ∞).)
(f4) Thefirst claim is givenonp. 31of [LZ] andit impliestheisomorphism

to 5 2 � R;B� (the trigonometricpolynomialsmapnaturallyto a densesubspace
of 5 2 � R;B� ); therestis obvious(notethat 2 f 
 g4K� AP by (c) and(d2)).

(f5) Let f � AP. By (c) and (d2), we have F f � AP. Obviously,� � F f
� 2
H � 0 
L�

F
� 2

∞ � � f
�
H � 20. Since f � AP was arbitrary, we concludefrom

(f4) that
�
F
�76�8

AP

8
R;B9;:AP

8
R;B2 9<9 
1�

F
�

∞.
(g) Seepages17–18and24 of [LZ].
(h1)This is obvious(takeR � 2T in DefinitionC.1.1).
(h2) By (c), we have akeitk = � AP � R;B� for all k, hence∑k � N akeitk = �

AP � R;B� , by (a).
(i) CombineWiener’s Lemma(11.6 of [Rud73] or Theorem4.1.1(a)for

MTId) with (c). M
Notes
All resultsin this sectionarewell known. A canonicalreferenceon almost

periodic functions is [LZ]. Further questionshave beentreatedin [Basit] and
[Zhang]andin thearticlesthatthey referto.
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