
Appendix A

Algebraic and Functional Analytic
Results

Algebraic symbolsare usedwhen you do not know what you are
talking about.

— PhilippeSchnoebelen

In this appendix,we presenta numberof algebraicand functional analytic
resultsthatareneededin themainpartsof this monograph.

In SectionA.1, wemainlypresentalgebraicresults,suchas“
�
I � AB��� 1 � I �

A
�
I � BA��� 1B” or “ � A11 A12

0 A22 	 � 1 ��
 A� 1
11 � A� 1

11 A12A � 1
22

0 A � 1
22  ”, that arevalid for matrices

andmoregenerallinearoperatorsor elementsof certainrings.

In SectionA.2, we very briefly introducemetricspacesandothertopological
spaces.In SectionA.3, we list standardandextendedconceptsandfactsabout
Hilbert and Banachspacesand Banachalgebras. In SectionA.4, we present
stronglycontinuous(C0) semigroups.

In themainpartof themonograph,all vectorspaces(e.g.,Banachspaces)are
assumedto be complex. However, in the appendiceswe generallyassumethat
thescalarfield is K , which thereadermayreadaseitherC or R. In AppendixD
andSectionsA.4 andF.3,weassumethatK � C, asexplicitly statedthere;in the
othersectionsin appendiceswealwaysstateexplicitly any suchexceptions.

Thus,theconcepts“vectorspace”,“Banachspace”and“Hilbert space”mean
spacesof the correspondingtype over the scalarfield K (in particular, if some
spacesin atheoremareassumedto beBanachspaces,all of themmustbeBanach
spacesover thesameK ( � R or C)).
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858APPENDIXA. ALGEBRAIC AND FUNCTIONAL ANALYTIC RESULTS

A.1 Algebraic auxiliary results ( � A11
0

A12
A22� � 1 �

� A � 1
11
0

� A � 1
11 A12A � 1

22
A � 1

22 � )
If A ��� �

X1 � X2 � Y1 � Y2 � , whereX1 � X2 � Y1 � Y2 areBanachspaces,thenA canbe

written asA � � A11 A12
A21 A22 	 , whereAi j ��� �

Xj � Yi � , asshown in LemmaA.1.1(a4)

below. Thereare many simple, well-known algebraicruleshow to handlethis
kind of operator matrices; e.g.,if A12

� 0 andthediagonalblocks(operators)A11

andA22 areinvertible,thensois A (see(b1)).
In LemmaA.1.1wepresentanumberof suchresultsin amoregeneralsetting

(weonly needthering operationsandunits);seetheremarksfollowing thelemma
for generalizations.

Recallthat “&” means“and”, andthatBanachspacesaretopologicalvector
spaces. Moreover, X � Y : ��� � x � y���� x � X � y � Y � . If X andY are normed
spaces,we usethe norm � � x � y� � X ! Y : � � � x � 2

X �"� y � 2
Y � 1# 2; if X andY areinner

productspaces,we usethe inner product $ � x � y� � � x% � y%&�(' X ! Y : � $ x � x%)' X �*$ y� y%)' Y;
useinductionfor ∏n

k+ 1Xk : � X1 � X2 �-,.,., � Xn. Finally, Xn : � ∏n
k+ 1X.

Lemma A.1.1 (Operator matrix lemma) We assumethat (1.), (2.), (3.), (4.) or
(5.) holds,where

(1.) / is thecollectionof all vectorspaces,and 0 �
X � Y � � Hom

�
X � Y � is the

setof vectorhomomorphisms(i.e., linear mappings)X 1 Y.

(2.) / is thecollectionof all topological vectorspaces,and 0 �
X � Y � � � �

X � Y �
is thesetof continuouslinear mappingsX 1 Y.

(3.) / is thecollectionof all Banach spaces,and 0 is anyof thesymbolsHom,� , 2 �
Ω; � � ,3�., �.� , H

�
Ω; � � ,3�., �.� , H∞ �

Ω; � � ,&�., �4� , 56�7�78 Hp
∞, 59�7�:8 Hp

strong;∞, TIω,
TICω, L∞ �

Q � � � ,3�., �.� , andL∞
strong

�
Q � � � ,3�., �.� , where Ω < C is open,Q andµ

areasonp. 907,andω � R = � ∞ � .
(For > TI > and H > we require the elementsof / to be complex Banach
spaces;this applies(4.) and(5.) too.)

(4.) / is the collection of all complex Banach spaces,and 0 is any of the
symbolsdefinedin Definitions2.6.1and2.6.3,exceptthat if 0 is a symbol
with a specifiedatomgroupS, werequire that S � S � S < R; cf. Definition
2.6.3andTheorem2.6.4.

(5.) / is thecollectionof all Banach spaces,and 0 is anyof thesymbolsSR,
SLR, SHPR, SVR, UR, ULR, UHPRand UVR, (where thesesymbolsare
as in Definition 6.2.3)or 0 is the intersectionTICω and any of the above
symbolsfor someω � R = � ∞ � .

We use the following notation: By 0 we meanany of the sets 0 �
X � Y �

(X � Y �?/ ); the group operation and identity operator in (any) 0 are denoted
by � andI � I @ , respectively. If A �A0 �

X � Y � andB �B0 �
Y� X � ares.t.AB � I @DC Y E ,
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thenwewrite A � 1
right

� B andB � 1
left

� A; if, in addition,BA � I @HC X E , thenwewrite

A � 1 � B. By “ I A � 1” we meanthat A has an inverse (as above). Similarly,
“ I A � 1

right” (resp.“ I A � 1
left”) meansthatA hasa right (resp.left) inverse.

WeassumethatXk � Yk � Zk �J/ for all k � N.
With theaboveassumptionsandnotation,thefollowing holds:

(a1) If A �A0 �
X1 � Y1 � hasa left inverseB anda right inverseC, thenB � BAC �

C is theuniqueinverseof A.

(a2) If I A � 1 � B � 1, then I � AB��� 1 � B � 1A � 1, when A �K0 �
X1 � Y1 � and B �0 �

Y1 � Z1 � .
(a3)If dimX1

� dimY1 L ∞, thenanyA �:0 �
X1 � Y1 � is left (resp.right) invertible

iff it is invertible.

(a4) Let n � m� N � � 1 � 2 � 3 �.M.M.M � , and let X : � X1 ��,.,.,N� Xn, Y : � Y1 ��,.,.,O� Ym

Z : � Z1 �P,.,.,Q� ZN. LetPi : Y 1 Yi bethecanonicalprojectionandL j : Xj 1
X thecanonicalimbedding. ThenPi �J0 �

Y� Yi � andL j �J0 �
Xj � X � .

Let, in addition,A �R0 �
X � Y � . ThenAi j : � PiAL j �S0 �

Xj � Yi � for all i � j , and
therepresentation

A � TUV A11 ,4,., A1m
...

. . .
...

An1 ,4,., Anm

WYXZ � (A.1)

satisfies the standard matrix multiplication rules
�
A
�
x1 �4M.M.M4� xn �.� i �

∑n
j + 1Ai jx j � Yi for

�
x1 �.M.M4M[� xn �\� X1 ��M.M.M]� Xn, i � 1 �.M.M.M[� n, and

�
AB� ik �

∑k Ai jB jk for B �B0 �
Y� Z � , i � 1 �4M.M.M^� n, j � 1 �4M.M.M4� m,k � 1 �.M.M.M[� N. Moreover,�

A � A% � i j : � Ai j � A%i j for A% �S0 �
X � Y � , and

� � A� i j : � � Ai j .

Conversely, if(f) Ai j �:0 �
Xj � Yi � for all i � j , thenwecandefineA �70 �

X � Y � by
settingA : � ∑i ; j P_i Ai jL _ j ; equivalently,

�
A
�
x1 �.M.M4M[� xn �.� i : � ∑n

j + 1Ai jx j � Yi .
Wedenotethis by (A.1).

If Xj andYi are Hilbert spacesfor all i � j and(A.1)holds,then
�
A_ � i j

� A_ j i
for all i � j .

In parts (b1)–(h1)we assumethat A � � A11 A12
A21 A22 	 �`0 �

X1 � X2 � Y1 � Y2 � and

B � � B11 B12
B21 B22 	 �?0 �

Y1 � Y2 � X1 � X2 � , and that also the other terms(operators)

belongto the 0 ’s thatarecompatiblewith theformulae.

(b1) I A � 1
11 � A � 1

22
�ba I � A11 A12

0 A22 	 � 1 � 
 A � 1
11 � A � 1

11 A12A� 1
22

0 A� 1
22  & I � A11 0

A21 A22 	 � 1 �
 A � 1
11 0� A � 1

22 A21A � 1
11 A � 1

22  .

If I � A11� � 1
right � � A22� � 1

right (resp. I � A11� � 1
left � � A22� � 1

left), then the above inverse
matricesexist as right (resp.left) inverses,and the above formulaehold
(mutatismutandis).
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(b2) Conversely, if I � A11 A12
0 A22 	 � 1 � : � B11 B12

B21 B22 	 , then I A � 1
11 � A � 1

22 iff any of the

conditions(1)–(7)holds,where:

(1) I � A11� � 1
right; (2) I � A22 � � 1

left; (3)B21
� 0; (4)A12

� 0; (5) dimX1
� dimY1 L

∞; (6)dimX2
� dimY2 L ∞; (7)X1 � X2 � Y1 � Y2 areBanachspaces,0 � � , and

A11 �*cd���e�:2 or A22 �ecf�g�e�:2 .

(c1) Let I`� A11 A12
A21 A22 	 � 1 � : � B11 B12

B21 B22 	 . Then I B � 1
11 h I A � 1

22 h I A � 1
22

� B22 �
B21B � 1

11 B12 h I B � 1
11

� A11 � A12A � 1
22 A21.

If dimX1 L ∞ or dimX2 L ∞, then,in addition, I � A22� � 1
left h I � A22 � � 1

right hI A � 1
22 h I � B11� � 1

left h I � B11� � 1
right h I B � 1

11 .

If I B � 1
11 andA � 1 � B, thenthe formulaeof (d1) hold, B21B � 1

11
� � A � 1

22 A21,
and � A11 A12

A21 A22 	 � 1 � � I B12
0 B22 	 � A11 0

A21 I 	 � 1 � F
A11 A12
0 I G � 1 F

I 0
B21 B22 G M (A.2)

(c2) If I � A11 A12
A21 A22 	 � 1

right

� : � B11 B12
B21 B22 	 , then I � B11� � 1

right
�ba I � A22 � � 1

right
� B22 �

B21
�
B11� � 1

rightB12

and I � A22� � 1
left

�ba I � B11� � 1
left

� A11 � A12
�
A22� � 1

leftA21.

If Ii� A11 A12
A21 A22 	 � 1

left

� : � B11 B12
B21 B22 	 , then I � B11� � 1

left
�ba I � A22 � � 1

left
� B22 �

B21
�
B11� � 1

leftB12

and I � A22� � 1
right

�ba I � B11 � � 1
right

� A11 � A12
�
A22 � � 1

rightA21.

(c3) I`� A11 A12
A21 A22 	 � 1 h I`� A11 � A12� A21 A22 	 � 1

.

(c4)Let I � A11 A12
A21 A22 	 � 1 � : � B11 B12

B21 B22 	 and � A11 A12
A21 A22 	 � � B11 B12

B21 B22 	 � TIC.

If I A � 1
11 � TIC∞, then I � A22 � A21A � 1

11 A12 ��� 1 � B22 � TIC; if I A � 1
22 � TIC∞,

then I � A11 � A12A � 1
22 A21 ��� 1 � B11 � TIC.

(d1) (Schur decomposition)Let I A � 1
11 . Then
 A11 A12

A21 A22 �j
 A11 0
A21 I  
 I A � 1

11 A12

0 A22 � A21A � 1
11 A12 (A.3)�j
 I 0

A21A � 1
11 A22 � A21A � 1

11 A12 
 A11 A12

0 I  (A.4)�j
 I 0
A21A � 1

11 I  
 A11 0
0 A22 � A21A � 1

11 A12 
 I A � 1
11 A12

0 I 
(A.5)�j
 A11 0

A21 A22 � A21A � 1
11 A12 
 I A � 1

11 A12

0 I  M (A.6)

Therefore, I A � 1 h I � A22 � A21A � 1
11 A12��� 1 (seealsoLemma11.3.13).If, in
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addition, I A � 1, then

A � 1 �k
 I A � 1
11 A12

0 A22 � A21A � 1
11 A12 � 1 
 A11 0

A21 I  � 1

(A.7)�k
 A11 A12

0 I  � 1 
 I 0
A21A � 1

11 A22 � A21A � 1
11 A12 � 1

(A.8)� 
 A11 A12

0 I  � 1 
 I 0�
A � 1 � 21

�
A � 1 � 22 (A.9)�k
 I � A � 1

11 A12

0 I  
 A � 1
11 0
0

�
A22 � A21A � 1

11 A12 � � 1  
 I 0� A21A � 1
11 I 

(A.10)� 
 A � 1
11 � A � 1

11 A12
�
A22 � A21A � 1

11 A12 ��� 1A21A � 1
11 � A � 1

11 A12
�
A22 � A21A � 1

11 A12��� 1� �
A22 � A21A � 1

11 A12 ��� 1A21A � 1
11

�
A22 � A21A � 1

11 A12��� 1  �
(A.11)

In particular, Ii� I A12
A21 I 	 � 1 h I � I � A12A21 ��� 1 h I � I � A21A12��� 1, andthe

possibleinverseis necessarily
 I A12

A21 I  � 1 � 
 �
I � A12A21� � 1 � A12

�
I � A21A12� � 1� �

I � A21A12��� 1A21
�
I � A21A12��� 1  M (A.12)

(d2) I � A11� � 1
left & I � A22 � A21

�
A11 � � 1

leftA12� � 1
left

�ba I A � 1
left, (and (A.4), (A.8 and

(A.9)hold for theseleft inverses);I � A11 � � 1
right & I � A22 � A21

�
A11� � 1

rightA12� � 1
right

�ba I � A11 A12
A21 A22 	 � 1

right
(and (A.3)

and(A.7)hold for theseright inverses);I � A11 � � 1
left & Ii� A11 A12

A21 A22 	 � 1

right

�ba I � A22 � A21
�
A11 � � 1

leftA12� � 1
right;I � A11 � � 1

right & I � A11 A12
A21 A22 	 � 1

left
�ba I � A22 � A21

�
A11 � � 1

rightA12� � 1
left.

(e1)(Coprime) GivenA1 � A2 � B1, there is B2 s.t. � A1
A2 	 5 B1 B2 8 � F

I 0
0 I G iff A1B1

�
I & A2B1

� 0 & A2B%2 � I for someB%2. If the latter holds, then B2 : ��
I � B1A1 � B%2 is asabove(but notnecessarilyunique).

(e2)Let 5 B1 B2 8 � A1
A2 	 � I . Then � A1

A2 	 5 B1 B2 8 � F
I 0
0 I G h A1B1

� I & A2B2
� I .

(e3)Let � A1
A2 	 � 1 � 5 B1 B2 8 . Then,for a givenA%1, there is B%2 s.t. � Al1

A2 	 5 B1 Bl2 8 �F
I 0
0 I G iff A%1B1

� I . If A%1B1
� I , then � Al1

A2 	 5 B1 Bl2 8 � F
I 0
0 I G h B%2 � �

I �
B1A%1 � A2 & 5 B1 Bl2 8�� Al1A2 	 � I .

(e4)Let � A1
A2 	 � 1 � 5 B1 B2 8 . Then,for a givenA%2, there are A%1 � B%2 s.t. � Al1Al2 	 � 1 �5 B1 Bl2 8 iff A%2B1

� 0 and I � A%2B2 ��� 1. If such a solutionA%1 � B%2 exists,thenall
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solutionsaregivenbym 
 I T
0 I  
 A1

A%2 on � 1 � F
B1 B2

�
A%2B2 � � 1 G 
 I � T

0 I  � T �S0 M (A.13)

(e5) If � A11 A12
A21 A22 	 � B11 B12

B21 B22 	 � F
I 0
0 I G and I � A22� � 1

left � � B11� � 1
right (resp.I � A11� � 1

left � � B22� � 1
right), then I A � 1

22 � B � 1
11 (resp. I A � 1

11 � B � 1
22 ) and BA � F

I 0
0 I G �

AB.

Asabove, in parts (f1)–(h1)werequire that theoperators belongto the 0 ’s that
are compatiblewith theformulae;that is, x �p0 �

X � Y � , y� q �P0 �
Y� X � , z �P0 �

X �
andw �S0 �

Y � , where X � Y �J/ .

(f1) I y � 1 � �
xy��� 1x if I x� 1 � � xy��� 1 or if I � xy��� 1 � � yx��� 1.

(f2) I x � 1 h I � xn ��� 1 for n � � 1 � 2 � 3 �.M3M&M � .
(f3)

�
x � y��� 1 � x � 1 � � �

x � y��� 1yx� 1 if I � x � y��� 1 � x � 1.

(f4) z
�
I � z��� 1 � �

I � z��� 1z & I � z
�
I � z��� 1 � �

I � z��� 1 if I � I � z��� 1.
I � z

�
I � z� � 1

right
� �

I � z� � 1
right if I � I � z� � 1

right.

(f5) z
�
I � z��� 1 � �

I � z��� 1z & z
�
I � z��� 1 � I � �

I � z��� 1 if I � I � z��� 1.

(f6) I � I � xy��� 1 h I � I � yx��� 1 � I � y
�
I � xy��� 1x & y

�
I � xy��� 1 � �

I �
yx��� 1y.I � I � xy� � 1

left h I � I � yx� � 1
left

� I � y
�
I � xy� � 1

leftx (analogouslyfor
� � � 1

right).

(f7) � y �� I � I � xy��� 1 � �q� � I � qx��� 1q �� I � I � qx��� 1 � and � q �� I � I � qx��� 1 � �� y � I � xy� � 1 �� I � I � xy� � 1 � , for a fixedx.

(g1) I � I r yw� 1x��� 1 � I s y
�
w r xy��� 1x if I w� 1 � � w r xy��� 1.

(g2) I � z � yw� 1x��� 1 � z� 1 � z� 1y
�
w � xz� 1y��� 1xz� 1 if I w � 1 � z� 1 � � w �

xz� 1y� � 1.

(h1)Let x � y� z �S0 �
X � beinvertible, X �J/ . Thenxyz � y � 1 h zyx � y � 1.

The claims in the lemmaare “the bestpossibleones”, i.e., thereis nothing
superfluousin theconditionsandnothing(thatonewould expect)missingin the
conclusions.For any candidate“better” claimstherearecounter-examples,even
in thecasewherebothX andY aretheHilbert spacet 2 � N � (andwhen 0 is any
thesymbolslistedin (1.)–(5.)).

Recallthatif A �P� �
X � Y � , whereX andY areHilbert spaces(and0 � � ), thenI A � 1

left h A_ A u 0 (and I A � 1
right h AA_vu 0), by LemmaA.3.1(c1)(if 0 � Hom,

then I A � 1
left h Ker

�
A� � 0).

Part (c4) is an exampleabouthow to apply the claimsof the lemmain two
different 0 ’s.

Oneoftenneedsto apply the lemmawith induction,e.g.,anuppertriangular
matrix is invertible if its diagonalblocks(operators)are,by (b1) (e.g.,consider
 A11 A12 A13

0 A22 A23
0 0 A33  first partitionedas 
 A11 A12 A13

0 A22 A23
0 0 A33  ).
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Exchangingtwo rows (resp.columns)of an operatormatrix correspondsto
exchangingthecorrespondingcolumns(resp.rows)of its inversematrix.

In caseof linear operatorsbetweenvectorspaces,multiplication of the kth
row of an operatormatrix by a scalarα correspondsto themultiplication of the
kth columnof its (left, right) inverseby α � 1.

(To becompletelyrigorous,wementionthatwe have tacitly usedtheconven-
tion thatthezeromappingis theonly homomorphismbetweenvectorspaceswith
differentscalarfields. However, we do not eventhink thatanybodywould like to
usethelemmafor suchhomomorphisms.)

Finally, we notethatwe oftendefineoperatorsby usingtheconversepartof
(a4).

Proof of Lemma A.1.1: It is obviousthattheassumptions(algebraiclaws)
of RemarkA.1.3 aresatisfiedin case(1.) aswell aswhen 0 �

X � Y � is thesetof
functionsS 1 � �

X � Y � , for a fixed setS. Thus,the samelaws hold for cases
(2.)–(5.) too, exceptthatonehasto verify that 0 is closedunderadditionand
multiplication.For L∞

strong, this verificationis givenin LemmaF.1.3(b);for Hp
∞

andHp
strong;∞ this follows from LemmaF.3.5. For SRω, URω andULRω this is

containedin Lemma6.2.5for complex Hilbert spaces,andthegeneralcaseis
analogous.Classesof Definitions2.6.1and2.6.3will alsodo,by Lemma2.6.2
andTheorem2.6.4.For all otherclassesthis is straightforward.

Althoughwe have assumedU andY to be Hilbert spacesin thedefinition
of TI

�
U � Y � andits subspaces,thereis no needfor this in thedefinition itself.

Thuswe have beenableto state(3.)–(5.) for arbitrarycomplex Banachspaces
(assumingthedefinitionsto beextendedcorrespondingly).

(a1)&(a2)Theseareobvious.
(a3)Case“Hom” is obvious,case“ � ” is [Rud73,Theorem2.12(b)],case

“TI” is Lemma2.2.1(b) (becauseany finite-dimensionalBanachspacesare
Hilbert spaces)and implies the othercases(becausein them 0 is a subclass
of TI; seealsoTheorem2.1.2for H∞).

(a4)In cases(1.)–(5.)theassumptionsof LemmaA.1.1areclearlysatisfied.
Theclaims“Pi �R0 �

Y� Yi � ” and“L j �S0 �
Xj � X � ” areclearlytrueaswell.

Thefirst matrixmultiplicationclaim follows from ∑ j Ai jx j
� ∑ j PiAL jx j

�
PiA∑ j L jx j

� PiAx, andthesecondfrom

PiABx � ∑
j

Ai j ∑
k

B jkyk
� ∑

k

�
∑

j
Ai jB jk � yk M (A.14)

Thefinal claimsareeveneasier.
(b1)This is obvious.
(b2) (3)&(4) B11A11

� I � A11B11, A22B22
� I � B22A22, henceI A � 1

11 � A � 1
22 .

(1)&(2) A22B21
� 0 � B21A11, so, if I � A11 � � 1

right tai I � A22 � � 1
left, thenB21

� 0, so
theclaim follows from (3). (7) B11A11

� IX1 andA22B22
� IY2, soif A11 or A22

belongsto cf�?�w�:2 (andX1 � X2 � Y1 � Y2 areBanachspaces),thenit is invertible,
by LemmaA.3.4(B3), hencethenthe claim follows from (1) or (2). (5)&(6)
Work asin (7).

(Similarly, � A11 0
A21 A22 	 � 1 � 
 A � 1

11 0� A � 1
22 A21A � 1

11 A� 1
22  .)
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“A counter-example” (B12
� 0 is not enough): I F

R P
0 L G � 1 � :

F
L 0
P R G (one

can interpret theseas the left and right shift on t 2 � Z � � t 2 � Z � � � t 2 � N � ,
respectively); hereR [L] is the right [left] shift on t 2 � N � andP : � I � RL is
theprojectionto thefirst element;notethatRL � I � P, LR � I � P � RL and
LP � 0 � PR.

(c1) & (c2) Assumethat I B � 1
11 (alternatively, asa right inverseonly) AB �

I �ba 0 � A21B11 � A22B21
�ba A21

� � A22B21B � 1
11 , I � A21B12 � A22B22

�� A22B21B � 1
11 B12 � A22B22

� A22
�
B22 � B21B � 1

11 B12� from thiswegetA � 1
22 A21

�� B21B � 1
11 if I A � 1

22 � B � 1
11 ), in particular, I � A22 � � 1

right.
Similarly, I � BA implies that 0 � B11A12 � B12A22, hence A12

�� B � 1
11 B12A22, and I � B21A12 � B22A22

� B22A22 � B21B � 1
11 B12A22

� �
B22 �

B21B � 1
11 B12 � A22 (this holds for merely left-invertible B11 too), henceI A � 1

22
�

B22 � B21B � 1
11 B12.

Theconverseclaims(assumingtheinvertibility of A22 areanalogous.
If dimX2 L ∞, then I � A22 � � 1

left h I A � 1
22 h I � A22 � � 1

right; if dimX1 L ∞, then

(c2) impliesthat I � A22 � � 1
left h I � B11 � � 1

left h I B � 1
11 h I A � 1

22 etc.

(c3) This follows from equation � A11 � A12� A21 A22 	 � F
I 0
0 � I G � A11 A12

A21 A22 	 F
I 0
0 � I G .

(c4)Thisfollowsfrom(c1)bysetting0 � TIC∞ (wepresentthisapplication
for aneasyreference).

(d1) 
 A � 1
11 0� A21A � 1

11 I  � A11 A12
A21 A22 	 �x
 I A � 1

11 A12

0 A22 � A21A � 1
11 A12  , hencethesethreeoperator

matricesmust be invertible (becausetwo of them are, by the assumptions),
thereforesois A22 � A21A � 1

11 A12, by (b2)(1).Thus,� A11 A12
A21 A22 	 � 1 � 
 I A� 1

11 A12

0 A22 � A21A � 1
11 A12  � 1 
 A� 1

11 0� A21A � 1
11 I � 
 I � A � 1

11 A12 C A22 � A21A � 1
11 A12 E � 1

0 C A22 � A21A � 1
11 A12 E � 1  
 A � 1

11 0� A21A � 1
11 I �j
 A � 1

11 y A � 1
11 A12 C A22 � A21A � 1

11 A12 E � 1A21A � 1
11 � A � 1

11 A12 C A22 � A21A � 1
11 A12 E � 1� C A22 � A21A � 1

11 A12 E � 1A21A � 1
11

C A22 � A21A � 1
11 A12 E � 1  M

Thecasefor � I A12
A21 I 	 follows from this and(f6).

(We mayhave zI A � 1
22 , e.g.,

F
1 1
1 0 G � 1 � F

0 1
1 � 1 G .)

(d2) If I � A11� � 1
left, then(A.4) applies;if I � A11 � � 1

right, then(A.3) applies;the
otherclaimsfollow from these(and(b1)).

(e1) It is obvious that the threeconditionsarenecessary. Conversely, by

takingB%2 � �
I � B1A%1 � A2 weget � A1

A2 	 5 B1 B2 8 � I .

(e2) It is obviousthat thethreeconditionsarenecessary. For theconverse,
assumethat B1A1 � B2A2

� I and A1B1
� I . By (d1), the invertibility of� A1

A2 	 5 B1 B2 8 � � I A1B2
A2B1 I 	 follows from thatof I � A2B1I � 1A1B2

� I � A2
�
I �

B2A2 � B2
� I � A2B2 � A2B2A2B2

� I .
(e3) The conditionFB1

� I is obviously necessary. Conversely, for E ��
I � B1F � B2, onesoonverifiesthat

F
F
A2 G 5 B1 E 8 � I and 5 B1 E 8 F F

A2 G � I , hence
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0

A12
A22	 1 F A 1

11

0

A 1
11 A12A

1
22

A 1
22 G )8655 B1 E 8 � F

F
A2 G � 1

is unique.
(e4) The condition GB1

� 0 is obviously necessary. Conversely, assume

GB1
� 0. Then

F
Z
G G is invertible if f

F
Z
G G 5 B1 B2 8 � � ZB1 ZB2

GB1 GB2 	 � � ZB1 ZB2
0 GB2 	 is,

i.e., if f ZB1 andGB2 are;thereforethecondition I � GB2 � � 1 is necessary. It is
alsosufficient,becausewecanchooseZ � A1 � W � B2.

Whenever
F
Z
G G � 1 � 5 B1 W 8 , wehaveZB1

� I & GB2
� I , hencethen

F
Z
G G �5 B1 B2 8 F I ZB2

0 I G � 1
; thereforeall solutionsareof the form (A.13); conversely, it

is obviousthateachT �J0 �
Y2 � Y1 � determinesasolution.

(e5) We have I A � 1
22 � B � 1

11 , by (c2). Now A � 1
22 A21

� B21B � 1
11 , so we obtain

the (right-)invertibility of B from (d2), becauseB22 � B21B � 1
11 B12

� B22 �
A � 1

22 A21B12
� A � 1

22 is invertible. The other caseis obtainedfrom this by
permutingtherowsandcolumnsof A andB.

(f1) Clearly
�
xy��� 1x is a left inverseof y, so we only have to show that

y
�
xy� � 1x is invertible(henceequalto I ).

1{ xy
�
xy� � 1xx� 1 � I �ba y

�
xy� � 1x � I . 2{ If

�
yx� y � xy� � 1x � yx is invert-

ible, thensois y
�
xy� � 1x.

(f2) Sety : � x � x : � xn � 1 in (f1), anduseinduction.
(f3) h I � �

x � y� x� 1 � � yx� 1 h � yx� 1 � � yx� 1.
(f4) I � z

�
I � z��� 1 � �

I � z � z� � I � z��� 1 � �
I � z��� 1 � �

I � z��� 1 � I � z � z� �
I � �

I � z� � 1z.
(f5) Work asin (f4).
(f6) 5 I � y

�
I � xy� � 1x8|5 I � yx8 � I � yx � y

�
I � xy� � 1x � y

�
I � xy� � 1xyx �

I � y 5}� x � �
I � xy��� 1 � I � xy� x8 � I & 5 I � yx8|5 I � y

�
I � xy��� 1x8 � I � yx � y

�
I �

xy��� 1x � yxy
�
I � xy��� 1 � I � y 5}� x � �

I � xy� � I � xy��� 1x8 � I .
�
I � yx��� 1y �5 I � y

�
I � xy� � 1x8 y C f 4E� y � yxy

�
I � xy� � 1 � y 5 I � xy

�
I � xy� � 1 8 � y 5 � e � xy �

xy� � I � xy� � 1 8 � y
�
I � xy� � 1.

N.B: y
�
I � y� � 1

left z� �
I � y� � 1

lefty wheny � I � R, andR andL � R� 1
left arethe

right andleft translationon t 2 � N � , respectively (because
�
I � R� L z� L

�
I � R� ).

(f7) 1{ y : � �
I � qx��� 1q �ba I � xy � I � xq

�
I � xq��� 1 5 � f 6�^8 � �

I � xq �
xq� � I � xq��� 1 � �

I � xq��� 1, henceI � I � xy��� 1 � �
I � xq� .

2{ q : � y
�
I � xy��� 1 �ba I � qx � I � yx

�
I � yx��� 1 � �

I � yx��� 1 resp.
3{ Let q bes.t. I � I � qx� � 1. y : � yq : � �

I � qx� � 1q. Thenqyq : � y
�
I � xy� � 1 �

y
�
I � xq� � �

I � qx� � 1q
�
I � xq� � �

I � qx� � 1 � I � qx� q � q, henceeachsuch
q is determinedby the yq it determines,i.e., q � qyq, henceq ~1 yq is an
injection. Similarly, I q : � qy : � y

�
I � xy��� 1 �ba yqy

� �
I � qx��� 1q � �

I �
yx� y � I � xy��� 1 � y, henceeachsuchy is determinedby the qy it determines;
thereforethis correspondenceis bijective.

(g1)Setz � I in (g2) (and“y � r y”).

(g2) Set � A11 A12
A21 A22 	 : � F z y� x w G � : � B11 B12

B21 B22 	 � 1
in (d1). The formula B11

�
A � 1

11 � A � 1
11 A12

�
A22 � A21A � 1

11 A12��� 1A21A � 1
11 is obtainedfrom (d1). Part (c1)

impliesthat I B � 1
11

� A11 � A12A � 1
22 A21.

(h1)Assumethatxyz � y � 1. Thenzyxyz� zyy� 1 � z, hencezyxy� I , hence
zyx � y � 1. Theconverseis obtainedanalogously. �
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Remark A.1.2 LemmaA.1.1is alsovalid in case

(5.) / is the collectionof groups,and 0 �
X � Y � is the setof grouphomomor-

phismsX 1 Y,

provided we replace the assumptionsof the form “ dimX � dimY L ∞ by
“In v

�
X � Y � ”, and “If X1 or X2 is finite-dimensional”in (c1) by “If Inv

�
X1 � X1 �

or Inv
�
X2 � X2 � ”, where Inv

�
X � Y � is theassumptionon X andY that

anyA �R0 �
X � Y � is left (resp.right) invertibleiff it is invertible. �

Except for the projection–imbeddingclaims, the proof of LemmaA.1.1 is
basedonly on thepropertieslistedbelow, henceits conclusionsaretrueundera
wider setof circumstances:

Remark A.1.3 Let / bea set. Let 0 �
X � Y � bea groupwith a zero 0 � 0@HC X ;Y E ,

for all X � Y �-/ , and let for each X � Y� Z �i/ there be an operation 0 �
X � Y � �0 �

Y� Z �b1�0 �
X � Z � bedefinedin such a waythat thisoperationis associativeand

distributive:�
AB� C � A

�
BC � and

�
A � A% � � B � B% � � AB � AB% � A% B � A% B% (A.15)

for all A � A%��S0 �
X � Y � � B � B%���0 �

Y� Z � � C �S0 �
X � Z � ; 0 �

X � is a ring with a unit
I � I @DC X E (weallow for I � 0, that is, for 0 �

X � ��� 0 � ); andtherules

A0 � 0 � 0B � A � AI � IB � B
�
A �S0 �

X � Y � � B �S0 �
Y� Z �.� (A.16)

areobeyed.
Asexplainedbelow, thestructure

� 0 � /`� determinesnaturally anotherstruc-
ture that alsosatisfiestheaboveassumptions:If n � m� N � � 1 � 2 � 3 �.M.M.M � , Ai j � Ci j �0 �

Xj � Yi � B jk �J0 �
Yi � Zk � (i � 1 �.M.M.M^� m� j � 1 �.M4M.M4� n, k � 1 �.M.M.M[� N), wedenotebyA

the 0 matrix

A � TUV A11 ,.,., A1m
...

. . .
...

An1 ,.,., Anm

W XZ ; (A.17)

similarly for B and C. For such representations,we use the standard matrix
operation rules, that is,

�
AB� i j : � ∑k AikBkj ,

�
A � C � i j : � Ai j � Ci j ,

� � A� i j : �� Ai j .
For these0 and / , all theconclusionsof LemmaA.1.1except(a4)hold if we

make the Inv
�
X � Y � replacementsof RemarkA.1.2andreplaceall expressionsof

the form 0 �
X1 � X2 � Y1 � Y2 � , X1 � X2 � Y1 � Y2 �i/ , by the setof the corresponding0 -matrices. �

In particular, Lemma A.1.1 applieswhen 0 �
X � is a ring with a unit and/ ��� X � (hereX neednotstandfor anything).

Notes
Many of theformulaeof this sectionandsomeadditionalonesareoftenused

in controltheory;someof themandfurtherformulaearepresentedin many matrix
calculustextbooks.
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A.2 Topologicalspaces

Noli turbarecirculosmeos!

— Archimedes(287–212BC)

In this section,we very briefly introducemetricspacesandothertopological
spacesandpresentsomewell-known lemmas.For mostof this monograph,basic
knowledgeon Hilbert andBanachspaces(SectionA.3) is sufficient. Therefore,
thereadermayskip this sectionunless(s)hewishesto go throughalsotheproofs
of certainauxiliary results.

Thedetailspresentedherearesufficient for mostof ourpurposes,but a reader
wishing to know moremay consultany book on topologicalspaces;alsomany
bookson functionalanalysis(e.g.,[Rud86]or [Rud73])containthebasictheory
of topologicalspaces.

Sinceany metricspaceis a topologicalspace,it is adviseableto visualizethe
topologicalspacesas metric ones(or as R2) to get an intuitive picture on the
generalcase(all conceptsdefinedherearedirectgeneralizationsof thosedefined
for metricspaces).Mostspacesthatwemeetaremetric(see,e.g.,[Rud76]for the
theoryof metricspaces).

The most important nonmetrizabletopologies(seeExercises2.1 and 3.15
of [Rud73]) arethe weakandweak_ topologiesof infinite-dimensionalBanach
spaces.

A topologyonasetQ is acollection � of subsetsof Q s.t. /0 � Q �?� , and � is
closedunderfinite interjectionsandarbitraryunions.We call thepair

�
Q � �P� (or

just Q whenthereis no ambiguityabout � or whenwe do not needto specifyit)
a topological space.

Theelementsof � arecalledopenandtheircomplementsarecalledclosed. If
E < Q, thenEo : � = � V ������ V < E � is the interior andĒ : ����� F �� Fc ��� and
E < F � is theclosureof E. Wecall ∂E : � Ē � Ec theboundaryof E. A setK < Q
is compactif ��<�� andK <�=�� imply thatK <�=�� % for somefinite � % <�� .

Let also
�
Q2 � � 2 � bea topologicalspace.Then f : Q 1 Q2 is continuous(i.e.,

f ��2 �
Q;Q2 � ) if f � 1 5V 8���� for any openV ��� 2. If f is a continuousbijection

andalsoits inverseis continuous,then f is calleda homeomorphism. ThesetsQ
andQ2 arecalledhomeomorphicif thereis a homeomorphismQ 1 Q2. Theset
Q � Q2 is usuallyequippedby its producttopology, whichis thesmallesttopology
containing� � � 2.

Weequipany subsetE of Q with thetopology � V � E �� V �`�-� inheritedfrom
Q (unlesssomethingelseis indicated).

A sequence� qn ��< Q convergesto q � Q, i.e., limn� y ∞ qn
� q, if f, for each

opensetV � q, thereis NV � N s.t.qn � V for all n � NV . If this is thecase,we
alsosaythat � qn � convergesin Q.

If � and � % aretopologieson Q and ��<�� % , then � is weaker than � % and� % is stronger than � . It obviously follows that if T is a nonemptycollectionof
topologieson Q and � 0 is theweakestelementof T, then � 0

���H���
T � .

A neighborhoodof q0 � Q meansanopensetcontainingq0. A pointq0 � Q is
calleda limit pointof E < Q if q0 � E � � q0 � , equivalently, if everyneighborhood
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of q0 containsanelementof E � � q0 � .
A setE < Q is disconnectedif therearenonemptysetsA � B < Q s.t.E � A = B

andA � B̄ � /0 � Ā � B. OtherwiseE is connected. An interval is a nonempty
connectedsubsetof R.

Let Q be a set. A function d : Q � Q 1 5 0 � � ∞ � is called a metric if 1.
d
�
x � y� � 0 h x � y, 2. d

�
x � y� � d

�
y� x� , and 3. d

�
x � z��� d

�
x � y��� d

�
y� z� for

all x � y� z � Q. A setequippedwith a metricis calleda metricspace(thus,wecall
Q or

�
Q � d � a metric spaceif the above conditionsaresatisfied). A topological

space(or a topology)is calledmetrizableif it is inducedby somemetric.
If d is a metric on a set Q, then we usually equip Q with the topology

inducedby d, which consistsof arbitraryunionsof openballs D
�
q � r � : ��� q%��

Q �� d � q% � q� L r � (q � Q, r � 0). It follows thatd becomescontinuousQ 1 R.
We recall from [Rud76] that if

�
Q � d � and

�
Q% � d % � aremetricspaces,q0 � Q,

q%0 � Q% and f : Q 1 Q% , thenlimq� q0 f
�
q� � q%0 if f limn� ∞ f

�
qn � � q%0 whenever

qn 1 q0 (this is not true for all topologicalspacesQ, not even for all TVSs).
A map f : Q 1 Q% satisfyingd

�
x � y� � d % � f � x� � f

�
y�.� for all x � y � Q is called

an isometry(or isometric). If f : Q 1 Q% is s.t. for all ε � 0 thereis δε � 0 s.t.
d
�
x � y� L δε

�ba d % � f � x� � f
�
y�4� L ε for all x � y � Q, then f is uniformlycontinuous.

Let
�
Q � d � beametricspace.A sequence� qn ��< Q is aCauchy-sequencein Q

if for eachε � 0, thereis Nε � N s.t.d
�
qn � qm� L ε for all n � m � Nε. It easyto show

thatany converging sequenceis a Cauchy-sequence.If any Cauchy-sequencein
Q convergesin Q, thenthemetricspaceQ is calledcomplete.

A compactsubsetof ametricspaceis closedandbounded;theconverseholds
for subsetsof Rn (or of Cn). If K < Q is compactand f ��2 �

K � Q% � , then f 5 K 8 is
compactin Q% .

If Q is a metric spaceandK � E < Q, thenwe setd
�
q � K � : � infql � K d

�
q � q% � ,

d
�
E � K � : � infq

�
E ; ql � K d

�
q � q%Y� ; if K is compactandnonemptyandq z� K, then

d
�
q � K � � minql � K d

�
q � q% �¡� 0. If a � Q, then,obviously, d

�
a � E � � 0 if f a � Ē.

Lemma A.2.1 Let /0 z� K < V < Q, where Q is a metricspace, V is openandK
is compact.

(a) If f : K 1 R is continuous,thenminq
�

Q f
�
q� andmaxq

�
Q f

�
q� exist.

(b) If f : K 1 Q% is continuous,where Q% is a metricspace, then f is uniformly
continuous,i.e., for all ε � 0 there is δ � 0 s.t. x � y � K&d

�
x � y� L δ �ba

d
�
f
�
x� � f

�
y�.� L ε.

(c) If V z� Q, thend
�
K � Vc � � d

�
a � Vc �¡� 0 for somea � K.

(d) If V z� Q � Rn, thenthere are a � K andb � Vc s.t.d
�
a � b� � d

�
K � Vc � : �

infx
�

K ; y � Vc d
�
x � y� .

Proof: (a)&(b) TheseareTheorems4.16and4.19of [Rud76],respectively.
(c) AssumethatV z� Q. Thend

� ,3� Vc � attainsaminimumonK, by (a),hence
d
�
K � Vc � � d

�
a � Vc � for somea � K. Sincea z� Vc � Vc, wehaved

�
a � Vc �H� 0.

(d) Assume that V z� Q � Rn. Choosex � K. ChooseR � 0 s.t.
K < D̄R and D̄R

� Vc z� /0, where DR : �¢� q � Q ��¤£q £ L R� . The set
F : � ¯D3R

� Vc is closed and bounded,hencecompact. By (a), there is



A.2. TOPOLOGICALSPACES 869

a � K s.t.d
�
a � F � � d

�
K � F � . By (a), thereis b � F % s.t.d

�
a � b� � d

�
a � F � . But

d
�
K � Vc � � min � d � K � F � � d � K � Vc � F ��� � d

�
K � F � (since d

�
K � F � L 2R and

d
�
K � Vc � F �H� 2R) andd

�
K � F � � d

�
a � b� . �

Thefollowing well-known factis sometimeshandy:

Lemma A.2.2 LetV < Rn beopen.ThenV is theunionof an at mostcountable
numberof disjoint open,connectedsets.

Thus,openV < R is theunionof anatmostcountablenumberof disjointopen
intervals.

Proof: Let � qk � k
�

N < Rn bedense(e.g.,enumerateQn). For eachk � N,
take Vk : � /0 if qk z� V or if qk � Vj for some j L k; otherwiselet Vk be the
connectedcomponentof V thatcontainsqk. ThenV � = k

�
NVk, andthesetsVk

areopen(because,obviously, ∂Vk < ∂V). �
Thefollowing lemmaoftenallowsoneto work onanopensetwith acompact

closureinsteadof ageneralopenset:

Lemma A.2.3 (Compactexhaustionof ΩΩΩ) Let Ω < Rn beopen.SetKk : ��� q �
Ω �� £q £ � k & d

�
q � Ωc �¥� 1¦ k � (k � N � 1). Theneach Kk is a compactsubsetof

Ω, K1 < K2 < ,.,., , Ω � = kKo
k , andeach compactK < Ω is containedin someKo

k .

NotethateachKk is compact.
Proof: This quiteobvious. If K < Ω is compact,thensomefinite subsetof

setsKo
k containsK, hencesomeKk containsK. �

Notes
All of this is well known, seeany bookon topology(e.g.,[Bredon],[Kelley]

or even[Rud86])for more.
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A.3 Hilbert and Banachspaces

Mathematiciansoftenresortto somethingcalledHilbert space, which
is describedas beingn-dimensional.Like modernsex, any number
canplay.

— JamesBlish, "The Quincunxof Time"

In this section,we presentcertainstandarddefinitionsand useful factson
Hilbert andBanachspaces;seeany text on functionalanalysis(e.g.,[Rud86]or
[Rud73])for theirbasicproperties(andfor detailsfor mostfactspresentedbelow).

Recallthat in this appendix,thescalarfield of any vectorspaceis assumedto
beK (that is R or C). If K � R, then,naturally, conjugationα ~1 ᾱ becomesthe
identity operatoron K , conjugate-linearis thesameaslinear, andsesquilinearis
thesameasbilinear.

A setA is closedundera functionif thefunctionmapstheelementsof A into
A.

Let � be a topologyfor a vectorspaceX. If � x � c �w� for eachx � X, and
sumandscalarmultiplication on X arecontinuous,thenX (or

�
X � ��� ) is called

a topological vectorspace(TVS). Most importantexamplesof TVSsareBanach
spaces,and we needother TVSs only in someexternal references.See,e.g.,
[Rud73]for moreon TVSs.

A normedspaceis a vectorspaceX equippedwith a function (norm) � , � :
X 1§5 0 � � ∞ � satisfying � αx � � £α £ � x � , � x � y ����� x �¨��� y � and � x � � 0 a x � 0
for all x � X � α � K . We often write � , � X : � � , � to distinguishbetweenthe
normsof differentnormedspaces.

An inner productspaceis a vectorspaceH equippedwith a function (inner
product) $ ,3�., ' : H � H 1 K satisfying$ y� x' � $ x � y' , $ x � y� z' � $ x � z'��`$ y� z' , $ αx � y' �
α $ x � y' , $ x � x'�� 0 and $ x � x' � 0 a x � 0 for all x � y� z � H � α � K . We oftenwrite$ ,&�., ' H : � $ ,&�., ' to distinguishbetweentheinnerproductsof differentnormedspaces.

We equipany inner productspacewith norm � x � � $ x � x' 1# 2 (it follows that
any innerproductspaceis anormedspace).Weequipany normedspaceX by the
metricd

�
x � y� : � � x � y � B (it follows thatany normedspaceis a metricspace).

A completenormedspaceis calledaBanach space. A completeinnerproduct
spaceis calledaHilbert space(in particular, any Hilbert spaceis aBanachspace).

The spaceKn (n � 1 � N) is equippedwith the canonicalinner product$ x � y' Kn : � ∑n
k+ 1xkȳk.

Let X andY be normedspaces.We set � x � X : � � ∞ for x z� X. We equip
X � Y with theproducttopology, i.e., with thenorm � � x � y� � 2

X ! Y : � � x � 2
X ��� y � 2

Y

(or someequivalentnorm,suchasmax� � x � X � � y � Y � or
� � x � 2

X �©� y � 2
Y � 1# 2).

By � �
X � Y � we denote the normed spaceof continuous(i.e., bounded)

linear operatorsL : X 1 Y with norm � L ��ª C X ;Y E : � sup« x « X ¬ 1 � Lx � Y, andvector
operations

�
αL � βL %3� x : � α

�
Lx�� β

�
L % x� (L � L %¨��� �

X � Y � , α � β � K , x � X). We
usuallywrite Lx : � L

�
x� whenL is linear. Oneeasilyverifiesthat � �

X � Y � is a
Banachspaceif f Y is aBanachspace.

The spaceX _ : � � �
X � K � is calledthe dual spaceof Xdual space(X _ ) (see

alsoRemarkA.3.22),andwesetX _^_ : � �
X _��._ . Weidentify x � X andtheelement
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x_^_ : Λ ~1 Λx of X _[_ . If all elementsof X _[_ are of this form, then X is called
reflexive (andthenX is isometricallyisomorphicto X _^_ , hencea Banachspace).
Any Hilbert spaceis reflexive.

Let X andY be normedspaces.To eachT �g� �
X � Y � correspondsa unique

TB ��� �
Y _ � X _�� s.t. y_ � Tx� � �

TBy_®� x for all x � X and y_B� Y _ ; moreover,� TB � � � T � . Wecall TB theBanach adjoint of T.
Let X andY be Hilbert spaces.To eachT �w� �

X � Y � correspondsa unique
TH ��� �

Y� X � s.t. $ Tx � y' Y � $ x � THy' X for all x � X andy � Y; moreover, � TH � �� T � . We call TH theHilbert adjoint of T. In a Banachspacecontext, T _ denotes
TB, whereasin a Hilbert spacecontext, T _ denotesTH (unlesswe use pivot
spaces,seeDefinitionA.3.23andLemmaA.3.24).

Let H be a Hilbert spaceand let B be a Banachspace. A set E < H is
orthonormal if $ x � y' � 0 whenever x � y � E, x z� y and $ x � x' � 1 for all x � E.
If spanE is densein H, then E is an orthonormal basis of H. An operator
P �?� �

B� is a projectionif P2 � P (hereP2 : � PP). A projectionP ��� �
H � is an

orthogonal projection if P � P_ (equivalently, Ran
�
P� � Ker

�
P�4¯ , by Theorem

12.14of [Rud73]).
By �:2 �

X � Y � wedenotethesetof linearmappingsT : X 1 Y thatarecompact,
that is, suchthat � Tx �� x � X � � x � L 1 � is compact.It follows that �:2 �

X � Y � is a
subspaceof � �

X � Y � .
Theweaktopology of X is theweakesttopologyon X on which eachΛ � X _

is continuous.Theweak_ topology of X _ is theweakesttopologyon X on which
eachof the mapsx : Λ ~1 Λx

�
x � X � is continuous. We do not usethesetwo

topologiesexcept when we explicitly say so. (If X is finite-dimensional,then
X � X _ and the weak, weak_ and original (normed)topologiesof X and X _
coincidewith thestandardEuclideantopologyof X. In general,weakandweak_
topologiesneednotbeevenmetrizable.)See,e.g.,[Rud73]for furtherdetails.

Weset cf� �
X � Y � : ��� L �p� �

X � Y � �� LT � IY & TL � IX for someT �p� �
Y� X �®�

(andwewrite T : � L � 1 for T � L asabove)hencecd� �
X � becomesthesubgroupof

invertibleoperators( c for “group”). It followsthatL �wcf� �
X � Y � if f L �i� �

X � Y �
andL is onto andone-to-one(i.e., the inverseis necessarilybounded),by (part
(c3)(ii) of) LemmaA.3.4(F1).

For L ��� �
X � Y � we set σ

�
L � : �°� ζ � K �� ζ � L z�±cf� �

X � Y �®� , ρ
�
L � : �

sup £σ �
L � £ (seeLemmaA.3.3; recall thatζ � L : � ζI � L).

An elementof cf� �
X � Y � is called a (Banach) isomorphismof X onto Y.

Whenever the rangeof LX is closedin Y (hencea Banachspaceitself if Y is
complete)andL is asisomorphismof X ontoLX, thenL is anisomorphismof X
into Y. (Notethestandardabuseof language:we do not requireanisomorphism
to beanisometry, thatis, to satisfy � Lx � � � x � for all x � X; amorerigorousterm
wouldbe“a topologicalvectorspaceisomorphism”.)

Thus,if X andY areHilbert spaces,thena mapL �w� �
X � Y � is an isometric

isomorphismof X ontoY if f L is unitary, i.e.,L _ L � I � LL _ (notethatwe often
usesameI (resp.0) for identity (resp.zero)mappingsin differentgroups.

Two norms, say � , � and � , ��% , definedon a normedspaceX are called
equivalentif they definesametopology. This is thecaseif f thereareε � M � �

0 � ∞ �
s.t.ε � x �²��� x ��%� M � x � for all x � X.
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Let H be a Hilbert space. By $ x � y' H (often just $ x � y' ), we denote the
(sesquilinear, i.e., $ αx � βy' � αβ̄ $ x � y' ) innerproductH � H 1 K . It is well known
thatH _ �©� x ~1°$ x � y' H �� y � H � , henceH is reflexive. ThemappingΛx : y ~1°$ y� x' H
is conjugate-linear(i.e., Λαx

� ᾱΛx, Λxy y
� Λx � Λy), isometricandonto,hence

Λ �ecf2 �
H � H _¤� (anelementof cd2 is calledahomeomorphism).

Let x � y � H, A < H andB < H. If $ x � y' � 0, thenwe write x ³ y; if a ³ b for
all a � A andb � B, thenwe write A ³ B. Obviously, Ā : ��� x � H �� x ³ A � is a
closedsubspaceof H.

Let T � S ��� �
H � . We call T nonnegative[positive] andwrite T � 0 [T � 0] if$ Tx � x'´� 0 [ � 0] for all x � H � � 0 � . By T � SwemeanthatT � T _ , S � S_ , and

T � S � 0. By T u 0 we meanthatT � εI for someε � 0; in this casewe say
thatT is uniformlypositive(notethat

�
xk �D~1 �

xk ¦ k � is is positiveandone-to-one
but not uniformly positiveon t 2 � N � ). If T _ T u 0, thenwe saythatT is coercive
(or boundedfrom below). Theserelations(amongothers)arestudiedwithin the
following lemma.

Lemma A.3.1 (Hilbert spaces)LetH,U andY becomplexHilbert spaces(much
of this holdsfor realonestoo).

(a1) Each orthonormalbaseof H has the samecardinality; we denotethis
cardinality bydimH.1

(a2)H is isomorphicto t 2 �|µ � iff
µ

is a setof cardinality dimH.

(a3) If T �-� �
U � H � , thendimRan

�
T �¡� dimU.

(a4)Thefollowingare equivalent:

(i) dimU � dimH;
(ii) T _ T u 0 for someT ��� �

U � H � ;
(iii) T _ T � I for someT ��� �

U � H � ;
(iv) someS ��� �

H � U � is onto.

(a5)Thefollowingare equivalent:

(i) dimU � dimH;
(ii) cd� �

U � H � z� /0;
(iii) T _ T � IU andTT _ � IH for someT �?� �

U � H � .
(a6)LetdimU � dimH L ∞. ThenT �?� �

U � H � is invertibleiff T _ T u 0.

(b1)[T u 0] Let T ��� �
H � andE �¶cf� �

H � . ThenT u 0
defh T � εI for some

ε � 0 h T � T _ & σ
�
T �H< �

0 � ∞ � h T � P2 for someP u 0 h T � X2 for
someX �gcd� �

H � h E _ TE u 0 h T �gcf� & T � 0 h T �wcf� & T � 1 �
0.

If T � εI , thenε � 1 � T � 1 �·� T �¸� 1I u 0.

(b2)[T � 0] WehaveT � 0 iff T � 0 andKer
�
T � ��� 0 � .

1We alsousethe standardnotationdimB ¹ ∞ [dimB º ∞] to meanthat a vectorspaceB is
[in]finite-dimensional;if B is a Hilbert space,then,obviously, dimB ¹ ∞ if f dimB is finite.
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(b3)[T � 0] LetT ��� �
H � . ThenT � 0 iff T � T _ andσ

�
T �¡<�5 0 � ∞ � .

(b4) Let T � 0. Thenthere is a uniqueT1# 2 � 0 s.t.
�
T1# 2 � 2 � T. Moreover,

T1# 2 u 0 (resp. � 0) iff T u 0 (resp. � 0). Furthermore, ST � TS h
ST1# 2 � T1# 2Sfor all S ��cf� .

(b5) Let Tn � Tny 1 � A for all n � N for someA � A_ �g� �
H � . Thenthere is

T � A s.t.Tnx 1 Tx for all x � H.

(b6)[T � T _ ] LetT ��� �
H � . ThenT � T _ iff T _ T � TT _ andσ

�
T �¡< R.

(b7)AssumethatS� T �gcd� �
H � andST � TS. If T � S u 0, thenS� 1 � T � 1 u

0; if T � S u 0, thenS� 1 � T � 1 u 0; if T u S u 0, thenS� 1 u T � 1 u 0.

(b8) If T ��� �
H � , ε � 0, and £ $ Tx � x' £ � ε � x � 2 for all x � H, thenT ��cf� �

H � .
(b9) If I � T u 0, then � I � T � L 1.

(c1)[R _ R u 0] Let R �?� �
U � H � . Thefollowing areequivalent:

(i) � Rx�d� ε � x � for all x for someε � 0, i.e., R is coercive (“uniformly
boundedfrombelow”);

(ii) R_ R � ε2I for someε � 0;
(iii) Ran

�
R_�� � U, i.e., R_ is onto;

(iv) Ran
�
R� is closedandKer

�
R� ��� 0 � ;

(v) there is L �?� �
H � U � s.t.LR � I ;

(vi) there is someclosedsubspaceH1 < H and someS �e� �
H1 � H � s.t.F

R SG �*cd� �
U � H1 � H � ;

(vii) X _ X � R_ R for someX u 0;
(viii) P u 0 �ba R_ PR u 0;
(viii’) � G � IH � L 1 �ba R_ GR �*cf� �

U � ;
(ix) � RX ��ª C _ ;H E � ε � X ��ª C _ ; _ E for someε � 0 whenever X is linear (in

particular, X is boundediff RX is bounded);
(x) R �ecf� �

U � Ran
�
R�.� ;

(xi) There is ε � 0 s.t. for all x � H � � 0 � there is y � H � � 0 � s.t.$ y� Rx'�� ε � x �N� y � .
Moreover, if (i) holds,thenthefollowing hold:

(1) � � R_ R� � 1 �²� ε � 2 and � � R_ R� � 1R_ ��� ε � 1

(1’) if R ��cf� , then � R� 1 �²� ε � 1.
(2) For any r � 0 we can chooseH1 and S in (vi) so that � F R SG ���

max� � R � � r � and � F R SG � 1 ��� max� ε � 1 � r � 1 � . If also dimU L ∞
andH � U � U % , thenwecantake S ��� �

U % � H � withoutaffectingthe
abovenorms.

(3) If R_ R � I , thenwecanhave
F
R SG unitary (see(e3)).

However R_ R u 0 & G �»cf� za R_ GR �»cf� in general (cf. (viii’); even
σ
�
G�¡<"5 0 � � ∞ � is not sufficient).

(c2) Let M �¼� �
Km � � N ��� �

Km � Kn � . There is L �¼� �
Kn � Km� such that

M � LN is invertibleiff M _ M � N _ N � 0.
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(c3)LetR ��� �
U � H � . Thenthefollowingareequivalent:

(i) R ��cf� �
U � H � (i.e., R is invertible)

(ii) R is injectiveandonto;
(iii) R is coerciveandhasa denserange;
(iv) R_ R � 0 andRR_Hu 0;
(v) R_ R u 0 andRR_¡u 0;
(vi) R_ �*cd� �

H � U � .
If dimU � dimH L ∞, thenonemore equivalentconditionis that R is one-
to-one(equivalently, detR z� 0 or R is onto).

(c4)LetR � R_¥��� �
H � . ThenR ��cd� �

H � h R_ R u 0.

(c6)LetR ��� �
H � andR_ R � RR_ . Then � R � � sup« x « + 1 £ $ x � Rx' £ � ρ

�
R� .

(c7)LetR ��� �
H � U � . ThenKer

�
R_ � � Ran

�
R�4¯ .

(c8)LetR ��� �
H � U � . ThenKer

�
R_ R� � Ker

�
R� andRan

�
R� � Ran

�
RR_ � .

(c9)LetR ��� �
U � H � . Thenthefollowingareequivalent:

(i) R is one-to-one(i.e., Ker
�
R� ��� 0 � );

(ii) R_ hasa denserange;
(iii) R_ R � 0

If dimU L ∞, then(i)–(iii) hold iff R_ R u 0 (cf. (c1)).

(c10)LetA < H. ThenĀ is a closedsubspaceof H and
�
Ā � ¯ � span

�
A� .

(c11)sup½α ½ + 1 � αx � y �\�·� x � 2 �©� y � 2 (x � y � H).

In (d)–(f) weassumethat A ��� �
U � Y � , B ��� �

U � H � . In (d)–(e2)weassume
that γ � 0 (theTIω claimsconcerncaseswhenU andY are L2

ω spacesfor some
ω � R = � ∞ � ).

(d) Wehaveγ2 � B_ B � 0 h � B ��� γ. Analogously, γ2 � B_ B u 0 h � B � L γ.

(e1) � Ax � 2 � γ2 � Bx � 2 � 0 for all x � H h γ2B_ B � A_ A h A � LB for some� L �\� γ
(if A � B � TIω, thenwecantakeL � TIω).

(e2)Thefollowingareequivalent:

(i) γ2B_ B � A_ A u 0;
(i’) � Ax � 2 � γ2 � Bx � 2 ��� ε � x � 2 for all x � H;
(i”) γ2B_ B u A_ A � 0;
(ii) A � LB for some� L � L γ andB_ B u 0;
(iii) B_ B u 0 and � AB� 1

left � L γ 8 , where B � 1
left : � �

B_ B��� 1B_ .
If B �¶cf� , then(i) (hence(i)–(iii)) is alsoequivalentto � AB� 1 � L γ. If (i)
holdsanddimU � dimH L ∞, thenB �ecf� .

In (ii) wecantakeL � AB� 1
left; this wayweget L � TIω, if B � A � TIω.
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(e3)LetB_ B � I . ThenB : � F
B 0
0 I G ��cf� �

U � H1 � H � is anunitaryextensionof
B, where H1 : � Ran

�
B�4¯�< H.

(f) Supposethat dimU L ∞. ThenA � LB for someL ��� �
H � Y � h Ker

�
B�¥<

Ker
�
A� h Ran

�
A_ �¾< Ran

�
B_ � h A_ � B_ L _ for someL _ �`� �

F � H � h (e1)
holdsfor someγ � 0.

(g1)LetA � B ��� �
H � . If $ x � Ax' � $ x � Bx' for all x � H, thenA � B.

(g2) Let At ��� �
H � (t � R y ). If limt � y ∞ $ x � Atx' � 0 for all x � H, then

limt � y ∞ $ y� Atx' � 0 for all x � y � H.

(g3) Let X bea vectorspace. Let A � B : X 1 U, andC � D : X 1 Y belinear. If$ Ax� Bx' � $ Cx � Dx' for all x � X, then $ Ax� Bz' � $ Cx � Dz' for all x � z � X.

In (h1)–(k2)weassumethatx � y� xn � yn � H for all n � Z y , Tn � T �i� �
H � Y � for

all n � Z y , andSn � S ��� �
Y� U � for all n � Z y . We write xn ¿ x if $ xn � z'�1¢$ x � z'

for all z � H (i.e., if xn 1 x weakly)(herealwaysn � m� k 1¢� ∞).
We saythat Tn convergesto T uniformly (resp.strongly, weakly), if � Tn �

T �¡1 0 (resp.Tnx 1 Tx for all x � H, Tnx ¿ Tx for all x � H).

(h1) If Tn 1 T weakly, then � Tn � is uniformlybounded.

(h2) If Tnx convergesfor all x � H, thenthelimiting operator ÀT : x ~1 limnTnx
satisfiesÀT �?� �

H � Y � and � ÀT �²� lim infn � Tn � L ∞.

(h3) If $ y� Tnx' Y convergesfor all x � H � y � Y, thenthere is ÀT �w� �
H � Y � s.t.

Tn 1 T weakly, �NÀT �²� lim infn � Tn �²� supn � Tn � L ∞.

(i1) If xn ¿ x, then � xn � is uniformlyboundedand � x �²� lim infn � xn � L ∞.

(i2) If xn 1 x andym ¿ y, then $ xn � ym'¨1Á$ x � y' .
(i3) If � $ xn � y'Â� convergesfor all y � H, then � xn � convergesweakly.

(i4) If(f) xn ¿ x and � xn �v1 � x � , thenxn 1 x.

(j1) Sn 1 Sweaklyiff S_n 1 S_ weakly.

(j2) If Sn 1 S weaklyandTn 1 T strongly, thenSnTn 1 ST weakly(but even
for U � H wemayhaveTnSn z1 TS).

(j3) If Sn 1 Sstrongly, Tm 1 T strongly, andxk 1 x strongly, thenSnTm 1 ST
stronglyandSnTmxk 1 STx strongly.

(j4) Let Tn ��cd� �
H � Y � for all n, Tn 1 T stronglyand T � 1

n 1 P strongly for
someP �-� �

Y� H � . ThenT ��cf� �
H � Y � andT � 1 � P.

(j5) Conversely, let Tn �·cd� �
H � Y � for all n, let Tn 1 T strongly, and let� T � 1

n � beuniformlybounded.ThenT �*cd� iff T � 1
n 1 P stronglyfor some

P �?� �
Y� H � .

(k1) Let dimY L ∞ and T �Ã� �
U � Y � . Then Tn 1 T strongly iff Tn 1 T

uniformly.

(k2)LetdimU L ∞ andT �?� �
U � Y � . ThenTn 1 T stronglyiff Tn 1 T weakly.

In (p1)–(q)weassumethat
F

A B
BÄ D G �P� �

H1 � H2 � , whereH1 andH2 areHilbert
spaces.
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(p1) Let AX � B. Then
F

A B
BÄ D G � 0 iff A � 0 & D � X _ AX � 0. Moreover,F

A B
BÄ D G u 0 iff A u 0 & D � X _ AX u 0.

(p2)Let I A � 1. Then
F

A B
BÄ D G � 0 iff A � 0 & D � B_ A � 1B � 0.

(p3) Let dimH2 L ∞. Then
F

A B
BÄ D G � 0 iff for someX �K� �

H2 � H1 � we have
AX � B, D � X _ AX � 0 andA � 0.

(p4)Wehave
F

A B
BÄ D G u 0 iff A u 0 & D � B_ A � 1B u 0.

(q) Let P ��� �
U � H1 � , Q �?� �

U � H2 � andD � 0. If T : � 5 PÄ QÄ 8 F A B
BÄ D G F PQ G � 0

[ u 0], thenP_ P � 0 [ u 0].

If ε � 0 andT � εI , thenP_ P � δI , where δ only dependson ε, � Q � , � A �
and � B � .
If ε � 0, D �±� εI and T � 0, then P_ P � δQ_ Q and Q � LP for some
L ��� �

H1 � H2 � s.t. � L � ª � δ � 1# 2, where δ onlydependson ε, � A � and � B � .
(s) Let T �¼� �

U � Y � , let U1 < U be a finite-dimensionalsubspace, and let

dimT 5U1 8 � dimU1 L ∞. ThenT is of the form T � � T11 T12
0 T22 	 ��� �

U1 �
U1̄ � Y1 � Y1̄ � , where Y1 : � T 5U1 8 , and T11 �©cf� �

U1 � Y1 � . Moreover, T is
(resp.right-, left-)invertibleiff T22 is (resp.right-, left-)invertible.

(P) Let H1 bea closedsubspaceof H. Let P betheorthogonalprojectionof H
onto H1̄ . Let x � H. ThenPx is the uniqueelementof minimumnorm on
x � H1.

As acuriosity, weremarkthat(c1)demonstratesthatfindinga left inverse(v),
a complement(vi) or a spectralfactor (vii) is easy, if we do not have to worry
aboutcausality(in contrastto theCoronaandspectralfactorizationtheorems).

Resultsconcerningconvergenceof sequences(such as MonotoneConver-
genceTheoremor (h1)–(k2)above)areapplicablefor limits of functionsbetween
any metric(or “first countable”)spaces(recallfrom Theorem4.2of [Rud76]that
f
�
t �v1 q as t 1 T if f f

�
tn �¥1 q for eachsequence� tn � converging to T (with

tn z� T for all n)). We shallusethis factwithout furthermention.
Proof of Lemma A.3.1: (WeoftenapplyBanachadjointresultsfor Hilbert

adjoints,seeRemarkA.3.20for thejustification.)
(a1)&(a2)Thesefollow from [Rud86,4.19].
(a3) If dimU L ∞, theseclaimsareeasyto prove, so assumedimU � ∞

and let � ua � a
�

A be an orthonormalbaseof U . Then the cardinalityof Q : �� ∑n
k + 1qkuak �� qk � Q � iQ � ak � A for all k � is A � : dimU andQ is densein U

(obviously thecardinalityof any densesetis at leastthatof A).
Obviously, TQ is densein Ran

�
T � , hencedimRan

�
T � is at thecardinality

of Q, i.e.,dimU .
(a4) “(i v) a (i)” follows from (a3). “(i v) h (ii)” is [Rud73,Theorem4.15].

“(ii) a (iii)” Followsby takingT % : � T
�
T _ T ��� 1# 2 (cf. (b)). “(iii) a (ii)” is trivial.

“(i) a (iv)” Let � ua � a
�

A and � ha � a
�

B be basesof U andH, respectively, and
A < B. SetS∑a

�
Bαaha : � ∑a

�
Aαaua.

(a5) “(i) a (iii)&(ii)” ConstructSasin “(i) a (iv)” above, with A � B. The
conversesfollow from (a2).
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(a6) Let T _ T u 0. From (a4) we get that dimU � dimH. BecauseT is
injective,it is invertible.Theconverseis trivial.

(b1)&(b3)&(b6) Thesefollow from [Rud73,Chapter12] andstraightfor-
wardcomputations.

(b2)Let T � 0. Assumethat $ x � Tx' � 0. Then � T1# 2x � 2 � $ T1# 2x � T1# 2x' �
0 (see(b4)), hencethenTx � T1# 2T1# 2x � 0. Consequently, x � Ker

�
T � ; the

converseis trivial.
(b4) This follows from Theorem6.2.10of [Aupetit] (alternatively, from

Chapters11–12of [Rud73])and(c3)&(c9).
(b5) (The convergenceneednot be uniform; e.g.,π Å n ; ny 1E � π Å ny 1 ;∞ E 1 0

stronglybut notuniformly on t 2 � N).)
W.l.o.g.weassumethatA � 0 (useTn ~1 Tn � A). SetS

�
x� : � limn $ x � Tnx'Æ�

0 (x � H). Now S
�
x � y�o� S

�
x�¨� S

�
y� � limn2Re$ y� Tnx' existsfor all x � y � H.

Apply this to iy to see that R
�
y� x� : � limn $ y� Tnx' exists for all x � y � H.

Obviously, R is sesquilinearand � R�
y� x� �d��� T1 � �.� � x �b�·� y �¤�Æ��� x �b�·� y �¤� ,

henceR
�
y� x� � $ y� Tx' for someT ��� �

H � , by Theorem12.8of [Rud73].
Now � � Tn � T � 1# 2x � 2 � $ x � � Tn � T � x'Æ1 0, hence� � Tn � T � x �¥1 0, for all

x � H, since0 � Tn � T �?� �
H � . Thus,Tnx 1 Tx strongly.

(b7) By (b1), S� 1 � T � 1 u 0. Apply twice (b4) to obtain S1# 2T1# 2 �
T1# 2S1# 2. It follows thatT � 1# 2S1# 2 � S1# 2T � 1# 2. Let x � H be arbitrary, and
sety : � S� 1# 2x. Then$ x � T � 1x' � $ S1# 2y� T � 1S1# 2y' � $ T � 1# 2y� ST � 1# 2y'�»$ T � 1# 2y� TT � 1# 2y' � $ y� y' � $ x � S� 1x' M (A.18)

Thus, T � 1 � S� 1. Analogously, if T � S, then T � 1 L S� 1; if T u S, then
T � 1 Ç S� 1.

(b8) Now � Tx �\� ε � x � and � T _ x �\� ε � x � for all x � H, hencethis follows
from (c3)(i)&(iv). (Theconverseof (b8) is obviouslynot true.)

(b9) If I � T u εI , then $ � I � T � x � x'¡� �
1 � ε � � x � 2 for all x � H, hence� I � T ��� 1 � ε, by (c6).

(c1)Theequivalenceof (i)–(viii) is obtainedasfollows:
“(i) h (ii)”: � Rx� 2 � $ x � R_ Rx' . “(i) h (iii)”: See[Rud73,4.15]. “(i) a (iv)”:

Clearly Ker
�
R� �È� 0 � . If � Rxn � is a Cauchy-sequence,then so is � xn � .

“(i v) a (x)”: See[Rud73,2.12b]. “(x) a (i)”: See[Rud73,2.12c]. “(i) a (v)”:
TakeL : � �

R_ R��� 1R_ (note: � L �¥�"� R �¤¦ ε). “(v) a (i)”: � Rx�¥�"� x �¤¦�� L � for all
x � U . “(vii) h (ii)”: See[Rud73,12.33](X � X _bu 0 is unique).“(viii) a (ii)”:
TakeP � I . “(ii) a (viii)”: $ x � R_ PRx'¨� εP � Rx�H� εPεR � x � for all x. “(i) a (xi)”:
Takey � Rx. “(xi) a (i)”: Obviously.

“(vi) a (v)”: If
F

L
M G F R SG � IH ! H1, thenLR � IH .

“(iii) a (vi) & (2)”: Let H2 : � Ran
�
R� , H1 : � H2̄ , and write R � :

F
T
0 G �� �

U � H2 � H1 � (i.e.,T : � PH2R), sothatT �¶cf� �
U � H2 � , becauseit is 1-1 and

onto.
Choosesomer � 0. Then S � F

0
rI G complementsR, and the inverseis� T � 1 0

0 r � 1I 	 . Theinequalitiesin (2) follow asin (C1).
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If dimU L ∞ andH � U � U % , thendimH2
� dimU impliesthatdimH1

�
dimU % , so we may choosesomeisometricisomorphismI %o��cd� �

U % � H1 � and
replaceSby SI % to obtaintherestof (2).

”(ix) h (i)”: Let H % bea Hilbert space,let X : H %]1 H belinear, andlet (i)
hold. Then � RXy �\� ε � Xy � for all y � H % , hencethen � RX �²� ε � X � . For the
converse,let x � H begiven,take someH % z��� 0 � , y0 � H %®� � 0 � , Λ � H % _ with
Λy0

� � y0 � � � Λ � � 1 [Rud73,3.3Cor],anddefineXy : � xΛy. Then � X � � � x � ,� RX � � � Rx�N� Λ � � � Rx� , hencethen � Rx�²� ε � X � � ε � x � , i.e., (i) holds.
“(viii’) a (ii)”: SetG : � IH . “(x) a (viii’)”: SetG% : � P_ GP � I � P_ FP,

where F : � I � G and P ��cf� �
H � HR� is the orthogonalprojection onto

HR : � Ran
�
R� . Since � P_ FP ����� F � L 1, we haveG% £ C HR�¡�*cf� �

HR � , hence

R_ GR � R_ G% R ��cf� �
U � (sinceR �*cd� �

H � HR� ).
(Note:conditionσ

�
G�É< R y wouldnotbesufficientin (viii’): if G% � F

1 2
0 1 G ,

G � F
Gl 0
0 I G �p� �

H � andH : � t 2 � : U , thenσ
�
G� ��� 1 � but R_ GR

�
1 � 0 � 0 �.M.M4M � �

0, whereR :
�
a � b � c �.M.M4M �¾~1 �

a � � a � b � c �.M.M.M � , sothatR_ R � I u 0.)
(1)&(1’) From (ii) and (b1) we obtain

�
R_ R��� 1 � ε � 2. Now$ R�

R_ R� � 1x � R�
R_ R� � 1x' � $ � R_ R� � 1x � x'� ε � 2 � x � 2, hence� R�

R_ R� � 1 �H� ε � 1.
If R �*cf� , then

�
R_ R� � 1R_ � R� 1.

(2) This wasshown in “(iii) a (vi) & (2)”.
(3) Let r � 1 in “(iii) a (vi) & (2)”.
Thefinal remarkwasjustifiedbefore“(1)&(1’)” above.
(c2) By (c1), M _ M � N _ N � 0 is necessary(of course,Ker

� F
M
N G � �Ê� 0 � ).

Assumethat M _ M � N _ N � 0. SetU2 : � Ker
�
M � , U1 : � U2̄ . Let x1 �.M.M4M4� xk

be a baseof U2, let xky 1 �4M.M.M^� xm be a baseof U1, and let y1 �.M.M.M[� yk be a base
of

�
MU1 � ¯ . Let S∑m

j + 1α jx j : � ∑k
j + 1 α jy j . ThenM � Smaps � x1 �.M.M4M[� xm � to a

baseof Km, henceit is invertible. Now Ker
�
N �²< U1

� U2̄
� Ker

�
S� , hence,

by (f), S � LN for someL ��� �
Kn � Km� .

(c3) 1{ (i)–(vi): Thisequivalencefollowseasilyfrom (c1).
2{ (i) h (vii): If R ��cf� �

H � , we can take y � Rx. Conversely, $ y� Rx'¡�
ε � x �N� y � implies that � Rx�d� ε � x � , henceR_ R u 0, by (c1), andanalogously
RR_Hu 0, sothatR ��cf� �

H � , by “(v) h (i)”.
3{ Thelast claim: This is givenin almostany matrix calculustextbook.
(c4) This follows from (c3).
(c6)&(c7) Theseare Theorems12.25, 11.28(b) and 12.10 of [Rud73]

(slightly modified).
(c8) If x � Ker

�
R_ R� , then � Rx� 2 � $ x � R_ Rx' � 0, hencethenx � Ker

�
R� .

Thus,Ker
�
R_ R� � Ker

�
R� . Consequently, Ran

�
R_ R�[¯ � Ran

�
R_ �[¯ , by (c7),

henceRan
�
R_ � � �

Ran
�
R_ �[¯H�4¯ � Ran

�
RR_ � . BecauseR_[_ � R, alsothe latter

claimholds.
(c9)By (c8),wehave(i) h (ii). But (i) holdsif f � Rx� 2 � $ Rx� Rx'�� 0 for all

x � U , i.e., if f (iii) holds.
(c10)This is aneasyexercise.
(c11)This is obvious(andthis is not truefor, e.g.,H � L∞ �

R � ).
(d) Thefirst claimfollows from γ2 � B_ B � 0 h γ2 � x � 2 �¶� Bx � 2 � 0 for all

x � H. Thesecondfollowsby replacingγ by someγ � ε.
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(e1) (This is from [RR, Lemma1.14].) Assume � Ax � 2 � γ2 � Bx � 2. Then
we can defineL0 �¶� �

H1 � Y � (whereH1 : � B 5U 8H< H) by L0
�
Bx� : � Ax to

get � L0 ��� γ. Let P be the orthonormalprojection H 1 H1 and define
L : � L0P �?� �

H � Y � to getA � LB and � L � � � L0 ��� γ. Theotherdirectionis
straightforward.

If B � A � TIω, thenτrH1
� H1 for all r � R (τrBx � Bτrx) andL0 � TIω,

hencethenL � TI∞ too (if P : H 1 H1 is orthonormal,thenL � L0P � TIω)
(N.B. Even if A � B � TICω, we mayhave to take L z� TIC∞, e.g.,A � I Ë B �
τ � 1

�ba L � τ1. Note also that we may have that B � 0 � C � L, i.e., thatzI B � 1
left).
(e2)“(i) h (i’) h (i”)” and“(iii) a (ii)” areobvious. “(ii) a (i)” follows from

A_ A � B_ L _ LB Ç B_ Bγ2, which holdsby (c1)(viii).
“(i’) a (iii)”: Assume(i’) andsetS: � �

B_ B��� 1B_ . Then � ASy � 2 � γ2 � y � 2 �� ε � y � 2 for all y � Ran
�
B� , i.e., � ASy �H� �

γ � ε % � � y � for all y � Ran
�
B� . Because

Sy � 0 for all y � Ran
�
B� ¯ � Ker

�
B_®� andRan

�
B� is closed,this holdsfor all

y � H,
If B �*cf� , thenB � 1

left
� L � B � 1. If (i) holdsanddimU � dimH L ∞, then

B �ecf� , by (a6).
(e3)Seetheproof of (c1)(3).
(f) Theproof goesasthatof (e1),exceptthatL0 is necessarilycontinuous,

becauseit is linearanddimH1 L ∞ (notethatnow Ker
�
B� � Ran

�
B_�� ¯ ).

(g2) Now 2Re$ y� Atx' � $ � x � y� � At
�
x � y�('N��$ x � Atx']��$ y� Aty'Æ1 0. If K �

C, weapplythis to y andiy to obtain(g2).
(g1)&(g3) Theproofsareanalogousto thatof (g2).
(h1) This (i.e., that � Tn �A� M for all n for someM L ∞) follows from

Theorems2.6and3.18of [Rud73].
(h2) By Theorem2.8 of [Rud73], ÀT �*� �

H � U � . The boundis obtained
from � ÀTx �B� lim infn � Tn �N� x � � �

lim infn � Tn �¤� � x � for all x � H. By (h1),
lim infn� y ∞ � Tn � L ∞.

(h3)By (i3), ÀTx : � w-limnTnx � Y existsfor all x � H. Obviously, ÀT : H 1
Y is linear. By Theorem3.18 of [Rud73], � Tnx � is boundedfor eachx � H,
henceM : � supn � Tn � L ∞, by Theorem2.6of [Rud73].Theinequalitiesfollow
from this,henceÀT �?� �

H � Y � andTn ¿ T.
(i0) If Tn 1 T stronglyandxm 1 x, thenTnxm 1 Tx: wehaveTnxm � Tx �

Tn
�
xm � x�� �

Tn � T � x 1 0, because� Tn � is uniformly bounded,by (h1).
(i1)&(i3) SetTn : � $ ,&� xn' andapply(h1)&(h2) (recallthatany T �`� �

H � K �
is of form $ ,&� x' H for somex � H).

(i2) As above, $ xn � yn'��g$ x � y' � $ xn � x � yn'Ì�e$ x � yn � y'�1 0, because� yn �
is uniformly bounded(alternatively, apply (i0) for Tn : � $ ,3� yn' , T : � $ ,3� y'¥�� �

H � K � ).
(i4) Thisholdsbecause$ x � xn � x � xn' � � x � 2 �©� xn � 2 � 2Re$ x � xn'o1 0.
(j1) This is obvious.
(j2) Now $ z� SnTnx' � $ S_nz� Tnx'Í1Î$ S_ z� Tx' � $ z� STx' for all x � z, by (i2) and

(j1). (But TnSn
� I 1 I z� 0 � TS for Tn : � τ

�
n�¥1 0, Sn : � τ

� � n�¥1 0 ont 2 � N � � : H � : Y � : U .)
(j3) Thefirst claim follows from (i0), thesecondfrom thefirst and(i0).
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(j4) By (j3), x � T � 1
n Tnx 1 PTx for all x � H, andy � TnT � 1

n y 1 TPy for
all y � Y, henceI T � 1 � P.

(If Tn 1 T strongly and T � 1
n 1 P weakly, then T and P neednot be

invertible (andif either is, thenboth are(by (j2), we have PT � I , asabove,
henceP� T ��cd� ) andT � 1

n 1 P strongly, by (h1)and(j5)). An exampleof this
is givenby Tnx : � �

xny 1 � x0 � x1 �4,.,.,Ì� xn � xny 2 � xny 3 �4,.,., �H�?� � t 2 � N �.� .)
(j5) “Only if ” is given in (j4), so we only prove “if ”: Let T �¼cf� . Then

T � 1
n y � T � 1y � T � 1

n
�
T � Tn � T � 1y 1 0 for all y � Y.

(In fact, if T � Tn �¼cd� andTn 1 T strongly, thenT � 1
n 1 T � 1 if f � T � 1

n � is
uniformly bounded(this is not thecasein general(take Tn

� I � 2 � 1# n3τ
�
n� to

obtain � T � 1
n

�
j � 2# 3 � j

�
Z �¡1x� ∞)), by (j5) and(h1).)

(k1) Cf. theproof of (k2).
(k2) Setm : � dimU , so that T � F

T1 T2 ,.,., TmG . Let x � U . Then
Tnx 1 Tx (strongly) h Tk

n x 1 Tkx for all k � 1 �.M.M.M[� m h Tnx ¿ Tx.
(p1)

F
I X
0 I G _ F A B

BÄ D G F
I X
0 I G � F

A 0
0 D � X Ä AX G , which is � 0 [ u 0] if f A � D �

X _ AX � 0 [ u 0].
(p2) SetX : � A � 1B in (p1) to obtainD � X _ AX � D � B_ � A � 1 � _ AA� 1B �

D � B_ A � 1B.
(p3) “ Ï � ”: from (p1). “ �ba ”: Obviously Ker

�
A�7< Ker

�
B_®� , hence

AX � B for somelinear (hencebounded,becausedimH2 L ∞) X. The rest
follows from (p1).

(p4)Seetheproofsof (p2)and(p1).
(q) (W.l.o.g. we assumethat U z�Ð� 0 � .) 1{ Case T � 0: Set M : �

max� � Q � � � A � � � B � � 1 � . If x � B is s.t. Px � 0, then $ x � Tx' � $ Qx� DQx'D� 0;
thus,T � 0 impliesthatKer

�
P� ��� 0 � , i.e., thatP_ P � 0.

2{ CaseT � εI : Assumethat T � εI , ε � 0. Chooseδ � 0 s.t. Mδ2 �
2δM2 � ε. If x � B is s.t. � Px � L δ, then $ x � Tx' L δ2M � 2δM2 � 0 � ε (since
T � P_ AP � P_ BQ � Q_ B_ P � Q_ D _ Q), acontradiction;henceP_ P � δ2I .

3{ CaseD ��� εI : AssumethatD ��� εI . Then,for any x � U s.t. � x � U � 1,
wemusthave

0 � £ $ x � Tx' £ � Mp2 � 2Mpq � εq2 � (A.19)

wherep : � � Px � , q : � � Qx � , M : � max� � A � � � B �Q� . Thus,if p � 0, thenq � 0,
andif p � 0, then0 � M � 2Mr � εr2, wherer : � q¦ p � 0, so that r � δ � 1# 2
for someδ : � δM ; ε � 0.

Therefore,p � q¦ r � δ1# 2q, or $ Px� Px'H� δ $ Qx� Qx' , for any x � U . The
claimon L follows from (e1).

(s)dimT 5U1 8 � dimU1 meansthatT is coerciveonU1, i.e.,thatT _11T11 u 0.
If P2 is theorthogonalprojectionof Y ontoY1̄ , thenP2T � 0 onU1, henceT is
of theformclaimedin thelemma.ThelastclaimfollowsfromLemmaA.1.1(b).

(P) The minimum of � x � z � (z � H1) is obtainedat z � �
x � Px� , by

Theorem4.11of [Rud86]. �
Wenow show thateachT � T _ �i� �

H � canbewrittenasT � Ty � T� , where
TÑg� 0:
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Lemma A.3.2 (f
�
T � ) Let T ��� �

H � and T _ T � TT _ , where H is a complex
Hilbert space. Thenthere is a (canonical)algebra homomorphismf ~1 f

�
T � .

from the set of all boundedBorel functionson σ
�
T � to � �

H � . Moreover, this
algebra homomorphismsatisfies(here f andg areboundedBorel functions):

(a) 1
�
T � � I , I

�
T � � T, f

�
T � g � T � � f g

�
T � and f̄

�
T � � f

�
T �._ , hence

f
�
T � _ f

�
T � � f

�
T � f

�
T � _ � £ f £ 2 � T � .

(b) � f
�
T � �²� sup £ f £ (if f �-2 �

σ
�
T �4� , then � f

�
T � � � sup £ f £ ).

(c1) If f ��2 �
σ
�
T �.� , thenσ

�
f
�
T �.� � f

�
σ
�
T �.� .

(c2)WehaveKer
�
T � � χ Ò 0Ó � T � .

(d) If S ��� �
H � andST � TS, thenSf

�
T � � f

�
T � S.

(e1) If f g � 0, then there are closed subspaces H Ñ < H s.t.
Ker

�
f
�
T �.� � Ran

�
f
�
T �.��< H y , Ker

�
g
�
T �.� � Ran

�
g
�
T �4�²< H � , H � H y � H �

andH y � H � � /0.

(e2)If T � T _ , then f
�
T � � f

�
T �._ , andwecanhaveH y � H ¯� in (e1).

(f1) If T � T _ , then there are orthogonal projectionsPy � P0 � P� ��� �
H � s.t.

I � Py � P0 � P� , TÑ : � TPÑ � PÑ T � PÑ TPÑ satisfy r TÑK� 0 on H Ñ : �
Ran

�
PÑ¾� , T � Ty � T� . Consequently, H0 : � Ran

�
P0 � � Ker

�
T � , and

T � FÂÔ
Py Ô

P0

Ô
P� G TV ÔTy 0 0

0 0 0
0 0

Ô
T�

WZ TV ÔPyÔP0Ô
P�

WZ � (A.20)

where
Ô
PÑ���� �

H � H Ñ¾� , Ô
P0 ��� �

H � H0 � and
Ô
TÑ©��� �

H ÑD� have the same
valueson their domainsasthecorrespondingoperatorswithouttildes(note
that J : � F

Py P0 P� G � J ��_���cf� �
H � , i.e., J is unitary).

(f2) If T � T _ ��cf� �
H � , thenP0

� 0 and
Ô
Ty u 0 u Ô

T� in (f1); thus,then

T � F Ô
Py Ô

P� G �QÕTÖ 0
0 ÕT� 	 �QÕPÖÕP� 	

Notethatif H � L2 � R;U � andT � TI
�
U � , then f

�
T �¡� TI

�
U � , by (d).

Proof: We obtain the initial claims, (a) and (b) from Theorem12.24of
[Rud73].Claim(c1)followsfrom Theorems13.27(c)and12.22(b)of [Rud73],
(c2) from Theorem12.29(a)of [Rud73],and(d) from 12.24of [Rud73].

(e1)SetE : ��� z � σ
�
T � �� f � z� z� 0 � , Py : � χE

�
T � , P� : � I � Py � χEc

�
T � ,

H Ñ : � Ran
�
PÑH� . ThenPÑ � P2Ñ (i.e., PÑ areprojections),Py P� � 0 � P� Py ,

Py � P� � I , f � Py f Py and g � P� gP� , by (a). Therefore,Ran
�
PÑD� �

Ker
�
P� � , H y � H � � H, H y � H � � /0 andH Ñ are closed(seeSection5.15

of [Rud73]).
(e2) By Lemma A.3.1(b6), we have σ

�
T ��< R, hence f � f̄ , so that

f
�
T �._ � f

�
T � . In (e1) we have PÑ � P_Ñ (i.e., PÑ is orthogonal),hence

H y � H ¯� , by Theorem12.14(c)of [Rud73].
(f1) (The statementmeansthat

Ô
TÑ x : � Ty x : � Tx for all x � H y etc.) Set

PÑ : � χ Ñ C 0 ; y ∞ E � T � , P0 : � χ Ò 0Ó � T � , so that TÑ � �
s ~1 sχ Ñ C 0 ; y ∞ E � s�.� � T � etc.

Now weobtaintheclaimseasilyfrom (c1), (c2),(e1)and(e2)(e.g.,by (c1)we
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have r TÑ*� 0 on H and0 z� Tx � PÑ TÑ PÑ x for x � H Ñ , hencer TÑ*� 0 on
H Ñ ).

(f2) If T ��cf� , then J � 1TJ ��cf� , hencethen
Ô
TÑ���cf� �

H ÑD� , hencer Ô
TÑ?u 0, by LemmaA.3.1(b1). �

By a Banach algebra we meana complex BanachspaceA equippedwith a
multiplication A � A 1 A (not necessarilycommutative) and possessinga unit
I � IA thatsatisfyxI � Ix � x, x

�
yz� � �

xy� z, � x � y� z � xz� yz, x
�
y � z� � xy � xz,

α
�
xy� � �

αx� y � x
�
αy� , � xy�×��� x �N� y � and � I � � 1 for all x � y� z � A, α � C. (In

theliterature,Banachalgebrasarenotalwaysrequiredto possessaunit.)
Someexamplesof Banachalgebrasare � �

B� , TIω
�
B� , TICω

�
B� or H∞ �

Ω;B�
for any complex BanachspaceB, realnumberω andopensetΩ < C.

Let A be a Banachalgebra.We define c A : �Ê� x � A �� xy � I � yx for some
y � A � . For x � A we definethespectrumσ

�
x� : ��� ζ � C �� ζ � x z�»c A � andthe

spectral radiusρ
�
x� : � sup £σ �

x� £ of x; by ζ � x we meanζI � x, whereI is the
identityoperatoronA. Notethatthesedefinitionscoincidewith thosemadeearlier
for � �

B� . Wealsosetx0 : � I , ex : � ∑∞
n+ 0xn ¦ n! for x � A.

Lemma A.3.3 (Banachalgebras) Let A be a Banach algebra and x � y� h � A.
Thenwehavethefollowing:

(A0) If x �*c A and � x � L 1, then I � I � x� � 1 � ∑∞
k + 0xk.

(A1)Let x �ec A, andsetM : � � x� 1 � . If � h � L 1¦ 2M, thenx � h ��c A and� � x � h� � 1 � x� 1 � L 2M3 � h � 2 � M2 � h � L M M (A.21)

(A2)Theset c A of invertibleelementsis openin A, andx ~1 x � 1 is a continuous
bijection c A 1 c A.

(A3) If � xn �f<�c A andxn 1 x z� A �dc A, asn 1 ∞, then � x � 1
n �¡1 ∞.

(A4)Letx � A �\c A. If M � 0, thenthere is δ � 0 s.t.y �Kc A & � y � x � L δ a� y� 1 ��� M.

(r1) ρ
�
x� � limn� ∞ � xn � 1# n � infn Ø 1 � xn � 1# n � max £σ �

x� £ ��� x � .
(s1)σ

�
x�¡< C is compactandnonempty.

(s2)σ
�
xy� �p� 0 � � σ

�
yx�= � 0 � andρ

�
xy� � ρ

�
yx� .

(s3)If p is a nonconstantpolynomial,thenσ
�
p
�
x�.� ��� p

�
ζ ���� ζ � σ

�
x�®� .

(s4)If x �*c A, thenσ
�
x� 1 � �"� ζ � 1 �� ζ � σ

�
x�®� .

Proof: (A0)–(A4) SeeTheorems10.7,10.11,10.12and10.17of [Rud73].
(A4) follows from (A3).

(r1)&(s1)&(s4)SeeTheorems10.13and10.28of [Rud73].
(s2)&(s3)SeeTheorems3.1.2and3.2.4of [Aupetit]. �

We remind the readerthat a B_ -algebra (also called as a C _ -algebra),to
which we sometimesrefer, is a BanachalgebraA with an involution

� , �._ : A 1 A
satisfying

�
x � y�._ � x_Í� y_ , � αx�._ � Àαx_ , � xy�._ � y_ x_ , x_^_ � x, and � xx_Ì� � � x � 2
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for all x � y � A, α � C. Thus,by a B_ -algebra isomorphismT : A ~1 A% we mean
that T is an algebraisomorphismand a Banachspaceisomorphism,and that�
Tx�._ � Tx_ for all x � A.

The Banachalgebras� �
H � , TI

�
H � , 2 b

�
Ω; � �

H �4� andL∞ �
Q; � �

H �.� areB_ -
algebraswhenever H is a complex Hilbert space,Ω is a topologicalspaceandQ
is ason p. 907.See[Rud73]for moreon B_ -algebras.

Let x � B andΛ � B_ , whereB is aBanachspace.Thenwewrite $ Λ � x'ÚÙ BÄ ; BÛ : �
Λx � : $ x � Λ'ÜÙ B ; BÄ Û for thebilinearpairingbetweenB andB_ (exceptthatin Hilbert
spacecontexts we useconjugate-linearscalarmultiplication andhencewe must
set $ x � Λ' Ù B ; BÄ Û : � Λx � : $ Λ � x' Ù BÄ ; BÛ , sothatpairingis still linearin its first argument
but no morelinear(but conjugate-linear)in its secondargument(unlessK � R),
sothatthepairingcoincideswith theinnerproductfor Hilbert spaces;seeRemark
A.3.22for details).

Lemma A.3.4 (Banachspaces)Let B1, B2, B3 and B4 be Banach spacesand
denoteby � �

Bi � B j � the continuousand by �:2 �
Bi � B j � the compactlinear map-

pings Bi 1 B j . Let cf� �
Bi � B j � be the set of invertible elementsof � �

Bi � B j �
(i � j � 1 � 2 � 3 � 4).

(B1) �:2 �
B1 � B2 � is a Banach space.

LetS �i� �
B1 � B2 � , K �`�:2 �

B2 � B3 � , andT �`� �
B3 � B4 � . ThenSK � KT �`�:2

(in particular, �:2 �
B1 � is an idealof � ). Moreover, K �?�:2 h K _²�?�:2 .

If dimB1
� ∞, then �:2 �

B1 � B2 � � cd� �
B1 � B2 � � /0. If K 5 B2 8 is closed,then

dimK 5B2 8 L ∞. If dimB1 L ∞ or dimB2 L ∞, then �:2 �
B1 � B2 � � � �

B1 � B2 � .
If � Sn ��<"� �

B1 � B2 � , dimSn 5 B1 8 L ∞ for all n, andSn 1 Sasn 1 ∞, then
S �-�:2 �

B1 � B2 � . Conversely, if B2 is a Hilbert space, then �:2 �
B1 � B2 � is the

closureof finite-dimensionaloperators.

(B2) Let U andY be Hilbert spacesand K ���:2 �
U � Y � . Thenthere are se-

quences� un � ∞
n+ 1 < U and � yn � ∞

n+ 1 < Y s.t. whenPn [P %n] is the orthogo-
nal projection of U [Y] onto span

�
u1 �.M.M.M^� un � [span

�
y1 �.M4M.M4� yn � ], we have

P%nKPn 1 K, asn 1 ∞.

If U � Y, we can choosethe sequence� un �R< U so that PnKPn 1 K, as
n 1 ∞.

(B3)LetC �`�:2 �
B1 � B2 � andL �i� �

B1 � B2 � . ThenL
�
I � C � � I iff

�
I � C � L � I .

Moreover, I � L �?�:2 , if L
�
I � C � � I .

(B4) The presentationG � K of an operator G � K �"cf�¶�Ã�:2 �
B1 � B2 � : �� G � K �� G �Ýcf� �

B1 � B2 � � K �Ã�:2 �
B1 � B2 �®� is unique unlessdimB1

�
dimB2 L ∞.

Moreover, G � K is left-invertible iff it is right-invertible. If G � K is
invertible, then

�
G � K ��� 1 � G � 1 � K % for someK %�-�:2 .

The class cf���·�:2 is closed w.r.t. compositionand adjungation; in
particular, cd�g���:2 �

B1 � is a group.Obviously, cf�"<·cd�g���:2 .

Each A �¶cf�g���:2 �
B1 � B2 � is a Fredholmoperator, i.e., Ran

�
A� is closed,

dimKer
�
A� L ∞, anddimB1 ¦ Ran

�
A� L ∞.
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(B5)LetB1 becomplex. ThesetαI � K � CI ���:2 �
B1 � is a closedsubalgebra

of the Banach algebra �:2 �
B1 � , and this subalgebra is also closedw.r.t.

inversesand adjoints. Thepresentationof an elementof CI �»�:2 �
B1 � is

uniqueunlessdimB1 L ∞.

Furthermore, αI � K is left-invertibleiff it is right-invertible, andif αI � K
is invertible, then

�
αI � K � � 1 � α � 1I � K % for someK % ���:2 .

If dimB1
� ∞ andK �-�:2 �

B1 � , then � λI � K �²� £λ £ for all λ � C.

(C1) Let
F

S T
U V G ��� �

B1 � B2 � B3 � B4 � . Then � F S 0
0 V G � � max

� � S� � � V �¤� ,� F S T G �P� � � S� 2 ��� T � 2 � 1# 2, and � F S
U G �P� � � S� 2 �±� U � 2 � 1# 2; more

generally � � Li j � i + 1 ;ßÞßÞßÞ ; n; j + 1 ;)ÞßÞßÞß;m �²��� � � Li j �¤� i + 1 ;ßÞßÞßÞà; n; j + 1 ;)ÞßÞßÞà;m � Kn á m.

(D1) LetR �P� �
B1 � B2 � and � Rx�D� ε � x � for all x � X. ThenRis one-to-oneand

its range is closed,in particular, R �*cf� iff its range is dense. Moreover, if
R �*cf� , then � R� 1 �²� 1¦ ε.

(E1) (ClosedGraph Theorem) LetT : B1 1 B2 belinear. ThenT �`� �
B1 � B2 �

iff xn 1 0& Txn 1 y a y � 0 (for all � xn �f< B1 � y � B2).

(F1) Claims(j3)–(k2) and (c3)(i)–(iii)&(vi) of LemmaA.3.1hold for Banach
spacestoo.

(G1)LetA : Dom
�
A��1 B2 belinear, whereDom

�
A� is a subspaceof B1. Equip

Dom
�
A� with norm � x � 2

A : � � x � 2
B1

�·� Ax � 2
B2

. ThenDom
�
A� is a normed

space, andA �-� �
Dom

�
A� � B2 � . If B1 andB2 are innerproductspaces,then

so is Dom
�
A� , with inner product $ x � y' A : � $ x � y' B1

�e$ Ax� Ay' B2
. Moreover,

Dom
�
A� is completeiff A is closed.

Werecall from[Rud73] thatA in (G1) is calledclosediff xn 1 x andAxn 1 y
implythatx � Dom

�
A� andAx � y (thisholdsif � � x � Ax���� x � Dom

�
A��� is a closed

subsetof B1 � B2).
If B1

� B2 and B1 is complex, thenwe also defineσ
�
A� c : ��� λ � C �� I � λ �

A��� 1 ��� �
B1 ��� (that is, λ z� σ

�
A� iff there is T ��� �

B1 � s.t.
�
λI � A� T � IB1 and

T
�
λI � A� � IDomC AE ).
(G2) Let A �¶� �

B1 � B3 � . Let B2 < B3, continuously. SetDom
�
A� : �â� x �

B1 �� Ax � B2 � . ThenA £DomC AE : Dom
�
A�É1 B2 is closedand(G1)applies.

(G3) If A is asin (G1),B1
� B2 is complex andσ

�
A� c z� /0, thenA is closedand

x ~1 � � α � A� x � B1 is an equivalentnormon Dom
�
A� .

(H1) LetF : R y 1¢� �
B1 � B2 � , M L ∞ bes.t. � F �

t � �H� M for all t � R y , andlet
thespanof X < B1 bedense. If F

�
t � x 1 0, ast 1ã� ∞, for all x � X, then

F
�
t � x 1 0 for all x � B1.

(H2) Let F : R y 1 � �
B1 � B2 � , M L ∞ be s.t. � F �

t � �d� M for all t � R y . If
K < B1 is compactandF

�
t � x 1 0, ast 1Î� ∞, for all x � K, thenF

�
t � x 1 0

uniformlyfor x � K.

(I1) Let B1 < B2 be a subspace, Λ � B_2, x � B1 and Λx z� 0. ThenB1
�

B1
� Ker

�
Λ ��� Kx.
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(J1) (Bilinear) Let S: B1 � B2 1 B3 bebilinear. ThenSis continuousiff there
is M L ∞ s.t.� S� x � y� � B3 � M � x � B1 � y � B2 for all x � B1 � y � B2 M (A.22)

Assumethat this is the case. Thenthere is a uniqueT �w� �
B2 � � �

B1 � B3 �.�
s.t.S

�
x � y� � �

Ty� x for all x � B1, y � B2. Moreover, � T ��ª C B2 ; ª C B1 ;B3 E3E is the
minimalnumberM satisfying(A.22).

(K1) If x � B, thenthere is Λ � B_ s.t. � Λ �²� 1 andΛx � � x � B.

(L1) If ∑n
�

N � xn � B1 L ∞, then ∑n
�

N xn converges absolutely, and� ∑n
�

N xn � B1 � ∑n
�

N � xn � B1.

(M1) LetT ��� �
B1 � B2 � . If B1 is reflexive, thenT � T _[_ .

(N1)LetT �?� �
B1 � B2 � . ThenRan

�
T � is densein B2 iff T _ is one-to-one.

(N2) If B1 is reflexive, thenT �?� �
B1 � B2 � is one-to-oneiff Ran

�
T _®� is densein

B_1.

(N3)LetT �P� �
B1 � B2 � . ThenT 5B1 8 � B2 iff � T _ y_ � BÄ1 � ε � y_ � BÄ2 for someε � 0

andall y_ � B_2.

(N4) ( � Tx ��� ε � x � ) LetT �?� �
B1 � B2 � . Thenthefollowingareequivalent:

(i) � Tx �f� ε � x � for all x for someε � 0, i.e., T is coercive (“uniformly
boundedfrombelow”);

(iii) Ran
�
T _ � � B_1, i.e., T _ is onto;

(iv) Ran
�
T � is closedandKer

�
T � �"� 0 � ;

(ix) � TX ��ª C _ ;H E � ε � X ��ª C _ ; _ E for someε � 0 whenever X is linear (in
particular, X is boundediff TX is bounded);

(x) T ��cd� �
U � Ran

�
T �.� ;

(xi) There is ε � 0 s.t. for all x � B1 � � 0 � there is y_A� B_2 � � 0 � s.t.$ y_ � Tx'ÚÙ BÄ2 ; B2Û � ε � x �N� y_Ì� .
WecanreplaceB_2 byanyof its normingsubsetsin (xi).

(N5) (T �*cd� ���cf� ��ecf� �
U � H � � � ) LetT ��� �

U � H � . Thenthefollowing areequivalent:

(i) T ��cf� �
U � H � (i.e., T is invertible)

(ii) T is one-to-oneandonto;
(iii) T is coerciveandhasa denserange;
(vi) T _²�*cd� .

Moreover, each of (i)–(xi) impliesthat
�
T _ � � 1 � �

T � 1 � _ .
(O1) (Uniform BoundednessPrinciple) Let 0ä<�� �

B � B2 � . If � � Ax � B2 � A
� @

is boundedfor each x � B, thenthere is M L ∞ s.t. � A � ª C B ; B2 E � M for all
A �J0 .

(P1) (Completion) If X is a normedspace, thenthere is a Banach spaceX̄ (the
completionof X) s.t.X is a densesubspaceof X̄ (with thesametopology).
If X is an innerproductspace, thenX̄ is a Hilbert space.
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(Q1) (dimX L ∞dimX L ∞dimX L ∞) If X is a normedspaceand n : � dimX L ∞, then X is
isomorphicto Kn (with equivalentnorms).

(R1)TheBanach spaceB1 is reflexiveiff B_1 is reflexive.

(R2)If B_1 is reflexive, thenB1 is reflexive.

(R3) The Banach spaceB1 is reflexive and separable iff B_1 is reflexive and
separable.

(S1) (Subspaces)Let X be a closedsubspaceof a normedspaceY. If Y is
complete(resp.reflexive, separable),thensois X.

By (J1), the spaceof bilinear continuousmappingsB1 � B2 1 B3 with
norm inf � M �� M satisfies(A.22)� is a Banachspaceisometricallyisomorphicto� �

B2 � � �
B1 � B3 �.� (andto � �

B1 � � �
B2 � B3 �.� ).

Proof: (B1) All theseclaimsaregivenin Chapter4 of [Rud73](Theorems
4.18 and 4.19 in particular) or easily deduciblefrom them. Although the
resultsof [Rud73] concernthe Banachspaceadjoint

� , � B only, (e.g., K ��:2 �
B1 � B2 � h KB �¶�:2 �

B_2 � B_1 � ), they are applicablefor the Hilbert space
adjoint

� , � H too (when the Banachspacesconcernedhappento be Hilbert
spaces),becauseH is isomorphicto H _ asa real Hilbert space[Rud73,12.5]
(note that eachcomplex Hilbert spaceis also a real Hilbert space),hence
KH �`�:2 �

B2 � B1 � h KB �p�:2 �
B_2 � B_1 � , KH �wcf� �

B2 � B1 � h KB �wcf� �
B_2 � B_1 �

etc.Thelastclaimcanbeprovedasthefirst onein (B2).
(B2) 1{ Let F : �â� u � U �� � u ��� 1 � . For eachn � N, choosemn � N,

yn ; 1 � yn ; 2 �.M4M.M4� yn ;mn � K 5 F 8 s.t. the balls � y � Y �� � y � yn ; k � L 1¦ n � cover K 5 F 8 .
If P%ß%n is the orthogonalprojection of Y onto span

�
yn ; 1 � yn ; 2 �.M.M4M4� yn ;mn � , then

clearly � y � P%ß%n y � L 1¦ n for eachy � K 5 F 8 , i.e., � Ku � P%ß%n Ku � L 1¦ n whenever� u �J� 1. Let y%1 � y%2 �.M4M.M be the sequencey1 ; 1 � y1 ; 2 �.M.M.M[� y1 ;m1 � y2 ; 1 �.M.M.M so that� � I � P%n � K �¡1 0, asn 1 ∞.
2{ Choose� uk �f< U analogouslyfor K _²�-�:2 �

Y� U � . Then � K �
I � Pn �å� �� � I � Pn � K _ �¡1 0, hence� K � P%nKPn � � � � I � P%n � K � P%n 5K �

I � Pn �^84�¡1 0, as
n 1 ∞, asrequired.

3{ Thesequenceu1 � y1 � u2 � y2 �.M.M.M satisfiestherequirementsof thelastclaim,
becausethe projectionsP%ß%n thus obtainedsatisfy Ran

�
I � P%)%2n � � Ker

�
P%)%2n �d<

Ker
�
Pn � � Ker

�
P%n �

(B3) See[Rud73,Exercise4.9].
(B4) 1{ If (thereis) G �*cd� �

B1 � B2 � , thenG 5 B1 8 � B2, andB1 andB2 have
thesamedimension( � N = � ∞ � ).

If K �S�:2 �
B1 � B2 � , then[Rud73,Theorem4.18(a)]impliesthatdimK 5 B1 8 L

∞; hencethen cf� � �:2 �â� 0 � unlessdimB1
� dimB2 L ∞. If G � K �

G% � K % �wcf���w�:2 , then cf�©� G � G% � K % � K �-�:2 , hencetheuniqueness.
2{ SetC : � � G � 1K �e�:2 . By (B3) and the invertibility of G, we have

I � S
�
G � K � � SG

�
I � C � h �

I � C � SG � I h G
�
I � C � S � I for any S ��� ,

henceG � K is right-invertibleif f it is left-invertible.
Let now I � G � K ��� 1 � S �`� . Set

�
I � C%}� : � �

I � C ��� 1 to obtainC%��`�:2 ,
by (B3). ThenS � �

I � C ��� 1G � 1 � G � 1 � C% G � 1 �-�Pcf2 .
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3{ Obviously, G_o� K _��Kcf���K�:2 and
�
G � K � � G%.� K %&� � GG%.� �

GK %��
KG%O� KK %&�:�·cf�¼���:2 when G � K ��cf���©�:2 �

B1 � B2 � and G%O� K %¡�cf���e�:2 �
B2 � B3 � .

4{ Fredholm:If A � I � K, K �-�:2 , thentheclaimfollowsfrom Theorems
4.23 and 4.25 of[Rud73]. If G � K % �"cf�¶���:2 �

B1 � B2 � , then G � K % is a
Fredholmoperator, becausesois A : � I � K % G � 1 (bywhatwehavenotedabove)
andwehaveG � K % � AG.

(B5) Most claims follows easily from (B4). For the norm inequality, let
K �g�:2 �

B1 � anddimB1
� ∞. If we had � Kx �×� ε � x � for all x � B1 for some

ε � 0, thenK _ would beonto[Rud73,4.15]andcompact,which is impossible
[Rud73,4.18(b)].

If � Kx � L ε � x � , then � λx � Kx �f� � £λ £ � ε �å� x � ; becausethis kind of an x
existsfor anarbitraryε � 0, wehave � λI � K ��� £ λ £ .

It follows that if � λnI � Kn � is a Cauchysequence,thenso is � λn � , hence
thenλn 1 λ for someλ � C, which in turn impliesthatalso � Kn � is a Cauchy
sequence,thus converging to someK �*�:2 . (If, instead,dimB1 L ∞, then
I �e�:2 � �:2 � � .)

(C1)This is easy:if x � B1 �iM.M4Må� Bm andwereplaceeachtermby its norm
in thevectorLx, wegetaproductof theform Kn ! m , Km, from which theupper
boundis obtained(the conversedoesnot hold, e.g., � F A BG � � 1 L�æ 2 �� F 1 1G � , whenA � F

1
0 G , B � F

0
1 G ).

We haveusedherethe2-norm � � b � b% � � 2 : � � b � 2 �©� b% � 2 � £ � � b � � � b% �¤� £ K2

(which is alwayscompatiblewith theproducttopologyandthecanonicalone
in caseof Hilbert spaces);of coursethe resultsaredifferentfor othernorms.
Also the spaceKn ! m is equippedwith its canonical( � �

Km � Kn � ) norm (i.e.,� A � Kn á m : � sup« x « ¬ 1 � Ax � ; if K � C, then one can show that � A � Kn á m
�

maxσ
�
A_ A� 1# 2).

(D1) The first claim is straightforward, the equivalencefollows from the
openmappingtheorem[Rud73,2.12(b)],andthe inequalityfrom the formula� x � � � RR� 1x ��� ε � R� 1x � for all x � H.

(E1) “Only if ” is obvious;“if ” follows from Theorem2.15of [Rud73].
(F1) Thesameproofsapply(seethereferencesin theproof of (h1)).
(G1) Theclaimsarequiteobvious(notethat � xn � is a Cauchy-sequencein

Dom
�
A� if f � xn � and � Axn � convergeto somex � B1 andy � B2, respectively).

(G2) Let � xn ��< Dom
�
A� , xn 1 x in B1, andAxn 1 y in B2. ThenAxn 1 y

in B3 too,by alsoAxn 1 Ax in B3, henceAx � y andx � Dom
�
A� .

(G3) One easily verifies the first claim. If α � σ
�
A� c and � xn � is a

Cauchy-sequencein Dom
�
A� , then

�
α � A� xn 1 y for somey � B1, hence

xn 1 �
α � A� � 1y � : x, because

�
α � A� � 1 ��� �

B1 � . Consequently, then
x � �

α � A��� 1 5B1 8 � Dom
�
A� and

�
α � A� x � y, so that xn 1 x in Dom

�
A� .

Thus,Dom
�
A� is complete.

(H1) Let x � B1. ReplaceX by its span.Choosex%N� X s.t. � x � x%^� L ε ¦ 2M.
If � F �

t � x%ç� L ε ¦ 2, then � F �
t � x � L ε.

(H2) Let ε � 0 be given. Set δ : � ε ¦ 2M. Then there are n � N and
x1 �.M.M.M^� xn � K s.t.K <*= n

k+ 1D
�
xk � δ � . ChooseT1 �4M.M.M4� Tn L ∞ s.t. � F �

t � xk � L ε ¦ 2
for all t � Tk, for all k � 1 �.M.M4M[� n.
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If x � K andt � max� T1 �4M.M.M4� Tn � , choosek s.t. � x � xk � L δ to observe that� F �
t � x �²��� F �

t � xk ���©� F �
t � � x � xk �å� L ε ¦ 2 � Mδ � ε.

(I1) Obviously, B1
� Ker

�
Λ ��� Kx < B1. For the converse,assumethat

z � B1. Chooseα � K s.t.Λz � αΛx. Thenαx � z � Ker
�
Λ � � B1.

(J1) 1{ Assumethat S is continuous.Thenthereareε � ε % � 0 s.t. S5 D1
ε �

D2
ε l 8\< D3

1, where Dk
r : �Ð� x � Bk �� � x � L r � . By bilinearity, we can take

M : � �
min � ε � ε % �è� � 2.

2{ Assumethat M L ∞ satisfies(A.22). (If M � 0, thenS � 0, hencewe
assumethat M � 0.) Then, for any ε � 0, we have S5D1

δ � D2
δ 8É< D3

ε , where
δ : � �

M ¦ ε ��� 1# 2. Thus,S is continuousat zero.By bilinearity, wehave

S
�
x � x% � y � y% �Æ� S

�
x � y� � S

�
x � x% � y � y% �Æ� S

�
x � x% � y��� S

�
x � x% � y�Æ� S

�
x � y�� S

�
x � x% � y% �� S

�
x% � y�

(A.23)
for all x � x% � B1, y� y% � B2. Given

�
x � y�b� B1 � B2 andε � 0, it obviouslyfollows

that � S� x � x% � y � y%3�¨� S
�
x � y� � B3 L ε for � x%|� � � y%ç� L δ : � ε ¦ 2M

�
R � 1� , where

R : � max� � x � � � y �Q� . Therefore,S is continuous.
3{ AssumethatM L ∞ satisfies(A.22). For eachy � Y, themapTy : x ~1

S
�
x � y� is in � �

B1 � B3 � , and T : y ~1 Ty is linear and � Ty � ª C B1 ; B3 E � M � y � B2,
henceT is asin (J1)and � T ��� M.

We have � S� x � y� � B3 ��� Ty �N� x �²�·� T �N� y �N� x � , thus � T � satisfies(A.22) in
placeof M; because� T ��� M for any othersuchnumberM, � T � is theinfimal
one.

(K1) SeeCorollary3.3of [Rud73].
(L1) This is aneasyexercise.
(M1) For all x � B1

� B_[_1 andy � B_2, wehave$ y_ � Tx'ÚÙ BÄ2 ;B2Û � $ T _ y_ � x'ÚÙ BÄ1 ; B1Û � $ T _ y_ � x'ÚÙ BÄ1 ; BÄ3Ä1 Û � $ y_ � T _[_ x'ÚÙ BÄ2 ;BÄéÄ2 Û M (A.24)

Thus,T _^_ x � B_[_2 is theelementy_D~1j$ y_ � Tx' BÄ2 ; B2
of B_^_2 , which is identifiedto

Tx � B2. I.e., therangeof T _^_��g� �
B_^_1 � B_[_2 � � � �

B1 � B_^_2 � is containedin the
closedsubspaceB2 of B_^_2 .

(N1) This is Corollary4.12(b)of [Rud73].
(N2) By (N1), Ran

�
T _�� is denseif f T _[_ is one-to-one.But T _^_ � T, by

(M1).
(N3) This is Theorem4.15of [Rud73].
(N4) One easily verifies the implication “(i) a (iv)”. We obtain

“(ix) h (i) Ï (xi)” and“(i v) a (x) a (i)” asin LemmaA.3.1(c3),“(i) h (iii)” from
Theorems4.14and4.12(c)of [Rud73],and“(i) a (xi) from (K1).

(N7) “(iii) h (i) a (ii)” follows from (N4)(x), “(ii) a (vi)” from (N3) and
Theorems4.12(c)&4.14(sincethenT _ is coerciveandonto)“(vi) a (iii)” from
(N3)&(N4)(iii).

Finally, if y � B2 andy_ � B_2, then $ � T � 1 � _ T _ y_ � y' � $ y_ � TT � 1y' � $ y_ � y' ,
hence

�
T � 1 � _ T _ � I , hence

�
T � 1 � _ � �

T _ � � 1.
(O1)See,e.g.,[Rud86],Theorem5.8.
(P1)This is well-known (any metricspacehasa completion— a complete

metric spacein which the spaceis complete,by Exercise24 of [Rud76]; one
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easilyverifiesthatvectoroperations,normandinnerproductcanbeextended
to thecompletion).

(Q1) By Theorem1.21of [Rud73],every vector isomorphism(i.e., linear
bijection)from Kn to aTVS is ahomeomorphism,henceaTVS isomorphism.

(R1)&(S1)SeeExercice4.1(d)&(f) of [Rud73].
(R2) See[Adams,Theorem1.14].
(R3) This follows from (R1)and(R2). �

Sometimesone needsconceptssuchas “self-adjoint” also for spacesother
thaninnerproductspaces.Suchextendedconceptsaretreatedbelow (seeRemark
A.3.22for

� , � d):

Lemma A.3.5 Let J � S ��� �
B � Bd � , where B is a Banach space. Then(we use

belowsesquilinearpairing)

(a) If $ x � Jx' � $ x � Sx' for all x � B, thenJ � S.

(b) Wehave$ y� Jx'êÙ Bdd ; BdÛ � $ Jx � y'ÚÙ Bd ;BddÛ � $ x � Jdy'ÜÙ B ; BdÛ for all x � y � B.

(c1)Thefollowing areequivalent:

(i) J � Jd £ B;

(ii) $ y� Jx' Ù B ; BdÛ � $ x � Jy' Ù B ;BdÛ ( � : $ Jy� x' Ù Bd ; BddÛ ) for all x � y � B;

(iii) $ x � Jx' � $ x � Jx' for all x � B.

(Thus,“J � 0” (i.e., $ x � Jx'´� 0 for all x � B) impliesthat J � Jd £ B.)

(c2) Assumethat J � Jd £ B. ThenT is invertible iff T is onto (iff T is coercive
andB is reflexive).

(d) Thenthefollowing areequivalent:

(i) “J u 0” (i.e., $ x � Jx' Ù B ; BdÛ � ε � x � 2 for someε � 0 andall x � B);
(ii) “J � 0” andJ is coercive.

Moreover, in eithercaseJ � Jd £ B (henceJ �ecf� �
B � B_ � iff B is reflexive).

Proof: (Weapply
� � B resultsfreely for

� � d; seeRemarkA.3.20for justifica-
tion. NotethatJ � Sarelinearto Bd, hencenot to BB (unlessK � R or B �"� 0 � );
cf. RemarkA.3.22.)

(a) Theproof of Theorem12.7of [Rud73]shows that $ x � � J � S� y' � 0 for
all x � y � B, hence

�
J � S� y � 0 � Bd for all y � B, henceJ � S � 0.

(b) This is obvious(seeRemarkA.3.22).
(c1)Weobtain“(i) h (iii)” from (a)and(b). Since$ y� Jdx' : � $ Jy� x' , wehave

“(i) h (ii)”
(c2) The map J is onto (i.e., J 5 B8 � Bd) if f Jd �*� �

Bdd � Bd � is coercive,
by LemmaA.3.4(N3). In eithercase,J � Jd £ B is coercive, henceJ � Jd �»cf� ,

by (N5)(iii)&(i)&(i v). Thus, J 5 B8 � Bd � Jd 5 Bdd8 , henceB � Bdd, i.e., B is
reflexive.
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Finally, if(f) B is reflexive,thenJd � Jd £ B � J, hencethencoercivity implies
“onto”, by (N3).

(d) (Notethat(i) or (ii) impliesthatJ is an isomorphismontoits range,by
LemmaA.3.4(N4).)

Trivially, (i) implies (ii) and(ii) implies that (c1)(iii) holds. Assumethen
(ii), sothat � Jx �\� δ � x � for all x � X andsomeδ � 0. Setε : � δ2 ¦ 4 � J � .

Let x � B bearbitrary. Thereis y � B s.t. � y � � 1 and $ y� Jx'´� δ � x �¤¦ 2. By
(c1)(ii) wehave

0 �»$ � rx � y� � J � rx � y�Ú' � $ y� Jy'å� 2r Re$ x � Jy'è� r2 $ x � Jx' �
r � R � M (A.25)

Thus,(A.25) is a realpolynomialwith at mostoneroot,hence
�
2Re$ x � Jy'(� 2 �

4$ x � Jx'Ü$ y� Jy'�� 0, hence$ x � Jx'´� Re$ x � Jy'Ü¦Ì$ y� Jy'�� �
δ ¦ 2� 2 � x � 2 ¦�� J � � ε � x � 2 M (A.26)�

We endthis sectionwith someauxiliary lemmas.We oftenusethefollowing
lemmato show thecontinuityof acontinuousmappingunderastrongernorm:

Lemma A.3.6 (TX1 < X2
a T �?� �

X1 � X2 �TX1 < X2
a T ��� �

X1 � X2 �TX1 < X2
a T �-� �

X1 � X2 � ) AssumethatX1 andX2 areBanach
spaces,X3 is a TVS,and X2 <

c
X3. If T �*� �

X1 � X3 � and TX1 < X2, then T �� �
X1 � X2 � .
Here X2 <

c
X3 meansthat X2 < X3 continuously, i.e., there is M L ∞ s.t.� x � X3 �â� x � X2 for all x � X2. A continuousinclusion is called an embedding

(or an imbedding). E.g., L∞ � 5 0 � 18ê�v<c L1 � 5 0 � 18ê� . (Sometimesonemeansby an
embeddingany continuousinjective linearmapping;thenameinclusionrequires
injectivity andsomesenseof unique(canonical)identification.)

It follows that X1 <
c

X2 <
c

X3
�ba X1 <

c
X3 and that X1 <

c
X2 & T �� �

X2 � X3 � �ba T �?� �
X1 � X3 � .

Proof of Lemma A.3.6: Let xn 1 x in X1 and Txn 1 0 in X2. Then
Txn 1 0 in X3, henceTx � 0, henceT ��� �

X1 � X2 � , by LemmaA.3.4(E1).�
By settingT : � I andapplyingLemmaA.3.6,weobtainthefollowing:

Corollary A.3.7 (Inclusionsarecontinuous) AssumethatX1 andX2 areBanach
spacesandX3 is a TVS.If X1 <

c
X3, X2 <

c
X3 andX1 < X2, thenX1 <

c
X2.

In particular, if X1
� X2 as sets and X1 � X2 <

c
X3, then X1 and X2 have

equivalentnorms(i.e., thesametopology). �
Sometimeswewish to applytheabovecorollarywith X3

� Lp
loc

�
Ω;B� , where

Ω < Rn is openor Ω < Zn (in the latter caseLp
loc

�
Ω;B� becomesthe setof all

functionsΩ 1 B with thetopologyof pointwiseconvergence).For thatpurpose,
we notethatLp

loc is a TVS (evena Fréchetspace)with the topologyinducedby
theseminorms� , � Lp C K;BE (K < Ω, K is compact);seeAppendixB.3 (or Chapter1
of [Rud73])for details.
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Definition A.3.8 (Norming set) A set C < B_ is a norming set (for B) (or a
determiningset) if � x � B

� supΛ
�
C £Λx £ for each x � B. A subspaceX < B_ is

a normingsubspace(for B) if it containsa normingset.

Note that � Λ �7� 1 for eachΛ � C above; obviously, we canredefineC s.t.� Λ � � 1 for eachΛ � C unlessB ��� 0 � .
We may take X to be B_ or a densesubspaceof B_ ; if B � B_2, thenwe may

takeX � B2.

Lemma A.3.9 Let B be separable. ThenB and B_ possesscountablenorming
sets. �

(This is Theorem2.8.5of [HP].)

Lemma A.3.10(Extensionby density) Let X be a normedspaceandY a Ba-
nach space. Let X0 be a densesubspaceof X (with the samenorm) and let
T �K� �

X0 � Y � . Thenthere is a uniqueT̄ �e� �
X � Y � s.t. T̄x � Tx for all x � X0.

Moreover, � T̄ � � � T � . �
The lemma is approximatelyProposition2.3.1 of [Rauch]; the proof is

straightforward(if � xn ��< X0 is aCauchysequence,thensois � Txn � , etc.),andwe
omit it. Note thatonecanidentify X _0 andX _ (aswell as � �

X0 � Y � and � �
X � Y � )

by theabove lemma.

Lemma A.3.11(Norm-preserving extension) Let T �e� �
X � B2 � , where X is a

subspaceof B. If B2
� Kn or B is a Hilbert space, then T has an extension

S �-� �
B � B2 � s.t. � S� � � T � .

(Note,in contrast,thatI �i� �
H1 � H1 � hasnoextensionin � �

L1 � H1 � , by p. 154
of [Hoffman]. However, whenever B2

� Kn, we canextendall n componentsof
T to getacontinuousextensionof T (possiblywith agreaternorm).)

Proof: If B2
� K , any Hahn–Banachextensionof T will do. If B is a

Hilbert space,thenwe canextendT to S �w� �
X̄ � B2 � by LemmaA.3.10, and

setS � 0 on X ¯ . �
Not all continuouslinear mappingscan be extended(e.g., H1 � D is not

complementedin L1 � ∂D � , by p. 130of [Rud73]):

Lemma A.3.12 LetX bea subspaceof B. Thenthefollowingareequivalent:

(i) For each Banach spaceB2 andoperator T ��� �
X � B2 � there is an extension

S �-� �
B � B2 � of T;

(ii) X̄ is complementedin B;

(iii) there is a continuousprojectionB 1 X̄.
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WesaythataclosedsubspaceM < B is complementedin B if thereis aclosed
subspaceN < B s.t.B � M � N andM � N ��� 0 � .

Proof: By LemmaA.3.10,weassumethatX is closed,w.l.o.g.
(ii) h (iii) This is Theorem5.16of [Rud73].
(i) h (iii) If (iii) holdsandT is given, setS � TP, whereP ��� �

B � X � is
a projection, to establish(i). Conversely, if (i) holds, there is a continuous
extensionof I ��� �

X � X � to an operatorP �©� �
B � X � , which must satisfy

PP � IP � P. �
Lemma A.3.13(� �

Y� Z ��<c � �
X � Z �� �

Y� Z ��<
c
� �

X � Z �� �
Y� Z ��<c � �

X � Z � ) Let X, Y andZ benormedspaces.If X <
c

Y densely, then � �
Y� Z ��<c � �

X � Z � .
Trivially, if Y <

c
Z, then � �

X � Y �¥<
c
� �

X � Z � .
Proof: ChooseM L ∞ s.t. � x � Y � M � x � X (x � X). Let T ��� �

Y� Z � . Then
T £ X ��� �

X � Z � determinesT uniquely by density, hence � �
Y� Z �d<·� �

X � Z � .
Moreover, � Tx � Z ��� T ��ª C Y; Z E � x � Y � M � T ��ª C Y ; Z E � x � X

�
x � X � � (A.27)

hence� T ��ª C X ; Z E � M � T ��ª C Y; Z E , i.e., theinclusionis continuous. �
Lemma A.3.14(Boundsfor a projection) Let Y z� X be a closedsubspaceof
the Banach spaceX and ε � 0. Thenthere is x � X s.t. � x � � 1 and d

�
x � Y � : �

infy
�
Y � x � y �×� �

1 � ε ��� 1. Consequently, � P1 � L 1 � ε and � P0 � L 2 � ε, where
P0 :

�
y � αx�É1 y andP1 :

�
y � αx�É1 x, for y � Y andα � K .

Moreover, there is Λ � X _ s.t. � Λ � � 1, Λ � 0 onY, and � Λx �²� �
1 � ε ��� 1.

Proof: Theexistenceof x follows from [Rud73,Lemma4.22].
Chooseδ L ε s.t.d

�
x � Y �¡� �

1 � δ � � 1. For α z� 0 wehave� y � αx � � £α £ � y¦ α � x ��� �
1 � δ � � 1 £α £ (A.28)

and � P1
�
y � αx� � � � αx � � £α £ L �

1 � δ � � y � αx � , hence� P1 �¥� 1 � δ L 1 � ε.
Consequently, � P0 � � � I � P1 � L 1 � 1 � ε.

SetΛ % αx : � α for α � K , so that Λ % � 1. SetΛ %ß% : � � P0 � � 1Λ % P0 � X _0 , so
that � Λ %ß% � � 1 andΛ %ß% x � � P0 � � 1 � �

1 � ε � � 1. Now Λ canbe taken to be a
Hahn–Banachextensionof Λ %ß% . �
Wenow show how normscanbeinducedandcoinduced:

Lemma A.3.15(Induction) Let X be a vector space, Y a normedspaceand
T � Hom

�
X � Y � s.t.Ker

�
T � ��� 0 � . Set � x � X : � � Tx � Y for each x � X.

ThenX becomesa normedspace, T ��� �
X � Y � , andT is an isometry. If Y is

an innerproductspace, thensois X.
Assumethat X % : � X is a Banach spaceunder somenorm � , ��%X, and that

T ��� �
X % � Y � and � Tx � Y � ε � x ��%X for all x � X andsomeε � 0. If Y is complete

(resp.reflexive), thenso is X, andthenX is isometricallyisomorphicto a closed
subspaceof Y.
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Proof: 1{ Obviously, � , � X is a norm on X andT is an isometry(hence
T �e� �

X � Y � ). If $ ,3�., ' is an inner producton Y, then $ T ,&� T , ' is obviously an
innerproductonX and $ Tx � Tx' � � x � 2

X for all x � X.
Remark:If X < Y andwe setT � I , then � , � X

� � , � Y £ X; in particular, X
neednotbecompleteevenif Y werecomplete.

2{ WhenY is complete:If � xn � is Cauchyin X, then � Txn � is Cauchyin
Y, hence� xn � is Cauchyin X % , hencethenxn 1 x in X % for somex � X. By
continuity, Txn 1 Tx in Y, hencexn 1 x in X.

It follows thatT is an isometricisomorphismof X to a closedsubspaceof
Y.

3{ WhenY is reflexive: Being reflexive, Y is complete,henceso is X.
Therefore,X is reflexive,by LemmaA.3.4(S1)and2{ . �

Lemma A.3.16(Coinduction) LetX andY benormedspacesandT �?� �
X � Y � .

SetZ : � T 5X 8 . Then � z � Z : � inf � � x � X �� x � X � z � Tx � is a normon Z. With this
norm,wehave � T � ª C X ; Z E � 1 and � , � Y �Ý� T � ª C X ;Y E � , � Z. If X is completeor a
Hilbert space, thensois Z.

Proof: Becausethe spaceN : � Ker
�
T �×< X is closed,the quotientspace

X ¦ N with norm � x � N � X # N : � inf � x � N � X is a normedspace,and it is
completeif X is complete,by Theorem1.41of [Rud73].

Set S
�
x � N � : � Tx for x � X. Then S : X ¦ N 1 Z is obviously a linear

bijection,and � S� x � N � � Z
� � x � N � X # N for all x � X. It followsthat � , � Z is a

normandit makesSanisometricisomorphism.In particular, if X is complete,
thenZ is complete.

For eachx � X, wehave� Tx � Y � inf
Txl + Tx

� Tx% � Y ��� T ��ª C X ;Y E inf
Txl + Tx

� x% � X
� � T ��ª C X ;Y E � Tx � Z � (A.29)

hence� , � Y �·� T � ª C X ;Y E � , � Z. Trivially, � Tx � Z ��� x � X for x � X.
Assumenow that X is a Hilbert space. Define P ��� �

N ¯ � X ¦ N � by
Px : � x � N. Then � Px � X # N � � x � H for all x � N ¯ . It follows that X ¦ N is a
Hilbert space(becausesois N ¯ andP is anisometricisomorphismof N ¯ onto
X ¦ N), henceso is Z (with $ z� z%à' Z : � $ x � x%ß' X, where � x � � T � 1 � z� � N ¯ and� x% � � T � 1 � z% � � N ¯ ). �
Onesometimeswishesto definespacessuchasL1 � R �¨� L∞ �

R � ; a necessary
conditionis, of course,that bothoriginal spaceslie in a singlevectorspace.To
guaranteethattheresultingspaceis a normedspace,we requireabit more.

NormedspacesX andY arecalledsum-compatible, or
�
X � Y � is calledasum-

compatiblepair, if X <
c

Z, Y <
c

Z for someTVS Z.

Lemma A.3.17(X � YX � YX � Y) Let X andY be sum-compatiblenormedspaces.Then
X � Y is a normedspacewith norm � z � X y Y : � infz+ xy y

� � x � X �©� y � Y � .
Thisoperation is commutativeandassociative:X � Y � Y � X and

�
X � Y �]�

X2
� X � Y

� � X2 � , isometrically, whenX2 is sum-compatiblewith X andwith Y.
Moreover, X <

c
X � Y andY <

c
X � Y.
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If X andY are Hilbert spaces,thensois X � Y (with an equivalentnorm). If
X andY arecomplete, thensois X � Y.

Thefollowing areequivalent:

(i) X andY aresum-compatible;

(ii) X andY arevectorsubspacesof somethird vectorspace,and � , � X y Y is a
normonX � Y.

Indeed,(ii) implies that we can take Z � X � Y in (i), and the above lemma
provides the converse(i) a (ii). Thus, X � Y is well definedif f X and Y are
compatible.

Proof: This is containedin Lemma2.3.1 of [BL], except the claims on
commutativity, associativity andembeddings,whichareobvious,andtheclaim
on Hilbert spaces,whichweprovebelow:

One easily verifies that T
�
z� z% � : � z � z% defines an element of

T �"� �
X � Y� X � Y � . The norm of X � Y � 5 T �

X � Y �^8 is clearly that
coinducedby T (seeLemma A.3.16), henceX � Y is a Hilbert space,by
LemmaA.3.16. �

Lemma A.3.18(X � YX � YX � Y) Let X and Y be normedspacesthat are subspacesof
somevector spaceZ. Then X � Y is a normedspacewith norm � x � X ë Y : �
max

� � x � X � � x � Y � .
Thisoperation is commutativeandassociative:X � Y � Y � X and

�
X � Y � �

X2
� X � �

Y � X2 � , isometrically, whenX2 < Z. Moreover, X � Y <
c

X andX � Y <
c

Y.
If X and Y are inner product spaces,then so is X � Y (with inner product$ x � y' X �K$ x � y' Y andthecorrespondingnorm � x � : � � � x � 2

X ��� x � 2
Y � 1# 2, equivalent

to max� � x � X � � x � Y � ).
If x � y wheneverxn 1 x in X andxn 1 y in Y (thisholdswheneverZ is a TVS

andX <
c

Z andY <
c

Z), andX andY arecomplete, thenX � Y is complete.

Thus,also the spacesX : � Lp � Q;B� andY : � Lq � Q;B� of Definition B.3.1
will do whenp � q ��5 1 � ∞ 8 (if limits in Lp andLq mustbeequala.e.,henceequal
aselementsof Lp � Lq, by TheoremB.3.2.

Proof: All theseclaimsarequiteobvious(cf. Lemma2.3.1of [BL]). (The
inclusionsto Z makesum,scalarmultiplicationandX � Y well defined.) �

Lemma A.3.19 Let X1 andX2 besum-compatiblenormedspaces,andlet Y bea
normedspace.

(a) If X1 <
c

X2, thenX1
� X2

� X1 andX1 � X2
� X2 asTVSs(i.e., with equivalent

norms).

(b) If X0 < X1
� X2 is densein X1 andin X2, thenX0 is densein X1 � X2.

(c1) If Xk <
c

Y (k � 1 � 2), thenX1 � X2 <
c

Y.
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(c2) If Y <
c

Xk (k � 1 � 2), thenY <
c

X1
� X2.

Note that theassumptionsof (a) and(c1) imply thesum-compatibilityof X1

andX2.
Proof: (a) Now � , � X2 � M � , � X1 on X1 for some M ��5 1 � ∞ � , hence� x � X1 �±� x � X1 ë X2 � M � x � X1. Obviously, � z � X1 y X2 �±� z � X2. But if z � x � y,

then � z � X2 � M � x � X1 �©� y � X2. Therefore,� z � X2 � M � z � X1 y X2.
(b) Let x � y � X1 � X2. Then � � x � y�o� �

x%.� y%&� � X1 y X2 �·� x � x%|� X1 �Ã� y �
y%|� X2 for any x% � y%� X0.

(c1)&(c2)Thesearequiteobvioustoo. �
We deducethat sum-compatibilityis not an equivalencerelation,becauseit

is not transitive: SetY : � span
� � xn � n

�
N � � cc

�
N � , wherexn : � ne0 � en (n � N),

with thenorm � ∑k αkxk � Y : � ∑k £αk £ 2 (thusY becomesisometricallyisomorphic
a subspaceof t 2 � N � ). SetX : � t 2 � N � . ThenV : � span

� � e7 �è� is sum-compatible
with X andY, but X is not sum-compatiblewith Y: The function � , � X y Y is not
a normon X � Y, because� e0 � X y Y

� n � 1 � xn � en � X y Y � 2¦ n for all n � N � 1,
i.e., � e0 � � 0, althoughe0 z� 0. (OnecanalsoreplaceY by its completion;then
all threespacesbecomeHilbert spaces.)

Remark A.3.20(
�
K � C �É~1 �

K � R � ) Complex normedspacescan be consid-
ered as real normedspaceshaving sametopological properties,as shownin
LemmaA.3.21. It follows that several resultson real normedspacescanbeap-
plied to complex normedspaces;in particular, we obtain resultsfor dualsand
adjoints (both

� � d and
� � B (and

� � H), seeRemarkA.3.22)on complex normed
spacesfromresultsfor dualsandadjointsgivenon real normedspaces.

We apply this fact without further mention(this has beendonein Lemmas
A.3.1andA.3.5). �

Here
� � B (resp.

� � d) refers to standard(resp.“conjugate-linear”)dualsand
adjointsin Banachspaces;

� � H to the adjointsanddualsin Hilbert spaces(thus� � H coincideswith
� � d on Hilbert spaceswhenwe identify a Hilbert spaceandits

dual).
Analogously, a complex vector spaceis also a real vector space. Next we

recordtheinvarianceof certainpropertiesunderthismodification:

Lemma A.3.21(XR) LetX bea complex vectorspace. LetXR beX with scalars
restrictedto R. ThenXR is a vectorspace.

Assume, in addition, that X and Y are TVSs. Then XR is a TVS, X _R �
ReX _ � ReXd and � �

X � Y �×<�� �
XR � YR � . If X is normed,thenthe samenorm

is a norm on X too and � ReΛ � � � Λ � for all Λ � X _ , in particular, X _R �
ReX _ � ReXd isometrically. If X andY are normed,then � �

X � Y �¥<�� �
XR � YR �

linearly and isometrically; thus,if T �w� �
X � Y � , thenTR : � T �g� �

XR � YR � and� TR ��ª C XR;YR E � � T ��ª C X;Y E ; moreover, then
�
T _®� R � �

Td � R (i.e., T _ � Td as
elementsof � �

Y _R � X _R � ).
Moreover, X is complete(resp.metrizable, separable, normable, reflexive)

iff XR is. If $ ,3�4, ' is an inner product in X, then Re$ ,3�4, ' is an inner product in
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XR. Finally,
�
XR � R � XR and CR

� R2 as TVSs,but � �
CR � � R2 ! 2 whereas� �

C � � C.

Analogously, if Y is arealvectorspace(resp.[separable]TVS, normedspace,
Banachspace,Hilbert space),then so is YC : � Y � iY (with the topology and
additionof Y2 andnaturalscalarmultiplication(i

�
y � iy %&� : � � y%.� iy)), but wedo

not needthis.
Wenotethatif X is normed,then

�
XR �._ � �

X _�� R � �
Xd � R asBanachspaces(if

we identify Λ andReΛ); analogously, X _^_R
� �

X _ � _R � �
X _[_ � R, which establishes

thereflexivity claim.
Proof of Lemma A.3.21: It is nothardto verify theaboveclaims,someof

whicharegivenin Section3.1of [Rud73].
By X _R � ReX _ � ReXd we meanthat X _R �q� ReΛ �� Λ � X _ � : XB � �� ReΛ �� Λ � Xd � ; cf. RemarkA.3.22 (X neednot benormed;the identity map

betweenvectorspacesXB andXd is neverthelessa conjugate-linearbijection,
hencetheidentitymapbetweenvectorspacesReXB andReXd is a linearbijec-
tion, i.e.,avectorspaceisomorphism(anisometricBanachspaceisomorphism
if X is normed)). �
As notedabove, theHilbert spaceadjointTH ��� �

Y� H � (“T _ ”) of a bounded
linear operatorT ��� �

H � Y � is identical to the Banachspaceadjoint TB �� �
Y _ � H _ � (“T _ ”) whenwe identify theHilbert spaceswith their duals;however,

this identificationdoesnot preserve scalarmultiplication (in the nontrivial case
with K � C):

�
αT � H � ᾱTH, whereas

�
αT � B � αTB.

But this follows from the fact that multiplication by α in Y correspondsto
multiplication by ᾱ in Y _ ; by definingthe multiplication in Y _ by the latter, we
canmake thesetwo conceptsidentical:

Remark A.3.22(Conjugate-linear dual XdXdXd (or X _X _X _ )) Let X and Y be normed
spaces. Usually, the dual X _ � : XB is equippedwith scalar multiplication�
αΛ � x : � α

�
Λx� (α � K � Λ � X _ � x � X). However, X _ becomesa Banach

space(denotedby Xd) also with the “conjugate-linear” scalar multiplication�
αΛ � x : � ᾱ

�
Λx� , i.e.,�

ᾱΛ � x � : $ x � ᾱΛ'ÚÙ X ; XdÛ : � $ αx � Λ'êÙ X ; XdÛ � α $ x � Λ'ÜÙ X ; XdÛ : � α
�
Λx� � : α $ Λ � x'ÚÙ Xd ; X Û

(A.30)
for all x � X � Λ � X _ � α � K (note that we have set $ Λ � x'ÜÙ Xd ; X Û : � Λx �$ x � Λ' Ù X ; XdÛ ).

Then the identity mappingI : � IXd : Xd 1 XB is a conjugate-linear(i.e.,
I
�
Λ � Λ %&� � IΛ � IΛ % , but IαΛ � ᾱIΛ) isometryof Xd onto XB. In particular,

all set-theoretic, topological and metric propertiesof XB and Xd are identical.
Moreover, if T �?� �

X � Y � andweset$ x � Tdyd'ÜÙ X ; XdÛ : � $ Tx � yd'ÜÙ Y;YdÛ �
x � X � yd � Yd � � (A.31)

then Td ��� �
Yd � Xd � , � T _O� ª C YB ; XB E � � Td � ª C Yd ;Xd E � � T ��ª C Y ;X E and Td �

I _
XdT _ IYd. Thus,� �

YB � XB � and � �
Yd � Xd � are isometricallyisomorphic.
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Theconjugate-linearadjointsatisfiesalgebraic laws
�
ST � d � TdSd and

�
αS �

βT � d � ᾱSd � β̄Td.
Themapx ~1 �

Λ ~1 Λx� is a (canonical)linear isometryX 1 Xdd : � �
Xd � d

(cf. thecanonicallinear isometryX � x ~1 �
Λ ~1 Λx��� XBB : � �

XB � B). If X is
reflexive, thenXdd : � �

Xd � d is isometricallyisomorphicto X (andweidentifythe
two; analogously, weidentifyXBB andX throughthelatter isometrywhenweuse
“linear duals”).

If X is a Hilbert space, thenXd becomesisometricallyisomorphicto X (and
weidentifythetwo). In particular, if X andY areHilbert spacesandT �p� �

X � Y � ,
thenTd becomestheHilbert spaceadjointof T. �

Thus,Td � TB exceptthat their (otherwiseequal)domainandrangespaces
havedifferentlydefinedscalarmultiplication.

Thename“conjugate-lineardual” is somewhatmisleading:westressthatalso
Xd is an ordinaryBanachspaceover K ; in particular, the scalarmultiplication
(andaddition)satisfiesstandardvectorspaceaxioms.Thechoice

�
αΛ � x : � αΛx

is certainlynot theonly oneto provide avectorspacestructurefor X _ , ratherit is
anunnaturalonefor any complex Hilbert space.

NotethatthepairingX � Xd 1 K becomessesquilinear, i.e., it is linear in its
first andconjugate-linearin its secondargument;thesameappliesto Xd � X 1 K
(whereasX � X _H1 K andX _ � X 1 K arebilinear).

In Hilbert spacecontext we useHilbert adjointsinsteadof Banachadjoints
(i.e.,T _ : � Td whenT mapsbetweenHilbert (or innerproduct)spaces;otherwise
T _ : � TB), following the standardconvention. Usually, X _ : � XB (for normed
spacesX), but in pivot spacecontext we usesesquilinearpairings,i.e.,X _ : � Xd;
seeDefinitionA.3.23for details(thisshouldbeclearfrom thecontext). Of course,
thereis nodifferencewhenK � R.

Anothercommonconventionin infinite-dimensionalcontrol theoryis to use
pivot spaces(seeDefinitionA.3.23),to have thepairingbetweenspacesandtheir
dualscoincideto the innerproduct(or its extension)in a pivot space, andhence
dependentonly on theelementsto bepaired,noton thespaces.

To illustratethis, let f � L2
ω
�
R � , g � L2� ω

�
R � � L2

ω
�
R � _ . Thenwe useL2 � R �

asthepivot spaceby setting$ f � g' Ù L2
ω ; L2� ω Û : ��ì

R
$ f � t � � g � t �Ú' K dt : ��ì

R
g
�
t � f

�
t � dt; (A.32)

in particular, $ f � αg' � ᾱ $ f � g' (thus, αg correspondsto ᾱΛ, where Λ is the
correspondingelementin thelineardualof L2

ω). If f � L2
ω
� L2 andg � L2� ω

� L2,
thenit followsthat $ f � g' Ù L2

ω ; L2� ω Û � $ f � g' L2 (heretheright-hand-siderefersto inner

product;or, equivalently, to thepairingL2 � �
L2 � d 1 K ).

Moreover, if by YB we denotethe linear dual (i.e., the dual spacein the
ordinary sense)of Y : � L2

ω, thenYB canbe identifiedwith L2� ω, by Y � YB ��
f � g�7~1 í R f gdm. Thus, then the canonical identification YB 1 Y _ : � Yd

becomesYB � g ~1 ḡ � Y _ , whereastheidentificationJ : Y _v1 Y (corresponding
to the inner product in Y insteadof L2) is given by Jg : � e2ω î g. Both these
identificationsarebijective isometries,but theformeris conjugate-linearwhereas
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the latter is linear(henceanisometricisomorphism),andneitheris the isometric
isomorphism(w.r.t. to thepivot space)illustratedaboveanddefinedbelow.

Thus,wetakeadjointsanddualsw.r.t. apivot spaceinsteadof initial andrange
spaces,henceonly thepivot spaceremainsthedualof itself. Formally this goes
asfollows:

Definition A.3.23(Pivot space) Let H bea Hilbert space. Whenwesaythat we
useH asa pivot space, wemeanthefollowing:

We use“conjugate-linearduals” (seeRemarkA.3.22)and Banach adjoints
insteadof Hilbert adjointsfor anyappropriatespaces.

If X is a normedspaces.t.X � H is densein X, andif y � H is s.t.theoperator$ ,&� y' H : X � H � x ~1Á$ x � y' H � K is continuousin the � , � X norm,i.e.,£ $ x � y' H £ � My � x � X
�
x � X � � (A.33)

thenweidentifyy with theuniquecontinuousextensionof $ ,&� y' H in X _ (thus,then
y � H � X _ ).

Thus,H � X _ becomesidentifiedwith adensesubspaceof X _ , and$ x � y'ÜÙ X ; X Ä Û �$ x � y' H for all x � X � H � y � H � X _ .
Someaspectsof pivot spacesare treatedin [Keu] with further details,but

[Keu] only mentionsthecasesX < H andH < X, henceit would requireoneto
treatL2

ω by parts(onR Ñ ).

Lemma A.3.24 DefinitionA.3.23is well posed.
Let X and H be as in Definition A.3.23. ThenH _ � H (this is an isometric

isomorphism,in particular, $ x � y'êÙ H ;H Ä Û � $ x � y' H for all x � y � H), andtheidentifi-
cationH � X _ 1 X _ is linear andone-to-one.

Assumethat Y is a normedspaceandH <
c

Y densely. ThenY _\<
c

H densely
andH <

c
Y <

c
Y _^_ .

Assumethat Z <
c

H is a normedspaceand densein H. ThenH <
c

Z _ . If
Z is reflexive, then H is densein Z _ and Z becomesidentified to Z _[_ in the
pivot spacesense(with the canonicalidentification),thus,thenZ � Z _^_×<

c
H <

c
Z _ � Z _[_^_ .

Assumethat alsoV <
c

H is a dense(in H) normedspace, and T �e� �
H � �� �

V � Z � . Then T _ �Ã� �
Z _ � V _ � � � �

H � . If T � T _ �Ã� �
H � � � �

V � Z � , then
T � T _ �?� �

V � Z � � � �
Z _ � V _ � .

If, in addition,Z < V densely, thenH <
c

V _×<
c

Z _ .
By LemmaA.3.13,wehave for any normedspaceN thatif T �-� �

N � Z � , then
T _���� �

Z _ � N _��²<
c
� �

H � N _®� ; if T �-� �
Y� N � , thenT _²�-� �

N _ � Y _¤�¥<
c
� �

N _ � H � .
Note that for H, nothing haschanged,but the dualsof its proper(Hilbert)

subspacesareno longer identifiedwith their duals,althoughthe two spacesare
still isometricallyisomorphic,by RemarkA.3.22.

Following thestandardconvention,weshalluseL2 (resp.H) asthepivotspace
whentaking adjointsin L2

ω (resp.in Dom
�
A� or Dom

�
A_�� , whereA generatesa

C0-semigroupin H). This is illustratedin (6.2)andDefinition6.1.17.
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Finally we note that given a fixed pivot spaceH and its densesubspaces
B1 � B2 � V1 � V2 <

c
H, andelementsw � B1

� B2, w_¡� B_1 � B_2, wehave $ w� w_^' B1 ; BÄ1 �$ w� w_Â' B2 ; BÄ2, i.e., the pairing is independentof the spaceschosen(as long as
the pairing is defined). Therefore,the adjointsof an operatorF ��� �

B1 � V1 � �� �
B2 � V2 � (w.r.t. the pivot spaceH) coincideon V _1 � V _2 (i.e., $ w� F _ v_ ' Ù B1 ; BÄ1Û : �$ Fw� v_ ' Vk ;V Äk � $ w� F _ v_ ' Ù B2 ; BÄ2Û for k � 1 � 2 andv_ � V _1 � V _2 ).

Proof of Lemma A.3.24: 1{ By density, the identificationof “H � X _ ” to
X _ is well defined;in particular, this identificationis injectiveandlinear(recall
thatX _ � Xd).

2{ Case H <
c

Y densely: By density, the canonical embeddingY _i<
H _ � H one-to-one. Obviously, it is linear and continuous. Becausethe
identity (inclusion)operatorI �e� �

H � Y � is one-to-one(recall that inclusions
are requiredto be one-to-one),the rangeof the canonicalembeddingI _A�� �

Y _ � H _ � � � �
Y _ � H � is densein H, by LemmaA.3.4(N2) (replaceY by its

completion;hereI _ Λ � Λ £ H for Λ � Y _ ; notethat $ Ih � Λ' Ù Y ;Y Ä Û � $ h � I _ Λ' Ù H ;H Ä Û �$ h � I _ Λ' H for h � H � Λ � Y _ ).
Consequently, H <

c
Y _^_ , by LemmaA.3.13. By definition, $ Ih � y_ç'ÚÙ Y ;Y Ä Û �$ h � I _ y_|' H � $ Jh � y_|' Ù Y ;Y Ä Û for all h � H � y_J� Y _ , where J is the (identity)

inclusion H 1 Y _[_ (of Definition A.3.23). Therefore, Ih � Jh (h � H),
hencethe completionsY andY _[_ of H becomeequal,and the identification
JI � 1 extendsto the linear isometryT : Y 1 Y _[_ that satisfies$ Iy� y_ç'ÜÙ Y Ä3Ä ;Y Ä Û �$ y� y_|' Ù Y ;Y Ä Û for all y � Y� y_�� Y _ . Thus,the identificationH 1 Y is the same
whetherweconsiderY asitself or asasubspaceof Y _[_ .

3{ CaseZ <
c

H densely:By LemmaA.3.13,we haveH <
c

Z _ . Assumethat
Z is reflexive. ThenH is densein Z _ , by LemmaA.3.4(N2),henceZ _[_×<

c
H,

by 1{ . But theelementsof Z _[_ arethoseh � H, for which £ $ z_ � h' H £ � M � z_ � Z Ä
for all z_d� H (i.e., thosefor which $ ,&� h' H : H 1 K extendscontinuouslyto
Z _¡1 K ); reflexivity impliesthatthis holdsonly for h � Z, henceZ � Z _^_ (and$ z_ � z' Ù Z Ä ; Z Ä3Ä Û � $ z_ � z' Ù Z Ä ; ZÛ for all z_ � H, hencefor all z_ � Z _ , by density).By
2{ , wehaveZ _ � Z _[_^_ .

4{ Case T ��� �
H � � � �

V � Z � : (By Lemma A.3.6, this is the caseif f
T ��� �

H � is s.t.T 5V 8¨< Z.) If z_�� H andx0 � V, then$ x0 � T _ z_ ' Ù V ;V Ä Û � $ Tx0 � z_ ' Ù Z ; Z Ä Û � $ Tx0 � z_ ' H � $ x0 � THz_ ' H � (A.34)

whereTH �*� �
H � (resp.T _ �*� �

Z _ � V _ � ) denotesthe adjoint of T ��� �
H �

(resp.T ��� �
V � Z � ), hencethenT _ z_ � THz_ � H. Thus,T _ £ H � TH, so that

wecanwrite T _ ��� �
Z _ � V _ � � � �

H � . TheT � T _ claim is obvious.
5{ H <

c
V _×<

c
Z _ : By LemmaA.3.13, we have � �

V � K �¥<
c
� �

Z � K � . We
haveshown above thatH <

c
V _ . �

Notes
As indicatedin theproofs,mostresultsof this sectionarewell known at least

to someextent. Sum-compatibility, X � Y andX � Y aredefinedin [BL], which
alsocontainspartsof thecorrespondinglemmas.
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For furtherresultson Hilbert andBanachspacesor Banachalgebras,seeany
textbook on functionalanalysis;standardreferencesinclude [Yosida], [Rud73],
[Rud86]and[HP].
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A.4 C0-Semigroups

Could Hamlet havebeenwritten by committee, or the Mona Lisa
paintedby a club? Creativeideasdon’t spring from groups. They
springfromindividuals.

— Alfred Whitney Griswold (1906–1963)

In this section,we presentbasicfactson stronglycontinous(C0) semigroups.
Throughoutthesection,theHilbert andBanachspacesareassumedto becomplex.

The solution of x% � Ax, x
�
0� � x0 is eAtx0 for x0 � B, A �Ã� �

B� and a
BanachspaceB. For moregeneralcontrol systems,the operatorA neednot be
bounded,hencethe(C0-)semigroup“ t ~1 eAt” of acontrolsystemis usuallymore
complicated:

Definition A.4.1 (Semigroups) AC0-semigroupona complex Banach spaceB is
a function ï : 5 0 � ∞ �b1x� �

B� havingthefollowing properties:ï �
t � s� � ï �

t �^ï �
s� for t � s � 0; (A.35)ï �

0� � I ; (A.36)��ï �
t � x0 � x0 �¡1 0 as t 1 0 � ð x0 � B M (A.37)

The(infinitesimal)generatorA of ï is definedby

Ax : � lim
t � 0y 1

t

� ï �
t ��� I � x; (A.38)

Dom
�
A�¡< B is thesetof x � B for which thelimit Axexists.

If s � C is s.t. s � A : � sI � A mapsDom
�
A� one-to-oneonto B, and the

resolvent
�
s � A� � 1 is bounded(

�
s � A� � 1 ��� �

B� ), thens � σ
�
A� c; this is the

definitionof thespectrumσ
�
A� of A.

Wealsodefinethegrowth rateωA : � inft ñ 0 ò t � 1 log ��ï �
t � �®ó of ï .

Let ω � R. We call ï ω-stableif t ~1 � e� ωt ï �
t �å� is boundedon R y . We

call ï strongly(resp.weakly) ω-stable if e� ωt ï �
t ��1 0 strongly (resp.weakly)

as t 1�� ∞. We call ï exponentiallystableif ï is ω-stablefor someω L 0. By
[strongly/weakly]stablewemean[strongly/weakly]0-stable.

The“C0” condition(A.37) (“stronglycontinuousat0”) is equivalentto strong
continuity (see (a1) below). In this monograph,all semigroupswill be C0-
semigroups,hencewe usually call themjust semigroups.Sometimeswe writeï t for ï �

t � .
Note thatA is thestrongright derivative of ï at 0, andrecall that “ ï �

t ��1 0
strongly(resp.weakly)” meansthat ï �

t � x 1 0 for all x � B (Λ ï �
t � x 1 0 for all

x � B andΛ � B_ ).
Weneedanumberof factsonC0-semigroups:

Lemma A.4.2 Assumethat B and B2 are complex Banach spaces,ï is a C0-
semigroupon B, A bethegenerator of ï andt � 0. Thenthefollowinghold:

(a1) ï � , � x ��2 � 5 0 � ∞ � ;B� for all x � X.
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(a2) A �K� �
B� iff ï is uniformly continuous(i.e., iff ï·�w2 � 5 0 � ∞ � ; � �

B�4� ). If
A ��� �

B� , then ï �
t � � eAt (t � 0).

(a3)A �?� �
B� iff ï is (uniformly)Bochner-measurable(seeDefinitionB.2.1).

(a4) ��ï � , � � and ï f aremeasurablefor anymeasurable f : R y 1 B.

(b) � n
�

N Dom
�
An � is densein B.

(c1) I � ï x� % � t � � Aï �
t � x � ï �

t � Ax for all x � Dom
�
A� .

(c2) í t
0 ï �

r � xdr � Dom
�
A� and A í t

0 ï �
r � xdr � ï �

t � x � x for all x � H. In
particular, í t

0 ï �
r � , dr �?� �

H � Dom
�
A�.� .

(c3) ï �
t � x � lims� y ∞ etsAC s� AE � 1

x for all x � H.

(c4) ï t 5 Dom
�
An �^8Æ< Dom

�
An � for all n � N.

(c5) ï x �·2 k � R y ;Dom
�
An � k �.� and dk

dtk ï x � Ak ï x � ï Akx (n � N, k �
0 � 1 �.M.M.M^� n, x � Dom

�
An � ).

(d) Thesetσ
�
A� is closed,andRes � ωA

a s � σ
�
A� c.

(e1)ωA
� limt � y ∞ ò t � 1 log ��ï �

t � � ó L ∞.

(e2)If ω � ωA, thenthere is Mω � 0 s.t. ��ï �
t �å��� Mωeωt for all t � 0.

(f) If B is aHilbert space, thenï _ isaC0-semigrouponBandA_ is itsgenerator.

(g1) If T �-� �
B� , thenA � T is a C0-semigrouponB.

(g2) The generator of eα î ï � , � is αI � A with Dom
�
α � A� � Dom

�
A� , and

ωαI y A
� α � ωA.

(h1) If T ��cf� �
B � B2 � , then

Ôï : � T ï T � 1 is a C0-semigroup on B2, and its
generator

Ô
A is givenby

Ô
A � TAT � 1, Dom

� Ô
A� � T Dom

�
A� .

Moreover, M � 1 ��ï:�B�Ê� ÔïP�×� M ��ï:� , where M : � � T �N� T � 1 � , henceω ÕA �
ωA. For ω � R, thesemigroup

Ôï is [strongly(resp.weakly)]ω-stableiff ï
is.

(h2) Let R ��� �
B2 � B� andL ��� �

B � B2 � . Then ï LR : � L ï R is a C0-semigroup
on B2 iff LR � I andPï t Pï sP � Pï t y sP for all t � s � 0, where P : � RL �� �

B� .
Assumethis. ThenωALR � ωA and

�
s � ALR� � 1 � L

�
s � A� � 1R for s � C yωA

.
Moreover, if y � B2 and Ry � Dom

�
A� , then y � Dom

�
ALR� and ALRy �

LARy.

(i) If also
Ôï is a C0-semigroupon B andA < Ô

A, thenA � Ô
A.

By (c3), ï is uniquelydeterminedby A (theconverseis trivial).
By (a3), we must not write ò í t

0 ï �
r � dt ó x in (c2); see Appendix B for

(Bochner) measurabilityand integration; alternatively, the strong integration
theoryof SectionF.2 shouldbeused.

By (d), we have ωA � supReσ
�
A� . For differentiablesemigroupswe have

ωA
� supReσ

�
A� , but this is not the casein general(seeExample5.14of [CZ]

for acounter-example).
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Proof of Lemma A.4.2: The canonicalreferenceson semigroupsare
[Pazy] and[HP], but [Rud73],[CZ], [Prüss93]and[Sbook]alsocontainmany
of theaboveresults.Weonly treatheretheleastknown ones.

For (a3)&(a4) we note that on pp. 304–306of [HP] it is statedthat a
uniformly measurableif f it is uniformly continuous(and that if ï is weakly
continuouson

�
0 � ∞ � , thenit is stronglycontinuouson

�
0 � ∞ � andhencestrongly

measurableon R y ), and that for a C0 semigroupï , the function ��ï � , � � is
lowersemicontinuous,hencemeasurable(themeasurabilityof ï f followsfrom
LemmaF.1.3(a)).

Wegivebelow asketchof theproofsfor (h) and(i).
(h1) Now t � 1 � ï �

t � x � x�×1 0 h t � 1 � T ï �
t � T � 1Tx � Tx�¡1 0, the claims

on
Ô
A follow from this. TheclaimsonM areobvious;usethemand(e1)for ωA.

Thestability claimsareagainobvious.
(h2) If L ï R is a semigroupandt � s � 0, thenL ï t RLï sR � L ï t y sR, hence

thenPï t Pï sP � Pï t y sP. Conversely, assumethatPï t Pï sP � Pï t y sP, hence
L ï t RLï sR � L ï t y sR, for all t � s � 0. Obviously, ï t

LRx � L ï t Rx 1 LRx � x, as
t 1 0� , henceï LR hastheC0-property. (NotealsothatP2 � R

�
LR� L � P, i.e.,

P is aprojection.)
Obviously, ωALR � ωA. For s � C yωA

andx � B, we have
�
s � ALR � � 1x �

L í ∞
0 e� st ï t Rxdt � L

�
s � A��� 1Rx, by LemmaA.4.4(f).

If y � B2 and Ry � Dom
�
A� , then Lt � 1 5ßï t Ry � Ry8�1 LARy, hencethen

y � Dom
�
A� andALRy � LARy.

(i) By A < Ô
A we meanthat Dom

�
A��< Dom

� Ô
A� and A � Ô

A on Dom
�
A� .

Let ω � ωA � ω ÕA. ThenωI � Ô
A mapsDom

�
A� one-to-oneonto B andDom

� Ô
A�

one-to-oneontoB, henceDom
� Ô
A� � Dom

�
A� , henceA � Ô

A, henceï � Ôï , by
(c3). �
The celebratedHille–YosidaTheoremgivesnecessaryandsufficient condi-

tionsfor anoperatorto generateaC0 semigroup:

Theorem A.4.3 (Hille–Yosida) A linear operator A : Dom
�
A�É1 B is thegener-

ator of aC0-semigroup ï s.t. ��ï �
t � � B � Meωt �

t � 0� for someM L ∞ iff

(i) A is closedandDom
�
A� is densein B;

(ii)
�
ω � ∞ �¡< σ

�
A� c and� � s � A� � n �²� M

�
s � ω � � n for all s � ω � n � 1 � 2 � 3 �.M.M4M (A.39)�

(See,e.g.,TheoremI.5.3of [Pazy] for theproof.)
Theresolventsof thegeneratorsof semigroupshasbeenstudiedextensively,

herewe list someimportantfacts:

Lemma A.4.4 Let ï beaC0-semigroupona complex Banach spaceB, andlet A
be its generator. DefineH1 : � Dom

�
A� andH � 1 as in Lemma6.1.16. Then,for

all x � H, thefollowingholds:
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(a)
�
s � A��� 1 � �

r � A��� 1 � �
r � s� � s � A��� 1 � r � A��� 1 � H

�
C yωA

; � �
H � 1 � H1 �.�

for a fixedr � σ
�
A� c (this is calledtheresolventequation).

(b)
�
s � A��� 1 � H

�
C yωA

; � �
H � H1 �.� .

(c1) � � s � A��� 1 � ª C H E � M ¦ � Res � ωA � (s � C yωA
) for someM L ∞.

(c2) � s� s � A��� 1 ��ª C H E � Mr and � � s � A��� 1 ��ª C H ;H1 E � Mr (s � r), whenr � ωA.

(c3)
�
s � A� � 1 � H∞ �

C yr ; � �
H �.� � H

�
C yr ; � �

H � H1 �.� � H2
strong

�
C yr ; � �

H �4� for
r � ωA.

(d1)Dom
�
A�H� s

�
s � A��� 1x ��1 x in H, ass 1¢� ∞.

(d2)H � A
�
s � A��� 1x ��1 0 in H, ass 1¢� ∞.

(d3)Dom
�
A�H� �

s � A��� 1x ��1 0 in Dom
�
A� , ass 1¢� ∞.

(d4) s
�
s � A��� 1 � s � A��� 1x 1 0 in Dom

�
A� , ass 1x� ∞.

(d5) s
�
s � A��� 1s

�
s � A��� 1x 1 x in H, ass 1x� ∞.

(e1)Thelimits in (d1)–(d5)existalsoasRes 1Á� ∞ ands � � reiθ �� r � 0 � £ θ £ Lπ ¦ 2 � ε � for anyε � 0.

(e2)Thelimits in (d1)–(d5)exist alsoass � Σθ ;ω, £ s £ 1 ∞ for someθ � π ¦ 2 if
thesemigroupgeneratedbyA is analyticandω � ωA.

(f)
�
s � A��� 1x � í ∞

0 e� st ï �
t � xdt (s � C yωA

).

(g) Aï t � ï¥% � t � � ï t A and A
�
s � A��� 1 � s

�
s � A��� 1 � I � �

s � A��� 1A on
Dom

�
A� , and

�
s � A� � 1 ï t � ï t � s � A� � 1 and

�
s � A� � 1 � r � A� � 1 � �

r �
A� � 1 � s � A� � 1 on H, for all s� r � σ

�
A� c, t � 0.

Werecallthats 1x� ∞ refersto thelimit at � ∞ alongR. Notethattheresults
givenfor H canappliedonH1 andH � 1 too if we restrictof extendA accordingly,
becausethe threeA’s areisomorphic,asnotedat Lemma6.1.16.E.g., it follows
from (a) thatwealsohaveH � s

�
s � A��� 1x ��1 x, ass 1¢� ∞ for all x � H � 1.

SeeAppendixD for holomorphicfunctions(H
�
C yr � ).

Proof of Lemma A.4.4: (a)Theresolventequation(in � �
H � H1 � ) is readily

computed.The“ � H
�
C yωA

; � �
H � 1 � H1 �4� ” claim follows from (e).

(b) Equation (d1) implies that I d
ds

�
s � A��� 1 � � �

s � A��� 2, even in� �
H � H1 � (useLemmaD.1.1).
(c1) Thisholdsby theHille–YosidaTheorem[Pazy, Theorem1.5.3],
(c2)Becauses¦ � s � ωA � � 1 � ωA ¦ � s � ωA �¾� r ¦ � r � ωA � (s � r � ωA � 0),

ands¦ � s � ωA � L 1 (s � ωA L 0), we cansetMr : � M max� 1 � r ¦ � r � ωA �®� to
obtain � s� s � A� � 1 ��� Mr , by (c1). BecauseA

�
s � A� � 1 � s

�
s � A� � 1 � I , we

canreplaceMr by Mr � 1 to obtainthesecondinequality.
(Obviously, wecanallow s to belongto any sectorSr ; T : �©� s � r � z �� Rez �

0 � z¦ Rez � T � , or rectangularRr ; T : ��� s � C yr �� Ims � T � , wherer � ωA � T L
∞.)

(c3)This followsfrom (a),(b) andLemmaA.4.5(i)&(v) (cf. Remark6.1.9).
(d1)&(d2) Choosesome r � ωA. Define rx ; s : � � x � s

�
s � A��� 1x � H

�� A �
s � A��� 1x � H . For x � H1 we have rx ; s � � � s � A��� 1Ax � L Mr � Ax �¤¦ s 1 0,

by (c2),hencerx ; s 1 0 for all x � H, by theuniformboundednessof s
�
s � A��� 1

andthedensityof Dom
�
A� in H. Thus(d1)and(d2)aretrue.
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(d3) By (d2), � � s � A��� 1x � DomC AE : � � � s � A��� 1x � H �"� A �
s � A��� 1x � H 1

0 � 0 � 0.
(d4)This follows from (d3)and(c2).
(d5)Apply (d1)andLemmaA.3.1(j3) (seeLemmaA.3.4(F1)).
(e1) This can be seenfrom the above proofs with slight modifications,

becauses¦ Res � �
cosθ ��� 1 is bounded.

(e2)Theabove proofsof (b1)–(b5)hold alsowhens � Σθ ;ω, £ s £ 1 ∞ if the
semigroupgeneratedby A is analyticandθ is asin Lemma9.4.2(a).

(f) Seep. 20 of [Pazy].
(g) We obtain

�
s � A� � 1 ï t � ï t � s � A� � 1 from (a) andLemmaA.4.2(c3).

Use(a)andLemmaA.4.2(c1)for theothers. �
Wewill alsoneedthefollowing “extendedDatko’sTheorem”:

Lemma A.4.5 (Datko) Thefollowingareequivalentfor aC0-semigroup ï onH:

(i) ï is exponentiallystable;

(ii) ï � , � x0 � L2 � R y ;H � for all x0 � H (or equivalently, for all x0 in a dense
subsetof H);

(iii) �í ∞
0 ï �

s� φ � s� ds � H � M � φ � 2 for all φ ��2 ∞
c
�.�

0 � ∞ � ;H � ;
(iv)

�
s � A� � 1 � H∞ �

C y ; � �
H �.� ;

(v)
�
s � A��� 1 � H2

strong
�
C y ; � �

H �.� ;
(vi) ï _ satisfiessome(henceall) of (i)–(vi).

Note also that ï is exponentiallystableif f ï _ is. As the proof shows (see
TheoremB.4.12), it is enoughthat (iii) holds for φ �e2 ∞

c
�.�

0 � ∞ � ;H0 � , for some
norming subspaceH0 < H. Also (ii) can be weakened: by Theorem1.1 of
[W88], it sufficesthatfor somep ��5 1 � ∞ � wehave í ∞

0 £ $ x1 � ï �
t � x0 ' £ pdt L ∞ for all

x0 � x1 � H. Seealso[Sbook,Theorem3.11.8]for ageneralization.
Proof of Lemma A.4.5: 1{ Obviously, ï _ is exponentiallystableif f ï is;

in particular, weonly needto establishtheequivalencebetween(i)–(v).
2{ Theequivalence(i) h (iv) is shown in [Prüss84](andin Theorem3.11.6

of [Sbook]);theequivalence(ii) h (v) follows from thePlancherelTheorem.
3{ If (i) holds,then ��ïA�B� L2 (cf. LemmaA.4.2(a4)),hencethen(ii) and

(iii) hold. The implication (ii) a (i) is [Pazy, Theorem4.4.1, p. 116], so we
assume(iii) andprove(i) to completetheequivalence.

Let x0 � H andset f : � ï � , � _ x0 : R y 1 H. Then£ ì ∞

0
$ f � s� � φ � s�Ú' H ds £ � £ ì ∞

0
$ x0 � ï �

s� φ � s�Ú' H ds £ � £ $ x0 � ì ∞

0
ï �

s� φ � s� ds'
H £ � M � x0 � H � φ � 2

(A.40)
for all φ �i2 ∞

c
�4�

0 � ∞ � ;H � , hence� f � 2 � M � x0 � H , by TheoremB.4.12.Because
x0 � H was arbitrary, (ii) and hence(i) holds for ï�_ ; therefore,also ï is
exponentiallystable.

4{ The “or equivalently” claim in (ii): Assume that ï x0 � L2 for
all x0 � X, where X < H is dense. Then this map has a unique exten-
sion

ÔïÐ��� �
H � L2 � R;H �.� , by Lemma A.3.10. Chooseω � ωA, so that
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H � L2

ω
�
R y ;H �.� . Then

Ôï � ï aselementsof ï"��� �
H � L2

ω
�
R y ;H �4� , by

density, hence(ii) holds(“for all x0 � H”). �
We finish this sectionby presentingsomestandardconventionsin control

theory:

Lemma A.4.6 (W < H < X _ , X < H < W _W < H < X _ , X < H < W _W < H < X _ , X < H < W _ ) Let A generate a C0-semigroup on
a Hilbert spaceH. Fix α � σ

�
A� c.

SetW : � �
α � A� � 1H � Dom

�
A� (with norm � � α � A� , � H ) and X : � �

ᾱ �
A_ � � 1H � Dom

�
A_ � (with norm � � ᾱ � A_ � , � H). ThenW _ canbeidentifiedwith

the completionof H w.r.t. � � α � A��� 1 , � H , and X _ can be identifiedwith the
completionof H w.r.t. � � ᾱ � A_���� 1 , � H ; in particular, for any w � W, x � W _
wehave$ w� x' W;W Ä � $ � α � A� w� � ᾱ � A_ � � 1x' H ( � $ w� x' H whenx � H).

Moreover, (extended)α � A is anisometricisomorphismW 1 H andH 1 X _ ,
andA (andits extensionto H andrestrictionto Dom

�
A2 � ) generatesisomorphic

C0-semigroupsonW, H andX _ .
Furthermore, Dom

�
A� ��� x � H �� Ax � H � , and β � A �Ãcd� �

W� H � for any
β � σ

�
Ac � . In particular all abovespacesandtheir topologiesareindependenton

α � σ
�
A� c.

WeshallsetH1 : � Dom
�
A� : � W, H _� 1 : � W _ in Chapter6.

Proof: This is well known (seeLemmaA.4.6 or p. 532 of [Weiss-C](or
[S97b,Section7] or [Sbook])), so only sketchpart of the proof. By Lemma
A.3.4(G3)&(G1),thenormonW � Dom

�
A� is equivalentto thegraphnormon

Dom
�
A� (in particular, W andits topologyareindependenton α � σ

�
A� c), and

W is aBanachspace.In particular,
�
β � A��� 1 ��cd� �

H � W � for any β � σ
�
Ac � .

Let β � σ
�
Ac � . Becauseβ � A ��cf� �

W� H � , we have β̄ � A_ �*cf� �
H � W _ �

(seeLemmaA.3.24; thusA_ ��� �
X � H � � � �

H � W _ � ). It follows that thenorm
of W _ becomesequivalent to � � β̄ � A_ � � 1 , � H , henceW _ (as a TVS) is the
completionof H w.r.t. this norm. Therestof theproof follows thesamelines.�
Notes
Most facts in this sectionare well known. The canonicalreferenceson

semigroupsare [Pazy] and [HP], but the list of suitable referencesfor C0-
semigrouptheory would be endless,including [Rud73], [CZ], [Prüss93]and
[Sbook]. The notesfor Chapter3 of [Sbook] and thosefor Chapter5 of [CZ]
containhistoricalremarksonC0-semigroups.


