
Appendix B

Integration and Differ entiation in
BanachSpaces

Bring memybowof burning gold!
Bring memyarrowsof desire!
Bring memyspear!O cloudsunfold!
Bring memychariot of fire!

— William Blake (1757–1827)

In thisappendix,wearmuswith magicweaponsto fight evil integralequations
in final frontiersof unexploredBanachspaces.We treat (Bochner)integration,
differentiation,function spaces

�
and Lp � p ��� 1 � ∞ ��� and similar conceptsfor

functionswith valuesin Banachspaces.We extendstandardandextendedresults
on scalar-valuedfunctionsfor vector-valuedones.

Lebesguemeasurability, integrationandLp spacesin the scalar-valuedcase
aretreatedin SectionB.1. In therestof this appendixwe treattheextensionsof
theseconceptsto thevector-valuedcase.

In SectionB.2, we treatBochnermeasurablefunctions f : Q 	 B, whereB
is a BanachspaceandQ is a positive measurespace.In SectionB.3, we define
andstudytheLp and

�
spacesof suchfunctions.In SectionB.4,a generalization

of the Lebesgueintegral (the Bochner integral) is definedandstudiedfor such
functions. The readermight wish to have just a look at the beginningsof the
sectionsmentionedabove andskip the rest of this appendixuntil suggestedto
look up aspecificfactby aproof in themainpartof this monograph.

Dif ferentiationof integrals and Lebesguepoints are treatedin SectionB.5,
vector-valueddistributions( 
�� � Ω;B� : 
�� ����� Ω � ;B� ) aretreatedin SectionB.6,
andSobolev spaces(Wk � p � Ω;B� andWk � p

0
� Ω;B� ) in SectionB.7.

Throughoutthisappendix,B, B2 andB3 denoteBanachspaceswith scalarfield
K (K 
 C or K 
 R), U , H, andY denoteHilbert spaces,µ is acompletepositive
measureon asetQ, and � is thecorrespondingσ-algebra.

We usethe(standard)terminologyof [Rud86]: a positivemeasure on a setQ
is a function µ : � 	 � 0 ��� ∞ � (or the pair � ��� µ� or the triple � Q ����� µ� ) s.t. �
is a σ-algebra on Q (i.e., � is a collectionof subsetsof Q s.t. Q ��� and �
is closedundercomplementsandcountableunions),andµ is countablyadditive,
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908APPENDIXB. INTEGRATION AND DIFFERENTIATION IN BANACHSPACES

i.e., µ ��� ∞
k� 0Ek ��
 ∑∞

k� 0µ � Ek � whenever � Ek � ∞k� 0 � � is disjoint, andµ � /0 ��
 0.
(In this chapter, we only treatscalar-valuedmeasures.SeeLemmaD.1.12and
Section2.6 for vector-valuedmeasures.)

Wecall µ (or Q) σ-finite if Q 
 � k � NQk, whereQk � � andµ � Qk �"! ∞ for all
k � N. Wecall µ completeif all subsetsof null setsaremeasurable.

WhenweassumeQ � Rn (or Q � ∂D, wherewe identify ∂D with � 0 � 2π � ) and
omit µ, wetacitly assumethatµ 
 m, theLebesguemeasure (seeTheorem2.20of
[Rud86]).

A null set is a measurablesetN with µ � N ��
 0. A property(e.g. f 
 g for
functions f � g : Q 	 B) is saidto holdalmosteverywhere (a.e.) onQ if it holdson
Nc : 
 Q # N for somenull setN. Analogously, wecansaythat f � q�$
 g � q� holds
for almostevery(a.e.) q � Q.

Even thoughwe have allowed a general � Q � µ� for completeness,we shall
needthe resultsonly for 1. the countingmeasure µ, for which every A � Q is
measurableandµ � A� is thecardinalityof elementsin A, andfor 2. � J � µ� , where
J � R is an interval (i.e., a connectedsubsetof R) andµ 
 m or dµ 
 e% 2ωt dm
for someω � R, andeven so most resultsgiven below areusedonly for some
technicaldetails. Note that theseboth arecompletepositive measures,and the
lattermeasureis σ-finite (sois theformertoo for countableQ).

For readersinterestedin thecontrolof thesystemswith finite-dimensionalin-
putandoutputspacesonly (this is veryrestrictivein caseswheretheoutputequals
thestate),it sufficesto considerthe(componentwise)Lebesguemeasurabilityand
integral; theBochnermeasurabilityandintegral arejust the infinite-dimensional
counterpartswith &(')& B in placeof *+',* .

Weremarkthatalmostall resultsgivenfor Banachspacesin thisappendixare
valid for Fréchetspaces,mutatismutandis(letting B to be an arbitraryFréchet
spacewouldmakeLp � Q;B� spacesFréchetspaces).
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B.1 TheLebesgueintegral andLp - R; . 0 /10 ∞ 243 spaces

ThesubspaceW inheritstheother8 propertiesofV. Andtherearen’t
evenanypropertytaxes.

— J.MacKay, Mathematics134b

HereweshortlyrecalltheLebesgueintegralandLp spacesfrom [Rud86].
Let R 
 C, or let R be a connectedsubsetof �65 ∞ ��� ∞ � (open subsetsof�75 ∞ ��� ∞ � are arbitrary unions of sets of form � a � b� , �75 ∞ � b� , � a ��� ∞ � with

a � b �8�65 ∞ ��� ∞ � ; note that R inherits is usual(metric) topology as a subsetof�75 ∞ ��� ∞ � ). A function f : Q 	 R is called(Lebesgue)measurable if f f % 1 �G� is
measurablefor eachopenG � R. (By LemmaB.2.5(b3),Lebesguemeasurability
is aspecialcaseof Bochnermeasurabilityfor R 
 K .)

If f � g : Q 	 R areLebesguemeasurable,thenso is max� f � g� , by Theorem
1.14(b) of [Rud86]; in particular, so are f 9 , where f : : 
 max� f � 0� , f % : 

max� 0 �;5 f � .

If � µ���<� is any positivemeasureonQ, and �=� is thecollectionof setsE � Q
s.t. A � E � A� andµ � A�># A�?
 0 for someA � A�@�A� andwe setµ� � E � : 
 µ � A�
for suchE, thenthecompletion� µ�B���=�7� of µ is a (well-defined)completepositive
measureon Q, by Theorem1.36 of [Rud86]. Note also that � rµ���<� is also a
positivemeasureonQ for any r � R : .

TheBorel (measurable)setsof a topologicalspaceQ arethemembersof the
minimalσ-algebracontainingtheopensetsof Q. A function f : Q 	 K is aBorel
(measurable)functionif f % 1 �V � is Borelmeasurablefor all openV � K . A Borel
measure on Q is a measure� µ ���<� s.t. � containsthe Borel sets(equivalently,
s.t. � containsthe opensets). The Lebesguemeasurem is the completionof a
measurewhosedomainis thecollectionof Borel sets,henceaBorelmeasure.

For f : Q 	 �75 ∞ ��� ∞ � we set esssupf : 
 inf C r �D�65 ∞ ��� ∞ �FEE f G r a.e.H ,
essinf f : 
I5 esssup5 f . We alsosetr J�� ∞ : 
 0 (0 G r !K� ∞), r 'L� ∞ : 
�� ∞,
r J 0 : 
M� ∞ (0 ! r !8� ∞) and0 ';� ∞ : 
 0. Thefunction

χE
� q� : 
ON 1 � q � E;

0 � q P� E
(B.1)

is calledthecharacteristicfunctionof thesetE.
If n � N, E0 �;QRQ;QR� En are disjoint and measurable,and α0 �;Q;QRQR� αn �M� 0 ��� ∞ �

or � B, thens : 
 ∑n
k � 0 αkχEk

is a simplemeasurable functionand the Bochner
integral of suchs is givenby S

Q
sdµ : 
 n

∑
k � 0

αkµ � Ek �>Q (B.2)

For generalmeasurablef : X 	 � 0 ��� ∞ � we set T Q f dµ : 
 supT Qsdµ, thesupre-
mum being taken over all simple measurablefunctionss s.t. 0 G s G f . This
integral is usuallycalledtheLebesgueintegral, andthe termBochnerintegral is
reservedfor functionswhosevaluesarenotscalar(seeDefinitionB.4.1).

If Q� � Q is measurable,thenweset T QU f dµ : 
�T QχQU f dµ.



910APPENDIXB. INTEGRATION AND DIFFERENTIATION IN BANACHSPACES

Let 1 G p ! ∞. A measurablefunction f : Q 	 � 0 ��� ∞ � belongs to

Lp � Q; � 0 ��� ∞ ��� if & f & p : 
WV T Q f pdµX 1Y p ! ∞, andto L∞ � Q; � 0 ��� ∞ �B� if & f & ∞ : 

esssupQ * f *4! ∞ (wesometimeswrite & f & Lp or & f & Lp Z Q; [ 0 � : ∞ \^] insteadof & f & p).

To be exact, the Lp spaces(1 G p G ∞) are quotientspacesover with the
set of functionsthat are 0 a.e.(i.e., Lp is the spaceof equivalenceclasses� f � ,
whereg ��� f � if f g 
 f a.e.).Thus,Lp � Q; � 0 ��� ∞ ��� becomes“a normedspacewith
scalarfield � 0 ��� ∞ � ”. (OneeasilyverifiesthatLp � Q; � 0 ��� ∞ �B� is avectorspacewith
scalarfield � 0 ��� ∞ � andthat theaxiomsof a normedspacearesatisfiedw.r.t. this
scalarfield; thelatterrequirestheMinkovskiInequality, Theorem3.19of [Rud86],
which saysthat & f � g & p G_& f & p ��& g & p for all measurablef � g : Q 	 � 0 ��� ∞ � .)

We alsonotetheHölder Inequality: & f g & 1 G`& f & p & g & q for p � q �a� 1 ��� ∞ � s.t.
1J p � 1J q 
 1. The readerwill later notethat thesetwo inequalitiesextend to
vector-valuedfunctions,becausefor measurable(seeDefinitionB.2.1) f : Q 	 B
we shalldefine & f & p : 
<&b& f & B & p.

Lebesgue’sMonotoneConvergenceTheoremsaysthatif C fn H aremeasurable,
0 G f1 G f2 Gc'R';'dG ∞ a.e.on Q and fn � q�e	 f � q� for a.e.q � Q, then f is
measurableand T Q fndµ 	fT Q fndµ.

Lemma B.1.1 Let Q � Rn be measurable. For any measurable sets C En H s.t.
m� En �hg 0 for all n � N, there are disjoint measurable C E �n H s.t. E �n � En and
∞ g m� E �n �?g 0 for each n � N.

Proof: ChooseF0 � E0 s.t. ∞ g m� F0 �ig 0. For eachn � N � 1, choose
Fn � En s.t.0 ! m� Fn ��! 2 % nmaxk� 0 �kjkjljk� n % 1m� Fk � andsetE �n : 
 Fn # � ∞

k� n: 1Fk.
Then m��� ∞

k � n: 1Fk �h! ∑k � n: 1 2 % km� Fn �mG m� Fn � , hencem� E �n �mg 0, for any
n � N. n
(Seethenotesonp. 947.)
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B.2 Bochnermeasurability ( f o L - Q;B3 )
You cannothavea sciencewithoutmeasurement.

— R. W. Hamming

In this sectionwe treatBochnermeasurabilityin order to be able to define
Lp spacesandthe Bochnerintegral in the next two sections.For most readers,
it suffices to just have a look at Definition B.2.1 andLemmaB.2.5 so as to be
convincedthatBochnermeasurabilityis analogousto Lebesguemeasurability.

A function s : Q 	 B is calleda countably-valuedmeasurable function if f it
canbewrittenass 
 ∑k � N xkχEk

, wherethesetsEk � Q aremeasurableandxk � B
(k � N). In general,Bochnermeasurabilityis definedasfollows:

Definition B.2.1(Bochnermeasurability) A function f : Q 	 B is (Bochner)
measurable1, denotedby f � L � Q;B� , if somesequenceof countably-valued
measurablefunctionsconvergesto f a.e.

A function f : Q 	 B is calledalmostseparably-valuedif it canberedefined
on a null set(a setof measurezero) sothat f �Q� becomesseparable.

In LemmaB.2.5(g) we shall show that a function f : Q 	 K (or f : Q 	�75 ∞ ��� ∞ � ) is measurableif f it is Lebesguemeasurable.
Wefollow thestandardconventionto identify functionsequala.e.asmembers

of L. Thus, the elementsof L areactuallyequivalenceclasses.We sometimes
write “ � f � ” insteadof “ f ”, whenit would otherwisenot beobviousthatwe refer
to theclass,not to thefunction.

Let f � L � Q;B� and F � � � B;B3 � . Then F p f is measurable(because
F p sn 	 F p f a.e.).If f 
 g a.e.,thenF p f 
 F p g a.e.Thus,wecanfollow the
standardconventionto defineF pq� f � : 
r� F p f � . Most commonexamplesof this
arethedefinitionsα � f � : 
_� α f � and � f �s�t� g� : 
`� f � g� for f � g � L � Q;B� , α � K .
We alsoextendto classesany otheroperationsthat canbe well definedthrough
representatives.

For separabilityresultsweshallneedthefollowing:

Lemma B.2.2 Let thesetsAk beat mostcountable� k � N � , andlet n � N. Then
thesetsA0 u A1 u ';';' u An, � k � NAk, C B � A0 EE B hasn elementsH and C B � A0 EE B
is finiteH areat mostcountable.

For any set A, cardA ! card2A (recall that 2A is the set of all subsetsof
A). If A and B are nonemptysets, (at least) one of which is infinite, then
card� A u B�$
 maxC cardA � cardB Hi
 card� A � B� . n

(Thecountabilityclaimsareeasilydeducedfrom Theorems2.12and2.13of
[Rud76];thegeneralcardinalityclaimsarealsowell known andfollow from, e.g.,
Theorems176and180,pp.276and280of [Kelley].)

Next we list a few separabilityresultsin order to be able to prove Lemma
B.2.5.

Lemma B.2.3(Separability) LetEn � B beseparablefor all n � N. Then
1Theterm“strongly measurable”is sometimesused,but wereserve it for Definition F.1.1.
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(a) Theclosureandspanof E0 areseparable.

(b) If E � E0, thenE is separable.

(c) Theunion � nEn is separable.

(d) If E � B is weaklyseparable, thenit is separable.

(e)Subsetsof Rn areseparable.

(e) If Q is separableand f � � � Q � Q� � , then f �Q� � is separable.

Proof: Let Sn � En bedensein En andcountable,for eachn.
(a) The set S0 is densein Ē0 and the set of finite linear combinationsof

elementsof S0 with coefficientsof form r � iq (q � r � Q) is densein thespanof
E0.

(b) Let S0 
cC xk H k � N. For eachn � k � N, choosean elementxn
k � En

k : 
C y � E EE & xk 5 y &v! 1J � n � 1� , if such an elementexists. Then the union
S of theseelementsis densein E, becauseif x � E and N g 0, we can
choosexk s.t. * x 5 xk *w! 1J 2N, so that En

k is nonemptyfor n ! 2N, hence& x 5 x2N
k &xG_& x 5 xk &y��& xk 5 x2N

k &x! 1J N. Thus,S is densein E.
(c) Theunion � nSn is densein � nEn.
(d) Let S � E becountableanddensein theweaktopologyof B. Let M be

theclosureof thespanof E. ThenM is weaklyseparable,by (a) (whoseproof
is valid for any topologicalvectorspace),henceM is separable,by Theorem
3.12of [Rud73],henceE is separable,by (b).

(e) ThecountablesetQn is densein Rn, hence(e) follows from (b).
(f) If S � Q is dense,then f �S� � Q� is obviouslydense. n

Lemma B.2.4 Let B be separable and Ω � C. If f � � � Ω; � � B � B2 �;� , then
f � � � Ω; � � B � B�2 �;� for someseparableclosedsubspaceB�2 � B2.

Proof: Let Ω � � Ω and Q � B be dense and countable. Then
B�k�2 : 
 f �Ω �z���Q� � f �Ω ���B� is denseandcountable,by continuity(xk 	 x & sk 	
s { f � sk � xk 	 f � s� x). Consequently, the closedspanB�2 of B�k�2 is a separable
Banachspace,andit containsf �Ω ���B� , i.e., f � s�|�B� � B�2 (i.e., f � s�"�}� � B � B�2 � )
for any s � Ω. n
Now wearereadyto list thestandardpropertiesof Bochnermeasurability:

Lemma B.2.5(BochnerMeasurability) Let fn � g � h : Q 	 B bemeasurable(n �
N) andα � β � K .

(a1)Thefunctionαg � βh is measurable.

(a2) If T �~� � B � B2 � (or T � � � B � B2 � ), thenTg is measurable.

(a3) If f : Q 	�� � B � B2 � is measurable, thensois f � .
(a4) If also f : Q 	 B2 is measurable, thensois � f � g� : Q 	 B u B2.

Thus,thenB � f � g� : Q 	 B3 is measurablefor anycontinuousB : B u B2 	
B3.
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(b1)A function f : Q 	 B is measurableiff Λ f is measurablefor all Λ � B� (or
for all Λ in a normingsubsetof B� ) and f is almostseparably-valued.

(b2)A function f : Q 	 B is measurableiff somesequenceof countably-valued
measurablefunctionsconvergesto f uniformlyoutsidesomenull set.

(b3) Let f : Q 	 B. Then(i) { (ii) { (iii); if B is separable, then(i)–(iii) are
equivalent:

(i) f is measurable;
(ii) the set f % 1 �V � : 
�C q � Q EE f � q�h� V H is measurable for each open

V � B;
(iii) Λ f is measurablefor all Λ � B� .

Thisholdsalsowith �75 ∞ ��� ∞ � in placeof B.

(c) If fn : Q 	 B (n � N) are measurableand fn � t ��	 f � t � for a.e. t � Q, then
f is measurable.

(d1)LetQn � Q bemeasurablefor all n � N andQ 
 � n � NQn. Thenf : Q 	 B
is measurableiff f *Qn

is measurableQn 	 Q for all n � N.

(d2) If B2 is a closedsubspaceof B and f Q � B2, then f is measurableQ 	 B2

iff f is measurableQ 	 B.

(d3) A function f : Q 	 B1 u B2 u ';'R' u Bk is measurable iff f j is measurable
for j 
 1 �RQ;Q;QR� k.

(e) AnycontinuousfunctionQ 	 B is measurable if Q is separableandµ is a
Borel measure (e.g., µ 
 m andQ � Rn is measurable).

(f) If B 
 K , then � Reg� 9 , � Img� 9 aremeasurable.

(g) Let n � N � 1. A function f : Q 	 Kn is Bochnermeasurableiff each of its
componentsis Lebesguemeasurable.

In (a4) themapB canbemultiplication, innerproduct,a continuousbilinear
map,or similar. By (a2), & g & B : Q 	 � 0 � ∞ � is measurable.

Note for (d1) that the restrictionof µ to somemeasurableQ� � Q is alsoa
completepositive measure.Note alsothat condition(ii) in (b3) dependson �
(andB) only, whereasconditions(i) and(iii) dependon themeasuretoo.

SeeLemmaB.4.10for themeasurabilityof f p φ with φ � � 1 increasing.
By (d1), piecewise continuous functions are Borel-measurable(hence

Lebesgue-measurableif Q � Rn with Rn’s topology).
Proof of Lemma B.2.5: (a)&(d) Choosegn 	 g and hn 	 h (a.e.) as

in the definition of measurability. Then αgn � βhn is countably-valuedand
measurablefor all n � N andconvergesto αg � βh a.e.Theproofsof (a2),(a3),
(d1), (d2)and(d3)aremoreor lessanalogous.

Notefor (d1) that � QU : 
�C E �v� EE E � Q� H is aσ-algebraonQ� , andµ * �
QU

is acomplete,positivemeasureonµQU .
(Claim (a3) is a specialcaseof (a2), it holdsto bothHilbert spaceadjoint

f � : Q 	f� � B2 � B� (in casethatB andB2 areHilbert spaces)andto theBanach
spaceadjoint f � : Q 	 � � B�2 � B�L� (and to any other continuousinvolution
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operator). Claim (a2) holds even when T is only continuousfrom B to the
weaktopologyof B2 (use(b1)andLemmaB.2.3(d)).)

(b1)Without our referenceto normingsets,theproof onpp.72–73of [HP]
applies.Assumethenthat f is almostseparably-valuedandΛ f is measurable
for all Λ � C, whereC � B� is a normingset.

Redefinef onanull setsothat f �Q� is separable,andreplaceBby theclosed
spanof f �Q� , which is separable.Let S � B be dense,andchoosecountable
C� � C s.t. & x & B 
 supΛ � C U *Λx * for all x � S Then & x & B 
 supΛ � CU *Λx * for all
x � B. It follows that & f � t �)& B 
 supΛ � CU *Λ f � t �)* for all t � Q, therefore, & f & B
is measurable;analogously, so is & f 5 x & B for any x � B. Thus,therestof the
proof onpp.72–73of [HP] is valid.

(b2)This is Corollary1 on p. 73 of [HP].
(b3) Thesecondclaim follows from thefirst and(b1), sowe only needto

prove thefirst claim.
1� (i) � (ii) � (iii) for B 
 K and for B 
r�75 ∞ ��� ∞ � : This canbe deduced

from Theorems1.14and1.17of [Rud86](notethat(i) � (iii) is trivial, because
K �"
 K ).

2� (ii) { (iii): If f satisfies(ii), Λ � B� , andV � K is open,then � Λ p f �|�V ��

f % 1 �Λ % 1 �V ��� is measurable,becauseΛ % 1 �V � is open.Thus,Λ f is measurable,
by 1� .

3� (i) { (ii): Assume(i), so that somesequenceC sn H of countably-valued,
measurablefunctionsconverge to f everywhere(redefinesn and f to be zero
on a null set, if necessary).Let V � B be open,anddefineF � � � B;K � by
F � x� : 
 d � x � Vc � : 
 infy � Vc & x 5 y & B. ThenF p sn 	 F p f everywhere,hence
F p f � L � Q� , becauseF p sn is countably-valuedandmeasurablefor all n � N.

Therefore,theset f % 1 �V ��
 f % 1 � F % 1 �K #�C 0 H4���4
 � F p f � % 1 �K #�C 0 H4� is open,
becauseF p f satisfies(ii), by theimplication“(i) { (ii)” of 1� .

4� (iii) { (i) for separableB: This follows from (b1).
(Note that I : B 	 B satisfies(ii) but not (i) if B is anunseparableBanach

spacewith thecountingmeasure.)
(c) By Theorem1.14 of [Rud86], Λh is measurable,so we only have to

show thath is almostseparably-valued.
Choosea null setN � Q s.t. hn

� t �?	 h � t � for t � Nc. For eachn, choose
a null setNn s.t.hn �Nc

n � is separable.Let N � : 
 N � � nNn, Q� : 
 Q # N � . Then
E : 
 � nhn �Q�z� is separable,hencesois theclosedsubspaceM of B spannedby
E. But h � t �(
 limn� : ∞ hn

� t ��� M for eacht � Q� , henceh is almostseparably-
valued.

(e) By LemmaB.2.3(e), f �Q� is separable.Becausef % 1 �V � is open,hence
measurablefor eachopenV � B, f is measurable,by (b3).

(f) By (a2),Reg andImg aremeasurable;by SectionB.1, soare � Reg� 9 ,� Img� 9 .
(g) This follows from (b3). n

The rest of this sectionconsistsof lessimportantresults,hencethe reader
might wish to skip them.
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We will usethe following lemmato generalizeseveral scalarresultsto the
vector-valuedcase.

Lemma B.2.6 Let f beBochnermeasurable. Then f 
 0 a.e. iff Λ f 
 0 a.e. for
all Λ � B� (or for all Λ in a normingsubsetof B� ).

If f is only “weakly vectormeasurable”,i.e.,Λ f is measurablefor all Λ � B� ,
thenwe mayhave Λ f 
 0 a.e.for all Λ � B� eventhough f P
 0 everywhere(set
f � t � : 
 et , where C et H t � R is thenaturalbaseof B : 
�� 2 � R � (i.e.,et : 
 χ � t � ), sothat
for any y : 
 ∑k αketk � � 2 � R � wehave � f � t �>� y� B 
 0 for t P� � k C tk H ).

Proof of Lemma B.2.6: Thenecessityis clear, sowe assumethat & f &q�
ε g 0 on E � R andm� E �?g 0, andfind Λ � B� s.t.Λ f P
 0 on a setof positive
measure.

W.l.o.g. we assumethat f �E � hasa densecountablesubsetC bk H k � N. For
somek � N, we have m� Ak �qg 0, whereAk : 
cC r � E EE & f � r �$5 bk &�! ε J 3 H .
If *Λbk *�g & bk &>J 2 and & Λ &�G 1, then *Λ f � r �,*xg�*Λbk *15 ε J 3 
 : M g& bk &>J 2 5 ε J 2 g 0 for r � Ak. Thus, & Λ f & ∞ � M � 0. n
For x � B andr g 0 we setDr

� x� : 
�C x��� B EE & x 5 x��&e! r H .
Lemma B.2.7(Essrange� f �� f �� f � ) Let f : Q 	 B bemeasurable. Then

essrange� f � : 
�C x � B EE r g 0 { µ � f % 1 �Dr
� x�����"g 0 H (B.3)

is closedand µ � f % 1 � essrange� f � c ����
 0. Moreover, essrange� f � is the smallest
setwith theseproperties.

Proof: Oneeasily verifies that Ef : 
 essrange� f � is closed. We assume
w.l.o.g. (seeLemmaB.2.5(b1))that B is separable.Let C xk H be densein Ec

f .

For eachk, set rk : 
 supC r g 0 EE µ � f % 1 �Dr
� xk �����?
 0 H . Obviously, Ec

f � V : 
�
kDrk Y 2 � xk � ; but µ � f % 1 �V �B�(
 0, becauseµ � f % 1 �Drk Y 2 � xk �����(
 0 for all k; hence

µ � f % 1 �Ec
f ���$
 0.

By the definition of Ef , the set Ec
f containsany open set G � B s.t.

µ � f % 1 �G���$
 0, i.e.,Ec
f is thebiggestof suchsets. n

Lemma B.2.8 Let f : Q 	 B bemeasurable.

(a) If µ � Q�$g 0, thenthereis a0 � Q s.t.for each ε g 0 wehaveµ � Aε �$g 0, where
Aε : 
DC a � Q EE & f � a�y5 f � a0 �)& B ! ε H .

(b) If(f) f is not zero a.e., thenthere are A � Q andΛ � B� s.t.µ � A��g 0 and
ReΛ f g 1 onA.

If, in addition,B0 is a closedsubspaceof B andµ � E ��g 0, where E : 
�C t �
Q EE f � t �qJ� B0 H , thenwecanchooseΛ andA sothat Λ 
 0 onB0.

Proof: (a) Chooseany a0 � f % 1 � essrange� f ��� .
(b) If B0 hasnot beengiven, set B0 
cC 0 H . Choosen ��C 1 � 2 � 3 �;QRQ;QzH s.t.

An : 
DC q � Q EE d � f � q�>� B0 ��g 1J n H hasapositivemeasure.Choosethena0 � An
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for f * An
andε : 
 1J 2n asin (a). ThenV : 
`C b � B EE & b 5 f � a0 �)& B ! 1J 2n H is

convex, openandnonempty, V � B0 
 /0, A�0 : 
 f % 1 �V � hasa positivemeasure
(by (a), becauseA0 
 A�0 � An), andalsoB0 is convex andnonempty, hence
thereareΛ � B� andγ � R s.t.

ReΛx ! γ G ReΛy for all x � V � y � B0 � (B.4)

by Theorem3.4 of [Rud73]. Thus, Λ �B0 � is a propersubspaceof K , hence
Λ �B0 ��
�C 0 H . Find k �AC 1 � 2 � 3 �RQ;Q;QzH s.t.A : 
�C a � A�0 EE ReΛ f � a�?!K5 1J k H hasa
positivemeasure,andthenreplaceΛ by 5 kΛ. n
Thefollowing resultcanbeusedfor convolutions:

Lemma B.2.9 Let f : Rn 	 B bemeasurable. Then � r � s���	 f � r 5 s� is measur-
ableRn u Rn 	 B.

Proof: Let sn
� r �?	 f � r � , asn 	�� ∞, for all r � Rn # N, wherem� N �?
 0

andsn is countably-valuedandmeasurable(n � N) (seeDefinition B.2.1). We
mayanddorequirethatsn 
 ∑∞

k � 0xn
kχEn

k
whereEn

k is Borelmeasurablefor each
k � n (by redefiningeachsn onanull set).

SetN2 : 
�C � r � s� EE r 5 s � N H . Then(seeTheorems8.11and8.12of [Rud86])

m� N2 ��
 S
Rn

S
Rn

χN2
� r � s� dr ds 
 S

Rn

S
Rn

χs: N
� r � dr ds 
 0 Q (B.5)

But sn
� r 5 s�"	 f � r 5 s� for all � r � s��� Nc

2, and � r � s���	 sn
� r 5 s� is countably-

valuedandBorelmeasurable,because� r � s�(�	 r 5 s is aBorel function. n
(Seethenotesonp. 947.)
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B.3 Lebesguespaces(Lp - Q / µ;B 3 )
If Godis perfect,whydid Hecreatediscontinuousfunctions?

In this section,we first definetheLp spaces(“Lebesguespaces”)andthengo
on to prove several technicalresults,someof which areconsideredto be well-
known althoughnot easilyfoundin theliterature.

Thecontinuityof &�'�& B : B 	 � 0 ��� ∞ � impliesthat if f is measurable,thenso
is & f & B. Thuswecanmake thefollowing definition:

Definition B.3.1(Lp � Q;B�Lp � Q;B�Lp � Q;B� ) Let 1 G p G ∞. Lp � Q;B� : 
 Lp � Q � µ;B� is thespace
of (equivalenceclassesof) measurablefunctionsf : Q 	 B whosenorm & f & p : 
&�& f � 'z�)& B & Lp Z Q] is finite. WesetLp � Q � µ� : 
 Lp � Q � µ;K � .

If B is a Hilbert space, thenwe set � f � g� L2 : 
 T Q � f � g� Bdµ. By � p � Q;B� we
meanLp � Q;B� with thecountingmeasure.

If compactsubsetsof Q aremeasurable, thenweset

Lp
loc
� Q � µ;B� : 
�C f � L � Q;B� EE & f & Lp Z K � µ;B] ! ∞ for all compactK � Q HFQ (B.6)

If, in addition,Q is σ-compact,thenweequipLp
loc with the topology inducedby

the seminorms& f & Lp Z K � µ;B] (seeTheorem 1.37 of [Rud73]); in particular, then
fn 	 f in Lp

loc if & fn 5 f & Lp Z K � µ;B] 	 0 for all compactK � Q (and fn � f � Lp
loc

for all n).

Note that & f & p 
 0 if f f 
 0 a.e.,i.e., if � f �d
�� 0� . Thus, &?'�& p becomesa
normon Lp (with equivalenceclassesaselements).We definethe“quasinorms”& f & p : 
WV T Q & f & pBdµX 1Y p for p � � 0 � 1� too (but thevectorspacesLp, p � � 0 � 1�
arenot normedspaces,cf. [Rud73]). Thetopologyof Lp

loc is only rarelyneeded,
hencethereadermaywell skip it; theresultingconvergenceconditiongivenat the
endof theabovedefinitionis only slightly moreuseful.

Obviously, Lp � Q;B� � Lp
loc
� Q;B� � p ��� 1 � ∞ �B� . If µ � K ��! ∞ for all compact

subsetsof Q, then Lp
loc
� Q;B� � Lr

loc
� Q;B� (∞ � p � r � 1), by the Hölder

inequality; if, in addition, Q or B is separableand µ is a Borel-measure,then� � Q;B� � Lp
loc
� Q;B� . Oneusuallyequips

� � Q;B� with L∞
loc
� Q;B� topology, but

wedo notneedthis.

Theorem B.3.2 ThespaceLp � Q;B� is a Banach space(a Hilbert spaceif p 
 2
and B is a Hilbert space). If fn 	 f in Lp, then somesubsequenceof C fn H
convergesto f a.e.

If Ω � Rn is openandµis aBorelmeasureonΩ, thenLp
loc
� Ω � µ;B� is aFréchet

space(hencea completemetricTVS).

Notethat if fn 	 f in Lp, fn 	 g in Lq and fn 	 h a.e.pointwise,asn 	 ∞,
then f 
 g 
 h a.e.(take a subsequenceof C fn H converging pointwisea.e.to f
andg).

Proof: 1� Theproofof thefirst paragraphis identicalto thescalarcase(e.g.,
[Rud86,Theorems3.11& 3.12]),andhenceomitted.
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2� Claimson Lp
loc: Let C Kk H k � N beasin LemmaA.2.3. Oneeasilyverifies

that the norms &"'�& Lp Z Kk;B] generatethe topologyof Lp
loc
� Ω;B� ; in particular,

Lp
loc is metrizable,by Remark1.38(c)of [Rud73].

Let C fn H be a Cauchy-sequencein Lp
loc. Then C fn H hasa limit f k in each

Lp � Kk � µ;B� . Set f : 
 ∑k χKk � Kk   1
f k. Obviously, f 
 f k a.e.on eachKk and

f � L � Ω;B� , hencefn 	 f in eachLp � Kk;B� , sothat fn 	 f in Lp
loc. BecauseC fn H wasarbitrary, Lp

loc is complete. By Theorem1.37 of [Rud73], Lp
loc is a

Fréchetspace(i.e.,acompletelocally convex metrizableTVS). n
Also most other standardanalysisresultsextend to the vector-valuedcase;

in particular, standardpropertiesof Lp � K � spaces(e.g., reflexivity (when 1 !
p ! ∞) and separability(when 1 G p ! ∞)) are inherited by Lp � Rn;B� if(f)
also B possessesthe sameproperty; see[DU]. The most importantexceptions
(fortunatelynot muchneededin this monograph)are that the dual of Lp � Q;B�
neednot be Lq � Q;B�L� (see[DU, TheoremIV.1.1, p. 98]; cf. LemmaB.4.15),
andthatanabsolutelycontinuousmeasures(andfunctions)with valuesin B need
not be differentiable,unlessB is a Radon–Nikodymspace(andµ is σ-finite and
1 G p ! ∞). For mostpurposes,it sufficesto know thatHilbert spacesandother
reflexivespacesareRadon–Nikodymspaces[DU, p. 61,p. 98& p. 82].

Derivativesaredefinedasin thescalarcase:

Definition B.3.3(d f
dt
d f
dt
d f
dt ) Let J be an interval of R. The derivative of a function

f : J 	 B at t � J is

f � � t � : 
 lim
h� 0 � t : h � J f � t � h�y5 f � t �

h
Q (B.7)

Let Ω � Rn beopen,n � N � 1, q � Ω, j ��C 1 � 2 �;QRQ;Q�� n H . Thenthe jth partial
derivative � D jg� � q� : 
 g j

� q� of g : Ω 	 B at q is thederivativeof h �	 g � q � hej �
at 0.

If g has all n partial derivativesat q [and they are continuous],then g is
[continuously]differentiableat q. If g is [continuously] differentiableat each
point of Ω, theng is [continuously]differentiable(onΩ).

Thepartial derivativesof g of orderk � N are the functionsDα1
1 'R';' Dαn

n g for
which α � Nn, ∑n

j � 1α j 
 k. If all partial derivativesof g of order k exist [at q],
theng is k timesdifferentiable[at q].

(Hereej is the jth unit vector(e1 : 
 � 1 � 0 � 0 �;Q;Q;Q�� 0� , e2 : 
 � 0 � 1 � 0 � 0 �;Q;QRQ�� 0� , ...).)
Obviously, the definition of f � � t � implies that � T f � � � t ��
 T � f � � t �R� for T �� � B � B2 � whenever f � � t � exists. Note that we allow one-sidedderivativesat the

endpointsof J (if they belongto J).
Let Q be a topological space. The space

� � Q;B� is the vector spaceof
continuousfunctions f : Ω 	 B. We equipthe following subspacesof

� � Q;B�
(see p. 1045 for details) with supremumnorm f �	 supq � Q & f � q�)& B:

�
b ( f

bounded),
�

bu ( f boundedand uniformly continuous;this requiresthat Q is
metric),

�
0 : 
IC f � � b EE for any ε g 0, thereis compactK � Q s.t. & f &¡! ε on

Q # K H (often called as “the functionsvanishingat infinity”), and
�

c : 
OC f �� EE suppf is compactH . Obviously,
�

c � � 0 � � b � � .
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Let Ω � Rn be open (or an interval). Let ¢ be one of the symbols� � � b � � bu � � 0 � � c. Thenweset ¢ 0 : 
I¢ , ¢ k : 1 � Ω;B� : 
DC f �£¢ � Ω;B� EE D j f �¢ k � Ω;B� for all j �AC 1 � 2 �;QRQ;Q+� n HbH (whenk � N), ¢ ∞ � Ω;B� : 
�� k � N ¢ k � Ω;B� .
Lemma B.3.4(

�
c � � 0 � � bu � � b
�

c � � 0 � � bu � � b
�

c � � 0 � � bu � � b) Let Ω be a metric space. Then
�

c
� Ω;B� ��

0
� Ω;B� � � bu

� Ω;B� � � b
� Ω;B� ; thespaces

�
0,
�

bu and
�

b are Banach spaces
(underthesupremumnorm),and

�
c is densein

�
0.

Proof: 1� Claims
�

c
� Ω;B� � � 0

� Ω;B� � � bu
� Ω;B� � � b

� Ω;B� : These
are obvious except the uniform continuity of function f � � 0

� Ω;B� . Given
f � � 0

� Ω;B� and any ε g 0, set K : 
cC q � Ω EE & f � q�)&¤� ε J 3 H , so that K is
a closedsubsetof a compactset, hencecompact. Analogously, K � : 
cC q �
Ω EE & f � q�)&i� ε J 2 H is compact.SinceK � � V : 
IC q � Ω EE & f � q�,&qg ε J 3 H � K
andV is open,wehaveδ � : 
 d � K �¥� Kc �?� d � K ��� Vc �?g 0, by LemmaA.2.1(c).

Chooseδ g 0 s.t. & f � q�15 f � q�¦�)& B ! ε for all q � q��� K s.t.d � q � q�7�(! δ. Then,
givenq � q��� Ω s.t.d � q � q�7�?! min � δ � δ �¦� , wehave & f � q�y5 f � q�6�)& B ! ε.

Indeed,if q P� K, thenq�yP� K � , hencethen & f � q�§5 f � q�7�)& B ! ε J 3 � ε J 2 ! ε;
the casewith q��P� K is analogous,and the caseq � q��� K follows from the
definitionof δ.

2� Thecompletenessof
�

0,
�

bu and
�

b: Let C fn H bea
�

b-Cauchy-sequence.
Then so is C fn � q�¨H , hence f � q� : 
 limn� ∞ fn � q�©� B exists, for eachq � Q.
Givenε g 0, thereis N � N s.t. & fn 5 fm &«ª b : 
 supq � Q & fn � q�w5 fm � q�)& B ! ε J 2
for all n � m � N, so that supq � Q & limn� ∞ fn � q��5 fm � q�,& B G ε J 2 ! ε for all
m � N. Consequently, fm 	 f uniformly asm 	 ∞. As oneeasilyverifies,it
follows that f is continuousandbounded.hencefn 	 f in

�
b.

If fn � � 0 for all n, then,for eachε g 0 wecanchooseN s.t. & fN 5 f &�! ε J 2
andK s.t. & fN &�! ε J 2 onKc, sothat & f &�! ε J 2 � ε J 2 onKc; thus,then f � � 0.

Finally, assumethat fn � � bu for eachn. Given ε g 0, chooseN s.t.& fN 5 f &q! ε J 3, andchoosethenδ g 0 s.t. & fN � q�y5 fN � q�7�)&©! ε J 3 whenever
q � q��� Ω, d � q � q�7�¤! δ. Then & f � q��5 f � q�7�)&¬G ε J 3 � ε J 3 � ε J 3 whenever
q � q�1� Ω, d � q � q�­��! δ. Thus,then f � � bu.

3� � c is densein
�

0: (ThisholdsalsowhenΩ is alocally compactor normal
(possiblynon-metrizable)Hausdorff space.)

Let f � � 0
� Ω;B� and ε g 0. ChooseK � K �B� δ � as in 1� . Setg � q� : 
 1 in

K � andg � q� : 
 0 in Kc, so that g � � � K � � Kc �L� 0 � 1��� . By Tietze’s Extension
Theorem[Kelley], g hasanextensionh � � � Ω; � 0 � 1��� . But supph � K, hence
h � � c

� Ω � . It follows thathf � � c
� Ω;B� and & hf 5 f &eG ε J 2 (sincehf 
 f on

K � and & hf 5 f &hG<& f &h! ε J 2 on � K �¦� c). Since f � � 0
� Ω;B� andε g 0 were

arbitrary,
�

c is densein
�

0. n
Thesequencespacescc (of finite sequences)andco (of vanishingsequences)

aresometimesneeded;webriefly introducethembelow asspecialcasesof
�

c and�
0.

For any setQ, the functiond � q � q�6� : 
O® 1 � whenq ¯� qU ;
0 � whenq� qU is a metric,calledthe

discretemetric of Q. In the correspondingdiscrete topology every subsetof Q
is open,henceevery function Q 	 B is continuous.A subsetof Q is compact
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iff it is finite. We setco
� Q;B� : 
 � 0

� Q;B� andcc
� Q;B� : 
 � c

� Q;B��
`C f : Q 	
B EE f � q��
 0 exceptfor finitely many q � Q H , whereQ is equippedby its discrete
topology. (Recall that emptyset is finite, i.e., 0 � cc

� Q;B� (for Q P
 /0).) Thus,
co
� Q;B� is the closureof cc

� Q;B� underthe supremumnorm (i.e., in � ∞ � Q;B� ,
thesetof boundedfunctionsQ 	 B), by LemmaB.3.4.

Thefollowing two lemmascontainimportantfacts:

Lemma B.3.5( f �f �f � is measurable) Let J � R bean interval and let f : J 	 B be
Lebesguemeasurable. If f � � t � existsfor a.e. t � J, then f � is Lebesguemeasurable.n

(This follows from LemmaB.2.5(c).)

Lemma B.3.6 Let p �M� 1 � ∞ � . If f � Lp � Q;B� and T �t� � B � B2 � , then T f �
Lp � Q;B2 � . If F � Lp � Q; � � B � B2 �;� , thenF � � Lp � Q; � � B�2 � B� �;� . n

(This follows easily from Lemma B.2.5(a2)&(a3). This implies that the
Bochnerintegral is aspecialcaseof socalledPettisintegral.)

A casualreadermightwishskip therestthis sectionexceptLemmaB.3.9and
TheoremB.3.11(a1)&(b1).Most otherresultsbelow arerathertechnicalandless
oftenneeded.

Most “L p mass”of aLp functionlieson acompactset(unlessp 
 ∞):

Lemma B.3.7 Let f � Lp � Rn;B� and p � � 0 � ∞ � , or f � � 0
� Rn;B� and p 
 ∞.

Then & χ � q � Rn EE�° q ° ± R� f & p 	 0 as R 	 ∞. In particular, for any ε � r g 0, there is

R g 0 s.t. & χ � q � Rn EE+°q ° ² r � τs f & p ! ε for s � Rn s.t. * s *4g R. n
(This follows from the (scalar)MonotoneConvergenceTheorem(note that*q � s *4g R 5 r when * q *4G r), exceptin the(trivial)

�
0 case.)

Corollary B.3.8(π : τt f 	 0π : τt f 	 0π : τt f 	 0) Let f � Lp � R;B� and1 G p ! ∞.
Thenτt f 	 τT f in Lp, as t 	 T � R, and π [ % T � t ] f 	 f , π [ 0 � t ] f 	 π : f ,

π [ 0 � t   1 ] f 	 0 andπ : τ � t � f 	 0 in Lp, ast � T 	f� ∞.
If g � Lp

loc
� R;B� , then & π : τ % tg & p 	 & g & p ast 	f� ∞. n

(Oneobtainsthiseasilyfrom LemmaB.3.7.)

Lemma B.3.9 Let p �£� 1 � ∞ � and f � Lp � Rn;B� . Then& f 5 τ � h� f & p 	 0 ash 	 0 in Rn Q (B.8)

Proof: By uniform continuity, (B.8) holdsfor f � � c
� Rn;B� . For general

f � Lp andε g 0, chooseφ � � c s.t. & f 5 φ & p ! ε J 3, andthenchooseδ g 0 s.t.& φ 5 τ � h� φ & p ! ε J 3 for *h *,! δ. Then & f 5 τ � h� f & p ! ε J 3 � ε J 3 � ε J 3 
 ε for*h *4! δ. n
Characteristicfunctionscanbeapproximatedby smoothfunctions:
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Lemma B.3.10 If K � Ω � Rn, K is compact,andΩ is open,there is φ � � ∞
c
� Ω �

s.t.χK G φ G χΩ.
If Ω � � Rn is open, E � Ω � � Rn, m� E �¡! ∞, p �M� 1 � ∞ � , [and w � 0 is

L1 on a neighborhoodof E], and ε g 0, thenwe can chooseK and Ω so that
K � E � Ω � Ω � andm� Ω # K ��! εp [ T Ω � K wdm ! εp] to obtain & χE 5 φ & p ! ε
[ & χE 5 φ & Lp Z Ω �wdm] ! ε].

Notethatφ is infinitely differentiableandwith a compactsupport� Ω, φ 
 1
onK, and0 G φ G 1. Herew is anonnegativeweightfunction,i.e.,wereferto the
measureE �	 T E wdm.

Proof: (We only sketchtheproof; see[Adams,Section2.17] for detailson
mollifiers.)

1� w ³ 1: Becauser : 
 d � K � Ωc ��g 0, we cansetK � : 
_C x � Ω EE d � x � K ��G
r J 2 H , andthentakeφ : 
 φk ´ χK U for somelargek, where C φk H � � ∞

c converges
to thedeltadistributionδ0.

Thelastclaim follows from theregularityof m [Rud86,Theorem2.20].
2� Thegeneral case:Let w � L1 � Ω �l�6� , whereE � Ω �k� � Ω andΩ �l� is open.

By [Rud86,Exercise1.12], T Ω � K wdm ! εp, whenm� Ω # K � is small enough.
Consequently,

S
Ω
*χE 5 φ * pwdm G S

Ω
wdm ! εp Q (B.9)n

The spaceof simple Lp functions(as well as
� ∞

c ) is densein Lp, even in
Lp1 � Lp2 �µ';';'+� Lpn (andevenwith differentweightfunctions),whenp ! ∞:

Theorem B.3.11(
� ∞

c is densein Lp� ∞
c is densein Lp� ∞
c is densein Lp) Let Ω � Rn beopenand1 G p ! ∞.

(a1) SimpleLp functionsare densein Lp � Q;B� , and countably-valuedL∞

functionsaredensein L∞ � Q;B� .
(a2) If we are given n � N � 1, exponentsp1 �;Q;Q;Q+� pn �_� 1 � ∞ � and ε g 0,

then, for any f �t� n
k� 1Lpk � Q;B� , there is a simple function s � Lp s.t.& f 5 s & Lpk Z Q;B] ! ε.

(a3) At least in (a1)–(b2)and (d), givena densesubspaceB0 of B, we may
choosethe(densesetof) functionssothat they havetheir valuesin B0.

(b1)Finite-dimensional
� ∞

c
� Ω;B� functionsaredensein Lp � Ω;B� .

(b2) If we are givenn �aC 1 � 2 �RQ;Q;QzH , exponentsp1 �;QRQ;Q+� pn ��� 1 � ∞ � , nonnegative
(weight) functionsw1 �;Q;QRQR� wn � L1

loc
� Ω;B� , and ε g 0, then, for any f �� n

k� 1Lpk � Ω � wkdm;B� , there are a simple function s � Lp and a finite-
dimensional

� ∞
c
� Ω;B� functionφ s.t.& f 5 s & Lpk Z Ω �wk dm;B] ! ε and & f 5 φ & Lpk Z Ω �wk dm;B] ! ε for all k �¶C 1 �;Q;QRQ+� n HFQ

(B.10)

(b3) C φ �v· � R;B� EE�¸φ � � ∞
c
� iR;B�¨H is densein Lp � R;B� .

(c) Theclosureof
�

c
� Q;B� in L∞ is

�
0
� Q;B� whenQ is metrizable.
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(d) Theclosureof simplemeasurablefunctionsin L∞ � Q;B� equals

L∞
K
� Q;B� : 
8C f � L∞ � Q;B� EE there is a compactK � B s.t. f � q�$� K for a.e. q � Q HFQ

(B.11)

Wehave
�

0
� Q;B� � L∞

K
� Q;B� whenQ is metrizable. Moreover, L∞

K
� Ω;B�(


L∞ � Ω;B� iff dimB ! ∞, andL∞
K
� Q;B�$
 L∞ � Q;B� if dimB ! ∞.

(By usingmollifiers onecouldobtainfurtherdensityresults;cf. pp.29–52of
[Adams].)

Recallthatsimplemeansfinite-valued,hences is a simpleLp � Q;B� function
if f s 
 ∑n

k� 0 χEk
xk for somen � N, C xk H � B, Ek � � , and & s & p ! ∞.

Proof: (a1)1� Casep 
 ∞: This follows from LemmaB.2.5(b2).
2� Casep ! ∞: Let f � Lp � Q;B� andε g 0. By Theorem3.13of [Rud86],

thereis a simplefunction s : Q 	 R : s.t. &b& f & B 5 s & p ! ε J 3. SetK : 
IC q �
Q EE s� q�©P
 0 H , sothatm� K �"! ∞ and & f 5M¹f &i! ε J 3, where ¹f : 
 f χK � Lp. By

the (scalar)MonotoneConvergenceTheorem,we have ¹f χ �«º f º ² n� 	 ¹f in Lp,
asn 	»� ∞, henceg : 
 f χKχ �«º f º ² M � satisfies& f 5 g &�! ε J 4 for M big enough.
Notethat & g & ∞ G M.

By 1� , thereis a (countably-valuedmeasurable)functionh 
 ∑∞
k � 1bkχEk

:
K 	 B (bk � B, Ek � K measurableanddisjoint,χEk

its characteristicfunction
for eachk) s.t. & g 5 h & ∞ is arbitrarily small.Becausem� K �"! ∞, it follows that
wecantake & g 5 h & p arbitrarily small,say ! min � ε J 4 � 1� (and,simultaneously& h & ∞ G M � 1 ! ∞).

By applying the (scalar)dominatedconvergencetheoremto & h & pB (with
the constantfunction M � 1 � L1 � K � as the majorant),we seethat T K & h 5
∑n

k � 1bkχEk
& pBdm ! � ε J 4� p for somen. Thus, & f 5 ∑n

k � 1bkχEk
& p ! 3ε J 4 ! ε.

(b1) By LemmaB.3.10, we may approximateeachχEk
above by some

φk � � ∞
c
� Ω � to get& n

∑
k � 1

bk
� χEk

5 φk �,& p G n

∑
k � 1

& bk & B & χEk
5 φk & p ! ε J 4 (B.12)

(by theMinkovski inequality),hence& f 5 ∑n
k� 1 bkφk & p ! 4ε J 4 
 ε.

(a2)Work asin (a1)for eachpk. Let K betheunionof “K’s” andlet M be
themaximumof “M’s”. Require & g 5 h & ∞ to besmallenoughfor eachpk. Let
n bethemaximumof “n’s”.

(b2) Write Ω 
 � l Kl , whereK1 � K2 � 'R';' arecompactsets(e.g.,Kl : 
C x � Ω EE * x *,G l ¼ d � x � Ωc �?� 1J l H ), then,for someM �AC 1 � 2 �;Q;Q;QzH , wehaveS
Ω
& f 5 f χKM

χ �Lº f º B ² M � & pk
B wk dm ! εpk � k 
 1 �;Q;Q;Q+� n�>� (B.13)

by the dominatedconvergencetheorem,because& f & pkwk � L1 (k 
 1 �;Q;QRQR� n),
by the assumptionon f ; this gives the function g : 
 f χKχ �«º f º B ² M � , where
K : 
 KM.

By taking & g 5 h & ∞ ! min � δ � 1� , whereδpk T K wk dm ! ε J 4 for all k, weget
a suitablecountably-valuedfunction h, andobtainthens assomepartial sum
of h, as in the proof of (a1). The rest goesapproximatelyas in (b1) (when
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applying LemmaB.3.10, useunions(over k ��C 1 � 2 �RQ;Q;Q�� n H ) of compactsets
andintersectionsof opensets).

(a3)This is obviousin thesenseof simple(or countably-valued)functions.
Theprocedurein (b1)obviouslykeepsthevaluesin B0, sodoesthatin (b2) too.

(b3) This is given in Lemma2.3 of [Zimmermann]and its proof (which
showsthatwemayadditionallyrequirethat0 P� supp¸φ if p g 1).

(SeeAppendixD for · andthe Fourier transform¸φ. Note that the claim
followseasilyfrom (b1) if p 
 2 andB is aHilbert space.)

(c) This follows from LemmaB.3.4.
(d) (Note that L∞

K equalsthe spaceL∞ usedin the interpolationtheoryof
[BL].)

1� Obviously,
�

c � L∞
K, hence

�
0 � L∞

K whenQ is metrizable,by (c).
2� SMF is a densesubsetof L∞

K: Let SMF denotethe set of simple
measurablefunctions(obviously, SMF � L∞

K).
Let ε g 0 and f � L∞

K be arbitrary. ChooseK for f asin the definition of
L∞

K. Choosen � N, x0 �;Q;Q;Q+� xn � K s.t.K � � n
k � 0D � xk � ε � .

SetE �k : 
 f % 1 �D � xk � ε ��� , E0 : 
 E �0, Ek : 1 : 
 E �k : 1 # � k
j � 0E �j (k 
 0 �RQ;Q;Q�� n 5 1),

s : 
 ∑n
k� 0xkχEk

to obtain that & s 5 f & B ! ε a.e.,hence & f 5 s & ∞ G ε. Since
ε g 0 and f � L∞

K werearbitrary, weobserve thatSMF is densein L∞
K.

3� L∞
K is the closure of SMF: By 2� , we only needto show that f � L∞

K
assumingthat C sn H � SMF and & sn 5 f & ∞ ! 1J n for all n � N � 1 (sothatL∞

K
is closed).

For eachn � 1, choosea null set Nn s.t. & sn 5 f &½! 1J n on Nc
n. Set

N : 
 � n ¾ 1Nn, A : 
 f �Nc � � B. Givenε g 0,choosen g 1J ε, sothat & sn 5 f &"! ε
onNc. Write sn assn 
 ∑n

k � 1xkχEk
with Ek � E j 
 /0 for k P
 j.

ThenA � D � 0 � ε � � V � n
k� 1D � xk � ε �RX , because& f 5 xk &�! ε onEk and & f &�! ε

on ��� kEk � c # N. Becauseε g 0 wasarbitrary, thesetA is totally bounded(i.e.,
precompact),henceso is K 
 A (use2ε in placeof ε), henceK is compact
(use,e.g., Theorem9.4 of [Bredon] and the completenessof B). Moreover,
f � q�$
 limnsn

� q�"� K for q � Nc, hencea.e.Therefore,f � L∞
K.

4� L∞
K
� Q;B�e
 L∞ � Q;B� if dimB ! ∞: If dimB ! ∞, then we can take

K : 
 D � 0 �>& f & ∞ � for any f � L∞ to observe that f � L∞
K.

5� L∞
K
� Ω;B�q
 L∞ � Ω;B� iff dimB ! ∞: Assumethat dimB 
 ∞. LetC Ek H � Ω aredisjointsetsof positivemeasure(in fact,weneednothaveΩ � Rn

aslongasthis propertyis satisfied).
Theunit ball D1 of B is not compact,by Theorem1.23of [Rud73],hence

there is a sequenceC xk H � D1 without limit points (by Exercise2.26 and
Theorem2.37of [Rud76], this is equivalentto noncompactnessin any metric
space).Set f : 
 ∑n � N xkχEk

� L∞ � Ω;B� to obtainthat f �Nc �¿
_C xk H whenever
N is anull set;in particular, f �Nc � is not containedin any compactsubsetof B,
hencef P� L∞

K.
(N.B. theabove examplealsoshows that L1 � L∞ � Ω;B�mP� L∞

K
� Ω;B� ; e.g.,

chooseC Ek H s.t.∑km� Ek �?! ∞ to have f � L1 � Ω;B� too.) n
If µ is the completion of anothermeasureµ� , then the simple functions

constructedabovecanbechosento be“µ� -measurable”:
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Lemma B.3.12 LetX 
 B or X 
��75 ∞ � ∞ � . Lets 
 ∑k � N xkχEk
, wherexk � X and

Ek �¶� for all k � N. If � is thecompletionof anotherσ-algebra �=� , thenthere
aresetsC E �k H � �=� s.t.∑k � N xkχE Uk 
 s a.e. n

(Weomit thetrivial proof.)
WegeneralizetheHölderinequalityto thecaser g 1:

Lemma B.3.13( & f g & r G�& f & p & g & q& f g & r G=& f & p & g & q& f g & r G=& f & p & g & q) Let f � Lp � Q;B� , g � Lq � Q;B2 � , p � q �� 0 � ∞ � and & bb2 & B3 GÀ& b & B & b2 & B2 (b � B � b2 � B2). Then & f g & r GÀ& f & p & g & q,
where r % 1 : 
 p % 1 � q % 1.

Moreover, if Q 
 Rn, µ 
 m, p � q ! ∞ and ε g 0, then there is R g 0 s.t.& f τtg & r ! ε for all t � Rn s.t. * t *�g R (if f � � 0, thenwe can allow p 
 ∞; if
g � � 0, thenwecanallow q 
 ∞).

Thus,wemayhave,e.g.,B 
 K (B3 
 B2), B 
 B�2 (B3 
 K ) or B 
8� � B2 � B3 � .
Notethatwemayhave r ! 1, but min C p � q H�J 2 G r G min C p � q H .

Proof: 1� Inequality & f g & r Gc& f & p & g & q: If p 
 ∞ or q 
 ∞, then this is
obvious(andr 
 min C p � q H ), sowe assumethat p � q �Á� 1 � ∞ � . SetF : 
O& f & B,
G : 
Â& g & B2, t : 
 � p � q�;J q, t � : 
 � p � q�RJ p, so that rt 
 p � rt �$
 q and
t % 1 � t � % 1 
 1. Then,by theHölderinequality, wehave& f g & rr 
 S

Q
F rGr dµ G�& F r & t & Gr & t U G=& F & rrt & G & rt U r G=& F & rp & G & rq � (B.14)

hence& f g & r G=& f & p & g & q.
2� Finding R: Assumethat & f & p G 1 and & g & q G 1. By LemmaB.3.7,

thereis R g 0 s.t. & χDc
R

f & p ! ε J 2 and & χDR
τtg & q ! ε J 2 for t � Rn s.t. * t *,g q.

Consequently, & f τtg &x! ε for sucht. n
If p �£� p0 � p1 � , thenLp � Lp0 � Lp1:

Lemma B.3.14( & f & p G maxCw& f & p0 �>& f & p1 H& f & p G maxCw& f & p0 �|& f & p1 H& f & p G maxCw& f & p0 �>& f & p1 H ) Let f � Lp0 � Q;B�b� Lp1 � Q;B� , 1 G
p0 G p G p1 G ∞. Then& f & p G�& f & 1 % θ

p0
& f & θp1

G maxCw& f & p0 �|& f & p1 HF� (B.15)

where θ : 
 p  1 % p  1
0

p  1
1 % p  1

0
.

Proof: The scalarcaseis Theorem5.1.1of [BL]; seealsoTheorem4.1.2
andp. 27 of [BL]. (The definition of L∞ in [BL] coincideswith the standard
onein thescalarcase,by Theorem1.17of [Rud86].) Apply thescalarcaseto& f & B � Lp0 � Q� to obtainthegeneralcase. n
Next we note that, roughly speaking,Lp is separableif f p ! ∞ and B is

separable:

Lemma B.3.15 Let B be separableand1 G p ! ∞. Then � p � Q;B� is separable
iff Q is at mostcountable. If Q � Rn is measurable and dµ 
Ã* f * dm for some
f � L1

loc
� Rn � ,thenLp � Q;B� is separable.
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If µ is asabove, µ � Q�iP
 0 andB2 P
DC 0 H , thenL∞ � Q � µ;B2 � is unseparable.
If 0 ! µ � E ��! ∞ for somemeasurableE � Q, thenLp � Q;B2 � andL∞ � Q;B2 �

areunseparablefor unseparableB2.

Proof: 1� Preparations: For eachk � N, we let Pk be the setof points in
Rn whosecoordinatesare integral multiplesof 2 % k, andVk the collectionof
2 % k u ';'R' 2 % k boxeswith cornersat pointsof Pk. SetV : 
 � kVk, so thatV is
countableand any openG � Rn is the union of disjoint elementsof V (see
[Rud86,2.19] for details).Let S � B bedenseandcountable.

2� Theclosedspanof Ä : 
_C xχG EE x � S� G � V H is densein Lp � Rn � µ;B� :
Let A � Rn have a finite measureandε g 0. By the MonotoneConvergence
Theorem,thereis R g 0 s.t.AR : 
�C q � A EE *q *>! RH satisfies& χA 5 χAR

& 1 ! ε J 4.
ChooseopenG � Rn s.t. & χAR

5 χG & 1 ! ε J 4 (see(B.28)andusethefactthatµ
is absolutelycontinuousw.r.t. m on Cw*q *4! RH ).

Write G asa disjoint unionof elementsG0 � G1 � G2 �;Q;Q;Qb� V, so thatkhiG 

∑k � N χGk

, andusethe MonotoneConvergenceTheoremto choosek � N s.t.& χG 5 ∑k
j � 0χG j

& 1 ! ε J 4. Then, & χA 5 ∑k
j � 0 χG j

& 1 ! 3ε J 4.

Given x � B, we have & xχA 5 x� ∑k
j � 0 χG j

& 1 ! ε for somex��� S. By
linearity, it followsthattheclosedspanof Ä containsthatof simplemeasurable
functions,i.e., it is equalto Lp � Rn;B� .

3� Theclosedspanof Ä : 
KC xχGχQ EE x � S� G � V H is densein Lp � Q � µ;B� :
Apply 2� to thezeroextensionsof f andµ ontoRn.

4�©� p � Q;B� : Theclosedspanof C χ � q� x EE x � S� q � Q H is obviously dense
in � p � Q � X � (e.g.,usetheproof of 2� with V : 
�CbC q H EE q � Q H ).

5�?� ∞ � Q;B2 � is unseparablefor uncountableQ andB2 P
�C 0 H : Let ε ! 1J 2.
Choosex � B2 s.t. & x &x
 1. Thentheε-neighborhoodsof no countablesubset
of � ∞ cancontaineveryxχq, q � Q, because& xχq 5 xχqU & ∞ 
 1 for q� P
 q.

6� L∞ � Q � µ;B2 � is unseparable: Let Q0 : 
 Q, r0 : 
 ∞. Given � Qk � rk � ,
chooserk : 1 � � 0 � rk � s.t.0 ! µ � Qk : 1 ��! µ � Qk � , whereQk : 1 : 
_C q � Qk EE *q *)!
rk : 1 H , andsetQ�k : 
 Qk # Qk: 1. ThenQ 
 � k � NQ�k, andthesetsQ�k aredisjoint
andof positive(or infinite) measure.

Choosex � B2 s.t. & x & B2 
 1. For eachE � N, set fE : 
 xχ Å
n Æ EQUn. Then& fE 5 fE U & ∞ 
 1 wheneverE P
 E � , sothattheε-neighborhoodsof nocountable

setcancontainevery fE for ε ! 1J 2. Thus,L∞ � Q � µ;B� is unseparable.
7� Lp � Q;B2 � is unseparablefor unseparableB2 if 0 ! µ � E ��! ∞ for some

measurableE � Q: ThesubspaceC xχE EE x � B2 H of Lp is isometricallyisomor-
phic to B2, henceunseparable.Therefore,sois Lp. n
Recall from LemmaA.3.1(a1)&(a2)that dimH meansthe cardinalityof an

arbitraryorthonormalbasisof H. We have dimL2 � Q;H ��
 dimH for infinite-
dimensionalH ’sandmostQ’s:

Lemma B.3.16(dimL2 � Q � µ;H �$
 dimHdimL2 � Q � µ;H �(
 dimHdimL2 � Q � µ;H �Ç
 dimH) Assumethat H is a Hilbert space.
ThendimL2 � Q;H �$
 dimL2 � Q� u dimH; in particular, dim � 2 � Q;H ��
 cardQ u
dimH ( 
 dimH whenever Q P
 /0, Q is at most countableand H is infinite-
dimensional).
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If Q � Rn or Q � ∂D is measurable, µ � Q�ÈP
 0, and dµ 
É* f * dm for some
f � L1

loc
� Q � m� ,thendimL2 � Q � µ;H ��
 cardN u dimH ( 
 dimH whenever H is

infinite-dimensional).

Proof: 1� Let C xa H a � A beanorthonormalbaseof H (sothatdimH 
 A) Let
F beanorthonormalbaseof L2 � Q � µ� . Then C f xa H f � F � a � A � L2 � Q � µ;H � is an
orthonormalbaseof L2 � Q � µ;H � (its closedspanis L2, by thedensityof simple
L2 functions)of cardinalityof F u A. Thus,dimL2 � Q;H ��
 card� F u A�x

dimL2 � Q � µ� u dimH.

2� Since the set of simple � 2 � Q� functions is exactly cc
� Q� , the setC χ � q� H q � Q is anorthonormalbaseof � 2 � Q� . Consequently, dim � 2 � Q�Ç
 cardQ,

sothatdim � 2 � Q;H �$
 cardQ u dimH, by 1� .
3� Let Q be as in the latter paragraph. By LemmaB.3.15, L2 � Q � µ� is

separable.It is obviously infinite-dimensional,hencedimL2 � Q � µ��
 cardN.
Consequently, dimL2 � Q � µ;H �(
 cardN u dimH, by 1� .

4� By LemmaB.2.2, A u dimH 
 dimH whenA P
 /0 andA G dimH �
cardN. n
(Seethenotesonp. 947.)



B.4. THE BOCHNERINTEGRAL ( Q : L1 Q;B B) 927

B.4 The Bochner integral ( Ê Q : L1 - Q;B3}Ë B)

Addeparvumparvomanusacervuserit.

— Ovid (43B.C. – 17A.D.)

In this sectionwe definethe Bochnerintegral L1 � Q;B�?	 B andpresentthe
Bochnerintegral extensionsof several more and lessknown Lebesgueintegral
results.A casualreadermightwish just to havea look atSubsectionsB.4.1–B.4.3
andTheoremB.4.6 andthenskip the restof this section,just rememberingthat
theBochnerintegral is “the Lebesgueintegralwith ‘ &$',& ’ in placeof ‘ *R',* ”’.

By TheoremB.3.11(a1)andLemmaA.3.10,wemayusethenaturaldefinition
anddensityto definetheBochnerintegral:

Definition B.4.1(Bochner integral) We recall that for simple functions s : 

∑n

k� 0xkχEk
(xk � B, Ek measurablefor all k) wehavesetS

Q
sdµ : 
 n

∑
k� 0

xkµ � Ek �?� B Q (B.16)

Theuniquecontinuousextensionof T Q ' dµ onto L1 � Q;B� is called the Bochner
integral.

Let f � L1. Then f is calledBochnerintegrableandthe integrandof T Q f dµ,
which, in turn, is saidto convergeabsolutely.

Obviously, &¿T Qsdµ & B GÌ& s & 1, hence the same holds for any integrable
function s : Q 	 B, by LemmaA.3.10. Oneeasilyverifiesthat if f � L1 � Q;K �
and f � 0, thenthiscoincideswith the(Lebesgue)integraldefinedin SectionB.1.

Sometimeswe write T Q f � t � dµ � t � : 
 T Q f dµ (e.g., T Q t2dµ � t � ). If 5 ∞ G a G
b G�� ∞ andµ 
 m (or m� E �y
 0 { µ � E �d
 0, i.e.,µ is absolutelycontinuousw.r.t.
m), thenweset T b

a f � t � dt : 
 T b
a f dm : 
 T Z a � b] f dm. For b ! a we set T b

a : 
�5 T a
b .

If B 
 K (or “B 
`� 0 ��� ∞ � ”), thentheBochnerintegral is calledtheLebesgue
integral, etc. By Theorem11.33of [Rud76], a function f : Q 	 K is Riemann
integrableif f it is boundedandcontinuousa.e.It follows thatRiemannintegrable
functions belong to L1. Moreover, the Riemannintegral coincideswith the
Lebesgueintegral. WeshallnotbeusingtheRiemannintegral.

An equivalentway to definetheintegral is to defineit for simplefunctionsin
thenaturalway andthenuseLemmaA.3.10andTheoremB.3.11to extendit to
all L1 functions.Thisdefinitionis usedin [HP] andillustratedbelow:

Lemma B.4.2 TheBochner integral is in � � L1 � B� , its norm is 1 (unlessL1 
C 0 H ); in particular, & S
Q

f dµ &�G S
Q
& f & Bdµ 
 : & f & 1 � (B.17)

andtheintegral commuteswith boundedlinear transformations:

T

S
Q

f dµ 
 S
Q

T f dµ � T �Í� � B � B2 �;�¨Q (B.18)
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Moreover, T Q f dµ is theuniqueelementof B satisfyingΛ T Q f dµ 
 T QΛ f dµ for
all Λ � B� .

Finally, if s 
 ∑k � N xkχEk
� L1, with thesetsEk beingdisjointandmeasurable,

then T Qsdµ 
 ∑k � N xkµ � Ek � .
It follows thatour definitionsof integrablefunctionsandtheBochnerintegral

areequivalentto thoseof [HP], Section3.7.
Proof: The BL � L1 � B� claim and (B.17) follow from Definition B.4.1. If

L1 P
<C 0 H , thentherearex � B #iC 0 H andE � Q s.t. µ � E �e� � 0 ��� ∞ � , andwe
have &¿T QxχE dµ &?
r& x & Bµ � E �$
r& xχE & 1.

We have T T 
 T T for simple functions,hencefor all L1 functions,by
continuity;(B.18). ElementsC Λx EE Λ � B� H determinesx � B uniquely.

If s is asin thefinal claim, thensn : 
 ∑n
k � 0xkχEk

	 s in L1, by theMono-
toneConvergenceTheorem,henceT Qsndµ 	 T Qsdµ. n
Thestandardresultscanbeextendedwith ease:

Theorem B.4.3(Lebesgue’s DominatedConvergenceTheorem) Assumethat
1 G p ! ∞, that the functions fn : Q 	 B be measurable (n � N), that the
limit f � q� : 
 limn� : ∞ fn � q� existsa.e., and that there is g � Lp � Q; � 0 ��� ∞ ��� s.t.& fn � q�)& B G g � q� a.e. for each n � N.

Then f � Lp � Q;B� and fn 	 f in Lp. In particular, if p 
 1, then
limn� : ∞ T Q fndµ 
 T Q f dµ. n

(This follows by applying the scalarLCD Theoremwith Fn : 
Î& f 5 fn & pB,
F : 
 0, Lp Ï G : 
 � 2g� p � Fn. Obviously, thisdoesnotholdsfor p 
 ∞.)

From the above and the Monotone Convergence Theorem applied to
∑N

n� 1 χEk
f we obtainthat if thesetsEn � Q � n � N � aremeasurableanddisjoint,

and f : Q 	 B is measurable,then T Å
nEn

f dµ 
 ∑n � N T En f dµ whenever either
sidesconvergesabsolutely(i.e.,with & f & B in placeof f ).

Next weextendthestandarddefinitionof aproductmeasure:

Definition B.4.4(µ u νµ u νµ u ν) Assumethat µ : � 	 � 0 � ∞ � andν : � � 	 � 0 � ∞ � are σ-
finite, positivemeasuresonQandR,respectively. By � µ Ð ν wedenotethesmallest
σ-algebra containing C E u E � EE E �Ñ��� E �§�Ñ�=�BH . Theproductmeasureof µ and
ν is givenby � µ u ν � � E � : 
 S

Q
ν � C r EE � q � r �"� E H�� dµ � E �µ� µ Ð ν �>Q (B.19)

By µ u ν : � µ Ð ν 	 � 0 � ∞ � wedenotethecompletionof µ u ν. By L � Q u R;B� we
referto µ u ν-measurablefunctionsQ u R 	 B.

Sincein the definitionsandresultsof this chapterwe have assumedµ to be
complete(asin [HP]), weshalluseµ u ν (notµ u ν) onQ u R. Thebasicproperties
of this measurearelistedbelow:

Lemma B.4.5 Assumethat µ : � 	 � 0 � ∞ � and ν : �=��	 � 0 � ∞ � are σ-finite,
positivemeasuresonQ andR,respectively.
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(a) Themeasureµ u ν is σ-finite.

(b) Wehave � µ u ν � � E � : 
 T Rµ � C q EE � q � r �"� E H�� dν for all E �µ� µ Ð ν.

(c)Moreover, if mk is theLebesguemeasureonRk (k � 1), thenmn: k 
 mn u mk

(n � k � 1).

(d1) If E �Ñ� µ Ð ν, thenEq : 
�C r � R EE � q � r �?� E H is measurablefor a.e. q � Q,
andEr : 
DC q � Q EE � q � r �"� E H is measurablefor a.e. r � R.

(d2)If N is a null set,thenν � Nq �d
 0 for a.e. q � Q andµ � Nr �Ç
 0 for a.e. r � R.

(e)(“cl � � u �=�6��
Ò� µ Ð νcl � � u �=�­��
�� µ Ð νcl � � u �=�7�$
�� µ Ð ν”) Let Ó bethecollectionof finiteunionsof elements
of � u � � . Let E �µ� µ Ð ν andµ u ν � E ��! ∞. Then,for anyε g 0, there is
F �ÍÓ s.t. & χE 5 χF &e! ε.

(f) If f � Lp � Q u R;B� , p � � 0 � ∞ � , thensimplemeasurable functions C sn H of
form sn 
 ∑Nn

k � 0 χEn Ô k Ð Fn Ô kbn � k andEn � k u Fn � k �Í� u � � , bn � k � B (n � k � N)
s.t. & sn 5 f & p 	 0 asn 	 ∞.

Note that each sn can be written as ∑N Un
k � 0 χE Un Ô ks�n � k, where E �n � k ��� and

s�n � k : R 	 B is simple(n � k � N).

Proof: Claims(a)–(c)areprovedin Chapter8 of [Rud86].Claims(d1)and
(d2) follow from theFubini Theorem(with f 
 χE).

(e) 1� Caseµ � Q�>� ν � R�e! ∞: Set � 0 : 
OC E ��� µ Ð ν EE E the claim in (e)
holdsfor E H , sothatwe only needto show that � 0 
�� µ Ð ν, i.e., that � 0 is a
σ-algebra(because,trivially, � u � � � Ó � � 0). This follows from 1 Q 1� and
1 Q 2� .

1 Q 1� One easily verifies that & χE 5 χF & 1 
Õ& χEc 5 χFc & 1 and & χE Å E U 5
χF Å F U & 1 G�& χE 5 χF & 1 �Ò& χE U 5 χF U & 1, hence� 0 is closedundercomplements
andfinite unions.

1 Q 2� Let E j �Ñ� 0
� j � N � andE 
 � j � NE j . SetE �j : 1 : 
 E j : 1 # � j

k� 0Ek, so
thatE 
 � jE �j andthesetsE �j aredisjoint. Becauseµ u ν � Q u R�"! ∞, wehave& χE 5 χ Å

j Ö NE Uj &q! ε J 2 for someN � N. But & χ Å
j Ö NE Uj 5 χF & 1 ! ε J 2 for some

F �}Ó , henceE �Ñ� 0.
2� General Case:Let Q 
 � n � NQn, R 
 � n � NRn, whereQ0 � Q1 � ' and

R0 � R1 � ' . Givenε g 0 andE �~� µ Ð ν s.t.µ u ν � E ��! ∞, thereis N � N s.t.& χE 5 χE × Z Qn Ð Rn ] & 1 ! ε J 2. By 1� , thereis F ��Ó s.t. & χE × Z Qn Ð Rn ] 5 χF & 1 !
ε J 2, hence(e) holds.

(f) The first claim follows from (e) and Theorem B.3.11. For the
secondclaim, given n � N, let C E �n � k EE k 
 0 �RQ;Q;QR� N �n H consist of the setsC ��� k � sEn � k �¿# � k ¯� sEn � k EE s � C 0 � 1 �;Q;Q;Q�� Nn HbH , andnotethatsn

� q � r ��
 sn
� q��� r ��
 :

sn � k � r � for all q � q� � E �n � k (k � N). n
As in the scalar case, the norm of a µ u ν-measurablefunction may be

integratedin any order, and for L1 functions the sameappliesto the function
itself:

Theorem B.4.6(Fubini) Assumethat µ and ν are σ-finite, complete, positive
measuresonQ andR,respectively. Let f � L � Q u R;B� .
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(a1)Wehave T R & f & Bdν � L � Q; � 0 ��� ∞ �B� and T Q & f & Bdµ � L � R; � 0 ��� ∞ �B� .
(a2) If T Q T R & f & Bdνdµ ! ∞ or T R T Q & f & Bdµdν ! ∞, then f � L1 � Q u R;B� .
(b) If f � L1 � Q u R;B� , then g � q� : 
 T R f � q � r � dν � r � and h � r � : 
T Q f � q � r � dµ � q� aredefineda.e. andsatisfyg � L1 � Q;B� , h � L1 � R;B� andS

Q Ð R
f dµ u ν 
 S

Q
gdµ 
 S

R
hdν Q (B.20)

Proof: (a1)&(a2)Thisfollowsfrom theclassicalFubiniTheorem(Theorem
8.8of [Rud86]).

(b) This is Theorem3.7.13of [HP]. n
Therestof this sectionis rathertechnical.
In orderto satisfytheµ u ν-measurabilityassumptionof theFubini Theorem

and its several important applications,we needto show that our function is
(product)measurableandstudytherelationbetweenf : Q u R 	 B and f : Q 	
L � R;B� . Westartfrom basicfacts:

Lemma B.4.7 Assumethat µ : � 	 � 0 � ∞ � and ν : �=��	 � 0 � ∞ � are σ-finite,
complete, positivemeasureson Q andR,respectively. Let p ��� 1 � ∞ � .

(a) If f � L � µ u ν;B� , then f � q �R'­�"� L � R;B� for a.e. q � Q.

(b) If f � L � Q;B� , g � L � R;B2 � , and B u B2 	 B3 is continuous,then f g �
L � Q u R;B3 � .

(c) Let f � g � L � Q u R;B�(� L � Q;Lp � R;B�;� . If f 
 g a.e. on Q u R, then� f ��
`� g�@� L � Q;Lp � R;B�;� . Conversely, if � f ��
`� g� aselementsof L � Q;Lp � ,
i.e., f � q �R'­�$
 g � q �;'z� a.e. on Rfor a.e. q � Q, then f 
 g a.e. on Q u R.

(d) Let f � L � Q u R;B� and p �K� 1 � ∞ � . Then f � Lp � Q;Lp � R;B�;� iff f �
Lp � Q u R;B� . If f � Lp � Q u R;B� , then & f & Lp Z Q Ð R;B] 
r& f & Lp Z Q;Lp Z R;B]¥] .
Proof: (a) Let sn 	 f pointwiseon Nc, whereN � Q u R is a null setand

sn 
 ∑k � N χEn Ô kbn � k, whereEn � k �}� µ Ð ν, bn � k � B andk P
 j { En � k P
 En � j for
all n � k � j � N.

Let n � N. For eachq � Q, thefunctionsn
� q �R'­� : R 	 B is countably-valued.

But thereis a null setN � � Q s.t. � En � k � q is measurablefor all q � Q # N � and
all k � N, by LemmaB.4.5(d1). Moreover, ν � Nq �?
 0 for a.e.q � Q, say, for
q � Q # N �k� , whereN �k� is a null set.SetN �k�k� : 
 N � � N �k� . Thensn

� q �;'z��	 f � q �;'­�
and sn

� q �;'z� is countably-valuedand measurablefor all q � Q # N �k�k� . Thus,
f � q �;'z�"� L � R;B� for all q � Q # N �k�l� , hencea.e.

(b) Let fn : Q 	 B andgn : R 	 B2 be countably-valuedandmeasurable
(n � N), andlet fn 	 f on Q # NQ, R # NR, whereµ � NQ ��
 0 
 ν � NR� . Then
fngn 	 f g onNc

Q u Nc
R, andµ u ν �R� Q u R��# � Nc

Q u Nc
R �;�$
 0.

(c) (Theassumptionson f meanthat f : Q u R 	 B is measurable,f � q �;'z���
Lp � R;B� for a.e.q � Q, and � q �	 f � q �;'­�R�x� L � Q;Lp � . The first claim shows
that f � L is independentof therepresentativeof � f �@� L � Q u R;B� . However,� f ��� L � Q;Lp � R;B�R� may have a representative h : Q 	 Lp � R;B� that is not
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measurableQ u R 	 B, seeExampleB.4.18;but if h is measurable,thenh 
 f
a.e.on Q u R, by theconverseclaim.)

If � f 5 g�y
 0a.e.,sayonQ u R # N, whereµ u ν � N �y
 0, then � f 5 g� � q�w
 0
a.e.on R for a.e.q, by LemmaB.4.5(d2),hence� f �1
`� g�§� La � Q;Lp � .

Conversely, assumethat � f �q
�� g��� La and set N : 
ØC � q � r �¶� R u
Q EE f � q � r �ÈP
 g � q � r �¨H . Then f � q��
 g � q� a.e.on R for all q � Q # N � , where
µ � N �7��
 0, i.e.,ν � Nq ��
 0 for all q � Q # N � . But

µ u ν � N � : 
 S
Q

ν � Nq � dµ 
 0 � (B.21)

i.e., f 
 g a.e.on Q u R.
(d) By (b), wecanconsiderf alsoasafunctionQ 	 L � R;B� (by redefining

f ona null subsetof Q; this affects f only ona null subsetof Q u R).
1� Let f � Lp � Q u R;B� . Choosesimplemeasurablefunctions C sn H asin

LemmaB.4.5(f). It follows thatsn : Q 	 Lp � R;B� is measurable(n � N). But& sn 5 sm & pLp Z Q;Lp ] 
 S Q

S
R
& sn 5 sm & pBdνdµ 
I& sn 5 sm & pLp Z Q Ð R;B] 	 0 (B.22)

asn � m 	 ∞, hencesn convergesin Lp � Q;Lp � to someg : Q 	 Lp � R;B� .
Replace C sn H by a subsequences.t. sn

� q�¤	 g � q� for q � Q # N � and
sn
� q � r �i	 f � q � r � for � q � r �m� Q u R # N, whereµ � N � �©
 0 
 µ u ν � N � . By

LemmaB.4.5(d2), there is N �k� � Q s.t. ν � Nq �©
 0 for all q � Q # N �k� . Set
N �k�k� : 
 N � � N �k� .

Let q � Q # N �k�k� . Thensn
� q � r ��	 f � q � r � for a.e.r � R andsn

� q��	 g � q�
in Lp � R;B� , hence f � q�i
 g � q� a.e., i.e., as elementsof Lp � R;B� , Because
µ � N �l�k�7�q
 0, we have f 
 g as elementsof L � Q;Lp � R;B�;� ; thus, f 
 g �
Lp � Q;Lp � R;B�;� .

2� Let f � Lp � Q;Lp � R;B�;� . Then,by theFubiniTheorem,& f & pp 
 S
Q

S
R
& f & pBdνdµ 
 S

Q
& f & pLp Z R;B] dµ 
 : & f & pLp Z Q;Lp Z R;B]¥] � (B.23)

hencethen & f & p 
<& f & Lp Z Q;Lp Z R;B]¥] ! ∞. n
If f � '��;'z� is continuousw.r.t. oneargumentandmeasurablew.r.t. theother, then

f is productmeasurable:

Lemma B.4.8 Assumethat µ : � 	 � 0 � ∞ � and ν : � � 	 � 0 � ∞ � are σ-finite,
complete, positivemeasuresonQ andR,respectively. Assume, in addition,thatQ
is a separablemetricspaceandtheopensubsetsof Q aremeasurable.

If f : Q u R 	 B is s.t. f � q �;'­�$� L � R;B� for a.e. q and f � '¦� r ��� � � Q;B� for a.e.
r, then f � L � Q u R;B� .

Proof: Let N% 1 � Rbeanull sets.t. f � '�� r �$� � � Q;B� for r � R� : 
 Nc% 1. Let
Q� � Q bes.t.µ � Q # Q� �$
 0 and f � q �;'z�"� L � R;B� for all q � Q� .

Let C qk H k � N bedensein Q� . For eachk � N, find a sequenceof countably-
valuedmeasurablefunctionssk � n : R 	 B s.t.sk � n � 'z�(	 f � qk �;'­� uniformly onNc

k
for somenull setNk � R (useLemmaB.2.5(b2)).SetR� : 
 R # � ∞

k � % 1Nk. We
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requirethat& f � qk � r �y5 sk � n � r �)& B ! 1J � n � 1� � k � n � N � r � Nc
k � (B.24)

(replaceC sk � n H n � N by its subsequence,for eachk � N, if necessary).
Set Bk � n : 
ÎC q � Q� EE d � q � qk �È! 1J n�¨H , A0 � n : 
 B0 � n, Ak : 1 � n : 
 Bk: 1 � n #�

j ² kB j � n for all k � N (the sets C Ak � n H k � N are measurableanddisjoint, their
unionis Q� , andd � q � qk ��! 1J n for all q � Ak � n).

Thenthefunctions

sn
� q � r � : 
 ∑

k � Nsk � n � r � χAk Ô n � q� (B.25)

form asequenceof countably-valuedµ u ν-measurablefunctionsthatconverge
to f on Q� u R� , asn 	 ∞. Indeed,given � q � r �x� Q� u R� andε g 0, choose
N g 2J ε s.t. & f � q � r �(5 f � q��� r �)& B ! ε J 2 for d � q � q�7�q! 1J � N � 1� . Then, for
n g N, wehave& f � q � r �@5 sn

� q � r �)& B G=& f � q � r �y5 f � qk � r �)& B ��& f � qk � r �@5 sk � n � r �,& B (B.26)! ε J 2 � 1J � n � 1��! ε (B.27)

(herek is chosens.t. q � Ak � n, so that d � q � qk �i! 1J n G 1J � N � 1� andhence& f � q � r �@5 f � qk � r �)& B ! ε J 2; notethatsk � n � r ��
 sn
� q � r � ).

But � Q� u R� � c � �R� Q # Q� � u R� ��� Q u � R # R� �R� is a null set, hence f is
measurable. n
If Q is alsoa topologicalspace,thenµ is calledregular if

µ � E ��
 inf C µ � V � EE V Ù E � V open H©
 supC µ � K � EE K � E � K compactH (B.28)

(µ is outerregularif theformerandinnerregularif thelatterconditionis satisfied).
If Q � Rn is open,then,by Theorem2.18of [Rud86], any locally finite Borel-
measureon Q is regular;in particular, m is regularon Q.

Oneoftendefinesameasurefrom anotheroneby usingaweightfunction;the
“formula dν 
 f dµ” worksalsoin thevector-valuedcase:

Lemma B.4.9(ν 
 f dµν 
 f dµν 
 f dµ) Let f : Q 	 � 0 ��� ∞ � bemeasurable. Set¹ν � E � : 
 S
E

f dµ � E �µ�<�>� (B.29)

Then¹ν is a positivemeasureon Q; let ν bethecompletionof ¹ν. ThenS
Q

gdν 
 S
Q

gf dµ (B.30)

when g is measurable Q 	 � 0 � ∞ � or g � L1 � Q � ν;B� (equivalently, gf �
L1 � Q � µ;B� ).

If Q � Rn is open,µ 
 m and T K f dm ! ∞ for compactK � Q, then ν is
regular.

Proof: 1� Caseg : Q 	�� 0 � ∞ � : Theclaimon ¹ν is Theorem1.29of [Rud86],
whichalsocontainstheclaimong providedthatg is ¹ν-measurable.By Lemma
B.3.12,generalg : Q 	 � 0 � ∞ � will do.
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2� Caseg : Q 	 B: By 1� , we have g � L1 � Q � ν;B�"� gf � L1 � Q � µ;B� .
Apply 1� to � Reg� 9 and � Img� 9 to cover thecaseB 
 K . Replaceg by Λg to
obtainthegeneralcase.

3� Regularity: By Theorem2.18of [Rud86],measuresν and ¹ν areregular,n
Standardchangesof variablecanbeappliedwithoutproblemsfor measurable

functionsthatnonnegativeor integrable:

Lemma B.4.10(Changeof variable) Assumethatφ � � 1 � J1;R � is s.t.φ �Fg 0 on
J1 (or that φ �1� 0 andφ � hasat mosta countablenumberof zeros),where J1 is an
interval. SetJ2 
 φ � J1� . LetX 
 B or X 
`� 0 ��� ∞ � .

Thena function f : J2 	 X is measurable iff f p φ : J1 	 X is measurable.
Moreover, & f & ∞ 
r& f p φ & ∞ G ∞. Let p �£� 1 � ∞ � . Then f � Lp

loc � f p φ � Lp
loc. If

ε ! φ �1! ε % 1 on J1 for someε g 0, then f � Lp � f p φ � Lp.
If f � L1 � J2;B� or f is measurableJ2 	 � 0 ��� ∞ � , thenS

J2

f � t � dt 
 S
φ   1 [ J2 \ f � φ � s�;� φ � � s� ds (B.31)

Here,aselsewhere,intervalsareequippedwith theLebesguemeasure.
By LemmaB.5.5,thefunctions f and f p φ have “same”Lebesguepoints.

Proof: We shall replaceJ1 by � a � b� � J1 s.t. φ ��� r g 0 on � a � b� (note
J �1 : 
 J1 #iC t � J1 EE φ � � t ��
 0 H is a countableunion of suchintervals, and it is
enoughto treatJ �1). Let �α � β �F
 φ �¦� a � b�¦� .

1� Notethatφ % 1 � � 1 � �α � β � ; � a � b�B� andφ % 1 � � 1J r (recall thatweuseone-
sidedderivativesat endpoints),and φ % 1 �E � is a Borel set for eachBorel set
E.

2� If N � � a � b� a null set,thenso is φ �N � : SetR : 
 maxφ � . Let ε g 0 and
assumew.l.o.g. that N � � a � b� . Now N � V for someopenV with m� V �i!
ε J R (seeTheorem2.20 of [Rud86]). Write V as the union of a countable
numberof disjoint openintervals: V 
 � n � N � an � bn � . Thenm� φ � � an � bn ���B��

m�R� φ � an �>� φ � bn �;�;��G�*bn 5 an *R 
 m�;� an � bn �;� R, sothatm� φ �N ����G m� φ �V ����! ε.
Becauseε g 0 wasarbitrary, m� φ �N ���$
 0.

3� Case f : J2 	 X is measurable: Let C sn H be countably-valued and
measurableand s.t. sn 	 f a.e. Redefineeachsn on a null set so that they
becomeBorel-measurable;then still sn 	 f outsidesomenull set N � J2.
Consequently, sn p φ 	 f p φ outsideφ % 1 �N � , which is a null set,by 2� . But
sn p φ is acountably-valuedBorel-measurablefunction,by 1� , for eachn, hence
f p φ is measurable.

4� Measurability: the general case: Exchangethe rolesof φ and φ % 1 to
obtaina conversefor 3� . (Note also that � f p φ � φ � is measurableif f f p φ is
measurable.)

5��& f & ∞ 
<& f p φ & ∞ G ∞: This follows from 2� .
6� (B.31)for X 
=� 0 ��� ∞ � : This is containedin (15)on p. 156of [Rud86].
7� L1 andL1

loc claims: Apply 6� to & f & B (for L1
loc we notethatφ �K � � J2 is

compactfor compactK � J1 andφ % 1 �K � � J1 is compactfor compactK � J2;
moreover, φ � , φ % 1 � areboundedoncompactsets).
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8� (B.31) for X 
 B: If X 
 K , then this follows from 6� (for � Re f � 9 ,� Im f � 9 ); in the generalcasewe replace f by Λ f (Λ � B� ) anduseLemma
B.4.2.

9� Lp andLp
loc claims: If p ! ∞, this follows from 7� appliedto & f & pB. If

p 
 ∞, thenthis follows4� and5� .
10� Caseφ �xPg 0: Let f be measurable.Now G : 
ÀC t � J1 EE φ � � t �hg 0 H

consistsof acountablenumberof disjointopenintervals,by LemmaA.2.2. The
imageof the null setJ1 # G is a null set,so it follows from LemmaB.2.5(d1)
that f p φ is measurable.Theproofof theconverseimplicationis analogous(set
G : 
�C t � J1 EE φ % 1 � � t ��!8� ∞ H etc.).

Now for X 
É� 0 ��� ∞ � , we can write the integral as a countablesum of
integrals,by theMonotoneConvergencetheorem;for X 
 B theresultsfollow
asin 6� –9� . n
By TheoremB.3.2,L2 is aHilbert space,hence� L2 �R�"
 L2. Themultidimen-

sionalversionof this goesasfollows:

Lemma B.4.11 Let H be a Hilbert spaceand n �tC 1 � 2 �;QRQ;Q­H . Then, for each
Λ �~� � L2 � Q;H �¨� Kn � , there is a uniqueF � L2 � Q; � � H � Kn �;� s.t.

Λ f 
 S
Q

F f dµ � f � L2 � Q;H �;�¨Q (B.32)

Moreover, & Λ &«Ú Z L2 �Kn ] G=& F & 2 G�Û n & Λ &«Ú Z L2 � Kn ] .
Conversely, by the Hölder Inequality, each F � L2 � Q; � � H � Kn �R� defines

ΛF ��� � L2 � Q;H �>� Kn � , by (B.32). In ExampleB.4.13(c),we have & F & 2 
 Û n,& F &«Ú Z L2 � K2 ] 
 1, hencethe constantÛ n is optimal. By ExampleB.4.13(d),we
mayhave & F & 2 
 ∞ if Kn is replacedby aninfinite-dimensional(Hilbert) space.

Proof: Let Pk �t� � Kn � K � be the projection Pk : x �	 xk. By Theorem
B.3.2, thereare F1 �;Q;Q;Q+� Fn � L2 � Q;H � s.t. PkΛk 
=� Fk � f � L2 (k 
 1 �;Q;Q;Q�� n) and& Fk &�
r& PkΛ & . SetF : 
fÜ F1

...
Fn Ý to obtain(B.32).

Obviously, F �	 Λ is linearandΛ 
 0 { F 
 0, henceF is unique.By the
HölderInequality, wehave & Λ &xG_& F & . On theotherhand, & Fk &xG_& Λ & , hence& F & 2 G n & Λ & 2. n
The Lp norm of a measurablefunction f : Q 	 B is the supremumof* T Q f φdµ * , whereφ � Lq � Q;B� � , 1J p � 1J q 
 1. Wecaneventakeφ to besimple,

and,with someextra assumptions,smooth:

Theorem B.4.12 Let B be a Banach space, let µ be a completeσ-finite positive
measureonQ, let p � q ��� 1 � ∞ � and 1

p � 1
q 
 1, andlet X bea normingsubspaceof

B� for B. Let f : Q 	 B bemeasurable. Thenthefollowinghold:

(a) Wehave & f & ∞ 
 sup
Λ � X0 � º Λ º ² 1

& Λ f & ∞ G ∞ if X0 is a normingsubsetof B� for

B.
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(b1)Wehave & f & p 
 sup
φ �,Þ * S Q

φ f dµ *,G ∞ � (B.33)

whereeither Ä`
8Ä 1 or Ä<
tÄ 2, and Ä 1 : 
ÒC φ � Lq � Q;X � EE & φ & q G 1 & φ f �
L1 H , Ä 2 : 
�C ∑n

k � 1xkχEk
�}Ä 1 EE n � N � xk � X � m� Ek �"! ∞ for all k H .

(b2) If Q is anopensubsetof Rn, µ is regular, and T K & f & Bdµ ! ∞ for compact
K � Rn (i.e., f � L1

loc
� Q;B� ), thenwecantake Är
KÄ 3 : 
 � ∞

c
� Q;X �1�vÄ 1 in

(b1).

(b3)If µ is thecountingmeasure(i.e., Lp � Q;B�w
a� p � Q;B� ), then Ä 2 
 cc �ÈÄ 1 

cc in (b1), where cc : 
_C x : Q 	 B EE xq 
 0 exceptfor finitely manyq � Q H .
Moreover, thenwe can allow Q to be an arbitrary set (i.e., µ neednot be
σ-finite).

(b4)In (b1)–(b3),wemayrequire, in addition,thatφ 
 ∑m
k � 1 φkxk, wherem � N,

φk is scalarandxk � X, for each k.

(c) If g : Q 	 � 0 � ∞ � is measurable, wecantakeX 
`� 0 � ∞ � andhave& g & p 
 sup
φ �,Þ & φ ¾ 0

S
Q

φgdµ G ∞ � (B.34)

where Ä isasin anyof (b1)–(b3);wecanevendroptherequirementφg � L1,
aswell astherequirementg � L1

loc (in (b2)).

(d) If p 
 ∞, then,in (b1)–(b3)above, wemaylet X beanynormedspaces.t.
X u B 	 B2 is bilinear andsupº x º X ² 1 & xb & B2 
=& b & B for somenormedspace
B2.

For p ! ∞, we mustreplace“ 
 ” by “ � ” in (B.33) for such a general X
(seeExampleB.4.13),but the supremumis still nonzero, i.e., f P
 0 
${T Qφ f dµ P
 0 for someφ �~Ä .

(e)Wehavef 
 0 a.e. if f � L1 � Q;B� and T E f dµ 
 0 for all measurableE � R,
or f � L1

loc
� Rn;B� and T E f dm 
 0 for all boundedmeasurableE � R.

(ThesetsLq and
� ∞

c aredefinedfor incompletenormedspacesexactly asfor
thecompleteones.)

Theassumptionφ f � L1 is requiredto maketheintegral T Qφ f dµwell defined;
for f � L1

loc and Ä�
KÄ 3 it is redundant.Clearlyit is not neededfor (B.34).
In (d), wemayhave,e.g.,X 
D� � B � B2 � , B 
D� � X � B2 � or X 
 K .
SeeExamplesB.4.13andB.4.14for “counter-examples”.

Proof: (a) Clearly“ � ” holds,soit is enoughto assumethat & f &ig M on a
setE � Q of positivemeasure,andfind Λ � X0 s.t. & Λ &xG 1 and *Λ f *sg M ona
setof positivemeasure.

Pick ε g 0 s.t. E � : 
WC t � Q EE & f � t �)&ßg M � ε H has a positive measure.
Choosea0 � E � , Aε � E � for f * E U andε asin LemmaB.2.8(a).ChooseΛ � X0

s.t. *Λ f � a0 �)*,g_& f � a0 �)&$5 ε J 2. Then(recall that & Λ &xG 1)*Λ f � a�)*4g=*Λ f � a0 �)*R5 ε J 2 g_& f � a0 �)&$5 ε g M (B.35)

for a � Aε, hence& Λ f & ∞ g M.
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(b1) If f � Lp andφ �¶Ä , then & T Qφ f dµ &?GD& f & p by theHölderinequality;
trivially, wehave &§T Qφ f dµ &"GM& f & p for f P� Lp (i.e., & f & p 
 ∞). Thus,weonly
needto assumethat0 ! M !<& f & p G ∞ andfind φ ��Ä s.t. & T Qφ f dµ &qg M.
Wedivide theproof of this factinto threeparts.

CaseI — p 
 ∞, ÄÎ
_Ä 2: Take M �yg M s.t. µ � E �xg 0, whereE : 
`C t �
Q EE & f � t �)&¤g M �BH . Becauseµ is σ-finite, there is A � E s.t. 0 ! µ � A�h! ∞.
Choosea0 � A and A� : 
 Aε � A for ε : 
 � M � 5 M �;J 2 as in LemmaB.2.8.
Choosex � X s.t. & x &?
 1 andxf � a0 �?g=& f � a0 �)&$5 ε g M � ε. Thenfor t � A� ,
wehave & f � t �)& B � � f � a0 �¿5 ε � f � a0 �b� ε � , and & xf � t �¿5 xf � a0 �)&?! ε. Therefore,
φ : 
 xχAU J µ � A�­���ÍÄ 2, and& S

Q
φ f dµ &?
 µ � A� � % 1 & S

AU xf dµ &e��& xf � a0 �)&(5 ε g M Q (B.36)

CaseII — p ! ∞, Äà
cÄ 2: 1� Assumethat µ � Q�q! ∞, & f & p 
 1, and
f 
 ∑k

j � 1b jχQ j
, wherethesetsQ j , j � N aredisjoint.

For each j choosex j � X s.t. & x j &©
 1 andx jb j gO& b j &�5 δ, whereδ : 
� 1 5 M �;J ∑k
j � 1 & b j & p % 1µ � Q j ��! 1 5 M,

For φ : 
 ∑k
j � 1 & b j & p % 1x jχQ j

, wehave (becauseq � p 5 1��
 p) thatS
Q
& φ � t �)& qdµ 
 S

Q

k

∑
j � 1
& b j & pχQ j

� t � dµ 
r& f � t �)& pp 
 1 for all t � Q � (B.37)

for q ! ∞, and & φ & ∞ 
 1 aswell for q 
 ∞. Moreover,& S
Q

φ f dµ &"
 k

∑
j � 1
& b j & p % 1 � x jb j � µ � Q j �?� S & f & pp 5 h � δ ��
 1 5 h � δ �>� (B.38)

whereh � δ � : 
 ∑k
j � 1 & b j & p % 1 � & b j &(5 x jb j � µ � Q j �"! δ∑k

j � 1 & b j & p % 1µ � Q j �$
 1 5
M, hence& T Q φ f dµ &eg M.

2� By scalinganddensity(TheoremB.3.11),any f � Lp will do in 1� , if
µ � Q�"! ∞.

3� For the generalcase,let Q 
 � j � NQ j , where the setsQ j , j � N are
disjoint andµ � Q j �?! ∞ for all j. SetE j : 
DC t � Q1

� ';';' � Q j EE & f � t �)& B ! j H .
By themonotoneconvergencetheorem,T QχE j

& f & pBdµ g M for somej � N.
Usenow 2� to find φ 
 φχE j

��Ä for E j andχE j
f ; thesameφ will clearlydo

for Q and f .

CaseIII — Ä�
KÄ 1: This followseasilyfrom caseÄ�
KÄ 2.

(b2) Thereis a nestedsequenceof opensetsΩ j � Q with compactclosure
s.t. � j � NΩ j 
 Q. By the monotoneconvergencetheorem,it follows that for
some j, we have & f & Lp Z Ω j � µ;B] g M. Find g 
 gχΩ j


 ∑k
i � 1xiχEi

��Ä 2 s.t.
M f : 
I& T Ω j

gf dµ &xg M. SetMg : 
 maxi & xi &xg 0.

Becausef � L1 � Ω j � µ;B� , we canfind, for eachi, a compactKi � Ω j and
an openVi � Ω j s.t. Ki � Ei � Vi and T Vi � Ki

& f & Bdµ ! δ : 
 � M f 5 M �;J 2kMg.
By LemmaB.3.10, thereis someφi � � ∞

c
� Ω j � s.t. χKi

G φi G χVi
. Set φ : 
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∑k
i � 1xiφi �}Ä 2 It follows that& S

Ω j

φ f dµ &"�Ò& S
Ω j

gf dµ &§5 k

∑
i � 1

S
Vi � Ki

& g 5 φ & X & f & Bdµ �Ò& S
Ω j

gf dµ &§5 k

∑
i � 1

2Mgδ g M Q
(B.39)

(b3) 1� Casep 
 ∞: If M !r& f & ∞ 
 supq � Q & f & , thenthereis q � Q s.t.& f � q�)& B g M, so that & f � q� x &©g M for somex � X with & x &x
 1. Thus,then
wecantake φ : 
 χ � q� x.

2� Case1 G p ! ∞: Set A : 
 supp� f � : 
�C q � Q EE f � q�½P
 0 H . If A is
countable,then (b1) applies; obviously, Ä 2 
 cc ��Ä 1 
 cc. Assumethen
that A is uncountable.Choosen � N � 1 s.t. An : 
cC a � A EE & f � a�)&¤g 1J n H
is uncountable(henceinfinite). Choosedistinct elementsC ak H k � N � An. For
eachk, choosexk � X s.t. & xk &m
 1 and f � ak � xk g 1J n. Then T Qφm f dµ 

∑m

k� 1 f � ak � xk g mJ n, whereφm : 
 ∑m
k� 1 xkχ � ak � � cc and m � N is arbitrary,

hencethen(B.33)
 ∞ 
<& f & p.
(b4)Thefunctionsφ constructedin theproofsof (b1)–(b3)areof this form.
(c) Finally, for g : Q 	 X, X 
�� 0 � ∞ � , wecanchooseφ �~Ä to prove(B.34)

asabove. By Hölder inequality, φg � L1 maybedropped;by thetrick usedin
“3 � ” above(with E j : 
tC t � Q EE f � t �d! j H ) wemaydroptheassumptionf � L1

loc.
(d) CaseI above appliesheretoo (mutatismutandis).For p ! ∞, we still

have the Hölder inequality (“ � ”); naturally for B2 
 K this reducesto (b1)–
(b3).

Finally, if f P
 0, then someφ 
 ∑m
k� 1 φkb�k �ÁÄ (hereb�k � B� for all k)

satisfies T Qφ f dµ P
 0, by (b4), hencethen b : 
 T Q φk f dµ P
 0 for somek.
Choosex � X s.t.xb P
 0, andsetφ 
 φkx. n
Wenow show thatpart(d) doesnothold for p ! ∞:

Example B.4.13 Let Q 
=� 0 � 2� , µ 
 m, 1 G p ! ∞, 1
p � 1

q 
 1.

(a)B 
D� � K � K2 � , X 
 K , f 
 χ [ 0 � 1\§á 10 â � χ [ 1 � 2\§á 01 â � Lp � Q; � � K � K2 �;�R� , Then& f & p 
 21Y p g sup
φ � Lq Z Q;X ]ã� º φ º q � 1

& S
Q

f φdµ & K2 Q (B.40)

Thus, & f & p g=& f &«Ú Z Lq Z Q;K ]�� K2 ] .
However, & f & p 
 & f � & Lp Z Q; Ú Z K2 � K ]¥] 
 & f � & Ú Z Lq Z Q;K2 ]ã�K ] , hence& f � &«Ú Z Lq Z Q;K2 ]�� K ] g=& f &«Ú Z Lq Z Q;K ]ã�K2 ] .

(b) Analogously, & f & p g & f & Ú Z Lq Z Q;K2 ]�� K2 ] if we set f 
 χ [ 0 � 1\§á 1 0
0 0 â �

χ [ 1 � 2\§á 0 0
1 0 â � Lp � Q; � � K2 �;� .

(c) Moreover, by setting f 
 ∑n
k� 1 χ [ n % 1 � n\ P�n , whereP�n ��� � K � Kn � is defined

by P�nα 
 αen, we get & f & L2 Z [ 0 � n\ ;B] 
 Û n, &¿T f udm &qG 1 when & u & 2 G 1,
wherewecantakeB 
Ò� � X � Kn � for any nontrivial BanachspaceX (replace
f by f Λ for someΛ � X �w#�C 0 H ).

(d) Finally, if f 
 ∑∞
k� 1 χ [ n % 1 � n\ P�n , B2 : 
�� 2 � N � whereP�n �Ñ� � K � B2 � is defined

by P�nα 
 αen, then &¿T f udm &�GÀ& u & L2 Z R ä ;K ] , i.e., & f &«Ú Z L2 Z Q;K ]ã� B2 ] 
 1,
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although & f & L2 Z R ä ; Ú Z K ;B2 ]¥] 
 ∞. Note that & f �b& Ú Z L2 Z Q;B2 ]ã�K ] 
å& f ��& 2 
& f & 2 
 ∞. æ
Proof: (a) Let q ! ∞. Obviously, & f & pp 
 2, hence & f & p 
 21Y p. Let

φ � Lq � Q;X �>��& φ & q 
 1. SetP1 : 
 á 1 0
0 0 â , P2 : 
 á 0 0

0 1 â . Then& P1

S
Q

f φdm & X 
<& S 1

0
P1φdm & X G_& φ & Lq Z [ 0 � 1\ ;X ] 
 : a � (B.41)

by the Hölder inequality. Analogously, & P2 T Q f φdm & X GO& φ & Lq Z [ 1 � 2\ ;X ] 
 : b,
hence& T Q f φdm & 2X G a2 � b2. For q G 2 wehavea2 � b2 G aq � bq GD& φ & qq 
 1
andhence&¿T Q f φdm & 2X G 1. Forq g 2, themaximumof a2 � b2 givenaq � bq G
1 is 2 % 2Y q � 2 % 2Y q 
 21Y p % 1Y q ! 21Y p ! � 21Y p � 2 
r& f & 2p. Finally, for q 
 ∞ we

have & Pk T Q f φdm & X G 1 (k 
 1 � 2), hence&¿T Q f φdm & X G Û 2 ! 2 
r& f & p.
(b) This follows from (a).
(c)&(d) Thesecan be proved as for (a) (for p 
 2 
 q this is obvious:& T f φ & 2 G ∑n & φ & 2L2 Z [ n % 1 � n\ ;X ] 
r& φ & 22, asin (B.41)).

(e) 1� For f � L1 � Q;B� this follows from Lemma B.2.8(b) (since
Λ T A f dµ 
 T AΛ f dµ g 0 for suchA).

2� If f � L1
loc
� Rn;B� and T E f dm 
 0 for all boundedmeasurableE � R,

thenχ [ % R�R\ n f 
 0 a.e.for all R g 0, by 1� , hencef 
 0 a.e. n
Evenif f is stronglymeasurable,“weakLp” differsfrom Lp:

Example B.4.14 (Λ f � LpΛ f � LpΛ f � Lp for all Λ P{ f � LpΛ P{ f � LpΛ P{ f � Lp) Set H : 
I� 2 � N � . Define f �� 2 � N;H � by f � k � : 
 ek. Then,for any x � H, we have &¨� f � x�;& 2 
�& x ç¥& 2 
c& x & H .
Thus, & Λ f & 2 
É& Λ & for all Λ � H � , although & f & 2 
 ∞. (The sameholds for¹f : 
 ∑k � N χ [ k � k : 1] ek � L2 � R : ;H � .) æ

By The Hölder Inequality, the formula � p � Q;B� Ï f �	 ∑t � QFt ft � K deter-
minesacontractivemap � q � Q;B� � Ï F �	 ∑F '��è� p � Q;B� � . Usually, all elements
of � p � Q;B�;� areof this form:

Lemma B.4.15(� � � p � Q;B � � 
Á�� � q � Q;B � � ) Let Q be a set,1 G p ! ∞ and p % 1 �
q % 1 
 1. Then � p � Q;B�;��
O� q � Q;B�«� and co

� Q;B�;��
O� 1 � Q;B� (with equal
norms).

Recall that � p � Q;B� refersto Lp � Q � σ;B� , whereσ is the countingmeasure.
Note that it follows that � p

r
� S;B�;��
K� q1Y r � S;B�«� for S � Z, where � p

r : 
 r ç � p (see
(13.2)).

Proof: 0� Remarks: We allow B to be an arbitrary Banachspace;this
cannotbe donein the caseof, e.g.,Lp � � 0 � 1� ;B� ; cf. [DU]. For infinite Q and
B P
rC 0 H , the closedsubspaceco

� Q;B� of � ∞ � Q;B� is not dense,hencethere
is F ��� ∞ � Q;B�;� s.t. F f 
 0 for all f � co, in particular, F P��� 1 � Q;B�L� (a
constructiveexampleis givenin Exercise3.4of [Rud73]).
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1� Sufficiency: Let 1 G p G ∞. Let F �Ñ� q � Q;B�«� . By LemmaB.4.12(b3),
F �A� p � Q;B�R� and & F &;é p Z Q;B]¥ê 
É& F &;é q Z Q;Bêã] (and the sameholdswith co in
placeof � p if p 
 ∞).

2� Necessity, casep ! ∞: For theconverse,assumethatF � � p � Q;B�;� and
p ! ∞. Sinceπ �� t � �Ñ� � B �ë� p � Q;B�;� (hereπ �� t � x is x at t andzeroelsewhere),we
haveGt : 
 Fπ � t H � �Í� � B � K �$
 B� .

This function G : Q 	 B� satisfiesF f 
 ∑t � QGt ft for each f � cc
� Q;B� ,

by linearity. Since * ∑t � QGt ft *|
r*F f *)G=& F &b& f & for all f � cc
� Q;B� , we have& G &;é q Z Q;Bê ] G`& F & , by LemmaB.4.12(b3)(with ÄÃ
�Ä 2 
 cc). Consequently,

G � � p � Q;B� � , by 1� .
It follows thatG 
 F on theclosureof cc

� Q;B� , i.e., on � p � Q;B� . Thus,F
is of therequiredform. By density(seeTheoremB.3.11(a)),G 
 F.

3� Necessityfor co
� Q;B� : If F � co

� Q;B�;� andp 
 ∞, thentheaboveproof
applies,mutatismutandis,andG 
 F on co

� Q;B� , by density(seeTheorem
B.3.11(c)),henceF is againof therequiredform. n
TheMinkovski Integral Inequality(not to bemixedto theMinkovski inequal-

ity & f � g & p GI& f & p �K& g & p) saysthat &¿T R f dν & p GMT R & f & pdν; alsothis canbe
extendedto vector-valuedfunctions

Theorem B.4.16(Mink ovski Integral Inequality) Let � Q � µ� and � R� ν � becom-
plete, positive, σ-finite measure spaces.Equip Q u R with µ u ν, thecompletion
of µ u ν. Let1 G p G ∞.

(a) If f : Q u R 	 � 0 � ∞ � is measurable, then& S
R

f dν & Lp Z Q] G S
R
& f & Lp Z Q] dν G ∞ Q (B.42)

(b) If B is a Banach space, f : Q u R 	 B is measurable, and M : 
T R & f & Lp Z Q] dν ! ∞, then g � q� : 
 T R f � q �;'z� dν � B is defineda.e., g �
Lp � Q;B� and & g & p G M, i.e., (B.42)holds.

If we did not make theassumptionT R & f & Lp Z Q] dν ! ∞ in (b), we would have
to write & χ f Z q � ç ]ã� L1 Z R� X ] S

R
f dν & Lp Z Q � X ] G S

R
& f & Lp Z Q �X ] (B.43)

or usesomeothertrick to makethefunctionin theleft well defined(hereit is taken
to bezerofor thoseq, for which f � q �;'z�©P� L1). Theset C q � Q EE T R & f � q �;'­�,& dν 

∞ H is measurableby the Fubini Theorem,henceso is χ f Z q � ç ]ã� L1 Z R�X ] , and thus
(B.43)canbeprovedin thesamewayas(b).

Proof: (a) By the Fubini Theorem,the inner integralsdefinemeasurable
functions; in particular, g � q� : 
 T R f � q � r � dr definesa measurablefunction
Q 	 � 0 � ∞ � .
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If s � 0 is asimplefunctionand & s & pU G 1, where1J p � 1J p�b
 1, thenS
Q

gsdµ 
 S
Q

S
R

f � q � r � s� q� dν � r � dµ � q� (B.44)
 S
R

S
Q

f � q � r � s� q� dµ � q� dν � r �$G S
R
& f & Lp Z Q] dν � (B.45)

hence & T R f dν & Lp Z Q] 
Ø& g & Lp Z Q] G T R & f & Lp Z Q] , by TheoremB.4.12 (p �� 1 � ∞ � ).
(b) Find setsQ j � Q with µ � Q j �¤! ∞ ( j � N) s.t. Q1 � Q2 � 'R';' and

Q 
 � j � NQ j . TheassumptionT R & f & pdν ! ∞ impliesthatS
Q
* S

R
& f & Bdν * pdµ G V S

R
& f & Lp Z Q] dν X p ! ∞ � (B.46)

by (a) (appliedto & f & B) for p ! ∞, and & T R & f & Bdν & ∞ G T R & f & ∞ dν ! ∞ for
p 
 ∞. In particular, T R & f & Bdν ! ∞ for a.e.q � Q� , whereµ � Q # Q� ��
 0, and
g is definedon Q� , hencea.e.

BecauseLp � Q j ;B� � L1 � Q j ;B� for j � N, we have T Q j
T R & f & Bdνdµ ! ∞,

henceg j : 
 T R f dν : Q j 	 B is defineda.e.and measurable,by the Fubini
Theorem.

Becauseg j 
 g on Q j , also g is measurable. By (B.46), & g & Lp Z Q] GT R & f & Lp Z Q] dν ! ∞. n
The following result allows one to take Laplaceand Fourier transformsof� � R;Lp � functionscomponentwise(seePropositionD.1.13).

Lemma B.4.17(T Q f � 'z� � r � dµ 
 � T Q f dµ� � r �T Q f � '­� � r � dµ 
 � T Q f dµ� � r �T Q f � '­� � r � dµ 
 � T Q f dµ� � r � ) Assumethat µ : � 	 � 0 � ∞ � and
ν : �=�,	ì� 0 � ∞ � areσ-finite, complete, positivemeasuresonQ andR,respectively.

Let f � L1 � Q;Lp � R;B�;�§� L � Q u R;B� , p �a� 1 � ∞ � . Theng � r � : 
 T Q f � '­� � r � dµ
existsa.e., andg 
KT Q f dµ � Lp � R;B� .

Thus, then g � r �m
 � T Q f dµ� � r � for almost every r � R. Seealso Exam-
ple B.4.18.

Proof: (By using the Fubini Theorem,one easily verifies that f 
 0 as
an elementof L1 � Q;Lp � R;B�;� if f f 
 0 asan elementof L � Q u R;B� , hence
L1 � Q;Lp � R;B�R�b� L � Q u R;B� is well-defined(weusedtheassumptionthat f �
L � Q u R;B� ; by Counter-example8.9(c)of [Rud86],thereis f : � 0 � 1� u � 0 � 1��	
R s.t. f is notmeasurable,but � f �@� L1 � � 0 � 1� ;Lp � � 0 � 1� ;B�;� hasa representative
thatis measurable,becausef � t �(
 1 a.e.for every t ��� 0 � 1� , i.e., � f ��
=� 1� .)

By TheoremB.4.16,g � r � exists for a.e.r � R, g � Lp � R;B� and & g & p G& f & 1. SetF : 
 T Q f dµ � Lp � R;B� .
1� Casef 
 χEb,b � Lp, E �½� : Now F 
 µ � E � b, g � r �y
 µ � E � b � r � (r � R),

henceF 
 g.
2� Casef is simple:This followseasilyfrom 1� , by linearity.
3� General case: Let fn 	 f in L1, asn 	 ∞, and let fn be simpleand

measurablefor eachn � N. SetFn : 
 T Q fndµ, gn
� r � : 
 T Q fn � 'z� � r �>� dµ (r � R),

sothatFn 
 gn, by 2� .
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BecauseT is continuous,we have Fn 	 F in Lp, asn 	 ∞. By Theorem
B.4.16,& gn 5 g & p 
<& S

Q

� fn 5 f � � 'z� � r � dµ & p G S
Q
& fn 5 f & dµ 
I& fn 5 f & 1 	 0 � (B.47)

asn 	 ∞. Therefore,somesubsequenceof C gn H convergesto g andF a.e.,
henceg 
 F a.e. n
Theassumptionthat f � L � Q u R;B� is necessaryin LemmaB.4.17:

Example B.4.18 [ T Q f � 'z� � r � dµ P
 � T Q f dµ� � r �T Q f � '­� � r � dµ P
 � T Q f dµ� � r �T Q f � 'z� � r � dµ P
 � T Q f dµ� � r � ] Define f : � 0 � 1� u � 0 � 1��	 R asin
Counter-example8.9(c)of [Rud86](which usestheContinuumHypothesis),and
defineh : � 0 � 1� u � 0 � 1�b	 R by h ³ 1. Let p � a �£� 1 � ∞ � .

Then f is not measurable� 0 � 1� u � 0 � 1�¿	 R, but for eachq � Q : 
I� 0 � 1� , we
have f � q�$
 1 
 h � q� a.e.on R, in particular, f � q�?� Lp � � 0 � 1� ;B� . Thus, � f �1
`� h�
aselementsof La � � 0 � 1� ;Lp � � 0 � 1� ;B�;� , evenaselementsof

� � � 0 � 1� ;Lp � � 0 � 1� ;B�;� .
Even worse,for eachr �8� 0 � 1� , we have f � q � r ��
 0 for a.e.q � Q. Thus,

g � r � : 
 T Q f � q � r � dq 
 0 for eachr ��� 0 � 1� , although T Q f dm 
 T Q1dm 
 1 �
Lp � � 0 � 1� ;B� , henceg P
 T Q f dm (cf. LemmaB.4.17).

æ
If f � La � Q;Lp � , thenthereis h � L � Q u R� s.t.h � q�y
 f � q� a.e.onR (henceas

elementsof Lp) for a.e.q � Q (we omit thenontrivial proof). Thus,thenLemma
B.4.17canbeappliedto h, but not to f : thevalueof T Q f � q� � r � dµ � q� maydiffer
everywherefrom � S

Q
f dµ� � r �$
 � S

Q
hdµ� � r �$
 S

Q
h � q� � r � dµ � q� (B.48)

(thisequalityholdsfor a.e.r � R), asshown in theaboveexample.
If acontinuousfunctionhasaL1 limit functionon theleft boundary, thenthis

functionis L1 over thewholerectangleandalsosideways:

Lemma B.4.19 Let f � � �;� r � s� u � a � b� ;B� and f * � r �sÐ Z a � b] � L1 � C r H u � a � b� ;B� ,
a � b � r � s � R, r ! s,a ! b.

If f � t �;'z�d	 f � r �R'­� in L1 �;� a � b� ;B� , ast 	 r � , then f � L1 �;� r � s� u � a � b� ;B� and
f � '�� c�"� L1 �;� r � s� ;B� for a.e. c � � a � b� .

Proof: Being continuous, f is Borel-measurableon Q : 
 � r � s� u � a � b� ,
henceLebesgue-measurableon Q. Due to the continuity and convergence,
M : 
 supt �1[ r � s\ & f � t �;'­�)& L1 Z¥Z a � b] ;B] ! ∞. By TheFubiniTheorem,� s 5 r � M � S

Q
& f & Bdm 
 S s

r

S
b

a
& f & Bdm 
 S b

a

S
s

r
& f & Bdm; (B.49)

in particular, T s
r & f & Bdm ! ∞ for a.e.c � � a � b� and f � L1 � Q;B� . n

(Seethenoteson p. 947.)
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B.5 Differ entiation of integrals ( d
dt Ê )

“Chesire-Puss,” shebegan,“would youtell me, please, which wayI
oughtto go fromhere?”
“That dependsa gooddeal on where you want to get to,” said the
Cat.
“I don’t caremuch where–” saidAlice.
“Then it doesn’t matterwhich wayyougo,” saidtheCat.

— Lewis Carroll (1832–98)

In thissectionwepresentLebesguepointsanda few resultsondifferentiation
of integrals.

Also for vector-valuedfunctions,almostall pointsareLebesguepoints:

Theorem B.5.1(Lebesguepoints) Let f � L1
loc
� Rn;B� . Then, for almost all

t � Rn, wehave

lim
r � 0: m� Dr � % 1

S
Dr Z t ] & f � s�b5 f � t �)& Bds 
 0 and f � t �@
 lim

r � 0: m� Dr � % 1

S
Dr Z t ] f � s� dsQ

(B.50)
Such t arecalledtheLebesguepointsof f , andLeb� f � � Rn is thesetof such t.

(HereDr
� t � : 
KC t �b� Rn EE * t �L5 t *|! r, Dr : 
 Dr

� 0� .) From(B.50)it followsthat& f � t �)&�G_& f & ∞ G ∞ for all t � Leb� f � .
Note that if f is continuousat t, then t � Leb� f � . Obviously, Leb� f �(�

Leb� g� � Leb� α f � βg� for any f � g � L1
loc, α � β � K .

Proof: Thefirst claimfollowsfrom Theorem3.8.5of [HP] for t � Dk, if we
replacef by χDk

f (k � N); thesecondclaim follows from thefirst for (at least)
samet:& f � t �y5 m� Dr � % 1

S
Dr
Z t ] f � s� ds & B 
<& m� Dr � % 1

S
Dr
Z t ] � f � t �@5 f � s�;� ds & B 	 0 Q

(B.51)
Let Nk � Dk bethenull setwherethefirst limit in (B.50)is nonzeroor does

not converge. Then(B.50)holdsfor t � Rn # � k � NNk, hencea.e. (To beexact,
[HP] givesthe result for cubes,but it canbe easilygeneralizedto any nicely
shrinkingsets,asin Section7 of [Rud86].) n
Fromtheabove theoremwe obtain

Corollary B.5.2 LetJ � R beanintervaland f � L1
loc
� J;B� . Then,for almostall

t � J,

lim
h� 0

1
h

S
t : h

t
f � s� dt 
 f � t � and lim

h� 0

1
h

S
t : h

t
& f � s�y5 f � t �)& ds 
 0 Q (B.52)

In particular, if a � J andF � t �$
KT t
a f � s� ds, thenF � � � J;B� andF ��
 f a.e.n

(Of course,wehaveset T a
b : 
�5~T b

a .)
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Oneeasilyverifiesthat a function F of the above form is locally absolutely
continuous(see(scalar)Definition7.17of [Rud86]).However, unlikein thefinite-
dimensional(or Hilbert) case,thereareabsolutelycontinuousfunctionsthatare
nowheredifferentiable(however, this is not thecasefor reflexivespaces,a fortiori
not in Hilbert spaces;see,e.g.,[DU] or p. 125of [KOS] for details).

There is a method for uniquely choosing representatives for L1
loc
� Rn;B�

“functions” sothattheserepresentativehaveall possibleLebesguepoints:

Lemma B.5.3(Lebesguerepresentative) Let � f �w� L1
loc
� Rn;B� . For each t � Rn

s.t.
lim

r � 0: m� Dr � % 1

S
Dr
Z t ] * f 5 xt * dm 
 0 (B.53)

for somext � B, weset � L f � � t � : 
 xt ; for othervaluesof t, weset � L f � � t � : 
 0.
It follows that � L f � � t �©
 f � t � for all t � Leb� f � , henceL f 
 f a.e. and

Leb� f � � Leb� L f � . Moreover, & L f &qGI& f & ∞ everywhere andL f dependson � f �
only.

Moreover, for all � f ���L� g�d� L1
loc
� R;Y � , Λ � Y � , ψ �8í � � R � , andevery t � R

wehave � Lψ f � � t �$
 � ψL f � � t �>� Leb� ψ f ��
 Leb� f �¨�
(B.54)

Leb� f � � Leb� Λ f �>� & � ΛL f � � t �,&xG�& � LΛ f � � t �)&,�
(B.55)

t � Leb� f �¿� Leb� g�m
${ t � Leb� α f � βg�>� � L � α f � βg�;� � t �(
 αL f � t ��� βLg � t �>Q
(B.56)

Finally, for each linear F : B 	 L1
loc
� Rn;B2 � andt � Rn, thespace

Bt : 
�C x � B EE t � Leb� LFx�LH (B.57)

is a subspaceof B. n
(We omit the simple proof.) Note that Leb� L f � becomesthe union of the

Lebesguesetsof all representativesof � f � , andthat f �	 L f and � f ���	 L f arenot
linear, neither f �	 � L f � � t � for any t � Rn (but f �	�� L f � and � f �b�	ì� L f � arelinear,
since � L f ��
`� f � ).

Thestandarddifferentiationformulafor integralscaneasilybeextended:

Lemma B.5.4 LetJ � J � � R beintervals,a � b � � 1 � J;J � � . Let f : J u J � Ï � t � s�Ç	
f � t � s�"� B bes.t. f � ft � � � J u J � ;B� . ThenF � t � : 
 S b Z t ]

a Z t ] f � t � s� ds is in
� 1 � J;B� ,

and

F � � t � : 
 S b Z t ]
a Z t ] ft � t � s� ds � b� � t � f � t � b � t �;�@5 a� � t � f � t � a � t �R� for all t � J Q (B.58)

Recallthatweallow J andJ � benon-open(thederivativesat theendpointsare,
of course,one-sided).

Proof: BecauseT b Z t ]
a Z t ] 
 T b Z t ]

c 5 T a Z t ]
c , where c � J � is arbitrary, we may

assumethata is a constant.Now
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F � t � h�y5 F � t �¿� S b Z t : h]
b Z t ] � f � t � b � t �;�;� ds (B.59)

Fromthefirst termwecompute

1
h î S b Z t ]

a

� f � t � h � s�y5 f � t � s�R� ds 5 S b Z t ]
a

ft � t � s� dsï
 1
h

S
b Z t ]

a

S
t : h

t

� ft � r � s�y5 ft � t � s�;� dr ds 
 1
h

S
t : h

t

S
b Z t ]

a
	 0 � (B.60)

by the continuity of ft . (By the Fubini Theorem, we were allowed to
interchangetheorderof integration.)

Oneeasilyverifiesthat thesecondandthird termsof (B.59) multiplied by
1J h convergeto 0 andb� � t � f � t � b � t �;� , respectively. Thecontinuityof F � follows
analogously. n
A smoothchangeof variablepreservesLebesguepoints:

Lemma B.5.5 Let 5 ∞ G a ! b GW� ∞, φ � � 1 �;� a � b� ;R � , φ �eg 0 and f �
L1

loc
�;� α � β � ;B� , where α : 
 φ � a� , β : 
 φ � b� . ThenLeb� f �$
 φ � Leb� f p φ ��� .
HereLeb refersto thezeroextensions(or any otherL1

loc
� R;B� extensions)of

f and f p φ.
Proof: Let T � � a � b� . Set g : 
 f p φ, t : 
 φ � T � . ChooseR g 0 s.t.� t 5 R� t � R� � � α � β � . SetM : 
 max[ t % R� t : R\ & φ ��& , M � : 
 maxφ [ t % R� t : R\ & φ % 1 � & .

By LemmaB.4.10,wehave

1
2r

S
t : r

t % r
& f � s�@5 f � t �)& Bds 
 1

2r

S
φ   1 Z t : r ]

φ   1 Z t % r ] & g � s�y5 g � T �)& Bφ � � s� ds (B.61)
 MM �
2rM � S T : M U r

T % M U r & g � s�@5 g � T �,& BdsQ (B.62)

But this converges to zero whenever T � Leb� g� , hencethen t � Leb� f � .
BecauseT � � a � b� wasarbitrary, we have φ � Leb� f p φ ��� � Leb� f � . Exchange
therolesof f andg (andφ andφ % 1) to obtainthatφ % 1 � Leb� f ��� � Leb� f p φ � ,
i.e.,Leb� f � � φ � Leb� f p φ ��� . n
TheMeanValueTheoremis only truefor R-valuedfunctions(notevenfor C-

valuedor R2-valued;e.g.,set f � t � : 
 eit , � a � b� : 
�� 0 � 2π � ); in themultidimensional
caseit becomesamereinequality:

Lemma B.5.6(Mean Value Inequality) Let a ! b, and let f � � � � a � b� ;B� be
differentiableon � a � b� . Thenthere is ξ � � a � b� s.t.& f � b�y5 f � a�)& B G � b 5 a�,& f � � ξ �)&�G � b 5 a� sup

t � Z a � b] & f � � x�)&,Q (B.63)

If, in addition, f � � a� exists,thenthere is ¹ξ � � a � b� s.t.& f � b�@5 f � a�
b 5 a

5 f � � a�,& B G�& f � � ¹ξ �y5 f � � a�)& B Q (B.64)
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Proof: Let Λ � X � bes.t. & Λ &©G 1 andΛ � f � b�d5 f � a�;��
O& f � b�d5 f � a�)& B.
Obviously, � ReΛ f ���b
 ReΛ f � , hence& f � b�w5 f � a�,& B 
 ReΛ f � b�§5 ReΛ f � a�d
 � b 5 a� � ReΛ f � � � ξ ��G � b 5 a�)& f � � ξ �,& B �

(B.65)
by theclassicalMeanValueTheorem.Thesecondinequalityfollows from the
first appliedto F � t � : 
 f � t �Ç5 f � a�Ç5 t f � � a� (note that F � � t �?
 f � � t �Ç5 f � � a� ).n

Lemma B.5.7 Let J � R be an interval and n � N. Then the following are
equivalentfor F : J 	 B:

(i) F � � n: 1 � J;B� ;
(ii) F 
 T f for somef � � n � J;B� .

Moreover, if (ii) holds,thenF �b
 f .

By F 
 T f wemeanthatF � t �§
 F � a�)� T t
a f � s� dsfor all t � J andsome(hence

all) a � J. SeeLemmaB.7.6 for an analogousresult for absolutelycontinuous
functions.

Proof: Oneeasilyverifiesthat (ii) implies (i). Given(i), fix a � J andset
f : 
 F � , G � t � : 
 F � a�§� T t

a f . Then � F 5 G� � 
 0 on J, hence� ΛF 5 ΛG� � 
 0
on J and � ΛF 5 ΛG� � a��
 0, henceΛF 
 ΛG on J; this holdsfor all Λ � B� ,
henceF 
 G. Therefore,(i) implies(ii). n
If f � '¦� q�ß� � 1 � Ω;B� for fixed q � Q, and f � z�R'­� is measurableand has

a commonL1 majorantfor all z, then T Q f � z�R'­� dµ � � 1 � Ω;B� with derivativeT Q fz � z�;'z� dµ � � � Ω;B� , by (c)&(d) below:

Lemma B.5.8 Let Ω be a metric space, let Q be σ-finite, let 1 G p G ∞, let
f : Ω u Q 	 B, andsetF � z� : 
 f � z�R'­� . Thenwehavethefollowing:

(a) WehaveF � � � Ω;Lp � Q;B�;� , if p ! ∞ and(1.)–(3.)hold,where

(1.) f � '�� q�"� � � Ω;B� for a.e. q � Q;
(2.) f � z�;'­�"� L � Q;B� for all z � Ω;
(3.) there is g � Lp � Q; � 0 � ∞ ��� s.t. & f � z�;'­�,& B G g a.e. for all z � Ω.

(b) If F � � � Ω;L1 � Q;B�;� , then ¹F � � � Ω;B� , where ¹F � z� : 
 T Q f � z�R'­� dµ.

(c) Claims(a) and(b) alsohold with
� 1 in placeof

�
if Ω � R is an interval

andin (a) wealsorequire that & fz � z�;'­�,& B G g a.e. for all z � Ω.

In case(a) wethenalsohaveF � � z�$
 fz � z�;'z� , hencethen(d) applies.

(d) Assumethat Ω � R is an interval, f � '�� q�e� � 1 � Ω;B� for a.e. q � Q, and
F � G � � � Ω;Lp � , where G � z�$
 fz � z�;'z� .
Then F � � 1 � Ω;Lp � and F �h
 G (and ¹F � � 1 � Ω;B� and ¹F � � z� 
T Q fz � z�;'z� dµ if p 
 1) for all z � Ω.
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(e)Claims(c) and(d) alsohold with H in placeof
�

if Ω � C is open.

SeeDefinitionD.1.3for H � Ω;B� .
Proof: (a) If zn 	 z, then F � zn �x	 F � z� , by TheoremB.4.3. Thus,F �� � Ω;Lp � .
(b) This follows from (a) LemmaB.4.2.
(d) By LemmaB.5.7,wehave f � z� q�y5 f � a � q�(
 T z

a fz � s� q� ds (z� a � Ω).
Moreover, Ω is σ-finite, separableandmetric, andopensubsetsof Ω are

m-measurable.Thus, fz is m u µ-measurable,by LemmaB.4.8.
Fix z � Ω. Given now h � Ω, we have (here &�'�& p refersto the Lp � Q;B�

normandq � Q is thecorrespondingdummy(i.e.,dependent)variable)& h % 1 V F � z � h�y5 F � z�RX�5 G � z�)& p 
I& h % 1

S
z: h

z
V fz � s� q�y5 fz � z� q�+X ds & p (B.66)G h % 1

S
z: h

z
& fz � s� q�@5 fz � z� q�)& pds 	 0 �

(B.67)

(the inequality is from TheoremB.4.16(b)) as h 	 0, by TheoremB.4.3,
because& fz � s� q��5 fz � z� q�)& p 
Î& G � s�(5 G � z�)& p 	 0 as s 	 z, and & G � s��5
G � z�,& p is bounded( G M ! ∞) nearz, by continuity, andM � L1 � � z� z � h��� .

Therefore,F �b
 G existsin Lp. Consequently, F � � 1 � Ω;Lp � .
(c) By (a), we have F � G � � � Ω;Lp � , whereG � z� : 
 fz � z�;'z� (note that

fz � z� q�©
 limn� ∞ n % 1 � f � z � 1J n � q��5 f � z� q�;� for a.e. q � Q, hencealso fz
satisfiescondition(2.)). Therefore,wegettheconclusionsfrom (d).

(e) This is analogousto the
� 1 case(usea pathintegral and(b5) (and(b1)

for p 
 1) of LemmaD.1.2insteadof LemmaB.5.7). n
By (B.50),Theaveragesof any f � Lp � R;B� convergeto f pointwisea.e.;we

alsohave theconvergencein Lp:

Lemma B.5.9 Let1 G p ! ∞ and f � Lp � R;B� . Then& 1
r

S
r

0
f � t � s� ds 5 f � t �)& p 	 0 � as r 	 0 (B.68)

(asfunctionsof t).

Proof: By the Minkovski Integral Inequality, we have (herethe Lp norm
refersto thevariablet)

1* r * & S r

s� 0
� f � t � s�y5 f � t ��� ds & p G 1

r

S
r

s� 0
& f � t � s�y5 f � t �)& pds G sup

s�1[ 0 � r \ & τs f 5 f & p 	 0 �
(B.69)

asr 	 0, by LemmaB.3.9. n
Wefinish this sectionby a technicallemma:
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Lemma B.5.10 LetT g 0. If 0 is a Lebesguepoint of f � L1 � � 0 � T � ;B� , thenS
T

0
se% st f � t � dt 	 f � 0�>� as s 	Ø� ∞ Q (B.70)

Proof: BecauseT T
0 se% st dt 	 1, we have (B.70) for constantfunctions f .

Therefore,wemayassumethat f � 0��
 0, i.e., that

g � t � : 
 t

S
t

0
& f � r �)& Bdr 	 0 as t 	 0 ��Q (B.71)

SetF � t � : 
 T t
0 f dm � � � � 0 � T � ;B� . ThenF � 0��
 0, & T ε

0 s2e% stF � t � dt & B G g � ε �
and T T

ε s2e% stF � t � dt 	 0, ass 	 � ∞, for any ε � � 0 � T � . Using thesethree
factsandpartialintegration,oneeasilyobtains(B.70). n
Notesfor SectionsB.1–B.5
As indicatedin the proofs,many of the above resultsareknown at leastto

someextentor in thescalarcase.A further treatmenton Bochnermeasurability,
Bochnerintegral andvector-valuedLp spacesis given in, e.g.,Sections3.5–3.9
of [HP] and in [KOS], [DU] and [Yosida]; the monograph[Dinculeanu]treats
sameconceptsfrom the Bourbakipoint of view. The scalarcase(the Lebesgue
integral andmeasurabilityandLp and

�
spaces)is containedin mostbookson

realanalysis,suchas[Rud86].
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B.6 Vector-valueddistrib utions ð - Ω;B 3
No, my friend, theway to havegoodandsafegovernment,is not to
trust it all to one, but to divideit amongthemany, distributingto every
one exactly the functionshe is competentto. It is by dividing and
subdividingtheserepublicsfrom the national onedownthroughall
its subordinations,until it endsin theadministration of everyman’s
farm by himself; by placing underevery onewhat his own eye may
superintend,thatall will bedonefor thebest.

— ThomasJefferson(1743–1826),to JosephCabell,1816

Herewebriefly presentstraightforwardvector-valuedgeneralizationsof some
basicscalardistribution results. We have written the othersectionsso that the
readermay skip this section, but its contentsgive a deeperinsight to some
conceptsneededin, e.g.,SectionB.7.

Throughoutthis section,B is aBanachspaceandΩ is anopensubsetof Rn.
Thespace��� Ω � is not equalto

� ∞
c
� Ω � , althoughratherclose.Onetradition-

ally usesa rathercomplicatedtopology; fortunately, for most applicationsone
doesnotneedto know this topology, just someof its basicimplications:

Definition B.6.1 The test function space � : 
 ��� Ω � is the set of functions

φ � � ∞ � R � , whosesupportsuppφ : 
 C x � Rn EE φ � x�©P
 0 H lies in Ω, equippedwith
the standard (locally convex, complete, non metrizable)test function topology
[Rud73,6.3–6.5],whereasequenceC φk H convergesto φ � � iff thereis a compact
K � Ω s.t.suppφk � K for all k andDαφk 	 Dαφ uniformlyfor all α � Nn.

Theelementsof � � : 
 � � � Ω;B� : 
K� ���£� Ω � ;B� arecalled(B-)distributions.

As in theproof of [Rud73,Theorem6.6], onecanshow thata linearmapping
T : ��� Ω �"	 B is continuousif f it is sequentiallycontinuous,i.e., if f φk 	 φ (in��� Ω � ) impliesTφk 	 Tφ (it is enoughto verify this for φ 
 0). Also mostother
resultsof [Rud73,Section6] caneasilybegeneralized.

Wedefinetheαth weakderivative(or αth distributionalderivative)∂αT � � �
of T � � � by

∂αT � φ � : 
 � 5 1� °α °T � Dαφ � � φ � ��� Ω �;�>� (B.72)

in particular, ∂T � φ � : 
I5 T � φ �6� if n 
 1. Herewe have usedthe standardmulti-
index notation: α � Nn, *α * : 
 ∑n

j � 1α j , � x1 �RQ;Q;QR� xn � α : 
 xα1
1 ��';';'¨� xαn

n , Dα : 

Dα1

1 ';';' Dαn
n ; hereD j : 
 d

dx j
and∂ j is thecorrespondingweakderivative.

A function f � L1
loc
� Ω;B� (i.e., f : Ω 	 B is s.t. f � L1 � K;B� for each

compactK � Ω; note that Lp � L1
loc for p ��� 1 � ∞ � ). is identified with the

distribution φ �	 T Ω f φdm. in � � � Ω;B� . The inclusion L1
loc
� Ω;B� � � � � Ω;B�

is linearandinjective. Similarly, aconstant(function)b � B is identifiedwith the
φ �	 T Ω bφdm 
 b T Ω φdm.

A distributionwith zeropartialderivativesis aconstant:

Lemma B.6.2 Let Ω beconnectedandT � � � � Ω;B� . If δ jT 
 0 for all j, then
T � B.
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Proof: If Λ � B� , then ΛT � � � and ∂ jΛT 
 Λ∂ jT 
 0 for all j, hence
ΛT 
 αΛ � K , by [Rauch,p. 256]. Chooseφ1 � � s.t. T Ω φ1dm 
 1, andset
bT : 
 Tφ1.

Then ΛbT 
 ΛTφ1 
 αΛ T Ω φ1dm 
 αΛ for all Λ � B� , henceΛTφ 

αΛ T Ω φdm 
 ΛbT T Ω φdm for all φ � �£� Ω � , Λ � B� , i.e.,Tφ 
 bT T φ 
8T Ω bTφ
for all φ. Thus,T 
 bT � B. n
By induction,we seethatif thekth partialderivativesof T arezero,thenT is

apolynomialof degreek:

Corollary B.6.3 Let Ω be connectedand T � � � � Ω;B� . If *α *4
 k { ∂αT 
 0,
thenT 
 ∑ ° β ° ² k % 1qβbβ, wherebβ � B for all β. n
Corollary B.6.4 If J � R is an open interval, T � � � � J;B� , and ∂T 
 f �
L1

loc
� J;B� , then there is a locally absolutelycontinuousfunction F : J 	 B s.t.

T 
 F andF � t �(
 F � a���£T t
a f dm whena � J; in particular F � 
 f a.e. n

(This followsby definingG � t � : 
 T t
a f dmandthennotingthat∂ � T 5 G�$
 0.)

Similarly, for any F � f � � � Ω;B� s.t. ∂ jF 
 f , thederivative D jF existsand
equalsf , asonecaneasilyshow by usingmollifiers.

Notes
The contentsof this sectionarewell known, althoughit may be difficult to

find any references;someother resultson vector-valueddistributionsaregiven
in [Treves]. See,e.g.,[Rud73]or [Rauch]for thescalarcase;mostscalarresults
alsoholdin oursettingwith sameproofs,mutatismutandis(someexistenceresults
requiretheRadon–Nikodymproperty).
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B.7 Sobolev spacesWk � p - Ω;B3
The reasonthat every major university maintainsa departmentof
mathematicsis that it’ s cheaper than institutionalizing all those
people.

In this section,we briefly generalizesomefactsaboutscalarSobolev spaces
to their vector-valued counterparts. Most of the time we follow the scalar
representationsin [Adams]. A casualreadermight skip thedefinitionsandother
resultsandjust readLemmaB.7.6andTheoremB.7.4,sincethey suffice for most
applications.Also otherreadersmightwishto readfirst LemmaB.7.6to getsome
intuition to Wk � p spaces.

Throughoutthis section,B is a Banachspace,1 G p G ∞, k � N, n � N � 1,
Ω � Rn is open,andm is theLebesguemeasureon Rn.

Definition B.7.1(∂αg∂αg∂αg) Let f � L1
loc
� Ω;B� andα � Nn. Wecall g � L1

loc
� Ω;B� the

αth weakderivativeof f (onΩ) andwewrite ∂α f 
 g ifS
Ω

gφdm 
 � 5 1� °α ° S
Ω

f Dαφdm � φ � � ∞
c
� Ω �;�>Q (B.73)

(By usinglinearity, projections,mollifiersandapartitionof unity, onecouldin

factshow that(B.73) for φ � � ∞
c
� Ω � implies(B.73) for all φ � � °α °c

� Ω;X � , where
X is asin TheoremB.4.12(d).We omit theproof.)

Herewehaveusedthestandardmulti-index notation:α � Nn, *α * : 
 ∑n
j � 1 α j ,� x1 �RQ;Q;QR� xn � α : 
 xα1

1 �Á';';'�� xαn
n , Dα : 
 Dα1

1 ';'R' Dαn
n ; hereD j : 
 d

dx j
is the(classical)

jth partial derivative (useDefinition B.3.3 with the othercoordinatesfixed). If
n 
 1, we write ∂ : 
 ∂1. (Outsidethis and previous section,we usethe same
notationfor weakandordinaryderivatives.)

Recallthat f � L1
loc
� Ω;B� meansthat f : Ω 	 B is s.t. f � L1 � K;B� for each

compactK � Ω. Theweakderivateis unique(asanelementof L1
loc, thatis, a.e.),

by TheoremB.4.12(d).
If f � � k � Ω;B� and *α *|G k, then∂α f 
 Dα f onΩ, by partialintegration.See

alsoTheoremB.7.4andLemmaB.7.6.
It is obvious that if ∂α f 
 g on Ω, then∂απΩ U f 
 πΩ U g on Ω � for any open

Ω � � Ω.

Definition B.7.2(Wk � pWk � pWk � p) TheSobolev spaceWk � p is definedby

Wk � p � Ω;B� : 
�C f � Lp � Ω;B� EE ∂α f � Lp when *α *,G k H (B.74)

for p �£� 1 � ∞ � andk � N, with norm& f & k � p : 
 á ∑°α ° ² k

& ∂α f & pp â 1Y p � 1 G p ! ∞ �¨� & f & k �∞ : 
 max°α ° ² k
& ∂α f & ∞ (B.75)

We denoteclosure of
� ∞

c
� Ω;B� in Wk � p � Ω;B� by Wk � p

0
� Ω;B� . WhenΩ � R1,

weset f � Wk � p
loc
� Ω;B� if f � Wk � p � J;B� for each boundedopenintervalJ � Ω.



B.7. SOBOLEVSPACESWk p Ω;B 951

In particular, W0 � p 
 Lp. Let Ω � � Ω beopen.Obviously, f � Wk � p � Ω;B�${
πΩ U f � Wk � p � Ω � ;B� ; in particularWk � p � Wk � p

loc.

Let Ω � Ω �k� , f � Wk � p
0
� Ω;B� , *α *sG k and∂α f 
 g. ThenπΩ U U f � Wk � p � Ω �k� ;B�

with the samenorm, and ∂απΩ U U f 
 πΩ U U g (for f � � ∞
c
� Ω;B� the latter claim

follows by integration by parts; for general f � Wk � p
0
� Ω;B� by continuity; the

formerclaim follows from this).

Theorem B.7.3 ThespacesWk � p � Ω;B� andWk � p
0 areBanach spaces.

If p ! ∞, then
� ∞ � Ω;B�x� Wk � p � Ω;B� is dense in Wk � p � Ω;B� , and

Wk � p
0
� Rn;B�$
 Wk � p � Rn;B� .

However,
� 1 �;� 0 � 1� ;B� is not densein W1 �∞ �;� 0 � 1� ;B� whenB P
�C 0 H (take an

absolutelycontinuousfunctionwhosederivativehasa jump discontinuity).
The spaceWk � p is densein Lp (p ! ∞), because

� ∞
c � Wk � p. However,

W1 �∞ � R;B� -functionsarecontinuous,by LemmaB.7.6,hencenotdensein L∞.
Proof: 1� Thecompletenessof Wk � p: Let C fn H be a Cauchysequencein

Wk � p andlet *α *)G n. Then C ∂α fn H is a Cauchysequencein Lp, hencethereis
fα � Lp s.t.∂α fn 	 fα in Lp. Let φ � � ∞

c
� Ω � . BecauseDαφ � � ∞

c
� Ω � � Lq � Ω � ,

theHölderinequalityimpliesthat� fα � φ�¿ñf� ∂α fn � φ� : 
 � 5 1� °α ° S Dαφ fndm 	 � 5 1� °α ° S Dαφ f0dm 
 : � ∂α f � φ��Q
(B.76)

Becauseα andφ werearbitrary, we have f0 � Wk � p and∂α f0 
 fα for *α *,G k.
Clearly fn 	 f0 in Wk � p.

2� Beinga closedsubspaceof Wk � p, alsoWk � p
0 is a Banachspace.Thelast

sentenceof the theoremfollows from the straightforward generalizationsof
[Adams,3.15–3.19](notethaton p. 53 of [Adams]thecondition‘containedin
“Uk”’ shouldbe’containedin Uk but not in Uk % 1’). n
One can interpret Wk � p as a closedsubspaceof ∏1 ² j ² Nn Ô k Lp, henceit is

separableif B is (cf. [Adams,3.4]). Similarly, Wk � 2 is aHilbert spaceif B is.
If ψ � � k

b
� Ω � , thenψ ��� � Wk � p � and & ψ & Ú G Mk & ψ & ª k

b
(asa multiplication

operatoron Wk � p) andψ f canbeweaklydifferentiatedby theLeibniz’ rule. For
Λ ��� � B � B2 � we have & Λ & Ú Z Wk Ô p Z Ω � B] ;Wk Ô p Z Ω � B2 ]¥] 
à& Λ & Ú Z B �B2 ] (unlessΩ 
 /0),

moreover, ∂αΛ f 
 Λ∂α f for f � Wk � p.
An openΩ � R hastheconeproperty, if thereis afinite coneC s.t.eachpoint

x � Ω is thevertex of a finite coneCx � Ω congruentto C. In particular, any ball
or cubeor aproductof suchwill do.

Theorem B.7.4(Sobolev Imbedding Theorem) Let B be a Banach space, let
the opensetΩ � Rn havethe coneproperty, and let 1 G p ! ∞, mp g n, and
j � N.

ThenW j : m� p � Ω;B� � � j
b
� Ω;B� , and W j : m� p

0
� Ω;B� � � j

0
� Ω;B� , and these

imbeddingsarecontinuous.
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In particular, W j : m� p � Rn;B� � � j
0
� Rn;B� . Of course,f � � 0 meansthatthere

is ¹f � � 0 s.t. f 
À¹f a.e.SeealsoCorollaryB.7.7(which allows p 
 ∞).
Proof: (We usethe norm & f & ª j

b
: 
 ∑ °α ° ² j sup & Dα f & in

� j
b and

� j
0 .) By

[Adams,5.4C],thereisc 
 c j �m� p � n �Ω s.t.for F � W j : m� p � Ω � wehave & ∂αF & ∞ G
c & F & j : m� p when *α *,G j.

1� Case f � � k � W j : m� p: Let *α *?G j. If we had & � ∂α f � � t �)&Ñg
c & f & j : m� p 
 : M, thentherewereΛ � X � s.t. & Λ &iG 1 andΛ∂α f � t ��g M. But& ∂αΛ f & ∞ G c & Λ f & j : m� p G c & f & j : m� p ! � ∂αΛ f � � t � wereacontradiction,hence& � ∂α f � � t �)&�G c & f & j : m� p.

2� Case f � W j : m� p: By TheoremB.7.3, somesequenceC fn H � � k �
W j : m� p converges to f . By 1� , C fn H is a

� j
b Cauchysequence,henceit

convergesin
� j

b to a function g. Becausea subsequenceconvergesto f a.e.
(generalizethe correspondingscalarresult,e.g.,[Rud86,Theorem3.12]), we
haveg 
 f a.e.Moreover (becauseof theconvergencein

� j
b), wehave& ∂α f & ∞ 
 lim

n� ∞
& Dα fn & ∞ G lim

n� ∞
c & fn & j : m� p 
 c & f & j : m� p Q (B.77)

3� W j : m� p
0 : Herewe cantake C fn H � � ∞

c
� Rn;X � andobtainthat g ( 
 f )

belongsto theclosureof
� ∞

c in
� j

b , i.e., to
� j

0 .
4� Thecontinuityof theimbeddingsfollows from theboundc. n

If first (resp.kth) weakpartial derivativesof f arezero,then f is a constant
(resp.a polynomialof order! k):

Lemma B.7.5 LetΩ beconnectedand f � W1 � p � Ω;B� . If δ j f 
 0 for all j, then
f � B.

Let,in addition, f � Wk � p � Ω;B� . If *α *�
 k { ∂α f 
 0, then f 
 ∑ ° β ° ² k % 1xβbβ,
where bβ � B for all β.

Proof: If Λ � B� , then Λ f � � � and ∂ jΛ f 
 Λ∂ j f 
 0 for all j, hence
Λ f 
 αΛ � K , by correspondingscalarresult(seep. 256of [Rauch]).Choose
φ1 � � s.t. T Ω φ1dm 
 1, andsetbf : 
 f φ1.

Then Λbf 
 Λ f φ1 
 αΛ T Ω φ1dm 
 αΛ for all Λ � B� , henceΛ f φ 

αΛ T Ω φdm 
 Λbf T Ω φdm for all φ � Λ � B� , i.e., f φ 
 bf T φ 
�T Ω bf φ for all
φ. Thus, f 
 bf � B. TheWk � p claim followsby induction. n
BeingaW1 � 1 functionon aninterval is equivalentto absolutecontinuity:

Lemma B.7.6(W1 � p 
 T LpW1 � p 
 T LpW1 � p 
 T Lp) Let J � R be an openinterval and f � Lp � J;B� .
Thenthefollowing areequivalent:

(i) f � W1 � p � J;B� ;
(ii) there is g � Lp s.t. f � t �$
 T t

a gdm � f � a� � t � J � for somea � J.

Assume(ii). Theng 
 f � a.e., ∂ f 
 g, f is locally absolutelycontinuous,and
(ii) holdsfor anya � J. If p 
 1, then f is absolutelycontinuousandhasone-sided
limits at theendpointsof J.
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Thus,if f � ∂ f � Lp, thentheweakderivative∂ f is alsoa pointwisederivative
of f a.e.However, if f is theCantorfunctionof Theorem7.16of [Rud86], then
f � existsa.e.and f � f �@� Lp � � 0 � 1��� for any p ��� 1 ��� ∞ � , but ∂ f doesnot exist (in
L1

loc), becausef ��
 0 and f P
 f � 0��� T t
0 0dm.

Proof: 1� “(ii) { (i)”: Assume(ii). By usingtheFubini theorem,oneeasily
verifiesthat∂ f 
 g, hencef � W1 � p.

2� “(i) { (ii)”: Let f � W1 � p andg : 
 ∂ f � Lp. DefineF � � by F � t � : 
T t
a gdt � f � a� for somea � J. By 1� , we have ∂F 
 g, henceF 
 f � b for

someb � B, by LemmaB.7.5,andb 
 F � a�y5 f � a�$
 0. Thus, f 
 F.
3� Assume(ii). By Corollary B.5.2, f �Ç
 g a.e.and f is locally abso-

lutely continuous. The rest follows from 1� –2� (recall that ∂ f is unique,by
TheoremB.4.12(d)),except the p 
 1 claims,which follow by choosingfor
ε g 0 a simplefunction s � L1 s.t. 0 G s G<& g & and T J & g &�5 sdm ! ε J 2, and
settingδε : 
 ε J 2maxs (or δε 
 1 if s 
 0) — then m� E �q! δε implies thatT E & g & dm ! ε; becauseε g 0 wasarbitrary, f is absolutelycontinuous(see,
e.g.,Definition7.17of [Rud86]),henceit obviously is continuouson J̄. n
In casen 
 1, wecanslightly improveTheoremB.7.4:

Corollary B.7.7(Wk: 1 � p � J;B� � � k � J;B�Wk : 1 � p � J;B� � � k � J;B�Wk: 1 � p � J;B� � � k � J;B� ) Let J � R be open. Then
Wk : 1 � p � J;B� � � k � J;B� . The mappingWk : 1 � p � J;B�m	 � k � K;B� is continu-
ousfor each compactintervalK � J.

Proof: Let f � Wk : 1 � p � J;B� . Let J � � J be an interval. Then f �
Wk : 1 � p � J � ;B� , hencef � � k � J � ;B� , by LemmaB.7.6andinduction.BecauseJ
wasarbitrary, wehave f � � k � J;B� .

By Lemma A.3.6, Wk: 1 � p � J;B�¶	 � k � K;B� is continuous (because� k � K;B� � Lp � K;B� , continuously). n
For J 
 R, the above weakderivativesare, in fact, Lp derivatives(andvice

versa):

Lemma B.7.8 Let f � Lp � R;B� . Thenthefollowingareequivalent:

(i) f � W1 � p � R;B� ;
(ii) there is g � Lp s.t. f � t �$
 T t

0 gdm � f � 0� � t � R � .
(iii) there is ¹g � Lp s.t.h % 1 � τ � h�y5 I � f 	 ¹g in Lp, ash 	 0;

If (i)–(iii) hold, then g 
 ¹g 
 f � a.e., ∂ f 
 g, and f is locally absolutely
continuous.

Proof: Theequivalence(i) � (ii) follows from LemmaB.7.6.
1� “(iii) { (i)”: SetDh : 
 h % 1 � τ � h�Ç5 I � . Let φ � � ∞

c
� R � be arbitrary. We

haveDhφ 	 φ � uniformly, ash 	 0, henceDhφ 	 φ � in Lq, where1J p � 1J q 

1. Therefore,by theHölderinequality, wehave thetwo convergencesS

R
¹gφdm ñ S

R

� Dh f � φdm 
�5 S
R

f � D % hφ � dm 	 5 S
R

f φ � dm� (B.78)
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ash 	 0. Therefore∂ f 
 ¹g; in particular, f � W1 � p.
2� “(ii) { (iii)”: Assume (ii). Set Fh

� x� : 
 � f � x � h�©5 f � x����J h 

h % 1 T h

0 g � x � t � dt, so that Fh
� x��	 g � x� for a.e.x. Using the Minkovski inte-

gral inequality(TheoremB.4.16),we getfor ε g 0 that(hereLp normis taken
w.r.t. x) & Fh

� x�@5 g � x�)& p : 
r& h % 1

S
h

0
� g � x � t �@5 g � x��� dt & p (B.79)G h % 1

S
h

0
& g � x � t �@5 g � x�)& pdt ! ε � (B.80)

when *h *4! δε, by LemmaB.3.9.ThereforeFh 	 g in Lp, asrequired.
3� Assume(ii). Theidentity g 
 ¹g 
 f � follows from 1� –3� (recall that∂ f

is unique,by TheoremB.4.12(d)),therestfrom LemmaB.7.6. n
ThesubsetW1 � p

0 of W1 � p refersto theelementsthatare“zeroontheboundary”
in somesense:

Lemma B.7.9(W1 � p
0W1 � p
0W1 � p
0 ) Let J � R be an open interval and p ! ∞. Then

W1 � p � J;B� � � 0
� J̄;B� , and W1 � p

0
� J;B�Ñ
 C f � W1 � p � J;B� EE f � inf J �~
 0 


f � supJ �LH .
Thus,a W1 � p � J;B� function f haslimits at endpointsof J; we have f � W1 � p

0
if f theselimits arezero(they arenecessarilyzeroat endpointsò ∞, if any).

Proof: 0� Let 1
p � 1

q 
 1. Choosea � b �Á�75 ∞ ��� ∞ � s.t.J 
 � a � b� . We shall
assumethat a 
 0 ! b. By translation,this thenextendsto any a � � 5 ∞ � b� .
Usingreflection,we canthencover intervalsof form � a ��� ∞ � . ThecaseJ 
 R
follows from by TheoremB.7.4,

1� Let f � W1 � p � J;B� . For n � N � 1, choosebn � J s.t.Lp �;� bn � b� ;B� norm
of f and f � is lessthan1J n. By this, LemmaB.7.6andtheHölder Inequality,
wehave& f � s�@5 f � t �)&�G S t

s
& f � & Bdm G n % 1 * t 5 s * 1Y q � s� t � � bn � b�;�>Q (B.81)

2� Assumethatb 
 ∞. By (B.81)andtheHölderInequalitywe have& f � t �)& B 5 1J n G_& S t : 1

t
f & B G n % 1 ' 1 � (B.82)

i.e., f � t ��! 2J n. Becauset g bn wasarbitrary, wehave f � t �(	 0 ast 	Ø� ∞.
3� Assumethatb ! ∞. By theHölder Inequality, we have f � f �§� L1 � J;B� ,

in particular, f hasa limit at b and f is absolutelycontinuousonJ.
4� By 2� and3� , wehaveW1 � p � J;B� � � 0

� J̄;B� .
5� Becausef �	 f � b� is continuous,by TheoremB.7.4,we have 0 
 f � b�

for f � W1 � p
0 for b ! ∞; for b 
 ∞ thiswasshown in 2� . Analogously, f � 0�Ç
 0.

6� Now only theconversefor 5� remains:We assumethat f � W1 � p � J;B�
is s.t. f � 0��
 0 
 f � b� , andprove that f � W1 � p

0 . By TheoremB.7.3,we may
assumethat f � � ∞ � Ω;B�¿� W1 � p � J;B� .
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Let ε � � 0 � 1� . We shall constructg � W1 � p with suppg � Ω and & g 5
f & W1 Ô p ! ε; thenonecanfind φ � � ∞

c s.t. & φ 5 g & W1 Ô p ! ε by mollifying g (see
[Adams]).
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� The case where f 
 0 on � b�B� b� for someb�x! b: Chooseδ �� 0 � min � ε J 5 � bJ 2�;� s.t. & f & p �|& f ��& p �>& f & ∞ ! ε J 5 over � 0 � δ � . It follows that& f � δ �)&�G δ1Y qε J 5 G ε J 5 ! 1 (cf. (B.81). Chooser � � 0 � 1� s.t.r % 1Y q ! 2. Set

g � t � : 
 óôõ ôö 0 � t ��� 0 � � 1 5 r � δ � ;� 1 5 1
r � t

rδ � f � δ �>� � t � �;� 1 5 r � δ � δ �;� ;
f � t �¨� t ��� δ � b�>Q (B.83)

It follows thatg � W1 � p andg� 
 f � δ �;J rδ on �;� 1 5 r � δ � δ �R� andg� 
 f � on� δ � b� . Moreover,& g� & pLp Z¥Z 0 � δ ] ;B] ! rδ � δ1Y qε J 5rδ � p 
 r1 % pεp J 5p � (B.84)

hence & g��& Lp Z¥Z 0 � δ ] ;B] ! 2ε J 5. Obviously, & g &iGI& f � δ �)&©! ε J 5 on � 0 � δ � , hence& g & Lp Z¥Z 0 � δ ] ;B] ! ε J 5. It follows that & f 5 g & W1 Ô p ! ε J 5 � ε J 5 � 2ε J 5 � ε J 5 
 ε,
asrequired.
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� Thegeneral case: If b ! ∞, we candefineg on � b 5 δ � b� in thesame

wayasabove,sothat & f 5 g & W1 Ô p ! 2ε. Let b 
 ∞. Thenwecantakeδ : 
 ε J 6,
replace“b 5 δ” above by someb�$� � 1 � ∞ � s.t. & f & p �|& f ��& p �|& f & ∞ ! δ1Y qε J 5
over � b� � ∞ � , andgoon asabove. n
WesetW1 � p

ω : 
DC f � Lp
ω EE ∂ f � Lp

ω H for ω � R (themeaningof W0 is apparent

from thecontext), andW1 � p
0 �ω denotestheclosureof

� ∞
c in W1 � p

ω .

Lemma B.7.10(W1 � p
ωW1 � p
ωW1 � p
ω ) ThemappingTα : f �	 eα ç f is a Banach isorphismof Wk � p

ω
ontoWk � p

ω : α andof Wk � p
0 �ω ontoWk � p

0 �ω : α, andit is a bijectionof
� ∞

c onto
� ∞

c and
� ∞

onto
� ∞.

Moreover, Theorem B.7.3,Corollary B.7.7 and LemmasB.7.5, B.7.6, B.7.8
and B.7.9 hold with replacementsLp �	 Lp

ω, W1 � p �	 W1 � p
ω , and W1 � p

0 �	 W1 � p
0 �ω

(exceptthat if f � W1 � 1
ω
� J;B� , thenT% ω f is absolutelycontinuous,notnecessarily

f ).

Naturally, if f � W j : m� p
ω , thene% ω ç f � � j

b as in TheoremB.7.4, etc. (but f
itself neednot bebounded).

Recall that by a (Banach) isomorphismT : X 	 Y we mean that T �ím� � X � Y � ; the above mappingdoesnot mapthe derivativesof f to thoseof its
imageTα f .

Proof: 1� Bijections: Because� eω ç f ����
 ωeω ç f � eω ç f � , we have & Tα f &qG� *α *+� 1�)& f & and � Tα �L% 1 
 T% α, hencethe W1 � p
ω claim holds. The claim on� ∞

c and
� ∞ is obvious, andthe claim on W1 � p

0 �ω follows from thesetwo. Use
inductionfor generalk.

2� TheoremB.7.3andLemmaB.7.9:Thesefollow directly from 1� .
3� LemmaB.7.5:Let f � Wk � p

ω
� Ω;B� . Then f � Wk � p � Ω � ;B� for eachopen,

boundedΩ � � Ω, sotheclaimholdsfor k 
 1; useinductionfor generalk.
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4� LemmaB.7.6: If f � Lp
ω
� J;B� , then f � Lp �R� 5 T � T �Ç� J;B� for each

T g 0, henceLemmaB.7.6 holds (we first get g � Lp
loc, but we must have

g 
 ∂ f , hencef � W1 � p if f g � Lp).
5� LemmaB.7.8and Corollary B.7.7: Modify the original proof accord-

ingly. n
Theshift is acontinuousoperationonWn � p

ω :

Lemma B.7.11 If f � Wn � p
ω
� R;B� , thenτ f � � n % j � R;W j � p

ω � ( j 
 0 � 1 �;Q;QRQ+� n). n
(This follows from CorollaryB.3.8,LemmaB.7.8andinduction.)
In someexamples,weshallusefollowing semigroups:

Proposition B.7.12 Let p ! ∞ and 5 ∞ G a ! b, and set J 
 � a � b� . If b 
 ∞
(resp. b ! ∞), then πJτπJ is a boundedC0-semigroup on Lp

ω
� J;B� , and its

generator is the weakdifferentiationoperator ∂ with domainW1 � p
ω
� J;B� (resp.

with domain C f � W1 � p
ω
� J;B� EE f � b��
 0 H ) andits resolvent� λ 5 ∂ � % 1 (Reλ g ω)

mapsf � Lp
ω
� J;B� into theelementJ Ï t �	ØT b

t eλ Z t % s] f � s� dsof this domain.

In particular, for J 
 R % thedomainis W1 � p
0 �ω � R % ;B� . n

See,e.g.,Examples3.2.3and3.3.2of [Sbook]for theproof(exceptfor thelast
claim, which follows from LemmasB.7.9 andB.7.10). By using Roneobtains
thedualresultsfor πJτ � πJ.

Notes
The contentsof this sectionarewell known, althoughit may be difficult to

find any references,particularlyfor thevector-valuedcase.
Popularreferencesfor Sobolev spacesinclude[Adams] and[Ziemer] in the

scalarcase.Most of their resultsalsohold in the vector-valuedcasewith same
proofs,mutatismutandis.


