Appendix A

Algebraic and Functional Analytic
Results

Algebraic symbolsare usedwhenyou do not know what you are
talking about.

— PhilippeSchnoebelen

In this appendix,we presenta numberof algebraicand functional analytic
resultsthatareneededn the mainpartsof this monograph.

In SectionA.1, we mainly presentilgebraiaesults suchas® (I —AB) ™1 =1 +

A(l —BA) 1B" or“ [A“ Al?} o [Aﬂl AIllAlez_zl] " thatarevalid for matrices
0 A 0 AL :
andmoregeneralinearoperatoror elementf certainrings.

In SectionA.2, we very briefly introducemetric spacesandothertopological
spaces.In SectionA.3, we list standardand extendedconceptsandfactsabout
Hilbert and Banachspacesand Banachalgebras. In SectionA.4, we present
stronglycontinuougCp) semigroups.

In themainpartof themonographall vectorspacege.g.,Banachspacesare
assumedo be complex. However, in the appendicesve generallyassumehat
thescalarfield is K, which thereademayreadaseitherC or R. In AppendixD
andSectionsA.4 andF.3, we assuméhatK = C, asexplicitly statecthere;in the
othersectiondn appendicesve alwaysstateexplicitly arny suchexceptions.

Thus,theconceptsvectorspace”,'Banachspace’and“Hilbert space’mean
spacesf the correspondingype over the scalarfield K (in particulay if some
spacesn atheoremareassumedo be Banachspacesall of themmustbeBanach
spacesoverthesameK (= R or C)).
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A.1 Algebraic auxiliary results ([Ao“ﬁ;;]
ALl —ALTALAY
[0 Ay }

If Ae B(X1xXz2,Y1XYz), whereXi, Xz,Y1, Y, areBanachspacesthenA canbe
written asA = [ﬁﬁ ﬁg] whereAjj € B(X;,Y;), asshavn in LemmaA.1.1(a4)
belowv. Thereare mary simple, well-known algebraicrules how to handlethis
kind of opertor matrices e.g.,if A;o = 0 andthediagonablocks(operatorspi g
andAy; areinvertible,thensois A (see(bl)).

In LemmaA.1.1we presentinumberof suchresultsin amoregeneraketting
(weonly needthering operationandunits); seetheremarkdollowing thelemma
for generalizations.

Recallthat“&” means‘and”, andthat Banachspacesaretopologicalvector
spaces. Moreover, X x Y := {(x,y)|x € X, y € Y}. If X andY are normed
spaceswe usethe norm ||(x,y)|Ixxy := (Xl + llyl|2)Y/?; if X andY areinner
productspaceswe usethe inner product((X,y), (X, ¥ ))x.y = %X)x + ¥, Y)y;
useinductionfor [Tg_; Xk := X1 X Xz x - -+ x Xn. Finally, X" := [¢_, X.

Lemma A.1.1 (Operator matrix lemma) We assumehat (1.), (2.), (3.), (4.) or
(5.) holds,wheee

(1.) x is the collectionof all vectorspacesand 4(X,Y) = Hom(X,Y) is the
setof vectorhomomorphismé.e., linear mappings)X — Y.

(2.) X isthecollectionof all topological vectorspacesand 4(X,Y) = B(X,Y)
is the setof continuoudinear mappingsX — Y.

(3.) X isthecollectionof all Banat spacesand 4 is anyof thesymbolsHom,
B, C(Q;B(-,-)), H(Q; B(-,-)), H*(Q; B(-, ), [B+]HE, [B+]HSronges Tleos
TICq, L*(Q,B(+,-)), and L gond Q, B(+,-)), whee Q C C is open,Q and 4
areasonp.907,andw € RU {o0}.

(For *Tlx and Hx we require the elementsof X to be comple Banadh
spacesthisapplies(4.) and(5.) too.)

(4.) X is the collection of all comple Banad spaces,and 4 is any of the
symbolsdefinedin Definitions2.6.1and 2.6.3,exceptthatif 4 is a symbol
with a specifiedatomgoup S, werequirethatS= S— S C R; cf. Definition
2.6.3andTheoem?2.6.4.

(5.) X is thecollectionof all Banat spacesand 4 is any of the symbolsSR,
SLR, SHPR SVR, UR, ULR, UHPRand UVR, (whele thesesymbolsare
asin Definition 6.2.3)or 4 is the intersectionTIC, and any of the above
symbolgor somew € RU {o}.

We use the following notation: By 4 we meanany of the sets 4(X,Y)
(X,Y € X); the group operation and identity operator in (any) 4 are denoted
by + andl =14, respectivelylf A€ A(X,Y) andB € A(Y,X) ares.t. AB=l 5y,
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thenwe write A, = B and B, = A; if, in addition, BA = | 5(x), thenwe write
A-1 =B. By“3A1” we meanthat A has an inverse (as above). Similarly,
“ HAnglht” (resp.“ 3ALE") meanghatA hasa right (resp.left) inverse

We assumehat Xy, Yy, Zx € X for all k € N.

With the above assumptionand notation,the following holds:

(@l)If Ae 4(X1, Y1) hasaleftinverseB andaright inverseC, thenB = BAC =
C istheuniqueinverseof A.

(@2) If 3A~1,B71, then3(AB)~! = B~1A~1, whenA € 4(Xy,Y1) and B €
A(\Y1,Z1).

(@3)If dimX; =dimY; < oo, thenanyA € 4(Xy, Y1) isleft (respright) invertible
iff it is invertible

(@4) LetnymN € {1,2,3,...}, andlet X := Xy x --- X X, Y :==VY1 X --- X Yy
Z:=71x---xZn. LetR 1Y =Y, bethecanonicalprojectionandL; : Xj —
X thecanonicalimbedding ThenP € A(Y,Y;) andL; € A(Xj,X).

Let,in addition,A € A(X,Y). ThenAj; := BAL; € A(X;,Y;) forall i, j, and
therepresentation
Air -- Aim

A= : (A.1)

At - Anm
satisfies the standad matrix multiplication rules (A(Xi,...,X%n))i =
Z?:lAinj €Y for (xg,...,%1) € X1 X ... x Xp, i =1,...,n, and (AB)x =
SkAijBjkforBe A(Y,Z),i=1,...,n,j=1,...,mk=1,...,N. Moreovey,
(A+A)ij = Aj +Ai/j for A € 4(X,Y), and(—A)ij := —Ajj.

Corversely if(f) Aij € A(X;,Y;) forall i, j, thenwecandefineA € 4(X,Y) by
settingA := 3, ; P*AjjL%; equivalently (A(X1,...,%n))i := Z?:lAinj €Y.
We denotethis by (A.1).

If Xj andY; are Hilbert spacedor all i, j and (A.1) holds,then(A%)i; = Aj;
forall i, j.

In parts (b1)—(h1)we assumethat A = [All Alz} € A(Xy x X2,Y1 x Yo) and

B = [Eﬁ B;;] € A(Y1 x Yz, X1 X X2), and that also the other terms (opefators)

belongto the 4’s that are compatiblewith the formulae

-1 -1 _a-1 -1 -1
Aut A A ALA Aty 0
(b1) 317 = 3% hz] T = [ A 5212“22] & 3lme] =

A 0
[Az_zlAmAIl Ay ] '
If 3(A11) righ: (A22)righe (resP-3(Avt)eii, (Az2)ieir), then the above inverse
matricesexist as rlg t (resp.left) inverses,and the above formulae hold
(mutatismutandis.
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(b2) Conversely if 3| % f2| ~ =: [B11B2], then3A, 1, A} iff any of the
conditions(1)— (7)ho|ds,whe|e:

(1) 3(A1)ighe (2 I(A22)jgtis (3)B21=0; (4) A2 =0; (5) dimXy = dimY; <
o0; (6) dimXo =dimY; < oo; (7) X1, X2, Y1, Y2 are Banat spacesA = ‘B, and
A11 € GB+BCorAxe GB+BC.
~1

e Let3[fnhe] = [BeBz]. ThendBi & 3A & 3A = Boa-
leBillBlz = EIBEL =A11— A12A£21A21.
If dimX; < o0 or dimX, < oo, then, in addition, 3(Az) e < 3(A22) gt &
A5 < I(B11) et & F(B11) ighy < IB17-
If 3B and A1 = B, thenthe formulaeof (d1) hold, By1Bji = —A5Ag,
and

-1 1
A A . | B A O . A A -1 | 0
] = [08] [ T = A Tda) a2)

-1
€213 %] o, = [B182]. then3@unig
BZl(Bll)rlghtBl2
and3(Ag) = 3(Bra)igs = Atz — Ar2(An2)ighAo1.
it 3[fu] = [BaB2] then 3Bk = 3(Avalck = Bo -
B21(B11);B12
and3(Azy) r‘iglht — 3(B11) ight = A11— Ar2(A22) A2t

right = EI(AZZ)rlght Baz —

-1
A1 A A —A
3 [ake] s [ A e

B21 B2z B21 B2
If IALL € TICs, then3(Agx — Ap1 AT A12) 1 = B € TIC; if 3AL) € TIC,
then3(A1 — A12A,5Az1) "t =By € TIC,

(d1) (Schur decomposition)Let HAIf. Then

(o) Lot [ﬁ;i ﬁg]l _. [Bn 512] and [ﬁ;i ﬁ;ﬂ 7 [Bu BlZi| e TIC.

[All A12:| _ [A11 0] [l AL}AL ] (A3)
Ao1 Azz|  |Aor 1] |0 Agp—AnAlAL '
[ 0 A1l A12:|
= - - A4

_A21Alf A22—A21A1iLA12:| [ 0 | (A-4)
_ [ 0:| [All 0 | [l AIll A12:|
A2ALY 0 Ax—AxnAAn [0 |
(A.5)
(A1 0 :| [I AIll Aro|
_ B , A6
Ao1 App—AxAfAR [0 | (A9)

Theefore, IA 1 < 3(Ag — AxATf A1) 1 (seealsoLemmall.3.13).If, in



L~ 44 L v 22 47

addition,3A~1, then

_ _ -1 -1
At AfAL Ax O (A7)
0 Agz—AglAaLAlz Ao | -
_ [A Ac2 o 0 o (A.8)
0 | PoiAl Aoa—AoiA AL '
(A A]” | 0
Lo } [(A_l)Zl (A_l)zz} (A9)
_ —AlllAlg] [A;ll 0 ] [ | o}
0 I 0 (Az—AuAiAR) ™Y [-AnAL |
(A.10)
_ [AT AT AL(A2— AnA T AL) TTAATT —AT Ara(Azo— AoiA fAL2)
—(Ag2— Ap1 AT AL T AATE (Agz— Ap1ATTAIR) L
(A.11)

In particular, 3 [ : Allz] & 31— A2A2) 1 3(1 —AxnArp) L andthe
possmlemversels necessarily

[| Alz]lz[ (I — AoAgy) —Alz(l—AzlAlz)—l} (A12)
A | —(1=AxA) A (I1-AnAp)t |7 Y

(d2) 3(A12)ieh & I(Aoz — Ao1(A11)ierP12)ier = FAet, (and (A.4), (A.8 and
(A.9) hold for thesdeft inverses);

EI(All)rlgh’[ & EI('6‘22 - A21(A11)r|ghtA12)r|glht = 3 [ﬁ;i ﬁ;;] (and (A.3)
and(A.7) hold for theseright inverses);

_ A1 Ao | — -1 .
3(Aw)ich & 3| A Ag]rlght = 3(Az2— Ao1(A11)jeiAr2) rigie

A1 A
(M) & 3[R 02] = (Ao Ar(Aun) Ak

(el)(Coprime) GivenAr, A, By, thereis B, s.t. [ } [B1By] = [§ ] iff AsB1 =
| & A2B; =0 & AB, =1 for someB),. If the latter holds, then By :=
(I — B1A1) B, is asabove (but not necessarilyjunique).

(e2)Let[es 8] [ 32| = 1. Then| At (18] = [§ 7] « ABL=1 & AoBo = 1.

-1
(e3)Let [Al] = [B1 Bz]. Then,for a givenA’, thereis B, s.t. [ ] [B1By| =

[59] iff ABL = 1. If AiBy =1, then |7] [B:85] = [40] « B, = (I -
B1A,)Ay & [B1 B)] [Qﬂ =1.

-1 r7—1
(ed)Let [ﬁ;] = [B1 Bz]. Then,for a givenA,, there are A, B, s.t. [ﬁﬂ -
B, B, ] iff ALB; = 0 and3(A,B,) 2. If sud a solutionA}, B, exists,thenall
2 2 15 B2

1



solutionsare givenby

<[(I) ” [ﬁ’j)_l:[e’l B2(A3B2) Y] [(l) _IT} Tea (A13)

Au1 Ao [Bu B 1 1

€5) It [prhe][Bugy] = (6] and S(Aealeh (Buolig (resp.

I(A11)jeit> (B22)ighe) then3A;, By (resp.3A 1, B,;) andBA = [} 9] =
AB.

Asabove in parts (f1)—-(h1)we require that the operators belongto the 2’s that
are compatiblewith the formulae;thatis, x € 4(X,Y), y,q € 4(Y,X), z€ 4A(X)
andw e 4(Y), whee X,Y € X.

(f1) 3yt = (xy)~Ixif IxL, (xy)~L orif I(xy)~L, (yx) L.

(f2)Ix 1o 3(x")Lforne {1,2,3,..}.

(f3) (x+y) t—xt=—(x+y) tyx tif I(x+y) L xt

)zl -2 t=(1-271z& 1 +2(1 -2) L= (1-2)7tif (1 —2)~1
| +Z(| _Z)rlght - (I )rlght if El( ) |1ht

B)z(l+2 t=(1+2"2& 2l +2 1 =1-(1+27tif (1 + 2~
(f6) 31 —xy) eI -y t=1+y(l—xy)x & yl—-xy)?t=(-
yX)ty.

A =xY) o1 € (1 =YX i = | +y( —XY) i (@nalagouslyfor () igio)-

(f7) {y|2(1 —=xy)~} = {(1 + a¥~*q|3(1 + a1} and {q|3(1 +gx 1} =
{y(I —xy)~*|3(1 — xy) =1}, for a fixedx.

(91) (1 £yw X)L = Fy(wExy)~Ixif IwL, (wtxy) L

92) Iz+ywx)t =z - zlyw+ xzly)yIxzt it aw izl (w+
xz ly)~1,

(h1)Letx,y,ze A(X) beinvertible X € X. Thenxyz=y ! < zyx=y L.

The claimsin the lemmaare “the bestpossibleones”,i.e., thereis nothing
superfluousn the conditionsandnothing (thatonewould expect) missingin the
conclusions.For ary candidaté'better” claimsthereare counterexampleseven
in the casewhereboth X andY arethe Hilbert space??(N) (andwhen 4 is ary
thesymbolslistedin (1.)—(5.)).

Recallthatif A€ B(X,Y), whereX andY areHilbertspace¢andA = B), then
JAL: < A*A> 0 (and HAr_iglht & AA* > 0), by LemmaA.3.1(c1)(if 4 = Hom,
then3ALL < Ker(A) =

Part (c4) is an exampleabouthow to apply the claimsof the lemmain two
different4’s.

Oneoftenneedso apply thelemmawith induction,e.g.,anuppertriangular
matrix is invertible if its diagonalblocks (operatorsiare,by (bl1) (e.g.,consider

A11 A1z Mg A1 | A1z A1z
0" Agy Agg | first partitionedas 0 Az A23 )-
0 0 As 6 A
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Exchangingtwo rows (resp.columns)of an operatormatrix correspondso
exchangingthe correspondingolumns(resp.rows) of its inversematrix.

In caseof linear operatorsbetweenvector spacesmultiplication of the kth
row of anoperatormatrix by a scalara correspondso the multiplication of the
kth columnof its (left, right) inverseby a1,

(To be completelyrigorous,we mentionthatwe have tacitly usedthe corven-
tion thatthe zeromappingis the only homomorphisnbetweervectorspacesvith
differentscalarfields. However, we do not eventhink thatanybodywould lik e to
usethelemmafor suchhomomorphisms.)

Finally, we notethat we often defineoperatorsby usingthe corversepart of
(a4).

Proof of LemmaA.1.1: It is obviousthattheassumptiongalgebraidaws)
of RemarkA.1.3 aresatisfiedn case(1.) aswell aswhen4(X,Y) is the setof
functionsS— B(X,Y), for afixedsetS Thus,the samelaws hold for cases
(2.)—-(5.) too, exceptthatonehasto verify that 4 is closedunderadditionand
multiplication. For Lg;ong this verificationis givenin LemmaF.1.3(b);for HY
anng’trongoo this follows from LemmaF.3.5. For SR, UR,, andULR,, thisis
containedn Lemma6.2.5for comple Hilbert spacesandthe generalcaseis
analogousClasse®f Definitions2.6.1and2.6.3will alsodo, by Lemma2.6.2
andTheorem2.6.4.For all otherclasseghisis straightforvard.

Althoughwe have assumedJ andY to be Hilbert spacesn the definition
of TI(U,Y) andits subspacedhereis no needfor this in the definitionitself.
Thuswe have beenableto state(3.)—(5.) for arbitrarycomplex Banachspaces
(assuminghedefinitionsto be extendedcorrespondingly).

(al)&(a2)Theseareobvious.

(a3) Case"Hom” is obvious, case" B” is [Rud73,Theorem2.12(b)], case
“TI" is Lemma2.2.1(b) (becauseary finite-dimensionalBanachspacesare
Hilbert spaceshndimplies the othercasegbecausen them 4 is a subclass
of Tl; seealsoTheorem2.1.2for H®).

(a4)In caseg1.)—(5.)theassumptionsf LemmaA.l.1areclearlysatisfied.
Theclaims“P € A(Y,Y;)” and“L; € A(X;,X)” areclearlytrueaswell.

Thefirst matrix multiplicationclaimfollows from ¥ ; Ajjx; = 5 ; BAL;jXj =
RAY jLjxj = BAX andthesecondrom

PABX= zAijZBjkYk: Z(ZAiijk)yk- (A.14)
] ]

Thefinal claimsareeveneasier

(b1) Thisis obvious.

(b2) (3)&(4) B11A11 = | = A11Bu1, AxoBop = | = BoAgp, henced AT, AL
(1)&(2) AgzB21 = 0= Ba1A1, 50,if 3(Ava)yigh tai I(A22) e thenBay = 0, s0
the claim follows from (3). (7) B11A11 = Ix, andA2Boo = Iy, soif Aqq or Ago
belonggo GB+ BC (andXy, Xz, Y1, Y2 areBanachspaces)thenit is invertible,
by LemmaA.3.4(B3), hencethenthe claim follows from (1) or (2). (5)&(6)
Work asin (7).

-1 -1
. A1 O — A 0
(Slml|al’|y, [AZI A22:| - |:A2_21A21AI11 AEzl )



“A counterexample” (B12 = 0 is not enough): 3 [§ ] =: [k g] (one
can interpret theseas the left and right shift on £2(Z) = £2(Z_) x £?(N),
respectiely); hereR [L] is the right [left] shift on #2(N) andP:=1—RLis
the projectionto thefirst element;notethatRL=1—-P, LR=1 =P+ RLand
LP=0=PR

(cl)& (c2) AssumethatEIBfl1 (alternatvely, asaright inverseonly) AB =
| = 0= A21|311+A22|321 = A1 = —Azszlell , | = A21B12+ AxoBoo =
—A22821Bil 812+A22522 = Ax2(Bo2— BZlBIl B12) from thiswe getA§21A21 =

—Bp1Brf if 3AL5, B}, in partlcularH(Azz)r.ght

Similarly, I = BA implies that 0 = Bj1A12 + B12A22, hence Ajp =
—B[{B12A2, and| = Bp1A12 + BooAgz = BooAoz — BpiB i Bi2Azs = (Boz —
B21B1iB12)Az; (this holdsfor merelyleft-invertible By1 too), hence3A;) =
B22— leBfll Bi2.

Thecornverseclaims(assumingheinvertibility of Ay, areanalogous.

If dimXy, < oo, then H(Azg)@flt & EAgz.l & H(Azz)r,ght, if dimX; < o, then
(c2) impIiesthatH(Azg) left & H(Bll) left & 3811 & 3A22 etc.

(c3) Thisfollows from equatlon[fAAlg1 *A’zf] =[L9] [ﬁ; ﬁ;z] 897

(c4) Thisfollowsfrom (c1)by setting4 = TIC., (we presenthisapplication
for aneasyreference).

A O [All AlZ] _ v AdAR
(d1) [ Aot |] Aot Azs| = | 0 Ago-AgiAtAL | hencethesethreeoperator

matricesmust be invertible (becausdwo of them are, by the assumptions),
thereforesois Axy — AolAT- A12, by (b2)(1). Thus,

-1
[All AlZ] -1 _|! AfAL Af 0
A21 A2 0 A22—A21AI]:_LA12 —A21AI]:_L I

_ |V AT A A AT AT | A O
0 (Ag—AuiAfAn) —AgiAy |

_ | AT HALT Ava(Aoa—AaATT Ar) T AaIATT AL Ava(Azo— Ao AT AR)
—(Az2—Pa1A 1 Ar2) TAgIA ] (Ago—Ao1A{ Ar2)

The casefor [ : Alz] follows from this and(f6).

(We mayhave A5}, e.g.,[13] "= [9 4])

(d2) If 3(A11)o1, then(A.4) applies;if 3 (A1)
otherclaimsfollow from these(and(b1)).

(el) It is obvious that the three conditionsare necessary Corversely by
takingB, = (I — B1A})A we get [ﬁﬂ [B1Bo] =1.

(e2) It is obviousthatthe threeconditionsarenecessaryror the corverse,
assumethat B1A; + BoA> = | and A1B; = |. By (d1), the invertibility of
[ﬁﬂ [B1B:| = [Alel AllBZ} follows from thatof | — A;B11 ~1A1B, = | —Ax(l -
B2A2)Bo =1 — AoBy + AoBoAB = 1.

(e3) The conditionFB1 = | is obviously necessary Corversely for E =
(I — B1F)B,, onesoonverifiesthat [ £,] [B1 E] = | and[B1 E][ £ ] =1, hence

ight then(A.3) applies;the



LT e L VvV 22 J47

(B E]=[£] " isunique.
(e4) The condition GB; = 0 is obviously necessary Corversely assume

GBy = 0. Then[£] is invertibleiff [£][B: B;] = [éBEﬁ éBBg] = [Zgl ég@] is,

i.e.,iff ZB; andGB; are;thereforethe condition3(GB,) ! is necessarylt is
alsosufficient, becauseve canchooseZ = A;, W = Bo.
Whenever [Z] " =[B. W], wehave ZB; = | & GB, = I, hencethen[Z] =

[B1 B5] [ “F2] 1 thereforeall solutionsareof the form (A.13); corversely it
is obviousthateachT € 4(Y2,Y;) determines solution.

(e5) We have 3A3,B11, by (c2). Now A2} Ay = BB, sowe obtain
the (right-)invertibility of B from (d2), becauseBy, — 8218511812 = Boo —
A,3A2B12 = A, is invertible. The other caseis obtainedfrom this by
permutingthe rows andcolumnsof A andB.

(f1) Clearly (xy)~x is a left inverseof y, so we only have to shov that
y(xy) ~Ixis invertible (henceequalto ).

1° xy(xy) " Ixxt =1 = y(xy)"Ix= 1. 2° If (yx)y(xy)~ix = yxis invert-
ible, thensois y(xy) ~1x.

(f2) Sety :=x, x:=x""1in (f1), anduseinduction.

) el —(x+y)xt=-yxle —yxl=—yx1

) +z01 -2 t=(1-z+20(1-2 t=(1-21=(1-27 (1 -z+2) =
| +(1-2)~1z

(f5) Work asin (f4).

(f6) [1 +y(I —xy) ][I =y = —yx+y(I —xy) " 2x— y(I — xy) " xyx=
L+ y[—x+ (I =xy) 711 —xy)X] =1 & [l —=yX[I +y(I —xy) "X = | —yx+y(l —
XY) "X = yxy(l =xy) h =L y[x+ (L =xy) (= xy) "X =1 (1 -yx~ly =

1 +y0 = x) "Xy 2yl —xy) = =yl + 31 = xy) Y = yi(e— xy+

xy) (1 —=xy) " = y(l —xy)~*.

N.B: y(I — V)iet # (I —Y)eiy Wheny = | — R, andR andL = R{ arethe
right andleft translationon £2(N), respectiely (becausél — R)L # L(I —R)).

7)1°y:=(1+g9tg= | —xy=1—xq(l +xq) "1 [(f6)] = (I +xg—
xq) (1 +x0) 1 = (I +xg)~1, henced(l —xy) 1 = (I +xq).
22q: =yl —xy) = l+gx=14+yx(I —yx) "1 = (1 —yx)~Lresp.
3 Letgbes.t.I(1+agx) 1. yi=yg:= (I1+0ax) 'o. Thengy :==y(l —xy) ' =
y(I +xq) = (I —g¥)~1q(l +xg) = (I —g¥ (1 + gx)q = g, henceeachsuch
q is determinedby the yq it determinesj.e., g = dy,, henceq > yq is an
injection. Similarly, 3 := gy :=y(I —xy) ! = Yq, = (I + ¥ tg= (I -
yxX)y(I — xy)~! =y, henceeachsuchy is determinedby the gy it determines;
thereforethis correspondencis bijective.

(g1)Setz=1in (g2) (and“y = +y").

(92) Set [ A 2] := [A3] =[R2 B2| " in (d1). Theformula By =

AL+ AT AR — AnATALR) tAxALL s obtainedfrom (d1). Part (c1)
impliesthat3B7; = A1 — A1oA% Ags.

(h1) Assumethatxyz=y 1. Thenzyxyz= zyy ! = z hencezyxy= |, hence
zyx=y 1. Thecorverseis obtainedanalogously O



Remark A.1.2 LemmaA.1.1is alsovalid in case

(5.) X is the collectionof groups,and 4(X,Y) is the setof group homomor
phismsX — Y,

provided we replace the assumptionsof the form “dimX = dimY < c by
“Inv(X,Y)”, and“If Xy or X is finite-dimensional”in (c1) by “If Inv(Xg,X1)
or Inv(X2,X2)", whee Inv(X,Y) is theassumptioron X andY that

anyA € 4(X,Y) is left (resp.right) invertibleiff it is invertible U

Exceptfor the projection—imbeddinglaims, the proof of LemmaA.1.1 is
basedonly on the propertiedisted below, henceits conclusionsaretrue undera
wider setof circumstances:

Remark A.1.3 Let X bea set. Let 4(X,Y) bea groupwith a zeo 0= Oz(x v,
for all X,Y € X, andlet for eath X,Y,Z € X there be an opemtion 4(X,Y) x
A(Y,Z) — A(X,Z) bedefinedn sud a waythatthis opefationis associativeand
distributive:

(AB)C=A(BC) and(A+A')(B+B') = AB+AB + AB+A'B (A.15)

forall AA € 4(X,Y), B,B € 4(Y,Z), C € 4(X,Z); A(X) is aring with a unit
| =14(x) (Weallow for I =0, thatis, for A(X) = {0}); andtherules

AO=0=0B, A=Al, IB=B (AcA4(X,Y),BeA4(Y,Z)) (A.16)

are obegyed.
Asexplainedbelow the structue (4, X) determinesaturally anotherstruc-

ture that also satisfieshe above assumptionsif n.m,N € {1,2,3,...}, Aj,Gj; €

A(X;,Yi) Bike A(Y,Z) (i=1,...,m j=1,...,n,k=1,...,N), wedenoteby A

the 4 matrix

A1 - Aim

A= : (A.17)

A -+ Anm
similarly for B and C. For sud representationswe use the standad matrix
opefation rules, that is, (AB)ij := SkAkBkj, (A+C)ij := Aij +GCij, (—A)ij ==
—Aij-

For theseq and X, all theconclusionf LemmaA.1.1except(a4) holdif we
male the Inv(X,Y) replacementsf RemarkA.1.2andreplaceall expressionsof
the form A4(X1 x X2,Y1 x Y2), X1, X2,Y1,Y2 € X, by the setof the corresponding
A-matrices. 0

In particular LemmaA.1.1 applieswhen 4(X) is a ring with a unit and
X = {X} (hereX neednotstandfor arything).

Notes

Many of the formulaeof this sectionandsomeadditionalonesareoftenused
in controltheory;someof themandfurtherformulaearepresenteé mary matrix
calculustextbooks.



A.2 Topologicalspaces

Noli turbare circulosmeos!
— Archimedeq287-212BC)

In this section,we very briefly introducemetric spacesandothertopological
spaceandpresensomewell-known lemmas.For mostof this monographbpasic
knowledgeon Hilbert and BanachspaceqSectionA.3) is sufficient. Therefore,
thereademay skip this sectionunless(s)hewishesto go throughalsothe proofs
of certainauxiliary results.

Thedetailspresentedherearesufficientfor mostof our purposesbut areader
wishing to know more may consultany book on topologicalspacesalsomary
bookson functionalanalysis(e.g.,[Rud86] or [Rud73]) containthe basictheory
of topologicalspaces.

Sinceary metric spacds atopologicalspaceijt is adviseabldo visualizethe
topological spacesas metric ones(or as R?) to get an intuitive picture on the
generalkcase(all conceptglefinedherearedirectgeneralizationsf thosedefined
for metricspaces)Most spaceshatwe meetaremetric(see e.g.,[Rud76]for the
theoryof metricspaces).

The most important nonmetrizabletopologies(see Exercises2.1 and 3.15
of [Rud73]) arethe weakandweak topologiesof infinite-dimensionaBanach
spaces.

A topologyonasetQ is acollectionT of subset®f Qs.t.0,Q € 7,andT is
closedunderfinite interjectionsandarbitraryunions. We call the pair (Q,Z) (or
just Q whenthereis no ambiguityaboutZ or whenwe do not needto specifyit)
atopolagical space

Theelementof T arecalledopenandtheircomplementsrecalledclosed If
E C Q, thenE® :=U{V € T|V C E} is theinterior andE := N{F |F° € 7 and
E C F} istheclosure of E. We call 0E := ENE° theboundaryof E. A setKk C Q
is compacif 7 c 7 andK c U imply thatK c U1 for somefinite 1/ C V.

Let also(Q,Z2) beatopologicalspace.Thenf : Q — Q. is continuouqi.e.,
f € C(Q;Qy)) if f~1[V] € T for ary openV € . If f is acontinuousbijection
andalsoits inverseis continuousthen f is calleda homeomorphismrhe setsQ
and Q. arecalledhomeomorphidf thereis a homeomorphisn@Q — Q». Theset
Q x Q2 is usuallyequippedy its producttopolagy, whichis thesmallestopology
containingZ x 7.

We equipary subseE of Q with thetopology{VNE |V € 7'} inheritedfrom
Q (unlesssomethingelseis indicated).

A sequencdqn} C Q convergesto g € Q, i.e., limy 1 0y = q, iff, for each
opensetV > q, thereis Ny € N s.t.g, € V for all n > Ny. If thisis the casewe
alsosaythat{qn} corvemesin Q.

If 7 and7’ aretopologieson Q and‘T ¢ 77, thenT is wealer than‘7’ and
T" is stronger than7 . It obviously follows thatif T is a nonemptycollectionof
topologieson Q and is thewealestelemenof T, thenZo = Ny 7.

A neighborhoof gp € Q meansanopensetcontaininggp. A pointgp € Qis
calledalimit pointof E C Qif qo € E\ {do}, equivalently, if every neighborhood




of go containsanelemenof E \ {qo}.

A setE C Qisdisconnectedf therearenonemptysetsA,BC Qs.t.E =AUB
andANB = 0= AnB. OtherwiseE is connected An interval is a nonempty
connectedubsedf R.

Let Q beaset. A functiond: Q x Q — [0,+) is called a metric if 1.
d(x,y) =0 x=Yy, 2. d(x,y) =d(y,x), and3. d(x,z) < d(x,y)+d(y,z) for
all x,y,z€ Q. A setequippedvith ametricis calleda metricspace(thus,we call
Q or (Q,d) a metric spaceif the above conditionsare satisfied). A topological
space(or atopology)is calledmetrizablef it is inducedby somemetric.

If d is a metric on a setQ, then we usually equip Q with the topology
inducedby d, which consistsof arbitrary unionsof openballs D(q,r) := {q €
Q\ d(d,q) <r}(ge Q,r > 0). It follows thatd becomesontinuousQ — R.

We recallfrom [Rud76]thatif (Q,d) and(Q,d’) aremetric spacesgp € Q,
0p € @ andf : Q — @/, thenlimg_.q, f(q) = q iff liMne f(0n) = g5 Whenever
gn — (o (this is not true for all topologicalspacesQ, not even for all TVSs).
A map f : Q — Q satisfyingd(x,y) = d’(f(x), f(y)) for all x,y € Q is called
anisometry(or isometrig. If f : Q — Q' is s.t.for all € > 0 thereis & > 0 s.t.
d(xy) <8 = d'(f(x), f(y)) < eforall x,y € Q, thenf isuniformlycontinuous

Let (Q,d) beametricspace A sequencéq,} C QisaCaudy-sequenci Q
if for eache > 0, thereis Ng € N s.t.d(gn, gm) < € for alln,m> Ng. It easyto shov
thatany converging sequencés a Cauchy-sequencdf any Cauchy-sequende
Q corvergesin Q, thenthemetricspaceQ is calledcomplete

A compactsubsebf ametricspacds closedandboundedthe converseholds
for subsetof R" (or of C"). If K C Qis compactandf € C(K,Q'), thenf[K] is
compactn Q'.

If Q is a metric spaceandK,E C Q, thenwe setd(q,K) := infyck d(a,q),
d(E,K) :=infyeg, ek d(q,d); if K is compactandnonemptyandq ¢ K, then
d(g,K) = mingek d(g,q') > 0. If a€ Q, then,obviously, d(a,E) = 0iff ac E.

LemmaA.2.1 Let0# K cV C Q,where Q is a metricspaceV is openandK
IS compact.

(@) If f : K — Ris continuousthenmingeq f(0) andmaxyeq f () exist.

(b) If f : K — Q' is continuouswhee Q' is a metricspacethenf is uniformly
continuous,i.e., for all € > 0 thereis & > 0 s.t.x,y € K&d(x,y) < 6 =

d(f(x), f(y)) <e.

() If V # Q, thend(K,V®) = d(a,V°®) > 0 for somea € K.

(d) If V # Q=R", thentherareac K andb € V¢ s.t.d(a,b) = d(K,V°) :=
iNfyek yeve d(X,Y).

Proof: (a)&(b) TheseareTheoremst.16and4.190f [Rud76],respectiely.
(c) AssumethatV # Q. Thend(-,V°) attainsaminimumonK, by (a), hence
d(K,V°®) = d(a,V°) for somea € K. Sincea ¢ V¢ = V¢, we haved(a,V°) > 0.
(d) Assumethat V # Q = R". Choosex € K. ChooseR > 0 s.t.
K C Dr and DrNVE # 0, where Dg := {g € Q||q < R}. The set
F := D3rNV°® is closed and bounded, hencecompact. By (a), thereis



aeKs.t.d(a,F) =d(K,F). By (a),thereisb € F’ s.t.d(a,b) = d(a,F). But
d(K,V¢) = min{d(K,F),d(K,V¢\ F)} = d(K,F) (sinced(K,F) < 2R and
d(K,VE\F) > 2R) andd(K,F) =d(a,b). O

Thefollowing well-known factis sometime$andy:

LemmaA.2.2 LetV C R" beopen.ThenV is theunionof an at mostcountable
numberof disjoint open,connectedets.

Thus,openV C R istheunionof anatmostcountablenumberof disjointopen
intervals.

Proof: Let {gk}ken C R" bedense(e.g.,enumerat&)"). For eachk € N,
take Vi ;= 0 if qx ¢ V or if g¢ € V; for somej < k; otherwiselet Vi be the
connectedcomponenbdf V thatcontainsgk. ThenV = Ugen Vi, andthe setsVi
areopen(becausepbviously, dVix C dV). O

Thefollowing lemmaoftenallows oneto work on anopensetwith acompact
closureinsteadof a generabpenset:

Lemma A.2.3 (Compactexhaustionof Q) LetQ C R" beopen.SetKy :={q ¢
Q\ lq <k & d(g,Q° > 1/k} (ke N+ 1). Thenead Ky is a compactsubsebf
Q,Ki CKyC -+, Q=UkKR, andead compacK C Q is containedn someKp.

NotethateachKy is compact.
Proof: This quiteobvious. If K C Q is compactthensomefinite subsebf
setsK containsK, hencesomekKy containsK. O

Notes
All of thisis well known, seeary bookon topology(e.g.,[Bredon],[Kelley]
or even[Rud86])for more.



A.3 Hilbert and Banachspaces

Mathematician®ftenresortto somethingalledHilbert spacewhich
is describedas being n-dimensional.Like modernsex, any number
canplay.

— JamegBlish, "The Quincunxof Time"

In this section,we presentcertain standarddefinitions and useful factson
Hilbert andBanachspacesseeary text on functionalanalysis(e.g.,[Rud86] or
[Rud73])for theirbasicpropertiegandfor detailsfor mostfactspresentedbelow).

Recallthatin this appendixthe scalarfield of ary vectorspacds assumedo
beK (thatis R or C). If K = R, then,naturally conjugationa — o becomesghe
identity operatoron K, conjugate-lineais the sameaslinear, andsesquilinears
thesameasbilinear.

A setAis closedundera functionif the functionmapsthe elementsf A into
A

Let 7 be atopologyfor avectorspaceX. If {x}° e 7 for eachx € X, and
sumandscalarmultiplication on X arecontinuousthenX (or (X, 7)) is called
atopolagical vectorspace(TVS) Most importantexamplesof TVSsareBanach
spacesand we needother TVSs only in someexternal references. See, e.g.,
[Rud73]for moreon TVSs.

A normedspaceis a vectorspaceX equippedwith a function (norm) || - || :
X — [0, +-00) satisfying]|ox|| = [a[|x]], [|x+y|| < [|x|| +[[y]| and[[x]| = 0=x=0
for all x e X, a € K. We oftenwrite || - [|x := || - || to distinguishbetweenthe
normsof differentnormedspaces.

An inner productspaceis a vectorspaceH equippedwith a function (inner
produc) (-,-): H x H — K satisfying(y,X) = (X, y), (X+Y,2) = (X, 2 +(Y, 2, (ax,y) =
a(x,y), (X,x) > 0and(x,x) =0=x=0for all x,y,z€ H, a € K. We oftenwrite
(-, )y :=(, ) todistinguishbetweertheinnerproductsf differentnormedspaces.

We equipary inner productspacewith norm ||x|| = (x,x)l/2 (it follows that
ary innerproductspacds anormedspace) We equipary normedspaceX by the
metricd(x,y) := ||x—Y||s (it followsthatarny normedspacds a metricspace).

A completenormedspaces calledaBanad space A completeinnerproduct
spaces calledaHilbert space(in particular ary Hilbert spacds aBanachspace).

The spaceK" (n € 1+ N) is equippedwith the canonicalinner product
<X7Y>K” = Zﬂzlxkyk-

Let X andY be normedspaces.We set||x||x := 4o for x ¢ X. We equip
X x Y with the producttopology i.e., with the norm ||(x,y) 1%y = IXIZ + [IyII2
(or someequivalentnorm,suchasmax{ [|x||x, [[yl[v} or (|IX||Z + lIVIIZ)¥?).

By B(X,Y) we denotethe normed spaceof continuous(i.e., bounded)
linear operatord. : X — Y with norm [|L[|5x v) := SURx <1 [ILX||v, andvector
operationgal + BL")x:= a(Lx) + B(L'X) (L,L" € B(X,Y), a,B € K, x € X). We
usuallywrite Lx := L(x) whenL is linear Oneeasilyverifiesthat B(X,Y) is a
Banachspaceff Y is aBanachspace.

The spaceX* := B(X,K) is calledthe dual spaceof Xdual space(X*) (see
alsoRemarkA.3.22),andwe setX** := (X*)*. Weidentify x € X andtheelement




X* 1N — Ax of X**. If all elementsof X** are of this form, then X is called
reflexive (andthenX is isometricallyisomorphicto X**, hencea Banachspace).
Any Hilbert spacds reflexive.

Let X andY be normedspaces.To eachT € B(X,Y) corresponds unique
TB € B(Y*,X*) s.t. y*(Tx) = (TBy*)x for all x € X andy* € Y*; morewer,
ITB|| = ||T||. Wecall TB theBanad adjointof T.

Let X andY be Hilbert spaces.To eachT € B(X,Y) corresponds. unique
TH € B(Y,X) s.t.(Tx,y)y, = (x, Ty, for all x e X andy € Y; moreaver, ||TH|| =
|IT||. We call TH theHilbert adjointof T. In a Banachspacecontet, T* denotes
TB, whereasin a Hilbert spacecontet, T* denotesTH (unlesswe use pivot
spacesseeDefinition A.3.23andLemmaA.3.24).

Let H be a Hilbert spaceand let B be a Banachspace. A setE C H is
orthonormalif (x,y) = 0 whene&er x,y € E, x # y and(x,X) = 1 for all x € E.
If spark is densein H, then E is an orthonormal basisof H. An operator
P € B(B) is a projectionif P> = P (hereP? := PP). A projectionP € B(H) is an
orthogonal projectionif P = P* (equivalently Ran(P) = Ker(P)+, by Theorem
12.140f [Rud73)).

By BC(X,Y) wedenotehesetof linearmappingsT : X — Y thatarecompact

thatis, suchthat{Tx|x € X, ||x]| < 1} is compact.It followsthat BC(X,Y) is a
subspacef B(X,Y).

The weaktopolagy of X is the wealesttopologyon X on which each/A\ € X*
is continuous.Theweak topolagy of X* is thewealesttopologyon X onwhich
eachof the mapsx : A — Ax (x € X) is continuous. We do not usethesetwo
topologiesexceptwhen we explicitly sayso. (If X is finite-dimensionalthen
X = X* and the weak, weak' and original (normed)topologiesof X and X*
coincidewith the standarceuclideantopologyof X. In generalweakandweak
topologiesneednotbeevenmetrizable.)See e.g.,[Rud73]for furtherdetails.

WesetGB(X,Y) :={Le B(X,Y) \ LT =Ily & TL=Ix for someT € B(Y,X)}
(andwewrite T := L~ for T, L asabove) henceGB(X) becomeshe subgroupof
invertibleoperatorg G for “group”). It followsthatL € GB(X,Y) iff L € B(X,Y)
andL is onto and one-to-on€(i.e., the inverseis necessarilybounded) by (part
(c3)(ii) of) LemmaA.3.4(F1).

For L € B(X,Y) we seto(L) == {{ € K[T-L ¢ GB(X,Y)}, p(L) :=
supla(L)| (seeLemmaA.3.3;recallthat{ — L :={l —L).

An elementof GB(X,Y) is called a (Banad) isomorphismof X onto Y.
Whenever the rangeof LX is closedin Y (hencea Banachspaceitself if Y is
complete)andL is asisomorphisnof X ontoLX, thenL is anisomorphisnof X
into Y. (Notethe standardabuseof languagewe do not requireanisomorphism
to beanisometry thatis, to satisfy||Lx|| = ||| for all x € X; amorerigorousterm
would be“a topologicalvectorspacesomorphism”.)

Thus,if X andY areHilbert spacesthenamapL € B(X,Y) is anisometric
isomorphismof X ontoY iff L is unitary, i.e.,L*L =1 = LL* (notethatwe often
usesamel (resp.0) for identity (resp.zero)mappingsn differentgroups.

Two norms, say || - || and || - ||, definedon a normedspaceX are called
equivalentf they definesametopology Thisis thecaseiff therearee, M € (0, «)
s.t.gl|x]| < ||X||" < M||x|| for all x € X.




Let H be a Hilbert space. By (x,y)y (often just (x,y)), we denotethe
(sesquilineari.e.,{ax, By) = af(x,y)) innerproductH x H — K. It is well known
thatH* = {X— (X,Y); | y € H}, henceH is reflexive. Themapping/Ax : y — (¥, Xy,
is conjugate-lineafi.e., Aaqx = 0/\x, Ay = Ax+/\y), isometricandonto, hence
A€ GC(H,H*) (anelemenbf G is calledahomeomorphisin

Letx,ye H,ACH andB C H. If (x,y) =0, thenwewrite x L y; if a L b for
all a€ A andb € B, thenwe write A | B. Olviously, At := {x € H |x 1 A}isa
closedsubspacef H.

LetT,Se€ B(H). Wecall T nonngative[positivg andwrite T > O[T > 0] if
(Tx,x) > 0[> 0] forallxe H\{0}. By T > SwemeanthatT =T*, S= S, and
T—-S>0. By T> 0wemeanthatT > ¢l for somee > 0; in this casewe say
thatT is uniformly positive(notethat (xc) — (Xx/K) is is positive andone-to-one
but not uniformly positive on #2(N)). If T*T >> 0, thenwe saythat T is coercive
(or boundedrom below). Theserelations(amongothers)are studiedwithin the
following lemma.

Lemma A.3.1 (Hilbert spaces)LetH, U andY becomple Hilbert spacegmud
of this holdsfor real onestoo).

(al) Each orthonormalbaseof H hasthe samecardinality; we denotethis
cardinality by dimH.!

(a2) H is isomorphicto £2(E) iff £ is a setof cardinality dimH.

(@3)If T € B(U,H), thendimRanT) < dimU.
(a4) Thefollowing are equivalent:

(i) dimU < dimH;

(i) T*T > 0 for someT € B(U,H);
(iii)y T*T =1 for someT € B(U,H);
(iv) someSe B(H,U) is onto.

(ab) Thefollowing are equivalent:

(i) dimU = dimH;

(i) GBU,H)#0,
(iii) T*T =Ily andTT* = Iy for someT € B(U,H).

(a6) LetdimU > dimH < . ThenT € B(U,H) is invertibleiff T*T > 0.

(b1)T > 0] LetT € B(H) andE € GB(H). ThenT > 0 & T > ¢l for some

£e>0T=T"& o(T) C (0,0) & T =P?forsomeP > 0& T = X for
someX € GBH) S E*TE> 08T GB& T>08TcGB& T 1>
0.
If T>el, thene 1>T 1> |T| 1 >0.

(b2)T > 0] WehaveT > 0iff T > 0andKer(T) = {0}.

IWe alsousethe standardnotationdimB < « [dimB = «] to meanthat a vectorspaceB is
[in]finite-dimensionaljf B is a Hilbert spacethen,obviously, dimB < « iff dimB is finite.




(b3)T > 0] LetT € B(H). ThenT > 0iff T =T* ando(T) C [0,).

(b4) Let T > 0. Thenthereis a uniqueTY2 > 0s.t.(T/2)2 = T. Moreover,
TY2 > 0 (resp.> 0) iff T > 0 (resp.> 0). Furthermoe, ST = TS<
STY/2 = T1/2sfor all Se GB.

(b5) Let T, > Tpy1 > Afor all n € N for someA = A* € B(H). Thenthereis
T>As.t.Tx— Txforall xe H.

(b6)T = T*] LetT € B(H). ThenT = T*iff T*T = TT* ando(T) C R.

(b7)AssumehatS T € GB(H) andST =TS If T>S>0,thenS 1 >T 1>
0;ifT>S>0,thenSt>T 10 ifT>S>0thenSt>T 10

(b8)If T € B(H), £ > 0,and |(Tx,X)| > €||x||? for all x€ H, thenT € GB(H).

(b9)If 1 > T >0, then||l - T|| < 1.

(c1)R*R > 0] LetR € B(U,H). Thefollowing are equivalent:

(i) ||[RX| > €||x|| for all x for somee > 0, i.e., Ris coercve (“uniformly
boundedrombelow”);

(i) R*'R> €l for somee > O;

(i) RanR*) =U, i.e,, R" isontg,

(iv) RanR) is closedandKer(R) = {0};

(v)thereisL € B(H,U) s.t.LR=1,;

(vi) there is someclosedsubspaceH; C H and someS € B(Hi,H) s.t.
[R S| € GB(U x Hy,H);

(vii) X*X = R*Rfor someX > 0;

(viii) P> 0 = R'PR> 0;

(viii") ||IG—1In|| <1 = R'GRe GB(V);

(i) [[RX]|B(x,H) = €[|X]|B(x+) for somee > 0 wheneer X is linear (in
particular, X is boundedff RX is bounded);

(X)Re GB(U,RanR));

(xi) Thee is € > 0 s.t. for all x € H\ {0} thereis y € H\ {0} s.t.
(v, R% > €[[X][[|y]l-

Moreover if (i) holds,thenthe following hold:

D [[(RR7Y < e ?and||(RR R < e~

(1) if Re GB, then||R1|| < e L.

(2) For anyr > 0 we can chooseH; and Sin (vi) sothat || [R g || <
max{||R||,r} and || [R S}*1|| <max{e 1 r1}. If alsodimU < o
andH = U x U’, thenwecantake Se B(U’,H) withoutaffectingthe
abovenorms.

(3) If R"R=1, thenwecanhave[R §| unitary (see(e3)).

HoweverR\R>0 & G e GB # R*GRe GB in geneal (cf. (viii'); even
0(G) C [0,+4) is notsuficient).

(c2) LetM € B(K™, N € B(KM™K"). Theeis L € B(K", K™ sud that
M + LN is invertibleiff M*M + N*N > 0.



(c3)LetRe B(U,H). Thenthefollowing are equivalent:

(i) Re GB(U,H) (i.e,, Risinvertible)
(i) Risinjectiveandonto;
(i) Ris coerciveandhasa denserangg;
(iv) R"R> 0andRR > 0;
(V) R'R> 0andRR > 0;
(Vi) R € GB(H,U).
If dimU = dimH < o, thenonemore equivalentconditionis that R is one-
to-one(equivalentlydetR # O or Ris onto).
(c4)LetR=R* € B(H). ThenRe GB(H) < R'‘R> 0.
(c6)LetRe B(H) andR*"R= RR'. Then||R|| = supy=1 [{(x, R¥| = p(R).
(c7)LetRe€ B(H,U). ThenKer(R*) = RanR)*.
(c8)LetRe B(H,U). ThenKenR*R) = Ker(R) andRanR) = RanRR).
(c9)LetR € B(U,H). Thenthefollowing are equivalent:

(i) Ris one-to-ondi.e., Ker(R) = {0});
(i) R* hasadenserancg;
(i) R*R> 0
If dimU < oo, then(i)—(iii) holdiff R“R>> 0 (cf. (c1)).
(c10)LetA C H. ThenA' is a closedsubspac®fH and (AL)+ = sparfA).
(c11)suRg—1 [lox+yi| > [IX[Z+[Iyl[* (x,y € H).

In (d)—(f) weassumehat A € B(U,Y), B € B(U,H). In (d)—(e2)we assume
thaty > O (the Tl,, claimsconcerncasesvhenU andY are L2 spacedor some
W€ RU{}).

(d) We havey? — B*B> 0 < ||B|| <y. Analagously y> — B*B>> 0 < ||B|| < V.
(e1) ||AX||? —y?||BX|?> < O for all x € H < y?B*B > A*A < A = LB for some
L <y
(if A,B € Tl, thenwecantakeL € Tl,).
(e2) Thefollowing are equivalent:

() y*B*B— A*A> O;

(") [|AX|? —V?||BX|? < —¢]|x||? for all x € H;

(i) Y’B*B>> A*A>0;

(i) A= LB for some||L|| < yandB*B > 0;

(i) B'B>> 0and||ABt| < V], whee B} := (B*B) 1B,

If B € GB, then(i) (hence(i)—(iii)) is alsoequivalentto ||AB~1|| < y. If (i)
holdsanddimU > dimH < «, thenB € GB.

In (ii) wecantake L = Al?ﬂ_eflt; thiswaywegetL € Tl,, if B,A€ Tl,.



(e3)LetB*B=1. ThenB:= [§ 9] € GB(U x H1,H) is anunitary extensionof
B, whee H; := Ran(B)* C H.

(f) SupposehatdimU < «. ThenA = LB for somelL € B(H,Y) < Ker(B) C
Ker(A) & RanA*) C RanB*) & A* = B*L* for someL* € B(F,H) < (el)
holdsfor somey > 0.

(91)LetA,B e B(H). If (x,Ax = (x,BX for all x € H, thenA = B.

(92) Let A € B(H) (t € Ry). If limis10(X,Ax) = 0 for all x € H, then
lim¢— 1w (Y, AX) =0 forall x,y € H.

(g3) Let X beavectorspace LetA,B: X — U, andC,D : X — Y belinear. If
(Ax, BX) = (Cx, Dx) for all x € X, then{(Ax, B2 = (Cx,D2) for all x,z€ X.

In (h1)-(k2)weassumehatx,y,xn,yn € Hforallne Z,, T, T € B(H,Y) for
alneZ,,and$,,Se B(Y,U) for all ne Z_.. Wewrite Xy — X if (Xh,2 — (X, 2
forall ze H (i.e, if X, — x weakly)(here alwaysn, m k — +oo).

We saythat T, corvergesto T uniformly (resp.strongly, weakly), if ||Tn —
T|| — O (resp.Tox — Tx for all x e H, Tox — Tx for all x € H).

(h1)If T, — T weakly then{Ty} is uniformlybounded.

(h2) If Thx cgn/ergesfor all x €H, thenthelimiting operator T x> limp Tox
satisfiesT € B(H,Y) and||T|| < liminfp||Tn|| < co.

(h3) If {y, Tax)y con/(irgesfor all xe H, y€eY, thentheris T € B(H,Y) s.t.
Tn— T weakly || T|| < liminf, || Ta|| < sup, || Tn|| < co.

(i1) If X, — X, then{xn} is uniformlyboundedand||x|| < liminf, ||Xn|| < co.

(i2) If o = xandym — y, then(Xn, Ym) — (X, y).

(i3) If {{(xn,y)} corvemesfor all y € H, then{x,} corvergesweakly

(i4) If(f) xo — x and ||xn|| — [|X||, thenxn — Xx.

(1) Sy — Sweaklyiff §; — S" weakly

(2) If S — Sweaklyand T, — T strongly, thenS, T, — ST weakly(but even
forU = H wemayhaveT S, A TS).

(43) If S, — Sstrongly, T,y — T strongly, andxx — x strongly, thenS, T, — ST
stronglyand S, Tinxx — ST x strongly.

(i4) Let T, € GB(H,Y) for all n, T, — T stronglyand T, — P strongly for
someP € B(Y,H). ThenT € GB(H,Y) andT 1 =P.

(j5) Corversely let T, € GB(H,Y) for all n, let T, — T strongly, and let

{771} beuniformlybounded.ThenT € GB iff T, 1 — P stronglyfor some
P e B(Y,H).

(k1) LetdimY < and T € B(U,Y). ThenT, — T strongly iff T, —» T
uniformly.

(k2)LetdimU < o andT € B(U,Y). ThenT, — T stronglyiff T, — T weakly

In (p1)—(c)weassumehat [ 4 B] € B(H1 x Hz), whele H; andH; are Hilbert
spaces.



(pl) Let AX=B. Then|[g B] > 0iff A> 0 & D—X*AX > 0. Moreover
(& 8] > 0iff A>0& D—X*AX>0.

(p2)Let3A 1. Then[ 4 B] > 0iffA>0& D—B*A B> 0.

(p3) Let dimH, < . Then[2 B] > 0 iff for someX € B(Hy, H1) we have
AX=B,D—-X*AX>0andA> 0.

(p4)Wehave[ 4 B] > 0iff A>>0& D—B*A™1B > 0.

(0) LetP € B(U,H1), Qe B(U,Hz) andD < 0. If T:= [P @' ][4 B] [§] >0
[> 0], thenP*P > 0> 0].

If e >0andT > el, thenP*P > &I, whee & only dependonce, ||Q||, ||Al
and||B||.

Ife>0 D< —¢l andT > 0, thenP*P > dQ*Q and Q = LP for some
L € B(Hy,Hy) s.t.||L||g < & /2, whee & only dependnce, ||A|| and||B||.

(s) Let T € B(U,Y), let Uy C U be a finite-dimensionalubspacg and let
dimT[U1] = dimUy < . ThenT is of theform T = [Tél %g] € B(Ug x

Ui, Y1 x YiH), whee Yy := T[Uq], and T11 € GB(U1,Y1). Moreover, T is
(resp.right-, left-)invertibleiff T2 is (resp.right-, left-)invertible

(P) LetHq bea closedsubspacef H. Let P bethe orthogonalprojectionof H
ontoHji . Letx € H. ThenPxis the uniqueelementof minimumnormon
X+ Hj.

As a curiosity, we remarkthat(c1) demonstratethatfinding aleft inverse(v),
a complement(vi) or a spectralfactor (vii) is easy if we do not have to worry
aboutcausality(in contrasto the Coronaandspectrafactorizationtheorems).

Resultsconcerningcornvergenceof sequencegsuch as Monotone Corver-
genceTheoremor (h1)—(k2)above) areapplicablefor limits of functionsbetween
arny metric (or “first countable”)spacegrecallfrom Theorem4.2 of [Rud76]that
f(t) - g ast — T iff f(t,) — q for eachsequencgty} corvergingto T (with
t, # T for all n)). We shallusethis factwithout furthermention.

Proof of LemmaA.3.1: (WeoftenapplyBanachadjointresultsfor Hilbert
adjoints,seeRemarkA.3.20for thejustification.)

(al)&(a2)Thesefollow from [Rud86,4.19].

(@l3) If dimU < o, theseclaims are easyto prove, so assumedimU = co
andlet {ua}aca be anorthonormalbaseof U. Thenthe cardinality of Q :=
{Sh_10Ua |0k € Q+iQ, ax € Afor all k} is A=: dimU andQ is densein U
(obviously the cardinalityof any densesetis atleastthatof A).

Obviously, TQ is densein RanT), hencedimRan(T) is at the cardinality
of Q,i.e.,dimU.

(@4)“(iv)=-(i)" follows from (a3). “(iv)<(ii)" is [Rud73,Theorem4.15].
“(ii) =(iii)” FollowsbytakingT’:=T(T*T) /2 (cf. (b)). “(iii) = (ii)” istrivial.
“(i)=(iv)" Let {Ua}aca and {ha}acp be basesof U andH, respectiely, and
A C B. SetSy 4cg0aha i= Y 5ca Oala.

(@5) “(i) =(iii)&(ii)” ConstructSasin “(i) =(iv)” above,with A= B. The
corversedollow from (a2).




(a6) Let T*T > 0. From (a4) we getthatdimU = dimH. BecauseT is
injective, it is invertible. The corverseis trivial.

(b1)&(b3)&(b6) Thesefollow from [Rud73, Chapterl2] and straightfor
wardcomputations.

(b2)Let T > 0. Assumethat(x, TX) = 0. Then|| TY/2x||2 = (T¥2x, TY/2x) =
0 (see(b4)), hencethenTx = TY/2T1/2x = 0. Consequentlyx € Ker(T); the
corverseis trivial.

(b4) This follows from Theorem6.2.10 of [Aupetit] (alternatvely, from
Chaptersl1-12of [Rud73])and(c3)&(c9).

(b5) (The cornvergenceneednot be uniform; €.9., Ty ny1) > Tiny10) — 0
stronglybut not uniformly on #2(N).)

W.l.o.g.weassumehatA = 0 (useT, — Tp— A). SetS(X) := limp (X, Thx) >
0 (x € H). Now S(x+Yy) — S(x) — S(y) = limn 2Re(y, ThX) existsfor all x,y € H.
Apply this to iy to seethat R(y,Xx) := limn(y, TaX) exists for all x,y € H.
Obviously, R is sesquilinearand [[R(y, X)[| < [[Ta[|((lIX]| + [I[) =+ [IXI| + [Iy[]),
henceR(y,x) = (y, TX) for someT € B(H), by Theorem12.80of [Rud73].

Now ||(Th — T)¥2x||%2 = (x, (Tn— T)X) — 0, hence|| (T, — T)x|| — 0, for all
x € H,since0 < T, —T € B(H). Thus,T,x — Tx strongly

(b7) By (b1), S1L.T-1> 0. Apply twice (b4) to obtain SY/2T%/2 =
T1/28Y2, |t follows that T~1/28Y2 = SY/2T7-1/2 et x € H bearbitrary and
sety := S 1/2x. Then

(T = (8Y2y, T18!/2y) = (T2, T2
< (T2 TT %) = (1Y) = (xS,

Thus, T-1 < S1. Analogouslyif T > S thenT 1 < S if T > S then
Tlxst

(b8) Now || Tx|| > €||x|| and||T*X|| > €||x]|| for all x € H, hencethis follows
from (c3)(i)&(iv). (Thecorverseof (b8)is obviously nottrue.)

(b9) If | > T > el, then((I = T)x,x) < (1—¢€)||x||? for all x € H, hence
Il =T|| < 1—¢, by (c6).

(c1) Theequivalenceof (i)—(viii) is obtainedasfollows:

“(i) (i)™ ||RA|? = (X, R'RY. “(i) < (iii)": See[Rud73,4.15]. “(i) =(iv)":
Clearly Ker(R) = {0}. If {Rx} is a Cauchy-sequencehen so is {xn}.
“(iv)=(X)": See[Rud73,2.12b]. “(x)=-(i)": See[Rud73,2.12c]. “(i) =(v)™
TakeL := (R'R)"'R* (note: |[L[| < [[Rl|/€). “(v)=()" [[RX] > [ /|[L|| for all
xe U. “(vii) &(ii)": See[Rud73,12.33](X = X* > 0is unique).“(viii) =(ii)"
TakeP=1. “(ii) =(vii)": (X, R“PR% > €p||RX| > epeg||x|| for all x. “(i) =(xi)":
Takey = Rx “(xi) =(i)": Obviously.

“wi)=W)" 1f [4][R § =luxn,, thenLR= Iy.

“(iii) =(vi) & (2)": Let Hp := Ran(R), Hi := H3, andwrite R=: [[] €
B(U,H2x Hy) (i.e., T := Py,R), sothatT € GB(U,H>), becausét is 1-1 and
onto.

Choosesomer > 0. ThenS= [J] complementsR, and the inverseis

[Tal 2 } Theinequalitiesin (2) follow asin (C1).

(A.18)



If dimU < « andH =U x U’, thendimH, = dimU impliesthatdimH; =
dimU’, sowe may choosesomeisometricisomorphisml’ € GB(U’,H;) and
replaceSby S’ to obtaintherestof (2).

"(ix) <(i)": LetH’ beaHilbert spacelet X : H' — H belinear, andlet (i)
hold. Then||RXy|| > €||Xy]| for all y € H’, hencethen||RX|| > €]||X||. For the
corverseJetx € H begiven,take someH’ # {0}, yp € H'\ {0}, A € H"* with
Ayo = ||yoll, |IA\]] =1 [Rud73,3.3Cor],anddefineXy := xAy. Then||X|| = ||X||,
IRX|| = [IRA[|Al| = [[R¥], hencethen||Rx| > &[|X[| = £||x]. i.e.. (i) holds.

“(viil') =(ii)": SetG:=Iy. “(X)=(viii")": SetG := P*GP=1—P*FP,
whereF :=1 -G and P € GB(H,HR) is the orthogonal projection onto
Hgr:= Ran(R). Since||P*FP|| < ||F|| < 1, we ha/eG’|(HR) € GB(HR), hence
R'GR=R'G'Re GB(U) (sinceRe GB(H,HR)).

(Note: conditiona(G) C R™ would notbesuficientin (viii): if G'=[§3],
G=[% 9] € B(H) andH :=¢?=:U, theno(G) = {1} butR*GR(1,0,0,...) =
0,whereR: (a,b,c,...) — (a,—a,b,c,...), sothatR" R>1 > 0.)

(1)&(1’) From (i) and (bl) we obtain (R'R)™! < £72. Now
(R(R'R) ™%, R(R'R)~Ix) = ((R*R)~1x,% < £7?||x||?, hencg|R(R*R) || < 2.
If Re GB, then(R'R)"IR* = R 1.

(2) Thiswasshawvn in “(iii) =(vi) & (2)".

(3) Letr = 1in “(iii) =(vi) & (2)".

Thefinal remarkwasjustifiedbefore”(1)&(1’)” above.

(c2) By (c1), M*M + N*N > 0 is necessaryof course Ker([\]) = {0}).
Assumethat M*M + N*N > 0. SetU, := Ker(M), U; := U3 Let xg,...,%
be a baseof Uy, let xx.1,...,Xm be a baseof Uj, andlet yy, ...,y be abase
of (MUp)*. Let Sy ajx; = le(:]_ajyj. ThenM + Smaps{xy,...,Xm} toa
baseof K™, henceit is invertible. Now Ker(N) C U; = U5~ = Ker(S), hence,
by (f), S= LN for someL € B(K",K™).

(c3) 1° (i)—(vi): Thisequivalencefollows easilyfrom (cl).

2° (i)<(vii): If Re GB(H), we cantake y = Rx Corversely (y,R% >
el[X|||lyll impliesthat||RX| > €||x||, henceR*R > 0, by (c1), andanalogously
RR > 0, sothatRe GB(H), by “(v) < (i)".

3° Thelastclaim: Thisis givenin almostary matrix calculustextbook.

(c4) Thisfollows from (c3).

(c6)&(c7) Theseare Theorems12.25, 11.28(b) and 12.10 of [Rud73]
(slightly modified).

(c8) If x € Ker(R*R), then||Rx|? = (x,R*R% = 0, hencethenx € Ker(R).
Thus, Ker(R'R) = Ker(R). ConsequentlyRanR*R)- = RanR*)*, by (c7),
henceRanR*) = (RanR*)4)* = RanRR). BecauseR** = R, alsothe latter
claimholds.

(c9) By (c8), we have (i) <(ii). But (i) holdsiff ||RX|? = (Rx R¥ > O for all
x € U, i.e.,iff (iii) holds.

(c10) Thisis aneasyexercise.

(c11) Thisis obvious(andthisis nottruefor, e.g.,H = L*(R)).

(d) Thefirst claim follows from y?> — B*B > 0 < y?||x||% — ||BX||? > O for all
x € H. Thesecondollows by replacingy by somey— €.




(e1) (Thisis from [RR, LemmaZl.14].) Assume||AX||? < y?||BX||%. Then
we candefineLo € B(Hy,Y) (whereH; := B[U] C H) by Lo(BX) := Ax to
get ||Lo|| <y. Let P be the orthonormalprojection H — H; and define
L:=LoP € B(H,Y) togetA= LB and||L|| = ||Lo|| < Y. Theotherdirectionis
straightforvard.

If B,A¢€ Tly, thent,Hy = Hq for all r € R (1,Bx= B1;X) andLg € Tl,,
hencethenL € Tl too (if P: H — Hj is orthonormalthenL = LoP € Tly)
(N.B. Evenif A/B € TIC,, we mayhavetotakeL ¢ TIC., €.9.,A=1 AB=
1_1 =— L =11. Notealsothatwe mayhavethatB=0=C =L, i.e., that
7Bi).

(e2)“(i) (") <(1")" and“(iii) =(ii)” areobvious. “(ii) =(i)” followsfrom
A*A = B*L*LB < B*By?, which holdsby (c1)(viii).

“(i") =(iii)": Assume(i’) andsetS:= (B*B)~1B*. Then||AS/||? —y?||y||? <
—¢||y||? for ally € Ran(B), i.e.,||ASy|| < (y—¢')||y|| for all y € Ran(B). Because
Sy = 0 for all y € Ran(B)* = Ker(B*) andRan(B) is closed this holdsfor all
yeH,

If B€ GB, thenBt = L = B~L. If (i) holdsanddimU > dimH < o, then
B e GB, by (ab).

(e3) Seetheproofof (c1)(3).

(f) Theproof goesasthatof (el),exceptthatLg is necessarilycontinuous,
becausé is linearanddimH; < « (notethatnow Ker(B) = Ran(B*)1).

(92) Now 2Refy, A = ((X+Y), Ac(X+Y)) — (% A — (s Ay) = 0. If K =
C, we applythisto y andiy to obtain(g2).

(91)&(g3) Theproofsareanalogougo thatof (g2).

(h1) This (i.e., that ||Ty|| < M for all n for someM < ) follows from
Theorem.6and3.180f [Rud73].

(h2) By Theorem2.8 of [Rud73], T € B(H,U). The boundis obtained
from ||TX|| < liminfy||Tall|IX| = (liminfa|| oD ||X|| for all x € H. By (h1),
liminfo_s 4o || Tn|| < o0.

(h3) By (i3), Tx:= w-lim, Tx € Y existsfor all x € H. Obviously, T : H —
Y is linear By Theorem3.18 of [Rud73], {Tnx} is boundedfor eachx € H,
henceM := sup, || Tn|| < «, by Theoren2.60f [Rud73]. Theinequalitiesfollow
from this,henceT € B(H,Y) andT, —~T.

@i0) If T, — T stronglyandxy — X, thenTpXm — TX: we have ToXm— TX =
Tn(Xm—X) + (Th — T)x — 0, becausq Ty} is uniformly boundedbpy (h1).

(11)&(i3) SetT, := (-, Xn) andapply(h1)&(h2) (recallthatary T € B(H,K)
is of form (-, x),; for somex € H).

(i2) As abore, (Xn, Yn) — (X, Y) = Xn— X, Yn) + (X, Yn — Y) — O, becausdyn}
is uniformly bounded(alternatvely, apply (i0) for T := (-,yn), T :=(-,y) €
B(H,K)).

(i4) This holdsbecauséx — X, X — Xn) = ||X||% + ||Xnl|2 — 2Re(X, xn) — O.

(j1) Thisis obvious.

(12) Now (z, SiThX) = (Shz, TaX) = (S°Z, TX) = (z, STX) for all x, z, by (i2) and
(41). ButT,Sy=1—-1#0=TSfor T,:=1(n) = 0, §;,:=1(—N) — 0 ON
(N)=_H=Y=:U))

(j3) Thefirst claimfollows from (i0), the secondrom thefirst and(i0).



(i4) By (j3), x = T, 1Tox — PTxfor all x e H, andy = T, T, 1y — TPyfor
allyeY,hencedT-1=P.

(If Ty — T strongly and T, 1 — P weakly, then T and P neednot be
invertible (andif eitheris, thenboth are (by (j2), we have PT = I, asabove,
henceP, T € GB) andT; ! — P strongly by (h1) and(j5)). An exampleof this
is givenby ThX := (Xnt1,X0, X1, - - s Xn, Xnt2, %13, - ) € B(£2(N)).)

(j5) “Only if” is givenin (j4), sowe only prove “if . Let T € GB. Then
Tly—TYy=T;4T-T)Tly—Oforallye.

(In fact,if T,T, € GB andT, — T strongly thenT,, * — T-1iff {T,; 1} is
uniformly bounded(this is notthe casein generaltake T, = | — 2_1/”3t(n) to
obtain|| T, 2(j~%3)jez|| = +)), by (i5) and(h1).)

(k1) Cf. theproof of (k2).

(k2) Setm:=dimU, sothatT = [T} T2 ... TM. Letxe U. Then
Tox — Tx (strongly)< Tkx — Tkxforallk=1,...,m< Tx— Tx.

(D) [5¥]"[2 81 [5%] = [45_Lax], which is > 0 [ 0] iff AD-
X*AX > 0[>Q].

(p2) SetX := A~1Bin (p1)to obtainD — X*AX = D — B*(A"1)*AA1B =
D—-B*A"1B.

(p3) “<=": from (pl). “=": Obviously Ker(A) C Ker(B*), hence
AX = B for somelinear (hencebounded,becausadimH, < o) X. The rest
followsfrom (p1l).

(p4) Seetheproofsof (p2) and(pl).

() (W.l.o.g. we assumethat U # {0}.) 1° CaseT > 0: SetM :=
max{||Q|l, ||All, ||Bl|,1}. If x€ Bis s.t.Px=0, then(x, Tx) = (Qx DQX < 0;
thus,T > O impliesthatKer(P) = {0}, i.e.,thatP*P > 0.

2° CaseT > ¢l AssumethatT > ¢€l, € > 0. Choosed > 0 s.t. M&? +
20M? < e. If x € Biss.t.||PX| < 8, then(x, TX) < &M +28M? 40 < € (since
T = P*AP+ P*BQ+ Q*B*P+ Q*D*Q), a contradictionhenceP*P > &l.

3° CaseD < —¢l: AssumethatD < —e&l. Then,forarny xe U s.t.||x||u =1,
we musthave

0 < |(x, TX)| < Mp?+2Mpg— ¢, (A.19)

wherep := ||PX||, q:=||QX||, M := max{||Al|,||B||}. Thus,if p=0,thenq=0,
andif p> 0, then0 < M +2Mr —er2, wherer := q/p > 0, sothatr < 5 /2
for somed ;= dv ¢ > 0.

Therefore,p > q/r > 8/2q, or (Px,PX > &Qx QX), for ary x € U. The
claimonL followsfrom (el).

(s)dimT[Uq] = dimU; meanghatT is coercveonUsy, i.e.,that T T11>> 0.
If P, istheorthogonalprojectionof Y ontoYlL, thenP,T =0onU4, henceT is
of theform claimedin thelemma.Thelastclaimfollowsfrom LemmaA.1.1(b).

(P) The minimum of ||x—Z|| (z € Hj) is obtainedat z = (x — Px), by
Theoremd.11of [Rud86]. O

We now show thateachT = T* € B(H) canbewrittenasT = T, — T_, where
Tj: > 0:



LemmaA.3.2(f(T)) Let T € B(H) and T*T = TT*, whee H is a comple
Hilbert space Thenthere is a (canonical)algebra homomorphisnf — f(T).
from the set of all boundedBorel functionson o(T) to B(H). Moreover, this
algebra homomorphismsatisfieghere f andg are boundedBorel functions):

@@ LT)=1, (T) =T, f(T)g(T) = fg(T) and f(T) = f(T)*, hence
F(T)*f(T) = F(T)F(T)* = [f(T).

() [F(T)] < supf| (if f € C(a(T)), then]|f(T)[| = sup|f]).

(c1)If f € C(a(T)), thena(f(T))= f(a(T)).

(c2) We haveKer(T) = X0, (T).

(d) If Se B(H) andST = TS, thenSf(T) = f(T)S.

(el) If fg = 0, then ther are closed subspacesH. C H s.t.
Ker(f(T)),Rar(f(T)) C Hy, Ker(g(T)),Rang(T)) C H_, H=H, +H_
andH,.NH_ =0.

(e2)If T=T*,thenf(T) = f(T)*, andwecanhaveH, = H* in (el).

(f1) If T = T*, thenthere are orthogonal projectionsP;,Py,P- € B(H) s.t.
| =Py +Py+P_, T :=TPL =P, T =P, TPy satisfy+T, > 0o0onHy =
RanPy), T =T, + T_. ConsequentlyHp := RanPy) = Ker(T), and

[T, 0 0][P
T=[PL PR P][0O 0 O] |P

whee Py € B(H,H.), Py € B(H,Ho) and T € B(H.) havethe same
valueson their domainsasthe correspondingperators withouttildes (note
thatd:= [Py Ry P_|=J*ec GB(H),i.e,Jisunitary).

(f2)If T=T* € GB(H), thenRy = 0and T, > 0>> T_ in (f1); thus,then
B 51l o]][P
T=F P57 7]

Notethatif H = L?(R;U) andT € TI(U), thenf(T) € TI(U), by (d).

Proof: We obtain the initial claims, (a) and (b) from Theorem12.24 of
[Rud73].Claim(cl)followsfrom Theoremdl3.27(c)and12.22(b)of [Rud73],
(c2) from Theoreml2.29(a)of [Rud73],and(d) from 12.240f [Rud73].

(e1)SetE := {ze€ o(T)| f(2) # 0}, Py i=Xg(T), P- i=1 — Py = Xge(T),
H. := Rar(P.). ThenPy = PZ (i.e., P+ areprojections)P,P_ =0=P_P,,
P,+P_=1, f=P.fP, andg = P_gP_, by (a). Therefore,RanP) =
Ker(P;), Hy +H_ =H, Hy NH_ = 0 andH.. areclosed(seeSection5.15
of [Rud73])). _

(e2) By LemmaA.3.1(b6), we have o(T) C R, hencef = f, so that
f(T)* = f(T). In (el) we have PL = P{ (i.e., P+ is orthogonal),hence
H,. = H=L, by Theoreml12.14(c)of [Rud73].

(f1) (The statemenmeansthat Ty x 1= T,.x:=Tx for all x € H; etc.) Set
Pt = X1(0,40)(T), Po = Xy} (T), sothat T, = (S SX1(0,4)(5))(T) etc.
Now we obtainthe claimseasilyfrom (c1),(c2), (el)and(e2)(e.g.,by (c1) we

(A.20)




have +T. > 0onH and0 # Tx = PLT.P.x for x € Hy, hencet+T. > 0 on
Hy).

(f2) If T € GB, thenJ1TJ € GB, hencethen T. € GB(H<), hence
+T+ > 0,by LemmaA.3.1(bl). O

By a Banad algebra we meana complex BanachspaceA equippedwith a
multiplication A x A — A (not necessariljcommutatve) and possessin@ unit
| = lathatsatisfyxl = Ix=X, X(y2) = (Xy)z, (X+Y)Z= XZ+YZ X(Y+2) = Xy+ Xz,
a(xy) = (ax)y = x(ay), |xv| < |IX/||lyl| and||l|| = 1 for all x,y,z€ A, a € C. (In
theliterature,Banachalgebrasarenot alwaysrequiredto possesa unit.)

Someexamplesof Banachalgebrasare B(B), Tl (B), TIC(B) or H*(Q;B)
for any complex BanachspaceB, realnumberw andopensetQ C C.

Let A be a Banachalgebra. We define GA .= {x € A| xy = | = yx for some
y € A}. For x € A we definethe spectrumo(x) := {{ € C|{—x ¢ GA} andthe
spectal radiusp(x) := sup|o(x)| of x; by { —x we meanll — x, wherel is the
identity operatoion A. Notethatthesedefinitionscoincidewith thosemadeearlier
for B(B). Wealsosetx’ := I, & := 5o _,x"/n! for x € A.

Lemma A.3.3 (Banachalgebras) Let A be a Banad algebra and x,y,h € A.
Thenwe havethefollowing:

(A0)If x € GAand||x|| < 1, then3(I —x) "1 = 3 %,
(Al)Letx € GA, andsetM := ||x~1||. If ||h|| < 1/2M, thenx+h € GA and
| (x+h)~t=x71)| < 2M3||h]|2 4+ M?||h|| < M. (A.21)

(A2) ThesetGA of invertibleelementss openin A, andx+— x~1 is a continuous
bijection GA — GA.

(A3)If {xn} C GAandx, — x&€ A\ GA,asn — o, then||x5L|| — oo.

(Ad)Letxe A\ GA. If M > 0, thenthereisd>0s.t.ye GA & |ly—X|| < 0=
Iyl > M.

(r1) P(X) = liMnseo |[X7| Y7 = infn>1 |7 /" = max|a(x)| < [|x]-

(s1)a(x) C Cis compactandnonempty

(s2)a(xy) N {0} = o(yx) U{0} andp(xy) = p(yX).

(s3)If pis a nonconstanpolynomial,thena(p(x)) = {p(Q) \ Cea(x)}.

(s4)If xe GA, theno(x 1) = {T [T e a(x)}.

Proof: (A0)—(A4) SeeTheoremsl0.7,10.11,10.12and10.17of [Rud73].
(A4) follows from (A3).

(r1)&(sl)&(s4) SeeTheoremsl0.13and10.280f [Rud73].

(s2)&(s3)SeeTheorems3.1.2and3.2.40f [Aupetit]. O

We remind the readerthat a B*-algebra (also called as a C*-algebra),to
which we sometimesefer, is aBanachalgebraA with aninvolution(-)* : A — A
satisfying(x+y)* = X" +y*, (ax)* = ax*, (xy)* = y*x*, x* = x, and||xx*|| = ||x||?



for all x,y € A, a € C. Thus,by a B*-algebra isomorphisnil : A— A’ we mean
that T is an algebraisomorphismand a Banachspaceisomorphism,and that
(Tx)* =Tx* forall x € A.

The BanachalgebrasB(H), TI(H), G,(Q;B(H)) andL*(Q; B(H)) are B*-
algebrasvhenerer H is a complex Hilbert spaceQ is atopologicalspaceandQ
is asonp. 907. See[Rud73]for moreon B*-algebras.

Letx € BandA € B*, whereB is aBanactspace Thenwe write (A, X) g: g, 1=
AX =: (X, /\><B,B*> for thebilinearpairingbetweerB andB* (exceptthatin Hilbert
spacecontets we useconjugate-lineascalarmultiplication andhencewe must
set(X, \)g gy = AX=1{/\,X)g- g, sOthatpairingis still linearin its firstargument
but no morelinear (but conjugate-linearpn its secondargument(unlessKk = R),
sothatthepairingcoincideswith theinnerproductfor Hilbert spacesseeRemark
A.3.22for details).

Lemma A.3.4 (Banachspaces)Let By, By, Bz and B4 be Banad spacesand
denoteby B(B;, Bj) the continuousand by BC(B;,Bj) the compactinear map-
pings B — Bj. Let G‘B(B;,Bj) be the setof invertible elementsof B(B;,Bj)
(i,j =1,2,3,4).

(B1) BC(B1,By) is a Banad space

LetSe B(By,B,), K € BC(By,Bs), andT € B(Bs, Bs). ThenSK,KT € BC
(in particular, BC(B;) is anideal of B). Moreover, K € BC < K* € B(.

If dimB; = o, thenBC(B1,B2) N GB(B1,B2) = 0. If K[By] is closed,then
dimK[Bg] < co. If dimB1 < o or dimB; < o, thenB((B1,Bz) = B(B1,By).
If {Sh} C B(B1,B2), dimS,[B1] < « for all n, and S, — Sasn — o, then
Se B(C(B1,B,). Corversely if By is a Hilbert spacethen8(C(Bs, By) is the
closuee of finite-dimensionabperators.

(B2) LetU andY be Hilbert spacesandK € BC(U,Y). Thenthere are se-
quences{un}y_; C U and {yn}r_; C Y s.t. whenP; [P/] is the orthogo-
nal projectionof U [Y] onto sparfu,...,un) [Spanyi,-..,¥n)], we have
P KP, — K, asn — .

If U =Y, we can choosethe sequencdu,} C U sothat P,KR, — K, as
n— oo,

(B3)LetC € BC(By,Bz) andL € B(By,B,). ThenL(I —C) =1 iff (I —C)L=1.
Moreover | —L € BC,if L(1-C) =1.

(B4) The presentationG + K of an operator G+ K € GB + B(C(B1,B) :=
{G+K|G € GB(B1,By), K € BC(B1,B2)} is unique unlessdimBy =
dimB; < o,

Moreover, G+ K is left-invertible iff it is right-invertible If G+ K is
invertible, then(G+K)~1 = G™1 4K’ for someK’ € BC.

The class GB + BC is closed w.r.t. compositionand adjungation; in
particular, GB + B(C(B1) is agroup. Obviously GB C GB+ BC.

Eadh A€ GB+ BC(B1,By) is a Fredholmoperator, i.e., RanA) is closed,
dimKer(A) < o, anddimB;/ RanA) < co.



(B5) LetB; becomple. Thesetal +K € Cl + B(C(Bz) is a closedsubalgebra
of the Banad algebra B(C(B1), and this subalgebra is also closedw.r.t.
inversesand adjoints. The presentationof an elementof Cl 4+ B(C(By) is
uniqueunlessdimB; < .

Furthermoe, al + K is left-invertibleiff it is right-invertible, andif al + K
is invertible, then(al + K)~t = a=1 + K’ for someK’ € B(.

If dimBy =« andK € BC(Bz1), then||Al +K]| > |A| forall A € C.

(C1) Let [§] € B(By x Bz, B3 x Ba). Then | [§9] |l = max(|s], V),
IS THI < (ISI>+ ITI»Y2, and || [3]1 < (ISI? + [U]3)*Z more
geneally [|(Lij)i=1,...n j=1,...mll < [(ILijIDi=,...nj=1,..mllcrem.

(D1) LetRe B(B1,B2) and||RX| > €||x|| for all x e X. ThenRis one-to-oneand
its range is closed,in particular, Re G B iff its range is dense Moreover; if
Re GB,then||R™Y|| < 1/s.

(E1)(ClosedGraph Theorem)LetT : By — By belinear. ThenT € B(B1,By)
iff X, = 0& Txy = y=y=0 (for all {x,} CBs, Y€ By).

(F1) Claims (j3)—(k2) and (c3)(i)—(ii))&(vi) of LemmaA.3.1hold for Banath
spacedoo0.

(G1)LetA: Dom(A) — By belinear, where Dom(A) is a subspacef B;. Equip
Dom(A) with norm ||x|Z := [|X||3, + ||AX|3,. ThenDom(A) is a normed
spaceandA € B(Dom(A),By). If B; andB; areinner productspacesthen
sois Dom(A), with inner product(x,y), := (X, Y)g, + (AX, AY)g,. Moreover,
Dom(A) is completdff A is closed.

Werecallfrom[Rud73]thatAin (G1)is calledclosediff x, — X andAx, —y
implythatx € Dom(A) andAx=y (thisholdsif {(x, AX) \ x € Dom(A)} isaclosed
subsebf B; x By).

If By = Bz and By is comple, thenwe also definea(A)® := {A € C|3(A —
A)~1e B(By)} (thatis, A ¢ o(A) iff thereis T € B(B1) s.t. (Al —A)T = Ig, and
T()\I _A) = IDom(A))-

(G2) Let A € B(B1,B3). Let Bx C B, continuously SetDom(A) := {x €
B1| Ax € B2} ThenA|p, ) - DOM(A) — Bz is closedand (G1) applies.

(G3)If Aisasin (G1),B; = By is complexando(A)© # 0, thenA is closedand
X+ ||(a —A)X||g, is anequivalennormon Dom(A).

(H1) LetF : Ry — B(B1,B2), M < @ bes.t.||F(t)|| <M forall t € R4, andlet
the spanof X C B; bedense If F(t)x — 0, ast — +oo, for all x € X, then
F(t)x — Ofor all x € B;.

(H2) LetF : Ry — B(B1,B2), M < w0 bes.t. ||[F(t)|| <M forallt e Ry. If
K C By iscompactandF (t)x — 0, ast — +oo, for all x € K, thenF (t)x— 0
uniformlyfor x € K.

(11) Let B1 C By be a subspaceA € B, x € By and Ax# 0. ThenB; =
B1NKer(A) +Kx.



(J1) (Bilinear) LetS: B; x Bp — Bg bebilinear. ThenSis continuousff there
ISM < o s.t.

1S%:Y)l[Bs < M[[X||g,[I¥]lB, forall x& By, y € Bo. (A.22)

Assumehat this is the case Thenthere is a uniqueT € B(Bgy, B(B1,B3))
s.t.S(x,y) = (Ty)xfor all x € By, y € Bo. Moreover, || T|| 3B, 5(8,,8:)) IS the
minimalnumberM satisfying(A.22).

(K1) If x € B, thenthereis A € B* s.t.||A]| < LandAx = ||X||g.

(L) If ShenllXnlle, < o, then S.cnXn corvemes absolutely and
| ZnenXallB, < Ynen [|Xal[B;-

(M1) LetT € B(By,Bp). If By isreflexive thenT = T**.

(N1)LetT € B(B1,B2). ThenRan(T) is densen B; iff T* is one-to-one

(N2) If By is reflexive, thenT € B(Bg,By) is one-to-ondff Ran(T*) is densén
Bj.

(N3)LetT € B(B1,B). ThenT[Bi] = By iff || T*y*||g; > £]|y*||s; for somee >0
andall y* € B>.

(N4) (]| T|| > €]||x||) LetT € B(B4,B>). Thenthefollowing are equivalent:

(i) ITx|| > €||x|| for all x for somee > 0, i.e., T is coercve (“uniformly
boundedrombelow”);

(i) RanT*) =B], i.e., T* is onto

(iv) RanT) is closedandKer(T) = {0};

(i) [|TX]|B(x,H) > €lIX]|5(«+) for somee > 0 wheneer X is linear (in
particular, X is boundedff TX is bounded);

(X) T € GB(U,RanT));

(xi) There is € > 0 s.t. for all x € By \ {0} there is y* € B} \ {0} s.t.
Y, TX) s8> ElXIY*.

We canreplaceB; by any of its normingsubsetsn (xi).
(N5)(T € GB(U,H)) LetT € B(U,H). Thenthefollowing are equivalent:

(i) T € GB(U,H) (i.e.,, T isinvertible)
(i) T is one-to-oneandonto;

(iii) T is coeciveandhasa denseaange;
(Vi) T* € GB.

Moreover, eadh of (i)—(xi) impliesthat (T*) 1 = (T~1)*.
(O1) (Uniform BoundednessPrinciple) Let 4 C B(B,By). If {||AX|B,}aca

is boundedfor ead x € B, thentheris M < o s.t.[|Al| 3@ g, < M for all
Ac 4.

(P1)(Completion) If X is a normedspacethenthereis a Banadt spaceX (the
completionof X) s.t. X is a densesubspacef X (with the sametopolagy).
If X is aninner productspacethenX is a Hilbert space



(Q1) (dimX < o) If X is a normedspaceand n ;= dimX < o, then X is
isomorphicto K" (with equivalentnorms).

(R1) TheBanad spaceB; is reflexiveiff B] is refleive
(R2)If B] is reflexive thenBy is reflexive

(R3) The Banat spaceB; is reflexive and separble iff B is reflexive and
sepaable

(S1) (Subspaces) et X be a closedsubspaceof a normedspaceY. If Y is
completgresp.reflexive sepaable),thensois X.

By (J1), the spaceof bilinear continuousmappingsB; x B, — Bz with
norm inf{M \ M satisfies(A.22)} is a Banachspaceisometricallyisomorphicto
‘B(Bg, B(B1,Bg3)) (andto B(B1, B(Bz,B3))).

Proof: (B1) All theseclaimsaregivenin Chapter4 of [Rud73](Theorems
4.18 and 4.19 in particular) or easily deduciblefrom them. Although the
resultsof [Rud73] concernthe Banachspaceadjoint (-)B only, (e.g., K €
BC(By1,B2) & KB € B((BS,BY)), they are applicablefor the Hilbert space
adjoint (1) too (when the Banachspacesconcernedhappento be Hilbert
spaces)becauseH is isomorphicto H* asareal Hilbert spacgRud73,12.5]
(note that each complex Hilbert spaceis also a real Hilbert space),hence
KH e BC(By,B1) & KB € BC(BS,B)), KM € GB(B2,B1) < KB € GB(B,BY)
etc. Thelastclaim canbe provedasthefirst onein (B2).

(B2) 1° Let F := {u € U ||jul| < 1}. For eachn € N, choosem, € N,
Yn1,¥n2:---»Ynm, € K[F] s.t.theballs{y € Y |[ly— ynk|| < 1/n} cover K[F].
If Py is the orthogonalprojectionof Y onto spartyn1,Yn2,-.-,Ynm,), then
clearly|ly—P7y|| < 1/nfor eachy € K[F], i.e., ||Ku— P/Ku|| < 1/nwhene&er
lu| < 1. Lety),y5,... be the sequencey11,y12;...,Y1,my,Y2,1,... SO that
I|(1 — PYOK]|| — 0,asn — co.

2° Choose{ux} C U analogouslyfor K* € BC(Y,U). Then||K(l —Py)|| =
1(1 = Pu)K* || = 0, hencel| K — PAKP|| = [|(1 = P)K + P4[K (1 — Py)][| = 0, s
n — oo, asrequired.

3° Thesequenceiy, y1, U, Yo, ... satisfiegherequirement®sf thelastclaim,
becausehe projectionsP; thus obtainedsatisfy Ran(l — P;.) = Ker(P};,) C
Ker(Py) NKer(P,)

(B3) See[Rud73,Exercise4.9].

(B4) 1° If (thereis) G € GB(B1,B,), thenG[B;| = B, andB; andB; have
the samedimension(e NU {oo}).

If K € BC(B1,B3), then[Rud73,Theoremd.18(a)JimpliesthatdimK[B;] <
o; hencethen GBN BC = {0} unlessdimB; = dimBy < . If G+ K =
G +K' € GB+BC,thenGB>G-G =K'-K € B(, hencetheuniqueness.

2° SetC := -G~ 'K € BC. By (B3) andthe invertibility of G, we have
| =5(G+K)=SG(1-C)<= (I -C)SG=1 G(I -C)S=1 for ary Se B,
henceG + K is right-invertibleiff it is left-invertible.

Letnow 3(G+K) 1 =Se 8. Set(I —-C') := (I —C) 1 to obtainC’ € B¢,
by (B3). ThenS= (I -C)" G =G 1-C'GleBgcC.



3° Obviously, G*+ K* € GB+ BC and(G+K)(G' +K') = GG + (GK' +
KG +KK’) € GB+ BC whenG+K € GB+ BC(B1,Bz) andG' + K’ €
GB+ BC(By,Bs).

4° Fredholm:lf A=1+K, K € B¢, thentheclaimfollows from Theorems
4.23 and 4.25 of[Rud73]. If G+ K’ € GB+ BC(B1,B), thenG+ K’ is a
Fredholmoperatorbecaussois A:=| +K'G~1 (by whatwe have notedabore)
andwe have G+ K’ = AG.

(B5) Most claimsfollows easily from (B4). For the norm inequality let
K € BC(B1) anddimB; = . If we had||Kx|| > €||x|| for all x € B; for some
€ > 0, thenK* would beonto[Rud73,4.15]andcompactwhich is impossible
[Rud73,4.18(b)].

If ||KX|| < €]|x||, then||]Ax+ Kx]|| > (|]A| — €)||x||; becausehis kind of anx
existsfor anarbitrarye > 0, we have ||\l +K|| > |A|.

It follows thatif {Anl + Ky} is a Cauchysequencethensois {An}, hence
thenA, — A for somel € C, whichin turnimpliesthatalso{K,} is a Cauchy
sequencethus corverging to someK € BC. (If, instead,dimB; < o, then
| +BC=BC=3.)

(C1) Thisis easy:if x € B1 x ... x By andwereplaceeachtermby its norm
in thevectorLx, we geta productof theform K"™<M.K™ from whichtheupper
boundis obtained(the cornversedoesnot hold, e.g., || [A B]|[=1< V2=
I[1 1]], whenA=[3],B=[9]).

We have usedherethe 2-norm || (b, b')||? := ||b||% + ||| = |(||b||, ||&']]) |2
(whichis alwayscompatiblewith the producttopologyandthe canonicalone
in caseof Hilbert spaces)pf coursethe resultsaredifferentfor othernorms.
Also the spaceK"™ ™ is equippedwith its canonical(B3(K™ K")) norm (i.e.,
[Allcnxm 1= supx <1 [|AX]; if K = C, then one can shav that [|Al|nxm =
maxa(A*A)Y2),

(D1) The first claim is straightforvard, the equivalencefollows from the
openmappingtheoremRud73,2.12(b)],andthe inequalityfrom the formula
IX|| = ||RR1x|| > €||R~1x|| for all x € H.

(E1)“Only if” is obvious;“if ” follows from Theorem2.150f [Rud73].

(F1) Thesameproofsapply (seethereferencesn the proof of (h1)).

(G1) Theclaimsarequite obvious (notethat {x,} is a Cauchy-sequende
Dom(A) iff {xn} and{Ax,} corvergeto somex € B; andy € By, respectiely).

(G2) Let {xn} € Dom(A), X, — xin By, andAx, — y in Ba. ThenAx, —y
in Bz too, by alsoAx, — Axin Bz, henceAx=y andx € Dom(A).

(G3) One easily verifies the first claim. If a € o(A)¢ and {x,} is a
Cauchy-sequencmn Dom(A), then (a — A)x, — y for somey € By, hence
Xn — (a — A)~ly =: x, because(a — A)~! € B(B;). Consequentlythen
x € (a—A)~1[B;] = Dom(A) and (a — A)x =y, sothatx, — X in Dom(A).
Thus,Dom(A) is complete.

(H1) Letx € B;. ReplaceX by its span.ChooseX € X s.t.||[x—X|| < €/2M.
If ||F(t)X|| < €/2,then||F(t)x]| < €.

(H2) Let € > 0 be given. Setd :=¢/2M. Thentherearen € N and
X1,.-.,%n € K s.t.K CUR_;D(X«, 8). Choos€Ty, ..., Th < w0 s.t.||F (t)x| < €/2
forallt > Ty, forallk=1,...,n.



If x € K andt > max{Ty,...,Tn}, choosek s.t.||Xx — || < & to obsene that
IFOX] < [IFO)%d + IF (1) (x=%0)| < &/2+ M5 =.

(11) Obviously, B; nKer(A) + Kx C B;. For the converse,assumethat
z€ By. Choosean € K s.t.Az= a/Ax. Thenax—z e Ker(A) NB;.

(J1) 1° Assumethat S is continuous. Thentherearee, &’ > 0 s.t. §D} x
D2] c D3, where D¥ := {x € B¥||x|| < r}. By bilinearity, we can take
M := (min{g,€'})~2.

2° Assumethat M < o satisfieg(A.22). (If M = 0, thenS= 0, hencewe
assumethatM > 0.) Then,for ary € > 0, we have D1 x DZ] D3, where

5:= (M/g)~12, Thus,Sis continuousat zero.By bilinearity, we have

S(x+X,y+Y) —S(x,y) = Sx+X,y+Y) — S(x+X,y) + S(x+X,y) — S(x,y)
= S(x+X,Y) +S(X,y) A23)

forallx, X € By, y,Y € By. Given(x,y) € By x B, ande > 0, it obviouslyfollows
that||S(x+X,y+Y) —S(x,Y)||s, < € for |X||, [|Y]| < d:=€/2M(R+ 1), where
R:=max{||x|,||y||}. ThereforeSis continuous.

3° AssumethatM < o« satisfiegA.22). For eachy € Y, themapT, : X —
S(x,y) is in B(By,B3), andT @y — Ty is linear and || Ty|| 3, 8,y < M|YllB,;
henceT is asin (J1)and|T|| < M.

We have [|S(x,y)le, < [ITY[lIX]| < ITlIlIx]l, thus|| T | satisfies(A.22) in
placeof M; becausd{T|| < M for ary othersuchnumberM, ||T|| is theinfimal
one.

(K1) SeeCorollary3.30f [Rud73].

(L1) Thisis aneasyexercise.

(M1) Forall x € By = Bj* andy € B, we have

<YFaTX><B;,Bz> = <T*W,X><B;,Bl) = <T*Ykax><5*l=,5*l=*) = <ykaT**X>(Bz,B;*>- (A.24)

Thus,T**x € B;" istheelementy” — (y*, TX)g; g, 0f B5", whichis identifiedto
Tx € By. l.e.,therangeof T** € B(Bj*,B5*) = B(B1,B5") is containedn the
closedsubspacé, of B5*.

(N1) Thisis Corollary4.12(b)of [Rud73].

(N2) By (N1), RanT*) is denseiff T** is one-to-one.But T** =T, by
(M1).

(N3) Thisis Theorem4.150f [Rud73].

(N4) One easily verifies the implication “(i) =(iv)". We obtain
“(iIX) (1) «<=(xi)” and“(iv)=(x)=-(i)" asin LemmaA.3.1(c3),“(i) < (iii))” from
Theoremst.14and4.12(c)of [Rud73],and“(i) =(xi) from (K1).

(N7) “(iil) < (i)=-(ii)" follows from (N4)(x), “(ii) =(vi)” from (N3) and
Theoremst.12(c)&4.14(sincethenT* is coercve andonto) “(vi) =-(iii)” from
(N3)&(N4)(iii).

Finally, if y € B, andy* € B3, then((T1)*T*y*,y) = (y*, TT~1y) = (y*,y),
henceg(T~1)*T* =1, hence(T~1)* = (T*)~L.

(O1) Seee.qg.,[Rud86], Theoremb.8.

(P1) Thisis well-known (ary metric spacehasa completion— a complete
metric spacein which the spaceis complete by Exercise24 of [Rud76]; one



easilyverifiesthatvectoroperationspnormandinner productcanbe extended
to thecompletion).

(Q1) By Theoreml.21 of [Rud73], every vectorisomorphism(i.e., linear
bijection)from K" to aTVS is ahomeomorphismhencea TVS isomorphism.

(R1)&(S1)SeeExerciced.1(d)&(f) of [Rud73].

(R2) See[Adams,Theoreml.14].

(R3) Thisfollowsfrom (R1) and(R2). O

Sometimesone needsconceptssuchas “self-adjoint” also for spacesother
thaninnerproductspacesSuchextendedconceptsaretreatedoelov (seeRemark
A.3.22for (-)9):

LemmaA.3.5 Let J,S€ B(B,BY), whee B is a Banah space Then(we use
belowsesquilineapairing)

(@) If (x,Ix = (x, ) for all xe B,thenJ =S
(b) We have(y, X gad go) = (3%, Y)(gd oo, = (%, I%)g go) for all x,y € B.
(c1) Thefollowing are equivalent:

() 3=35;

(i) (y, JX)(B’Bd> = (X, Jy)<B,Bd> (=:Qy, X><Bd’de>) for all x,y € B;
(iii) (x,Jx) = (x,Jx) for all x € B.

(Thus,*J > 0" (i.e., (x,JX) > Ofor all x € B) impliesthatJ = Jd‘B.)

(c2) Assumeghat J = Jd g- ThenT isinvertibleiff T is onto (iff T is coercive
andB is reflexive).

(d) Thenthefollowing are equivalent:

() 3 > 0" (i.e,, (%, IX¥g go, > £[[X||* for somee > 0 andall x € B);
(i) “*J > 0" andJ is coerive

Moreover, in eithercased = J9|, (hencel € GB(B,B*) iff B is reflexive).

B

Proof: (We apply ()B resultsfreely for ()9; seeRemarkA.3.20for justifica-
tion. NotethatJ, Sarelinearto BY, hencenotto B® (unlessk = R or B= {0});
cf. RemarkA.3.22.)

(a) The proof of Theorem12.7 of [Rud73]shaws that(x, (J— S)y) = 0 for
all x,y € B, hence(J— S)y =0 € BY for all y € B, hencel — S= 0.

(b) Thisis obvious(seeRemarkA.3.22).

(c1) We obtain“(i) < (iii)” from (a)and(b). Since(y, J%) := (Jy, x), we have
“(i) < (ii)”

(c2) The mapJ is onto (i.e., J[B] = BY) iff J4 ¢ 8(BY BY) is coercie,
by LemmaA.3.4(N3). In eithercase, = Jd|B is coercive, hencel,J9 € GB,
by (N5)(iii))&(i)&(i v). Thus,J[B] = B4 = J9B], henceB = BY, i.e., B is
reflexive.



Finally, if(f) Bisreflexive,thendd = Jd‘B = J, hencethencoerciity implies
“onto”, by (N3).

(d) (Notethat(i) or (ii) impliesthatJ is anisomorphisnontoits range,by
LemmaA.3.4(N4).)

Trivially, (i) implies (i) and(ii) impliesthat (c1)(iii) holds. Assumethen
(ii), sothat||Jx|| > 8||x|| for all x € X andsomed > 0. Sete := &/4||J].

Let x € B bearbitrary Thereisy € Bs.t.|ly|| = 1 and(y,Jx) > 9||x||/2. By
(c1)(ii) we have

0 < ((rx+Y),d(rx+y)) = (y,Jy) + 2r Re(x, Jy) + r3(x,Jx) (re R). (A.25)

Thus,(A.25) is areal polynomialwith at mostoneroot, hence(2Re(x, Jy))? —
4(x, Iy, Jy) < 0, hence

(,9%) > Re(x, Jy)/(y, Iy) > (8/2)[IX1%/113]] = el1x]|. (A.26)
O

We endthis sectionwith someauxiliary lemmas.We oftenusethe following
lemmato show the continuity of a continuousmappingundera strongemorm:

LemmaA.3.6(TXy C X2 = T € B(X1,X2)) AssumehatX; andX, are Banath
spaces Xz is a TVS,and X, C X3. If T € B(X1,X3) and TXy C Xp, thenT €

B(Xy, X2).

Here X5 CCX3, meansthat X, C X3 continuously i.e., thereis M < « s.t.
IX||xs < |[X||x, for all x € Xo. A continuousinclusionis called an embedding
(or animbedding). E.g., L*([0,1]) C L1([0,1]). (Sometimesone meansby an
embeddingarny continuougnjective linear mapping;the nameinclusionrequires
injectivity andsomesenseof unique(canonical)dentification.)

It follows that X; CCX2 CCX3, = X1 CCXg, and that X; CCXZ & T €
B(X2,X3) = T € B(X1,X3).

Proof of Lemma A.3.6: Let x, — X in X3 andTx, — 0 in Xo. Then
Txn — 0 in X3, henceTx = 0, henceT € B(X1,X2), by LemmaA.3.4(E1).
U

By settingT := | andapplyingLemmaA.3.6, we obtainthefollowing:

Corollary A.3.7 (Inclusions are continuous) AssumehatX; andX, areBanadh
spacesand Xz isa TVS.If X3 C X3, Xo - Xz andX; C Xp, thenX; C Xo.

In particular, if X3 = Xy as setsand X, Xo C X3, then X; and Xy have
equivalenthorms(i.e., the sametopolagy). 0

Sometimesve wish to apply the above corollarywith Xz = L .(Q;B), where
Q c R"is openor Q C Z" (in the latter caseL .(Q; B) becomeshe setof all
functionsQ — B with thetopologyof pointwisecornvergence).For thatpurpose,
we notethat |-|%c is a TVS (evena Fréchetspace)with the topologyinducedby

theseminormg| - [|_r(k:B) (K C Q, K is compact)seeAppendixB.3 (or Chapterl
of [Rud73])for details.



Definition A.3.8 (Norming set) A setC C B* is a norming set (for B) (or a
determiningset) if ||x||g = Sup\cc |/AX| for ead x € B. A subspaceX C B* is
a normingsubspacéfor B) if it containsa normingset.

Note that ||A|| < 1 for each/A € C above; obviously, we canredefineC s.t.
IA|| = 1 for each/A € C unlessB = {0}.

We maytake X to be B* or a densesubspacef B*; if B = B}, thenwe may
take X = Bo.

LemmaA.3.9 Let B be sepaable ThenB and B* possesountablenorming
sets. 0

(Thisis Theorem2.8.50f [HP].)

Lemma A.3.10(Extensionby density) Let X be a normedspaceandY a Ba-
nach space Let Xp be a densesubspaceof X (with the samenorm) and let
T € B(Xo,Y). Thenthereis a uniqueT € B(X,Y) s.t. Tx = Tx for all x € Xo.
Moreover, ||T|| =[|T|]. O

The lemma is approximatelyProposition2.3.1 of [Rauch]; the proof is
straightforvard(if {x,} C XpisaCauchysequencehensois {Txn}, etc.),andwe
omit it. Notethatonecanidentify X5 andX* (aswell asB(Xo,Y) andB(X,Y))
by theabore lemma.

Lemma A.3.11(Norm-presewring extension) Let T € B(X,B;), whee X is a
subspaceof B. If B, = K" or B is a Hilbert space thenT has an extension
Se B(B,By) s.t.||Y| = ||T||-

(Note,in contrastthatl € B(H*, H') hasnoextensionin B(L!,H'), by p. 154
of [Hoffman]. However, whenerer B, = K", we canextendall n component®f
T to getacontinuousextensionof T (possiblywith agreatemorm).)

Proof: If B, = K, ary Hahn-Banaclhextensionof T will do. If Bis a
Hilbert spacethenwe canextendT to S € B(X,B;) by LemmaA.3.10, and
setS=0onX", O

Not all continuouslinear mappingscan be extended (e.g., H'(D is not
complementedh L(aD), by p. 1300f [Rud73]):

LemmaA.3.12 Let X bea subspacef B. Thenthefollowing are equivalent:

(i) For each Banadt spaceB; andoperator T € B(X, B,) thereis an extension
Se B(B,By) of T;

(i) X is complementeth B;
(iii) thereis a continuousprojectionB — X.



We saythata closedsubspac®! C B is complementeth B if thereis aclosed
subspac® C Bs.t.B=M+N andM NN = {0}.

Proof: By LemmaA.3.10,we assumehat X is closed,w.l.0.g.

(il) < (iii) Thisis Theoremb.160f [Rud73].

(i)<(iii) If (i) holdsandT is given,setS= TP, whereP € B(B,X) is
a projection, to establish(i). Corversely if (i) holds, thereis a continuous
extensionof | € B(X,X) to an operatorP € B(B,X), which must satisfy
PP=IP=P. O

LemmaA.3.13(B(Y,Z) C B(X,Z)) LetX,Y andZ benormedspaces.If X C
Y denselythenB(Y,Z) C B(X,Z).

Trivially, if Y C Z, thenB(X,Y) C B(X,Z).
Proof: ChooseM < o« s.t.||X||ly < M||X||x (x € X). LetT € B(Y,Z). Then
Ty € B(X,Z) determinesT uniquely by density henceB(Y,Z) C B(X,Z).
Moreover,

ITX[z <[ Tllzy,z) Xy <M T]arz)lIXIx (x€ X), (A.27)

hencel|T||zx,z) < M||T||5(v,z), i-€., theinclusionis continuous. O

Lemma A.3.14(Boundsfor a projection) LetY # X be a closedsubspaceof
the Banad spaceX ande > 0. Thentheris x € X s.t.||x|| = 1 andd(x,Y) :=
infyey [[X—Y|| > (1+¢)~1. Consequently|P1|| < 1+¢ and||Po|| < 2+ ¢, whee
Po: (y+ox) —»yandP;: (y+ax) — x,forye Y anda € K.

Moreover, thereis A € X* s.t.||A|| =1, A=0o0onY, and||Ax|| > (1+¢)~L.

Proof: Theexistenceof x follows from [Rud73,Lemma4.22].
Choosed < £ s.t.d(x,Y) > (1+8)~L. For a # 0 we have

ly+ax|| = |af[ly/a +X]| > (1+3) al (A.28)

and||PL(y+ax)|| = |jax|| = |a]| < (1+9d)|ly+aX|[, hencg|P1|| <1+ d < 1+E€.
Consequently|Po|| = ||l = P1|| < 1+ 1+c€.

SetNax:= o for a € K, sothat/\' = 1. SetA” := ||P|| "IN'Py € X¢, sO
that ||[A”]| = 1 and A"x = ||Po|| 71 > (1+¢€)~1. Now A canbe takento be a
Hahn—Banaclextensionof A”. 0

We now showv how normscanbeinducedandcoinduced:

Lemma A.3.15(Induction) Let X be a vector space Y a normedspaceand
T € Hom(X,Y) s.t.Ker(T) = {0}. Set||x||x := || TX||y for each x € X.

ThenX becomes normedspace T € B(X,Y), andT is anisometry If Y is
aninner productspacethensois X.

Assumethat X’ := X is a Banah spaceunder somenorm || - ||}, and that
T € B(X',Y) and||Tx|ly > €||x||% for all x € X andsomee > 0. If Y is complete
(resp.reflxive), thensois X, andthenX is isometricallyisomorphicto a closed
subspacefY.



Proof: 1° Obviously, || - ||x is anormon X and T is anisometry (hence
T € B(X,Y)). If (-,-) is aninner producton Y, then(T-,T-) is obviously an
innerproducton X and(Tx, Tx) = ||x|% for all x € X.

Remark:If X CY andwesetT =1, then||-||x = || - ||y|x; in particular X
neednotbe completeevenif Y werecomplete.

2° WhenY is complete:If {x,} is Cauchyin X, then{Txn} is Cauchyin
Y, hence{x,} is Cauchyin X', hencethenx, — x in X’ for somex € X. By
continuity, Tx, — Txin'Y, hencex, — xin X.

It follows thatT is anisometricisomorphismof X to a closedsubspacef
Y.

3° WhenY is reflexive: Being reflexive, Y is complete,henceso is X.
Therefore X is reflexive, by LemmaA.3.4(S1)and2°. O

Lemma A.3.16 (Coinduction) LetX andY benormedspacesandT € B(X,Y).
SetZ := T[X]. Then||Z||z := inf{||x]||x |x € X, z=Tx} isanormon Z. Wth this
norm,wehave||T|lzx,z) < 1and| - |ly < |[Tllsxy)ll - Iz If X is completeor a
Hilbert spacethensois Z.

Proof: Becausehe spaceN := Ker(T) C X is closed,the quotientspace
X/N with norm [[x+ Nl|x,y := inf||x+ Nl|x is a normedspace,and it is
completef X is completepy Theoreml.41of [Rud73].

SetS(x+ N) := Tx for x € X. ThenS: X/N — Z is obviously a linear
bijection,and||S(x+ N)||z = [|x+ Nl|xy for all x € X. It followsthat|| - ||z is a
normandit makesSanisometricisomorphism.n particular if X is complete,
thenZ is complete.

For eachx € X, we have

TX|ly = inf [|[TX|y <||T inf |[X|lx =||T TX A.29
Il =_int [TXllv < [ Tllacr) inf 1¥]x = ITllsen Tz, (A29)

hence] - [ly < [[Tllsxy)ll- llz- Trivially, [[Tx]|z < IX]x for x & X.
Assumenow that X is a Hilbert space. Define P € B(N+,X/N) by
Px:=x+N. Then||Px|x/n = [IX||ln for all xe N*. It follows that X /N is a
Hilbert space(becausesois N+ andP is anisometricisomorphisnof N+ onto
X/N), hencesois Z (with (z,Z), = (x,X)y, where{x} = T-1(z2) "N+ and
X} =T 1Z)nN4). O

Onesometimesvishesto definespacesuchasL!(R) +L*(R); a necessary
conditionis, of course that both original spacedie in a singlevectorspace.To
guarantee¢hattheresultingspacds a normedspacewe requirea bit more.

NormedspacesX andY arecalledsum-compatibleor (X,Y) is calledasum-
compatiblepair, if X C ZY C Z for someTVS Z.

LemmaA.3.17(X+Y) Let X andY be sum-compatiblenormedspaces. Then
X +Y is a normedspacewith norm||z||x v := infz—xy(||X||x + ||Yl]¥)-

Thisopemtionis commutative@ndassociativeX +Y =Y + X and(X+Y) +
Xo = X+ Y (+X2), isometrically whenX; is sum-compatiblevith X andwith Y.
Moreover X C X +Y andY CX+Y.



If X andY are Hilbert spacesthensois X +Y (with an equivalentnorm). If
X andY are completethensois X +Y.

Thefollowing areequivalent:

(i) X andY aresum-compatible;

(i) X andY arevectorsubspacesf somethird vectorspaceand|| - [|x+vy is a
normonX+Y.

Indeed, (ii) implies that we cantake Z = X +Y in (i), andthe above lemma
provides the corverse(i)=-(ii). Thus, X +Y is well definediff X andY are
compatible.

Proof: This is containedin LemmaZ2.3.1 of [BL], exceptthe claimson
commutatvity, associatrity andembeddingsyhichareobvious,andtheclaim
on Hilbert spaceswhich we prove below:

One easily verifies that T(z,Z) ;= z+ Z defines an element of
T e BXxY,X+Y). Thenormof X+Y = [T(X xY)] is clearly that
coinducedby T (seeLemmaA.3.16), henceX +Y is a Hilbert space,by
LemmaA.3.16. O

LemmaA.3.18(XNY) Let X andY be normedspacesthat are subspace®f
somevector spaceZ. ThenXNY is a normedspacewith norm ||X||xny :=
max(||x|x [[X][v)-

Thisoperationis commutativeand associativeXNY =YNX and (XNY)N
Xo =XN(YNXy),isometricallywhenX; C Z. Moreover, XNY C XandXnyY C
Y.

If X andY are inner productspacesthensois XNY (with inner product
(X, Y)y + (x,y)y andthe correspondingnorm ||x|| := (||x||Z + ||x/|2)/?, equivalent
to max{||x|[x; [[X]ly })-

If x=ywhen&erx, — xin X andx, — yinY (thisholdswheneerZisaTVS
and X cZz andY C Z), and X andY are completethenXNY is complete

Thus, alsothe spacesX := LP(Q;B) andY := LY9(Q;B) of Definition B.3.1
will dowhenp,q € [1,] (if limits in LP andL® mustbe equala.e.,henceequal
aselementof LPNLY, by TheoremB.3.2.

Proof: All theseclaimsarequite obvious (cf. LemmaZ2.3.10f [BL]). (The
inclusionsto Z make sum,scalamultiplicationandXNY well defined.) O

Lemma A.3.19 Let X; and Xz be sum-compatibleormedspacesandletY bea
normedspace

(@) If Xg C X2, thenX; N Xo = X and X1 + Xz = Xo asTVSH(i.e., with equivalent
norms).

(b) If Xo € X1 N Xz isdensan X1 andin Xy, thenXg is densan X; + Xo.

(c1) If X¢ cyY (k=1,2), thenX; + X; Y.



(c2)IfY C X (k= 1,2), thenY C X1 Xa.

Note thatthe assumption®f (a) and(cl1) imply the sum-compatibilityof X;
andXo.
Proof: (a) Now || - ||x, < M|| - ||x, on X; for someM ¢ [1,»), hence

X[, < [Xllxnx, < Ml[X||x,. Obwviously, [|Zl|x,+x, < [|Z]|x,. Butif z=x+Yy,
then||Z[x, < M|[X|x, +[[Yllx,. Therefore]|z||x, < M||Z||x;+x;.

(b) Letx+y € X1+ Xo. Then||(X+y) — (X +¥)|Ix+x < X=X |lx, +[ly—
Y||x, forany X,y € Xo.

(c1)&(c2) Thesearequite obvioustoo. O

We deducethat sum-compatibilityis not an equivalencerelation, becauset
is nottransitive: SetY := span{{xn}nen) = Cc(N), wherex, :=neg+ ey (n € N),
with thenorm|| 5 x|y := Sk |ok|? (thusY becomessometricallyisomorphic
a subspacef £2(N)). SetX :=¢2(N). ThenV := spar{{e7}) is sum-compatible
with X andY, but X is not sum-compatiblevith Y: The function|| - ||x+y is not
anormon X +Y, becausd|ep||x.y = N[ — en|lxsy < 2/nforallne N+1,
i.e., ||eo|| = 0, althoughey # 0. (OnecanalsoreplaceY by its completion;then
all threespacedecomeHilbert spaces.)

Remark A.3.20((K = C) — (K = R)) Compl& normedspacescan be consid-
ered as real normedspaceshaving sametopolagical properties,as shownin
LemmaA.3.21. It followsthat several resultson real normedspacescan be ap-
plied to comple normedspaces;in particular, we obtain resultsfor dualsand
adjoints (both ()¢ and ()B (and ()"), seeRemarkA.3.22)on comple normed
spacedromresultsfor dualsandadjointsgivenon real normedspaces.

We apply this fact without further mention(this has beendonein Lemmas
A.3.1andA.3.5). N

Here ()B (resp.()Y) refersto standard(resp.“conjugate-linear”)duals and
adjointsin Banachspacesj)" to the adjointsanddualsin Hilbert spacegthus
(M coincideswith ()9 on Hilbert spacesvhenwe identify a Hilbert spaceandits
dual).

Analogously a comple vector spaceis also a real vector space. Next we
recordtheinvarianceof certainpropertiesunderthis modification:

LemmaA.3.21(XR) LetX beacomple vectorspace Let Xg be X with scalars
restrictedto R. ThenXg is a vectorspace

Assume in addition, that X and Y are TVSs. ThenXr is a TVS, X5 =
ReX* = ReX? and B(X,Y) C B(Xg,Yr). If X is normed,thenthe samenorm
is a norm on X too and ||ReA|| = ||A]| for all A € X*, in particular, X5 =
ReX* = ReX9 isometrically If X andY are normed,thenB(X,Y) C B(Xr,Yr)
linearly and isometrically; thus,if T € B(X,Y), thenTr :=T € B(Xgr,Yr) and
TRl Bxve) = I Tlls(x:v); moreover then (T*)g = (THR (ie, T* =T as
element®f B(Yg, X))

Moreover, X is complete(resp. metrizable sepaable normable reflexive)
iff Xg is. If (-,-) is an inner productin X, thenRe(-,-) is an inner productin



Xr. Finally, (Xg)r = Xg and Cr = R? as TVSs,but B(Cr) = R?*? wheeas
B(C) = C.

Analogouslyif Y is arealvectorspaceresp.[separable]TVS, normedspace,
Banachspace,Hilbert space),thensois Yc ;=Y +iY (with the topology and
additionof Y2 andnaturalscalamultiplication (i (y+iy’) :== —y +iy)), butwe do
not needthis.

We notethatif X is normedthen(Xg)* = (X*)r = (X9)r asBanachspacesif
we identify A andReA); analogouslyXs* = (X*)& = (X**)r, which establishes

thereflexivity claim.
Proof of Lemma A.3.21: It is nothardto verify theabove claims,someof

which aregivenin Section3.1 of [Rud73].

By X3 = ReX* = ReX9 we meanthat X3 = {ReA|A € X* =: XB} =
{ReA \ A € X9}; cf. RemarkA.3.22 (X neednot be normed;the identity map
betweenvectorspacesXB and XY is nevertheless conjugate-lineabijection,
hencetheidentity mapbetweervectorspaceReX B andReX? is alinearbijec-
tion, i.e.,avectorspacdasomorphismanisometricBanachspacasomorphism
if X is normed)). O

As notedabove, the Hilbert spaceadjointTH € B(Y,H) (“T*") of abounded
linear operatorT € B(H,Y) is identical to the Banachspaceadjoint TB ¢
B(Y*,H*) (“T*") whenwe identify the Hilbert spacewith their duals;however,
this identificationdoesnot presere scalarmultiplication (in the nontrivial case
with K = C): (aT)H =aT", whereagaT)® = aTB.

But this follows from the fact that multiplication by a in Y correspondgo
multiplication by a in Y*; by definingthe multiplicationin Y* by the latter, we
canmake thesetwo conceptsdentical:

Remark A.3.22(Conjugate-linear dual X9 (or X*)) Let X and Y be normed
spaces. Usually, the dual X* =: XB is equippedwith scalar multiplication
(aA)x = a(Ax) (a € K, A € X*, x € X). However, X* becomesa Banad
space(denotedby X9) also with the “conjugate-linear” scalar multiplication
(aA)x:=a(Ax), i.e.,

(aA)x=: (X, o_(/\)<x,xd> 1= (0 A ey = O A xay i= A(AX) = a</\,x>éxd’x

| >
<1
e

for all x € X, A € X*, a € K (note that we have set (A, X)xa x) 1=
X, /\)<X,xd>)-
Thenthe identity mapping! := Iyaq : X9 — XB is a conjugate-linear(i.e.,

L(A+AN) =IA+IN, but laA = alA) isometryof X9 onto XB. In particular,
all set-theoetic, topolagical and metric propertiesof X8 and X9 are identical.
Moreover if T € B(X,Y) andweset

TN xa = (T YDy v (x€ X, ye YD), (A.31)

then T4 € B(Y9,XY), [T*(lgvexey = 1T sraxe = ITllsvx) and T¢ =
14 T*lya. Thus,B(YB,XB) and B(Y9,X¢) areisometricallyisomorphic.



Theconjugate-lineamdjoint satisfiesalgebraic laws (ST )4 = T4 and (a S+
BT)Y = ag + BT

Themapx — (A — AX) is a (canonical)linear isometryX — X9 := (X%)d
(cf. the canonicallinear isometryX > x+— (A — Ax) € XBB := (XB)B). If X is
reflexive, thenX 99 := (X9 is isometricallyisomorphicto X (andweidentifythe
two; analogously weidentify XBB and X throughthelatter isometrywhenweuse
“linear duals”).

If X is a Hilbert space thenX® becomessometricallyisomorphicto X (and
weidentifythetwo). In particular, if X andY areHilbert spaceandT € B(X,Y),
thenT9 becomeshe Hilbert spaceadjointof T. 0

Thus, T4 = TB exceptthat their (otherwiseequal)domainandrangespaces
have differently definedscalamultiplication.

Thename“conjugate-lineadual” is somevhatmisleading:we stresghatalso
X9 is an ordinary Banachspaceover K ; in particular the scalarmultiplication
(andaddition)satisfiesstandardvectorspaceaxioms. The choice(aA)x := aAx
is certainlynotthe only oneto provide a vectorspacestructurefor X*, ratherit is
anunnaturabnefor any complec Hilbert space.

Notethatthe pairing X x X4 — K becomesesquilineari.e., it is linearin its
firstandconjugate-lineain its secondargument;the sameappliesto X9 x X — K
(whereasX x X* — K andX* x X — K arebilinear).

In Hilbert spacecontext we useHilbert adjointsinsteadof Banachadjoints
(i.e., T* := T9whenT mapsbetweerHilbert (or innerproduct)spacesptherwise
T* := TB), following the standardcorvention. Usually, X* := XB (for normed
space), but in pivot spacecontect we usesesquilineapairings,i.e., X* := X¢:
seeDefinition A.3.23for details(thisshouldbeclearfrom thecontext). Of course,
thereis nodifferencewhenK = R.

Anothercommoncorventionin infinite-dimensionakontrol theoryis to use
pivot spacegseeDefinition A.3.23),to have the pairingbetweerspacesandtheir
dualscoincideto the inner product(or its extension)in a pivot space andhence
dependentnly onthe elementgo be paired,noton the spaces.

To illustratethis, let f € L2(R), g € L? ,(R) = L2(R)*. Thenwe useL?(R)
asthe pivot spaceby setting

(F9uzizy = [ (FO.00K = [gDfOd (A3

in particular (f,ag) = a{f,g) (thus, ag correspondgo aA, where A is the
correspondinglemenin thelineardualof L2). If f € L2NL2andge L2,NL?,
thenit followsthat(f,g), 2 | 2 y = (f, ) 2 (heretheright-hand-sideefersto inner
product;or, equivalently, to the pairingL2 x (L2)4 — K).

Moreover, if by YB we denotethe linear dual (i.e., the dual spacein the
ordinarysenseof Y := L2, thenY® canbe identifiedwith L2 , by Y x YB
(f,g) — [z fgdm. Thus, then the canonicalidentification Y& — Y* := Yd
become®’® 5 g— g Y*, whereagheidentificationJ : Y* — Y (corresponding
to the inner productin Y insteadof L?) is given by Jg := €2*g. Both these
identificationsarebijective isometriesput theformeris conjugate-lineawhereas



thelatteris linear (henceanisometricisomorphism)andneitheris the isometric
isomorphism(w.r.t. to the pivot space)llustratedabove anddefinedbelow.

Thus,wetake adjointsanddualsw.r.t. apivot spacensteadof initial andrange
spaceshenceonly the pivot spaceremainsthe dual of itself. Formally this goes
asfollows:

Definition A.3.23(Pivot space) LetH bea Hilbert space Whenwe saythat we
useH asa pivot spacewemeanthefollowing:

We use“conjugate-linearduals” (seeRemarkA.3.22)and Banad adjoints
insteadof Hilbert adjointsfor anyappropriate spaces.

If X isanormedspaces.t. XN H isdensan X, andif y € H is s.t.theoperator
(¥4 : XNH 3 x—(x,y) € K is continuousn the|| - |x norm,i.e.,

[ Ym | < MylIXllx - (x € X), (A.33)

thenweidentifyy with the uniquecontinuousextensionof (-, y),, in X* (thus,then
y € HNX*).

Thus,HNX* becomesdentifiedwith adensesubspacef X*, and(X, y)x x+ =
(X, Yy forall xe XNH, ye HNX*.

Someaspectsof pivot spacesare treatedin [Keu] with further details, but
[Keu] only mentionsthe casesX ¢ H andH C X, henceit would requireoneto
treatL 2 by parts(onR..).

Lemma A.3.24 DefinitionA.3.23is well posed.

Let X andH beasin Definition A.3.23. ThenH* = H (this is an isometric
isomorphismin particular, (x, y)<H,H*> = (X,y)y for all x,y € H), andtheidentifi-
cationH N X* — X* islinear andone-to-one

AssumehatY is a normedspaceand H cY densely ThenY* CH densely
andH CY C Y™,

Assumehat Z CH is a normedspaceand densein H. ThenH C VAR | i
Z is reflive then H is densein Z* and Z becomesdentifiedto Z* in the
pivot spacesensgwith the canonicalidentification),thus,thenZ = Z** CHC
Z* Z***

Assumehat alsoV CH is a dense(in H) normedspace and T € B(H) N
B(\V,Z). ThenT* € Q%(Z* VHNBMH). f T=T"€e BH)NB(V,Z), then
T =T*"€ B(V,Z)NB(Z*,V*).

If, in addition,Z C V denselythenH CCV* C Z*.

By LemmaA.3.13,we have for ary normedspaceN thatif T € B(N,Z), then
T* € B(Z*,N*) C B(H,N*); if T € B(Y,N), thenT* € B(N*,Y*) C B(N*,H).

Note that for H, nothing haschangedbut the dualsof its proper(Hllbert)
subspaceare no longeridentifiedwith their duals,althoughthe two spacesare
still isometricallyisomorphic by RemarkA.3.22.

Following thestandaratorvention,we shallusel? (resp.H) asthepivot space
whentaking adjointsin L2 (resp.in Dom(A) or Dom(A*), whereA generates
Co-semigroupn H). Thisis illustratedin (6.2) andDefinition 6.1.17.



Finally we note that given a fixed pivot spaceH and its densesubspaces
B1,B2,V1,V> C H, andelementsv € B;N By, w* € B;N B3, we have(w,w*)Bl,Bii =
(w,W")BZ,B;, i.e., the pairing is independenbf the spaceschosen(as long as
the pairing is defined). Therefore,the adjointsof an operatorF € B(B1,Vi) N
B(B2,V2) (w.r.t. the pivot spaceH) coincideon V" NV (i.e., (w, F*V*><Bl,51) =
(FW, Vv = (W F*V)g, gy fOr k= 1,2 andv* € Vi NVy).

Proof of Lemma A.3.24: 1° By density theidentificationof “H N X*” to
X* is well defined;in particular thisidentificationis injective andlinear (recall
thatX* = X9).

2° CaseH cY densely: By density the canonicalembeddingY* C
H* = H one-to-one. Obviously, it is linear and continuous. Becausethe
identity (inclusion)operatorl € B(H,Y) is one-to-ongrecall thatinclusions
are requiredto be one-to-one),the rangeof the canonicalembeddingl* €
B(Y*,H*) = B(Y*,H) is densein H, by LemmaA.3.4(N2) (replaceY by its
completionsherel *A = A, for A € Y*; notethat(lh, A)y v« = (0, " Ay ey =
(h,I*A)y forhe H, A e Y¥).

ConsequentlyH c Y, by LemmaA.3.13. By definition, (I h, y"‘)o(,Y*> =
(h 1"y = (Jh,y*)w’Y*> for all h e H, y* € Y*, whereJ is the (identity)
inclusion H — Y** (of Definition A.3.23). Therefore,lh = Jh (h € H),
hencethe completionsY andY** of H becomeequal,and the identification
JI—! extendsto the linearisometryT : Y — Y** that satisfies(ly, y*)w,Y*> =
{y, y*><Y,Y*> forally €Y, y* € Y*. Thus,theidentificationH — Y is the same
whetherwe considery asitself or asa subspacef Y**.

3° Casez CH densely:By LemmaA.3.13,we have H C Z*. Assumethat
Z is reflexive. ‘ThenH is densen Z*, by LemmaA.3. 4(N2) hencez** CH,
by 1°. Buttheelement®of Z** arethoseh € H, for which [(z*, h),| < M||z*||z*
for all z* € H (i.e., thosefor which (-,h), : H — K extendscontinuouslyto
Z* — K); reflexivity impliesthatthis holdsonly for h € Z, henceZz = Z** (and
(z", z)<z* 7o) = =(Z, Ziz* for all z* € H, hencefor all z* € Z*, by density). By
2°, wehaveZ* =

4° CaseT € B(H)NB(V,Z): (By LemmaA.3.6, this is the caseiff
TeB(H)isst.TV]C Z)If z € Handxg €V, then

(X0, T*Z' Yy = (TX0,Z) 2,24 = (TX0, 2 )y = (X0, T2y, (A.34)

whereTH € B(H) (resp.T* € B(Z*,V*)) denotesthe adjointof T € B(H)
(resp.T € B(V,Z)), hencethenT*z* = THz* ¢ H. Thus, T*|, = TH, sothat
we canwrite T* € B(Z*,V*)N‘B(H). TheT = T* claimis obvious.

5" HcV*cZ: By LemmaA.3.13, we have B(V,K) C B(Z,K). We
have shavn above thatH C V™ O

Notes

As indicatedin the proofs,mostresultsof this sectionarewell known atleast
to someextent. Sum-compatibility X NY and X +Y aredefinedin [BL], which
alsocontaingpartsof the correspondingemmas.



For furtherresultson Hilbert andBanachspace®r Banachalgebrasseeary
textbook on functionalanalysis;standardreferencesnclude [Yosida], [Rud73],
[Rud86]and[HP].



A.4 Cy-Semigroups

Could Hamlet have beenwritten by committee or the Mona Lisa
paintedby a club? Creativeideasdon't spring from groups. They
springfromindividuals.

— Alfred Whitney Griswold (1906—-1963)

In this section,we presenbasicfactson stronglycontinous(Cy) semigroups.
ThroughouthesectiontheHilbertandBanachspacesreassumedo becomple.

The solution of X = Ax, x(0) = Xo is €xg for xo € B, A€ B(B) and a
BanachspaceB. For more generalcontrol systemsthe operatorA neednot be
boundedhencethe (Co-)semigroup't — €™ of acontrolsystemis usuallymore
complicated:

Definition A.4.1 (Semigroups) A Co-semigroupna comple Banad spaceB is
afunctionA : [0,0) — B(B) havingthefollowing properties:

A(t+s)=A(t)A(s) for t,s>0; (A.35)

A(0) =1; (A.36)

||A(t)Xo —Xo|| =0 ast— 0+ Vxo€B. (A.37)
The(infinitesimal)generatoA of A is definedby
1 _

Ax:= tl_'f& n (A(t)—1)x; (A.38)

Dom(A) C B is thesetof x € B for which thelimit Ax exists.

If se C is s.t. s— A:= sl — A mapsDom(A) one-to-oneonto B, and the
resohent (s— A)~! is bounded((s— A)~! € B(B)), thens € a(A); this is the
definitionof the spectrumo(A) of A.

We alsodefinethe growth ratewa := inf~o (t~tlog||A(t)||) of A.

Letw € R. We call A w-stableif t — |je “*A(t)|| is boundedon R;. We
call A strongly (resp.weakly) w-stable if e “*A(t) — 0 strongly (resp.weakly)
ast — +o. We call A exponentiallystableif A is w-stablefor somew < 0. By
[strongly/weakly]stablewe mean[strongly/weakly]0-stable

The“Cy” condition(A.37) (“strongly continuousat 0”) is equialentto strong
continuity (see(al) belov). In this monograph,all semigroupswill be Co-
semigroupshencewe usually call them just semigroups.Sometimeswve write
Al for A(t).

NotethatA is the strongright derivative of A at0, andrecallthat“A(t) — 0
strongly (resp.weakly)” meanshat A(t)x — 0 for all x € B (AA(t)x — 0 for all
x € BandA € BY).

We needa numberof factson Cy-semigroups:

LemmaA.4.2 Assumehat B and B, are comple Banad spaces,A is a Cp-
semigoupon B, A bethegenertor of A andt > 0. Thenthefollowing hold:

(@l)A(-)x € C([0,);B) for all x € X.



(a2) A € B(B) iff A is uniformly continuous(i.e., iff A € C([0,»);B(B))). If
A€ B(B), thenA(t) = e (t > 0).

(a3) A € B(B) iff A is (uniformly) Bochnermeasuable (seeDefinitionB.2.1).

(a4) [|A(-)|| and Af are measuablefor anymeasuable f : R, — B.

(b) Nnen Dom(A") is densen B.

(c1)3(Ax)'(t) = AA(t)x = A(t)Axfor all x e Dom(A).

(c2) [SA(r)xdr € Dom(A) and A [JA(r)xdr = A(t)x—x for all x € H. In
particular, [A(r) - dr € B(H,Dom(A)).

(€3) A(t)X = liMg_ o0 ESASA "x for all x € H.

(c4) A'[Dom(A™)] ¢ Dom(A") for all n€ N.

(c5) Ax € C¥(Ry;Dom(A™ %)) and $Ax = AkAx = AAKx (n e N, k =
0,1,...,n,xe Dom(A")).

(d) Theseto(A) is closed,andRes > wa = s€ a(A)C.

(el)wa = limi_ 4o (tLlog||A(t)]]) < oo

(e2)If w> wa, thenthereis My, > 0s.t. ||A(t)|| < Mye™ forallt > 0.

(f) If BisaHilbert spacethenA* isaCy-semigouponB andA* is its geneator.

(1) If T € B(B), thenA+T is a Co-semigpupon B.

(92) The geneator of €A(-) is al + A with Dom(a + A) = Dom(A), and
Wol+A = O + GA.

(hD)If T e QNQB(B, Bo), theNn& =TAT 1 is a Co-semigoup on By, and its
geneator A is givenby A= TAT ~1, Dom(A) = T Dom(A).
Moreover, M~ YAl < ||A|| < M]A]|, whee M := || T||[|T ||, hencew; =

wa. FormeR, thesemigoup& is [strongly (resp.weakly)] w-stableiff A
is.

(h2) LetR € B(By,B) andL € B(B,B;). ThenA g := LAR is a Co-semigoup
on By iff LR=1 and PA!PASP = PA"SP for all t,s> 0, whee P := RL ¢
B(B).

Assumethis. Thenwa ; < wa and (s— A r)~* = L(s— A)~'Rfor se C{,.
Moreover, if y € B, and Ry € Dom(A), theny € Dom(A_r) and A_ry =
LARY.

(i) If alsoA is a Cp-semigpuponB andA C A thenA=A.

By (c3), A is uniquelydeterminedy A (the corverseis trivial).

By (a3), we must not write (f3A(r)dt) x in (c2); see Appendix B for
(Bochner) measurabilityand integration; alternatvely, the strong integration
theoryof SectionF.2 shouldbe used.

By (d), we have wa > supRec(A). For differentiablesemigroupswve have
wa = supRed(A), but this is not the casein general(seeExample5.14 of [CZ]
for acounterexample).



Proof of Lemma A.4.2. The canonicalreferenceson semigroupsare
[Pazy]and[HP], but [Rud73],[CZ], [Pruss93Jand[Sbook]alsocontainmary
of theabove results.We only treatheretheleastknown ones.

For (a3)&(a4) we note that on pp. 304-3060f [HP] it is statedthat a
uniformly measurableff it is uniformly continuous(andthatif A is weakly
continuouson (0, «), thenit is stronglycontinuouson (0, «0) andhencestrongly
measurableon R.), andthat for a Cyp semigroup4, the function ||A(-)| is
lowersemicontinuoushencemeasurablé@hemeasurabilityof Af followsfrom
LemmaF.1.3(a)).

We give below a sketchof the proofsfor (h) and(i).

(h1) Now t 1(A(t)x—x) = 0 <t HTA{M)T 1Tx—Tx) — 0, theclaims
on A follow from this. Theclaimson M areobvious; usethemand(el)for wa.
The stability claimsareagainobvious.

(h2) If LAR is a semigroupandt,s> 0, thenLA'RLASR = LA'*SR, hence
thenPA!PASP = PA'SP. Corversely assumeahatPA!PASP = PA'*SP, hence
LA'RLASR= LA'SR, for all t,s> 0. Obviously, Al ;x = LA'Rx— LRXx=X, as
t — 0+, henceA, r hastheCo-property (NotealsothatP?> = R(LR)L =P, i.e.,
P is aprojection.)

Obviously, wa; < wa. Fors€ Cf, andx € B, we have (s— Ag) x =
L [’ e S A'Rxdt = L(s— A)~IRx by LemmaA.4.4(f).

If y € B, andRy e Dom(A), then Lt ~[A'Ry— Ry] — LARY, hencethen
y € Dom(A) andA_ry = LARy.

(i) By A C A we meanthat Dom(A) ¢ Dom(A) and A = A on Dom(A).
Let w > wa,wz. Thenwl — A mapsDom(A) one-to-oneonto B and Dom(A)
one-to-oneonto B, henceDom(A) = Dom(A), henceA = A, henceA = A, by
(c3). O

The celebratedHille—YosidaTheoremgives necessaryand sufficient condi-
tionsfor anoperatorto generatea Co semigroup:

Theorem A.4.3 (Hille—Yosida) A linear operator A: Dom(A) — B is thegener
ator of a Co-semigoupA s.t.||A(t)||s < Me®* (t > 0) for someM < o iff
(i) Alis closedandDom(A) is densean B;
(il) (w,») C o(A)€and
(s—A) | <M(s—w) ™" forall s>w n=1,23,... (A.39)
U
(Seee.qg., Theoreml.5.3 of [Pazy] for the proof.)

Theresolentsof the generator®f semigrouphasbeenstudiedextensiely,
herewe list someimportantfacts:

LemmaA.4.4 Let A bea Cy-semigoupona comple Banad spaceB, andlet A
beits geneator. DefineH; := Dom(A) andH_; asin Lemma6.1.16. Then,for
all x € H, thefollowing holds:



(8) (s—A) 1= (r —A) L= (r=9)(s— A) L (r — A) L € H(C B(H 1,H))
for afixedr € o(A)° (thisis calledtheresolhentequatior).

(b) (s—A)~t € H(C{,; B(H,Hy)).

1) [|(s— A)Hlpn) < M/(Res—wn) (s€ Cf,) for someM < oo

(€2) [Is(s—A) sy < Mr and|[(s—A) " 5,1y < Mr (5> T), whenr > ooa.

(€3) (s—A) 1 € H*(C{ ;1 B(H)) NH(C{; B(H, H1)) N Hayond G5 B(H)) for
r > wa.

(d1) Dom(A) > s(s— A)~x — xin H, ass — +.

(d2)H 3 A(s—A)~x — 0inH, ass— +o.

(d3) Dom(A) 3 (s—A)~1x — 0in Dom(A), ass — +oo.

(d4)s(s—A)~1(s—A)~Ix — 0in Dom(A), ass— +o.

(d5)s(s—A)Is(s— A)"Ix — xin H, ass — o,

(e1) Thelimits in (d1)—(d5)existalsoasRes — + ands € {re®|r >0, |6] <
/2 —¢} for anye > 0.

(e2) Thelimits in (d1)—(d5)existalsoass € Zg ,, |S| — o for somed > 11/2 if
thesemigobupgenematedby A is analyticand w > wa.

() (s— A Ix= [y e FA(t)xdt (s€ Cf,).

(9) AA' = A/(t) = A'A and A(s— At =ss-A)1-1=(s—A)tAon
Dom(A), and (s—A)~*A' = Al(s—A)~tand (s—A)1(r-A)1=(r—
A)~1(s—A)~lonH,forall s;r e a(A)Ct>0.

We recallthats — +co refersto thelimit at 4+ alongR. Notethattheresults
givenfor H canappliedonH; andH_; tooif we restrictof extendA accordingly
becausehethreeA’s areisomorphic,asnotedat Lemma6.1.16.E.qg.,it follows
from (a) thatwe alsohave H 3 s(s— A) ~Ix — x, ass — +oo for all x € H_;.

SeeAppendixD for holomorphicfunctions(H(C;)).

Proofof LemmaA.4.4: (a) Theresohentequation(in B(H,H)) is readily
computedThe*“e H(C{,; B(H 1,H1))” claimfollows from (e).

(b) Equation (d1) implies that 3 & (s— A)~! = —(s— A)~2, even in
B(H,H1) (useLemmaD.1.1).

(c1) This holdsby the Hille—YosidaTheoren[Pazy, Theorem1.5.3],

(c2)Becauses/(s—wa) =1+ wa/(S—wa) <r/(r—owa) (S>r1 > wp >0),
ands/(s—wa) < 1 (s> wa < 0), we cansetM, := Mmax{1,r/(r —wa)} to
obtain||s(s— A)~Y| < My, by (c1). BecauséA(s— A) 1 =s(s—A)~1—1, we
canreplaceM; by M, + 1 to obtainthe secondnequality

(Obviously, we canallow sto belongto ary sectorS 1 := {s=r —|—z| Rez >
0, z/Rez< T}, orrectangulaR, 1 := {se C; | Ims< T}, wherer >wa, T <
0.)

(c3) Thisfollowsfrom (a), (b) andLemmaA.4.5(i)&(v) (cf. Remark6.1.9).

(d1)&(d2) Choosesomer > wa. Definerys = ||x—s(s— A~ x|y =
|A(s— A)~IX||4. Forx € Hy we haverys = ||(s— A) tAX| < M(||AX||/s — O,
by (c2),hencery s — O for all x € H, by theuniform boundednessf s(s— A) 1
andthe densityof Dom(A) in H. Thus(d1) and(d2) aretrue.



(d3) By (d2), [|(s— A Kloma = (5= A) "X + A~ A) Xl —
0+0=0.

(d4) Thisfollows from (d3) and(c2).

(d5) Apply (d1) andLemmaA.3.1(j3) (seeLemmaA.3.4(F1)).

(el) This can be seenfrom the above proofs with slight modifications,
because/ Res = (cos9)~! is bounded.

(e2) Theabove proofsof (b1)—(b5)hold alsowhens € 3g ,, |S| = « if the
semigroupgeneratedby A is analyticand® is asin Lemma9.4.2(a).

(f) Seep. 20 of [Pazy].

(g) We obtain (s— A)~A! = Al (s— A)~! from (a) andLemmaA.4.2(c3).
Use(a)andLemmaA.4.2(cl)for theothers. O

We will alsoneedthefollowing “extendedDatko’s Theorem”:
Lemma A.4.5 (Datko) Thefollowingare equivalentfor a Co-semigoupA onH:

(i) A is exponentiallystable;

(i) A(-)xo € L2(Ry;H) for all xg € H (or equivalently for all xp in a dense
subsebf H);

(i) 1| fo A(s)9(s) dsl[4 < M][g||2 for all € CZ((0,»);H);
(iv) (s—A)"L € H*(CT; B(H));

(v) (s—A) € Hond CTi B(H));

(vi) A* satisfiessome(henceall) of (i)—(vi).

Note alsothat A is exponentiallystableiff A* is. As the proof shaws (see
TheoremB.4.12),it is enoughthat (i) holdsfor ¢ € 2°((0,);Hp), for some
norming subspaceHg € H. Also (ii) can be wealened: by Theorem1.1 of
[W88], it sufficesthatfor somep € [1,») we have [;° (X1, A(t)xo)|Pdt < o for all
X0, X1 € H. Seealso[Sbook,Theorem3.11.8]for ageneralization.

Proof of Lemma A.4.5: 1° Obviously, A* is exponentiallystableiff A is;
in particular we only needto establisithe equivalencebetween(i)—(v).

2° Theequivalence(i)<(iv) is shavn in [Priss84)(andin Theorem3.11.6
of [Sbook]); theequivalencg(ii) < (v) follows from the PlancherelTheorem.

3° If (i) holds,then||A|| € L? (cf. LemmaA.4.2(a4)),hencethen (i) and
(ii) hold. The implication (ii))=-(i) is [Pazy, Theorem4.4.1,p. 116], so we
assumdiii) andprove (i) to completethe equivalence.

Letxp € H andsetf := A(-)*xo: R+ — H. Then

[ee]

[ (19 09Mmdsi=1 [ bo AQ@SIds =00 [ ADOSIdY | <Mipallllol:

(A.40)
for all € ¢ ((0,);H), hence|| f||2 < M||xo||n, by TheoremB.4.12.Because
Xo € H was arbitrary (ii) and hence(i) holds for A*; therefore,also A is
exponentiallystable.

4° The “or equivalently” claim in (ii): Assumethat Axqg € L? for
all xop € X, where X C H is dense. Then this map has a unique exten-
sion A € B(H,L?(R;H)), by Lemma A.3.10. Choosew > wa, SO that



A € B(H,LZ(R,;H)). ThenA = A aselementf A € B(H,LZ(R,;H)), by
density hence(ii) holds(“for all xo € H”). O

We finish this sectionby presentingsome standardconventionsin control
theory:

LemmaA.4.6(WCHCX* XCHCW*) Let A geneite a Cyp-semigoup on
a Hilbert spaceH. Fix a € o(A)°.

SetW := (a — A)~tH = Dom(A) (with norm [|(a — A) - ||n) and X := (o —
A*)~IH = Dom(A*) (with norm|(a — A*) - ||4). ThenW* canbeidentifiedwith
the completionof H w.rt. ||(a —A)~1- ||y, and X* can be identified with the
completionof H w.r.t. ||(a — A*)~1- ||y; in particular, for anyw € W, x € W*
we havew, Xy = (o — A)w, (0 — A*) X (= (W, X, whenx € H).

Moreover, (extendedlx — Aiis anisometricisomorphisnW — H andH — X*,
and A (andits extensionto H and restrictionto Dom(A?)) genemtesisomorphic
Co-semigoupsonW, H and X*.

Furthermoe, Dom(A) = {x € H|Ax€ H}, and— A € GB(W,H) for any
B € a(A%). In particular all above spacesandtheir topolagiesare independenon
a € o(A)°.

We shallsetH; := Dom(A) :=W, H*; :=W* in Chapter6.

Proof: Thisis well known (seeLemmaA.4.6 or p. 532 of [Weiss-C](or
[S97b, Section7] or [Sbook])), so only sketch part of the proof. By Lemma
A.3.4(G3)&(G1),thenormonW = Dom(A) is equivalentto thegraphnormon
Dom(A) (in particular W andits topologyareindependenon a € a(A)°), and
W is a Banachspacen particular (B —A)~* € GB(H,W) for ary B € a(A°).

Let € 6(A°). Becausd3 —A € GB(W,H), wehave f— A* € GB(H,W*)
(seeLemmaA.3.24;thusA* € B(X,H) N B(H,W*)). It follows thatthe norm
of W* becomesequialentto ||(B — A*)~1- ||, hencew* (asa TVS) is the
completionof H w.r.t. this norm. Therestof the proof follows the samelines.

U

Notes

Most factsin this sectionare well known. The canonicalreferenceson
semigroupsare [Pazy] and [HP], but the list of suitable referencesfor Cop-
semigrouptheory would be endless,including [Rud73], [CZ], [Priss93]and
[Sbook]. The notesfor Chapter3 of [Sbook] and thosefor Chapter5 of [CZ]
containhistoricalremarkson Cp-semigroups.



