Appendix B

Integration and Differ entiation in
Banach Spaces

Bring memybow of burning gold!
Bring memyarrowsof desie!

Bring memyspear! O cloudsunfold!
Bring memy chariot of fire!

— William Blake (1757-1827)

In thisappendixwe armuswith magicweapondo fight evil integralequations
in final frontiers of unexplored Banachspaces.We treat (Bochner)integration,
differentiation,function spacesC andLP (p € [1,]) and similar conceptsfor
functionswith valuesin BanachspacesWe extendstandarcandextendedresults
on scalarvaluedfunctionsfor vectorvaluedones.

Lebesguameasurability integrationand LP spacesn the scalarvaluedcase
aretreatedin SectionB.1. In therestof this appendixwe treatthe extensionsof
theseconceptgo thevectorvaluedcase.

In SectionB.2, we treatBochnermeasurabldunctionsf : Q — B, whereB
is a BanachspaceandQ is a positve measurespace.Iln SectionB.3, we define
andstudythe LP and C space®f suchfunctions.In SectionB.4, a generalization
of the Lebesgudntegral (the Bodhner integral) is definedand studiedfor such
functions. The readermight wish to have just a look at the beginningsof the
sectionsmentionedabove and skip the rest of this appendixuntil suggestedo
look up a specificfactby a proofin the mainpartof this monograph.

Differentiationof integrals and Lebesguepoints are treatedin SectionB.5,
vectorvalueddistributions (DY (Q; B) := B(D(Q); B)) aretreatedin SectionB.6,
andSobole spacegW P(Q; B) andWiP(Q; B)) in SectionB.7.

ThroughouthisappendixB, B, andB3z denoteBanachspacesvith scalarfield
K (K=CorK =R),U, H, andY denoteHilbert spacesy is acompletepositive
measuren asetQ, andd is thecorresponding-algebra.

We usethe (standard}erminologyof [Rud86]: a positivemeasue on a setQ
is afunctionp: 9t — [0, +oo] (or the pair (90, W) or thetriple (Q, MM, 1)) s.t. M
is a o-algebra on Q (i.e., 9t is a collection of subsetof Q s.t. Q € M and M
is closedundercomplement&ndcountableunions),andp is countablyadditive
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i.e., M(UR_oEx) = o M(Ex) whenerer (Ex)p_o C 9 is disjoint, and p(0) = 0.
(In this chapter we only treatscalarvaluedmeasures.SeeLemmaD.1.12and
Section2.6for vectorvaluedmeasures.)

We call u (or Q) o-finite if Q = UkenQk, WhereQg € 91t andp(Qk) < oo for all
k € N. We call p completdf all subset®f null setsaremeasurable.

Whenwe assumé& C R" (or Q C dD, wherewe identify dD with [0, 2m)) and
omit Y, we tacitly assumehatp = m, theLebesgueneasue (seeTheoren2.200f
[Rud86]).

A null setis a measurablesetN with u(N) = 0. A property(e.g. f = g for
functionsf,g: Q — B) is saidto hold almosteverywhee (a.e) onQ if it holdson
N¢:=Q\ N for somenull setN. Analogouslywe cansaythat f (q) = g(q) holds
for almostevery(a.e) g € Q.

Even thoughwe have allowed a general(Q, ) for completenesswe shall
needthe resultsonly for 1. the countingmeasue y, for which every AC Q is
measurable@ndp(A) is the cardinalityof elementsn A, andfor 2. (J,u), where
J C Ris anintenal (i.e., a connectedsubsebf R) andpu=mor du= e 2% dm
for somew € R, and even so mostresultsgiven belov are usedonly for some
technicaldetails. Note that theseboth are completepositive measuresandthe
lattermeasuras o-finite (sois theformertoo for countableQ).

For readersnterestedn thecontrol of the systemswith finite-dimensionain-
putandoutputspace®nly (thisis veryrestrictvein casesvheretheoutputequals
thestate),it suficesto consideithe (componentwise)ebesgueneasurabilityand
integral; the Bochnermeasurabilityandintegral arejust the infinite-dimensional
counterpartsvith || - ||g in placeof |-|.

We remarkthatalmostall resultsgivenfor Banachspacesn this appendixare
valid for Fréchetspacesmutatismutandis(letting B to be an arbitrary Fréchet
spacewvould make LP(Q; B) spaces-réchetspaces).



B.1 TheLebesgudntegral andLP(R;[0,+]) spaces

Thesubspac#V inheritsthe other8 propertiesof V. Andtherearen't
evenany propertytaxes.

— J.MacKay, Mathematicsl34b

Herewe shortlyrecallthe Lebesguentegral andL P spacegrom [Rud86].

Let R=C, or let R be a connectedsubsetof [—o, +0] (open subsetsof
[—o0,400] are arbitrary unions of setsof form (a,b), [—w,b), (a,+c] with
a,b € [—, 4]|; notethat R inheritsis usual (metric) topology as a subsetof
[—o0, +00]). A function f : Q — Ris called(Lebesguejneasuableiff f~1[G] is
measurabléor eachopenG C R. (By LemmaB.2.5(b3),Lebesgueneasurability
is a specialcaseof Bochnemmeasurabilityfor R=K.)

If f,g: Q — RareLebesguaneasurablethensois maxf,qg), by Theorem
1.14(b) of [Rud86]; in particular so are f*, where f+ := max(f,0), f~ :=
max(0, — ).

If (1, 9M) is ary positive measuren Q, andt’ is thecollectionof setsE C Q
st.ACE cCA andpu(A'\ A) = 0 for someA, A’ € M andwe set (E) := p(A)
for suchE, thenthecompletion(i/, 9t') of pis a (well-defined)completepositive
measureon Q, by Theorem1.36 of [Rud86]. Note alsothat (rpy, 91) is alsoa
positve measur@nQ forany r € R.

The Borel (measuable) setsof a topologicalspaceQ arethe membersof the
minimal o-algebracontainingthe opensetsof Q. A function f : Q — K isaBorel
(measuable)functionif f~1[V] is Borel measurabléor all openV C K. A Borel
measue on Q is a measurg(p, M) s.t. M containsthe Borel sets(equivalently;
s.t. 9 containsthe opensets). The Lebesguemeasuram is the completionof a
measurevhosedomainis the collectionof Borel sets hencea Borel measure.

For f : Q — [—w,+00] we setessupf := inf{r € [—w,+]|f < a.e},

essnf f := —essup—f. We alsosetr/+o:=0(0<r < +0), r- 400 := +oo,
r/0:=+o (0<r < +o) and0- +o0 := 0. Thefunction
1, qeE;
= B.1
Xe(Q) {O, q¢E (B.1)

is calledthe characteristicfunctionof the setE.

If n€ N, Eo,...,Ey aredisjoint and measurableand aq, ...,a, € [0,+o]
or € B, thens:= ZE:onXEk is a simplemeasuable functionandthe Bochner
integral of suchsis givenby

/Qsdl.l:: kinU(Ek). (B.2)

For generalmeasurablef : X — [0, +oo] we set [, f du:= supfysdy, the supre-
mum being taken over all simple measurabldunctionss s.t. 0 < s< f. This
integral is usually calledthe Lebesguentegral, andthe term Bochnerintegral is
resenedfor functionswhosevaluesarenot scalar(seeDefinition B.4.1).

If @ C Qis measurablehenwe set [o, f dp:= [oXo f dp.



Let 1 < p < o. A measurablefunction f : Q — [0,+] belongsto

LP(Q3[0, o)) if || lp:= ( fig TPll) P < oo, andlto L (Q;[0, +o0]) if || fle =
esssup, | f| < o (we sometimeswrite || f||Le or || f|Lp(q;0,+e]) iNSteadof || f[|p).

To be exact, the LP spaceq1 < p < «) are quotientspacesover with the
setof functionsthatare O a.e.(i.e., LP is the spaceof equialenceclasseq f],
whereg € [f] iff g= f a.e.).Thus,LP(Q; [0, +]) becomesa normedspacewith
scalaffield [0, +]". (OneeasilyverifiesthatL P(Q; [0, +]) is avectorspacewith
scalarfield [0, +] andthatthe axiomsof a normedspacearesatisfiedw.r.t. this
scalarfield; thelatterrequireghe Minkovskilnequality, Theoren.190f [Rud86],
which saysthat|| f +g||p < || f||p=+ l|gl|p for all measurable,g: Q — [0, +].)

We alsonotethe Holder Inequality: || fg||1 < || f||p||9llq for p,q € [1, 4] s.t.
1/p+1/q= 1. Thereaderwill later notethatthesetwo inequalitiesextendto
vectorvaluedfunctions,becausdéor measurablé¢seeDefinitionB.2.1)f : Q — B
we shalldefine|| f||, := ||| 8]l p-

Lebesgues MonotoneCorvergenceTheoemsaysthatif { f,} aremeasurable,
0<fi<f<.---<wa.e.onQandfy(q) — f(g) for a.e.qe Q, thenf is
measurablande fodu— fQ fadu

LemmaB.1.1 Let Q C R" be measuable For any measuable sets{En} s.t.
m(En) > 0 for all n € N, there are disjoint measuable {E;} s.t. E, C E, and
o > m(E}) > 0foreachne N.

Proof: ChooseFy C Eg s.t. 0 > m(Fg) > 0. For eachn € N+ 1, choose
Fn C Ens.t.0 < m(Fn) < 27"max—o,...n-1M(F) andsetEf ;= Fn\ U, 1 Fx-
Thenm(Up_,. 1Fk) < Skent1 2-*m(F,) < m(F,), hencem(E/) > 0, for ary
neN. Il

(Seethenotesonp. 947.)



B.2 Bochnermeasurability (f € L(Q;B))

You cannothavea sciencewithoutmeasuement.
— R.W. Hamming

In this sectionwe treat Bochnermeasurabilityin orderto be ableto define
LP spacesandthe Bochnerintegral in the next two sections. For mostreaders,
it sufficesto just have a look at Definition B.2.1 andLemmaB.2.5 so asto be
corvincedthatBochnemmeasurabilityis analogougo Lebesgueneasurability

A functions: Q — B is calleda countably-valuedneasuable functioniff it
canbewrittenass= 3 ycn XXg,, WherethesetsEx C Q aremeasurablandx € B
(k € N). In generalBochnemeasurabilityis definedasfollows:

Definition B.2.1(Bochnermeasurability) A function f : Q — B is (Bochner)
measurablg denotedby f € L(Q;B), if somesequenceof countably-valued
measuablefunctionscorvergesto f a.e

Afunctionf : Q — B is called almostseparably-aluedif it can be redefined
onanull set(a setof measue zeo) sothat f[Q] becomesepaable

In LemmaB.2.5(g) we shall showv that a function f : Q — K (or f : Q —
[—00,400]) is measurabléf it is Lebesgueneasurable.

Wefollow the standaracorventionto identify functionsequala.e.asmembers
of L. Thus,the elementsof L are actually equivalenceclasses.We sometimes
write “[f]” insteadof “ f”, whenit would otherwisenot be obviousthatwe refer
to theclass,notto thefunction.

Let f € L(Q;B) and F € C(B;Bg). ThenF o f is measurablgbecause
Fos,—» Fofae)lf f =ga.e.thenFof =Foga.e.Thus,wecanfollow the
standarccorventionto defineF o [f] := [F o f]. Most commonexamplesof this
arethedefinitionsa[f] := [af] and[f]+[g] := [f +g] for f,g€ L(Q;B), a € K.
We alsoextendto classesry otheroperationghat canbe well definedthrough
representates.

For separabilityresultswe shallneedthe following:

Lemma B.2.2 Letthe setsAx beat mostcountable(k € N), andletn € N. Then
thesetsAg X Ap X -+ x Ay, UkenAx, {B C Ag|B hasn element and{B C Aq|B
is finite} are at mostcountable

For any setA, cardA < card?” (recall that 2* is the set of all subsetsof
A). If A and B are nonemptysets, (at least) one of which is infinite, then
card A x B) = max{cardA, cardB} = card AUB). 0

(The countabilityclaimsare easilydeducedrom Theorems2.12and2.13 of
[Rud76];thegenerakardinalityclaimsarealsowell known andfollow from, e.g.,
Theoremsl76and180,pp.276and2800f [Kelley].)

Next we list a few separabilityresultsin orderto be ableto prove Lemma
B.2.5.

Lemma B.2.3(Separability) LetE, C B besepanblefor all n€ N. Then

1Theterm“strongly measurablefs sometimesised but we resere it for Definition F.1.1.



(a) Theclosure andspanof Eg are sepanble

(b) If E C Eo, thenE is sepanble

(c) TheunionUpE is sepaable

(d) If E C Bisweaklysepagble thenit is sepaable
(e) Subset®f R" are separble

(e)If Qissepambleand f € C(Q,Q'), thenf[Q'] is sepaable

Proof: Let §, C E, bedensén E, andcountablefor eachn.

(a) ThesetS is densein Eg andthe setof finite linear combinationsof
elementof $ with coeficientsof formr +iq (g,r € Q) is densen the spanof
Eo.

(b) Let S = {x}ken. For eachn,k € N, choosean elementx € E :=
{y € E||Ix—Vll < 1/(n+1), if suchan elementexists. Then the union
S of theseelementsis densein E, becausef x € E and N > 0, we can
choosex, s.t. [x—x¢ < 1/2N, sothat E] is nonemptyfor n < 2N, hence
[[X—x2N|| < |Ix —xk]| + ||%— X2V || < 1/N. Thus,Sis densén E.

(c) TheunionU,S, is densen UnEp.

(d) Let SC E becountableanddensdan theweaktopologyof B. Let M be
the closureof the spanof E. ThenM is weakly separableby (a) (whoseproof
is valid for ary topologicalvectorspace) henceM is separableby Theorem
3.120f [Rud73],henceE is separableby (b).

(e) ThecountablesetQ" is densean R", hence(e) follows from (b).

(f) If SC Qisdensethenf[S c Q' is obviously dense. O

LemmaB.2.4 Let B be sepamble and Q ¢ C. If f € C(Q;B(B,By)), then
f € C(Q;B(B,B))) for somesepaableclosedsubspacd, C By.

Proof: Let Q' ¢ Q and Q c B be dense and countable. Then
B, := f[Q'][Q] C f[Q][B]is denseandcountableby continuity(x — x & sc—
s= f(s)x — f()X). Consequentlythe closedspanB), of B is a separable
Banachspaceandit containsf[Q][B], i.e., f(s)[B] C B, (i.e., f(s) € B(B,B}))
forany se Q. O

Now we arereadyto list the standardgoropertiesof Bochnermeasurability:

Lemma B.2.5(Bochner Measurability) Let f,,g,h: Q — B bemeasuable(n e
N) anda, 3 € K.

(al) Thefunctionag+ Bhis measuable

(@2)If T € B(B,By) (or T € C(B,By)), thenTg is measuable

(@l3)If f: Q — B(B,B,) is measuable thensois f*.

(ad)If also f : Q — By is measuable thensois (f,g) : Q — B x By.

Thus,thenB(f,g) : Q — B3 is measuablefor anycontinuousB: B x By —
Bs.



(b1) Afunctionf : Q — Bis measuableiff Af is measuablefor all A € B* (or
for all A in a normingsubsebf B*) and f is almostsepaably-valued.

(b2) Afunctionf : Q — B is measuableiff somesequencef countably-valued
measuablefunctionscorvergesto f uniformly outsidesomenull set.

(b3) Let f : Q — B. Then(i)=-(ii)=(iii); if B is sepanble, then (i)—(iii)) are
equivalent:

(i) fismeasuable;

(i) the set f~1V] := {q € Q| f(g) € V} is measuable for eac open
V C B;

(i) Af ismeasuablefor all A € B*.

Thisholdsalsowith [—co, +co] in placeof B.

(¢) If fn: Q — B (n€ N) are measuableand f,(t) — f(t) for a.e t € Q, then
f is measuable.

(d1)LetQ, C Q bemeasuablefor all ne N andQ = UnenQn. Thenf : Q— B
is measuableiff f|Qn is measuableQ, — Qfor all n€ N.

(d2)If By is a closedsubspac®f B and fQ C By, thenf is measuableQ — B,
iff f is measuableQ — B.

(d3) Afunction f : Q — By x By x --- x By is measuableiff fj is measuable
forj=1,...,k

(e) Any continuoudfunctionQ — B is measuableif Q is sepaableandpis a
Borel measue (e.g., = mandQ C R" is measuable).

(f) If B= K, then(Reg)*, (Img)* are measuable

(g) Letne N+1. Afunctionf : Q — K" is Bochnermeasuableiff eat of its
componentss Lebesgueneasuable

In (a4) the mapB canbe multiplication, inner product,a continuoushilinear
map,or similar. By (a2),]|9||s : Q — [0, ») is measurable.

Note for (d1) that the restrictionof p to somemeasurabl€) C Q is alsoa
completepositive measure.Note alsothat condition (ii) in (b3) dependon M
(andB) only, whereasconditions(i) and(iii) dependonthe measureoo.
SeelL,emmaB.4.10for the measurabilityof f o @with @ € ¢! increasing.

By (d1), piecavise continuous functions are Borel-measurable(hence
Lebesgue-measurahfeQ ¢ R" with R"stopology).

Proof of Lemma B.2.5: (a)&(d) Chooseg, — g andh, — h (a.e.) as
in the definition of measurability Then ag, + Bh, is countably-aluedand
measurabléor all n € N andcornvergesto ag+ Bh a.e. Theproofsof (a2),(a3),
(d1),(d2) and(d3) aremoreor lessanalogous.

Notefor (d1)that9y ;= {E € M |E C Q'} isac-algebreonQ/, and“ka,
is acomplete positive measuren [y .

(Claim (a3) is a specialcaseof (a2), it holdsto both Hilbert spaceadjoint
f*: Q — B(Bg,B) (in casethatB andB; areHilbert spacesandto the Banach
spaceadjoint f* : Q — B(B3,B*) (andto ary other continuousinvolution



operator). Claim (a2) holdseven when T is only continuousfrom B to the
weaktopologyof By (use(bl) andLemmaB.2.3(d)).)

(b1) Without our referencdo normingsets,the proof on pp. 72—73of [HP]
applies.Assumethenthat f is almostseparably-aluedandAf is measurable
for all A € C, whereC C B* is anormingset.

Redefinef onanull setsothat f[Q] is separableandreplaceB by theclosed
spanof f[Q], which is separable.Let SC B be dense,andchoosecountable
C' Cc Cs.t.||X|ls = supecr |AX| for all x € SThen||x||g = Supecr |AX] for all
x € B. It followsthat|| f(t)||s = Sup\ecr |AT ()] for all t € Q, therefore || f||g
is measurableanalogouslysois || f — x||g for any x € B. Thus,therestof the
proofon pp. 72—73of [HP] is valid.

(b2) Thisis Corollary1 onp. 73 of [HP].

(b3) The secondclaim follows from thefirst and(b1), sowe only needto
prove thefirst claim.

1° (i)< (i) < (iii) for B= K andfor B = [—o,+4]|: This canbe deduced
from Theoremsl.14and1.17of [Rud86](notethat(i)<(iii) is trivial, because
K* =K).

2° (i)=(iii): If f satisfieqii), A € B*,andV C K isopenthen(Ao f)[V]=
f~L[A~[V]] is measurablebecause\~1[V] is open. Thus,Af is measurable,
by 1°.

3° (i)=(ii): Assume(i), sothatsomesequencgs,} of countably-walued,
measurabldéunctionscorvergeto f everywhere(redefines, and f to be zero
on anull set,if necessary).LetV C B be open,anddefineF € C(B;K) by
F(x) :=d(x,V°) :=infyey, ||X—Y|ls. ThenF os, — F o f everywhere hence
Fof eL(Q), becausd os,is countably-aluedandmeasurabléor all n € N.

Thereforethesetf ~1[V] = f [F1[K\ {0}]] = (F o f)"1[K\ {0}] is open,
becausé- o f satisfieqii), by theimplication“(i) =(ii)" of 1°.

4° (iii) = (i) for sepaableB: Thisfollowsfrom (b1).

(Notethatl : B — B satisfieqii) but not (i) if B is anunseparabl®anach
spacewith the countingmeasure.)

(c) By Theorem1.14 of [Rud86], Ah is measurableso we only have to
shaw thath is almostseparably-alued.

Choosea null setN C Q s.t. hy(t) — h(t) for t € N©. For eachn, choose
anull setN, s.t. hy[N5] is separableLet N’ := NUUpNy, @ :=Q\N’. Then
E := Unhn[Q'] is separablehencesois the closedsubspacé of B spannedy
E. Buth(t) = limy_ 1. hn(t) € M for eacht € @, henceh is almostseparably-
valued.

(e) By LemmaB.2.3(e), f[Q] is separableBecausef ~1[V] is open,hence
measurabléor eachopenV C B, f is measurablehy (b3).

(f) By (a2), Reg andImg aremeasurableby SectionB.1, soare (Reg)*,
(Img)*.

(g) Thisfollowsfrom (b3). O

The rest of this sectionconsistsof lessimportantresults,hencethe reader
mightwishto skip them.



We will usethe following lemmato generalizeseveral scalarresultsto the
vectorvaluedcase.

LemmaB.2.6 Let f beBodhnermeasuable Thenf =0 a.e iff Af =0 a.e for
all A € B* (or for all A in a normingsubsebf B*).

If fisonly“weakly vectormeasurable”.e.,Af is measurabléor all A € B*,
thenwe mayhave Af = 0 a.e.for all A € B* eventhoughf # 0 everywhere(set
f(t) := &, where{a }icr is thenaturalbaseof B := £2(R) (i.e.,& := Xity), sothat
forary y:= S, oxe, € £2(R) we have (f(t),y)g = 0fort & U{tx}).

Proof of Lemma B.2.6: The necessityis clear sowe assumehat || f|| >
€ >00nE C Randm(E) > 0, andfind A € B* s.t. Af # 0 onasetof positive
measure.

W.l.o.g. we assumethat f[E| hasa densecountablesubset{by}ken. FOr
somek € N, we have m(Ay) > 0, whereA := {r € E|[| f(r) — by| < &/3}.
If |Aby| > ||bk]|/2 and |A]| < 1, then |Af(r)| > |Abk] —€/3 =M >
|Ibk||/2—¢€/2 > 0forr € Ac. Thus,||Af|le > M > 0. O

Forx € Bandr > 0 wesetD; (x) := {x € B| ||x—x|| <r}.
Lemma B.2.7 (Essrange(f)) Let f : Q — B bemeasuable Then
esgangdf) := {xe B|r > 0= pu(f~![D(x)]) > 0} (B.3)

is closedand p(f~[esgangd f)°]) = 0. Moreover, esgangé f) is the smallest
setwith theseproperties.

Proof: One easily verifiesthat Es := esgangé f) is closed. We assume
w.l.o.g. (seeLemmaB.2.5(b1))that B is separable Let {x} be densen ES.

For eachk, setry := sup{r > 0| u(f~*[Dy(x()]) = 0}. Obviously, Ef C V :=
UKDy, /2(X); but p(f~1[V]) = 0, becauseu(f ~*[Dy, 2(x)]) = O for all k; hence

W(fHEf) =0.
By the definition of Ef, the set Ef containsary opensetG C B s.t.
u(f~YG]) = 0,i.e., E is the biggestof suchsets. O

LemmaB.2.8 Let f : Q — B bemeasuable

(@) If u(Q) > 0, thentheris ag € Q s.t.for eah € > O wehavep(A¢) > 0, whee
Ac:={ae Ql||f(a) - f(a0)lls < €}.

(b) If(f) f is notzewo a.e, thenthereare AC Q andA C B* s.t. y(A) > 0 and
ReAf > 1onA.

If, in addition, By is a closedsubspac®f B andy(E) > 0, whee E := {t €
Q| f(t) ¢ Bo}, thenwecanchooseA andA sothat A = 0 on Bo.

Proof: (a) Chooseary ag € f~![esgangd f)].
(b) If Bp hasnot beengiven, setBy = {0}. Choosen € {1,2,3,...} s.t.
An:={q€ Q|d(f(q),Bo) > 1/n} hasapositive measureChoosethenag € Ay



for f|,, ande:=1/2nasin (a). ThenV :={be B||lb— f(a0)|ls < 1/2n} is
corvex, openandnonemptyV NBg = 0, A := f~1[V] hasa positive measure

(by (a), becauseAo = Ay N A,), andalso By is convex and nonempty hence
thereare/\ € B* andy € R s.t.

ReAx<y<ReAy forall xeV,ye By, (B.4)

by Theorem3.4 of [Rud73]. Thus, A[Bo] is a propersubspacef K, hence
A[Bo] = {0}. Findk € {1,2,3,...} s.t. A:= {a€ Ay | ReAf(a) < —1/k} hasa
positive measureandthenreplace/\ by —kA. O

Thefollowing resultcanbe usedfor convolutions:

LemmaB.2.9 Let f : R" — B bemeasuable Then(r,s) — f(r —s) is measur
ableR"x R" — B.

Proof: Let sy(r) — f(r), asn — +oo, for all r € R"\ N, wherem(N) =0
ands, is countably-aluedandmeasurablén € N) (seeDefinition B.2.1). We

mayanddorequirethats, = S, XXen WhereE}! is Borelmeasurabléor each
k,n (by redefiningeachs, onanull set).

SetN; := {(r,s) | r —s€ N}. Then(seeTheorems3.11and8.120f [Rud86])

m(Np) :/Rn/Ranz(r,s)drds:/RH/RHX%N(r)drds:O. (B.5)

But sa(r —s) — f(r —s) for all (r,s) € N3, and(r,s) — sy(r — s) is countably-
valuedandBorel measurablehecausér, s) — r — sis aBorel function. O

(Seethenotesonp. 947.)



B.3 LebesguespaceqLP(Q,;B))
If Godis perfect,whydid He creatediscontinuougunctions?

In this section,we first definethe LP spaceg“Lebesguespaces”andthengo
on to prove several technicalresults,someof which are consideredo be well-
known althoughnot easilyfoundin theliterature.

Thecontinuityof || - ||[g : B — [0, 4] impliesthatif f is measurablethenso
is || f||s. Thuswe canmale thefollowing definition:

Definition B.3.1(LP(Q;B)) Let1 < p< . LP(Q;B) :=LP(Q,;B) isthespace
of (equivalencelassesf) measuablefunctionsf : Q — B whosenorm || f||, :=
1T (-)llgllLe(q) is finite. We setL P(Q, 1) := LP(Q, 1 K).

If B is a Hilbert space thenwe set(f,g) > == [o(f,g)gdu. By £P(Q;B) we
meanL P(Q; B) with the countingmeasue.

If compactsubset®f Q are measuable thenwe set

Lioc(Q.1;B) :={f € L(Q:B) || f|lLp(k up) < o for all compacK c Q}. (B.6)

If, in addition, Q is o-compactthenwe equip L,%C with the topology inducedby
the seminormg| f || pk ;8 (S€€Theoem 1.37 of [Rud73]); in particular, then
fo— fin LR if || fn— flLp(k we) — O for all compactk c Q (and fn, f € Ll
for all n).

Notethat||f||, = 0 iff f =0 a.e.,i.e.,if [f] =[0]. Thus,]||-||p becomesa

normon LP (with equivalenceclassesaselements) We definethe “quasinorms”
I fllp:= (fQ||f||gdu)1/IO for p € (0,1) too (but the vectorspaced P, p € (0,1)
arenot normedspacescf. [Rud73]). Thetopologyof |-|%c is only rarely needed,
hencehereademaywell skipit; theresultingcorvergenceconditiongivenatthe
endof theabove definitionis only slightly moreuseful.

Obviously, LP(Q;B) € LL(Q;B) (p € [1,]). If u(K) < oo for all compact
subsetsof Q, then L (Q;B) C L[.(Q;B) ( > p >r > 1), by the Holder
inequality; if, in addition, Q or B is separableand 1 is a Borel-measurethen
C(Q;B) C LR .(Q;B). OneusuallyequipsC(Q; B) with L{>.(Q; B) topology but

we do not needthis.

Theorem B.3.2 Thespacel P(Q; B) is a Banadt space(a Hilbert spaceif p = 2
and B is a Hilbert space). If f, — f in LP, then somesubsequencef {f,}
convergesto f a.e

If Q C R"is openandpiis aBorel measueonQ, thenL .(Q, ; B) is a Fréchet
space(hencea completametricTVS).

Notethatif f, — f in LP, f, — gin L% and f, — h a.e.pointwise,asn — o,
then f = g = h a.e.(take a subsequencef { f,} cornveming pointwisea.e.to f
andg).

Proof: 1° Theproofof thefirst paragraplis identicalto thescalarcase(e.g.,
[Rud86,Theorems3.11& 3.12]),andhenceomitted.



2° Claimson L} : Let {Kk}ken beasin LemmaA.2.3. Oneeasilyverifies
thatthe norms|| - || p(k,;5) generatethe topology of Lj2(Q;B); in particular
|-|%c is metrizable by Remark1.38(c)of [Rud73].

Let { f,} bea Cauchy-sequende L .. Then{fy} hasalimit f¥in each
LP(Ki, 15 B). Setf = TyXk k., < Obviously, f = f* a.e.on eachK, and
f € L(Q;B), hencef, — f in eachLP(K;B), sothat f, — f in L .. Because
{fn} wasarbitrary L{ . is complete. By Theorem1.37 of [Rud73],LJ is a

Fréchetspacg(i.e.,acompletdocally corvex metrizableTVSs). O

Also most other standardanalysisresultsextend to the vectorvaluedcase;
in particular standardpropertiesof LP(K) spacege.qg., reflexivity (when1 <
p < o) and separability(when 1 < p < o)) are inherited by LP(R"; B) if(f)
also B possessethe sameproperty; see[DU]. The mostimportantexceptions
(fortunatelynot much neededn this monographare that the dual of LP(Q;B)
neednot be LY(Q; B*) (see[DU, TheoremlV.1.1, p. 98]; cf. LemmaB.4.15),
andthatanabsolutelycontinuousneasuregandfunctions)with valuesin B need
not be differentiable,unlessB is a Radon—Nikdymspace(and is o-finite and
1 < p < «). For mostpurposesit sufficesto know thatHilbert spacesandother
reflexive spacesreRadon—Nilodymspace$DU, p.61,p. 98 & p. 82].

Derivativesaredefinedasin the scalarcase:

Definition B.3.3(%{) Let J be an interval of R. The derwative of a function
f:J—>BattelJis
. f(t4+h)—f(t)
! .
fi(t) == h—)OI,IrtTJ-heJ — (B.7)

LetQ C R"beopen,neN+1,g€ Q, j € {1,2,...,n}. Thenthe jth partial
dervative (Djg)(q) := gj(q) of g: Q — B at g is thederivativeof h— g(q+ hey)
ato.

If g hasall n partial derivativesat g [and they are continuous],theng is
[continuously] differentiableat q. If g is [continuously] differentiable at ead
pointof Q, theng is [continuously]differentiable(on Q).

Thepartial derivativesof g of orderk € N are thefunctionsD‘i‘l---Dﬂng for
which a € N", ZT:]_GJ' = k. If all partial derivativesof g of order k exist [at q],
theng is k timesdifferentiableat q].

(Heree; isthe jthunitvector(e; :=(1,0,0,...,0),e:=(0,1,0,0,...,0),...).)

Obwviously, the definition of f/(t) implies that (T f)'(t) = T(f'(t)) for T €
B(B,B2) whenever f'(t) exists. Note thatwe allow one-sidedderivativesat the
endpointsof J (if they belongto J).

Let Q be a topological space. The space((Q;B) is the vector spaceof
continuousfunctions f : Q — B. We equipthe following subspacesf C(Q;B)
(seep. 1045 for details) with supremumnorm f — sup,q | f(a)l[s: G (f
bounded), (i, (f boundedand uniformly continuous;this requiresthat Q is
metric), (o := {f € Gy|for any € > 0, thereis compactk C Q s.t.||f|| < & on
Q\ K} (often called as “the functionsvanishingat infinity”), and ¢ := {f €
C | suppf is compac}. Obviously, C: € Go C Gy C C-



C,

Let Q € R" be open (or an internval). Let 7 be one of the symbols
(b, Gou, Co, Ce. Thenweset??:= V, V%H1(Q;B) = {f € V(Q;B) |Djf €

VX(Q;B) forall j € {1,2,...,n}} (whenk € N), V*(Q;B) := Nken V¥(Q; B).

LemmaB.3.4(G: C (o C G C () LetQ bea metricspace Then(G(Q;B) C

o

(Q;B) C Gu(Q;B) C (h(Q;B); thespaces(y, (hy and (; are Banad spaces

(underthesupemumnorm),and (¢ is densédn (.

Proof: 1° Claims ((Q;B) C (0(Q;B) C (w(Q;B) C (,(Q;B): These
are ohvious except the uniform continuity of function f € (p(Q;B). Given
f e (b(Q;B) andary € > 0, setK :={q € Q| IIf(q)|| > €/3}, sothatK is
a closedsubsetof a compactset, hencecompact. Analogously K’ := {q €
Q||| f(a)|| > €/2} is compact.SinceK’ c V := {q € Q||| f(q)|| > £/3} K
andV is openwe haved :=d(K’,K®) > d(K’,V®) > 0, by LemmaA.2.1(c).

Choos& > 0s.t.||f(q)— f(d)||s <eforallq,q € K s.t.d(q,q') < 6. Then,
givenq,d € Q s.t.d(q,q') < min(3,d'), we have || f(q) — f(d)||s < €.

Indeedjf q ¢ K, thenq ¢ K’, hencethen|| f(q) — f(q)||g < £/3+€/2 < €;
the casewith ¢ ¢ K is analogousandthe caseq,q € K follows from the
definitionof .

2° Thecompletenessf (b, Gy and Gy: Let { f,} bea (,-Cauchy-sequence.
Thensois {fn(q)}, hencef(q) := limp_ fa(Q) € B exists, for eachq € Q.
Givene > 0, thereis N € N s.t. || fn — fm|| g, '= SUR)cq || fn(a) — Tm(d)[[s < €/2
for all n,m> N, so that supco || liMn-« fu(d) — fm(9)|ls < €/2 < € for all
m > N. Consequentlyf,, — f uniformly asm — . As oneeasilyverifies, it
followsthat f is continuousandboundedhencef, — f in (4.

If fn € (o for all n, then,for eache > 0wecanchooseN s.t.||fy — f|| < €/2
andK s.t. || fn|| < €/20onKE, sothat|| || < €/2+¢/2 onKE; thus,thenf € (%.

Finally, assumethat f, € (, for eachn. Given ¢ > 0, chooseN s.t.
| fn — || < €/3, andchoosethend > 0 s.t. || fn(q) — fn(d)|| < €/3 whenever
9,9 € Q, d(g,q) < d. Then|f(q) — f(d)| < e/3+¢/3+¢/3 whenever
9,9 € Q,d(qg,q) < d. Thus,thenf € Gy,.

3° (zisdensean (p: (ThisholdsalsowhenQ is alocally compacor normal
(possiblynon-metrizableHausdorf space.)

Let f € (0(Q;B) ande > 0. ChooseK,K’,& asin 1°. Setg(q) :=1in
K’ andg(qg) := 0in K¢, sothatg € C(K'UKE,[0,1]). By Tietzes Extension
Theorem[Kelley], g hasan extensionh € C(Q;[0,1]). But supph C K, hence
he G(Q). It followsthathf € (¢(Q;B) and||hf — f|| <&/2(sincehf = f on
K" and|hf — f|| < ||f]| < €/2 on (K')°). Sincef € (5(Q;B) ande > 0 were
arbitrary (; is denséan (. 0

The sequencapace<. (of finite sequencesandc, (of vanishingsequences)

aresometimeseededye briefly introducethembelowv asspecialcase®f ¢ and
Co.

1, whengd';

o whena—q IS a metric, calledthe

For ary setQ, thefunctiond(q,q) := {

discrete metric of Q. In the correspondingliscrete topolagy every subsetof Q

is

open,henceevery function Q — B is continuous. A subsetof Q is compact



iff it is finite. We setco(Q;B) := (b(Q;B) andc(Q;B) := &(Q;B)={f: Q—
B| f(q) = 0 exceptfor finitely mary q € Q}, whereQ is equippedoy its discrete
topology (Recallthatemptysetis finite, i.e., 0 € c.(Q;B) (for Q # 0).) Thus,
Co(Q; B) is the closureof c¢(Q;B) underthe supremurmorm (i.e., in £°(Q;B),
the setof boundedunctionsQ — B), by LemmaB.3.4.

Thefollowing two lemmascontainimportantfacts:

Lemma B.3.5(f’ is measurable) LetJ C R beanintervalandlet f : J — B be
Lebesgueneasuable If f'(t) existsfora.e t € J, thenf’ is Lebesgueneasuable

O

(Thisfollowsfrom LemmaB.2.5(c).)

LemmaB.3.6 Let p € [1,0]. If f € LP(Q;B) and T € B(B,By), thenTf €
LP(Q;B2). If F € LP(Q; B(B,By)), thenF* € LP(Q; B(B%,B*)). 0

(This follows easily from LemmaB.2.5(a2)&(a3). This implies that the
Bochnerintegral is a specialcaseof socalledPettisintegral.)

A casuakeademightwish skip therestthis sectionexceptLemmaB.3.9and
TheoremB.3.11(al)&(b1).Mostotherresultsbelow arerathertechnicalandless
oftenneeded.

Most“L P mass”of aL P functionlies on a compaciset(unlessp = »):

LemmaB.3.7 Let f € LP(R";B) and p € (0,), or f € (5(R";B) and p = .

Then||)({qeRn||O”>R}f||ID — 0 asR— . In particular, for anye,r > 0, there is

S n
R>0s.t. ||X{qeRn\|q|gr}T fllp<eforse R"s.t.|s > R. 0

(This follows from the (scalar)MonotoneCornvergenceTheorem(note that
|g+s| > R—r when|qg| <), exceptin the (trivial) (, case.)

Corollary B.3.8(m.t'f = 0) Letf € LP(R;B) and1< p < .

Thent'f - 1" f in LP, ast - T € R, and M_tyf = f, Moy f — 1,
Ty f = Oandm1(t)f — 0in LP, ast, T — .

It g€ LPo(R:B), then|[rr.T gl — [|gllp ast — +<o. O

loc

(Oneobtainsthis easilyfrom LemmaB.3.7.)

LemmaB.3.9 Letp e [1,o0) and f € LP(R";B). Then
|f—t(h)f|l[pb—0 ash—0inR". (B.8)
Proof: By uniform continuity, (B.8) holdsfor f € (R";B). For general
f € LPande > 0,choosepe (¢ s.t.||f —@|p < €/3,andthenchoosed > 0s.t.

llo—t(h)@||p < €/3for |h| < &. Then||f —1(h)f||, <&/3+¢&/3+¢/3=c¢for
|h| < 8. O

Characteristidunctionscanbe approximatedy smoothfunctions:



LemmaB.3.10 If K ¢ Q ¢ R", K iscompactandQ is opentheris o€ (°(Q)
S.t.Xk <9< Xo-

If Q' c R"is open,E Cc Q' C R", m(E) < o, p € [1,0), [and w > 0 is
L' on a neighborhoodof E], and € > 0, thenwe can chooseK and Q so that
KCECQCQ andm(Q\K) < &P [ [« wdm < eP] to obtain |[Xg — @llp <&

[[Xe — @llLp(wdm) < €]

Notethat@is infinitely differentiableandwith a compactsupportCc Q, p=1
onkK, and0 < @< 1. Herew is anonngative weightfunction,i.e., we referto the
measure — [ wdm.

Proof: (We only sketchthe proof; see[Adams,Section2.17]for detailson
mollifiers.)

1° w= 1: Because :=d(K,Q°) > 0, we cansetK’ := {x € Q| d(x,K) <
r/2}, andthentake @ := @ * Xk’ for somelargek, where{@} C (<’ corverges
to thedeltadistribution dg.

Thelastclaim follows from theregularity of m [Rud86,Theorem2.20].

2° Thegeneal case:Letw € L1(Q"), whereE ¢ Q" ¢ Q andQ” is open.
By [Rud86,Exercisel.12], fQ\K wdm < P, whenm(Q \ K) is smallenough.
Consequently

/Q\XE—(p|dem§ /dem< eP. (B.9)
U

The spaceof simple LP functions (aswell as ) is densein LP, evenin
LPrALP2N...NLP (andevenwith differentweightfunctions),whenp < oo:

Theorem B.3.11((Y isdensein LP) LetQ C R" beopenandl < p < o.

(al) SimpleLP functionsare densein LP(Q;B), and countably-valued.®
functionsare densen L*(Q; B).

(a2) If we are givenn € N + 1, exponentspy,...,pn € [1,0) and € > 0,
then, for any f € NJ_,LP(Q;B), ther is a simple functions € LP s.t.
| f —sllLgp) <&

(a3) At leastin (al)—(b2)and (d), givena densesubspaceBy of B, we may
choosethe (densesetof) functionssothat they havetheir valuesin By.

(b1) Finite-dimensionat’y’ (Q; B) functionsare densen LP(Q; B).

(b2) If we are givenn € {1,2,...}, exponentspy, ..., pn € [1,0), nonngative
(weight) functionswy, ..., W, € L .(Q;B), and € > 0, then, for any f €
Nk=1LP(Q,wcdm; B), there are a simple functions € LP and a finite-
dimensional’y’ (Q; B) functiongs.t.
|| f —S”ka(Q,wkdm;B) <eg and || f _(p“ka(Q,Wkdm;B) <¢ forall ke {1, . n}.

(B.10)

(b3) {p€ S(R;B) |9 ¢(iR;B)} is densén LP(R;B).

(c) Theclosure of ;(Q;B) in L is (5(Q; B) whenQ is metrizable



(d) Theclosue of simplemeasuablefunctionsin L*(Q; B) equals

LR (Q:B):={f € L”(Q;B) | thereis acompact C Bs.t. f(q) K for a.e g€ Q}.
(B.11)

We have(h(Q; B) C Lg(Q; B) whenQ is metrizable Moreover, L¥ (Q; B) =
L®(Q;B) iff dimB < o, andLy (Q; B) = L*(Q; B) if dimB < .

(By usingmollifiers onecould obtainfurther densityresults;cf. pp. 29-520f
[Adams].)

Recallthatsimplemeandinite-valued,hences is a simpleLP(Q; B) function
iff s= S} _oXg X for somene N, {x} C B, Ex C 90, and||s||p < .

Proof: (al)1° Casep = . Thisfollowsfrom LemmaB.2.5(b2).

2° Casep < o« Let f € LP(Q;B) ande > 0. By Theorem3.130f [Rud86],
thereis a simplefunctions: Q — Ry s.t. ||| flls —sflp < &/3. SetK:={q €

Q|s(a) # 0}, sothatm(K) < e and||f — f|| < €/3, wheref := fxx € LP. By
the(scalar)MonotoneCorvergenceTheorem,we have fx{”f”Sn} — finLP,
asn — +, henceg = fXxX{)r|<m) Satisfieg| f —g|| < /4 for M big enough.
Notethat||g|[c < M.

By 1°, thereis a (countably-aluedmeasurablejunctionh = 3" ; beXg, :
K — B (bx € B, Ex C K measurabl@nddisjoint, Xg, its characteristidunction
for eachk) s.t.||g— h||« is arbitrarily small. Becausan(K) < oo, it followsthat
we cantake ||g — h||, arbitrarily small,say < min(¢/4, 1) (and,simultaneously
e <M +1 < o0).

By applying the (scalar)dominatedcorvergencetheoremto ||h||5 (with
the constantfunction M + 1 € LY(K) asthe majorant),we seethat [ ||h—
Sho1 kaEk” dm< (e/4)P for somen. Thus, ||f — F;_1 bkXg, ||p < 3g/4 < &.

(b1) By LemmaB.3.10, we may approximateeachXg, above by some
& € (&°(Q) toget

n n
> bk(Xe,—@llp< > [MollsliXe, — @llp <€/4 (B.12)
=1 =1

(by theMinkovski inequality),hence|| f — S¢_, bkl p < 4e/4=€.

(a2)Work asin (al)for eachpy. Let K betheunionof “K’s” andlet M be
the maximumof “M’s”. Require||g— h||. to besmallenoughfor eachpy. Let
n bethe maximumof “n’s”

(b2) Write Q = U|K|, whereK; C K, C --- arecompactsets(e.g.,K| :=
{xe Q| |x| <1 Ad(x,Q°) > 1/1}), then,for someM € {1,2,...}, we have

/Q I = X X g fa<my IBWdm < €P (k=1,....n), (B.13)

by the dominatedcornvergencetheorem becaussd| f||Pw € L (k= 1,...,n),
by the assumptioron f; this givesthe function g := fXx Xy t|s<m}, Where
K:=Kpm.

By taking||g — h||» < min(d,1), whered™ [, widm < €/4 for all k, we get
a suitablecountably-aluedfunction h, andobtainthens assomepartial sum
of h, asin the proof of (al). The restgoesapproximatelyasin (b1) (when



applyingLemmaB.3.10, useunions(over k € {1,2,...,n}) of compactsets
andintersection®f opensets).

(a3) Thisis obviousin the senseof simple(or countably-walued)functions.
Theproceduren (b1) obviously keepghevaluesin By, sodoesthatin (b2)too.

(b3) This is givenin Lemma2.3 of [Zimmermann]andits proof (which
shavsthatwe mayadditionallyrequirethatO ¢ supppif p > 1).

(SeeAppendixD for § andthe Fouriertransform(Ap. Note that the claim
follows easilyfrom (b1)if p= 2 andB is aHilbert space.)

(c) Thisfollows from LemmaB.3.4.

(d) (NotethatLy equalsthe spacel., usedin the interpolationtheory of
[BL].)

1° Obviously, ¢ C Ly, hence(py C LY whenQ is metrizable by (c).

2° SMF is a densesubsetof Ly: Let SMF denotethe set of simple
measurabléunctions(obviously, SMF C Ly).

Lete > 0andf € LY bearbitrary ChooseK for f asin the definition of
Lg. Choosen€ N, Xo, ..., %, € K s.t. K C Up_yD (X, €).

SetEy := f 1 [D(x€)], Eo := Eg, Exy1:= Efy 1 \UX_oE] (k=0,...,n—1),
S:= Yi_oXXg, to obtainthat ||s— f||g < € a.e.,hence]|f —g||» < €. Since
e>0andf € LY werearbitrary we obserethatSMFis densen L.

3° Ly is the closue of SMF. By 2°, we only needto show that f € Ly
assuminghat{s,} ¢ SMFand||s,— f||o < 1/nforallne N+1 (sothatLy
is closed).

For eachn > 1, choosea null setN, s.t. ||sy — f|| < 1/n on NS. Set
N :=Un>1Nn, A:= f[N°] C B. Givene > 0, choosen > 1/¢, sothat||sy— f|| < €
onNC°. Write s, assh = y_1 XXg, With ExNEj = 0 for k # |.

ThenAcC D(0,€)U (Ug_; D(x,€)), becausd| f —x|| < e onEx and|| f|| < &
on (UkEx)®\ N. Because > 0 wasarbitrary the setA is totally bounded.e.,
precompact)henceso is K = A (use2¢ in placeof €), henceK is compact
(use,e.g., Theorem9.4 of [Bredon] andthe completenessf B). Moreover,
f(q) =limpsn(q) € K for g € N°, hencea.e. Therefore,f € L.

4° Lg(Q;B) = L*(Q;B) if dimB < ooz If dimB < o, thenwe can take
K:=D(0,| f||e) for ary f € L* to obsenrethatf € Ly.

5° Lg(Q;B) = L*(Q;B) iff dimB < c: Assumethat dimB = «. Let
{Ex} C Q aredisjointsetsof positvemeasuréin fact,we neednothave Q C R"
aslong asthis propertyis satisfied).

Theunit ball D; of B is not compactby Theoreml1.23of [Rud73],hence
thereis a sequence{xx} C D1 without limit points (by Exercise2.26 and
Theorem2.37 of [Rud76], this is equivalentto noncompactness ary metric
space).Setf = ¥ ,enXXg, € L*(Q;B) to obtainthat f[N°] = {x«} wheneer
N is anull set;in particular f[N€] is notcontainedn any compactsubsebf B,
hencef ¢ Ly.

(N.B. the above examplealsoshavs that L1 NL*(Q;B) ¢ L (Q;B); e.g.,
choose{Ex} s.t. T m(Ex) < o to have f € L1(Q;B) too.) 0

If uis the completionof anothermeasurep!, then the simple functions
constructechbove canbe choserto be“/-measurable”™:



LemmaB.3.12 LetX =Bor X = [~o,]. Lets= ycn XkXg,, Whee x, € X and
Ex € M for all k € N. If 9 is thecompletionof anotherc-algebra 9, thenthere
aresets{Ey} C M’ s.t. 3 cnXXg =Ssa.e 0

(We omit thetrivial proof.)
We generalizeéhe Holderinequalityto thecaser > 1.:

Lemma B.3.13(||fgllr < [If|lpllglly) Let f € LP(Q;B), g € LYQ;B2), p,q €
(0,0] and [|bby g, < [blls][balls, (b € B, by € By). Then||fgl < |[fllpligllq
wheer—t:=p14+qgt

Moreover, if Q=R", p=m, p,q < © and € > 0O, thenther is R > 0 s.t.
|ftig||r < € forall t € R"s.t. |t| > R (if f € (b, thenwe canallow p = »; if
g € (o, thenwecanallow q = ).

Thus,wemayhave,e.g.,.B=K (Bz = By), B=B} (B3 =K) orB= B(B>,B3).
Notethatwe mayhaver < 1, butmin{p,q}/2 <r <min{p,q}.

Proof: 1° Inequality || fg||r < || f||pl|9llq: If p= o or g = o, thenthis is
obvious (andr = min{p,q}), sowe assumehatp,q € [1,»). SetF := || f||g,
G:=|lglle,, t == (p+0a)/a, t' ;== (p+0)/p, sothatrt = p, rt’ = q and
ti4tt=1. Then,by the Holderinequality we have

||f9||F=/QFrGrduSIIFrIItIIGrIIth||F||H||G||{rrS||F||To||G||5, (B.14)

hence]| fgf|r <[] plldllq-

2° Finding R: Assumethat ||f||, < 1 and||g||q < 1. By LemmaB.3.7,
thereis R> 0 s.t. ||Xpg fl|p < €/2 and||Xp,T'gllg < /2 fort e R"s.t.|t| > q.
Consequentlyl| ftig|| < € for sucht. O

If p€ [po, p1], thenLP C LPonLP1:

Lemma B.3.14(| f[lp < max{[| [l po, | fllp,}) Letf € LP(Q:B)NLPYQ;B), 1<
Ppo < p< p1 <o Then

1F11p < 1111 Pl FI1, < masxq || pos [l fllpy} (B.15)

11
whee8:= 2 ~Po

P1"—Po

Proof: The scalarcaseis Theorem5.1.10f [BL]; seealsoTheorem4.1.2
andp. 27 of [BL]. (The definitionof L® in [BL] coincideswith the standard
onein the scalarcase by Theoreml.17 of [Rud86].) Apply the scalarcaseto
|| f||s € L™(Q) to obtainthegenerakase. O

Next we note that, roughly speaking,LP is separabldaff p < « andB is
separable:

Lemma B.3.15 Let B be sepaableand 1 < p < ». Then/P(Q;B) is sepaable
iff Q is at mostcountable If Q C R" is measuable and du = |f|dm for some
f € LL (R"),thenLP(Q;B) is separable

loc



If pis asabove p(Q) # 0 andBy # {0}, thenL*(Q, k; B2) is unsepaable
If 0 < U(E) < o for somemeasuable E C Q, thenLP(Q;B;) andL®(Q; By)
are unsepaablefor unsepaable B;.

Proof: 1° Preparations: For eachk € N, we let P be the setof pointsin
R" whosecoordinatesare integral multiples of 2=, and Vi the collection of
2 Kx ...27 K boxeswith cornersat pointsof B.. SetV := UV, sothatV is
countableand ary openG C R" is the union of disjoint elementsof V (see
[Rud86,2.19]for details).Let SC B bedenseandcountable.

2° Theclosedspanof 7 := {xXg|x€ S, G €V} is densein LP(R",; B):
Let A C R" have afinite measureande > 0. By the MonotoneCorvergence
Theoremthereis R> 0s.t.Ar:= {q € A |g| < R} satisfieg|Xa — Xasll1 < £/4.
ChooseopenG C R" s.t. ||Xa, — Xall1 < €/4 (see(B.28) andusethefactthatp
is absolutelycontinuousw.r.t. mon {|g| < R}).

Write G asadisjointunionof elementGg, G1, Gy, ... € V, sothatkhig =
> keN XG,» and usethe MonotoneCorvergenceTheoremto choosek € N s.t.
X — ¥¥_oXg;ll1 < &/4. Then,[lxa— $¥_oXg; [l < 3¢/4.

Given x € B, we have ||XXA—X'Z|1(:0XG]||1 < ¢ for somex € S By
linearity, it followsthattheclosedspanof # containghatof simplemeasurable
functions,i.e., it is equalto LP(R"; B).

3° Theclosedspanof F := {XXcXq | xe S GeV}isdensan LP(Q,;B):
Apply 2° to the zeroextensionsof f andp ontoR".

4° /P(Q;B): The closedspanof {x{q}x\ X € S g€ Q} is obviously dense
in £P(Q,X) (e.g.,usethe proofof 2° with V := {{q} |q € Q}).

5° £*(Q;By) is unsepaablefor uncountableQ andB; # {0}: Lete < 1/2.
Choosex € B s.t. ||x|| = 1. Thenthe e-neighborhood®f no countablesubset
of £* cancontainevery xXq, g € Q, becausé{xx, — XXq|l» = 1 for ¢ # g

6° L”(Q,;By) is unsepaable: Let Qp := Q, ro := . Given (Q,rk),
chooserky s € (0,rk) 8.t.0 < W(Qy1) < W(Q), whereQy1 := {q e Q«||q| <
M1}, andsetQ, = Qk \ Q+1. ThenQ = Uken @, andthe setsQ, aredisjoint
andof positive (or infinite) measure.

Choosex € By s.t.||x||ls, = 1. For eachE C N, set fg := XXy, cq,- Then
|| fe — fer||« = L whenerer E # E’, sothatthee-neighborhoodsf no countable
setcancontainevery fg for € < 1/2. Thus,L”(Q, ; B) is unseparable.

7° LP(Q; Byp) is unsepaable for unsepaable B, if 0 < u(E) < o for some
measuableE C Q: Thesubspacéxxe \x € By} of LP isisometricallyisomor
phicto By, henceunseparableThereforesois LP. O

Recallfrom LemmaA.3.1(al)&(a2)thatdimH meansthe cardinality of an
arbitrary orthonormalbasisof H. We have dimL?(Q;H) = dimH for infinite-
dimensionaH’sandmostQ’s:

Lemma B.3.16(dimL2(Q,;H) = dimH) Assumethat H is a Hilbert space
ThendimL?(Q;H) = dimL?(Q) x dimH; in particular, dim¢?(Q;H) = cardQ x
dimH (= dimH wheneer Q # 0, Q is at mostcountableand H is infinite-
dimensional).



If QC R" or Q C 0D is measuable, yu(Q) # 0, and du = |f|dm for some
f e Li.(Q,m)thendimL?(Q,;H) = cardN x dimH (= dimH wheneer H is
infinite-dimensional).

Proof: 1° Let {Xa}aca beanorthonormabaseof H (sothatdimH = A) Let
F beanorthonormabaseof L2(Q, ). Then{fXa}ter aca C L3(Q,;H) isan
orthonormabaseof L?(Q, |i; H) (its closedspanis L2, by thedensityof simple
L2 functions)of cardinality of F x A. Thus,dimL?(Q;H) = cardF x A) =
dimL?(Q, ) x dimH.

2° Since the set of simple £2(Q) functions is exactly c.(Q), the set
{X{q) }qeq is anorthonormabaseof £2(Q). Consequentlydim/%(Q) = cardQ,
sothatdim¢?(Q;H) = cardQ x dimH, by 1°.

3° Let Q be asin the latter paragraph. By LemmaB.3.15, L2(Q, ) is
separable.lt is obviously infinite-dimensionalhencedimL?(Q, 1) = cardN.
ConsequentlydimL?(Q,; H) = cardN x dimH, by 1°.

4° By LemmaB.2.2, A x dimH = dimH whenA # 0 andA < dimH >
cardN. O

(Seethenotesonp. 947.)



B.4 The Bochnerintegral (/5 : L%(Q;B) — B)

Addeparvumparvomanusacervuserit.
— Ovid (43B.C.—17A.D))

In this sectionwe definethe Bochnerintegral L1(Q; B) — B andpresenthe
Bochnerintegral extensionsof several more and lessknown Lebesguentegral
results.A casuareademightwish justto have alook at Subsection8.4.1-B.4.3
and TheoremB.4.6 andthenskip the restof this section,just rememberinghat
the Bochnerintegralis “the Lebesguentegral with ‘|| - ||' in placeof ‘| -

By TheoremB.3.11(al)andLemmaA.3.10,we mayusethe naturaldefinition
anddensityto definethe Bochnerintegral:

Definition B.4.1(Bochnerintegral) We recall that for simple functionss :=
> k—0XXg, (X € B, Ex measuablefor all k) wehaveset

du:= E,) € B. B.16
/Qs H k;)xku( k) € (B.16)

The uniquecontinuousextensionof [ -du onto L1(Q;B) is called the Bochner
integral.

Let f € L. Thenf is called Bochnerintegrableandthe integrandof Jofdu,
which, in turn, is saidto corvergeabsolutely

Obviously, || [osdplls < [|sl[1, hencethe sameholds for ary integrable
functions: Q — B, by LemmaA.3.10. Oneeasilyverifiesthatif f € L1(Q;K)
andf > 0, thenthis coincideswith the (Lebesguejntegral definedin SectionB.1.

Sometimesve write [, f(t) du(t) := [ fdu (e.g.,thZdu(t)). If —o<a<
b <+ andu=m(orm(E) =0= p(E) =0, i.e.,pis absolutelycontinuousn.r.t.
m), thenwe set [ f (t) dt := [ f dm:= [, fdm. Forb < aweset[; := — [

If B=K (or“B=[0,+»]"), thenthe Bochnerintegralis calledthe Lebesgue
integral, etc. By Theorem11.330f [Rud76],a function f : Q — K is Riemann
integrableiff it is boundedandcontinuousa.e.lt followsthatRiemannintegrable
functions belongto LY. Moreover, the Riemannintegral coincideswith the
Lebesguentegral. We shallnot be usingthe Riemannintegral.

An equivalentway to definetheintegral is to defineit for simplefunctionsin
the naturalway andthenuseLemmaA.3.10and TheoremB.3.11to extendit to
all L1 functions.This definitionis usedin [HP] andillustratedbelow:

Lemma B.4.2 The Bochner integral is in B(L%,B), its normis 1 (unlessL! =
{0}); in particular,

I [t < [ lfladu=1 ] (B.17)
Q Q

andtheintegral commutesvith boundedinear transformations:

T/Qfdu:/Qdeu (T € B(B,By)). (B.18)



Moreover, fQ f du is the uniqueelemenif B satisfying/\fQ fdu= fQ/\f du for
all A € B*.

Finally, if s= 3 yen XkXg, € L1, with thesetsEy beingdisjointandmeasuable,
then Josdu =3 ken XcH(Ex)-

It follows thatour definitionsof integrablefunctionsandthe Bochnerintegral
areequvalentto thoseof [HP], Section3.7.

Proof: The BL(L!,B) claim and (B.17) follow from Definition B.4.1. If

L® £ {0}, thentherearex € B\ {0} andE C Q s.t. y(E) € (0,+), andwe
have || JoxXe dul| = [IX][BM(E) = [XXgll1.

We have T [ = [T for simple functions, hencefor all L functions, by

continuity; (B.18). EIements{/\x\ N € B*} determinex € B uniquely
If sis asin thefinal claim, thens, := 7_oXXg, — sin L%, by the Mono-
toneCornvergenceTheoremhencefqshdu — [ Sdp. O

Thestandardesultscanbe extendedwith ease:

Theorem B.4.3(Lebesgues Dominated ConvergenceTheorem) Assumethat
1 < p < o, that the functions f, : Q — B be measuable (n € N), that the
limit f(q) :=limp- .+ fn(Q) existsa.e, andthatther is g € LP(Q;[0, +]) s.t.
|| fn(a)|ls < 9(q) a.e foreacin e N.

Then f € LP(Q;B) and f, — f in LP. In particular, if p= 1, then
limnps 4o fQ fndu= fQ fdu. O

(This follows by applying the scalarLCD Theoremwith Fp := || f — fq||5,
F:=0,LP> G:=(2g)P > F,. Obviously, thisdoesnot holdsfor p = c.)

From the above and the Monotone Corvergence Theorem applied to
Sho1Xg f we obtainthatif thesetsE, C Q (n € N) aremeasurablanddisjoint,
and f : Q — B is measurablethen [, - fdu= YN [ Enf du wheneer either
sidesconvergesabsolutely(i.e., with || f||g in placeof f).

Next we extendthe standardiefinition of a productmeasure:

Definition B.4.4(ux V) Assumehatp: 9t — [0,c0] andv : M’ — [0, ] are o-

finite, positivemeasuesonQ andR, respectivelyBy 9, wedenotehesmallest
o-algebra containing{E x E’ | E e M, E' e M'}. Theproductmeasuref pand
v is givenby

(0v)(E):= [ vi{r|@n) €ENdn (E€Myo).  (B19)
By WXV : My — [0, 0] we denotethe completionof px v. By L(Q x R;B) we
referto u x v-measuablefunctionsQ x R — B.

Sincein the definitionsandresultsof this chapterwe have assumedu to be
completg(asin [HP]), weshallusep x v (notpux v) onQ x R. Thebasicproperties
of this measurarelisted below:

Lemma B.4.5 Assumethat p: 9 — [0,0] and v : M — [0, ] are o-finite,
positivemeasueson Q andR, respectively



(a) Themeasue u x v is o-finite.

(b) We have(ix V) (E) := [ru({d|(a,r) € E})dv for all E € M.

(c) Moreover, if my is theLebesgueneasueonRX (k > 1), thenmy x = My x My
(nk>1).

(d1) If E € Mgy, thenEq := {r € R| (q,r) € E} is measuablefor a.e g € Q,
andE" :={qe Q\ (g,r) € E} ismeasuablefora.er € R.

(d2)If Nisanull set,thenv(Ny) =0fora.e ge Qandpu(N") =0fora.er € R.

e “cMmxm) = Miv’) LetZ bethecollectionof finite unionsof elements

of M x M'. LetE € My andpix V(E) < 0. Then,for anye > 0, there is
FeEst|Xe—Xell <e.

M If f e LP(Qx R;B), p € (0,»), thensimplemeasuable functions{s,} of
form sn = 30 X, xFo Pk @Nd Eng x Fok € M x 9, b € B (n,k € N)
S.t.||sh— f||p = 0asn — .

Note that eadh s, can be written as ZEioXE,qk%,k’ whee E}, € 2t and
Shk : R— Bissimple(n,k € N). 7

Proof: Claims(a)—(c)areprovedin ChapterB of [Rud86]. Claims(d1) and
(d2) follow from the Fubini Theorem(with f = Xg).

(e) 1° Casep(Q),V(R) < o: SetMg := {E € My |E the claimin (e)
holdsfor E}, sothatwe only needto shav that9ty = M i.e., thatMMpisa
o-algebra(becausetrivially, M x M’ C £ C Mp). Thisfollows from 1.1° and
1.2°.

1.1° One easily verifies that ||[Xg — Xgll1 = ||[Xge — Xgel|2 @and || Xeuer —
Xeuellr < IXe = Xella+ IXer — Xer]l1, hencedg is closedundercomplements
andfinite unions. _

1.2° LetEj € My (j € N) andE = UjenE;j. SetE],; := Ej1\ Ui_Ek, SO
thatE = U;Ej andthesetsE; aredisjoint. Becausgix v(Q x R) < o, we have
IXe _XUJ’SNEEH < g¢/2 for someN € N. But ||XUJ'5NE§ —Xell1 < €/2 for some
F € E, hencekE € M.

2° Geneanl Case:Let Q = UpenQn, R= UpenRn, WhereQo € Q1 C - and
Ro C Ry C . Givene > 0 andE € My s.t.ux V(E) < o, thereis N € N s.t.
||XE - XEﬂ(QnXRn)”l < 5/2 By 1°, thereis F € £ s.t. ||XEﬂ(Qn><Rn) — X|:||1 <
€/2, hence(e) holds.

() The first claim follows from (e) and TheoremB.3.11. For the
secondclaim, given n € N, let {E{]’k\k = 0,...,N}} consistof the sets
{(UkesEnk) \ UkgsEnk | sC {0,1,...,Na}}, andnotethatss(a,r) = sn(df,r) =:
snk(r) forallq,q' € By (ke N). O

As in the scalar case, the norm of a px v-measurablgunction may be
integratedin ary ordet andfor L1 functionsthe sameappliesto the function

itself:

Theorem B.4.6(Fubini) Assumethat g and v are o-finite, complete positive

measueson Q andR, respectivelyLet f € L(Q x R;B).



(al)Wehave [z fllgdv € L(Q;[0,+0]) and Jq || f[[sdp € L(R; [0, +-o0]).
(@2)If [ Jrllfllsdvdp< o or fg foll fllsdpdv < o, thenf € L1(Qx R;B).

(b) If f e LY(Q x RB), then g(q) := [zf(g,r)dv(r) and h(r) :=
Jo f(g,r)dp(q) are defineda.e andsatisfyg € L1(Q;B),he L}(R;B) and

/ fd—uxv:/gdu:/hdv. (B.20)
QxR Q R

Proof: (al)&(a2)ThisfollowsfromtheclassicaFubiniTheorem(Theorem
8.8 of [Rud86])).
(b) Thisis Theorem3.7.13of [HP]. O

Therestof this sectionis rathertechnical.

In orderto satisfythe ux v-measurabilityassumptiorof the Fubini Theorem
and its several important applications,we needto shown that our function is

(product)measurablendstudytherelationbetweenf : Q x R— Bandf : Q —

L (R; B). We startfrom basicfacts:

Lemma B.4.7 Assumethat p: 9 — [0,0] and v : M — [0, ] are o-finite,
complete positivemeasueson Q andR, respectivelyLet p € [1, o].

(@) If f eL(uxv;B),thenf(q,-) € L(R;B) fora.e g€ Q.

(b) If f € L(Q;B), g€ L(R B), andB x B, — Bs is continuous,then fg €
L(Qx R;B3).

(c) Let f,g e L(Qx RB)NL(Q;LP(RB)). If f =g a.e on QxR, then
[f]=1[g] € L(Q;LP(R;B)). Conversely if [f] = [g] aselement®f L (Q;LP),
i.e, f(g,-) =9(q,-) a.e onRfora.e ge Q,thenf =ga.eonQxR.

(d) Let f e L(Qx RB) and p € [1,). Thenf € LP(Q;LP(RB)) iff f
LP(QxRB). If f € LP(QxR;B), then|| f[|LooxrB) = Il fllLp(QiLP(RB))-

Proof: (a) Let s, — f pointwiseon N¢, whereN C Q x Ris anull setand
Sh = YkeN xEn’kbn,k, whereEnk € My, bnk € Bandk # j = Enx # Enj for
alln,k, j € N.

Letn &€ N. Foreachq € Q, thefunctions,(q, -) : R— Bis countably-alued.
But thereis anull setN’ C Q s.t. (Eq)q is measurabléor all g € Q\ N’ and
all k e N, by LemmaB.4.5(d1). Moreover, v(Ny) = 0 for a.e.q € Q, say for
ge Q\N”, whereN” is anull set. SetN"”" := N'UN". Thensy(q,-) — f(q,-)
and s(g,-) is countably-alued and measurabldor all g € Q\ N”. Thus,
f(g,-) € L(R;B) forallge Q\ N, hencea.e.

(b) Let fp, : Q — B andgn : R — By be countably-aluedand measurable
(ne N), andlet f, — f on Q\ Ng, R\ Nr, wherep(Ng) = 0= V(NR). Then
fagn — fgonNg x Ng, andpx v((Q x R)\ (N§ x Ng)) = 0.

(c) (Theassumptionsn f meanthat f : Q x R— Bis measurablef(q,-) €
LP(R;B) for a.e.q € Q, and (q+ f(q,-)) € L(Q;LP). Thefirst claim shavs
that f € L is independenof therepresentatie of [f] € L(Q x R; B). However,
[f] € L(Q;LP(R;B)) may have a representatie h : Q — LP(R; B) thatis not



measurabl€) x R — B, seeExampleB.4.18;but if his measurableghenh = f
a.e.onQ x R, by thecornverseclaim.)
If (f —g) =0a.e..sayonQx R\ N, wherepx v(N)=0,then(f—-g)(q)=0
a.e.onRfor a.e.q, by LemmaB.4.5(d2),hence f] = [g] € L3(Q; LP).
Corversely assumethat [f] = [g] € L? and set N := {(q,r) € Rx

Q| f(a,r) #9(q,r)}. Thenf(q) =g(q) a.e.onRfor all g€ Q\ N, where
H(N') =0,i.e.,v(Ng) =0forallge Q\N'. But

UxV(N):= /Qv(Nq)du:O, (B.21)

e, f=gaeonQxR

(d) By (b), we canconsiderf alsoasafunctionQ — L(R; B) (by redefining
f onanull subsebf Q; thisaffects f only onanull subsebf Q x R).

1° Let f € LP(Q x R;B). Choosesimple measurabldunctions{s,} asin
LemmaB.4.5(f). It followsthats, : Q — LP(R;B) is measurablén € N). But

I nlBaou = [, [ I~ smlBavai= s —snlPe gy =0 (B22)

asn,m— oo, hences, corvergesin LP(Q;LP) to someg: Q — LP(R; B).

Replace{s,} by a subsequencs.t. s,(q) — g(q) for g€ Q\ N’ and
sn(q,r) — f(q,r) for (g,r) € Q x R\ N, wherep(N) = 0 = pxV(N). By
LemmaB.4.5(d2), thereis N” € Q s.t. v(Ng) = 0 for all g€ Q\ N”. Set
NI/I = N/U N”.

Letg e Q\N"”. Thensy(qg,r) — f(q,r) for a.e.r € Rands,(q) — g9(q)
in LP(R;B), hencef(q) = g(q) a.e.,i.e., as elementsof LP(R;B), Because
(N = 0, we have f = g as elementsof L(Q;LP(R;B)); thus, f =g ¢
LP(Q;LP(R;B)).

2° Let f € LP(Q;LP(R;B)). Then,by the Fubini Theorem,

I605= [ [ 11180van= [ 111 e = I ourmey  (B-29)

hencethen||f|[p = [ fllLpqLrrE) < . 0

If f(-,-)iscontinuousn.r.t. oneagumentandmeasurablev.r.t. theother then
f is productmeasurable:

Lemma B.4.8 Assumethat p: 9t — [0,00] and v : 9" — [0, ] are o-finite,
completepositivemeasueson Q andR, respectivelyAssumein addition,thatQ
is a sepanble metricspaceandthe opensubset®f Q are measuable

If f:QxR—Biss.t.f(g,-) € L(R;B) fora.e gandf(-,r) € C(Q;B) fora.e
r,thenf € L(Qx R;B).

Proof: LetN_1 C Rbeanull sets.t. f(-,r) € C(Q;B) forr € R :=N¢,. Let
Q CcQbes.t.u(Q\Q)=0andf(q,-) e L(R;B) forallge Q.

Let {ak}ken bedensein Q. For eachk € N, find a sequencef countably-
valuedmeasurabléunctionssy, : R— B s.t.s¢n(-) = f(0k, -) uniformly on N¢
for somenull setNy C R (useLemmaB.2.5(b2)). SetR := R\ Uy_ ;N¢. We



requirethat
1f(a1) —sen(Mlle<1/(n+1) (kneN, reNy) (B.24)

(replace{s¢n}nen by its subsequencdor eachk € N, if necessary).

SetBxn = {q € Ql|d(Qa ak) < 1/m}, Aon = Bon, Aktin i= Biyan\
Uj<kBj,n for all k € N (the sets{An}ken are measurableand disjoint, their
unionis Q', andd(q,qx) < 1/nfor all g € Acp).

Thenthefunctions

(@)= 3 %X (@ (B.25)
eN

form a sequencef countably-aluedu x v-measurabléunctionsthatcorverge
to f onQ xR, asn — «. Indeed,given (q,r) € Q x R ande > 0, choose
N> 2/es.t || f(qr)— f(d,r)|s < €&/2for d(q,q) < 1/(N+1). Then,for

n> N, we have

1f(a,r) =sn(a,r)lls < [[f(a,r) = f(akNlls+ [ (k1) —Scn()lle (B.26)
<g/2+1/(n+1)<¢ (B.27)

(herek is chosens.t. q € A, sothatd(g,0x) < 1/n < 1/(N+ 1) andhence
[[f(a,r) — f(aw, 1) lls < &/2; notethatsn(r) = (g, r)).

But (Q xR)°C ((Q\Q) xR U(Qx (R\R)) is anull set,hencef is
measurable. O

If Q is alsoatopologicalspacethenuis calledregular if
H(E) =inf{u(V) |V D E, V open} = sup{u(K) |K C E, K compact} (B.28)

(nis outerregularif theformerandinnerregularif thelatterconditionis satisfied).
If Q C R"is open,then,by Theorem2.18 of [Rud86], ary locally finite Borel-
measuren Q is regular;in particular mis regularon Q.

Oneoftendefinesa measurdrom anotheroneby usingaweightfunction;the
“formula dv = f du” worksalsoin thevectorvaluedcase:

LemmaB.4.9(v= fdy) Letf:Q— [0,+o] bemeasuable Set

V(E) :=/ fdu (Eem), (B.29)
E
Thenv is a positivemeasue on Q; let v bethe completionof v. Then
/gdv:/gfdu (B.30)
Q Q
when g is measuable Q — [0,»] or g € L(Q,v;B) (equivalently gf ¢

LY(Q 1 B)).
If Q C R"is open,u=mand [, fdm < o for compactk C Q, thenv is
regular.

Proof: 1° Caseg: Q — [0,]: TheclaimonvV is Theoreml.290f [Rud86],
which alsocontaingheclaimon g providedthatg is v-measurableBy Lemma
B.3.12,generaly: Q — [0, ] will do.



2° Caseg: Q — B: By 1°, we have g € LY(Q,v;B) < gf € LY(Q,;B).
Apply 1° to (Reg)* and(Img)* to coverthe caseB = K. Replaceg by Ag to
obtainthegeneralkase.

3° Regularity: By Theorem?2.180f [Rud86], measures andv areregular,

0

Standarcchange®f variablecanbe appliedwithout problemsfor measurable
functionsthatnonneative or integrable:

Lemma B.4.10(Changeof variable) Assumehat@e C1(Ji;R)iss.t.¢f > 0on
Ji1 (or that@ > 0 and @ hasat mosta countablenumberof zeios),whee J; is an
interval. SetJ, = @J;]. LetX = B or X = [0, +].

Thena function f : J, — X is measuableiff fo@: J; — X is measuable
Moreover, ||l = || f o @l|eo < . Letp € [1,00]. Thenf € LD & fope Lf.. If
e< @ <eLlonJ; forsomee >0, thenf e LP < fogeLP.

If f € L1(J;B) or f is measuableJ; — [0, +], then

/ F(t)dt = / £(0(s))¢(5) ds (B.31)
X ¢ 13]

Here,aselsavhere,intervalsareequippedwith the Lebesguaneasure.
By LemmaB.5.5,thefunctionsf and f o @ have “same”Lebesgueoints.

Proof: We shall replaceJ; by [a,b] C J; s.t. @ >r > 0 on (a,b) (note
Jy =3\ {t € I|¢(t) = 0} is a countableunion of suchintenals, andit is
enoughto treatJ;). Let [a, B] = ¢[a, b]].

1° Notethatg—1 € c([a, B];[a, b]) andg~Y' > 1/r (recallthatwe useone-
sidedderivatives at endpoints),and ¢~1[E] is a Borel setfor eachBorel set
E.

2° If N C [a,b] a null set,thensois @N]: SetR:=maxqg. Lete > 0 and
assumew.l.o.g.thatN C (a,b). Now N C V for someopenV with m(V) <
£/R (seeTheorem?2.20 of [Rud86]). Write V as the union of a countable
numberof disjoint openintervals: V = Unen(an,bn). Thenm(@[(an, bn)]) =
M((@(an),@(bn))) < |bn—aa|R=m((an, bn))R, sothatm(g[N]) < m(¢{V]) <e.
Because > 0 wasarbitrary m(@[N]) = 0.

3° Casef : J, — X is measuable: Let {s;} be countably-alued and
measurableands.t. s, — f a.e. Redefineeachs, on a null setso that they
becomeBorel-measurablethen still s, — f outsidesomenull setN C Js.
Consequentlys, o @ — f o @ outsideq@1[N], which is a null set,by 2°. But
Sho@is acountably-aluedBorel-measurabl&unction,by 1°, for eachn, hence
f o @is measurable.

4° Measunbility: the generl case: Exchangethe rolesof ¢ and ¢! to
obtaina conversefor 3°. (Note alsothat (f o @)@ is measurableff f o @ is
measurable.)

5 |||l = || f 0 @||cc < 00z Thisfollowsfrom 2°.

6° (B.31)for X = [0, +]: Thisis containedn (15)on p. 156 of [Rud86].

7° L andLy . claims: Apply 6° to || f||g (for Li . we notethat@[K] C J is
compactfor compactk c J; and@~1[K] C J; is compactfor compactk C J;
moreover, @, (p*l' areboundedbn compactets).



8> (B.31)for X = B: If X = K, thenthis follows from 6° (for (Ref)%,
(Im f)*); in the generalcasewe replacef by Af (A € B*) anduseLemma

B.4.2.

9° LP andLf. claims: If p < e, this follows from 7° appliedto || f||5. If
p = o, thenthisfollows 4° and5°.

10° Caseq # O: Let f be measurable.Now G := {t € Ji|¢/(t) > 0}
consistof acountablenumberof disjointopenintervals,by LemmaA.2.2. The
imageof the null setJ; \ G is anull set,soit follows from LemmaB.2.5(d1)
that f o @is measurableTheproofof thecorverseimplicationis analogougset
G:={te k| oY (t) < +o0} etc.).

Now for X = [0,+o], we can write the integral as a countablesum of
integrals,by the MonotoneCornvergencetheorem;for X = B theresultsfollow

asin 6°=9°. O

By TheoremB.3.2,L2 is aHilbert spacehence(L?)* = L2. Themultidimen-
sionalversionof this goesasfollows:

LemmaB.4.11 Let H be a Hilbert spaceand n € {1,2,...}. Then,for eat
A € B(L2(Q;H),KM), thereis a uniqueF € L%(Q; B(H,K")) s.t.

/\f:/Ffdu (f € LA(Q:H)). (B.32)
Q
Moreover, [|[All g 2,kn < [[Fll2 < VNl[All g2,k

Corversely by the Holder Inequality eachF € L?(Q; B(H,K")) defines
Ar € B(L2(Q;H),KM), by (B.32). In ExampleB.4.13(c),we have ||F||2 = /N,
IFllzwzk2 = 1, hencethe constant,/n is optimal. By ExampleB.4.13(d),we
may have ||F||2 = « if K" is replacedy aninfinite-dimensiona(Hilbert) space.

Proof: Let P € B(K",K) be the projectionP : x — xx. By Theorem

B.3.2, thereareFy,...,Fn € L2(Q;H) s.t. R = (K, f) 2 (k= 1,...,n) and
F1

IRl = IPA||. SetF := | : | to obtain(B.32).

Fn
Oblviously, F — A islinearand/\ = 0= F = 0, henceF is unique.By the
Holder Inequality we have | A|| < ||F||. Ontheotherhand,||R]| < ||Al|, hence
IFII < nlIAJ. O

The LP norm of a measurableunction f : Q — B is the supremumof
| Jo fodu/, wherepe LY(Q; B*), 1/p+1/q= 1. We caneventake ¢ to besimple,
and,with someextra assumptionssmooth:

Theorem B.4.12 Let B be a Banad space let 4 be a completeo-finite positive
measueonQ, let p,q € [1,0] and %, + % = 1, andlet X bea normingsubspacef

B* for B. Let f : Q — B bemeasuable Thenthefollowing hold:

(@Wehave|fllo = sup [|Af]le < o if Xgis anormingsubsebf B* for
AeXo, [INI<1
B.



(b1) We have
[fllp=sup| | ofdy < e, (B.33)
gcF JQ

wheeeither 7 = F1 or = P, and F1 1= {@e LYQ; X) | [|pllg < 1 & of €
L1}, 2 :={TR_1XXg, € F1|n €N, x € X, m(Ex) < oo for all k}.

(b2) If Qis anopensubsebf R", pis regular, and f || f ||z dp < o for compact
KCcR"(i.e, f €LL (Q;B)), thenwecantake F = F3:= CL(Q;X)N F1in
(b1).

(b3)If pisthecountingmeasue (i.e., LP(Q; B) = £P(Q; B)), thenfo =ccN F1 =
cc in (b1),wheec;:={x:Q—B | Xq = 0 exceptfor finitely manyq € Q}.
Moreover, thenwe can allow Q to be an arbitrary set(i.e., 4 neednot be
o-finite).

(b4)In (b1)—(b3),wemayrequire, in addition,thate= S ! ; @X, wheeme N,
¢k is scalarandx, € X, for eat k.

(c) If g: Q— [0, 0] is measuable wecantake X = [0, ] andhave

l9llp=sup / @gdp < oo, (B.34)
ecF & ¢>0 /Q
whee ¥ is asin anyof (b1)—(b3):wecanevendroptherequirementpg € L1,

aswell astherequirementg € L&,C (in (b2)).

(d) If p= o0, then,in (b1)—(b3)above we maylet X be any normedspaces.t.
X x B— By is bilinear andsup, <1 [[Xbl|s, = ||b||s for somenormedspace
Bo.

For p < o, we mustreplace” =" by *“>" in (B.33)for suc a geneial X
(seeExampleB.4.13), but the supemumis still nonzeo, i.e., f # 0 =

Jo@f dp O for somepe ¥.

(e)Wehavef =0a.eif f € L1(Q;B) and ¢ f du= Ofor all measuableE C R,
or f € L (R"B) and [ f dm= O for all boundedneasuableE C R.

(ThesetsL% and ¢° aredefinedfor incompletenormedspacesexactly asfor
thecompleteones.)

Theassumptionpf € L is requirecto maketheintegral fQ(pf duwell defined;
for f € LL.andF = 3 it is redundantClearlyit is notneededor (B.34).

In (d), we mayhave,e.g.,.X = B(B,B), B= B(X,B) or X =K.

SeeExamplesB.4.13andB.4.14for “counterexamples”.

Proof: (a) Clearly“>" holds,soit is enoughto assumehat|| f|| > M ona
setE C Q of positive measureandfind A € Xp s.t.||A|| < 1and|Af| > M ona
setof positive measure.

Pick e > 0 s.t. E' ;== {t € Q||| f(t)|| > M+ ¢} hasa positve measure.
Chooseag € E/, Ac C E’ for f|E, ande asin LemmaB.2.8(a). ChooseA € Xg
s.t.|Af(ag)| > || f(a0)|| —€/2. Then(recallthat||A]| < 1)

INf(a)| > [Af(ag)| —€/2> ||f(ag)|| —e> M (B.35)
for a€ A¢, hence|Af||lo > M.



(b1)If f € LPandge 7, then|| [o@f dy|| < || f[[p by theHolderinequality;
trivially, we have | fo @f dul| < [|f||pfor f ZLP (i.e., || f[|p = ). Thus,weonly
needto assumehat0 < M < || f[|p <« andfind g € F s.t.|| [oof dul| > M.
We divide the proof of this factinto threeparts.

Casel — p=o, F = F,: Take M’ > M s.t. y(E) > 0, whereE := {t
Q| If(t)|| > M'}. Becausey is o-finite, thereis A C E s.t. 0 < (A) < .
Chooseag € A and A’ := A¢ C A for € := (M’ —M)/2 asin LemmaB.2.8.
Choosex € X s.t.||x|| = 1 andxf(ap) > || f(ao)|| —€ > M +€. Thenfort € A,
wehave||f(t)||g € (f(ag) —¢, f(ap) +€), and||xf(t) —xf(ap)|| < €. Therefore,
@:=XXa /WA € F», and

I o il = a2 | x1 a2 xf (2o) | —e > M. (B.36)

Casell — p <o, F = % 1° Assumethat u(Q) < o, ||f||, = 1, and
f= zlj(:l bjXq,» WherethesetsQj, j € N aredisjoint.

For eachj choosex; € X s.t. ||xj|| = 1 andxjbj > ||bj|| — 3, whered :=
(1=M)/5i—g IbjlIP~H(Qy) < 1-M,

For@:= le(:1 ||bj ||p*1xj)(QJ., we have (becauseg(p— 1) = p) that

k
Jlwoiau= [ P O du=fIB=1 forai te Q. ®37

for q < o, and||¢@|| = 1 aswell for g = . Moreover,
k

|| /Q ot dl = 3 lIl1P04b)R(Q) = [ 1118 =1-h(3),  (B.38)
=1

whereh(8) := 3_; ||bj | P~*(||bj || — xjb))W(Q;}) < 35— [1bj||PW(Q)) = 1—
M, hencel| [o @f dyf| > M.

2° By scalinganddensity(TheoremB.3.11),ary f € LP will doin 1°, if
H(Q) < eo.

3° For the generalcase,let Q = UjenQj, Wherethe setsQ;, j € N are
disjointandu(Q;j) < e for all j. SetEj :={t € QuU---UQ; ||| f(t)|la < j}.

By themonotonecorvergencetheorem [ Xg, || f]|5du> M for somej € N.
Usenow 2° to find ¢ = OXg, € F for Ej andej f; the sameg will clearlydo
for Qandf.

Caselll — F = #1: Thisfollows easilyfrom casef = .

(b2) Thereis anestedsequencef opensetsQ; C Q with compactclosure
s.t.UjenQj = Q. By the monotonecorvergencetheorem,it follows that for
some j, we have || f||_p(q; ;) > M. Find g= NKo; = z}‘zlxiin € P s.t.
Mt = || Jo, 9f duf| > M. SetMg := max ||xi|| > O.

Becausef € L1(Qj,;B), we canfind, for eachi, acompactk; C Q; and
anopenV; C Qj s.t.Ki C Ei C Vi and [y, || fllsdp < & := (M — M)/2kMg.
By LemmaB.3.10, thereis some@ € (Z(Qj) s.t. Xk, < @ < Xy.. Set@:=



sk %@ € % It followsthat

||/ ord> || [ gfdun—z/ ol fladn>1] [ gfdu||—22Mgé>M

(B.39)
(b3) 1° Casep = oo If M < |[f|lw = SUReq || f|l, thenthereis g € Q s.t.
IIf(9)|ls > M, sothat||f(q)x|| > M for somex € X with ||x|| = 1. Thus,then
we cantake @:= X;q1 X
2° Casel < p < o: SetA:=supff):={qeQ|f(q) #0}. If Alis
countable,then (b1) applies; obviously, F» = ¢ccN F1 = cC Assumethen
that A is uncountable. Choosen € N+ 1 s.t. Ay := {a € A|[|f(a)|| > 1/n}
is uncountablghenceinfinite). Choosedistinct elements{ay}ken C An. For
eachk, choosexy € X s.t. [|[X|| = 1 and f(ax)x > 1/n. Then chpmfdu_

Sieq f(a)x > m/n, wheregm := 31 XX € Cc andm e N is arbitrary
hencethen(B.33)= o = || f|| .

(b4) Thefunctionsg constructedn the proofsof (b1)—(b3)areof thisform.

(c) Finally, for g: Q — X, X = [0, ], we canchooseape ¥ to prove (B.34)
asabove. By Holderinequality ¢g € L1 maybe dropped:;by thetrick usedin
“3°” abore(with Ej :={t e Q\ f(t) < j}) wemaydroptheassumptiorf € LL .

(d) Casel above appliesheretoo (mutatismutandis). For p < o, we still
have the Holder inequality (“>"); naturallyfor B, = K this reducesto (b1)-
(b3).

Finally, if f # 0, thensomeg= S, b} € F (hereby € B* for all k)
satisfies [ @f dp # O, by (b4), hencethenb := [, ¢ fdu # 0 for somek.
Choosex € X s.t.xb# 0, andset@= @xX. O

We now shaw thatpart(d) doesnotholdfor p < oo:

ExampleB.4.13 LetQ=1[0,2, uy=m, 1< p<oo, 2+ 1 =1,
(@) B=B(K,K?),X =K, f =Xjo1 [5] + X2 [3] € LP(Q; B(K,K?))), Then

Iflp=2"">  sup | [ fodule. (840
PeLI(QX), [l@llq=1
Thus, || f{[p > [[fll Laik)k2)-
However,  [[fllp = [[f*lLr@akek) = T llaLaqkrz k), hence
1Tl Lak2),k) > T FllzLax) k2)-

(b) Analogously ||f||p > | fllpLaqrz) ke if we set f = Xpoq[50] +
X[1,2] [1 o} € Lp(Q B(K ))

(c) Moreover, by settingf = S 1x[n 1,nPn, wherePy; € B(K,K") is defined
by Pia = aen, we get|| f|| 2 (0.01:8 = /N, || [ fudm|| < 1 when]u||2 < 1,
WherewecantakeB B(X,K )for ary nontrivial BanachspaceX (replace
f by fA for someA € X*\ {0}).

(d) Finally, if f=3 3 Xjn—1,nqPn, B2 = 2(N )WhereP* € B(K,By) is defined
by Pia = ae,, then ||f fudml| < [lull_zr, k), -4 [[fllaz@k)e,) = 1



ﬁ"ftﬂoughnf||L2(R+;qs(K;Bz)) = . Note that || *[|312qpy k) = IT*]l2 =
2:00,

N

Proof: (a) Let g < ». Obviously, ||f||p = 2, hence||f||p, = 2¥/P. Let
Qe LYQX), [l@lla= 1. SetPy:= [55], P2:= [§9]. Then

||F’1/Q fodm||x = ||/O Prodm|x < |{[@l|La(o,y:x) = &, (B.41)

by the Holder inequality Analogously [|Pz [ f@dm|[x < ||@f|a(1,2;:x) =: b,
hence| Jo fodml|§ < a?+b?. Forg < 2wehavea? +b? < al+ b < ||¢||d =
andhencsd| [ fdm||g < 1. Forg> 2, themaximumof a4 b? glvenaq-i—bUI <
1is272/4272/4 = 21/P-1/4 < 21/P < (21/P)2 = ||{||2. Finally, for q= oo we
have || fo fodmi|x < 1 (k= 1,2), hencel| [, fedm|x < v2 < 2=|f||p.

(b) Thisfollowsfrom (a).

(c)&(d) Thesecan be proved asfor (a) (for p= 2 = q this is obvious:
1S 16l < Sall@llE 2 gy %) = 19113, asin (B.41)).

(e) 1° For f € Ll(Q B) this follows from Lemma B.2.8(b) (since
N[y fdu= fA/\fdu>OforsuchA).

2° If f e LL.(R"B) and g fdm= 0 for all boundedmeasurabl& C R,
thenX_rrnf =0a.e.forallR> 0, by 1°, hencef =0a.e. O

Evenif f is stronglymeasurabléweak LP” differsfrom LP:

Example B.4.14 (Af € LP for all A# f € LP) SetH := ¢?(N). Define f ¢
£2(N;H) by f(K) := &. Then,for ary x € H, we have ||(f, X2 = [|x||2 = ||X|H.
Thus, ||Af||2 = ||A]] for all A € H¥, although||f||2 = o0, (The sameholds for

f = Y keNXkki )& € LA(R1;H).) g

By The Holder Inequality the formula¢P(Q;B) > f — SioR fi € K deter
minesa contractve map/9(Q; B*) > F — S F- € £P(Q; B)*. Usually, all elements
of £P(Q; B)* areof this form:

LemmaB.4.15(£°(Q;B)* = £9(Q;B*)) LetQ beaset,1< p< o andp !+
g l=1 ThentP(Q;B)* = £9(Q;B*) and co(Q;B)* = ¢1(Q;B) (with equal
norms).

Recallthat £P(Q;B) refersto LP(Q, 0;B), whereo is the countingmeasure.
Notethatit follows that£P(S;B)* = E?/r(S; B*) for SC Z, wheretP :=r'¢P (see
(13.2)).

Proof: 0° Remarks: We allow B to be an arbitrary Banachspace;this
cannotbe donein the caseof, e.g.,LP([0,1]; B); cf. [DU]. For infinite Q and
B # {0}, the closedsubspace,(Q; B) of £*(Q;B) is not dense hencethere
is F € £°(Q;B)* s.t. Ff =0 for all f € ¢, in particular F ¢ £1(Q;B*) (a
constructve exampleis givenin Exercise3.4 of [Rud73]).



1° Suficiency: Let 1 < p< «. Let F € £9(Q; B*). By LemmaB.4.12(b3),
F € £P(Q;B)* and||F||s;q)+ = IIF|lea(qe+) (@ndthe sameholdswith ¢, in
placeof P if p = ).

2° Necessitycasep < o: For the converse,assumehatF € £P(Q; B)* and
p < oo, Sincen’ft} € B(B,/P(Q;B)) (hererrf,:t}x is x att andzeroelsavhere),we
have G; := Fryt}* € B(B,K) =B,

This function G : Q — B* satisfiesF f = 5o G f; for eachf € c(Q;B),
by linearity. Since| 3o Gt ft| = [F | < ||F|||| f|| for all f € cc(Q;B), we have
1Gllra(q:e+) < |IF[l, by LemmaB.4.12(b3)(with F = %2 = cc). Consequently
G e (P(Q; B)*, by 1°.

It follows thatG = F on the closureof c¢(Q; B), i.e.,onZP(Q;B). Thus,F
is of therequiredform. By density(seeTheoremB.3.11(a))G=F.

3° Necessityor ¢c,(Q; B): If F € ¢o(Q; B)* andp = «, thentheabove proof
applies,mutatismutandis,and G = F on ¢,(Q; B), by density(seeTheorem
B.3.11(c)),henceF is againof therequiredform. O

The Minkovski Integral Inequality(notto be mixedto the Minkovski inequal-
ity [[f+gllp <[[fllp+l9llp) saysthat|| [z fdv]|p < Jgf]|pdv; alsothis canbe
extendedo vectorvaluedfunctions

Theorem B.4.16(Mink ovski Integral Inequality) Let(Q,u) and(R,v) becom-
plete positive o-finite measue spaces.Equip Q x R with ux v, the completion
of uxv. Letl < p< oo,

(@) If f : Qx R— [0, ] is measuable then

I [ favliisig) < [ IITllunigy v < e (8.42)

(b) If B is a Banadh space f : Q x R— B is measuable and M =
JrllfllLe@ dv < oo, theng(q) := Jgf(q,-)dv € B is defineda.e, g €
LP(Q;B) and||g|lp < M, i.e,, (B.42)holds.

If we did not make the assumption/ || || _p(q) dv < « in (b), we would have
to write

||Xf(q,-)eL1(R,X)/RfdV”LP(Q,X) S/RHflle(Q,X) (B.43)

or usesomeothertrick to make thefunctionin theleft well defined(hereit is taken
to be zerofor thoseq, for which f(q,-) ¢ L*). Theset{qe Q| Jz|f(q,-)||dv =
o} is measurableédy the Fubini Theorem,henceso is Xt (q.)eL1(r x), @ndthus
(B.43) canbeprovedin thesameway as(b).
Proof: (a) By the Fubini Theorem,the inner integrals definemeasurable
functions; in particular g(q) := [z f(q,r)dr definesa measurabldunction
Q — [0, oo].



If s> Oisasimplefunctionand||s||y < 1,wherel/p+1/p' = 1,then

/ gsdu = / / f(q,r)s(q) dv(r) du(q) (B.44)
Q QJ/R

= [ ) f@ns@du@avm < [flogdv.  (B45)

hence || [z fdv||Lrq) = l9llLr@) < JrIlIfllLr(q), by TheoremB.4.12 (p €
[1, 0]).

(b) Find setsQ; C Q with p(Qj) <o (j € N) s.t. Q1 C Q> C -+ and
Q = UjenQj. Theassumptionfg || f||pdv < o impliesthat

S 1elsaviPau< ([ Ifllaigydv) < e (8.46)

by (a) (appliedto [|f||g) for p < e, and|| [z || f[[dV]lo < [g]| ]l dV < oo for
p=o. In particular [/ f|lsdv < « for a.e.q € @, wherep(Q\ Q) =0, and
gis definedon @, hencea.e.

Becausd-P(Qj;B) € LY(Q;;B) for j € N, we have fo, Jr [ fllsdvdp < o,
hencegj := J[gfdv : Q; — B is defineda.e.and measurablepy the Fubini
Theorem.

Becauseg; = g on Qj, also g is measurable. By (B.46), ||d]|Lrq) <
fR||f||LP(Q) dv < oo. 4

The following result allows one to take Laplaceand Fourier transformsof
C(R;LP) functionscomponentwiséseePropositionD.1.13).

Lemma B.4.17(fq f(-)(r)du= (fq fdp)(r)) Assumethat pi: 9t — [0,] and
v : M — [0, 0] are o-finite, completepositivemeasueson Q andR, respectively

Letf € LY(Q;LP(R;B)) NL(Qx R;B), p € [1,»]. Theng(r) := Jo f(-)(r)du
existsa.e, andg= [ fdpe LP(RB).

Thus, then g(r) = (fo fdWw)(r) for aimostevery r € R Seealso Exam-
ple B.4.18.

Proof: (By using the Fubini Theorem,one easily verifiesthat f = 0 as
an elementof L1(Q;LP(R;B)) iff f = 0 asan elementof L(Q x R;B), hence
L1(Q;LP(R;B)) NL(Q x R; B) is well-defined(we usedtheassumptionhat f €
L(Q x R; B); by Counterexample8.9(c)of [Rud86],thereis f : [0,1] x [0, 1] —
R s.t. f is notmeasurablebut [f] € L1([0,1]; LP([0, 1]; B)) hasarepresentatie
thatis measurablehecausd (t) = 1 a.e.for everyt € [0,1],i.e.,[f] =[1].)

By TheoremB.4.16,9(r) existsfor a.e.r e R, g € LP(R;B) and||g||p <
| fll1. SetF := [o fdue LP(RB).

1° Casef = xgb,be LP,E € 9: Now F =p(E)b, g(r) = W(E)b(r) (r e R),
henceF = g.

2° Casef is simple: Thisfollows easilyfrom 1°, by linearity.

3° Geneal case: Let f, — f in LY, asn — o, andlet f, be simpleand
measurabléor eachn € N. SetF, == [5 fndl, gn(r) == Jq fa(-)(r),dp(r € R),
sothatF, = g, by 2°.



Because[ is continuouswe have F, — F in LP, asn — . By Theorem
B.4.16,

||gn—g||p=||/Q<fn—f)(-)(r)du||ps/Q||fn—f||du=||fn— fli—0, (8.47)

asn — o. Therefore,somesubsequencef {g,} corvergesto g andF a.e.,
henceg=F a.e. O

Theassumptiorthat f € L(Q x R;B) is necessaryn LemmaB.4.17:

Example B.4.18 [ fq f(-)(r)du# (Jo f du)(r)] Definef : [0,1] x [0,1] — R asin
Counterexample8.9(c)of [Rud86] (which usesthe ContinuumHypothesis)and
defineh:[0,1] x [0,1] = Rbyh=1. Let p,a€ [1,00].

Thenf is not measurabl€0, 1] x [0,1] — R, but for eachq € Q :=[0, 1], we
have f(g) = 1=h(qg) a.e.onR, in particular f(q) € LP([0,1];B). Thus,[f] = [h]
aselementof L2([0,1];LP([0,1]; B)), evenaselementf C([0, 1]; LP([0,1]; B)).

Even worse, for eachr € [0,1], we have f(q,r) = 0 for a.e.q € Q. Thus,
g(r) := Jo f(a.,r)dg= 0 for eachr € [0,1], although [5 fdm= [rldm=1¢€
LP([0,1];B), henceg # [q f dm (cf. LemmaB.4.17). q

If f €L?Q;LP),thenthereishe L(Qx R)s.t.h(q) = f(q)a.e.onR(henceas
elementof LP) for a.e.q € Q (we omit the nontrivial proof). Thus,thenLemma
B.4.17canbeappliedto h, butnotto f: thevalueof [, f(q)(r) dpu(q) maydiffer
everywherefrom

( /Q fd)(r) = ( /Q hd)(r) = /Q h(q)(r) du(a) (8.48)

(this equalityholdsfor a.e.r € R), asshown in theabove example.
If acontinuousfunctionhasa L limit functionon theleft boundarythenthis
functionis L overthewholerectangleandalsosidevays:

LemmaB.4.19 Let f € C((r,s] x (a,b);B) and f |, o) € L1({r} x (a,b);B),
a,brseR,r<s,a<hb.

If f(t,-) — f(r,)inLY((a,b);B), ast — r+, thenf € L1((r,s x (a,b); B) and
f(-,c) € LY((r,s);B) for a.e c € (a,b).

Proof: Being continuous, f is Borel-measurablen Q := (r,s| x (a,b),
hencelLebesgue-measurabtn Q. Due to the continuity and corvergence,
M :=supcpg [l f(t,-)llLy(ab)B) < - By TheFubiniTheorem,

s rb b ps
(s—r)MZ/||f||Bdm:// ||f||Bdm:/ / 1 £|ls dm; (B.49)
Q r Ja a Jr

in particulay [°|| f|lsdm < « for a.e.c € (a,b) andf € L1(Q;B). O

(Seethenotesonp. 947.)



B.5 Differentiation of integrals (dﬂt 1D

“Chesire-Puss$, shebeggan, “would youtell me please which way |
oughtto gofromhere?”

“That dependsa good deal on where you wantto get to; said the
Cat.

“l don't care mud whee—" saidAlice.

“Then it doesnt matterwhich wayyougo, saidthe Cat.

— Lewis Carroll (1832-98)

In this sectionwe present.ebesgueointsandafew resultson differentiation
of integrals.
Also for vectorvaluedfunctions,almostall pointsareLebesgueoints:

Theorem B.5.1(Lebesguepoints) Let f € LL (R™B). Then,for almostall
t e R", wehave

i D—l/ f(9)— f(t)|lsds=0 and f(t)= I D—l/ f(9)d

Jfim m©E)~ [ 19~ 10)]lsds=0 and ()= lim m(@)~* | f(5)ds
(B.50)

Sud t are calledthe Lebesgugointsof f, andLeb(f) c R" is thesetof sudt.

(HereDy(t) := {t' € R"|[t'—t| < r, Dy := D;(0).) From(B.50)it followsthat
I[f(®)| <[ fll < ooforallteLeb(f).
Note that if f is continuousat t, thent € Leb(f). Obviously, Leb(f) N
Leb(g) C Leb(af +Bg) forary f,ge L., a,BeK.
Proof: Thefirst claim follows from Theoren3.8.50f [HP] for t € Dy, if we
replacef by Xp, f (k € N); theseconctlaim follows from thefirst for (atleast)
samet:

10 -mo) [

o [Oasls=ImD) " [ (1)~ F(5)ds]s 0

Dr (t)
(B.51)
Let Ny C Dk bethenull setwherethefirst limit in (B.50)is nhonzeroor does
not corverge. Then(B.50) holdsfor t € R™\ UkenNk, hencea.e. (To be exact,
[HP] givesthe resultfor cubes,but it canbe easilygeneralizedo arny nicely
shrinkingsets,asin Section7 of [Rud86].) O

Fromtheabove theoremwe obtain

Corollary B.5.2 LetJ C R beanintervaland f € L (J;B). Then for aimostall
ted,
t+h

q 1
L'L”oﬁ/t f(9dt="1(t) and lim = [ |f(9 - F(M)]ds=0. (B.52)

In particular, if a€ J andF(t) = [ f(s)ds,thenF € C(J;B) andF' = f a.e
]

(Of coursewe have set 2 := — [P.)



Oneeasilyverifiesthat a function F of the above form is locally absolutely
continuougseeg(scalar)Definition 7.170f [Rud86]). However, unlikein thefinite-
dimensionalor Hilbert) case thereare absolutelycontinuousfunctionsthatare
nowheredifferentiable(lhowever, thisis notthe casefor reflexive spacesafortiori
notin Hilbert spacessee e.qg.,[DU] or p. 1250f [KOS] for details).

There is a method for uniquely choosing representaties for Li (R";B)

loc
“functions” sothattheserepresentatie have all possiblelebesgueoints:

Lemma B.5.3(Lebesguerepresentatie) Let[f] € LL (R";B). For eadt € R"
S.t.

lim m(Dr)_l/ If —x/dm=0 (B.53)
r—0+ Dr(t)
for somex € B, weset(Lf)(t) := x; for othervaluesoft, weset(Lf)(t) := 0.

It follows that (Lf)(t) = f(t) for all t € Leb(f), henceLf = f a.e and
Leb(f) C Leb(Lf). Moreover, |Lf|| < | f||~ everywhee andLf depend®n [f]
only.

Moreover, for all [f],[g] € LL.(R;Y), A€ Y*, W€ GC(R), andeveryt € R
wehave

(Lwf)(t) = (WLH)(D), Leb(yf) = Leb(f),
(B.54)
Leb(f) C Leb(Af), AL O < [[(LAH O],

(B.55)
t € Leb(f)nLeb(g) = t € Leb(af +Bg), (L(af+Pg))(t)=aLf(t)+BLY(t).

(B.56)

Finally, for eadh linear F : B — L (R"; By) andt € R", thespace
B == {x€B|t e Leb(LFX)} (B.57)
is a subspacef B. 0

(We omit the simple proof.) Note that Leb(Lf) becomeshe union of the
Lebesguesetsof all representatiesof [f], andthat f — Lf and[f] — Lf arenot
linear, neitherf — (Lf)(t) forany t € R" (but f — [Lf] and[f] — [Lf] arelinear,
since[Lf] =[f]).

The standardlifferentiationformulafor integralscaneasilybe extended:

LemmaB.5.4 LetJ,J C R beintervals,a,b € ¢1(J;J). Letf :IxJ > (t,5) —
bt)
f(t,s) e Bbes.t.f, fi € C(Ix J;B). ThenF(t) := /() f(t,s)dsisin c1(J;B),
a(t
and

F'(t):= /::) fi(t,s)ds+b'(t) f(t,b(t)) —a(t) f(t,a(t)) forallt € J. (B.58)

Recallthatwe allow J andJ’ benon-oper(thederivativesattheendpointsare,
of coursepne-sided).
Proof: Becausefab((tt)) = (PO _ ) wherec € J' is arbitrary we may
assumehata is aconstantNow



H—h
F(t+h)— +/ £(t,b(t))) ds (B.59)

Fromthefirst termwe compute

% (/:(t) (f(t+h,s) — f(t,s) ds—/:(t) fi(t,s) ds)

1 rbt) pt+h )
:_/ / (ft(r,S)—ft(t,S))drds:_/ / Lo,
hJ/a " | a

by the continuity of f;. (By the Fubini Theorem, we were allowed to
interchangeheorderof integration.)

Oneeasilyverifiesthatthe secondandthird termsof (B.59) multiplied by
1/h corvergeto 0 andb/(t) f (t, b(t)), respectiely. Thecontinuityof F’ follows
analogously O

(B.60)

A smoothchangeof variablepresereslLebesgueoints:

LemmaB.5.5 Let —» < a< b < 4o, g€ C}(ab);R), ¢ >0 and f ¢
LL.((a,B);B), wheea := @(a), B:= ¢(b). ThenLeb(f) = gLeb(f o @)].
HereLeb refersto the zeroextensiong(or ary otherL (R; B) extensions)of
fandfoaq.
Proof: Let T € (a,b). Setg:=fo@ t :=¢T). ChooseR > 0 s.t.
t—Rt+R C(a,B). SetM := max;_riiR [|¢]], M := maxg_ri1R) lo~Y]|.
By LemmaB.4.10,we have

+r ~L(t+
1o t0lees= 3 [7 "o -aMied(9as @61

|V||\/|’ T+M'r
M’ /

But this corvemgesto zero whenever T € Leb(g), hencethent € Leb(f).
BecauseTl € (a,b) wasarbitrary we have g[Leb(f o @)] C Leb(f). Exchange

therolesof f andg (andg and@1') to obtainthat @ [Leb(f)] C Leb(f o @),
i.e.,Leb(f) C gLeb(foq)]. m

e 1969 =8(T)leds (B.62)

TheMeanValueTheoremis only truefor R-valuedfunctions(notevenfor C-
valuedor R?-valued;e.g.,setf(t) := €, [a, b] := [0, 2r1); in themultidimensional
caset becomes mereinequality:

Lemma B.5.6(Mean Value Inequality) Leta < b, andlet f € C([a,b]; B) be
differentiableon (a,b). Thenthereis § € (a,b) s.t.

1 (b) — f(a)lls < (b—a)|[f'(€)]| < (b— a)t:(lirg) [gesI[f (B.63)

If, in addition, f’(a) exists,thenthere is& € (a,b) s.t

IO vy < 178 - @)l (B.64



Proof: Let A € X* bes.t. ||A|| < 1andA(f(b) — f(a)) =||f(b) — f(a)|s-
Obviously, (ReAf) = ReAf’, hence

I (b) — f(a)||ls = ReAf (b) —ReAf(a) = (b—a)(ReAf')(§) < (b—a)[| '(§) s,

(B.65)

by the classicaMeanValue Theorem.The secondnequalityfollows from the

first appliedto F(t) := f(t) — f(a) —tf'(a) (notethatF'(t) = f'(t) — f'(a)).

U

LemmaB.5.7 Let J C R be an interval and n € N. Thenthe following are
equivalentfor F : J — B:

(i) F € c™1(3;B);
(i) F = [ f for somef € C"(J;B).

Moreover if (i) holds,thenF’ = f.

By F = [ f wemearthatF (t) = F () + [} f (s) dsfor all t € J andsome(hence
all) a€ J. SeeLemmaB.7.6for an analogougesultfor absolutelycontinuous
functions.

Proof: Oneeasilyverifiesthat (ii) implies (i). Given(i), fix a € J andset
f:=F, G(t):=F(a)+ fL f. Then(F —G) = 00nJ, hence(AF —AG)' =0
onJ and(AF —AG)(a) = 0, henceAF = AG on J; this holdsfor all A € B¥,
henceF = G. Therefore(i) implies(ii). O

If f(-,q) € C}(Q;B) for fixed q € Q, and f(z-) is measurableand has
a commonL?! majorantfor all z, then Jof(z)dpe C(Q;B) with derivative
Jo f2(z ) due C(Q;B), by (c)&(d) below:

LemmaB.5.8 Let Q be a metric space let Q be o-finite, let 1 < p < o, let
f:Qx Q— B,andsetF(2) := f(z-). Thenwehavethefollowing:

(@) We haveF € C(Q;LP(Q;B)), if p< « and(1.)—~(3.)hold,whee
(1) f(-,q) € C(Q;B) fora.e ge Q;
(2.) f(z,-) e L(Q;B) forall ze Q;
(3.)thereisge LP(Q;[0,]) s.t.||f(z,-)|[s < ga.eforall ze Q.
(b) If F € C(Q;LY(Q;B)), thenF € C(Q;B), wheeF(z) := Jof(z-)du.
(c) Claims(a) and (b) also hold with ¢ in placeof C if Q ¢ R is aninterval
andin (a) wealsorequirethat|| f,(z-)||s < ga.e forall ze Q.
In case(a) wethenalsohaveF’(z) = f,(z,-), hencethen(d) applies.
(d) Assumethat Q C R is aninterval, f(-,q) € ¢(Q;B) for a.e g € Q, and
F,G e C(Q;LP), whee G(z) = f,(z-).
Then F € cYQ;LP) and F/ = G (and F € CcY(Q;B) and F'(z) =
Jo fz(z,-) duif p=1) forall z€ Q.



(e) Claims(c) and(d) alsohold with H in placeof C if Q C C is open.

SeeDefinition D.1.3for H(Q; B).
Proof: (a) If zy — z thenF(z,) — F(z), by TheoremB.4.3. Thus,F €

C(Q;LP).
(b) Thisfollowsfrom (a) LemmaB.4.2.
(d) By LemmaB.5.7,we have f(z,q) — f(a,q) = [ f,(s,q)ds(z,a€ Q).
Moreover, Q is o-finite, separableand metric, and opensubsetf Q are

m-measurableThus, f; is m x p-measurableyy LemmaB.4.8.
Fix ze Q. Givennow h € Q, we have (here|| - ||, refersto the LP(Q; B)

normandg € Q is thecorrespondinglummy(i.e., dependentyariable)
z+h
Ih~*(F(z+h)—F(2) -G@)|lp= ||hl/Z (f(s.a) — f(za)) dsllp (B.66)

1 z+h
<h [ ts0) - Lz q)lpds 0,
(B.67)

(the inequality is from TheoremB.4.16(b)) as h — 0, by TheoremB.4.3,
becausg| f;(s,0) — f2(z,0)||p = ||G(s) — G(2)||p — 0 ass — z, and ||G(s) —
G(2)||p is bounded < M < ) nearz, by continuity, andM € L([z z+h]).

ThereforeF’ = G existsin LP. ConsequentlyF € C1(Q;LP).

(c) By (a), we have F,G € C(Q;LP), whereG(2) := f;(z,-) (notethat
f,(z.q) = limp,on1(f(z+1/n,q) — f(zq)) for a.e.q € Q, hencealso f,
satisfiescondition(2.)). Thereforewe getthe conclusiongrom (d).

(e) This is analogougo the ¢! case(usea pathintegral and(b5) (and(b1)

for p=1) of LemmabD.1.2insteadof LemmaB.5.7). O

By (B.50), Theaverageof ary f € LP(R;B) corvergeto f pointwisea.e.;we
alsohavethecorvergencen LP:

LemmaB.5.9 Letl< p<wandf € LP(R;B). Then

r
||%/ f(t+9)ds— f(t)]p—0, asr—0 (B.68)
0

(asfunctionsoft).
Proof: By the Minkovski Integral Inequality we have (herethe LP norm
refersto thevariablet)
r r
[ a9 - fOdslp< T [ 19~ fOllpds< sup T~ flp =0,
Ir|"Js=0 I Js=0 se[0,r]
(B.69)

asr — 0, by LemmaB.3.9. O

We finish this sectionby atechnicallemma:



LemmaB.5.10 LetT > 0. If 0is a Lebesgugointof f € L1([0,T);B), then
T
/ se 3f(t)dt — f(0), as s— -+, (B.70)
0

Proof: BecausefoT se~¥dt — 1, we have (B.70) for constanfunctionsf.
Thereforewe mayassumehat f (0) = 0, i.e., that

t
g(t) ::t/ 1£(r)||adr =0 ast— O+. (B.71)
0

SetF(t) := f3 fdme ([0, T];B). ThenF(0) =0, || /& e %F () dt||s < g(e)
and fsT e ¥F(t)dt — 0, ass — +oo, for ary € € (0,T). Using thesethree
factsandpartialintegration,oneeasilyobtains(B.70). O

Notesfor SectionsB.1-B.5

As indicatedin the proofs, mary of the above resultsare known at leastto
someextentor in the scalarcase.A furthertreatmenton Bochnermeasurability
Bochnerintegral and vectorvaluedLP spacess givenin, e.g.,Sections3.5-3.9
of [HP] andin [KOS], [DU] and [Yosida]; the monographDinculeanu]treats
sameconceptsdrom the Bourbakipoint of view. The scalarcase(the Lebesgue
integral and measurabilityandLP and C spaces)s containedin mostbookson
realanalysissuchas[Rud86].



B.6 Vector-valueddistrib utions 2/(Q;B)

No, myfriend, the way to havegoodand safegovernmentjs not to
trustit all to one but to divideit amongthemany distributingto every
one exactly the functionshe is competento. It is by dividing and
subdividingtheserepublicsfrom the national one downthroughall

its subodinations,until it endsin the administ@ation of every man's
farm by himself; by placing underevery onewhat his own eye may
superintendthatall will be donefor the best.

— Thomasleferson(1743—-1826)to JosepiCabell,1816

Herewe briefly presenstraightforvardvectorvaluedgeneralizationsf some
basicscalardistribution results. We have written the other sectionsso that the
readermay skip this section, but its contentsgive a deeperinsight to some
conceptieededn, e.g.,SectionB.7.

Throughouthis section,B is aBanachspaceandQ is anopensubsebf R".

ThespaceD(Q) is notequalto (7’ (Q), althoughratherclose. Onetradition-
ally usesa rathercomplicatedtopology; fortunately for most applicationsone
doesnot needto know this topology just someof its basicimplications:

Definition B.6.1 The test function space? = D(Q) is the set of functions
o€ C*(R), whosesupportsuppp:= {x € R" | @(x) # 0} liesin Q, equippedwith
the standad (locally corvex, complete non metrizable)test function topology
[Rud73,6.3-6.5],whereasequencgqy} cornvergesto @< D iff thereis acompact
K C Q s.t.suppy C K for all kandD%@ — D%@ uniformlyfor all a € N".
Theelementof 2 := 2/(Q;B) := B(D(Q); B) are called (B-)distributions

As in the proof of [Rud73,Theorem6.6], onecanshow thatalinearmapping
T : D(Q) — B is continuousff it is sequentiallycontinuousj.e., iff @ — @ (in
D(Q)) impliesT @ — T (it is enoughto verify this for ¢ = 0). Also mostother
resultsof [Rud73,Section6] caneasilybe generalized.
We definethe ath weakderivative(or ath distributional derivative) 3T € 2/
of T € D' by
T () = (-)"IT(D) (9e D(Q)), (B.72)

in particular 9T (9) := —T(¢) if n= 1. Herewe have usedthe standardmulti-
index notation: o € N, |a| := Y aj, (Xq,...,%)% := $1 4480, DY =
D}*---Dgn; hereDj := dix,- anddj is thecorrespondingveakdervative.

A function f € L% (Q;B) (i.e., f : Q = B is s.t. f € LY(K;B) for each

compactK c Q; notlgcthat LP c LY, for p € [1,%]). is identified with the
distribution @ — [ fedm. in 2/(Q;B). TheinclusionLi (Q;B) C 2/(Q;B)
is linearandinjective. Similarly, a constan{function)b € B is identifiedwith the
@— [obedm=Db [ @dm.

A distributionwith zeropartialderivativesis a constant:

LemmaB.6.2 LetQ beconnectecand T € 2/'(Q;B). If §;T = 0for all j, then
T €B.



Proof: If A € B*, thenAT € D' ando;AT = Ao;T = 0 for all j, hence
AT = ap € K, by [Rauch,p. 256]. Choosep, € D s.t. [ prdm= 1, andset
br :=Tq.

Then Aby = AT@ = ap [o@dm = ap for all A € B*, henceATe =
aa o @dm= Abt [, @dmforall e D(Q), A€ B*,i.e., To=br [@o= [obro
for all @. Thus,T = bt € B. O

By induction,we seethatif thekth partialderivativesof T arezero,thenT is
apolynomialof degreek:

Corollary B.6.3 Let Q beconnectecand T € 2/(Q;B). If |a| = k= 0°T =0,
thenT = ¥ 5<k_10Pbg, whee bg € B for all . 0O

Corollary B.6.4 If J C R is an openinterval, T € D'(J;B), and dT = f €
LL.(J;B), thenther is a locally absolutelycontinuousfunctionF : J — B s.t.
T =F andF(t) = F(a) + [} f dnwhena € J; in particular F' = f a.e 0

(This follows by definingG(t) := ! f dmandthennotingthatd(T — G) = 0.)

Similarly, for ary F, f € C(Q;B) s.t.0jF = f, thedervative DjF existsand
equalsf, asonecaneasilyshowv by usingmollifiers.

Notes

The contentsof this sectionare well known, althoughit may be difficult to
find ary referencessomeotherresultson vectorvalueddistributions are given
in [Treves]. See.e.g.,[Rud73]or [Rauch]for the scalarcase;mostscalarresults
alsoholdin oursettingwith sameproofs,mutatismutandigsomeexistenceresults
requirethe Radon—Nilodymproperty).



B.7 Soboles spacesW®P(Q;B)

The reasonthat every major university maintainsa departmentof
mathematicsis that it's cheaper than institutionalizing all those
people

In this section,we briefly generalizesomefactsaboutscalarSobole spaces
to their vectorvalued counterparts. Most of the time we follow the scalar
representations [Adams]. A casualreademight skip the definitionsandother
resultsandjustreadLemmaB.7.6andTheoremB.7.4,sincethey suffice for most
applications Also otherreadersnightwishto readfirst LemmaB.7.6to getsome
intuition to WX P spaces.

Throughoutthis section,B is a Banachspacel < p< o, ke N,ne N+1,
Q c R"isopen,andmis the Lebesgueneasuren R".

Definition B.7.1(8%g) Letf € L% (Q;B) anda € N". Wecallge Lt (Q;B) the

loc loc
ath weakderwative of f (on Q) andwewrite 0% f = g if

/g(pdm:(—1)|°‘|/ fD%dm (pe C(Q)). (B.73)
Q Q

(By usinglinearity, projectionsmollifiers anda partitionof unity, onecouldin
factshaw that(B.73)for @ € ¢ (Q) implies(B.73)for all o C(|;u|(Q;X), where
Xisasin TheoremB.4.12(d).We omit the proof.)

Herewe have usedthe standardnulti-index notation:a € N", |a| := 3_; aj,
(X1y- .y Xn) @ i=Xq1 -+ - X%, D% ;= DJ*---D%n; hereDj = & is the(classical)
jth partial derivative (use Definition B.3.3 with the othercoorjdinatea‘ixed). If
n=1, we write @ := 0%. (Outsidethis and previous section,we usethe same
notationfor weakandordinaryderivatives.)

Recallthat f € L1 (Q;B) meansghat f : Q — Biss.t. f € L1(K;B) for each
compactK C Q. Theweakderateis unique(asanelementof Llloc, thatis, a.e.),
by TheoremB.4.12(d).

If f e C¥(Q;B)and|a| <k, thend®f =D*f onQ, by partialintegration.See
alsoTheoremB.7.4andLemmaB.7.6.

It is obviousthatif % f = g on Q, thend®my f = Toyg on Q' for any open
Q' cQ.

Definition B.7.2(W*P) TheSobole spacaV®P is definecby
WKP(Q;B) := {f € LP(Q;B) |8°f € LP when|a| <k} (B.74)
for p € [1,e] andk € N, with norm

1

Iflp:=1[ > ll0%F[IF] P (1< p< o), | fllkeo := max||0® f|lc (B.75)

a2 o<k

\\e denoteclosure of ¢(Q;B) in WP(Q; B) by WEP(Q;B). WhenQ ¢ RY,
wesetf € WP(Q;B) if f € WkP(J;B) for each boundedbpenintervalJ C Q.

Cc



In particulay WOP = LP. Let Q' C Q beopen.Obviously, f € WSP(Q;B) =
Ty f € WKP(Q'; B); in particularwkP ¢ WP,

LetQ c Q”, f e WEP(Q;B), |a| < kandd® f = g. Thenmgy f € WKP(Q”;B)
with the samenorm, and 0%t f = Tigng (for f € C°(Q;B) the latter claim
follows by integration by parts; for generalf € W'(‘)’p(Q; B) by continuity; the
formerclaimfollows from this).

Theorem B.7.3 ThespacedV&P(Q; B) and WP are Banad spaces.
If p < o, then ¢*(Q;B) N WKkP(Q;B) is densein WKP(Q;B), and
WEP(R™: B) = WKP(R™:B).

However, C1((0,1);B) is notdensen W1*((0,1); B) whenB # {0} (take an
absolutelycontinuoudunctionwhosederivative hasa jump discontinuity).
The spaceWkP is densein LP (p < ), becauseC? ¢ WKP. However,
W (R; B)-functionsarecontinuouspy LemmaB.7.6,hencenotdensein L*.
Proof: 1° The completenessf WKP: Let {f,} be a Cauchysequencén
WkP andlet |a| < n. Then{d®f,} is a Cauchysequencén LP, hencethereis
fa €LPs.t.0%f, — fq inLP. Letpe (T°(Q). Becaus®®pe T (Q) C LYQ),
theHo6lderinequalityimpliesthat

(fa,@ (0 fn, @ := (—1)|“|/D“(pfndm—> (—1)|“|/D°‘(pfodm=:(ao‘f,(p).
(B.76)

Becausex and@ werearbitrary we have fg € W*P andd® fq = f for lal <k.
Clearly f, — fgin WKP.

2° Beinga closedsubspacef WP, aIsoW('§’IO is a Banachspace.Thelast
sentenceof the theoremfollows from the straightforvard generalization®of
[Adams,3.15-3.19)(notethaton p. 53 of [Adams]the condition‘containedin
“Ux” shouldbe’containedin Uy but notin Ux_1’). O

One can interpret WkP as a closed subspaceof Mi<j<n, LP. henceit is

separabléf B is (cf. [Adams,3.4]). Similarly, W*2 is a Hilbert spacef Bis.
If Y e GX(Q), theny € B(WKP) and||p|3 < Mil|w]l  (asa multiplication

operatoron W*P) andyf canbeweakly differentiatedby the Leibniz’ rule. For
N € B(B,By) we have [[All gwkea,B)wkr@,p,)) = N5 e, (UnlessQ = 0),
moreover, °Af = Ad%f for f € WKP,

An openQ C R hastheconeproperty; if thereis afinite coneC s.t.eachpoint
x € Q is thevertex of afinite coneCy C Q congruento C. In particular ary ball
or cubeor a productof suchwill do.

Theorem B.7.4(Soboler Imbedding Theorem) Let B be a Banad space let
the opensetQ c R" havethe coneproperty andlet 1 < p < o, mp > n, and
jeN. . . . .

ThenWIT™P(Q;B) C ((Q;B), and W,™™P(Q;B) ¢ (3(Q;B), and these
imbeddingsare continuous.



In particulay WI+™P(R" B) c ¢3(R"; B). Of course,f € (o meanghatthere
is f € (ps.t.f = f a.e.SeealsoCorollaryB.7.7 (which allows p = ®).

Proof: (We usethe norm ||f||Cg ‘=Y |aj<jSUP|ID ]| in Gl andG3.) By
[Adams,5.4C],thereis ¢ = ¢j m pn.q S-t.for F € WI+™P(Q) wehave [|0%F || <
cl|F{[j+mpwhenfa| < j.

1° Case f € CKNnWITMP: Let |a| < j. If we had ||(8%f)(t)] >
c|| f|lj+mp =: M, thentherewereA € X* s.t.||A|| < 1 andAd®f(t) > M. But
|09ATF|eo < CIAT||j+mp < C||f]j+mp < (0%AT)(t) wereacontradictionhence
1@ O < el [ 1mp.

2° Casef € WITMP: By TheoremB.7.3, somesequence{f,} C N
WIi+mP corvergesto f. By 1°, {fn} is a (§ Cauchysequencehenceit
cornvergesin Ck‘, to a functiong. Becausea subsequenceorvergesto f a.e.
(generalizethe correspondingscalarresult,e.g.,[Rud86, Theorem3.12]), we
have g = f a.e.Moreover (becaus®f the corvergencein Cg), we have

a N H a H . — .
107 flleo = lim |ID™ fafleo < lim cff fullj+mp = Cl Tl j+m,p- (B.77)

3 WS™P: Herewe cantake { fo} C ¢2(R™X) andobtainthatg (= f)
belongsto the closureof ¢ in G, i.e.,t0 (3.
4° The continuity of theimbeddingdollows from the boundc. O

If first (resp.kth) weakpartial derivativesof f arezero,thenf is a constant
(resp.apolynomialof ordex K):

LemmaB.7.5 LetQ beconnectednd f € WLP(Q;B). If §;f =0 for all j, then
f € B.

Let,in addition, f € W*P(Q; B). If |o| =k=>0%f =0, thenf = ¥ <1 XPbg,
wheee bg € B for all {.

Proof: If A € B¥, thenAf € D' anddjAf = Ao;f =0 for all j, hence
Nf =ap € K, by correspondingcalarresult(seep. 256 of [Rauch]). Choose
@ € Ds.t. [odm=1, andsetb; := fq.

Then Abs = Af@r = ap [o@dm = ap for all A € B*, henceAf@p =
aa o @dm= Abs [, edmfor all ¢, A € B*, i.e., fo=Dbs [@= [5bs@for all
@. Thus,f =bs € B. The W*P claim follows by induction. O

Beinga WY1 functionon aninterval is equivalentto absolutecontinuity:

LemmaB.7.6(W5P = [LP) LetJ c R bean openinterval and f € LP(J;B).
Thenthefollowing are equivalent:
(i) f € WLP(J;B);
(ii) theris g e LP s.t. f(t) = [igdm+ f(a) (t € J) for somea € J.
Assumdii). Theng= f’ a.e,df =g, f is locally absolutelycontinuousand

(i) holdsfor anya € J. If p=1, thenf is absolutelycontinuousandhasone-sided
limits at the endpointsof J.



Thus,if f,0f € LP, thentheweakderivativedf is alsoa pointwisederivative
of f a.e.However, if f is the Cantorfunctionof Theorem7.16 of [Rud86],then
f’ existsa.e.and f, f’ € LP([0,1]) for ary p € [1,+], but f doesnot exist (in
LL.), because’ = 0andf # f(0) + f;0dm.

Proof: 1° “(ii) =(i)": Assume(ii). By usingthe Fubinitheorempneeasily
verifiesthatof = g, hencef € WhP,

2° “(i) =(ii)": Let f ¢ WhP andg:= of € LP. DefineF € C by F(t) :=
[Lgdt + f(a) for somea e J. By 1°, we have 9F = g, henceF = f +b for
someb € B, by LemmaB.7.5,andb = F(a) — f(a) = 0. Thus,f = F.

3° Assume(ii). By Corollary B.5.2, f’ = g a.e.and f is locally abso-
lutely continuous. The restfollows from 1°-2° (recallthatdf is unique,by
TheoremB.4.12(d)),exceptthe p = 1 claims, which follow by choosingfor
e > 0 asimplefunctionse L1 s.t.0 < s < ||g|| and f;||g|| — sdm < &/2, and
setting & := €/2maxs (or & = 1 if s=0) — thenm(E) < & implies that
Jellglldm < €; because > 0 wasarbitrary f is absolutelycontinuous(see,
e.g.,Definition 7.17of [Rud86]),hencat obviouslyis continuouson J. O

In casen = 1, we canslightly improve TheoremB.7.4:

Corollary B.7.7(WKtLP(J;B) c ¢X(J;B)) Let J ¢ R be open. Then
WktLP(J:B) ¢ CX(J;B). The mappingWkK+1.P(J:B) — CK(K;B) is continu-
ousfor each compacintervalK C J.

Proof: Let f € WKtLP(J;B). Let ' C J be an interval. Then f €
WktLP(J:B), hencef € C¥(J';B), by LemmaB.7.6andinduction. Because
wasarbitrary we have f € CX(J;B).

By Lemma A.3.6, WKtLP(J:B) — (K(K;B) is continuous (because
C¥(K;B) c LP(K;B), continuously). O

For J = R, the above weak derivativesare, in fact, LP derivatives (andvice
versa):

LemmaB.7.8 Let f € LP(R;B). Thenthefollowing are equivalent:
(i) f € WHP(R;B);
(i) theris g€ LP s.t. f(t) = [fgdm+ f(0) (t € R).
(iii) thereisg e LP s.t.h~Y[t(h) —1]f — gin LP, ash— O;

If (i)—(iii) hold, theng =g = f’ a.e, af = g, and f is locally absolutely
continuous.

Proof: Theequvalence(i)<(ii) followsfrom LemmaB.7.6.

1° “(iii) =(i)”: SetDy, :=h~1[t(h) —1]. Let o € CZ(R) be arbitrary We
have D@ — ¢ uniformly, ash — 0, henceDn@— ¢ in L9, wherel/p+1/q=
1. Thereforepy the Holderinequality we have thetwo corvergences

/Rgcpdm<—/R(th)(pdm=—/Rf(Dh(p)dm—>—/Rf(ddm, (B.78)



ash — 0. Thereforedf = §; in particular f € WP,

2° “(if) =(iii)":  Assume (ii). Set Fy(x) := [f(x+ h) — f(X)]/h =
h*1f§g(x+t)dt, sothat /y(X) — g(x) for a.e.x. Using the Minkovski inte-
gralinequality(TheoremB.4.16),we getfor € > 0 that(hereLP normis taken
W.I.t. X)

h
IFi09 =09 lp:= I | “Talx+t) — gl el (8.79)

h
< h—l/o lg(x-+1) — g(x)[|pdt < &, (B.80)

when|h| < &, by LemmaB.3.9. Thereforel, — gin LP, asrequired.
3° Assume(ii). Theidentityg= g= f’ followsfrom 1°-3° (recallthato f
is unique,by TheoremB.4.12(d))therestfrom LemmaB.7.6. O

Thesubselslvé’ID of WLP refersto theelementghatare“zero ontheboundary”
in somesense:

Lemma B.7.9(W(];p) Let J C R be an open interval and p < . Then
WLP(3;B) C (0(J;B), and WgP(J;B) = {f € WLP(J;B)|f(infJ) = 0 =
f(supd)}.

Thus,a W-P(J;B) function f haslimits at endpointsof J; we have f € W(l)’p
iff theseimits arezero(they arenecessarilgeroat endpointstoo, if any).
Proof: 0° Let £ + £ = 1. Choosea, b € [—w, +w] 5.t.J = (a,b). We shall
assumeahata = 0 < b. By translation,this thenextendsto ary a € (—o,b).
Usingreflection,we canthencover intervalsof form (a, +). Thecasel = R
follows from by TheoremB.7.4,
1° Let f € WEP(J;B). Forne N+ 1, chooseby, € J s.t.LP((by, b); B) norm
of f and f’ is lessthan1/n. By this, LemmaB.7.6 andthe Holder Inequality
we have

t
119 - 1< [ IFlsdm<ntt-s¥9 (ste (bnb).  (B8Y)
S
2° Assumethatb = . By (B.81) andthe Holder Inequalitywe have
t+1
I1©le=2/n<) [ fla<n-1 (B.82)

i.e., f(t) < 2/n. Because > b, wasarbitrary we have f (t) — 0 ast — +co.
3° Assumethatb < «. By the Holder Inequality we have f, f’ € L1(J;B),
in particular f hasalimit atb andf is absolutelycontinuouson J.
4° By 2° and3°, we have WLP(J; B) C (o(J; B).
5° Becausef — f(b) is continuouspy TheoremB.7.4,we have 0 = f(b)
for f € W(l)’p for b < oo; for b = o thiswasshavnin 2°. Analogously f(0) = 0.
6° Now only the corversefor 5° remains:We assumehat f € WP(J;B)
is s.t. f(0) = 0= f(b), andprovethat f € Wé’p. By TheoremB.7.3,we may
assumehat f € ¢*(Q;B) NWLP(J;B).



Let € € (0,1). We shall constructg € W-P with suppg ¢ Q and ||g—
fllwwe < € thenonecanfind € (7 s.t.||@— g||wwe < € by mollifying g (see
[Adams]).

6%0 The casewhere f = 0 on [b/,b) for someb’ < b: Choosed €
(0,min(e/5,b/2)) s.t. || f][p, | f'|lp, || flle < €/5 over (0,8). It follows that
| £(3)| < 89 /5 < &/5 < 1(cf. (B.81).Choose € (0,1) s.t.r /9 < 2. Set

0, te[0,(1—r)d|;
9t) =4 1-1+75) (), (te((1-1)89)); (B.83)
f(t), t €[9,b).

It follows thatg € WP andg’ = f(8)/rd on ((1—r)8,8)) andg’ = f’ on
(8,b). Moreover,

1/ 11Po 0,578 < rO(5Y/%/5r8)P = r*~PeP /5P, (B.84)

hencel|d||Lr((0,5);8) < 2¢/5. Obviously, [|g]| < || f(8)]| < &/50n (0,5), hence
19llLr((0,5);8) < €/5- It followsthat|| f —gl|ywp < €/5+€/5+2¢/5+¢€/5=¢,
asrequired.

6%° Thegeneal case:If b < «, we candefineg on (b —d,b) in the same
way asabove, sothat|| f —g||y1e < 2¢. Letb = . Thenwe cantake b := €/6,
replace“b — & above by someb’ € (1,0) s.t. || f]p, || ']l ps || flle0 < 8%%/5
over (b, ), andgoon asabove. O

We setWgP := {f € L] |af € LY} for we R (themeaningof Wy is apparent
from the context), andW(l):(ﬁ’) denotegheclosureof ¢ in Wg;".

Lemma B.7.10(Wf:,p) ThemappingTy : f — € f isaBanad isorphisrme'é;p
ontoW('f;Ea andof Wg:g ontowg:&ra, andit is a bijectionof & onto (¢° and C*
ontoC”.

Moreover, Theoem B.7.3, Corollary B.7.7and LemmasB.7.5,B.7.6,B.7.8
and B.7.9hold with replacements.P — L§, WP i WP, and WP — WP

(exceptthatif f € W' (J;B), thenT_,f is absolutelycontinuousnotnecessarily
).

Naturally if f € W, ™P, thenef € ¢} asin TheoremB.7.4, etc. (but f
itself neednotbebounded).

Recall that by a (Banach)isomorphismT : X — Y we meanthat T €
GB(X,Y); the abore mappingdoesnot mapthe derivativesof f to thoseof its
imageTy f.

Proof: 1° Bijections: Becausge” f)’ = we” f + € f/, we have || Ty f|| <
(lo|+ 1) | and (Tg) "t = T_q, hencethe WgP claim holds. The claim on
(¢ and C* is obvious, andthe claim on w},’g follows from thesetwo. Use
inductionfor generak. ’

2° TheoemB.7.3andLemmaB.7.9: Thesefollow directly from 1°.

3° LemmaB.7.5: Let f € WSP(Q;B). Thenf € WkP(Q'; B) for eachopen,
bounded?’ C Q, sotheclaimholdsfor k = 1; useinductionfor generak.



4 LemmaB.7.6: If f € L)(J;B), then f € LP((—=T,T)NJ;B) for each
T > 0, henceLemmaB.7.6 holds (we first getg € L\, but we must have
g=0f, hencef ¢ WLPiff gc LP).

5° LemmaB.7.8 and Corollary B.7.7: Modify the original proof accord-
ingly. O

Theshift is a continuousoperationon We::
LemmaB.7.11 If f € WEP(R;B), thentf € c"I(R;WLP) (j=0,1,...,n).

(Thisfollowsfrom CorollaryB.3.8,LemmaB.7.8andinduction.)
In someexampleswe shallusefollowing semigroups:

PropositionB.7.12 Let p < 0 and —o < a < b, andsetJ = (a,b). If b=
(resp.b < ), then Tytry is a boundedCo-semigoup on L{(J;B), and its
geneator is the weakdifferentiation operator 0 with domainW(lA;p(J; B) (resp.
with domain{f € WgP(J;B) | f(b) = 0}) andits resolventA — ) ! (ReA > w)
mapsf € LP(J;B) intotheelement 5t — et~ f(s) ds of this domain.

In particular, for J = R_ thedomainis W(l):g(R_; B). 0

Seege.g.,Examples3.2.3and3.3.20f [Sbook]for theproof (exceptfor thelast
claim, which follows from LemmasB.7.9 andB.7.10). By using oneobtains
thedualresultsfor TyT*115.

Notes

The contentsof this sectionarewell known, althoughit may be difficult to
find ary referencesparticularlyfor the vectorvaluedcase.

Popularreferencedor Soboley spacesnclude [Adams]and[Ziemer] in the
scalarcase. Most of their resultsalsohold in the vectorvaluedcasewith same
proofs,mutatismutandis.



