
Chapter 9

Riccati Equationsand J-Critical
Control

JacopoFrancesco,CountRiccati, born at Veniceon May 28, 1676,
anddiedat Trèveson April 15,1754,did a greatdealto disseminate
a knowledge of the Newtonian philosophyin Italy. Besidesthe
equationknownby his name, certain casesof which he succeeded
in integrating, hediscussedthequestionof thepossibilityof lowering
theorderof a givendifferentialequation.

— ‘A Short Account of the History of Mathematics’(4th edition,
1908)by W. W. RouseBall.

In this chapter, we shall establishthe connectionbetweenoptimal control
and stabilizing solutionsof Riccati equations(read “optimal” as “J-critical”).
A summaryof the main resultsis given on pp. 28–31,so herewe only list the
contentsof eachsection.

Throughoutthis chapter, we shall assumethat StandingHypothesis9.0.1
holds. Moreover, StandingHypothesis9.1.2is assumedin Section9.1,Standing
Hypothesis9.4.1 in Section9.4, andStandingHypothesis9.5.1 in Sections9.5
and9.6.

In Section9.1,weestablishtheequivalencementionedonp. 9 of (I) J-critical
control, (II) spectralor coprimefactorization,and (III) stabilizing solutionsof
Riccati equations.Underfurther (e.g.,MTIC type) regularity, (IV) the standard
coercivity assumptionis shown to bea fourth equivalentcondition.Somefurther
resultsin this directionaregivenin Sections9.2and9.9.

In general, the connectionbetweenoptimization and Riccati equation is
trickier than in the caseof a boundedinput operatorB: a J-critical control
(when it exists) neednot be given by a regular statefeedbackoperator(nor by
any well-posedstatefeedback). In Section9.1, this difficulty is overcomeby
using the specialclassesof Theorem8.4.9 (with partial resultsfor the general
case). In Section 9.2, we list several additional caseswhere this difficulty
disappears,namelysmoothingsemigroups,boundedinput mapsor smoothI/O
maps(seeHypothesis9.2.2). We also the Riccati equationand corresponding
results. A summaryof most of our sufficient conditionsis given in Remark
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9.9.14.Applicationsto parabolic-typeproblems(i.e., to systemswith ananalytic
semigroup)aregivenin Section9.5.

A casualreadermight be satisfiedwith the threesectionsmentionedabove
andskipmostof therestof thechapter, which containsamoregeneralandhence
necessarilylesssatisfactorytheoryandresultsonwhich theabove is based.

In Section9.7,wetreatthemostgeneralcase,whereauniqueJ-critical control
for any WR (Weakly Regular) systemis shown to correspondto a solutionof a
generalizedRiccatiequationgivenon Dom

�
Acrit � , thedomainof thegeneratorof

the “(state-feedbackcontrolled)closed-loopsemigroup”. We do not requirethe
optimalcontrolto bewell-posednor regular. ThisgeneralizedRiccatiequationis
arigorousextensionof theRiccatiequationof F. Flandolietal. [FLT]. An integral
versionof theequationis givenfor arbitrary(evenirregular)systems.

In Section9.9,we show that for a WR system,thereis a (well-posed)WR J-
critical statefeedbackoperatorif f thereis a “stabilizing” solutionto theextended
Continuous-timeAlgebraic Riccati Equation(eCARE). In the general(possibly
irregular)casetheeCAREhasto bereplacedby theextendedIntegral Algebraic
Riccati Equation(eIARE), which alsoallows us to reducedseveral resultsto the
substantiallysimpler discrete-timetheory. The word “extended” corresponds
to possibly noninvertible signatureoperatorsand is redundantunder standard
coercivity (andregularity) assumptions.Furtherresultson Riccati equationsare
givenin Sections9.8–9.12.

In Section9.13,wepresentexamplesthatillustratevariouspathologicalcases,
including thosementionedabove. In Section9.14, we show that the J-critical
control is givenby (well-posed)statefeedbackif f certainfactorizationcondition
is satisfied,andwe usethis to extenda part of the “H2 (generalized)canonical
factorizationtheory” of [CG81]and[LS] to mapswith infinite-dimensionalinput
andoutputspaces.PositiveRiccatiequationswill betreatedin Sections10.6and
10.7.

A readerinterestedmainly in resultscanreadthe sectionslinearly. A more
technicallyorientedreadermay wish to readSections9.7 and 9.8–9.11before
9.2–9.6,9.1,9.12,9.13and9.14,althoughabrief glanceatSection9.1beforethe
startmight neverthelessbea goodidea. Thereaderwishing to verify all proofs
rigorouslymayfollow theorderdescribedin theproof of Theorem14.1.3.

The resultsof this chapterhold whenwe optimizeunderany decentrestric-
tionson thestabilityof theinput,state,outputand/oradditionaloutput:

StandingHypothesis9.0.1 ThroughoutthischapterandChapter10,weassume
that Σ ����� �� 	�
� WPLS

�
U � H � Y � andJ � J � ��� �

Y � . ThelettersU, H, Y andZ
denoteHilbert spacesof arbitrary dimensions.

We alsoassumethat ��� � 
 , Zu andZs are as in Definition8.3.2, � � �� ��� �
WPLS

�
U � H ���Y � for someHilbert space�Y, and that π � τtz � Zs � z � Zs �

z �
Zu � t � 0� .

Thereadermay ignorethe latterparagraphof thehypothesisandread � �� as
any of � out � � sta� � str �!� exp (seeDefinition 8.3.2),sincetheseobviously satisfy
the latter assumption(with �Y � H, because� � �� � τ


 � WPLS
�
U � H � H � andx : �
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x0 #%$ τu �'& �

R � ;H �)( L2
loc

�
R � ;H � , by Theorem6.2.13(a1)).Sometimeswe

alsorequirethatZs is reflexive; this is satisfiedby � out and � exp.
In fact, if Zu ( L2

loc

�
R � ; �Y � , thenZs � Lp

ω will do for any p �+* 1 � ∞ , , ω � R;
andif Zu ( & �

R � ; �Y � , thenZs � e- ω . & b or Zs � e- ω . & 0 will do for any ω � R

(assumingthat � � �� ��� � WPLS
�
U � H �/�Y � ).

By capitalletterswe againdenotethegeneratorsor feedthroughoperatorsof
integralmaps(seeLemma6.1.16andDefinition6.2.3).
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9.1 The Riccati Equation: A summary for out

(r.c.f. 0 CARE)

It is not your fault, it is thefault of themathematics.

— GeorgeWeiss,abouttheCARE at MTNS’98

In thissection,weshow that,for a regularstronglyq.r.c.-stabilizablesystems,
theconditions(I)–(III) below areequivalent:

(I) theexistenceof regularoptimalstatefeedback,

(II) theexistenceof a regular
�
J �21 � -innercoprimefactorization,

(III) theexistenceof astabilizingsolutionof theRiccatiequation,
(IV) theJ-coercivity of theI/O map

(see,e.g.,Theorem9.1.7for details).Moreover, weshow thatfrom thesolutionof
theRiccatiequationonecancomputetheoptimalcost,feedbackandfactorization
(“(III) 34 (I),(II)”). Similarly, we also give formulae (I) 34 (II),(III) as well as
(II) 34 (I),(III). Furthermore,the solutionof (III) and the optimal statefeedback
operatorareshown to beunique.

Thestandardcoercivity assumption(IV) is necessaryfor (I)–(III). As notedin
Section8.4, (IV) is not sufficient in general,but for sufficiently regular systems
we have theequivalence(I)–(IV), asstatedin Corollary9.1.11(iv) andCorollary
9.1.12(iv’).

Condition(I) refersto a J-critical statefeedbackfor the generalizedoptimal
control problem of Section8.3 (or Definition 9.1.3); seeChapters10–12 for
applications,suchasLQR, H2 andH∞ controlproblems.

Thus,this is asummaryof oneaspectof thecontinuous-timealgebraicRiccati
equation(CARE) theoryof this chapter, featuringthe equivalence“(I)–(III)” on
page9 undervariousassumptions.Thereadermaywish to delaytheverification
of theproofstill theendof this chapter.

For stronglystablesystems,theaboverequirementsbecomesimpler, asshown
in Corollary9.1.9,andthefactorizationcondition(II) holdsif f thePopov function
hasa regularspectralfactorization.

Conditions(I)–(III) aresimplifiedalsoin Proposition9.1.15,assumingthatthe
semigroupis smoothing,theinput operatoris boundedor theI/O mapis smooth.
The Riccati equationis comparedto thoseexisting in the literaturein Remark
9.1.14. In Corollary 9.1.13we solve the classicalproblemof finding a

�
J �21 � -

inner coprimefactorizationfor a given I/O mapby solving the Riccati equation
correspondingto a realizationof themap.

All of the above refers to the rather complicatedcase �5�� �6� out, which
shall be the subjectof this section,but we first take a look at the simpler case
of � �� �7� exp, wherea solutionof the CARE is J-critical if f it is exponentially
stabilizing:

Theorem 9.1.1 Let Σ beWR.Thenthefollowing areequivalent:

(i) There is a J-critical WRstatefeedback operator K for Σ over � exp.
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(ii) TheeCARE(9.110)hasanexponentiallystabilizingsolution 89�:8;� .
Moreover, if (ii) holds,then 8 is theJ-critical costoperator, henceunique, K

is a WRstatefeedback operator K for Σ, theJ-critical control is givenbythestate
feedback u � KL < sx, andTheorem9.9.1applies. =

(Thisfollowsfrom Corollary9.9.2;in thecoercivecasetheeCAREis reduced
to theCARE.However, both(i) and(ii) maybefalseevenfor acoercivesystem.)

Recallalsofrom Lemma8.3.3that � exp �>� out whenthesystemis exponen-
tially stableor exponentiallydetectable.In Sections9.9 and9.2,we give analo-
gousresultsfurther resultsfor � exp andother �?�� ’s, but for a generaltreatment
of the equivalenceof “(I)–(IV)”, we use �?�� ��� out. Therefore,we make the
following assumption:

StandingHypothesis9.1.2 Throughoutthe restof this section,we assumethat�5�� �>� out.

This makes the identificationof the J-critical solution of the CARE more
complicatedthanin thecase�5�� �>� exp illustratedabove. Insteadof exponential
stabilization,we shouldnow checkthat the controlled(closed-loop)semigroup
is output-stableandsatisfiesthecondition(PB) in orderto know that thecontrol
correspondingto a solutionof theCARE truely optimizesover all u � � out, i.e.,
over all stablecontrols(u � L2) that make the output stable(y : �A@ x0 #+B u �
L2). (In case �5�� �C� exp it suffices to verify that the solution is exponentially
stabilizing,asnotedabove.)

To avoid the verification of (PB), we (mostly) assumethat the systemis
stronglystableor stronglyright-coprimestabilizable.But beforewe go into this,
werecallsomedefinitionsby simplifying specialcasesof Definitions8.3.2,6.6.10
and9.8.1.

A state feedbackpair ��D E 
 is called J-critical (i.e., optimal) if the
resulting(closed-loop)contorlu � D;F x0 is J-critical for eachinitial statex0 � H:

Definition 9.1.3(Critical control) Set � out
�
0� : �HG u � L2 � R � ;U �JII B u � L2 K .

We call a control u � L2 � R � ;U � J-critical for x0 � H (and Σ) if y : �L@ x0 #B u � L2, and M B η � JyN L2 � 0 for all η � � out
�
0� .

Let � D E 
 bean admissiblestatefeedback pair for Σ, andset1O
: � I P E � Q : � O - 1 � ERF # I � S : � B Q � B F ; (9.1)

Σext : � TU " $@ BD E
VW � Σ F : � TU " F $ F@ F B FDXF ERF

VW
: � TU " #Y$ τ Q D $ Q@ #YB Q D B QQ D QZP I

VW
(9.2)

(sothat Σ F � �
Σext �![ 0 I \ is thecorrespondingclosed-loopsystem;cf. Figure9.1).

We call ��D E 
 J-critical for Σ if u � D]F x0 is J-critical for each x0 � H
(andΣ). In this case, wecall theequationu � DXF x0 theJ-critical control in the
feedbackform.



408 CHAPTER9. RICCATI EQUATIONSAND J-CRITICAL CONTROL

" $ τ@ BD E
^ x0_ x � " F x0 #`$ F uF_ y �a@ F x0 #YB F uF_ DXF x0 # ERF uFb ^c�� duF du � DXF x0 # Q uFb e

Figure9.1: Statefeedbackconnection

(SeeDefinition8.3.2for thegeneralcase.)
If E is weakly regular (WR), then feedback D x0 # E u can be written as

Kwx
�
t � # Fu

�
t � for a.e. t f 0; we remind the readerthat if the feedthroughis

zero(F � 0), thenK (or its weakWeissextensionKw) is calleda statefeedback
operator:

Definition 9.1.4(J-critical KKK) We call K �g� �
H1 � U � a (WR) admissiblestate

feedbackoperatorif � K 0 
 generatesa WR admissiblestatefeedback pair��D E 
 for Σ. We call K stabilizing (resp.J-critical, r.c.-stabilizing,stable,
UR, ...) if ��D E 
 is stabilizing(resp.J-critical, r.c.-stabilizing, stable, UR,...)
(seeDefinition6.6.10).

(SeeDefinition 8.3.2 for the general � �� ’s in place of � out.) Thus, K �� �
H1 � U � is admissibleif f � A B

K 0

 generatea WR WPLS ��� �h i 
 with I P E �j

TIC∞ (cf. Lemma6.3.13),or equivalently, if f HB ( Dom
�
Kw � andthefeedback

u � Kwx # uF is admissible(seeProposition6.2.8(a2),Theorem6.2.13(a1)and
Definition6.6.10;for ULR K, admissibilityis redundant,by Proposition6.3.1(c)).

If this is the case,then � A B
C D
K 0

� [ k A� BKw B
C � DKw D

Kw 0 l ] are [compatible] generating

operatorsof Σext [Σ F ] (seeProposition6.6.18(d2)andrecall that we denotethe
generatingoperatorsof mapsby the correspondingcapital letters, e.g., M : �mQ � # ∞ � ).

Now we candefinethe CAREs. As notedin Remark9.1.6,their admissible
solutionsleadto WR statefeedbackoperators,andsuchoperatorsareJ-critical
if f they are � out-stabilizing,or equivalently, q.r.c.-stabilizing,provided that Σ is
stronglyq.r.c.-stabilizable.Thesethingswill soonbeclarified.

Definition 9.1.5(CARE) We call 8n�o8;� �p� �
H � (or

� 8q� S� K � ) a solution (of
theContinuous-timeAlgebraic RiccatiEquation(CARE)inducedby Σ andJ) iff
Σ is WRand 8 satisfiesrsst ssu K � SK � A� 8 # 8 A # C � JC onDom

�
A� �

S � D � JD # w-lim
sv � ∞

B�w 8 �
s P A� - 1B onU �

K �wP S- 1 � B�w 8 # D � JC� onDom
�
A� � (9.3)

1In this chapter, we usuallydenotethe closed-loopsystemcorrespondingto xzy {}| by
Σ ~ (insteadof Σ � ), andleave Σ � for preliminarily closedsystems(asin Theorem9.1.10).In most
applications,thesecondoutputof Σ ~ equalstheJ-critical control(for u~�� 0).
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andS � S� � j � �
U � (for someSandK).

A solution 8 of the CAREis called stabilizing (resp.J-critical, admissible,
r.c.-stabilizing,stable,UR, ...) if K is a stabilizing(resp.J-critical, admissible,
r.c.-stabilizing, stable, UR, ...) statefeedback operator for Σ.

Wecall Sthesignatureoperatorcorrespondingto 8 .

(More generalAREswill be formulatedin Definition 9.8.1. SeeProposition
9.1.15for smoothcaseswherethew-lim termdisappears,andrecallthatoneoften
assumesthatD � JD � I andD � JC � 0 to obtainS � I , K �HP B�w 8 .)

Notethat,given 8 , theoperatorsSandK areuniquelydeterminedandcanbe
eliminatedfrom the first equation.By Remark9.1.6,we have HB ( Dom

�
Kw � ,

henceany extendedWPLS of Σ with generators � A B
C
K

� is WR, by Lemma

9.11.5(b).
Thus, a solution 8 is admissibleif f the operatorsD : x0 34 K

" �2� � x0 andE : � Kw $ τ extend Σ to anotherWPLS (seeLemma6.3.13and Remark9.1.6)
satisfying I P E � j

TIC∞ (if E � ULR, then the latter condition is redundant,
by Proposition6.3.1(c)). In Remark9.8.3we give the necessaryandsufficient
conditionsin details.However, in many applicationsK is bounded(K �?� �

H � U � ),
hencenecessarilyULR and admissible,by Lemma 6.6.11 (see also Lemma
6.3.17).

In (9.3),aselsewhere,theweaklimit of anoperatorfunctions 346� �
s� ��� �

U �
meansthe mapu0 34 w-lim � �

s� u0 (seeLemmaA.3.1(h)), whereas“lim ” refers
to limit in � �

U � , i.e., to a uniform limit. Note thatwe requirethis weaklimit to
exist (andbeself-adjoint,equivalently, thatS � S� ); suchaweaklimit is necessary
bounded,by LemmaA.3.1(h3).

The equationsof the CARE (9.3) are given in � �
H1 � H �- 1 � , � �

U � and� �
H1 � U � , respectively; e.g.,thefirst oneis equivalenttoM Ax0 ��8 x1N H # M x0 ��8 Ax1N H ��PXM Cx0 � JCx1N Y # M Kx0 � SKx1N U for all x0 � x1 � Dom

�
A�

(9.4)
(by LemmaA.3.1(g3),it is enoughto verify this for x1 � x0).

NotethatCAREscover theRiccatiequationspresentedearlierfor WPLSsin
[WW, Theorem12.8],[S98b,Theorem6.1(v)], [Mik97b] and[Mik98]. To getan
examplewhereS �� D � JD, applyCorollary9.1.12to I � τ

� P 1� � Iτ
� P 1� (notethat�

τ
� P 1� � # ∞ � � 0); seeExample9.8.15for details.

Theweakregularityof K (seeProposition6.2.8(a2))is inherentin theCARE:

Remark 9.1.6(Implicit assumptionsof the CARE) The third equationof the
CARErequiresthat 8 Dom

�
A��( Dom

�
B�w � andthesecondequationthat 8 �

α P
A� - 1Bu0 � Dom

�
B�w � .

Thesehold iff 8 HB ( Dom
�
B�w � , equivalently, iff 8 ��� �

HB � Dom
�
B�w ��� .

It follows that B�w 8 �a� �
HB � U � , B�w 8 �2� P A� - 1 � H

�
C �

ωA
; � �

H � U ��� , and
B�w 8 ��� P A� - 1B � H

�
C �

ωA
; � �

U ��� . This implies that Kw �+� �
HB � U � and hence

K ��� �
H1 � U � .

Notealsothat wehaverequiredSto beinvertible(cf. Definition9.8.1)and 8
andSto beself-adjoint.



410 CHAPTER9. RICCATI EQUATIONSAND J-CRITICAL CONTROL

If B is bounded,thenany 8:�o8;� �p� �
H � is SR (seeDefinition 9.1.5)and

S � D � JD � S� ; in particular, the above implicit requirementsmentionedin
Theorem9.1.6aresatisfied,seeProposition9.1.15.

Proof: In order to have the term B�w 8 well-defined, we must require8 Dom
�
A��( Dom

�
B�w � , andfor eachu0 � U theremustexist α � ωA s.t. 8 �

α P
A� - 1Bu0 � Dom

�
B�w � . The latter implies that 8 �

α P A� - 1BU ( Dom
�
B�w �

for all α � σ
�
A� c, by the resolvent equationand the fact that 8 Dom

�
A�X(

Dom
�
B�w � . Combiningthesetwo inclusions,we get 8 HB ( Dom

�
B�w � , hence8 �:� �

HB � Dom
�
B�w ��� , by Lemma A.3.6 and Proposition6.2.8(b1). The

converseimplicationsaretrivial.
Now

m�
: � B�w 8 ��� P A� - 1B � H

�
C �

ωA
; � �

U ��� , because
m� �

s� P m� �
s0 � ��

s0 P s� B�w 8 �
s P A� - 1 � s0 P A� - 1B � H

�
C �

ωA
; � �

U ��� , by theresolventequation,
LemmaA.4.4(a).

BecauseHB ( Dom
�
Cw � andHB ( Dom

�
B�w 8 � , weobtainHB ( Dom

�
Kw � .

This inclusionis continuous,by LemmaA.3.6,andKw �`� �
Dom

�
Kw � � U � , by

Lemma6.2.8(b2). =
Thus, the CARE is well-defined only for 8 �a� �

H ��� � �
HB � Dom

�
B�w ��� .

This is not a restriction,becauseif a J-critical control can be given by a WR
stabilizingstatefeedbackoperatorK, thentheJ-critical cost 8 : �n@��F J @ F is in� �

H ��� � �
HB � Dom

�
B�w ��� , and 8 satisfiestheCARE, by Theorem9.9.1(a1)and

Proposition9.8.10.
Conversely, any strongly stabilizing solution of the CARE is unique and

correspondsto control u � Kwx that is J-critical w.r.t. the closed-loopsystem;
if we requiretheK to bestronglyq.r.c.-stabilizing,thenthis control is J-critical
w.r.t. the original systemtoo. This is illustratedin the rest of this section;the
remainingsectionsof this chapterstudythe(extended)CARE further.

Theorem 9.1.7(r.c.f.� � � CARE) Let Σ be WR and strongly q.r.c.-stabilizable.
Thenthefollowing areequivalent:

(i) There is a J-critical WRq.r.c.-stabilizingstatefeedback operator K for Σ.

(ii) TheI/O-map B hasa
�
J �21 � -inner q.r.c.f. B �LS�Q - 1 with

O
: �:Q - 1 WR

andX � I .

(iii) TheCARE(9.3)hasa q.r.c.-stabilizingsolution 89�:8;� .
Moreover, thefollowing holdsfor the(possible)solutionsof (i)–(iii):

(a1) The solutionsof (i)–(iii) are unique and correspondto each other as
follows: K is thestatefeedback operator “K ” of theCARE,

O � I P E (andS�� B Q ), where ��D E 
 is thepair generatedby � K 0 
 ; 8'�}@��F J @ F
and ��D E 
 areobtainedfrom S and Q asin Theorem9.9.10(g).

(a2) Thecorrespondingoperators 8 , S �HS)� J S and the pair ��D E 
 gen-
eratedby � K 0 
 satisfy(Crit1)–(Crit4) Theorem9.9.10; in particular,
Theorem9.9.10,Proposition9.11.4andLemma9.11.5apply.
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(a3) The J-critical SOS-stabilizingpairs for Σ are the ones generated by� EK I P E 
 (E � j � �
U � ); in particular, theyareWRandstronglyq.r.c.-

stabilizing.

(b) TheoperatorsK and 8 arestronglyq.r.c.-stabilizing.

(c) Thecritical control for x0 � H is givenby ucrit
�
t � � D]F x0 � Kwx

�
t � (a.e.),

and the closed-loopcost function � F �
x0 � uF � for y �w@ F x0 #pB F uF , uF �

L2 � R � ;U � is givenby� F �
x0 � uF � : ��M y� JyN L2 � R � ;Y � ��M x0 ��8 x0N H # M uF � SuF N L2 � R � ;U �2� (9.5)

(d1) If
O � SR, then Q � SR, S � WR anducrit

�
t � � Ksx

�
t � (a.e.).

(d2) Assumethat B � SR. Thenwemayreplace“WR” by “SR” (resp.“UR”)
in (i) and (ii) if the weaklimit in the CAREis replacedby a strong (resp.
uniform)limit.

In the uniform case, the requirementX � I can be removed if we allow
multiple solutionsin (ii) ( B � � S E � � Q E � - 1 where E � j � �

U � ); cf. (a1).
NotealsotheimplicationsB � O � SR ��S���Q � SR� O � SR � Q � SR; (9.6)B � O � UR ��S���Q � UR � O � UR � Q � UR � (9.7)

(d3)Wehave
mO �

s� � I P Kw
�
s P A� - 1B, and

mQ �
s� � I # Kw

�
s P A P BKw � - 1B,

and D;F x0 � Kw
" F �2� � x0 a.e.

(e) If (i) hasa solution[with S � 0], then B is [positively] J-coercive.

The conditionX � I (equivalently, X � j � �
U � ; cf. Lemma6.4.5(e))is not

restrictive (at least)whendimU � ∞ or
O � UR; cf. (d2), Lemma9.9.7(d)and

Corollary9.1.11.
All theoremsandcorollariesof thissectionarespecialcasesof Theorem9.1.7

(with furtherdetailsor simplifications).SeeSection10.2for thepositivecase.
Proof: Theequivalence(i) � (ii) � (iii) is theonein Theorem9.9.10(d1);in

particular, (a2)holds.
(a1)-(a3),(c)Thesefollow from (a1)–(b)and(e1)&(f1) of Theorem9.9.10,

respectively.
(b) By Theorem6.7.15(a2),any q.r.c.-SOS-stabilizingK is stronglyq.r.c.-

stabilizing.
(d1) We have Q � SR, by Proposition6.3.1(a3),and S � WR, by Lemma

6.2.5.
Setx � " F x0, sothatucrit � D]F x0 � �

K F � sx a.e.,by (6.46),and
�
K F � s � Ks,

by Lemma6.6.18(d3).Therefore,ucrit � Ksx a.e.
(TheJ-critical controlcorrespondsto x � " F x0 #Y$ F τuF with uF � 0 (see

Definition9.1.4),althoughtheformulau � Ksx holdsfor arbitraryuF .)
(d2) The first claim follows from Lemma 9.11.5(e); the secondfrom

Proposition6.3.1(b1)and Lemma6.4.5(e)(the latter implies that the q.r.c.f.
parametrizationappliesin WR andSRcasestoo if wereplace“X � I ” by “X �
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U � ” in (ii)). Theimplicationsfollow from (d1),theequationS+� B Q , and

Lemma6.2.5.
(d3)This follows from Proposition6.6.18(d1).
(e) This follows from (Crit1) andTheorem9.9.10(e2). =

Fromtheaboveproof wenotethefollowing facts:

Remark 9.1.8(Reductionof assumptions)

(a) We can remove the assumptionin Theorem9.1.7 that Σ is strongly q.r.c.-
stabilizableif weaddthis conditionasan additionalrequirementto condi-
tion (ii) andreplace“q.r.c.-stabilizing”by“stronglyq.r.c.-stabilizing” in (i)
and(iii).

(b) Alternatively, wecanuseP-stabili[zabili]ty or P-SOS-stabili[zabili]ty(see
Definition9.8.1)insteadof strongstabilizability(eitherin assumptions,asin
thetheorem,or in requirements,asin (a)) if wealter part (b) of thetheorem
accordingly.

Claims(a) and (b) appliesalsoTheorem9.1.10andCorollary 9.1.11;claim
(b) appliesalsoCorollaries9.1.9and9.1.12. =

On the other hand, Theorem6.7.15 allows us often to reducefurther the
stabilizationassumption;e.g., if Σ is exponentiallyq.r.c.-stabilizable,then any
I/O-stabilizing(or input stabilizing)solutionis exponentiallyq.r.c.-stabilizing.In
the standardLQR problemfor anexponentiallyq.r.c.-stabilizableor estimatable
system,any nonnegative solution is a uniqueand minimizing, by Proposition
10.7.3(c3).SeeSections10.1and9.2for furthersimplifications.

Theorem9.9.1(a1)and Corollary 9.9.2 show the necessaryand sufficient
conditionsfor theexistenceof aJ-critical statefeedbackpair in termsof solutions
of Riccatiequations,without additionalstabilityor stabilizabilityassumptions.

If Σ is stronglystable,thenan admissiblesolution
� 8q� S� K � of the CARE is

(strongly)r.c.-stabilizingif it is stableandstabilizing;in fact,it sufficesthat D is
stableand

O � j
TIC, by Proposition9.8.11. Thuswe get additionalequivalent

conditionsin this case:

Corollary 9.1.9(StableΣ: SpF� � � CARE) Let Σ beWRandstronglystable.
Then the assumptionsof Theorems 9.1.7 are satisfied, and each of the

following conditionsis equivalentto (i)–(iii) of Theorem9.1.7

(i) There is a J-critical WRstable, stabilizingstatefeedback operator K for Σ.

(ii) ThePopov operator B � J B hasa WRspectral factorization B � J B � O � SO
with X � I .

(iii) TheCARE(9.3)hasa stable, stabilizingsolution 89�:8X� .
Moreover, the solutions of (i)–(iii) solve the correspondingconditions of

Theorem 9.1.7, and vice versa; in particular, (a)–(d) of that theorem apply,
and“stable, stabilizing” is equivalentto “q.r.c.-stabilizing” (andto “stable and
stronglyr.c.-stabilizing”) in (i) and(iii). Furthermore,
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(a) If Σ is exponentiallystable, then“stable, stabilizing” is equivalentto “ex-
ponentiallystabilizing”, andto “I/O-stabilizing”, andto “ Q -stabilizing”.

(b) If (iii) holds,then 89��@�� � J P J B π � �
π � B � J B π � � - 1π � B � J � @ .

Recall from Definition 6.4.4 that (ii) requiresthat
O � j

TIC
�
U � and S �j � �

U � . SeeTheorem10.6.3 for the positive case(S � 0, or equivalently,B � J B � 0).
Proof: BecauseΣ is stable,now astabilizingstatefeedbackpair is stableif f

it is q.r.c.-stabilizing,byLemma6.6.17(a).Therefore,(i) and(iii) areequivalent
to thoseof Theorem9.1.7,in particular, any solutionsarestableandstrongly
stabilizing,by (b) of thetheorem.

Finally, (ii) is equivalentto (ii) of Theorem9.1.7,by Lemma6.4.8(b)(use
ther.c.f. B � B I - 1).

(a) This follows from Proposition9.8.11.
(b) This follows from Theorem9.9.10(g1). =

In Theorem9.1.7 we assumedthe existenceof a preliminary strongly sta-
bilizing feedbackpair. Assumingthat this pair is regular, we have threemore
equivalentconditions,namelyconditions(i)–(iii) for thepreliminarily stabilized
system:

Theorem 9.1.10(SRstabilized Σ: r.c.f. � CARE)
Let Σ be SRand havea SRstrongly q.r.c.-stabilizingstate feedback operator

K   (i.e., pair ��D¡  E¢  
 with F  £� 0). Let Σ1¤ : �6� �¦¥ �§¥� ¥ 	 ¥ � bethetwo top rowsof

thecorrespondingSRstronglystableclosed-loopsystem.LetJ � J � ��� �
Y � .

Thenthefollowing areequivalent:

(i) There is a J-critical SRq.r.c.-stabilizingstatefeedback operator K for Σ.

(ii) TheI/O-map B hasa
�
J �21 � -innerq.r.c.f. B ��SzQ:- 1 with Q SRandM � I .

(iii) TheCARE(9.3)hasa q.r.c.-stabilizingsolution 8+�:8X� admittinga strong
limit in theCARE.

(i ¤ ) TheJ-critical control for Σ1¤ can begivenby a SRstable, stabilizingstate
feedback operator K ¨ .

(ii ¤ ) ThePopov operator B �¤ J B ¤ hasa SRspectral factorizationB �¤ J B ¤ � O � ¨ SO ¨
with Ẍ � I .

(iii ¤ ) TheCARErsst ssu K �¨ SK ¨©� A�¤ 8 # 8 A¤ # C �¤ JC¤ �
S � D � JD # s-lim

sv � ∞
B�w 8 �

s P A� - 1B � j � �
U � �

K ¨ �wP S- 1 � B�w 8 # D � JC¤ � � (9.8)

(on Dom
�
A¤ � for Σ1¤ andJ) hasa stable, stabilizingsolution 8ª�a8X� .
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(Notethat thefirstandthird equationof (9.8)aregivenonDom
�
A¤ � , andthat

A¤ � A # BK  s andC¤ � C # DK  s on HB « Dom
�
A¤ � , byProposition6.6.18(d3).)

If some(henceall) of (i)–(iii ¤ ) havea solution,thenthefollowing holds:

(a) Theabove assumptionsand conditions(i)–(iii) are stronger than thoseof
Theorem 9.1.7; in particular, (a1)–(d2) of that theorem apply for these
solutions.

In particular, the solutionsare unique and correspondto each other as
in that theorem. (The correspondingclaim holds also for (i ¤ )–(iii ¤ ), by
Corollary 9.1.9).

(b) Thesolutionsof (i) and(i ¤ ) are connectedby Ks � K  s # �
K ¨ � s, which holds

on HB � HB¥ � HB~
(TheoperatorsKs andK  s are thestrongYosidaextensionsof K andK   w.r.t.
A, and

�
K ¨ � s is thestrongYosidaextensionof K ¨ w.r.t. A¤ . However, if one

extendsthe restriction(to Dom
�
A� , Dom

�
A¤ � or AF ) of any of thesethree

(extended)operatorsw.r.t. anyof A, A¤ andAF , thentheextensioncoincides
with theoriginal oneon HB.)

Thesolutionsof (ii) and(ii ¤ ) areconnectedby Q¬�pQ   O - 1¨ , S}� B Q , whereQ   : � �
I P E¢  � - 1, S   : � B Q   � B ¤ . Thesolutionsof (iii) and(iii ¤ ) areequal.

Recallfrom Corollary9.1.9,that “stable,stabilizing” in (iii ¤ ) is equivalentto
“q.r.c.-stabilizing”.

Proof: Weshallagainusetheimplication
O � SR & X � j � � O - 1 � SR

(from Proposition6.3.1(a3))andthefactthatSRis closedundercompositions.
E.g.,wenotethatΣ ¤ is SR.

Conditions(i)–(iii) areequivalent,by Theorem9.1.7(d2);likewise,condi-
tions (i ¤ )–(iii ¤ ) areequivalent,by Corollary 9.1.9andTheorem9.1.7(d2). In
particular, (a) holds. Equivalence(ii) � (ii ¤ ) follows from Lemma6.4.8(b)(by
its proof, Q��ªQ   O - 1¨ ).

(a) Thiswasnotedabove.
(b) The formula Q �nQ%  O - 1¨ wasnotedabove. By Theorem9.9.10(g2),

theuniquesolutionof (i ¤ ) correspondsto thesame8 asthatof (i), hencealso
the solutionsof (iii) and (iii ¤ ) are identical. The rest of the third paragraph
follows from these.The first andsecondparagraphsfollow from Proposition
6.6.18(a1)&(e)&(f). =
If, e.g.,Σ is stableand B � MTICL1

, thenwegetfurtherequivalentconditions:

Corollary 9.1.11(MTIC Σ: r.c.f. � CARE) LetHypothesis8.4.7holdfor � �
U � .

LetΣ bestronglyq.r.c.-stabilizablein � , i.e., let it havea stronglystabilizingstate
feedback pair ��D�  E¢  
 with S   �®Q   � � andq.r.c., where Q   : � �

I P E¢  � - 1 �
I # E ¤ �¯S   : � B Q   � B ¤ .

Theneach of thefollowingconditionsif equivalentto (i)–(iii) of Theorem9.1.7
aswell asto (i)–(iii ¤ ) of Theorem9.1.10:

(ii’) B hasa
�
J ��1 � -innerq.r.c.f. B ��SzQ:- 1.
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(ii   ¤ ) ThePopov operator B �¤ J B ¤ hasa spectral factorization
O � ¨ SO ¨ .

(iv) B is J-coercive.

(iv ¤ ) B ¤ is J-coercive.

(iv   ¤ ) ThePopov Toeplitzoperator π � B �¤ J B ¤ π � is invertiblein � �
L2 � R � ;U ��� .

Moreover, wehavethefollowing:

(a) Theaboveequivalenceholdsevenif the“SR” (resp.“ s-lim”) in anyof (i)–
(iii ¤ ) of Theorem9.1.10are replacedby “WR” (resp.w-lim) or by “UR”
(resp.lim).

(b) Theassumptionsof Theorems9.1.7andTheorem9.1.10aresatisfied.

Assumethat some(henceall) of (i)–(iv ¤ ) holds.Thenwehavethefollowing:

(c1) Thesolutionsof (ii’) (resp.(ii   ¤ )) are equal to the uniquesolutionof (ii)
(resp.(ii ¤ )) moduloa

j � �
U � operator.

Consequently, we necessarilyhave B � E � O � ULR and Qª��S°� O ¨ � � (
ULR.

(c2) Theorem9.1.10showshowthe (unique)solutionsof theotherconditions
relateto each other.

(d) If Hypothesis8.4.8 holds for
 �

U � , and B �±SzQ:- 1 is a
�
J � S� -inner

[q.]r .c.f., thenN � JN � S, i.e., D � JD � X � SX, where
O

: �9Q}- 1.

Moreover, any
�
J �21 � -inner-right factorizationof B is a

�
J �21 � -inner [q.]r .c.f.

Proof: Obviously, (b) holds.By Corollary8.4.14(b3),conditions(ii’), (ii   ¤ ),
(iv) and(iv ¤ ) areequivalentto eachotherandto (ii)’ sof boththeorems,andthe
solutionsarenecessarilyin � . By Lemma8.4.11(a1),(iv   ¤ ) � (iv ¤ ). Thewhole
equivalencefollows from this.

(a) This follows,becausethesolutionsarein � ( ULR ( UR.
(c1)This follows from Lemma6.4.5(e)andLemma6.4.8(a).
(c2)This follows from theabove.
(d) This follows from Corollary8.4.14(b4)andLemma6.4.5(e) =

In thestablecase,wegetstill moreequivalentconditions:

Corollary 9.1.12(StableMTIC Σ: SpF� CARE) LetHypothesis8.4.7holdfor� �
U � . Let Σ bestronglystable, andlet B � � .
Thenthe assumptionsof Corollaries 9.1.11and 9.1.9 are satisfied,and we

havetwo moreequivalentconditions:

(ii”) B � J B hasa spectral factorization
O � SO .

(iv’) ThePopov Toeplitzoperator π � B � J B π � is invertiblein � �
L2 � R � ;U ��� .

(a) Assume(ii’). Then
O � j � . If, in addition, Hypothesis8.4.8 holds for �

U � , thenD � JD � X � SX.
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(b) The solutions of (ii”) correspondto those of (ii’) through Q � O - 1,S²� B Q , S � S.

SeeExample9.8.15for anexamplewith X � SX �� D � JD.
Proof: Take ��D¡  E¢  
 �³� 0 0 
 in orderto have Σ1¤ � Σ in Theorem

9.1.10. =
In theclassicaltheory, oneis oftengivenjust anI/O mapandusessome(e.g.,

minimal) realizationto getaRiccatiequationfor solvingtheproblem.
Thiscanbedonein theinfinite-dimensionalcasetoo: if B � TIC (resp.B � � ,

where � is asabove),wecanchooseany stronglystablerealizationof B (e.g.,the
strongly stableexactly observable realization(6.11)) andapply Corollary 9.1.9
(resp.Corollary9.1.12);if, instead,B � TIC∞ ´ TIC, wecanproceedasfollows:

Corollary 9.1.13(I/O-r esult) Let B � TIC∞
�
U � Y � havea q.r.c.f. B �HS� µQ'  - 1,

and let J � J � �Y� �
Y � . Take a stronglystablerealizationΣ ¤ of �'¶¸·¹ · - I

� (e.g., the

oneof Lemma6.6.29),andcloseit with theoutputfeedback L � � 0 P I 
 to obtain
anothersystem TºU " $@ BD;  I P»Q   - 1

V½¼W
: � �

Σ ¤ � L � WPLS; (9.9)

Then � D;  I P»Q   - 1 � is stronglyq.r.c.-stabilizingfor Σ : �¾�¿� �� 	�
 .
Therefore, we can applyTheorems9.1.7and9.1.10(and Corollary 9.1.11ifS���Q � � ) for therealizationΣ of B in order to finda

�
J �21 � -innerq.r.c.f. for B . =

(This is obvious.Here ��� �� 	�
 andΣ referto componentsof 9.9.)
Wenow takea look at caseswheretheCARE becomessimpler.

Remark 9.1.14 TheCAREtakestheform

A� 8 # 8 A # C �1QC1 � �
B�w 8 # NC1 � � � X � X � - 1 � B�w 8 # NC1 � � (9.10)

of M. Weiss and G. Weiss [WW, Theorem 12.8], if we make (someof) the
assumptionsof Section2 of [WW], namelythat Y : � Y1 À U, J : �Á� Q N Â

N R

 B : �� 	 1

I

 , @ : �Ã� � 1

0

 , where Y1 is a Hilbert space, B 1 � TIC

�
U � Y1 � is the unique

TIC-extensionof “ E ”, π � B � J B π �+� 0, D � � 0I 
 �`� �
Y1 À U � , and

O
andSare

replacedbyS1Ä 2 O andI , respectively. In thiscase, thecostfunctiontakestheform� �
x0 � u� �aÅ ∞

0 Æ k Q N �
N R l k y1

�
t �

u
�
t � l �¢k y1

�
t �

u
�
t � l�Ç dt � (9.11)

asin [WW, equation(2.8)]; here * y1
u ,È�a@ x0 #YB u. =

WhenC is bounded(e.g.,for finite-dimensionalH), oneoftenwritestheabove
cost function in form �9�AM * xu ,É� J   * xu ,½N , whereJ   ���C D 
 � J � C D 
 , @H��� I

0

 ,B �C� 0I 
 (notethatherey � * xu , ).

In severalspecialcases,theCARE canbesimplified:
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Proposition 9.1.15(Specialclassesof systems) If B is bounded(this includes
the Pritchard–Salamonclass),theneach solutionof the CAREis ULR, and we
canformulate(iii) (theCARE)asfollows:

(iii’) A�Ê8 # 8 A # C � JC � �
B�Ê8 # D � JC� � � D � JD � - 1 � B�Ê8 # D � JC� , 89�n8X� �� �

H � , D � JD � j � , andK : � �
D � JD � - 1 � B�Ê8 # D � JC� is q.r.c.-stabilizing.

If B � TIC
�
U � Y � andHypothesis9.2.2is satisfied,thenthecanformulate(iii)

(theCARE)asfollows:

(iii”) A� 8 # 8 A # C � JC � �
B�w 8 # D � JC� � � D � JD � - 1 � B�w 8 # D � JC� , 8���8 � �� �

H � , 8 * H , ( Dom
�
B�w � , D � JD � j � , andK : � �

D � JD � - 1 � B�w 8 # D � JC�
is q.r.c.-stabilizing.

If Σ is stronglystableand B � � �
U � Y � (resp.Σ is stronglyq.r.c.-stabilizablein� ), where � satisfiesHypothesis8.4.8(e.g., � � MTICL1

), thenthecanformulate
(iii) (theCARE)in Corollary 9.1.12(resp.in Corollary 9.1.11)asfollows:

(iii”’) A� 8 # 8 A # C � JC � �
B�w 8 # D � JC� � � D � JD � - 1 � B�w 8 # D � JC� , 8Ë�8X� �n� �

H � , D � JD � j � , w-limsv � ∞ B�w 8 �
s P A� - 1B � 0, and K : ��

D � JD � - 1 � B�w 8 # D � JC� is q.r.c.-stabilizing.

Moreover, in each of thesecases,Σext, Σd
ext, Σ F , ΣdF becomeULR andwemay

useB�s ands-lim insteadof B�w andw-lim.

(In (iii’) and(iii”), theoperatorsK is necessarilyadmissibleandULR evenif
it werenotq.r.c.-stabilizing.)

In thestandardLQR (minimization)problem,we have J � I , hencethenfor
thesespecialclassestheCARE(9.11)takesthefamiliar form

A� 8 # 8 A # C �1C1 � �
B�w 8 � � B�w 8 (9.12)

and the corresponding(J-critical) control is given by u
�
t � � Kwx

�
t � �P B�w 8 x

�
t � a� e� ; when B is bounded,then so is K, the CARE becomesA� 8 #8 A # C �1C1 �>8 BB� 8 , andu �ÌP B� 8 x, as in the finite-dimensionalcase. See

alsoTheorem9.2.14andCorollary9.2.15for variantsof (iii”), andalsoCorollary
10.2.3andTheorem9.9.6for boundedB.

Proof: (As notedin Remark6.9.3,a PS-systemhasa boundedB w.r.t. the
largerof thetwo statespaces.)

1Í � : (iii”’) � (iii): Obviously, (iii”’) holds if f (iii) holdsandS � D � JD.
But if (iii) holds, then B � J B � O � SO (resp. B �¤ J B ¤ � O � ¨ SO ¨ ) is a spectral

factorizationin � , by the corollary, hencethen D � JD � I � SI � S, by the
hypothesis.

2Í AssumingHypothesis9.2.2: UseTheorem9.2.9.
3Í BoundedB: This follows from 2Í and the fact that B�w � B with

Dom
�
B�w � � H. =
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Notes
Mostof thissectionwascontainedin [Mik97b], partiallyalsoin [Mik98]. See

the noteson p. 502 for earlier partial resultsfor WPLSs(mainly specialcases
of implications“(ii) � (i) � (iii)”). Many analogousresultsare well-known for
finite-dimensionalsystems(see[IOW]) andfor Pritchard–Salamonsystems(see
[Weiss97]),particularly for exponentiallystablesystems(so that � out �Î� exp).
Note that “Wiener–Hopf factorizations”and

�
J � S� -inner-outerfactorizationsare

equivalentto spectralfactorizationsin thestablecase,by Lemma6.4.8.
We have definedthe CAREs only for WR systemswith WR optimal state

feedbackpairs.SeeSection9.7for “CAREs” (onDom
�
Acrit � insteadof Dom

�
A� )

for arbitraryWR systems,and Remark9.12.1andDefinition 9.8.4 (the IARE)
for arbitraryWPLSs. The correspondingequivalences(for IAREs) for arbitrary
WPLSsaregivenin Theorem9.9.1andCorollary9.9.11.

In the finite-dimensionalcase,the theoryof algebraicRiccati equationsand
inequalitiesis very mature,andan excellentreferenceon the theoryis [LR], by
PeterLancasterand Leiba Rodman. Several aspectsof the finite-dimensional
theorystill await generalizations.
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9.2 Riccati equationswhen Ï Bu0 Ð L1

Everythingshouldbemadeassimpleaspossible, but not simpler.

— Albert Einstein(1879–1955)

In this section,we shall establisha simplified CARE theory for systemsof
the form studiedin Section6.8 (seeHypothesis9.2.2). For them, a uniqueJ-
critical control is always of uniformly line-regular (ULR) statefeedbackform,
i.e., it correspondsto a ULR �5�� -stabilizingsolutionof the CARE (we assume
thatD � JD � j � �

U � ). Moreover, we canremove the limit termfrom theCARE
(andhenceS � D � JD). We may, instead,requirethat B�w 8 �p� �

U � H � (this is
not thecasefor generalCAREs);seeDefinition 9.2.6for details.As a result,for
this classwe canandwill formulatemost resultsin this book to look like their
finite-dimensionalcounterparts.

Main resultsof this sectionincludeTheorems9.2.9–9.2.18and9.2.3.Several
minimizationresultsfor thesesystemsaregivenin Chapter10 andH∞ resultsin
Chapters11–12.

In practicalapplicationsof thetheoryof thissection,oneusesconditionssuch
asthosein Hypothesis9.2.2,but to makeroomfor futureextensionsof thetheory,
weoftenusethefollowing, weaker andmoreabstracthypothesisin our results:

Hypothesis9.2.1(Σ is smooth) ThesystemΣ � WPLS
�
U � H � Y � is ULR,J � J � �� �

Y � , and if there is a J-critical control for Σ over �?�� in WPLSform, then8 * H , ( Dom
�
B�w � .

(Here 8 is theJ-critical costoperator, it is definedin Theorem8.3.9(b1).If we

saythat “ � �¦¥ �§¥� ¥ 	 ¥ � satisfiesHypothesis9.2.1for � �� �Ì� exp”, we naturallymean

thatHypothesis9.2.1holdswith �/� �� 	 
 replacedby � � ¥ � ¥� ¥ 	 ¥ � (alsoin thedefinition

of � exp) andB�w replacedby
�
B�¤ � w. Naturally, the lastassumptionabove canbe

readas“either 8 * H , ( Dom
�
B�w � or thereis noJ-critical controlfor Σ over �5�� in

WPLSform”.)
Not even all stableULR systemssatisfy Hypothesis9.2.1, by the counter-

examplegivenin Example9.8.15(with B � τ - 1 � MTIC). However, Hypothesis
9.2.1is satisfiedin thefollowing cases(andothers):

Hypothesis9.2.2 At leastoneof (1.)–(7.)holds,where

(1.) B is bounded(i.e., B �Ñ� �
U � H � );

(2.) (Analytic
" " "

) Hypotheses9.5.1and9.5.7hold;

(3.)
"

Bu0 � L1 � * 0 � 1, ;H � for all u0 � U, C ��� �
H � Y � andD � JC � 0;

(4.)
"

B � L1 � * 0 � 1, ; � �
U � H ��� , C ��� �

H � Y � , D � JD � j � �
U � ;

(5.)
"

Bu0 � L2 � * 0 � 1, ;H � andCw
"

Bu0 � L2 � * 0 � 1, ;Y � for all u0 � U;

(6.) (Stablecase)C �%� �
H � Y � , D � JC � 0, B �Y� �

U � Y � # � �
U � L1 � R � ;Y ��� 1

andtheassumptionsin (b2)or (b2’) of Theorem8.3.9hold;
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(7.) (Stable case) B �+� �
U � Y � # � �

U � L2 � R � ;Y ��� 1 and the assumptionsin
(b2)or (b2’) of Theorem8.3.9hold.

As in Section 6.8, by “
"

B � L1 � * 0 � 1,��21 � ” we mean that π [ 0 < 1� " B �
L1 � * 0 � 1,¿�21 � , etc. SeeLemma6.8.1–6.8.3for equivalentconditionsfor (1.)–(7.)
(e.g., (5.) holds if f

� mB P D � u0 � H2 � C �
ω ;Y � and

�2� P A� - 1Bu0 � H2 � C �
ω ;H � for

all u0 � U andsome(henceall) ω � ωA, by Lemma6.8.1(a)&(d1)).Recallfrom
TheoremF.2.1(g),thatLp

strong
�
R � ; � �

U � Y ����( � �
U � Lp � R � ;Y ��� .

Concerning(6.) and(7.), we notethatfor �5�� �Ò� out (resp. � sta, � str, � exp),
the assumptionsin Theorem8.3.9(b2)hold if � � � 
 is outputstable(resp.stable,
strongly stable,exponentiallystable). The convolutions in (6.) and (7.) are
explainedin Proposition6.3.4(a3)andLemmaF.2.2(d1)–(d3).

Theorem 9.2.3 If Hypothesis9.2.2holds,thenHypothesis9.2.1holds(evenwith
Dom

�
B�L <w � in placeof Dom

�
B�w � ).

Note that most casesof Hypothesis9.2.2 are independentof �5�� , whereas
Hypothesis9.2.1dependson �5�� .

Moreover, wehave 8 ��� �
U � Dom

�
B�L < s��� in cases(1.), (2.) and(4.); this also

holdsin (3.)–(7.)whenevertheconditionsof Lemma9.2.8(c1)&(c2)aresatisfied,
by Theorem9.2.9(andLemma9.6.2).

Proof of Theorem 9.2.3: This follows from Lemmas9.3.2 and 9.3.4.=
All assumptions(1.)–(7.) guaranteecertainregularity of B . Roughly, (1.)–

(5.) also require that B is boundedor
"

is smoothing(any of them implies
that

"
Bu0 � L1 � * 0 � 1� ;H � for all u0 � U ), and (6.) and (7.) requirethat Σ is

somewhat stable. Indeed,underany of (1.)–(5.), we shall use(9.56) to obtain
that 8 * H , ( Dom

�
B�w � ; underany of (6.)–(7.),we shall use(8.36) to obtainthat8 * H , ( Dom

�
B�w � ; from theseformulaeoneobserveswhy it is hardto weakenthe

aboveassumptionswithoutgiving up 8 * H , ( Dom
�
B�w � (andhenceB�w-CARE’s).

SeeLemma9.3.4for details.
Any of (2.)–(7.)allowsB to behighly unboundedwhen

"
is highly smoothing

(e.g.,analytic),but (3.)–(5.) requireB to be boundedwhen
"

is nonsmoothing
(e.g.,invertible).

An alternative approachis to give up “ 8 * H , ( Dom
�
B�w � and assumethatB � MTIC (or thatΣ is exponentiallyor q.r.c.-stabilizablein MTIC), andrequire

J-coercivity to obtaina factorizationof thePopov operator. SeeSection9.1 and
Remark9.9.14for details.

In thestablecasewith dimY � ∞, aboundedC is enoughfor Hypothesis9.2.2:

Proposition 9.2.4 If C is bounded,dimY � ∞ and $ is stable, then
mB P D �

H2 � C � ; � �
U � Y ��� ; in particular, then B �%� �

U � Y � # � �
U � L2 � R � ;Y ��� 1 (cf. (7.)

above).

If C is bounded,dimY � ∞, �5�� �Á� exp (resp. �5�� �Á� out) and there is
an exponentially (resp.q.r.c.-)stabilizingboundedstatefeedbackoperatorK �
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H � U � for Σ, then we can reducethe problemto the stablecase,which can

be solved by Theorem9.2.9, the above proposition,and(7.) of the hypothesis;
indeed, the solution correspondsto the original one through the formulae of
Proposition6.6.18(f),by Theorem8.4.5.

Naturally, if C � � C1
0

 �`� �

U � Y1 À Y2 � , thenit sufficesthatdimY1 � ∞, since
then B 2 � D2 ��� �

U � Y2 � .
Proof: By Theorem6.2.11(c2),wehaveB� �2� P A� � - 1C � y0 � H2 for all y0 �

Y, hence
mB � � �̄ � P D � H2, hence

mB P D � H2, henceB P D ��� �
U � L2 � R � ;Y ��� ,

by LemmaF.3.4(d). =
Thestandingassumptionthat �¿� �� 	 
�� WPLS

�
U � H � Y � is oftenimpliedby the

otherassumptions:

Remark 9.2.5(Sufficient conditions for (3.) or (5.)) Drop, for a moment,the
standingassumptionthat �¿� �� 	�
 � WPLS. Assume, instead, that

"
is a C0-

semigroup on H, B �}� �
U � H - 1 � , C �9� �

H1 � Y � and D �}� �
U � Y � (recall that

H1 : � Dom
�
A� with graphnorm,andthatH - 1 : � Dom

�
A� � � w.r.t. thepivotspace

H).

(a) If B �Y� �
U � H � , andCw

"
x0 � L2 � * 0 � 1� ;Y � for each x0 � H, then � � �� 	 
X�

WPLSω
�
U � H � Y � for anyω � ωA, and(1.) and(5.) aresatisfied.

(b) If
"

B � Cw
" � Cw

"
B � L2 � * 0 � 1� ; � � , then ��� �� 	 
 � WPLSω

�
U � H � Y � for any

ω � ωA, and(5.) is satisfied.

(c) If B� " � � L2 � * 0 � 1� ; � �
H � U ��� , "

Bu0 � L1 � * 0 � 1� ;H � for all u0 � U, C �� �
H � Y � , andD � JC � 0, then �¿� �� 	 
 � WPLSω

�
U � H � Y � for any ω � ωA,

and(3.) is satisfied.

(d) WehaveC
�2� P A� - 1 � �2� P A� - 1B � mB P D � H2

strong<∞ iff (5.) holds.

Analogously, B � � �
U � Y � # � �

U � L2 � R � ;Y ��� 1 iff
mB P D �

H2
strong

�
C � ; � �

U � Y ��� , byLemmaF.3.4(d).

Proof: Claims (a)–(c) follow easily from, e.g., Definition 6.1.1, Lemma
6.8.1,Lemma6.3.16(b)&(c)andduality.

By Lemma6.8.1(a)&(d1)&(e1)&(e2),claim (d) holds (and we may use
CL < s in placeof Cw everywherein theproposition). =
UnderHypothesis9.2.1(with D � JD � j � �

U � ), onecanreplacetheCAREby
thefollowing simplifiedform, asshown in Theorem9.2.9:

Definition 9.2.6(B�wB�wB�w-CARE) Let B be WR. An operator 8 � 8 � �� �
H � Dom

�
B�w ��� is calleda solutionof theB�w-CARE if D � JD � j � �

U � and 8
satisfies�

B�w 8 # D � JC� � � D � JD � - 1 � B�w 8 # D � JC� � A� 8 # 8 A # C � JC (9.13)

Wecall a solution 8 stabilizing(resp.ULR, ...) if K : ��P �
D � JD � - 1 � B�w 8 # D � JC�

is stabilizing(resp.ULR,...),andwecall 8Ó� exp-stabilizingiff K is exponentially
stabilizing(seeDefinition9.8.1for other �5�� , Σ F , � D E 
 , O �ÔS and Q ).
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We often call
� 8q� S� K � a solution of the B�w-CARE, where K : �P �

D � JD � - 1 � B�w 8 # D � JC� , S: � D � JD. In moststandardformsof LQR andH∞

problems,we have D � JC � 0 and hencethen (9.13) reduceseven further and
K �LP �

D � JD � - 1B�w 8 .
Theequation(9.13)is givenin ��� �

Dom
�
A� � Dom

�
A� � � , i.e., it holdsif fM Kx0 � � D � JD � Kx1N U �+M Ax0 ��8 x1N H # M�8 x0 � A8 x1N H # M Cx0 � JCx1N Y for all x0 � x1 � Dom

�
A�

(9.14)
(equivalently, wheneverx0 � Dom

�
A� � x1 � x0, by LemmaA.3.1(g3)).

Note that the condition “ 8o�Ì8X� �9� �
H � Dom

�
B�w ��� ” may be replacedby

“ 8w�Ò8;� �g� �
H � & 8 * H , ( Dom

�
B�w � ” (by LemmaA.3.6). Therefore, 8 �� �

H � Dom
�
B�w ��� if f 8 �`� �

H � and M r � r P A� - 1Bu0 ��8 x0N H convergesasr 4 # ∞,
for all u0 � U andx0 � H. In mostcaseswe mayreplaceB�w by B�L <w, ofteneven
by B�L < s, asnotedin Lemma9.2.8(c).

We first note that the solutionsof the B�w-CARE are admissibleand ULR
solutionsof theCARE:

Proposition 9.2.7(B�wB�wB�w-CARE � CARE&IARE) Assumethat B is ULR andthat
D � JD � j � �

U � .
(a) An operator 8²�H8;� is a solutionof theB�w-CAREiff it is a solutionof the

CAREand 8 ��� �
H � Dom

�
B�w ��� .

(b) Any solutionof the B�w-CAREis admissibleand ULR, hencea solutionof
theIARE(with S: � D � JD).

(c) If theB�w-CAREhasa �5�� -stabilizingsolution,thenHypothesis9.2.1holds.

Note that the CARE only requiresthat 8H�Z8X� �ª� �
HB � Dom

�
B�w ��� . Ob-

viously, a solution of the CARE cannotbe a solution of the B�w-CARE when
S �� D � JD, andthis canhappenevenif C is bounded,D � JC � 0 and B � E � ULR,
evenfor the � out-stabilizingsolutionasshown in Example9.13.8.

Fortunately, undertheassumptionsof Hypothesis9.2.2,the“optimizing (i.e.,� �� -stabilizing, or equivalently, J-critical) solution of the CARE is always a
solutionof theB�w-CARE too.

Proof of Proposition 9.2.7: (a) Either assumptionimplies that B�w 8 �� �
H � U � , by Lemma A.3.6. It follows that S � D � JD in the CARE, by

Proposition9.11.4(b3).The restof the equivalencefollows directly from the
definitions.(Claim(a) holdswhenever B is WR andD � JD � j � �

U � .)
(b) By Lemma6.3.17,K is anULR admissiblestatefeedbackoperator. By

Proposition9.8.10,any WR solutionof theCAREis asolutionof theIARE.
(c) By (b) andTheorem9.9.1,a �5�� -stabilizingsolution 8 of theB�w-CARE

is theJ-critical costoperator;by assumption,8 * H , ( Dom
�
B�w � . =

We usuallyhave additionalregularity for 8 andΣ F . Someof this is givenin
thelemmabelow, morecanbeobservedfrom theproofsandLemmas6.8.1–6.8.4.
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Lemma 9.2.8 Let B beULR andD � JD � j � �
U � , andlet 8 bea solutionof the

B�w-CARE.Then

(a) If C ��� �
H � Y � or D � JC � 0, thenK ��� �

H � U � .
(b1) If (5.) of Hypothesis 9.2.2 holds, then

mE : � Kw
�
s P A� - 1B �

H2
strong

�
C �

ω ; � �
U ��� for any ω � ω � , and

�
s P AF � - 1B �¦ÕB F P D � mQÖP I �

H2
strong

�
C �

ω ; 1 � for anyω � ω � ~ .

(b2) If
mB P D � H2 � C �

ω ; � �
U � Y ��� anddimU � ∞, then

mE : � Kw
�
s P A� - 1B �

H2 � C �
α ; � �

U ��� and ÕB F P D � mQ P I � H2 � C �
α ; 1 � , for α f ω s.t. α �

maxG ωA � ωA~ K .
(c1) If

"
B � L1 � * 0 � 1� ; � �

U � H ��� and C �Ã� �
H � Y � , or CL <w " B �

L2 � * 0 � 1� ; � �
U � H ��� and

"
B ��� �

U � H � a.e., then 8 ��� �
H;Dom

�
B�L < s��� .

(c2) If 8 is �5�� -stabilizingandeither(6.) holdsand B � MTICL1 �
U � Y � , or (7.)

holdsand B P D � L2 � R � ; � �
U � Y ��� 1 , then 8 ��� �

H � Dom
�
B�L < s��� .

Proof: (a) This follows from thefactthatB�w 8 �Ñ� �
H � U � .

(b1)By Lemma6.3.17,wehave��D E 
 ��� Kw
" P S- 1 � B�w 8 $ τ # D � J B � 
 � (9.15)

BecauseC
�
s P A� - 1B � � s P A� - 1B � H2

strong<∞ and B�w 8 is bounded,we have
Kw

�
s P A� - 1B � H2

strong<∞, hencein H2
strong<ω for any ω � ωA, by Lemma

6.8.1(d1).
By Proposition6.3.3(b1),wehave

mQ±P I � H2
strong<∞, whereQ : � �

I P E � - 1.

Consequently, ×$ F τ � Õ$ τ
mQ � H2

strong<∞ and ÕB F � mB mQ ��� # H2
strong<∞, by

Proposition6.3.3(c).Therestfollows from this andLemma6.8.1(a)&(d1).
(b2) (Note thatH2

strong � H2, becausedimU � ∞. Notealsothat (b2) cor-

respondsto assumption(7.).) Apply Lemma6.3.16(b)to � AÂ T Â
BÂ 0


 , whereT : �P S- 1B�w 8 �Ñ� �
H � U � , to obtain(sincedimU � ∞ impliesthatweak=uniform)

that
T $ τ �wP S- 1B�w 8 $ τ � H2 � C �

α ; � �
U ��� � (9.16)

because$ is α-stable.Now theclaimon
mE follows from (9.15).

BecauseQ � j
TICα

�
U � , we have

mQØP I � H2 � C �
α ; � �

U ��� , by Proposition
6.3.3(b1). Because

mB P D � �
H2 � H∞ � � C �

α ; � �
U � Y ��� , we have

mB mQÖP D �
H2 � C �

α ; � �
U � Y ��� .

(c1)This followsasin theproofof Lemma9.3.4(seeits 2Í and4Í ) with Σ F
in placeof Σcrit exceptthatin 6Í weneedto usethefactthat 8 is alsoasolution
of theB�w-CARE for Σ ¤ , by Lemma9.12.3andProposition9.2.7(a).We need
to useequation(9.156),andit followsfrom Lemma9.10.1(b4)andProposition
9.2.7(b).

(c2) This wasshown in 5Í of the proof of Lemma9.3.4(combinedwith,
e.g.,Theorem9.2.9(i)&(iii)). =
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Now we arereadyfor themainresult,theequivalencebetweentheexistence
of a stabilizingsolutionsof theB�w-CARE andtheexistenceof a uniqueoptimal
control:

Theorem 9.2.9(B�wB�wB�w-CARE � J� J� J-critical) AssumethatS: � D � JD � j � �
U � and

thatHypothesis9.2.1holds.Thenthefollowingareequivalent:

(i) there is a uniqueJ-critical control over � �� � x0 � for each x0 � H;

(ii) there is a J-critical statefeedback pair over �5�� ;
(iii) theB�w-CAREhasa �5�� -stabilizingsolution;

(iv) theCAREhasa � �� -stabilizingsolution;

(v) theeIAREhasa �5�� -stabilizingsolution.

Assume, in addition,thatany(henceall) of (i)–(v) hasa solution.Then

(a1) Thesolutions8 of (iii)–(v) are uniqueandequal,with thesameS, K and� D E 
 (modulo(9.114)for (v)) B�w 8 ��� �
H � U � , andthecorresponding

triple is givenby
� 8�� S� K � , whereK : �wP S- 1 � B�w 8 # D � JC� .

All J-critical statefeedback pairsover �?�� aregeneratedby � EK I P E 

(E � j � �

U � ).
(a2) Σ and its closed-loopsystemΣ F correspondingto the state feedback

operator K areULR, andΣ F hasgeneratorsTU A # BKs B

C # DKs D
Ks 0

VW
(9.17)

(b1)Theorem8.3.9appliesto theleft columnof Σ F .

(b2) If �5�� �Ì� exp, thenΣ F is exponentiallystableand,for any initial statex0

and closed-loopinput uF , the corresponding(J-critical if uF � 0) closed-
loopcostis givenby (cf. Figure9.1)� �

x0 � D;F x0 # � ERF # I � uF � �}M x0 ��8 x0N H # M uF � SuF N �
x0 � H � uF � L2 � R � ;U ��� �

(9.18)

(c1) Assumethat (2.) or (4.) of Hypothesis9.2.2 holds (or that
"

B �
L1 � * 0 � 1, ; � �

U � H ��� ,C �Ñ� �
H � Y � andD � JC � 0).

Then $ F τ � B F � EÙF �®Q � MTICL1

ω ( ULR � UVR, in particular,
" F B �

L1
ω
�
R � ; � �

U � H ��� , for anyω � ωA~ .

(c2) Assumethat (1.) or (5.) of Hypothesis9.2.2 holds. Then $ F τ � B F P
D � ERF �®Q±P I ��Ú Û - 1H2

strong
�
C �

ω ; � �)( ULR � SVR; in particular,
" F Bu0 �

L2
ω
�
R � ;H � , for all ω � ωA~ andu0 � U.

(c3) If Σ satisfies(1.), (2.), (4.) or (5.) of Hypothesis9.2.2,thensodoesΣ F .

(d1) If �5�� �C� exp (or ��� ��
 is estimatableand �?�� � G�� out � � sta� � str
K ), then

ωA~ � 0.
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(d2) If ωA~ � 0 and the assumptionsof (c1) or (c2) hold, then $ ¤ τ � B ¤ � E ¤ �
SHPR� ULR.

Recallthat B � MTICL1

ω meansthat B u � D # f 1 u (u � L2
ω
�
R � ;U � ) for some

f � L1
ω
�
R � ; � �

U � Y ��� andD ��� �
U � Y � .

SeeTheorem9.9.1for furtherdetails(e.g.,for “(b2)” for � �� ��>� exp). Recall
thatourcostfunctionis � �

x0 � u� : � Å ∞

0
M y � t � � Jy

�
t � N Y dt � (9.19)

wherey : � Cwx # Du a.e.,x : � "
x0 #+$ τu (the latter is the strongsolution of

x £� Ax0 # Bu0).
Proof: “(iii) � (iv)” follows from Proposition9.2.7(a), “(i v) � (v)” from

Proposition9.8.10,“(v) � (ii)” from Theorem9.9.1(a1),“(ii) � (iii) Ü (i)” from
Theorem9.2.3andProposition9.3.1,“(i v) � (i)” from Theorem9.9.1(f2).

(a1) By Proposition9.2.7(a), a � �� -stabilizing solution
� 8q� S� K � of the

B�w-CARE solves also the CARE and hence the eIARE; by Theorem
9.8.12(e)&(s2)&(s3),thereareno other �5�� -stabilizingsolutionsof theeIARE
nor of the CARE (hencenor of the B�w-CARE). By Theorem9.9.1(f2),all J-
critical statefeedbackpairs over � �� are generatedby � EK I P E 
 (E �j � �

U � ).
(a2)SeeProposition6.6.18(d4)for thegeneratorsof Σ F . By Lemma9.3.2,B � ULR. By Proposition9.2.7(b),E is ULR, hencesoare Q and B F � B Q ,

by Proposition6.3.1(b2).
(b1)By (a1), DXF x0 is J-critical for eachx0 � H, hence(b1)holds.
(b2)This follows from Theorem8.3.9(a2)and(9.139).
(c1)Notefirst thatMTICL1

∞ ( ULR � UVR, by Proposition6.3.4(a1).
1Í Case(2.): This follows from Lemma9.6.1.
2Í Cases(4.): By Lemma6.8.4(a1)(notethat(a2)wouldprovide thesharp

resultω � ωA~ in somecases),we have
" F B � L1

ω
�
R � ; � �

U � H ��� , i.e., $ F τ �
MTICL1

ω . BecauseK andC # DK arebounded,we have B F � ERF ��Q � MTICL1

ω
(recallthat EÙF �ªQZP I ).

(c2)Notefirst that Ú Û - 1H2
strong ( ULR � SVR, by Proposition6.3.3(a).

1Í Case(1.): Combine(9.17)andTheorem6.9.1(a).
2Í Case(5.): This follows from Lemma9.2.8(b1). (Also (7.) will do for

ω � maxG ωA � ωA~ K if ω f 0 and � �� �>� exp, by Lemma9.2.8(b2).)
(c3) For (1.) this is obvious. For (2.) this follows from Lemma9.6.1,for

(4.) from Lemma6.8.4(a1),andfor (5.) from (c2).
(d1)This follows from Theorem8.3.9(a2)&(a5)(cf. Lemma8.3.3).
(d2)TheULR propertywasestablishedin (a2).WehaveMTICL1 ( UHPR,

by Theorem2.6.4(f),andÚ Û - 1H2
strong � SHPR, by Proposition6.3.3(a). =

In coerciveminimizationproblems,weusuallydonothavethecheckwhether
asolutionof theCARE is stabilizing:

Theorem 9.2.10 AssumeHypothesis9.2.1.AssumealsothatJ � 0 andthatthere
is ε � 0 s.t. �C D 
 � J �C D 
 f ε � 0 0

0 I

 on H1 À U. Then
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(a) A minimizing(seeDefinition10.2.1)solutionof theB�w-CAREis nonnega-
tive.

(b) If � �� �Ë� out, thenthefollowingareequivalent:

(i) There is a minimizingcontrol over �5�� � x0 � for each x0 � H;
(ii) There is a minimizingULRstatefeedback operator over � �� ;
(iii) �5�� � x0 � �� /0 for all x0 � H
(iv) B�w-CAREhasa nonnegativesolution.

Moreover, if (i)–(iv) hold, then the smallestnonnegativesolution 8 of the
B�w-CAREis the unique � out-stabilizing (and SOS-stabilizing)solutionof
theB�w-CARE(andof theCARE),andstrictly minimizingover � out.

(c) Assumethat � �� �Ì� exp. Then(i) and(ii) are equivalent,and they hold iff
theB�w-CAREhasan exponentiallystabilizingsolution.

Moreover, if such a solution exists, then it is the greatestsolution of the
B�w-CAREandstrictly minimizingover � exp.

(d) (8 8 8 is unique) Assumethat Σ is stronglystable(resp.estimatable;e.g., C is
boundedandC � C � 0). Then � out �A� sta �A� str (resp.�w� exp), hencethen
(i)–(iv) areequivalentalsofor anyof these.

Moreover, then the B�w-CAREhas at mostone nonnegative solution, and
such a solutionis strongly(resp.exponentially)q.r.c.-stabilizingandstrictly
minimizingover � out, � sta and � str (resp.and � exp).

Note thatJ � 0, D � JC � 0 andD � D � 0 (or J � � Q 0
0 R


 � 0, @²� � � 1
0

 andB � � 	 1

I

 ) imply thatthecoercivity conditionsof thetheoremaresatisfied.

Assumethat � out
�
x0 � �� /0. Then(b) and(c) show that for thestandardLQR

cost function, thereis a smallestnonnegative solutionof the B�w-CARE, and it
correspondsto the minimizing control over � out, and if thereis a minimizing
control over � exp, thenit correspondsto the greatestsolutionof the B�w-CARE
(andsucha solutionexists). A moredetailedtreatmentof this phenomenomis
given in Theorem3.0.5 of [Dumortier] (assumingthat B andC are bounded),
which couplesthe nonnegative solutionsof the CARE with the non-observable
polesof Σ.

Proof of Theorem9.2.10: Notefirst that B is ULR, by Theorem9.2.3,and
that(10.87)holds(seetheproofof Proposition10.7.3(c2)).

(a)This followsfrom equation8+�ª@ �F J @ F (seeTheorem9.9.1(a2)&(g2)).
(b) 1Í (ii) � (i) � (iii) � (i) � (ii)&(iv) and (iv) � (i): Directly from the

definitions we obtain that (ii) � (i) � (iii). By (the proofs of) Proposition
10.7.3(c2)&(d),we have (iii) � (i) and any minimizing control over � out is
unique.

By Theorem9.2.9(i)&(ii)&(a1)&(a2), a unique minimizing control cor-
respondsto a � out-stabilizing ULR solution 8 of the B�w-CARE. Thus,
(i) � (ii)&(i v) (because8g�a@��critJ @ crit f 0).

Finally, assume(iv), so that thereis anadmissiblenonnegative solutionof
the IARE, by Proposition9.2.7(b).Thenthereis a uniqueminimizing control
over � out

�
x0 � for eachx0 � H, by Proposition10.7.3(c2)&(d),sothat(i) holds.
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2Í Let 8 be as in 1Í . By Proposition10.7.3(d1), 8 is the smallest
nonnegativesolutionof theeIARE,henceit is thesmallestnonnegativesolution
of theB�w-CARE(andof theCARE).

(c) The equivalencefollows from Theorem9.2.9(i)&(ii)&(iii)&(a1)&(a2),
and the fact that S � D � JD f εI � 0 (which also implies that a minimizing
controlis necessarilyunique,by Theorem9.9.1(f2)).

Any exponentiallystabilizing solution is the greatestsolution of the B�w-
CARE,by Corollary9.2.11.

(d) (BoundedC with C � C � 0 impliesexponentialdetectability, by Lemma
6.6.25.)This follows from Proposition10.7.3(d2)&(d3). =
For the B�w-CARE with S � 0, a stronglystabilizingsolutionthegreatestof

all (self-adjoint)solutions,not just of nonnegative ones(cf. Theorem9.8.13and
Corollary15.5.3):

Corollary 9.2.11(Greatestsolution 8¯�8¯�8¯� of the B�w-CARE) If D � JD � 0 andthe
B�w-CAREhas a strongly ( �/� �� 	�
 -)stabilizing solution, then this solution is the
greatestsolutionof theB�w-CARE. =

(This follows from Proposition9.2.7(b) and Theorem9.8.13. Recall that
“greatest”is always“maximal”.)

TheexampleA � i, B � 0 � C, D � 1 � J, 8 � R showsthat“strongly” is not
redundantin the above corollary; by Example9.13.12(b),“strongly” cannotbe
replacedby “weakly” (take, e.g.,B � 0 � C,

" � τ, H : � L2, D � 1 � J, �Σ asin
theexample;however, “strongly” and“weakly” coincidein thefinite-dimensional
case).

G. WeissandR. Rebarber[WR97] [WR00] have posedthequestionwhether
optimizability is equivalentto exponentialstabilizability. We give herea positive
answerfor aspecialcase:

Theorem 9.2.12(Optimizable � � � exp.stabilizable) Assume that
"

Bu0 �
L1 � * 0 � 1, ;H � for all u0 � U. Thenthefollowingareequivalent:

(i) � " $ 
 is optimizable;

(ii) Σ is exponentiallystabilizable;

(iii) Σ hasan exponentiallystabilizingboundedstatefeedback operator K �� �
H � U � ;

(iv) There is 8 ��� �
H � Dom

�
B�w ��� s.t. 8�f 0 and�

B�w 8 � � B�w 89� A� 8 # 8 A # I � (9.20)

By Lemma6.8.4,it follows thatif B � $ τ � MTICL1

∞ andΣ is optimizable,thenB is exponentiallystabilizablein MTICL1

∞ .
Analogously, if

"
Bu0 � L2 � * 0 � 1, ;H � for all u0 � U and � " $ 
 is optimiz-

able,
" ¤ Bu0 � L2- ε

�
R � ;H � for all u0 � U andsomeε � 0, by Lemma6.8.4(b).

In the theorem,we showed that � exp
�
x0 � �� /0 for eachx0 � H if f � " $ 


is exponentially stabilizable. We note that one can analogouslyshow that Σ
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is output-stabilizableif f �?�� � x0 � �� /0 for eachx0 � H, by using substitutions@ª34 � �0 
 � B 34 � 	 I 
 � J : � I .
Proof of Theorem 9.2.12: (iii) � (ii) � (i) � (iv) � (iii): Obviously,

(iii) � (ii) � (i). Assume(i). SetC : �Ý� I
0

 , D �Ã� 0I 
 , J � I (i.e., “ B � * xu , ,�}�ÎÞ x Þ 2 # Þ u Þ 2”). BecauseB is positively J-coercive over � exp, thereis a

uniqueJ-critical controlover � exp
�
x0 � for eachx0 � H if f (i) holds,by Theo-

rem8.4.3.
But this is the caseif f (iv) holds,by Theorem9.2.9(i)&(iii) andTheorem

9.2.10(a).Thus,(iv) � (i). Moreover, (iv) implies (iii), becausetheoperatorK
in Theorem9.2.9(a1)is � exp-stabilizing,i.e., exponentiallystabilizing. Thus,
(iv) � (iii), andequivalenceis established. =
By combining the above with its dual, we observe that optimizability and

estimatabilityareequivalentto exponentialjoint stabilizabilityanddetectability:

Corollary 9.2.13 Assumethat
" � C � y0 � L1 � * 0 � 1, ;H � for all y0 � Y. Then

(a) Σ is estimatableiff Σ has an exponentiallydetecting(bounded)output
injectionoperator ß ��� �

Y� H � .
(b) If, in addition,

"
Bu0 � L1 � * 0 � 1, ;H � for all u0 � U, Σ is optimizableand

estimatable, and ß and K are as in (a) and Theorem9.2.12,thenK and ß
areexponentially(r.c.- andl.c.-) jointly stabilizing.

(c) If
"

B � Cw
" � Cw

"
B � L1 � * 0 � 1� ; 1 � , andΣ is optimizableandestimatable, thenB hasa d.c.f. overMTICL1

exp.

Thus,if the two strongL1 assumptionsaresatisfied,thenΣ is exponentially
[jointly stabilizableand]detectableif f Σ is [optimizableand]estimatable,by (b).

NotethatHypothesis9.5.1impliestheassumptionsof (c), by Lemma9.5.2.
Proof: (a)This is thedualof Theorem9.2.12.
(b) This follows from Lemma6.6.26.
(c) Now both closed-loopsystemsof (6.169) have their I/O maps in

MTICL1- ε
�
Y À U � for someε � 0, by Lemma6.8.4(c1)(andits dual). =

Next we show that the invertibility of the Popov Toeplitz operator(i.e., J-
coercivity over � out) is now equivalentto theexistenceof aspectralfactorization.
We assumeΣ to beexponentiallystableto guaranteethestability of thespectral
factor(this is notneededfor mostMTIC classes):

Theorem 9.2.14(Popov� � � SpF)
(a) Let Σ be exponentiallystable. Assumethat (1.), (2.), (4.) or (5.) of

Hypothesis9.2.2holds,or that C � � C1
0

 �'� �

H � Y1 À Y2 � anddimY1 � ∞.
Thenthefollowing areequivalent:

(i) π � B � J B π � � j � �
L2 � R � ;U ��� (i.e., B is J-coercive over � out( �� exp));

(i’) π � B � J B π � � j � �
L2 � R � ;U ��� andD � JD � j � �

U � ;
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(ii) B � J B � O � SO for some
O � j

TIC
�
U � andS � j � �

U � ;
(ii’) B � J B � O � SO for some

O � j
TIC

�
U � andS � D � JD � j � �

U � , andB � O � ULR andX � I ;
(iii) theB�w-CAREhasanexponentiallystabilizingsolution.
(iii’) theB�w-CAREhasan Q -stabilizingsolution.
(iv) theIARE(or CARE)hasan Q -stabilizingsolution.

(b) Assumethat Σ is exponentially stable and Hypothesis9.2.1 holds for� �� �>� out
� �o� exp � .

Then(i)–(iv) are still equivalentprovidedthat B and B d are stronglyhalf-
plane-regular or thatweassumethatD � JD � j � �

U � .
(c1)Conditions(i) and(ii) areequivalent(andimplythat B � O � ULR) if B � � .

(c2) If
mB P D � H2

strong
�
C � - ε; � �

U � Y ��� for someε � 0 or B � MTICL1
, then

(i)–(ii’) areequivalent.

(c3) If B � MTICL1
, andΣ is exponentiallystable, then(i)–(iv’) are equivalent

oncewereplacetheB�w-CAREby theCARE.

(d) Assume that Σ is exponentially stable and ULR. Then
(ii) Ü (iv) Ü (iii’) � (iii) � (ii’) � (ii) � (i).

As oneobservesfrom theresultsof thissection,
O

sharesmostpropertiesof B .
If π � B � J B π �+� 0, thenwe canallow for Σ � SOSandweakentheassumptions
asshown in Theorem10.6.3andLemma10.6.2(b)–(d)(in the indefinitecase,Σ
maybeevenstronglystablewith π � B � J B π � invertibleandstill

O � O - 1 unstable,
by Example8.4.13).

Proof of Theorem 9.2.14: (Naturally, “ Q -stabilizing” means“s.t. Q is
stable”(cf. Definition9.8.1).)

Notethatby (d), weonly have to prove“(i) � (iii)” in (a) and(b).
(a) 1Í Cases(2.)&(4.): Thesefollow from Lemma9.3.2andHypotheses

8.4.7and8.4.8.
2Í Case(1.): Thereis auniqueJ-critical controlover � out �A� exp, for each

x0 � H, by Proposition8.3.10.By Theorem9.9.6(d),it followsthattheeCARE
hasan exponentiallystabilizingsolutionwith S � D � JD and

mB P D � mO P I �
H2

strong
�
C �

ω ; � � 1à�21 ��� .
Moreover, S � j � �

U � , by Lemma 9.10.3 and Lemma 8.4.11(a1). By
Theorem9.9.1(g2),we have S)� J S9� S, henceB � J B � O � SO .

3Í Case (5.): This follows from (c2), since now
mB P D �

H2
strong

�
C � - ε; � �

U � Y ��� for someε � 0, by Lemma6.8.1(d1).
4Í Bounded � C1

0

 with dimY1 � ∞: As in the proof of Proposition9.2.4,

onecanshow that
mB P D � H2 � C � - ε; � �

U � Y ��� for someε � 0. Thus,alsothis
follows from (c2).

(b) 1Í D � JD � j � �
U � : If B � B d � SHPRand(i) (or (ii)) holds,thenD � JD �j � �

U � , by Lemma6.3.6(c1),hencewe may assumethat D � JD � j � �
U �

(sinceit is containedin theotherconditions).
2Í (i) � (iii): Assume (i). Then there is a unique J-critical control

over � out �³� exp, for eachx0 � H, by Proposition8.3.10. By Theorem
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9.2.9(i)&(iii)&(a2), it follows that the B�w-CARE hasan exponentiallystabi-
lizing solutionwith X � I , S � D � JD and B � O � ULR.

(c1) This follows from Hypothesis8.4.7.
(c2) For B � MTICL1

, this follows from Theorem8.4.9(a)&(b)
Assumethat

mB P D � H2
strong

�
C � - ε; � �

U � Y ��� for someε � 0. Then
mB hasa

realizationΣ 	 of type(1.), by Theorem6.9.1(a)&(d1),hencethenthis follows
from (a).

Remark: If also
mB � �̄ � �áP D � � H2

strong
�
C � - ε; � �

Y� U ��� , then (apply Lemma
6.3.17with R : �HP S- 1D � J andT : �HP S- 1B�w 8 ; herewe referto Σ 	 , not to Σ)mO � �̄ � � P X � � mE � �̄ � � � �

R
� mB P D � # T $ τ � � �̄ � � (9.21)� � mB � �̄ � � P D � � R� # B� �2� P A� � T � � H2

strong
�
C � - ε · ; � �

Y� U ��� � (9.22)

by LemmaA.4.5(v)&(i)&(vi) (chooseε   � �
0 � ε , s.t. P ε   � ωA~ ).

(c3) By (c2), (i)–(ii’) areequivalent.Therestfollow from Corollary9.1.12
andProposition9.8.11(d1).

(d) Trivially, (iii) � (iii’), and(ii’) � (ii). By Proposition9.2.7(b),we have
(iii’) � (iv). By Proposition9.8.11(c)&(d),we have (iv) � (ii). By Proposition
9.2.7(b) and Proposition9.8.11(c)&(d), we have (iii) � (ii’). By Theorem
8.4.12,wehave (ii) � (i). =
In theunstablecase,acorrespondingresultcanbeformulatedin thefollowing

way:

Corollary 9.2.15(JJJ-coercive� � � RCF) Assumethat Σ is optimizableandestimat-
able. Assumethat (1.), (2.), (4.) or (5.) of Hypothesis9.2.2holds(or thatHypoth-
esis9.2.1holdsandD � JD � j � ). Thenthefollowingareequivalent:

(i) B is J-coerciveover � out
� �Ë� exp � ;

(ii) B hasa
�
J �21 � -innerq.r.c.f. B ��SzQ - 1;

(iii) theB�w-CAREhasan exponentiallystabilizingsolution.

(iii’) theB�w-CAREhasan I/O-stabilizingsolution.

Let K correspondto (iii). ThenK is ULR, J-critical over � out �Î� exp and
exponentiallystabilizing, and Sª� B F and Q�� ERF # I .

In particular, then S and Q areexponentiallystable, B � O �¿S°��Q � ULR (hereO
: �9Qg- 1), M � I � X andS � D � JD.

(Notethat Qª�¿S � H2
strong

�
C � - ε; � � for someε � 0 in cases(1.) and(5.).)

Cf. Corollary8.4.14andTheorem9.9.10.
Proof: Recallfrom Lemma8.3.3that � out �H� exp. By Theorem6.7.15(c1),

we may replace “I/O-stabilizing” by “exponentially stabilizing”, “input-
stabilizing”or “output-stabilizing”in (iii’).

1Í (ii) � (i): This follows from Corollary8.4.14(b1).
2Í (iii) � (ii): This follows from Theorem9.9.10(d2).
3Í (iii) � (iii’): By Theorem6.7.15(c1),“I/O-stabilizing” is equivalent to

“exponentiallyq.r.c.-stabilizing”.
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4Í (i) � D � JD � j � �
U � : Assume(i) andany of (1.), (2.), (4.) and(5.). By

Lemma9.3.2,
"

Bu0 � L1 � * 0 � 1, ;H � for all u0 � U . By Theorem9.2.12,Σ hasa
boundedexponentiallystabilizingstatefeedbackoperatorK   ��� �

U � H � .
By Lemma9.3.3,also � � ¥ � ¥� ¥ 	 ¥ � (correspondingto K   ) satisfies(1.), (2.), (4.)

or (5.). By Theorem8.4.5(g1), B ¤ is J-coercive over � Σ ¥out, so that Theorem
9.2.14(a)(ii’)holds;in particularD � JD � D �¤ JD ¤ � j � �

U � .
5Í (i) � (iii): Assume(i), sothatD � JD � j � �

U � , by 4Í (or by assumption).
By Theorem8.4.3, thereis a uniqueJ-critical control over � exp. Therefore,
(iii) holds,by Theorem9.2.9(iii),

5Í Therestfollowseasilyfrom Theorem9.2.9.
6Í Remark: In addition to (1.), (2.), (4.) or (5.) and optimizability,

estimatability, assumethat (ii) holds and that Σ is also input-detectable(by
Corollary9.2.13,thelatterholdsin case(2.)).

Then Σ is exponentiallydetectable,by the dual of Theorem6.7.15(c1).
Therefore,B ¤ and E ¤ # I arepart of an exponentiald.c.f., by Lemma6.6.26,
henceso are SÌ� B ¤�â and Q � � E ¤ # I � â , by Lemma 6.5.9(d), where�O � S�O � B �¤ J B ¤ as in Theorem9.2.14(a)(ii)and â : � �O - 1 � j

TIC. In par-
ticular, then B �:SzQ:- 1 is a (exponential)r.c.f. (We do not know whetherthe
q.r.c.f. hasto bea r.c.f. in general.) =
Wecannow show thatfor � exp (assumingthatD � JD � j � �

U � ), J-coercivity
is equivalentto theexistenceof auniqueoptimalcontrol:

Theorem 9.2.16( � exp� exp� exp: Unique optimum � B�wB�wB�w-CARE � J-coercive) Assume
Hypothesis9.2.1 for �5�� �¬� exp, and that D � JD � j � �

U � . Then conditions
(i)–(iii) areequivalent.

(i) There is a uniqueJ-critical control over � exp
�
x0 � for each x0 � H.

(ii) TheB�w-CAREhasan exponentiallystabilizingsolution.

(iii) B is J-coerciveover � exp, andΣ is exponentiallystabilizable. =
(Theproofof Theorem14.2.7appliesmutatismutandis.)
The assumptionD � JD � j � �

U � is not superfluousneither redundantin
general(in (i); probablyneitherin (iii)), by, e.g.,Example9.13.3. However, in
(iii) it is oftenredundant:

Lemma 9.2.17( � exp : J� exp : J� exp : J-coercive �Ãã � D � JD � - 1��ã � D � JD � - 1�Ãã � D � JD � - 1) Assumethat 1. B is ULR [or
SLR] and that

"
B � L1 � * 0 � 1� ; � �

U � H ��� , (this is the caseif (1.), (2.) or (4.)
of Hypothesis9.2.2holds),or 2.

�2� P A� - 1B � C �2� P A� - 1B � ��� P A� � - 1C �É� B�w �2� P
A� � - 1C � � H2

strong<∞ [or 3. that
"

Bu0 � L2 � * 0 � 1� ;H � for all u0 � U].
If Σ is optimizableand B is [positively] J-coercive over � exp, thenD � JD �j � �
U � [ � 0].

SeeCorollary9.2.19for the“converse”(whereD � JD � j � �
U � is equivalent

to J-coercivity whenthereis aJ-critical control).
Proof: (Set �5�� � : � exp.)
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1Í Case1. ( B � ULR etc.): By Theorem9.2.12(iii), Σ hasa bounded
exponentially stabilizing K ��� �

H � U � . As noted in the proof of Lemma
6.8.4(d),wehave $ ¤ τ ��Q � UHPR � TIC, henceB ¤ � B Q � ULR � TIC.

But B ¤ is J-coercive, by Theorem8.4.5(d), henceD �¤ JD ¤ � j � �
U � , by

Lemma6.3.6(d1).SinceD � D ¤ , wehaveD � JD � j � �
U � .

2Í Case2.: (Note that “2.” holds if f Σ andΣd satisfy(5.) of Hypothesis
9.2.2,by Lemma6.8.1(a)&(d1).)

By Theorem9.2.12(iii), Σ has a boundedexponentially stabilizing K �� �
H � U � ; choosesome ω � �

ωA¥ � 0� . By Lemma 6.8.4(b)&(c3), we have$ ¤ τ � E ¤ � B ¤ P D � H2
strong

�
C �

ω ; � �
U �21 ��� (since E ¤ � K $ ¤ τ). Since @ d¤ �o@ d #D dF τ B d, we have×@ d¤ τ � ×@ dτ # ×D dF τ ÕB d � H2

strong<∞ # H∞
strong<∞H2

strong<∞ ( H2
strong<∞ � (9.23)

By Lemma 6.8.1(a)&(d1) (applied to Σd), it follows that ×@ d¤ τ � ÕB d¤ (
H2

strong
�
C �

ω ; � �
Y�21 ��� . But H2

strong
�
C �

ω ; � �
Y�21 ����( ULR � SHPR, by Proposition

6.3.3(a).Weconcludethattheassumptionsof Lemma6.3.6(d1)aresatisfiedby
Σ ¤ , henceD � JD � j � �

U � (asin 1Í ).
3Í Positive case: (Note that here we have allowed also assumption3.)

Replace“ULR” by “SLR”, “UHPR” by “SHPR” and“(d1)” by “(d2)” in 1Í .=
Wefinish thissectionby presentingtwo “generalizations”of Theorem9.2.16,

basedon B�w-CARE theory, which allow oneto useweaker assumptionsthanin
theaboveresults,at thecostof having to usetheCAREinsteadof theB�w-CARE:

Theorem 9.2.18( � exp� exp� exp: J-coercive � CARE) Assume that
"

B �
L1 � * 0 � 1� ; � �

U � H ��� � Cw
" � L1 � * 0 � 1� ; � �

H � Y ��� andCw
"

B � L1 � * 0 � 1� ; � �
U � Y ��� ,

andthat B is J-coerciveover � exp. Thenthefollowingareequivalent:

(i) there is a J-critical control over � exp
�
x0 � for each x0 � H;

(ii) there is a [unique] exponentiallystabilizingsolution
� 8�� S� K � of theCARE;

(iii) � " $ 
 is optimizable.

If
� 8q� S� K � is as in (ii), thenK is ULR andJ-critical over � exp, S � D � JD �j � �

U � , $ τ � B � E � MTICL1

∞ and $ F τ ��S¡��Q � MTICL1

ω ( UHPRfor someω � 0.

Recallfrom Lemma8.3.3thatif Σ is estimatable,thenJ-coercivity over � exp

is equivalentto J-coercivity over � out, andthatthen(i)–(iii) becomeequivalentto
theexistenceof a (unique)J-critical controlover � str (or � out or � sta or � exp).

If B is positively J-coercive over � exp, then“J-critical” becomesequivalent
to “minimizing”, by Lemma10.2.2.

Proof: We note first that Cw
"

B � L1
ω
�
R � ; � �

U � Y ��� for any ω � ωA, by
Lemma6.8.3(c),henceB � MTICL1

∞
�
U � Y ��( ULR, by Lemma6.8.1(e1).

1Í (ii) � (i) � (iii): Trivially, we have (i) � (iii). If
� 8q� S� K � solves(ii), then

K is J-critical, by Theorem9.8.5,hence(ii) implies(i).
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2Í (iii) � (ii): Assume(iii). By Theorem9.2.12(iii), Σ has a bounded

exponentiallystabilizingstatefeedbackoperator �K �`� �
H � U � . Let � �D �E �

andΣ ¤ be correspondingstatefeedbackpair andclosed-loopsystem,so that
ωA¥ � 0 andD ¤ � D.

By Lemma 6.8.4(c1)&(a1),we have $ ¤ τ � B ¤ � �Q � MTICL1

ω for all ω �
ωA¥ , where �Q : � �O - 1 � j

MTICL1

∞
�
U � , �O : � I P �E . Thus, (ii) follows from

Proposition9.9.5.
3Í Therest: By Proposition9.9.5(see2Í ), thesolutionof (ii) is unique,K

is J-critical over � exp, andS � D � JD � j � �
U � .

By Theorem8.4.9,we have
O ¨ � j

MTICL1

ω for someω � �
ωA¥ � 0� (sinceB ¤ � MTICL1

ω for any such ω), where
O � ¨ SO ¨X� B �¤ J B ¤ (cf. the proof of

Proposition9.9.5);fix suchanω.

Then, $ F τ � B F ��Q � MTICL1

ω (since they are equal to$ ¤ τ O - 1¨ � B ¤ O - 1¨ � �Q O - 1¨ ), hence E � O � MTICL1

∞ ( ULR; in particular, K is
ULR. =
By strengtheningtheassumptionon $ τ, wecanshow thatJ-coercivity is also

necessarywhenD � JD is invertible:

Corollary 9.2.19( � exp� exp� exp: Unique optimum � CARE � J-coercive) Assume
that

"
B � L2 � * 0 � 1� ; � �

U � H ��� � Cw
" � L1 � * 0 � 1� ; � �

H � Y ��� , Cw
"

B �
L1 � * 0 � 1� ; � �

U � Y ��� . Thenthefollowingareequivalent:

(i) there is a [unique] J-critical control over � exp
�
x0 � for each x0 � H, and

D � JD � j � �
U � ;

(ii) there is a [unique] exponentiallystabilizingsolution
� 8q� S� K � of theCARE;

(iii) � " $ 
 is optimizableand B is J-coerciveover � exp.

Anysolutionof (ii) is asin Theorem9.2.18.

Notethatany solutionof (i) or (ii) areunique.SeeCorollary10.2.10for case
D � JD � 0.

Proof: Set �5�� �Ë� exp. By Theorem9.2.18,we have(iii) � (ii).
1Í (ii) � (i): Assume(ii). ThenK is J-critical, by Theorem9.8.5,and B

is J-coercive, by Proposition9.9.12(b). By Lemma9.2.17,we have D � JD �j � �
U � . Thus,(i) holds.

2Í (i) � (iii): Assume(i). Then � exp
�
x0 � ��±G 0 K for eachx0 � H, i.e.,� " $ 
 is optimizable. By Lemma9.3.7(4), thereis at most one (hence

exactly one) J-critical control for Σ over � exp
�
x0 � for each x0 � H. By

Proposition9.9.12(c)(3.),B is J-coercive,hence(iii) holds.
3Í If sometriple

� 8�� S� K � solves (ii), then the assumptionsof Theorem
9.2.18aresatisfied(since(ii) implies(iii), by theabove),henceits conclusions
hold. =
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Notesfor Sections9.2and 9.3
In the caseof boundedB andC, the Riccati equationtheory for WPLSsis

ratherwell-known (see,e.g.,[CZ]). For Pritchard–Salamonsystems(which area
specialcaseof Hypothesis9.2.2(1.)),many of theresultsof thissectionareknown
(see,e.g.,[Keu] and[Weiss97]). Seealsothe noteson pp. 465 and520. In the
generalityof thesetwo sections,our resultsseemto benew.

Seethenotesonp.418for Theorem9.2.14andCorollary9.2.15,andthenotes
on p. 853for Corollary9.2.11.Mostof Proposition9.2.4is containedin [Sal89].
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9.3 Proofsfor Section9.2

A witty sayingprovesnothing.

— Voltaire(1694–1778)

Now we shallshow that,underHypothesis9.2.1,a J-critical controlover �5��
in WPLSform (if any) is necessarilyof statefeedbackform:

Proposition 9.3.1(Case8 ��� �
H � Dom

�
B�w ���8 ��� �

H � Dom
�
B�w ���8 ��� �

H � Dom
�
B�w ��� ) LetΣcrit � WPLS

� G 0 K � H � Y � bea
J-critical control for Σ in WPLSform. Assumethat B is ULRandD � JD � j � �

U � ,
andthat 8 * H , ( Dom

�
B�w � .

Then 8 ��� �
H � Dom

�
B�w ��� , 8 satisfiestheB�w-CARE,and

K : �HP �
D � JD � - 1 � B�w 8 # D � JC� (9.24)

is theuniqueULRJ-critical statefeedback operator for Σ.

Thus,thenΣcrit is of statefeedbackform.
Proof: SetS: � D � JD.
1Í B�w 8 ��� �

H � U � : By Lemma A.3.6, 8 ��� �
H � Dom

�
B�L <w ��� , hence

B�w 8 ��� �
H � U � , becauseB�w ��� �

Dom
�
B�w � � U � , by Proposition6.2.8(b1).

2Í K is ULR andadmissible:By 1Í , we have K : �wP S- 1 � B�w 8 # D � JC� �� �
H1 � U � . By Lemma6.3.17,K is anULR admissiblestatefeedbackoperator

for Σ,
3Í K is J-critical and unique: Obviously, Kw �ÒP S- 1 � B�w 8 # D � JCw � �� �

Dom
�
Cw � � U � . By regularity, HB (c Dom

�
Cw � . Therefore,Kw � Kcrit on

Dom
�
Acrit � , by (9.66). By Lemma8.3.17(b),it follows that � Σcrit 1 
 is

the correspondingclosed-loopsystem; in particular, K is J-critical. From
Lemma8.3.17(b)we also obtain that Kw is the uniqueJ-critical compatible
statefeedbackoperator.

4Í 8 is a solution of the B�w-CARE: By 3Í and Corollary 9.9.2, 8 is a�5�� -stabilizingsolutionof theCARE, henceof theB�w-CARE, by Proposition
9.2.7(a),

5Í Remark:CaseS: � D � JD ä� j � �
U � ? If S� S � 0 onKer

�
S��å (this is the

casewheneverdimU � ∞), thentheaboveprocedureproducesanULR (hence
admissible)K s.t.SKw � SKcrit onDom

�
Acrit � (set,e.g.,K2 : � K æ Ker� S� : � 0).

However, wewould in generalhaveDom
�
AF � �� Dom

�
Acrit � , (it is notclear

whetherwe couldevenfind a new definition for K2 s.t. K wereadmissible(it
is for any boundedK2) andK2 � �

Kcrit � 2 on Dom
�
Acrit � ). Consequently, we

shouldsomehow provethattheWPLSΣ F is still �5�� -stabilizingandthat(9.65)
holds(alternatively, we could moredirectly verify the equationsof Theorem
9.7.1). =
Welist heresomebasicconsequencesof Hypothesis9.2.2:

Lemma 9.3.2 AssumeHypothesis9.2.2.Then B is ULR andSVR;in cases(1.)–
(5.) wealsohave

"
Bu0 � L1 � * 0 � 1, ;H � for all u0 � U, hencethenalso $ τ is ULR

andSVR.
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If Σ is exponentially stable, then B is strongly half-plane-regular except
possiblyin case(7.), B � MTICL1

ω for someω � 0 in cases(2.) and (4.). andB � MTICL1

ω for someω � 0 in cases(1.)–(5.).

Proof: (The claim on $ τ follows from Lemma 6.3.16(c) and Lemma
6.8.1(e1).)

For (5.) and (7.), this follows from Proposition6.3.3(a) and Lemma
6.8.1(d1);for (1.), from Lemma6.3.16(b);for (2.), from Lemma9.5.2.

In case(3.), (4.) or (6.), B is ULR, by Lemma6.3.16(c),andSVR (and
SHPR if Σ is exponentially stable, by Lemma 6.8.1(d1)), by Proposition
6.3.4(a3)or Lemma6.8.1(a). =
Most classesareclosedw.r.t. boundedstatefeedback:

Lemma 9.3.3 If(f) Σ satisfies(1.), (2.), (4.) or (5.) of Hypothesis9.2.2, then

the closed-loopsystem � � ¥ � ¥� ¥ 	 ¥ � correspondingto any boundedstate feedback

operator (K �Ñ� �
H � U � ) satisfiesthesamecondition. =

(This follows from Lemma6.8.4(a1)&(c3)andLemma9.5.4.)
Now weestablishthesufficiency of Hypothesis9.2.2:

Lemma 9.3.4 Let Σcrit bea J-critical control for Σ in WPLSform. Assumethat
Hypothesis9.2.2holds.Then 8 ��� �

H � Dom
�
B�L <w ����( � �

H � Dom
�
B�w ��� .

Thus,Proposition9.3.1appliesif, in addition,D � JD � j � �
U � .

Thekey to thetheorybehindSection9.2 is themethodusedin 1Í –2Í below:
Proof: In case(1.) we have Dom

�
B� � � H, hencethen trivially 8 �� �

H � Dom
�
B� ��� (and B�¡� B�w � B�L < s). For case(2.), this will be shown in

Lemma9.6.2.For theothers,wego onasfollows:
Let x0 � H bearbitrary. Choosesomet � 0. We shall use(9.56) to show

that 8 x0 � Dom
�
BL <w � .

1Í We have
" t � 8 " t

critx0 � Dom
�
BL < s��( Dom

�
BL <w � in cases(1.)–(5.): By

Lemma 6.8.1(b2)&(b1), we have
" t � ��� �

H � Dom
�
B�L < s��� . Therefore,(set

z0 : �n8 " t
critx0)

1
r

B� Å r

0

� " q � � " t � z0dq � 1
r

B�L < s" t � Å r

0

� " q � � z0dq 4 B�L < s" t � z0 � (9.25)

by continuity. Thus,
" t � 8 " t

critx0 � Dom
�
BL < s�( Dom

�
BL <w � , by Proposition

6.2.8(c1)&(c4)&(d).
2Í Assume(3.): Set f : � JC

"
critx0 �5& �

R � ;Y � , F : � C
"

Bu0 � L1
loc

�
R � ;Y � ,

sothat B χ [ - r < 0� u0 � F 1 χ [ - r < 0� �:ç r
0 τF dm, by Lemma6.8.1(f).Then

1
r
M $ χ [ - r < 0� u0 �/@ t � J @ t

critx0N H � 1
r
M $ χ [ - r < 0� u0 �¿@ � π [ 0 < t � f N H (9.26)� 1

r
Mµ@ $ χ [ - r < 0� u0 � π [ 0 < t � f N Y � 1

r
Å t

0
M�Å r

0

�
τsF � � q� dq � f

�
s� N

Y
ds (9.27)� 1

r
Å r

0
Å t

0
M � τqF � � s� � f

�
s� N Y dsdq � 1

r
Å r

0
M τqF � π [ 0 < t � f � s� N L2 dq (9.28)4�M F � π [ 0 < t � f � s� N L2 � (9.29)
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asr 4 0# , by continuity, becauseπ [ 0 < t � τqF 4 π [ 0 < t � F in L1, asq 4 0# , and
π [ 0 < t � f �'& ( L∞ � * 0 � t � ;Y � (hencethe last integrandin (9.28) is continuousin
q). (Obviously, theuseof theFubini Theoremin thebeginningof (9.28)was
justified.)

Because
� $ d � � χ [ 0 < r � u0 � $ χ [ - r < 0� u0, and u0 � U was arbitrary, it follows

from Proposition6.2.8(c2) that @ t � J @ t
crit x0 � Dom

�
B�L <w � ( � Dom

�
B�L < s� if"

B � L1
loc

�
R � ; � �

U � H ��� (e.g.,if (4.) holds),becausethenπ [ 0 < t � τqF 4 π [ 0 < t � F
in L1 independentlyof u0 (aslongas Þ u0 Þ U è 1)).

Combine this with 1Í to observe that 8 x0 � Dom
�
B�L <w � (even 8 x0 �

Dom
�
B�L < s� if

"
B � L1

loc

�
R � ; � �

U � H ��� ), by (9.56).
3Í Assume(4.): With the additional assumptionthat D � JC � 0, this is

containedin case(3.). In 6Í , weshallremove thisassumption.
4Í Assume(5.): We canwork as in case(3.), except that we have to set

f : � J @ critx0 � L2
loc

�
R � ;Y � , but we have F : � CL < s" Bu0 � L2

loc

�
R � ;Y � . Now

π [ 0 < t � τqF 4 π [ 0 < t � F in L2, so we againget a convergenceas r 4 0# , by the
HölderInequality.

Thus,weagainhave 8 x0 � Dom
�
B�L <w � (even 8 x0 � Dom

�
B�L < s� if CL < s" B �

L2
loc

�
R � ; � �

U � Y ��� , asin 2Í ).
5Í Assume(6.) or (7.) Now @ is stableand 8n�Ó@)� J @ crit , by Theorem

8.3.9(b2),sothatwemaytaket � # ∞ andskip1Í . In (6.),wehave f ��& b ( L∞

(by Theorem8.3.9(a2)&(a3))andwe maywork asin 2Í (andreplaceB�L <w by

B�L < s if B P D � L1 � R � ; � �
U � Y ��� 1 , i.e., if B � MTICL1 �

U � Y � ). In (7.),wehave

f : � J @ critx0 � L2 � R � ;Y � , F � L2 � R � ;Y � , and we may work as in 4Í (and
replaceB�L <w by B�L < s if B P D � L2 � R � ; � �

U � Y ��� 1 ).
(N.B. Wecouldreplacetheassumptionsof Theorem8.3.9(b2)&(b2’)in (6.)

and(7.) by theslightly weaker assumptionsthat @ is stableand 8��:@�� J @ crit

for any J-critical controlin WPLSform, sincethatassumptionis neverusedfor
anythingelsein this monograph.)

6Í Case(4.) whenD � JC �� 0: SetK   : �wP S- 1D � JC �`� �
H � U � , andlet Σ ¤

be the correspondingclosed-loopsystemas in Lemma6.8.4. Thenboth (3.)
and(4.) of Hypothesis9.2.2aresatisfiedwith Σ ¤ in placeof Σ, becauseD ¤ � D
andC¤ � C # DK   �Ñ� �

H � Y � , henceD � JC¤ � D � J � C # DK   � � 0.

By Theorem8.4.5(f)&(b), there is a J-critical control over � γ < Σ ¥[ � ¥ � ¥ \ in
WPLS form for Σ ¤ (andStandingHypothesis9.0.1 is obviously satisfiedfor
Σ ¤ , J and �½� ¤ � ¤ 
 too).

Thus,we obtaina J-critical statefeedbackoperatorK ¨ for � � ¥ � ¥� ¥ 	 ¥ � over� γ < Σ ¥[ � ¥ � ¥ \ from case(3.) of this lemmaandProposition9.3.1(which is already

known to hold in case(3.)), andthenK : � K   # K ¨ �Y� �
H � U � is J-critical for

Σ, by Theorem8.4.5(f)&(b)andProposition6.6.18(f).
Because89�n@��F J @ F is thesamefor bothsystems,8 * H , ( Dom

���
B¤ � �L < s� ,

and B�L < s � �
B¤ � �L < s (with samedomains), by Proposition6.6.18(c6)(since�O : � I P K   $ τ � I P K   " B 1 � MTIC∞), wehave 8 * H , ( Dom

�
B�L < s� . =
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Onemight betemptedto try to remove the
�2� P A� - 1B � H2

strong<∞ assumption
from (5.) in case �5�� �6� out by replacingΣ by a suitablerealizationof B .
However, if we choose,e.g.,the shift realization(6.11),andω is big enoughto
allow that $ u : � π � B π - u � H : � L2

ω
�
R � ;U � for eachu � L2

α (for someα � R),
thenwe do no longerknow whether � out

�
x0 � �� /0 for eachx0 � H (unlessω � 0,

in which casethis reducesto (7.)). In general,if we weaken Þ � Þ H enoughto getÞ Bu0 Þ H � ∞ (or
" t Bu0 � H for somet � tu0) for all u0 � U , theclosureof B *U ,

(or Ran
� $ � ) in H grows,andwedonolongerknow whether � out

�
x0 � �� /0 for each

x0 � H.
In case � �� �Z� exp, sucha removal seemsevenharder. Analogousproblems

are faced when one tries to weaken (3.) to the assumptionthat B P D �� �
U � L1

ω
�
R � ;Y ��� 1 , C �Ñ� �

H � Y � andD � JC � 0.
Next weshow how aB�w-CARE canbereducedto astabilizedone:

Proposition 9.3.5(ΣΣΣ-B�wB�wB�w-CARE é� Σ ¤é� Σ ¤é� Σ ¤ -B�wB�wB�w-CARE) Let K   bean ULR statefeed-

back operator for Σ. Thenthesolutions
� 8�¨/� S̈¿� K ¨ � of theB�w-CAREfor � � ¥ � ¥� ¥ 	 ¥ �

correspondto thesolutions
� 8q� S� K � of theB�w-CAREfor Σ through

K � K   # K ¨/� S � S̈/��8g�n8�¨ � (9.30)

LetK   and
� 8q� S� K � beasaboveandK ¨ � K P K   . Then

(a) Thetwo top rows( � � ~ � ~� ~ 	 ~ � ) of thecorrespondingclosed-loopsystemsare

equal,andLemma6.7.11(a’)andLemma9.12.3(a)–(d2)apply.

(b) If K   is [q.]r .c.-SOS-stabilizing, thenK is [q.]r .c.-SOS-stabilizingfor Σ iff
K ¨ is q.r.c.-SOS-stabilizing(equivalently, stableandr.c.-SOS-stabilizing)for� � ¥ � ¥� ¥ 	 ¥ � .

Proof: This follows from Proposition9.12.4:
0Í Let ��D¡  E¢  
 bethepair generatedby K   , Q   : � �

I P E¢  � - 1 � j
TIC∞,

so that Q   � j
ULR. Then B is ULR iff B ¤ : � B Q   is ULR, and D � JD �

D �¤ JD ¤ ; in particulartheB�w-CAREsarewell-defined(if eitheris).
1Í Let

� 8�� S� K � be a solutionof the B�w-CARE for Σ. Then
� 8�� S� K ¨ � is

a solutionof theCARE for � � ¥ � ¥� ¥ 	 ¥ � , Proposition9.12.4. But Dom
���

B�¤ � w � �
Dom

�
B�w � , by Proposition6.6.18(c5),hence

� 8�� S� K ¨ � is a solutionof theB�w-
CARE too,by Proposition9.2.7(a).

2Í Conversely, by Proposition9.12.4,all solutionsof theB�w-CARE for Σ ¤
areof this form.

3Í Exchangetherolesof Σ andΣ ¤ for theconverse.
(a)&(b) Thesefollow from Lemma9.12.3. =

Also Hypothesis9.2.1canbereducedto thestablecase:

Lemma 9.3.6
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(a) AssumethatΣ hasanexponentiallystabilizingULRstatefeedback operator

K   , � � ¥ � ¥� ¥ 	 ¥ � satisfiesHypothesis9.2.1for � Σ ¥exp, andD � JD � j � �
U � . Then

Σ satisfiesHypothesis9.2.1for � exp.

(b) Part (a) alsoholdswith thereplacementsof Theorem8.4.5(f).

In particular, thentheB�w-CAREfor Σ hasanexponentiallystabilizingsolution

if f theB�w-CAREfor � �ê¥ �§¥� ¥ 	 ¥ � does(with same8 , whereasK � K   # K ¨ , whereK ¨
correspondsto � � ¥ � ¥� ¥ 	 ¥ � andK   is thepreliminarystatefeedbackoperator).

Proof: (a) SinceK   andthecorrespondingclosed-loopsystem � � ¥ � ¥� ¥ 	 ¥ � are

ULR, by theassumption,Σ is ULR.
By Theorem8.4.5(c4), 8 (if any) is commonfor � exp and � Σ ¥exp. But

Dom
���

B�¤ � w � � Dom
�
B�w � , by Proposition6.6.18(c5),hencealso Σ satisfies

Hypothesis9.2.1for � exp.
(b) This followsasin 1Í . =

The operatorD � JD does not necessarilycontain any information on the
signaturepropertiesof a problem (seeExample9.13.7), but under sufficient
regularity it does:

Lemma 9.3.7(ã � D � JD � - 1 � Jã � D � JD � - 1 � Jã � D � JD � - 1 � J-critical control is unique) If any of (1+)–(4)
holdsand D � JD � j � �

U � , thenthere is at mostoneJ-critical control for each
x0 � H.

(1+) J f 0 and B � UR.

(2+) ��f 0, B � MTIC∞ andD � JD � 0.

(3) Σ � SOS, B � MTIC∞,
"

B � L2 � * 0 � 1� ; � �
U � H ��� and �5�� �Ë� out.

(4) B � MTIC∞,
"

B � L2 � * 0 � 1� ; � �
U � H ��� , Σ is optimizableand �5�� �Ë� exp.

Proof: Assumethatu � � �� � 0� ´ G 0 K . We shallbelow constructv � � �� � 0�
(the constructiondependson the additionalassumption;in (1+) and(2+) we
shall take v � u) s.t. M B v� J B uN��� 0. Sincethis shows thatu is not J-critical (by
definition), it follows 0 is theuniqueJ-critical control for x0 � 0. By Lemma
8.3.8, it follows that there is at most one J-critical control for any x0 � H.
W.l.o.g.,we assumethat

T : � inf G t f 0 II Þ π [ 0 < t � u Þ 2 � 0 K � 0 � i.e., Þ π [ 0 < t � u Þ 2 � 0 for all t � 0 � (9.31)

(by Lemma 9.7.9, τTu � π � τTu � � �� � 0� , and τTu is J-critical (sinceM B τT u � J B ηNá�nM B u � J B τ - T ηNÙ� 0 for all η � �5�� � 0� ), henceu canbereplaced
by τTu (andlaterv by τ - Tv) to satisfy(9.31)).

(1+)Chooseε � 0 s.t.D � JD � ε2I . Then Þ J1Ä 2Du0 Þ�f ε Þ u0 Þ for all u0 � U .
Chooseω � 0 s.t. Þ J1Ä 2 mB �

s� P J1Ä 2D Þìëí� ε ä 2 for all s � C �
ω . Chooses � C �

ω s.t.m
u
�
s� �� 0. Then Þ J1Ä 2 mB �

s� mu � s� Þ Y � ε Þ mu � s� Þ�P ε Þ mu � s� Þ!ä 2 � 0,henceJ1Ä 2 B u �� 0,
hence0 �ÓÞ J1Ä 2 B u Þ 2

2 ��M B u � J B uN .
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(2+) Set ε : � Þ � D � JD � - 1Ä 2 ÞÉ- 1 � 0, so that M u0 � D � JDu0Na�Þ � D � JD � 1Ä 2u0 Þ 2
U f ε2 Þ u0 Þ 2

U for all u0 � U . By Theorem2.6.4(i1), there
is t � 0 s.t. Þ π [ 0 < t � � B � π [ 0 < t � J B P D � JD � π [ 0 < t � Þ)� ε2

2 � (9.32)

Consequently,M B t u � J B t uN¯f9M Du � π [ 0 < t � JDuN¦P ε2

2
Þ π [ 0 < t � u Þ 2

2 f ε2 Þ π [ 0 < t � u Þ 2
2 P ε2

2
Þ π [ 0 < t � u Þ 2

2 � 0 �
(9.33)

Thus, M B u � J B uN)�oM B t u � J B t uN # � � $ t u � π � τtu� fwM B t u � J B t uN�� 0, by (8.52),
henceu is not J-critical.

(3) Setε : �ZÞ � D � JD � - 1 ÞÉ- 1 � 0, M : �ÒÞ D � JD Þ , M   : �ÌÞ B � J ÞêÞÊ@]Þ , so thatÞ D � JDu0 Þ�f ε Þ u0 Þ for all u0 � U . By Theorem2.6.4(i1),thereis t � 0 s.t.Þ π [ 0 < t � D � JD
� B � π [ 0 < t � J B P D � JD � π [ 0 < t � Þ� ε2 ä 2 and Þ $ t Þ)� ε2 ä 3MM   (9.34)

(take Þ π [ 0 < t � � J B P JD � π [ 0 < t � Þ and Þ π [ 0 < t � � B P D � D � JDπ [ 0 < t � Þ smallenough).Set
v : � π [ 0 < t � D � JDu. Then

ReM B v� J B uN L2 � ReM π [ 0 < t � B D � JDu � J B uN # ReM τ - t @ $ t D � JDu � J B uN (9.35)f9M DD � JDu � π [ 0 < t � JDuN¦P ε2

2
Þ π [ 0 < t � u Þ 2

2 P ε
3
Þ π [ 0 < t � u Þ 2

2 (9.36)fwÞ π [ 0 < t � D � JDu Þ 2
2 P 5ε2

6
Þ π [ 0 < t � u Þ 2

2 f ε2 Þ π [ 0 < t � u Þ 2
2 P 5ε2

6
Þ π [ 0 < t � u Þ 2

2 �
(9.37)

by (9.31).
(4) By Theorem9.2.12(iii), Σ has a boundedexponentially stabilizing

K �ª� �
H � U � . By Lemma 6.8.4(b), we have

" ¤ B � L2 � R � ; � �
U � H ��� andB ¤ � MTIC∞.

SinceD �¤ JD ¤ � D � JD � j � �
U � , thereis at mostoneJ-critical control for

Σ ¤ over � Σ ¥exp
�
x0 � �>� Σ ¥out

�
x0 � for eachx0 � H, by (3).

By Theorem8.4.5(c2)&(c1)(or the“if f ” in (c3)), it follows that thereis at
mostoneJ-critical controlfor Σ over � exp

�
x0 � for eachx0 � H. =

(Seethenotesonp. 434.)
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9.4 Analytic semigroups

A modernrevolutionarygroupheadsfor thetelevisionstation.

— AbbieHoffman(1936–)

In this sectionweshall list thebasicpropertiesof analyticsemigroups.These
will beappliedin Section9.5 to WPLSswith ananalyticsemigroup.

StandingHypothesis9.4.1 Throughout this section,
"

is assumedto be an
analyticsemigroup.Wealsoassumethat ζ � ωA.

An analyticsemigroupis aC0-semigrouphaving numbersω � ωA andMA < ω �
∞ s.t. Þ � s P A� - 1 Þ è MA <ω ä æ s P ω æ for all s � C �

ω (see,e.g.,Section2.5of [Pazy]for
equivalentdefinitions).(Notefrom LemmaA.4.4(c1)thatany semigroupsatisfiesÞ � s P A� - 1 Þ è MA <ω ä Re

�
s P ω � .)

For all β � 0, wedefinethefractionalpowersof
�2� P A� by setting�

ζ P A� - β : � Γ
�
β � - 1 Å ∞

0
tβ - 1e- ζt " �

t � dt ��� �
H � (9.38)�

ζ P A� β : � ���
ζ P A� - β � - 1 � Hβ : � Dom

���
ζ P A� β � : � Ran

���
ζ P A� - β � �

(9.39)

We let Hβ be the closureof H w.r.t. Þ � Þ Hβ : �ØÞ � ζ P A� β � Þ H for β � 0, and

set Þ x Þ Hβ : �±Þ � ζ P A� βx Þ H for all β � R (thesedefinitionscoinsidewith spaces
Hn (n � Z) definedin Lemma6.1.16; in particular, H0 � H). Thesespacesare
independentof ζ up to anequivalentnorm,by Lemma9.4.2(f2).

Lemma 9.4.2(Propertiesof analytic semigroups)

(a) For anyω � ωA, thereare θ � �
π ä 2 � π , andM � MA <ω < θ � ∞

s.t. Þ � s P A� - 1 Þ è M ä æ s P ω æ for all s in

Σθ <ω : �LG s � C II s �� ω � æ arg
�
s P ω � æ � θ K � (9.40)

(NotethatC �
ω · ( Σθ <ω for anyω   � ω.)

(b) Hγ (c Hβ densely(γ f β), the map
�
ζ P A� β �%� �

Hγ � β � Hγ � is an isometric

isomorphism,and
�
ζ P A� β � ζ P A� γ � �

ζ P A� β � γ (β � γ � R).

(c1)Also
" � is analytic,and

�
Hβ � �Ô� �

H � � - β � : H �- β (β � R).

(c2)Alsoes. " (with generator s # A) is analyticfor anys � C.

(d) Thesemigroup
"

β : � �
ζ P A� - β " �

ζ P A� β onHβ is isometricallyisomorphic
to

"
(β � R); wedenoteall thesesemigroupson

"
andtheir generators by

A.

(e)
�
ω P A� β " t � " t � ω P A� β and

�
ω P A� β � s P A� - 1 � �

s P A� - 1 � ω P A� β

(t f 0 � β � R � ω � ωA � s � σ
�
A� c).

(f1)
�
s P A� - 1 � j � �

Hβ � Hβ � 1 � for any s � σ
�
A� c � β � R, by the resolvent

equation.
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(f2)
�
ω P A� - β � j � �

Hα � Hα � β � (α � β � R, ω � ωA).

(f3)
�2� P A� - 1 � H∞ �

C �
ζ ; � �

Hβ � Hβ � 1 ��� , �
s 34 s

�
s P A� - 1 � � H∞ �

C �
ζ ; � �

Hβ ���
(β � R).

(f4) A � j � �
Hβ � Hβ - 1 � � �

β � R � .
(g)

�
s P A� - 1 4 0 strongly in � �

Hβ � Hβ � 1 � , ass � Σθ <ω, æ s æ 4 # ∞, for any ω
andθ asin (a).

(h1)For each ω � ωA, there is M   � ∞ s.t.Þ � ζ P A� β " t Þ ë � H � è M   � 1 # t - β � eωt �
t � 0 � β �%* 0 � 1, � � (9.41)

(h2)Wehave
" t �Ñ� �

Hα � Hβ � and Þ " t Þ ë � Hα <Hα � β � è Mβ < ζt - βeζt �
α � β � R � t �

0� .
(i)

" ��& ∞ ���
0 � # ∞ � ; � �

Hβ ��� (β � R).

(j)
�
ζ P A� β " � Lp

ω
�
R � ; � �

Hα ��� (βp � 1, ω � ωA, p �%* 1 � ∞ , , β è 1, α � R).

(k) Þ � ω P A� α �
s P A� - 1 Þ ë � H � è M

�
1 # æ s P ω0 æ α � ä æ s P ω0 æ (s � Σθ <ω0, ω � ω0 �

ωA � 0 è α è 1) for θ � �
π ä 2 � π , asin (a), where M � ∞ dependsonly on A,

ω0 andθ.

(l)
�
ω P A� - α � sinπα

π ç ∞
0 s- α �

s # ω P A� - 1ds (ω � ωA � α � �
0 � 1� ).

Proof: (a) Oneobtainsthis from Theorem2.5.2of [Pazy] (move thesector
to theleft anddecreasetheanglesimultaneously, sothatthesectoris contained
in theunionof theold sectorplusacompactsubsetof C �

ωA
).

(c1) By, e.g.,Theorem5.2 of [Pazy] (shiftedby ζA),
" � is analyticwith

uniformly boundedgrowth boundζA.
Definethespaces

�
H � � β � : H �β with A� in placeof A. For all x � Hβ, z � H,

wehave æ M x � zN H æ � æ M � ζ P A� βx � � ζ P A� � - βzN H æ è Þ x Þ Hβ Þ z Þ H Âî β
� (9.42)

henceH �- β is theclosureof H w.r.t. Þ � Þï� Hβ � Â , henceit canbeidentifiedto
�
Hβ � � .

(f2) Use,e.g.,thesineformula(2.6.4)of [Pazy] to show that therangesof�
ζ P A� - β and

�
r P A� - β areequalfor β � �

0 � 1� . Integral powersagreeby the
resolventequation(i.e., by (f1)), andnegativepowersfollow from thepositive
ones.Thetopologiescoincideby LemmaA.3.6.

(f3) Usetheresolventequation(boundednessfollowsfrom thedefinitionof
ananalyticsemigroup).

(g) This was shown in Lemma A.4.4(e2) (which provides us several
convergenceresults)in caseβ � 0; theothercasesfollow from (d).

(i) This follows from Corollary2.4.4andTheorem2.5.2(d)of [Pazy].
(j) By (i),

�
ζ P A� β " � L

�
R � ; � �

Hβ ��� . By (h) (with someα � �
ωA � ω � in

placeof ω), we have Þ � ζ P A� β " Þ � Lp
ω.

(b)&(c2)–(f4)&(h1)&(h2)&(k)&(l) All this is well-known or almostobvi-
ous;see,e.g.,[Pazy], [Sbook],[Lunardi] and/or[HP]. =
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If the “discontinuity” of a perturbation(e.g., “feedbackoperator”)T is less
thanone,theresulting(“closed-loop”)semigroupis alsoanalytic:

Lemma 9.4.3(Propertiesof interpolation spacesHα
�
α � R �Hα
�
α � R �Hα
�
α � R � )

(a1)LetT ��� �
Hγ � Hα � , γ P α � 1. Thentheoperator A # T with domainHβ � 1

generatesananalyticsemigroupon Hβ, for anyβ ��* γ P 1 � α # 1, .
In particular, if we definethe spaces �Hβ (r � R) as Hβ with A # T in

place of A, then Hβ �³�Hβ (with equivalentnorms), i.e.,
�
ω P A� - β * H ,J��

ω P A P T � - β * H , , for all β ��* γ P 1 � α # 1, .
(a2) Evenif weshiftedthe indicesby replacingH by Hβ0

(i.e., by considering
A as a semigroup on Hβ0

, not on H), for any β0 �²* γ P 1 � α # 1, ), before

definingthespacesHβ and �Hβ (in (a1)), the resultsand thespacesHβ and�Hβ wouldbeunaltered(exceptfor theshift in theindex).

(b1)Let A and �A generateanalyticsemigroupson H, andDom
�
A� � Dom

� �A� .
Definethespaces�Hα (α � R) asHα with �A in placeof A. Then�H1 � H1 (c Hα (c �Hβ (c Hγ (c H � �H0

�
1 f α f β f γ f 0� � (9.43)

(b2) We have
�
ω P A� - α �`� � �Hβ �¦�Hγ � and

�
r P �A� - α ��� �

Hβ � Hγ � in (b1) when
α � γ P β, β � γ �%* 0 � 1, , ω � ωA, r � ω ðA.

Notethat if 0 �p* γ P 1 � α # 1, , thenA # T generatesananalyticsemigroupon
H, andthedefinitionof �Hα canbebasedonH (insteadof someHβ).

It seemsthatif wewouldreplacethespacesHr (r � �
0 � 1� ) by theinterpolation

spacesñ �
r � p� or ñ �

p� of [Lunardi], we would obtain analogousresultseven
more easily. However, we have chosenthe spacesHr to make the comparison
to earlierresultseasier. Becauseof the interpolationproperties,thedifferencein
smoothnessis lessthanε for any ε � 0.

Proof of Lemma 9.4.3: (a1)Part I: AssumethatT ��� �
H1 � Hα � , α � �

0 � 1, .
1Í We have

�
ω P A P T � - β �+� �

H � Hβ � for β �²* 0 � 1� : Assume,w.l.o.g.,
that β � 0. By Propositions2.4.1(ii) and 2.2.13 of [Lunardi], A # T with
Dom

�
A # T � : � Dom

�
A� generatesananalyticsemigroupon H. Obviously,�

s P A� - 1 � I # T
�
s P A P T � - 1 � � �

s P A P T � - 1 �
s � σ

�
A� c � σ

�
A # T � c � � (9.44)

Let ω � ω1 : � maxG ωA � ωA� T
K andβ � �

0 � 1� . Then,by (9.44),we have
(herec : � π - 1sinπα)�
ω P A P T � - β P �

ω P A� - β � c Å ∞

0
s- β � ω # s P A� - 1T

�
ω # s P A P T � - 1ds�

(9.45)

By Lemma A.4.4(c2), Þ T �
ω # s P A P T � - 1 Þ ë � H <Hα � è Mω and Þ � ω # s P

A� - 1T
�
ω # s P A P T � - 1 Þ ë � H <Hα � 1 � è M  ω for s f 0. Thus,part ç 1

0 of theintegral

(9.45) converges in Hα � 1, so we only needto show that also
�
ω P A� β ç ∞

1
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belongsto � �
H � in order to establishthat

�
ω P A P T � - β �g� �

H � Hβ � . By
Lemma9.4.2(k),this follows from thefactthat(chooseany ω0 � �

ωA � ω � )Å ∞

1
s- βM

�
1 # æ s # ω P ω0

æ β - α � ä æ s # ω P ω0
æ ds � ∞ � (9.46)

2Í We haveHβ � �Hβ for β �g* 0 � 1� : By 1Í , we have �Hβ : � Ran
���

ω P A P
T � - β ��( Hβ. Exchangethe rolesof A andA # T to obtainthatHβ ( �Hβ. By
LemmaA.3.6,alsothetopologiescoincide(i.e., thenormsareequivalent).

Part II: AssumethatT ��� �
Hα � H � , α � 1. W.l.o.g.,we assumethatα f 0,

becauseH (c Hα, hence� �
Hα � H �z( � �

H0 � H � for α � 0.

3Í WehaveHβ � �Hβ for β ��* α P 1 � α , : Apply 2Í to thestatespaceHα - 1.

4Í We haveHβ �Î�Hβ for β ��* α P 1 � 1, : Let β ��* α P 1 � 0, . Then
�
I # T

�
s P

A P T � - 1 � � j � �
Hβ � for s big enough,hencethe two resolventshave same

range,i.e.,Hβ � 1 �7�Hβ � 1, by (9.44).Thus,wehavecoveredthevaluesin * α � 1, ;
theotherswerecoveredin 3Í .

Part III: Assumethat T ��� �
Hγ � Hα � , γ P α � 1: JustapplyPart II with Hα

in placeof H.
5Í Remarks:Notethatweagainidentify theanalyticsemigroup�" onHα - 1

generatedby A # T with domainDom
�
A # T � : � Hα and its restrictiononto

Hβ (which is generatedby A # T with domainDom
�
A # T � : � Hβ � 1) for any

β �%* α P 1 � 1, .
If β � 1, thenwemayhave �Hβ �� Hβ: Let β � �

1 � 2, . UnlessA is bounded,
we canchoosex0 � H2, α �+* 0 � 1� , z � H ´ Hβ - 1 andΛ � H �α s.t.Λx0 � 1, and
setTx : � �

Lax� z (x � H �α), sothatT ��� �
Hα � H � andTx0 � z �� Hβ - 1. It follows

that
�
A # T � x0 �� Hβ - 1, hencex0 � Hβ ´ �Hβ (since

�
A # T � * �Hβ , ( �Hβ - 1 � Hβ - 1).

(a2) (You can considerA (or its restrictionor extension)as an analytic
semigroupon any Hβ, andit is not alwaysobvious,which oneyou shoulduse.
Herewe statedthatyou mayuseany of themandstill get thesameresultsand
spaces.)

SetG : � Hβ0
, anddefinethe spacesGβ and �Gβ asin (a1) (by (a1), this is

possibleandGβ � �Gβ for all β �%* γ P 1 P β0 � α # 1 P β0, ).
By Lemma9.4.2(f2),wehaveGβ � Hβ0 � β and �Gβ � �Hβ0 � β

�
β � R � . Thus,

we obtainedagainthe samefractionalpower spaces,even thoughwe hadthe
startingpoint G in placeof H.

(b1) By LemmaA.3.6, thespacesH1 : � Dom
�
A� and �H1 : � Dom

� �A� have
equivalentnorms.If α � 1, thenHα � �H1 (c �Hβ, soweassumethatα � 1 (and
β � 0). By Propositions2.2.13and1.2.3of [Lunardi], wehave

Hα (c �
H � H1 � α <∞ (c �

H � H1 � β < 1 (c �Hβ � (9.47)

Analogously, �Hβ (c Hγ.
(b2)This follows from (9.43)andLemma9.4.2(b)&(f2). =

Notes
As obvious from the proofs, most of the above is well known. Classical
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referenceson semigroupsinclude [Pazy] and [HP]; see[Lunardi] and [Sbook]
for furtherresultson analyticsemigroups.
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9.5 Parabolic problemsand CAREs

All animalsareequal,but someanimalsaremoreequalthanothers

— GeorgeOrwell (1903–1950),"Animal Farm",1945

In this section,we apply our resultsfor systemshaving analytic (seeSec-
tion 9.4)semigroups.Theproofsonly usethefactthatthesmoothnessof

"
com-

pensatesthe unboundednessof B andC, so that the resultsof this section(with
sameproofs,mutatismutandis)canbeappliedwhenever

"
is smoothing.

In Theorem9.5.9,we show that a smoothRiccati equationhasa stabilizing
solution if f thereis a uniqueoptimal control. The resultingclosed-loopsystem
is also analytic. A corollary of this for minimization problemsis given in In
Corollary9.5.10we interpretthis for minimizationproblems,andin Corollaries
9.5.11–9.5.12for H∞ problems.E.g.,thereis asuboptimalH∞ statefeedbackpair
for thesystemiff theRiccatiequation(11.15)hasa nonnegativesolutions.t.A #
BK is exponentiallystable(assumingthe standardsignatureandnonsingularity
conditions therein); moreover, the Riccati equationcan be replacedby the
smootheron in Theorem9.5.9andtheclosed-loopsystemis analytic.

Weassumethat
"

is analyticandthattheunboundednesstheinputandoutput
operatorsis lessthan1ä 2 each:

StandingHypothesis9.5.1 ThroughoutthissectionandSection9.6,lettersU � H
andY denoteHilbert spacesof arbitrary dimensions,

"
is ananalyticsemigroup,

ζ � ωA, β �aP 1ä 2, γ � 1ä 2, B ��� �
U � Hβ � , C �Ñ� �

Hγ � Y � , D �Ñ� �
U � Y � , J � J � �� �

Y � .
(By Lemma 9.5.2, it follows that � A B

C D

 generatea WPLS (also without

StandingHypothesis9.0.1).)
By spacesHr we denotethe spaces

�
ζ P A� - rH (r � R), as in Section9.4.

Notethatwemayassumethatγ f 0 f β, w.l.o.g.(i.e., if thehypothesisholdsand
we replaceγ by maxG 0 � γ K andβ by min G 0 � β K , thenthehypothesisstill holds,by
Lemma9.4.2(b)).

Drop theassumptionsβ �HP 1ä 2, γ � 1ä 2 for a moment.Whenever γ � β � R
andγ P β � 1, wecanreplaceH by H � γ � β �òÄ 2 aboveto obtainaWPLS,by Lemma
9.5.2.Theonly differencebetweendifferentstatespacesis thatin applicationswe
mustrequirethatthefinite costconditionis satisfiedin H (not in someHr), hence
onemight wish to take H assmallaspossible.Therefore,in someapplicationsit
might bemoresuitableto realize B on, e.g.,Hγ, in which caseΣ needno longer
bea WPLS(unlessγ P β � 1ä 2); cf. Section8.6.

Thesystemó A B
C D ô is asmoothPritchard–Salamonsystemw.r.t. õ : � Hγ andö

: � Hβ whenever γ P β � 1ä 2, asonecandeducefrom thefollowing:

Lemma 9.5.2 Let ω � ωA. Thenthe operators � A B
C D


 generate Σ � ��� �� 	 
 �
WPLSω

�
U � H � Y � . Moreover,

"
B � L2

ω
�
R � ; � �

U � H ��� , C
" � L2

ω
�
R � ; � �

U � H ��� ,
and C

"
B � L1

ω
�
R � ; � �

U � Y ��� , hence B � MTICL1

ω ( ULR � UVR. Finally,
C ( �

C æH1
� L < s.
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Notethatthe“standard”C (thatof Chapter6) is givenby C æH1
. Analogously,

the“standard”B is givenby B �`� �
U � H - 1 � with adjointB� �`� �

H �1 � U � , but we
shall write B� for the adjoint B� �}� �

H �- β � U � of B �9� �
U � Hβ � ; we still have

B� ( B�L < s, whereB�L < s canbecomputedfrom eitherB� .
Proof: (This holdsalsowithout StandingHypothesis9.0.1.) The “more-

over” claimsfollow from Lemma9.4.2(j),andthey imply thatΣ � WPLS, by
LemmasD.1.7and6.3.13.We haveC ( �

C æH1
� L < s, because1

t ç t
0
" r x0dr 4 x0

in Hγ, for any x0 � Hγ, by Lemma9.4.2(d), =
Remark 9.5.3(Optimizable iff exponentially stabilizable) The L1 assump-
tions of Theorem 9.2.12 and Corollary 9.2.13 are satisfied(under Standing
Hypothesis9.5.1). In particular, Σ is optimizable[and estimatable]iff Σ is
exponentially[jointly] stabilizable[and detectable]. =

The classof analytic WPLSs is invariant undersmoothfeedback,and the
spacesHα remainunaffected(for α’s sufficiently closeto zero):

Lemma 9.5.4 If K �²� �
Hr � U � , r � 1ä 2, then K is an ULR admissiblestate

feedback operator for Σ. Moreover, if Σ ¤ is theclosed-loopsystemcorresponding
to ó K I P X ô for someX � j � �

U � , then
" ¤ is analyticonHα � �

H ¤ � α for α �* r P 1 � β # 1, , andalsoΣ ¤ satisfiesHypothesis9.5.1(with γ ¤ · : � maxG γ � r K � 1ä 2
in placeof γ).

From Proposition6.6.18it follows that the closed-loopgeneratorsaregiven

by � A� BMK BM
C � DMK DM

K M - I
� , whereM : � X - 1.

Proof: 1Í Case X � I : By Lemma 9.5.2, � A B
K 0


 generatea WPLS��� �h i 
 s.t. E � MTICL1

ω ( ULR andF � 0, henceI P E � j
TIC∞

�
U � (evenj

MTICL1

∞
�
U � ), by Proposition6.3.1(c). The last claim follows from Lemma

9.4.3(a)(recallthatC¤ � C # DK).
2Í General case:Firstapply1Í to ó MK 0 ô (notethatMK ��� �

Hr � U � ),
and then apply Lemma6.6.12to replace ó MK 0 ô by ó XMK I P X ô .=

Lemma 9.5.5 If 8 ��� �
H � , then Þ sB� � s P A� -¢� 8 �

s P A� - 1B Þ�4 0, ass � Σθ <ω0,æ s æ 4 ∞. =
(This follows from Lemma9.4.2(k)with α 34÷P β � 1ä 2.)

Corollary 9.5.6 If
� 8q� S� � K F 
 � is a SRsolutionof theeCARE,thenX � SX �

D � JD. =
(This follows from Lemma9.5.5andPropositions9.11.3(b)and9.8.10.)
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Weshalloftenmake thefollowing, strongerhypothesis:

Hypothesis9.5.7 Letat leastoneof (1.)–(3.)hold,where

(1.) γ � 1ä 4, β ��P 1ä 2 andD � JC � 0;

(2.) γ � 1ä 4, β ��P 1ä 2 andD � JD � j � �
U � ;

(3.) γ P β � 1ä 2;

By Theorem9.2.3,Hypothesis9.5.7impliesHypothesis9.2.1,henceit implies
that Theorems9.2.9,9.2.10and 9.2.14,Corollary 9.2.15etc. apply (underthe
additionalassumptionsof thoseresults).

Naturally, whenever γ � β � R, γ P β � 1ä 2, we canreplaceH by Hr for any
r � �

γ P 1ä 2 � β # 1ä 2� to satisfy(3.). Analogously, wheneverγ � β � R, γ P β � 3ä 4
andD � JC � 0 or �5�� �7� exp andD � JD � j � �

U � , we canreplaceH by Hr for
any r � �

γ P 1ä 4 � β # 1ä 2� to satisfy (1.) or (2.). However, we needadditional
assumptionsfor guaranteeingthat this doesnot changethe problem(the most
importantcaseis thestablecasefor � out or � exp):

Lemma 9.5.8(Shifting H 34 Hr) Let Σ   be the systemΣ with state spaceHr ,
wherer � �

γ P 1ä 2 � β # 1ä 2� , andthatJ � J � ��� �
Y � . Assumethat B is J-coercive

over � out (so that B   is J-coerciveover �  out). Assumethat � out
�
x0 � �� /0 for all

x0 � H and �  out
�
x0 � �� /0 for all x0 � Hr (e.g., that

"
is exponentiallystable).

If r � 0, then 8¡ J�Z8øæ Hr
and Σ  crit � Σcrit æ Hr

(if K   is as in Lemma9.6.1,

then K   is the uniqueJ-critical statefeedback operator for Σ too). Moreover,� out
�
x0 � �>�  out

�
x0 � for all x0 � H � Hr .

(Exchangetherolesof H andHr for thecaser � 0.)
Proof: (Here �  out means � out for Σ   etc., and 8 (resp. 8   ) is the J-

critical costoperatorover � out (resp. �ù out). Note that r � �
γ P 1ä 2 � β # 1ä 2�

is equivalentto theconditionthatStandingHypothesis9.5.1holdsfor Σ   .)
Note that � out

�
x0 � dependson x0, B andJ only (not on H, nor on therest

of Σ).
Recallfrom Lemma8.4.2thatJ-coercivity over � out dependsonly onJ andB , henceB   is J-coerciveover �ù out.
Under the assumptions,thereis a uniqueJ-critical control over � out for

eachx0 � H andover �  out for eachx0 � Hr , by Theorem8.4.3,thus 8 , Σcrit and
Σ  crit arewell-defined,by Theorem8.3.9.

Assumethat r � 0. Since(
"  Ù� " æ Hr

and) @� R�:@úæ Hr
, we have � out

�
x0 � ��  out

�
x0 � for all x0 � Hr � Hr � H (because@ x0 #ªB u �Ì@   x0 #9B u for all

u � L2 � R � ;U � ).
Givenx0 � Hr , avectoru � � out

�
x0 � �Ë�  out

�
x0 � is J-critical over � out if f it

is J-critical over �  out (if f 0 �:Mµ@   x0 #YB u � J B ηNá�:Mµ@ x0 #YB u � J B ηN for all η �� out
�
0� �Ë�û out

�
0� ). It follows thatΣ  crit � Σcrit æHr

, hence8¡  : � � @� crit � � J @z crit �8ùæ Hr
.

If K   is asin Lemma9.6.1,thenK   �Ñ� �
Hγ � U � , hencethenK   is admissible

for Σ too; let Σ F be the correspondingclosed-loopsystem.The restrictionof
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Kcrit to Hr � 1 is equalto K  crit � K   , henceKcrit � K   on H1, by continuity. We
concludethat D;F � D crit , i.e., K   is J-critical for Σ over � out. Uniqueness
follows from Lemma8.3.17(b). =
Under Hypothesis9.5.7 we have more smoothnessthan in the B�w-CARE

theory:

Theorem 9.5.9 AssumethatS: � D � JD � j � �
U � , γ � 1ä 4 andβ ��P 1ä 2. Then

theassumptionsof Theorem9.2.9are satisfiedandwehaveonemore equivalent
condition:

(vi) There is 8g�n8 � ��� �
H � � Hβ � � � s.t.�

B� 8 # D � JC� � � D � JD � - 1 � B� 8 # D � JC� � A� 8 # 8 A # C � JC (9.48)

on Hγ � ε for some(equivalently, all) ε � 0, and K : �ÒP �
D � JD � - 1 � B� 8 #

D � JC� is �5�� -stabilizing.

Moreover, alsoLemmas9.6.1and9.5.4areapplicablefor 8 andK.

Proof: 1Í Theproof: Theassumptionsof Theorem9.2.9arenow satisfied,
by Theorem9.2.3 (use Hypothesis9.2.2(2.)). One easily verifies that (vi)
implies(iii). Conversely, (i) implies(vi), by Lemma9.6.1.

2Í Remarks:Recallthat
�
Hβ � � � H �- β. Condition 8 �Ñ� �

H � � Hβ � � � implies
that B�Ê8 �+� �

H � U � , hencenecessarilyK �+� �
Hγ � U � , so that Lemma9.5.4

appliesfor the closed-loopsystem(in particular, K is necessarilyadmissible
and

" F is analytic).
“On Hγ � ε” means that M Kx0 � D � JDKx1N�� M Ax0 ��8 x1N # Mü8 x0 � Ax1N #M Cx0 � JCx1N for all x0 � x1 � Hγ � ε, equivalently, that K � D � JDK � A� 8 # 8 A #

C � JC in � �
Hγ � ε � � Hγ � ε � � � .

For �?�� �6� exp, the last condition meansthat the (analytic) semigroup
generatedby A # BK is exponentiallystable. =
Theaboveremarksleadto applicationsof thetheoryin othersections,suchas

theonesbelow:

Corollary 9.5.10(LQR — minimization)

(a) Theassumptionsof Corollary 10.2.10aresatisfied.

(b) Assumethat Hypothesis9.5.7 holds and that D � JD � 0. Then the
assumptionsof Corollary 10.2.9are satisfied,andLemma9.6.1applies;in
particular, theB�w-CAREin (ii) is satisfiedon Hγ � ε too (iff it is satisfiedon
H1), for anyε � 0, and

" F is analytic.

A similar commentappliesto Theorem10.1.4(b3)&(b4)&(b6).

(c) Assumethat Σ is estimatable. Thenthere is a nonnegativesolutionof the
LQR-CAREiff Σ is optimizable. If this is the case, then this solution is
uniqueandstrictly minimizingover � exp (and � out).

If γ � 1ä 4 andβ �:P 1ä 2, thenTheorem9.5.9applies.
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Note that the proof and the remarksbelow Hypothesis9.5.7 lead to further
simplificationsof theresultsmentionedin thecorollaryandseveralothers.

Seethecommentsbelow Corollary10.4.4for theparabolicH2 problem.
Proof: (a)This follows from Lemma9.5.2.
(b) The assumptionsfollow from Theorem9.2.3; the rest follows from

Lemma9.6.1.
(c) SeeTheorem10.1.4(c1)andthe above, andnotethat now D � JD � 0.=

UnderStandingHypothesis9.5.1,wecanstrengthenourH∞ Full-Information
ControlProblemresults:

Corollary 9.5.11(H∞H∞H∞ FICP)

(a) Assumption(2.) of Theorem11.1.4is satisfied.

(b) AssumeHypothesis9.5.7.

Thenassumption(2.) of Theorems11.1.3and11.1.6is satisfied,andLemma
9.6.1applies;in particular, theB�w-CAREin (iii) is satisfiedonHγ � ε too (iff
it is satisfiedonH1), for anyε � 0, and

" F is necessarilyanalytic.

(c) Theassumptionsof Theorem11.2.7aresatisfiedfor � �� �A� exp iff
�
A � B1 � is

optimizableand(1.) of Theorem11.1.4holds.

(Do not mix theγ (“γC”) of this section(and(b) above) with that(“challenge
number”)of Chapter11. ThisappliesCorollary9.5.12too.)

Proof: (a)This follows from Lemma9.5.2.
(b) Assumption(2.) follows from Theorem9.2.3. The rest follows from

Lemma9.6.1.
(c) Now there is an exponentially stabilizing state feedbackoperator�K ��� �

H � U � if f
�
A � B1 � is optimizable,by Remark9.5.3. By Lemma9.5.4,

corresponding(exponentiallystable)closed-loopsystemΣ ¤ (and Σ F if any)
also satisfiesHypothesis9.5.1, in particular, B ¤ � MTIC

�
U � Y � , by Lemma

9.5.2.See0 � 1Í of theproof of Theorem11.1.4for (1.). =
Our resultsfor thestandardH∞ problem(theH∞ “measurement-feedback”or

“four-block” problem)canalsobestrengthened:

Corollary 9.5.12(H∞H∞H∞ 4BP) AssumeHypothesis12.1.1.

(a) Assumption(A1)of Theorem12.1.5is satisfied.

(b) Assume(A1)(I) and (A2) of Theorem 12.1.4. ThenLemma9.6.1 applies
for the threeCAREs.In particular, the 8 X-CARE(1.) is satisfiedon Hγ � ε
too (iff it is satisfiedon H1), for anyε � 0, and

" F is necessarilyanalytic.
Analogously, the 8 Y-CARE(2.) (andthe 8 Z-CARE(4.) if (1.) is satisfied)is
satisfiedonH �- β � ε (iff it is satisfiedon H �1), for anyε � 0.
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Proof: (Note from Lemma12.5.4 that Hypothesis12.5.1 is satisfiedif f�
A � B1 � is optimizable,

�
A � C2 � is estimatableand (A2) of Theorem12.1.5is

satisfied,by (a).)
(a) This follows from Lemma9.5.2.
(b) It was shown in 4Í of the proof of Theorem12.1.4that (2.) or (3.)

of Hypothesis9.5.7is satisfiedby ΣX andΣY; the samewasobserved for ΣZ

(assumingthatΣX is satisfied)closeto theendof theproof. Therefore,Lemma
9.6.1appliesto theseCAREs. =
With our (weaker) standinghypothesisthatγ � 1ä 2 andβ ��P 1ä 2, weobtain

thefollowing:

Theorem 9.5.13( � exp� exp� exp: Unique optimum � CARE � J-coercive) Assume
that �5�� �>� exp. Thenthefollowing areequivalent:

(i) there is a [unique] J-critical control over � exp
�
x0 � for each x0 � H, and

D � JD � j � �
U � ;

(ii) there is a [unique] exponentiallystabilizingsolution
� 8q� S� K � of theCARE;

(iii) � " $ 
 is optimizableand B is J-coerciveover � exp.

If
� 8q� S� K � is asabove, thenK is J-critical over � exp, S � D � JD � j � �

U � ,$ τ � B � E � MTICL1

∞ and $ F τ ��S¡��Q � MTICL1- ε for someε � 0.

Notethatany solutionsof (i) or (ii) areunique.If D � JD � 0, then“J-critical”
becomesequivalent to “minimizing” and“J-coercive” equivalent to “positively
J-coercive”, by Proposition9.9.12. Thus,thenCorollary 10.2.10(andTheorem
10.1.4(b6)&(b4))applies.

Proof: This follows from Lemma9.5.2andCorollary9.2.19. =
Notesfor Sections9.5and 9.6
A state-of-arttreatmenton parabolicsystemsis given in [LT00a] by Irena

Lasieckaand RobertoTriggiani, by using a p.d.e.approach. They only treat
theLQR andH∞ FICP problems,in thecaseof �5�� �Ì� out with a standardcost
function(whoseform is aspecialcaseof thatof Proposition9.7.6),but they allow
for any β �wP 1 (for γ � 0, i.e., they take H � Hγ, so thatC becomesbounded),
hencetheir resultsalsoapply to systemswith very unboundedinput operators,
thuscoveringawiderangeof importantapplications.Sincetheirproofsarebased
ontheconvergenceof thefinite-horizonsolutions,they mightbeinappropriatefor
moregeneralcostfunctions,asexplainedin thenotesonp. 465.

The history and statusquo of researchin the p.d.e. approachto analytic
systemsis well documentedin the notesof [LT00a], with referencesto works
of theauthors,G. DaPrato,F. Flandoli,X. Li, C. McMillan andothers,including
articlesonsingularcontrol.

Thefirst applicationof WPLStheoryto parabolicsystemsseemsto be[St97a]
(and [S98e]), which usesthe theory of [S97b] to establisha solution to the
positively J-coercive stablequadraticminimizationproblemandshow that its J-
critical costoperatorsatisfiestheRiccatiequation.Its proof leansheavily on the
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resultsof Lasieckaand Triggiani, so that its contribution is mainly the WPLS
formulation and the characterizationof the closed-loopsensibility to external
input (i.e., thesecondcolumnof Σ F ). Thatarticleand[Sbook]essentiallycontain
Lemmas9.5.2,9.5.8and9.6.3.
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9.6 Parabolic problems: proofs

Thevoiceof themajority is noproofof justice.

— FriedrichvonSchiller(1759–1805)

In this section,we prove threelemmasthat wereusedfor the resultsof the
abovesection.Westill assumeStandingHypothesis9.5.1.

We first show thata J-critical control in WPLSform (e.g.,a uniqueJ-critical
control,by Lemma8.3.16(a1)),is alwaysof statefeedbackform andcorresponds
to asolutionof theB�w-CARE:

Lemma 9.6.1 Let Σcrit bea J-critical control for Σ in WPLSform. Assumethat
Hypothesis9.5.7holdsandthatS: � D � JD � j � �

U � .
Then 8 �g� �

H � � Hr � � � for any r � 1 P 2γ; in particular, 8 * H , ( �
Hβ � � �

Dom
�
B� �z( Dom

�
B�L < s��( Dom

�
B�w � . Thus,B� 8 ��� �

H � U � , and

K : �wP S- 1 � B� 8 # D � JC� �Ñ� �
Hγ � U � (9.49)

is a uniqueULRJ-critical statefeedback operator for Σ. Moreover 8 satisfiesthe
B�w-CARE

A� 8 # 8 A # C � JC � K � SK �Ñ� �
H1 � � H1 � � � (9.50)

(even ��� �
Hγ � ε � � Hγ � ε � � � for all ε � 0).

Finally, thecorrespondingclosed-loopsystemΣ F is generatedbyA # BK, and
Σ F is analyticonHα � �

H F � α for α ��* γ P 1 � β # 1, . Consequently, $ F τ � B F � EÙF �
MTICL1

ω for all ω � ωA~ .

Seethe remark for B� below Lemma9.5.4. Note that K is bounded(i.e.,
K ��� �

H � U � ) if D � JC � 0.
Proof: 1Í K is ULR and J-critical: By Lemma 9.6.2, we have 8 �� �

H � Dom
�
B�L < s��� . By Proposition 9.3.1, K : �ÝP S- 1 � B�L < s8 # D � JC� �� �

Hγ � U � is a uniqueULR J-critical statefeedbackoperatorfor Σ (in particu-
lar, D;F � D crit , whereΣ F is thecorrespondingclosed-loopsystem).Weobtain
“ 8 �

H � Hr � ” from 2Í andtherestof theclaimfrom Lemmas9.5.4and9.5.2and
3Í .

2Í Wehave8 �5� �
Hγ - r � � Hγ - s� � � whenr � s f 0, r # s � 1: (For γ P r � 0 this

becomesγ P s � 2γ P 1, henceγ P s � β is allowed,sothat 8 ��� �
H � � Hβ � � � .)

W.l.o.g.,we assumethatγ f 0.
Choose p � q �Ë* 1 � ∞ , s.t. p - 1 � r, q - 1 � s # 2γ and p - 1 # q - 1 � 1.

ThenCcrit
"

crit � Lp
ω
�
R � ; � �

Hγ - r � Y ��� , by Lemma9.4.2(j) (sinceCcrit � C #
DKcrit �L� �

Hγ � Y � ), and C
" � Lq

ω
�
R � ; � �

Hγ - s � Y ��� , hence @ � π [ 0 < t � J @ crit �� �
Hγ - r � � Hγ - s� � � .
But

" t � 8 " t
crit

��� �
Hγ - 1 � � Hv � � � , for any v � R, by Lemma 9.5.4 and

Lemma9.4.2(h2).Therefore,8 ��� �
Hγ - r � � Hγ - s� � � .

3Í The B�w-CAREon Hγ � ε: Let ε � 0. We have A �g� �
Hγ � ε � Hγ � ε - 1 � ,8 �}� �

Hγ � ε - 1 � � Hγ � � � (take s � 0, r : � 1 P ε), and
�
Hγ � � (c �

Hγ � ε � � , hence8 A ��� �
Hγ � ε � � Hγ � ε � � � .
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By taking adjoints,we obtain that A�Ê8 �p� �
Hγ � ε � � Hγ � ε � � � . Sinceobvi-

ouslyC � JC� K � SK �Ñ� �
Hγ � ε � � Hγ � ε � � � , andH1 is densein Hγ � ε, theB�w-CARE

holdsalsoon Hγ � ε, i.e.,M Ax0 ��8 x1N�ý Hγ � ε î 1 < � Hγ � ε î 1 � Âÿþ # M�8 x0 � Ax1N�ý � Hγ � ε î 1 � Â <Hγ � ε î 1þ # M Cx0 � JCx1N Y �}M Kx0 � SKx1N �
(9.51)=

Theaboveproof wasbasedon thefollowing result:

Lemma 9.6.2 Let Σcrit bea J-critical control for Σ in WPLSform. Assumethat
Hypothesis9.5.7holds.Then 8 ��� �

H � Dom
�
B�L < s��� .

Proof: 1Í Assumption(1.): Now wehave to alter2Í of theproofof Lemma
9.3.4asfollows:

Let ω � ωA. By Lemma9.4.2(j),wehaveC
"

B � Lp
ω
�
R � ; � �

U � Y ��� for any
p �'* 1 � � β # γ � - 1 � ; setp : � 4ä 3. Analogously, @9� C

" � L4
ω
�
R � ; � �

H � Y ��� .
Fix x0 � H and u0 � U . Then D critx0 � L2 � R � ;Y � , henceC$ τ D crit x0 �

C
"

B 1 D critx0 � L4
loc

�
R � ;Y � , becausep - 1 # 2 - 1 � 1 # 4 - 1 (seeLemmaD.1.7).

Consequently, f : � C
"

critx0 � C
� " #`$ τ D crit � x0 � L4

loc

�
R � ;Y � . Thus,@ critx0 P D D critx0 � C

"
critx0 � L4

loc
�
R � ;Y � � (9.52)

Set F : � C
"

Bu0 � Lp
ω. Becausep - 1 # 4 - 1 � 1 (and C � JD � 0), we

can againwork as in 2Í of the proof of Lemma9.3.4 to obtain that 8 x0 �
Dom

�
B�L < s� .

(Themoralof theproof: the“ p” in “L p” doesnotalwaysmean1, 2 or ∞.)
2Í Assumption(2.): Part 6Í of theproof of Lemma9.3.4appliesheretoo,

mutatismutandis;wesketchthis below:
By Lemma9.5.4, K   : �ZP �

D � JD � - 1D � JC �}� �
Hγ � U � is admissibleand

ULR for Σ, andassumption(1.) is satisfiedby thecorrespondingclosed-loop
system(which hasthe input operatorB and the output operatorC # DK   �� �

Hγ � U � ; thespacesHβ, Hγ andDom
�
B�L < s� remainunchanged).

3Í Assumption(3.): This follows from Lemma 9.3.4, since Hypothesis
9.2.2(5.)is satisfied,by Lemma9.4.2(j). =

Lemma 9.6.3 If B � TIC, then B is uniformlyhalf-plane-regular.

(Naturally, this is not truewithoutStandingHypothesis9.5.1.)
Proof: Weshallshow thatwehave

mB �
s� 4 D, ass � C � , æ s æ 4 ∞ regardless

of thestabilityof B . By Definition6.2.3,it follows that B is UHPRif B � TIC
(or B * L2

c , ( L2).
Let ω � ω0 � ωA. Chooseθ andM for ω0 asin Lemma9.4.2(a).ThenmB �

s� P D � C
�
ω P A� - γ �É� ω P A� γ � β � s P A� - 1 � �

ω P A� - γB 4 0 � (9.53)

ass � Σθ <ω0,
æ s æ 4 ∞, by Lemma9.4.2(k). =

(Seethenotesonp. 451.)
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9.7 Riccati equationson Dom� Acrit �
Just becausethey are called ’forbidden’ transitionsdoesnot mean
that they are forbidden. They are lessallowedthan allowedtransi-
tions,if youseewhatI mean.

— Froma Part2 QuantumMechanicslecture.

In Theorem8.3.9,we observed that a uniqueJ-critical control is alwaysof
WPLS form. In most earlier theory (e.g., for boundedB), such a control is
necessarilyof statefeedbackform, andcorrespondingcost, signatureandstate
feedbackoperators

� 8q� S� K � satisfytheCARE.Conversely, theK-operatorof any
“stabilizing” solution of the CARE is a J-critical statefeedbackoperator(also
in our setting). We shall extendthis equivalenceto sufficiently regular systems
with unboundedB in Theorem9.2.9,basedon theresultsof this section(seealso
Remark9.9.14).

In this section,we shall study the situation for an arbitrary WPLS with a
uniqueJ-critical control(ormoregenerally, with acontrolin WPLSform) without
assumingthe J-critical control to be of (well-posed)statefeedbackform (cf.
Remark9.7.7(a1)–(a3)),andweshallderivecertainRiccati-likeequations.

Thus,given,e.g.,aJ-coercive( � �� -) stabilizableregularsystem,wecanobtain
the optimal statefeedbackby solving the generalizedRiccati equation(9.67).
However, sincetheseequationsaregivenonDom

�
Acrit � (for WR systems),which

is unknown a priori, it seemsvery hardto solve suchequationsandthusfind the
optimal control. The integral versiongiven below (for generalWPLSs)seems
evenlessapplicable.

Ourresultsrigourouslyextendtheequationin [FLT] (containedin Proposition
9.7.6), wheresimilar equationsare given in a coercive, positive settingwith a
boundedoutputoperator. A moregeneralsetting,still with boundedC, is treated
in Lemma9.7.5,andfor generalWR systemstheequationsaregivenin Theorem
9.7.3.

However, for the above reasonsand othersexplained in this chapter(e.g.,
D � JD cannot serve as the signatureoperator, as explained in the notes to
Section9.8), we considerthe “regular Riccati equations”due to M. Weiss,G.
WeissandO. Staffansmoreapplicablethan these“closed-loopdomainRiccati
equations”,andpreferdevelopingtheir theoryto coverstandardcontrolproblems.
Neverthless,thelattercanbebuild on theformer, aswepartially do,andin some
casesthetwo theoriescoincide(seetheparabolictheoryof Chapter9.5).

If thereis a J-critical control in WPLSform (e.g.,a uniqueJ-critical control,
seeLemma8.3.16(a1)),thenΣcrit is “ � �� -stable”and(9.55)–(9.57)hold:

Theorem 9.7.1(GeneralizedIARE) Assumethat Σ0 : � k � 0�
0h
0 l is a control in

WPLSform,andthat 8ª�n8;� ��� �
H � .

Then D 0x0 is J-critical for x0 for each x0 � H and 8n�o@��0J @ 0 iff D 0x0 �



456 CHAPTER9. RICCATI EQUATIONSAND J-CRITICAL CONTROL�?�� � x0 � for all x0 � H andthefollowinghold:M $ t u # " t
0x0 ��8 " t

0x0N�4 0 � ast 4 # ∞
�
x0 � H � u � � �� � 0��� � (9.54)

0 � � B t � � J @ t
0 # � $ t � � 8 " t

0 �Ñ� �
H � L2 � * 0 � t , ;U ��� � (9.55)8ª� " t � 8 " t

0 # @ t � J @ t
0 ��� �

H � � (9.56)

Wecanmake thefollowing enhancementsabove:

(a) Wemayreplace(9.56)aboveby89� " t
0
� 8 " t

0 # @ t
0
� J @ t

0 ��� �
H � � (9.57)

(b) Condition(9.54)is redundantif �5�� �Ë� exp or �?�� �Ë� str.

(c) If �5�� �Ì� exp (resp. �?�� �Ì� str), thenΣ0 is J-critical iff Σ0 is exponentially
(resp.strongly)stableand(9.55)–(9.56)hold.

Thus,we canconsider(9.55)–(9.56)asa generalizedIARE, whosesolution8 is “stabilizing” if f DXF x0 � �5�� � x0 � and (9.54) holds. When applied to the
left columnof a (statefeedback)closed-loopsystem,theseconditionsdetermine
whetherthecorrespondingstatefeedbackpair is J-critical.

Sincethe above conditionsare hard to verify, we go on to develop further
conditions,but first wemakeanobservationfrom part(c) above:

Corollary 9.7.2( � exp � � str� exp � � str� exp � � str) If there is a uniqueJ-critical control over � exp,
thenthis control is J-critical over � str. =

(The conversedoesnot hold even for exponentiallystabilizablesystems,by
Example9.13.14,which also illustratesthat a J-critical statefeedbackoperator
over � str neednot be strongly stabilizing, although it must stabilize the left
columnstrongly).

Proof of Theorem 9.7.1: Trivially, condition D;F x0 � �5�� � x0 � (x0 � H)
is necessary. For the rest of the proof, we assumethat this condition holds.
Consequently, @ F is stableandTheorem8.3.9(a2)holds.

1Í “Only if ”: Given �η � L2 � * 0 � t � ;U � , we have for η : � �η # τ - t D 0 $ t �η
( � �5�� � 0� , by Lemma9.7.10)andany x0 � H that

0 ��M J @ x0 #YB D 0x0 � B ηN���M � π [ 0 < t � # τ - tτtπ [ t <∞ � � J @ 0x0 � B ηN (9.58)��M π [ 0 < t � J @ 0x0 � B ηN # M Jπ � τt @ 0x0 � B τt ηN (9.59)��M π [ 0 < t � J @ 0x0 � B ηN # M J @ 0
" t

0x0 �/@ 0 $ t �ηN (9.60)��M J @ t
0x0 � B t �ηN # M " t

0x0 ��8 $ t �ηN � (9.61)

Thus,(9.55)holds.Equation(9.57)andtheconvergence
� " t

0 � � 8 " t
0x0 4 0 are

obtainedasin theproof of Lemma9.10.1(d1).
Let now x0 � H andη � �5�� � 0� bearbitrary. BecauseM π [ 0 < t � B η � J @ 0x0NR4M B η � J @ 0x0N , ast 4 ∞, by CorollaryB.3.8,equation(9.55)impliesthatM $ τt η ��8 " t

0x0N�4÷PXM B η � J @ 0x0N�� as t 4 # ∞ � (9.62)

Becauseη � �5�� � 0� wasarbitrary, J-criticality impliesthat(9.54)holds.
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2Í “If ”: AssumethatΣ0 is �5�� -stableandthat(9.54)–(9.57)hold.
Identity 8g��@��0J @ 0 is obtainedasin theproofof Lemma9.10.1(d1).From

(9.62)and(9.54)weobtainthat M B η � J @ 0x0N©� 0.
3Í Remark:If theequivalentconditionshold, then

" t
0 8 " t

0x0 ��8 " t
0x0 4 0,

ast 4 ∞, asoneobservesfrom theproof of Lemma9.10.1(d1).
(a) Equation (9.57) is equivalent to (9.56), because(9.56)� P (9.57)�D �0 ��� $ t � �Ê8 " t

0 # � B t � � J @ t
0 � � 0 when(9.55)holds.

(b) Let x0 � H andη � � �� � 0� . If � �� �>� str, then
"

0x0 � $ τη ��& 0
�
R � ;H � ,

by Theorem8.3.9(a2),hencethen(9.54)obviouslyholds.
If � �� �Ì� exp, then

"
0x0 � $ τη � L2 � R � ;H � , hencethenthe limit in (9.62)

cannotbenonzeroin any case,soit mustbezero(sinceit exists,by (9.62)).
(c) “Only if ” follows from Theorem8.3.9(a2),and“if ” from (b). =

If B is regular, then it follows that certainRiccati equationis satisfiedon
Dom

�
Acrit � :

Theorem 9.7.3(Dom
�
Acrit �Dom
�
Acrit �Dom
�
Acrit � -CARE) Let Σcrit be a J-critical control for Σ in

WPLSform. ThenP A�crit 8g�n8 Acrit # C �critJCcrit ��� �
Dom

�
Acrit � � Dom

�
Acrit � � � � (9.63)P A�crit 8g�n8 A # C �critJC ��� �

Dom
�
A� � Dom

�
Acrit � � � � (9.64)P A� 8g�n8 Acrit # C � JCcrit ��� �

Dom
�
Acrit � � Dom

�
A� � � � (9.65)

RecallthatCcrit � Cc # DcKcrit andAcrit � A # BKcrit on Dom
�
Acrit ��( HB.

Assume, in addition,that B is WR.Then

(a) (“Kcrit �wP B� 8Kcrit �wP B�!8Kcrit �HP B� 8 ”) 8 �'� �
Dom

�
Acrit � � Dom

�
B�L <w ��� , B�L <w 8��oP D � JCcrit on

Dom
�
Acrit � , and�

D � JD � Kcrit �HP B�L <w 8'P D � JCL <w ��� �
Dom

�
Acrit � � U � � (9.66)

(b) (“ucrit �LP B�!8 xcritucrit �wP B�Ê8 xcritucrit �wP B�!8 xcrit”)
�
Kcrit � L < sx � t � �nP �

D � JD � - 1 � B�L <w 8 # D � JCL <w � x � t � �� D critx0 � � t � for a.e. t f 0 andall x0 � H, where x : � xcrit
�
x0 � : � "

critx0, if
D � JD � j � �

U � . In particular, 8 x
�
t � � Dom

�
B�L <w � a.e.

(c) (“CARE” on Dom(Acrit )) If B and B d are SRandD � JD � j � �
U � , then

wecanreplaceB�L <w byB�L < s andCL <w byCL < s in (a) and(b), andwehave

A� 8 # 8 A # C � JCL < s � � 8 B # C � JD � � D � JD � - 1 � D � JCL < s # B�L < s 8 � (9.67)

in � �
Dom

�
Acrit � � Dom

�
Acrit � � � .

(d) (“CARE” � J� J� J-critical) Assume, instead,that Σcrit is a control in WPLS
form, B � WR, and 89�n8 � �Ñ� �

H � .
ThenΣcrit is J-critical and 8+��@��critJ @ crit iff (9.65)and(9.66)holdandΣcrit
is “ �5�� -stabilizing” (i.e., D;F x0 � �5�� � x0 � for all x0 � H and(9.54)holds).

It wouldbemoreusefulto obtainaRiccatiequationonDom
�
A� , andwewould

liketo know thatKcrit extendsto a(regular)statefeedbackoperatorfor Σ (e.g.,that
Kcrit wouldhaveanextensionto HB, andthatthisextensionwouldequalKw æHB

for
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someWR statefeedbackoperatorK for Σ). Unfortunately, bothof theserequire
additionalassumptions,by Example11.3.7.

Proof: (In fact,Σcrit neednot beJ-critical, it sufficesthat it is a control in
WPLSform for Σ (seeDefinition8.3.15)s.t.(9.55)and(9.56)hold. Thus,Σcrit

neednotbe“ � �� -stable”providedthatit is otherwiseasin Theorem9.7.1.)

Apply Lemma9.7.8to (9.57),(9.56)and(9.56)� to obtain(9.63),(9.64)and
(9.65).Formulaefor Acrit andCcrit arefrom Lemma8.3.17(a).

(b) Let x0 � H andT � 0. We “connectΣcrit to Σd through 8 , J andtime-
inversion”,asin [S98b,Section5], [WW, Section8] or Lemma9.11.1:Set

x�0 : �:8 " T
critx0 � H � y� : � π [ 0 < T � RτTJ @ crit x0 � L2 � * 0 � T � ;Y � � (9.68)

Then,for any s �%* 0 � T , , wehave

x� � s� : � " � � s� x�0 # @ dτsy� � " s � 8 " s
crit

" T - s
crit x0 # @ � Jπ [ 0 < s� τT - s@ critx0 (9.69)� " s � 8 " s

crit
" T - s

crit x0 # @ � Jπ [ 0 < s� @ crit
" T - s

crit x0 �n8 " T - s
crit x0 � (9.70)

by (9.56). Trivially, π [ 0 < T � $ dx�0 � RτT � $ T � � x�0, and π [ 0 < T � B dy���
RτT � B T � � J @ T

critx0. Therefore,(9.55)impliesthat

0 � π [ 0 < T � $ dx�0 # π [ 0 < T � B dy� � (9.71)

Since B is WR, we have for a.e. t �o* 0 � T , that x� � T P t � �Ø8 " t
critx0 �

Dom
�
B�L <w � , by (9.70)andTheorem6.2.13(a2),and

0 � B�L <wx� � T P t � # D � y� � T P t � � B�L <w 8 " t
critx0 # D � J � @ critx0 � � t � (9.72)� B�L <w 8 x

�
t � # D � J � CL <wx

�
t � # Du

�
t ��� � (9.73)

by (9.71)and(6.46)wherex
�
t � : � " t

critx0, u : � D critx0. (recall that @ critx0 �@ x0 #�B D critx0 �C@ x0 #�B u). Becauseu � �
Kcrit � L < sx � t � a.e., by Lemma

6.2.12(a),andT � 0, t �%* 0 � T , andx0 � H werearbitrary, (b) follows.

(a) Let x0 � Dom
�
Acrit � . Then x : � "

critx0 �Ë& �
R � ;Dom

�
Acrit �����

W1 < 2
loc

�
R � ;H � , hence@ critx0 � Ccrit

"
critx0 and

A� x�0 # C � y� � 0� � A� 8 x
�
T � # C � JCcritx

�
T � �wP�8 Acritx

�
T � � H � (9.74)

by (9.65)and(9.68). Therefore,y� and $ dx0 #'B dy� areW1 < 2
loc, hencecontinu-

ous,by Theorem6.2.13(b1),sothat(9.72)–(9.73)holdeverywhereon * 0 � T , .
Since

�
CL <w � D � is a compatiblepair for Σ, by Lemma6.3.10(e),we have

Ccrit � CL <w # DKcrit on Dom
�
Acrit � , by Lemma8.3.17(a). Thus, (a) follows

from (9.72)at t � 0.

(c) 1Í (a) and(b): Fromtheproofsof (a)and(b) weseethatwecanreplace
B�L <w by B�L < s if B d � SRandCL <w byCL < s if B is SR.

2Í The “CARE”: By (a), we have 8 �9� �
Z � � Dom

�
Acrit � � � , whereZ : �

Dom
�
B�L < s� .

Let x0 � x1 � Dom
�
Acrit � . Then 8 xk � Z andAxk � BKcritxk � Z � , by Propo-

sition 6.2.8(e)&(f),becauseDom
�
Acrit ��( HB, by Lemma8.3.17(a).(Herewe

neededthestrongregularityof B d; thatof B couldbedroppedwithoutessential
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changes.)Therefore,M Acritx0 ��8 x1N H ��M Ax0 # BKcritx0 ��8 x1N ý Z Â < Zþ ��M Ax0 ��8 x1N ý Z Â < Zþ # M BKcritx0 ��8 x1N ý Z Â < Zþ
(9.75)��M Ax0 ��8 x1N ý Z Â < Zþ # M Kcritx0 � B�L < s8 x1N U � (9.76)

by Proposition6.2.8(e).Now we obtainfrom (9.64)andthe formulaeAcrit �
A # BKcrit andCcrit � Cw # DKcrit that

0 ��M Ax0 ��8 x1N # Mü8 x0 � Ax1N # M Kcritx0 � B�L < s8 x1N # M B�L < s8 x0 � Kcritx1N (9.77)# M Cwx0 � JCwx1N # M Cwx0 � JDKcritx1N # M DKcritx0 � JCwx1N # M DKcritx0 � JDKcritx1N
(9.78)��M Ax0 ��8 x1N # Mü8 x0 � Ax1N # M Cwx0 � JCwx1N # M Kcritx0 � � B�L < s8 # D � JCw � x1N
(9.79)# M � B�L < s8 # D � JCw � x0 � Kcritx1N # M B�L < s 8 x0 � Kcritx1N # M Kcritx0 � D � JDKcritx1N
(9.80)��M Ax0 ��8 x1N ý Z Â < Zþ # M�8 x0 � Ax1N ý Z < Z Â þ # M Cwx0 � JCwx1N Y (9.81)P�M � B�L < s8 # D � JCw � x0 � � D � JD � - 1 � B�L < s8 # D � JCw � x1N U � (9.82)

Assumenow thatalso B is SR.ThenHB ( Dom
�
CL < s� , so thatwe canreplace

Cw by CL < s above, by Proposition6.2.8(c1)&(c4)&(d1). Apply Proposition
6.2.8(e)to B andC � to obtainthat

K �crit �HP � 8 B # C � JD � � D � JD � - 1 �Ñ� �
U � Dom

�
CL < s� � � � (9.83)

(actually, the right-hand-side is an element of � �
U � Dom

�
CL < s � � � , but

Dom
�
Acrit ��(c Dom

�
CL < s� so that K �crit is the restrictionof the right-hand-side

ontoDom
�
Acrit � ).

(d) By Lemma9.7.8,we obtain(9.56). By goingbackwardstheproofsof
(a) and(b), we obtainthat (9.71)holdsfor any T andx0, hence(9.55)holds.
Therestfollows from Theorem9.7.1. =
If D � JD is one-to-one,thenweobtainthefollowing uniquenessresults:

Corollary 9.7.4 Let B beWRandKer
�
D � JD � �HG 0 K .

(a) There is at mostoneJ-critical control in WPLSform.

(b) There is at mostoneJ-critical SRstatefeedback operator for Σ.

Although sufficient, the condition Ker
�
D � JD � ��G 0 K is not necessaryfor

uniqueness,by, e.g.,Example9.13.10in which D � 0 but the J-critical control
over � out is neverthelessunique,by J-coercivity. (Thismightatfirst seemstrange,
but (9.66) is not theonly conditionon Kcrit in Theorem9.7.3,alsoAcrit andCcrit
restrictKcrit, hencesodoesalso �5�� -stabilization.)

Whenever thereis a J-critical control over �5�� in statefeedbackform, then
theuniquenessof theJ-critical control is equivalentto Ker

�
S� �wG 0 K , whereS is

the signatureoperatorof the problem(which is equal to D � JD understronger
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regularity assumptions),by Theorem9.9.1(a1)&(f2). See also the notes to
Section9.8.

Proof of Corollary 9.7.4: (a) Now Kcrit is uniquely defined by the
unique (by Lemma 8.3.8) J-critical cost operator 8 , through (9.66). Now
Acrit � A # BKcrit on Dom

�
Acrit � �>G x0 � H II � A # BKcrit � x0 � H K , by Lemma

A.4.6,andCcrit � C # DKcrit, hence8 determinesΣcrit uniquely.
(b) Let K and �K be J-critical SR statefeedbackoperatorsfor Σ. Let Σ F

and Σ ¤ be correspondingclosed-loopsystems. By (6.145) and Proposition
6.6.18(d4),Kcrit is SRandKs � �

Kcrit � s �7�Ks, henceK �7�K. =
For boundedC, theabove“generalizedRiccatiequations”canbesimplified:

Lemma 9.7.5(BoundedCCC) Let Σcrit bea J-critical control for Σ in WPLSform.
AssumethatC ��� �

H � Y � . Then
� 8�� D � JD � Kcrit � satisfy

K �critD � JDKcrit � A� 8 # 8 A # C � JC ��� �
Dom

�
Acrit � � Dom

�
Acrit � � � � (9.84)�

D � JD � Kcrit �wP B� 8%P D � JC ��� �
Dom

�
Acrit � � U � � (9.85)8 � �n8 �Ñ� �

H �È� � �
Dom

�
Acrit � � Dom

�
A� ���©� � �

Dom
�
A� � � � Dom

�
Acrit � � � �

(9.86)

Proof: 1Í¡8 �`� �
Dom

�
Acrit � � Dom

�
A� ��� : From(9.65)we obtainthat(here

α � σ
�
A� c is asin Definition6.1.17)�

ᾱ P A� � 8g� ᾱ 8 # 8 Acrit # C � JCcrit ��� �
Dom

�
Acrit � � H � � hence (9.87)8g� �

ᾱ P A� � - 1 � ᾱ 8 # 8 Acrit # C � JCcrit � ��� �
Dom

�
Acrit � � Dom

�
A� ��� �
(9.88)

2Í The other claims: Because B �¾� �
H �1 � U � , we have B�!8 �� �

Dom
�
Acrit � � U � . Consequently, (9.85)follows from (9.66). Now we canget

(9.84)from (9.67),but wegiveadirectproof below:
Part1Í impliesthat 8 �?� �

Dom
�
A� � �É� Dom

�
Acrit � � � , byLemmaA.3.24,and

H - 1 � Dom
�
A� � � , A �»� �

H � H - 1 � andB
�
U � H - 1 � . Therefore,wecansubstitute

identitiesAcrit � A # BKcrit andCcrit � C # DKcrit (from Lemma8.3.17(a))into
(9.65)andseparetethetermsto obtain

0 � A� 8 # 8 A # 8 BKcrit # C � JC # C � JDKcrit � (9.89)

Combinethis with (9.85)to obtain(9.84). =
Thepropositionbelow correspondsto standardcontrolproblems,whereD and

C havebeensimplified.Oneexampleof suchis thestabilizationor LQR problem,
where� �

x0 � u� : �ÒÞ x Þ 2
2 # Þ u Þ 2

2, i.e.,C �6� I
0

 � D �¬� 0I 
 , J � I , Y � H À U . Also

in simplified H∞ problems,oneoften hasD � JC � 0 andD � JD � j � �
U � (e.g.,

C � � C1
0

 , D � � 0I 
 , J � � I 0

0 - γ2I
� , γ � 0). In thesesettings,we cansimplify the

above“Dom
�
Acrit � CARE” evenmoreto obtaintheonein [FLT]:



9.7. RICCATI EQUATIONSON Dom Acrit 461

Proposition 9.7.6(BoundedCCC, standard cost) Let there be a uniqueJ-critical
control ucrit

�
x0 � over �?�� for each x0 � H. AssumethatC �»� �

H � Y � , Q : � C � JC �� �
H � , D � JC � 0, R : � D � JD � j � �

U � . Then

Kcrit �wP R- 1B� 8 �Ñ� �
Dom

�
Acrit � � U � � (9.90)P A� 8ª�n8 A PY8 BR- 1B� 8 # Q �Ñ� �

Dom
�
Acrit � � H � � (9.91)P �

A P BR- 1B� 8 � � 8ª�n8 A # Q �Ñ� �
Dom

�
A� � H � � (9.92)8 � �:8 ��� �

H �à� � �
Dom

�
A� � Dom

�
A�crit ���©� � �

Dom
�
Acrit � � Dom

�
A� ��� (9.93)� � �

Dom
�
A� � � � Dom

�
Acrit � � �©� � �

Dom
�
A�crit � � � Dom

�
A� � � �

(9.94)

Therefore, B� 8 �Ñ� �
Dom

�
Acrit � � U � andK �crit �wPú8 BR- 1 �Ñ� �

U � Dom
�
Acrit � � � .

Unfortunately, alsothis “CARE” is givenon Dom
�
Acrit � insteadof Dom

�
A� .

We would like to remove theparenthesison the left-hand-sideof (9.92),but this
cannotbe donein general,since it would require,e.g., that 8 �}� �

Dom
�
A��� ,

which is not thecase.By replacingB� by B�w we couldslightly relaxtherequire-
ment,but onestill needanadditionalconditionto getfurther(cf. Section9.2).

Even when C is bounded,D � JD � I , D � JC � 0 and J � I , the operator
Kcrit �ËP B� 8 neednot be bounded(nor B�w 8 ), by Example9.13.8. This shows
thatwhile theboundednessof B makesthingseasy(seeTheorem9.9.6),thatof C
is notashelpful.

Undertheassumptionsof theproposition,oneeasilyobtainsfrom (9.55)thatD t
crit #'$ t � � Q # 8 � " t

crit � 0 (usethe fact that B t � π [ 0 < t � � D # C$ t � , by Theorem
6.2.13), or equivalently, that ucrit �CP $ t � � Q # 8 � xcrit a.e., hencethis caseis
essentiallysimplerthanthegeneralcase.

Proof of Proposition 9.7.6: 1Í By direct substitutionsto Theorem9.7.3,
weobtainthatP A�crit 89�:8 Acrit # Q # K �critRKcrit ��� �

Dom
�
Acrit � � Dom

�
Acrit � � � � (9.95)P A�crit 89�:8 A # Q ��� �

Dom
�
A� � H � � (9.96)P A� 89�:8 Acrit # Q ��� �

Dom
�
Acrit � � H � � (9.97)

From(9.96)weobtainthat(hereα � σ
�
A� c andβ � σ

�
Acrit � c areasin Definition

6.1.17)�
β̄ P A�crit � 8g� β̄ 8 # 8 A # Q ��� �

Dom
�
A� � H � � hence (9.98)8ª� �

β̄ P A�crit � - 1 � β̄ 8 # 8 A # Q� �Ñ� �
Dom

�
A� � Dom

�
A�crit ��� � (9.99)

Analogously, from (9.97) (or (9.86)) we obtain that 8 �� �
Dom

�
Acrit � � Dom

�
A� ��� . Consequently, B�w 8Ò� B� 8 on Dom

�
Acrit � , and

hence(9.90)follows from (9.66).
2Í Because 8���8;� �o� �

H � and hence 8���8X� on any subset of
H (e.g., 8C�Á8X� �A� �

Dom
�
Acrit � � Dom

�
A� ��� ), also the adjoints 8q��8X� �� �

Dom
�
A� � �É� Dom

�
Acrit � � � becomeequal(recall that Dom

�
A� � �¡� H - 1), cf.

LemmaA.3.24.Thus,oneeasilyverifies(9.93)–(9.94).
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3Í Now we obtain (9.91) and (9.92) by direct substitutions. Obviously,
K �crit �LP�8 BR- 1 ��� �

U � Dom
�
Acrit � � � . =

Remark 9.7.7 Let Σcrit bea J-critical control for Σ in WPLSform.

(a1) Givenx0 � Dom
�
Acrit � , the J-critical control u � ucrit

�
x0 � and statex �

xcrit
�
x0 � aregivenin the“state feedback form” in theweaksensethat

u
�
t � � Kcritx

�
t � �

t � R � � ; (9.100)

x  � t � � Ax
�
t � # Bu

�
t � � �

A # BKcrit � x �
t � R � � (9.101)

(notethatu andx arecontinuousin thiscase).Furthermore, for anarbitrary
x0 � H, wehaveu

�
t � � �

Kcrit � sx � t � for almosteveryt � R �
(a2) The operator Acrit : � A # BKcrit generatesthe C0-semigroup

"
crit , and,

for any x0 � H, the critical control x � xcrit
�
x0 � is the strong solution of

x  � Acritx, x
�
0� � x0 (here Acrit is theextensionof theoriginal operator, as

in Lemma6.1.16).

(a3) The “state feedback” of (a1)–(a2) is not well posedif Σcrit is not of
statefeedback form (equivalently, doesnot correspondto a solutionof the
eIARE).

In fact, such “non-well-posedstatefeedback” might “explode” underany
external input (“u F ”; e.g., disturbanceor modellingerror); cf. Figure 9.1
(p. 408)andExample11.3.7.

(b1) (CARE) The “Riccati” equationsof Theorem 9.7.3 are satisfied; in
particular, for WR B with D � JD � j � �

U � , 8 determinesKcrit uniquely
on Dom

�
Acrit � and ucrit �7P �

D � JD � - 1 � B�w 8 # D � JCL <w � xcrit a.e., for any
x0 � H.

Moreover, � �
x0 � ucrit � ��M x0 ��8 x0N .

(b2) (Uniqueness)A � �� -stabilizing solution 8 (if any) of the “eIARE” of
Theorem 9.7.1 is equal to the J-critical cost operator, henceit is unique,
byLemma8.3.8.

If B is WR, then we can use the “ Dom
�
Acrit � -CARE” (9.65) and (9.66)

instead of the “eIARE”, by Theorem 9.7.3(d). In particular, a “ �?�� -
stabilizing” solution 8 of this “ Dom

�
Acrit � -CARE” is unique(andsois Kcrit

if D � JD � j � �
U � ).

Thus, the (“ � �� -stabilizing”) solution 8 of the “CARE” leadsto the “state
feedback”formulaof (b1)andto theJ-critical cost M x0 ��8 x0N .

If Σ is stable(or suitably (well-posedly)stabilizable)and B is positively J-
coercive over � out or � exp, thenminimizationcorrespondsto a well-posed(and
stable)statefeedback,as shown in Section10.2. However, in, e.g., the stable
J-coercive indefinitecase,theJ-critical statefeedbackpair might beunstable,or
even non-well-posed(i.e.,

mE � ÕERF �� H∞
∞), although D]F is alwayswell-posedand

stable(cf. (a3));seeExample11.3.7.
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Recall that by statefeedbackwe meanthe (well-posed)statefeedbackof
Definition6.6.10,not thatof (a3).

Proof of Remark 9.7.7: (a1) This follows from (a2), LemmaA.4.2(c1)
andLemma6.2.12.

(a2)By Lemma8.3.17(a),Acrit � A # BKcrit onDom
�
Acrit � . Therestfollows

from Lemma6.1.16(b).
(a3) 1Í This is intuitively ratherobvious. We shall show in 2Í that if the

mapuF 4 u is well posed,whereuF is anexternalinput andu is theeffective
input correspondingto uF andinitial statex0 � 0, asin Figure9.1,thenΣcrit is
the left columnof the correspondingclosed-loopsystem;this provesour first
claim. If u 34 y is coercive(e.g., B � � 	 1

I

 , asin thestandardsetting),thenthis

meansthatalsothemapuF 34 y becomesill-posed;thesameappliesto uF 34 x.
2Í If Q � j

TICω
�
U � , where Q uF : � u (a time-invariant operator Q �j � �

L2
ω
�
R � ;U ��� can be extendedto

j
TICω

�
U � , by Lemma2.1.3), then Q

definesan admissiblestatefeedbackpair � D I P»Q9- 1 
 for Σ, andΣcrit is
theleft columnof thecorrespondingclosed-loopsystem.

Indeed,if uF � L2 � R - ;U � andu �}Q uF , then,obviously, π � u � D crit $ u �D crit $ Q uF (this is thecontrolcorrespondingto π � uF � 0 andx0 � $ u). Now
weobtain � D E 
 from Theorem8.3.13(b1)(seeLemma8.3.16(b)).

(b1)This follows from Theorem9.7.3.
(b2)This follows from Theorems9.7.1and9.7.3.
Note that the definitionof a “ �5�� -stabilizing” solution 8 �'� �

H � is rather

clumsy;e.g.,werequireKcrit to generateaWPLS(“ k � 0�
0h
0 l ”) with A # BKcrit and

Cw # DKcrit, andposetheconditionsD 0x0 ( �5�� � x0 � and(9.54);thelatter two
conditionsbecomeequivalentto

"
0 beingexponentiallystableif � �� �7� exp,

by Theorem9.7.1(c). Thiscanbesimplifiedin thepositively coercivecase(as
donefor theCARE in Section10.7,in particular, Proposition10.7.3(d3)).

However, aCAREdefinedonDom
�
Acrit � doesnotseemto beuseful,there-

fore wewill not go into thesesimplifications;we just mentionthatin Theorem
5.3 of [FLT] it is shown that if C �Ö� R0 
 , D �Ý� 0I 
 , J � I and R � 0 (thus� �

x0 � u� �ÎÞ u Þ 2
2 # M x � RxN L2), then(9.67) hasat mostoneself-adjointsolution89�:8X� ��� �

H � s.t.B�!8 ��� �
Dom

�
Acrit � � H � . =

The rest of this sectionconsistsof auxiliary lemmasonly. Somealgebraic
(instantaneous)Riccati-like equationscan be equivalently written in integral
formsandviceversa,asdescribedbelow:

Lemma 9.7.8 (a) Let � � k�
k
� � WPLS

�
0 � H � Y � � k � 1 � 2� , P ��� �

H � and �J ��� �
Y � .

ThenM A1x1 � Px2N H1 # M x1 � PA2x2N H1 # M C1x1 � �JC2x2N Y1
f 0

�
x1 � Dom

�
A1 � � x2 � Dom

�
A2 ���

(9.102)Ü�� � " t
1 � � P" t

2 # � @ t
1 � � �J @ t

2 f P
�
t ��* 0 � # ∞ ��� � (9.103)

Moreover, wecan,equivalently, replace“
�
t �%* 0 � # ∞ ��� ” by “

�
t � �

0 � ε ��� ”, for
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anyε � 0, or require(9.102)only for xk � � n � N Dom
�
An

k � . All thisalsoholdswith
“ � ” or “ è ” in placeof “ f ”.

(b) Part (a) also holds if we replace“ � � k�
k
� � WPLS

�
0 � H � Y � ” by “

"
k is a

C0-semigroup on H andCk �%� �
H1 � Y � ” and set

� @ kx0 � � t � � Ck
"

k
�
t � x0

�
t f 0�

to define@ k : H1 4 & �
R � ;Y � , exceptthat (9.103)mustbeappliedto elementsof

Dom
�
A� only.

Equation(9.102)is equivalentto

A�1P # PA2 # C �1 �JC2 f 0 (in � �
Dom

�
A2 � � Dom

�
A1 � � � ) � (9.104)

whereDom
�
Ak � is equippedwith the graphtopologyandDom

�
Ak � � is its dual

w.r.t. thepivot spaceH asin LemmaA.3.24(or in Lemma6.1.16andDefinition
6.1.17). However, we encouragethe readerto alwayswrite suchformulaeinto
thelongerform (9.102)whenheor shehasproblemsto verify themin their short
forms.

For equationscontainingI/O maps(“ B ”), weneedsomeregularityassumption
(for “D” to exist), andfor equationscontaininginputmaps(“ $ ”), theequivalence
becomesrathercomplicated,andthey needspecialextensionsof B� andB� P, as
illustratedin Section9.8andcorrespondingproofsin Section9.11.

Proof: 1Í “ Ü ”: Let xk � Dom
�
Ak � (k � 1 � 2). By LemmaA.4.2(c1),we

have � "
kxk �   � Ak

"
kxk � "

kAkxk ��& �
R � ;Hk � �

k � 1 � 2� � (9.105)

in particular,
"

kxk �L& �
R � ;Dom

�
Ak ��� . Consequently, @ kxk � Ck

" .
kxk �& �

R � ;Y � (k � 1 � 2), by Lemma6.2.12.
Since f : �9M x1 � gx2N , whereg : � � " t

1 � � P" t
2 # � @ t

1 � � �J @ t
2 P P, satisfiesf

�
0� �

0, f f 0 and f ��& 1 � R � � , wehave f   � 0� f 0, which impliesthat(9.102)holds.
2Í “ � ”: Assumethat (9.102)holdson Dom

�
A∞

1 � À Dom
�
A∞

2 � . Let ak �
Dom

�
A∞

k � : � � n � N Dom
�
An

k � and t f 0. Setxk : � " t
kak � Dom

�
A∞

k � , so that@ kak � Ckxk and
� "

kak �   � t � � Akxk (k � 1 � 2), asin 1Í . By substitutingthese
into (9.102),weobtain

0 è M "  1 � t � a1 � P"
2
�
t � a2N # M " 1

�
t � a1 � P"  2 � t � a2N # M C1

"
1
�
t � a1 �¸�JC1

"
2
�
t � a2N� d

dt
küM " 1

�
t � a1 � P"

2
�
t � a2N H # Å t

0
M C1

"
1
�
t � a1 �¦�JC2

"
2
�
t � a2N Y dt l� d

dt
� M a1 � " 1

�
t � � P"

2
�
t � a2N H # M a1 � � @ t

1 � � �J @ t
2a2N H � �

Thus,the expressionin bracketsmustbe increasing,hencefor any t � 0,
wehaveM a1 � " 1

�
t � � P"

2
�
t � a2N # M a1 �/@ �1 �Jπ [ 0 < t \ @ 2a2Nf9M a1 � " 1

�
0� � P"

2
�
0� a2N # M a1 �/@ �1 �Jπ [ 0 < 0\ @ 2a2N���M a1 � Pa2N¦P 0 �

The sameholdsfor a1 � a2 � H À H too, becauseDom
�
A∞

k � is densein H, by
LemmaA.4.2(b).

3Í The“moreover” claimcanbeobservedfrom theaboveproofs;theclaim
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on “ è ” follows by replacingP by P P and �J by P`�J; theclaim on “ � ” follows
“ è ” and“ f ”.

(b) The proof of (a) appliesheretoo. Note that here(9.103)meansthatM x0 ��� � " t
1 � � P" t

2 # � @ t
1 � � �J @ t

2 P P� x0N
H

f 0 for all x0 � Dom
�
A� � : H1 andall

t �%* 0 � # ∞ � . =
Weshallsometimesneedthefollowing lemma:

Lemma 9.7.9 Let x0 � H and u � L2
loc

�
R � ;U � . Thenu � � �� � x0 � iff π � τtu �� �� � " t x0 #`$ t u� for some(equivalently, all) t f 0.

Thissaysthatu is admissiblefor someinitial statex
�
0� if f atsome(henceany)

momentt therestof u is admissiblefor thecurrentstatex
�
t � .

Proof: Given t f 0, setu  : � π [ 0 < t � u, u    : � π � τtu, so that u � u �� tu    (see
p. 158)andxt : � " t x0 #Y$ t u � " t x0 #`$ t u  , Obviously, u � L2

ϑ
� u    � L2

ϑ. We
have(recall thatτtu    � π - τtu)� @ xt � #YB u    � �

π � τt @ x0 # π � B τt u    � # π � B π � τtu � π � τt � @ x0 #YB u� (9.106)

hence@ xt #YB u    � L2 if f @ x0 #YB u � L2.
Analogously, we canshow that � xt # � u    � Zs if f π � τt � � x0 # � u� � Zs,

i.e., if f � x0 # � u � Zs (by StandingHypothesis9.0.1). Thus,we have shown
thatu � �5�� � x0 � � u    � �5�� � xt � . Sincet f 0 wasarbitrary, this establishesthe
claim. =
Wefinish this sectionby a resultthatwasusedin theproof of Theorem9.7.1:

Lemma 9.7.10 Assumethat TU "
0@ 0D 0

VW
is a control in WPLSform s.t. D 0x0 �� �� � x0 � for all x0 � H.

Then,for anyt f 0 and �η � L2 � * 0 � t � ;U � , wehaveη : � π [ 0 < t � �η # τ - t D 0 $ t �η ��5�� � 0� andπ [ 0 < t � η � �η. =
(This follows from Lemma9.7.9by settingx0 � 0, since D 0 $ t �η � �5�� � $ t �η � .)
Notes
As necessaryconditions,equations(9.55)–(9.57)and(9.63)–(9.65)arewell-

known for some special cases;see, e.g., [S97b] for the caseof well-posed
minimizing statefeedbackfor WPLSs.

Most of Proposition9.7.6wasestablishedin [FLT] by solvingfirst thefinite-
time interval problem and then obtaining the infinite-time resultsas a limit.
This methodrequiresa rathercoercive cost function (seethe notesbelow the
proposition)andis hencenot applicableto the moregeneralresultsof Theorem
9.7.3andLemma9.7.5,whoseformulaearewell-known at leastfor systemswith
boundedB andC [CZ, Exercise6.21c].Theintegrationsanddifferentiationsused
in Lemma9.7.8arewell-known [WW] [S97b].

We shallnow treattwo questionson [FLT] (or on [LT00b]) thathave caused
somecontroversy. Oneobservesfrom (6.52)(with C � I ) that

�
π [ 0 < t � $ τπ [ 0 < t � � � v �
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B�L < s ç T
t

" �
s� � v � s� ds for all v � L2

loc

�
R � ;H � . In (1.3b)of [FLT], thesameformula

is given with “B� ” in placeof “B�L < s”, andthe resultsof that article arederived
usingthis formula.Accordingto theauthors,“B� ” refersto a “maximal,possibly
nonuniqueextension of the original B� ��� �

Dom
�
A� � � U � ”, whose existence

shouldfollow (nonconstructively) directly from the (standard)assumptionsthat
A - 1B �?� �

U � H � (use
�
s P A� - 1 insteadif 0 � σ

�
A� ) andthatB� " � : Dom

�
A� � 4 &

extendsto an operator$ d : H 4 L2 � * 0 � T � ;U � �
T � 0� . We cannotfollow this

argument,nor cantheexpertsthatwe have contacted.However, theconstructive,
highly nontrivial proof of [W89a] (see(6.52)) can be used. Nevertheless,in
several applications,suchasin the parabolicsettingof Section9.5, the proof is
rathersimple.

Thesecondcontroversialthing is thefollowing: If D � JD � I , thenwe obtain
from Proposition9.7.6thatM B� 8 x0 � B� 8 z0N U �+Mü8 Ax0 � z0N�ý Dom� Acrit � Â <Dom� Acrit � þ P?M�8 Acritx0 � z0N H �

x0 � z0 � Dom
�
Acrit ��� �

(9.107)
By (9.94),theexpressionM�8 Ax0 � z0N H P�M�8 Acritx0 � z0N ý Dom� A� Â <Dom� A� þ �

x0 � z0 � Dom
�
A��� � (9.108)

is continuousDom
�
A� À Dom

�
A� 4 C. In [FLT, Corollary 4.9], Flandoli et

al. define M B� 8 x0 � B� 8 z0N U for x0 � z0 � Dom
�
A� by (9.108) (even if Dom

�
A�Ù�

Dom
�
Acrit � �wG 0 K ), so thatAcrit 8�� A�Ê8pP �

B� 8 � � B� 8 �Y� �
Dom

�
A� � Dom

�
A� � �

andhence(9.96)becomes�
B� 8 � � B� 89� A� 8 # 8 A # Q �Ñ� �

Dom
�
A� � Dom

�
A� � � � (9.109)

by the definition of
�
B� 8 � � B� 8 . Thus,(9.109)is actuallyan equivalentway of

writing (9.96).
G. Weiss and H. Zwart (Section 8 of [WZ]) have constructeda simple

example(our Example9.13.8)satisfying the assumptionsof Proposition9.7.6
andhaving a ULR uniqueminimizing (henceJ-critical) statefeedbackoperator
K that differs from B� 8 (asdefinedby (9.108); see[WZ] for details). In fact,
sinceDom

�
A��� Dom

�
Acrit � �oG 0 K � Ker

� 8 � in [WZ], onecouldextendB�!8 to
Dom

�
A� arbitrarily. The extensionB�L < s8:� B�w 8 is the only oneleadingto the

minimizing K.
Therefore,the extensionof B�Ê8 usedfor (9.109)would seemartificial and

not having a connectionto theminimizing statefeedbackoperatorP K � B�w 89�
B�L < s 8 (this formulais valid onHB « Dom

�
A�	� Dom

�
Acrit � , seeSection9.9).

It is not obvious whether this B� 8 always correspondsto B� 8 for any
extensionB� of B� . However, after finishing this chapter, we learnedabouve
[BLT], in whichtheauthorssucceedin settlingthislastproblemfor severalspecial
casesby proving theexistenceof anextensionB� of B� on 8 * Dom

�
A� , s.t.B� 8

equal“B� 8 ”. In theseconstructions,theirmethodsresemblethedefinitionof Bs.
However, in severalapplications,suchastheparabolicproblemsof [LT00a],

equation(9.109)coincideswith theCARE(9.3)andhencebecomesusefulfor the
computationof the Riccati operatorandthe optimizing statefeedbackoperator.
In particular, in thesecasesthesignatureoperatorSof theproblemequalsD � JD
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(Seethe notesto Section9.8 for a comparisonbetweenD � JD andthe signature
operator.) Oneof themeritsof [FLT] is theresultsthatif Q � 0, then 8 is unique
(seetheproof of Remark9.7.7(c)).
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9.8 Algebraic and integral Riccati equations
(CARE 0 IARE)

For every complex problem,there is a solutionthat is simple, neat,
andwrong.

— H. L. Mencken

In this section,we shall divide the correspondencebetweenoptimal (i.e., J-
critical) control and CAREs into two parts,by introducing“Integral Algebraic
RiccatiEquation(IARE)” in betweenthesetwo concepts.

The IARE is essentiallyan integral of the CARE, but it can be formulated
regardlessof the regularity of thesystemandJ-critical control (aslong asit can
be given in the statefeedbackform). Therefore,this new conceptallows us to
extendtheclassicalone-to-onecorrespondencebetweentheoptimal controland
thestabilizingsolutionof theRiccatiequationto generalWPLSsin Section9.9.
In this section,we shall establishthe equivalenceof IAREs andCAREsunder
weak regularity assumptions(Proposition9.8.10),and show the uniquenessof
their stabilizingsolutions(Theorem9.8.12).

In addition, we shall study the extendedforms of theseRiccati equations,
“eIAREs” and“eCAREs”, wherethe signatureoperatorsneednot be invertible,
sincea J-critical control neednot correspondto an invertiblesignatureoperator
unlesswe assumeacoercivecostfunction(J-coercivity).

We shall also observe that the eIARE is a reformulationof the extended
Discrete-timeAlgebraic Riccati Equation (eDARE), seeProposition9.8.7 and
Theorem13.4.4.Thus,wemayusetheeDARE theoryfrom Section14.1to solve
continuous-timeproblemsin discretetime. In particular, if onewishesto verify
the proofs,oneshouldreadfirst Section14.1. The equivalenceof eCAREsand
eIAREsthenextendsthediscrete-timeresultsalsoto (e)CAREs.

Becauseof theappearanceof thefeedthroughoperatorsD andX � I P F in the
eCAREs,wecandefinethemonly for weaklyregular B and E (their feedthrough
operatorsareoftenassumedto bezeroin classicaltheory;this cannotbedonein
general).Nevertheless,alsopart of the “CARE” theorycanbe appliedto more
generalsystems,asshown in Remark9.12.1andSection9.7.

FurtherresultsonRiccatiequationswill begivenin thefollowingsections,and
on positive Riccati equations(roughly, with a nonnegative signatureoperatorS)
in Section10.6. Theproofsof Proposition9.8.11(ii)andTheorem9.8.12(d)&(e)
dependon Section9.9.

Recallour standingassumptionsthat Σ � �/� �� 	 
 � WPLS
�
U � H � Y � andthat

J � J � �L� �
Y � , and the fact that we denotegeneratorsby sameletters as

correspondingoperators( ó A B
C D ô �¾��� �� 	�
 ).

We startby extendingDefinition 9.1.5 to cover the casewhereS �� j � �
U �

andF �� 0. Solutionsof theeCAREwill becalled“ �5�� -stabilizing” if thecorre-
spondingcontrol u : � D;F x0 belongsto the classover which we areoptimizing
(u � �5�� � x0 � ) andtheresidualcostcondition(PB) is satisfied(thelatter is redun-
dantfor �5�� �>� exp andfor �?�� �>� str, by Theorem9.8.5).In Corollary9.9.2we
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shallshow thatsuchsolutionscorrespondone-to-oneto theoptimalstatefeedback
operators.

Definition 9.8.1(eCARE) We call 8 (or
� 8�� S�£� K F 
 � ) a solution of the

extendedContinuous-timeAlgebraicRiccatiEquation(eCARE)
(inducedby Σ andJ) iff Σ is WRand 8 satisfiesrsst ssu K � SK � A� 8 # 8 A # C � JC ��� �

Dom
�
A� � Dom

�
A� � �

X � SX � D � JD # w-lim
sv � ∞

B�w 8 �
s P A� - 1B ��� �

U �
X � SK �HP �

B�w 8 # D � JC� ��� �
Dom

�
A� � U � (9.110)

(here X : � I P F) and 8ª�a8X� ��� �
H � F � S ��� �

U � , S � S� andK ��� �
H1 � U � .

A solution 8 of theeCAREis calledWR (resp.SR,UR,admissible, stabilizing,
stable, ...) if generators � K F 
 extendΣ to anotherWRWPLSΣext and the
resultingpair ��D E 
 is WR(resp.SR,UR,admissible, stabilizing, stable, ...).
SeeDefinition6.6.10for further preficesandsuffices.

If 8 is admissible, thenwe denotethe correspondingclosed-loopsystemby
Σ F and set

O
: � I P E � TIC∞

�
U � , Q : � O - 1 � TIC∞

�
U � , S : � B F : � B Q �

TIC∞
�
U � Y � .

We add the prefix “P-” or “PB-” if 8 is admissibleand satisfiesthe
correspondingresidualcostconditionbelow:

(P) M " tF x0 ��8 " tF x0N�4 0, ast 4 # ∞, for all x0 � H.

(PB) M $ t u ��8 " tF x0NR4 0, ast 4 # ∞, for all x0 � H andu � � �� � 0� , and(P)
holds.

Wecall 8n� �� -stabilizingif (PB)is satisfiedand D;F x0 � � �� � x0 � for all x0 � H.
The eCAREwith additional requirementsX � I and S � j � �

U � is called
CARE.

(Note that � K F 
 extendsΣ to a WR WPLS iff � A B
K F


 generatea WR
WPLS.NotealsothatwhenwesaythattheeCAREhasa solution,we tacitly say
that B is WR. Admissiblepairsaredescribedin Definition 6.6.10;alsoherewe

setΣext : � � � �� 	h i � , sothatΣ F � �
Σext � [ 0 I \ .)

A lessabstractformulationof thefirst of theequationsin (9.110)is given in
(9.4) (cf. Lemma9.7.8andinequality(9.104)).

Weshallshow in Theorem9.9.1(a1)&(e1)&(e2)that �5�� -stabilizingsolutions
of theeCAREcorrespondto WR J-critical statefeedbackpairsover �5�� . We are
mainly interestedin WR J-critical statefeedbackoperators,equivalently, in the
caseF � 0 (or X � I ).

The prefix “P-” (resp.“PB-”, “ �5�� -”) doesnot affect otherpreficesandvice
versa,it just addsthe requirement(P) (resp.(PB), �5�� -stability of Σ F ) (e.g.,by
“exponentiallyPB-stabilizing”wemean“exponentiallystabilizingandsatisfying
(PB)”).

(For analogywith thetraditionalconcept“stabilizing solution”, we say“ �5�� -
stabilizing”, not “ �5�� -admissible”,althoughthis term doesnot imply that Σ F is
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stable(similarly, @ -stabilizingmeansthat @ F is stablebut thewholeΣ F neednot
be,by Definition6.6.10).)

Remark9.1.6appliesalsoto eCAREs,exceptthatK neednot beWR unless
X � S � j � �

U � ; cf. Lemma9.9.7.

Thus, a solution 8 is WR if � A B
C D
K F

� generatea WR WPLS, i.e., if the

operatorsD : x0 34 K
" �2� � x0 and E : � I P X # Kw $ τ extend Σ to anotherWR

WPLS (seeLemma6.3.13andRemark9.1.6). A WR solutionis admissibleif f
I P E � j

TIC∞, by Definition6.6.10;if E � ULR, thenthis holdsif f X � j � , by
Proposition6.3.1(c). By Lemma6.6.11,any solutionleadingto a boundedK is
ULR (andadmissibleif f I P F � j � �

U � ).
Condition (P) is satisfiedby any strongly stabilizing solution. It follows

from Proposition9.8.10,thatfor a � @ B 
 -stabilizingsolutionof theeCARE,
condition(P) is equivalentto any of (P1)–(P4)of Lemma9.10.1(d1).

Remark 9.8.2(eCARE vs.CARE) A WRsolution 8 of eCAREis a WRsolution
of the CARE(with S �� X � SX and K  �� X - 1K in placeof S and K) iff S� X �j � �

U � . =
(This is obvious.)Moreover, theadmissibility[stabilizability] of � K   0 
 is

thesameasthatof � K I P X 
 (seetheformulafor Σ F in Theorem9.8.12(s1))
andthesameappliesfor otherattributesof 8 , hencewe canconsider8 alonea
solutionof theeCAREwhenS� X � j � �

U � (becausethen 8 determinestheSand
K correspondingto X � I uniquely).

Moderateregularityandcoercivity assumptionsforceX andSto beinvertible,
by Lemma9.9.7,hencethe eCAREis equivalentto the CARE in mostapplica-
tions.

Next we give necessaryandsufficient conditionsfor a solutionof theCARE
to be admissible,both in state-spaceandfrequency-domainterms. Fortunately,
we only rarelyneedtheseconditions.

Remark 9.8.3(Admissibility of a solution of the CARE) Let
� 8q� S� K � bea so-

lution of theCARE.

(a1) By Lemma6.3.13 and Remark9.1.6, � A B
K 0


 generate a WR WPLSiff
for someε � 0 and ω � ωA, B�w 8 " �2� � : Dom

�
A� 4 & �

R � ;U � extends
to a continuousmap H 4 L2 � * 0 � ε � ;Y � , and B�w 8 $ τ : & ∞

c
� * 0 � ε � ;U � 4& b

� * 0 � ε � ;Y � extendsto a continuousmapL2
ω
� * 0 � ε � ;U � 4 L2

ω
� * 0 � ε � ;Y � for

someε � 0 andω � ωA.

(a2)Thecorrespondingfrequency-domainconditionsareasfollows: Thereare
ε � 0 andω � ωA s.t.for each x0 � H wehaveB�w 8 �

s P A� - 1x0 � H2 � C �
ω ;U �

andB�w 8 �
s P A� - 1B � H∞ �

C �
ω ; � �

U � Y ��� (asfunctionsof s).

(b) Assume(a1) (equivalently, (a2)). If E is ULR, then 8 is admissible(i.e.,
I P E � j

TIC∞
�
U � ).

(c) The solution 8 is admissibleiff
O

: � I P E � I P Kw $ τ is invertible on
TIC∞

�
U � , or equivalently, iff I P Kw

�2� P A� - 1B � j
H∞

∞, or equivalently, iff
π [ 0 < ε � O π [ 0 < ε � is invertibleon L2 � * 0 � ε � ;U � for someε � 0.
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For the eCARE, correspondingconditionscan be given, e.g., as follows:
HB ( Dom

�
Kw � , Kw

" ��� � : Dom
�
A� 4 & �

R � ;U � extendsto a continuousmap
H 4 L2 � * 0 � ε � ;Y � for someε � 0, Kw $ τ : & ∞

c
� * 0 � ε � ;U � 4 & b

� * 0 � ε � ;Y � extends
to a continuousmapL2

ω
� * 0 � ε � ;U � 4 L2

ω
� * 0 � ε � ;Y � for someε � 0 andω � ωA,

A¤ : � A # BKw generatesa (C0-)semigroupon H andKw
�
s P A¤ � - 1B � j

H∞
∞.

Proof: (a1)Thisfollowsfrom thedefinitionof K, Remark9.1.6andLemma
6.3.13(usethefactthat ��� �� 	 
 is aWPLS).

(a2)UseLemmas6.3.15insteadof Lemma6.3.13in (a1).
(b) UseProposition6.3.1(c).
(c) UseTheorem6.2.1andLemma2.2.8. =

We definethe solutionsof the eIARE analogouslyto thoseof the eCARE
(recall thenotationfrom (6.5)):

Definition 9.8.4(A P-stabilizing solution of the eIARE) We call 8 (or� 8q� S�ê��D E 
 � ) a solutionof theextendedIntegral AlgebraicRiccatiEquation
(eIARE) (inducedby Σ andJ) iff theeIARErst su D t � SD t � " t � 8 " t P'8 # @ t � J @ t � ��� �

H ��� �O t � SO t � B t � J B t #Y$ t � 8 $ t �O t � SD t �wPgó B t � J @ t #`$ t � 8 " t ô (9.111)

(here
O

: � I P E ) is satisfiedfor all t � 0, and 8²�H8X� �Y� �
H � , S � S� �`� �

U � ,D ��� �
H � L2

loc

�
R � ;U ��� , and E � TIC∞

�
U � .

A solution 8 is calledwell-posed(resp.WR,SR,UR, admissible, stabilizing,
stable, ...) if ��D E 
 extendsΣ to anotherWPLSΣext (resp.-”- and the pair� D E 
 is WR,SR,UR,admissible, stabilizing, stable, ...).

Weuseprefices“ �5�� -”, “P-” and“PB-” asin Definition9.8.1.
TheeIAREwith additionalrequirementS � j � �

U � is called IARE.
If 8 is admissible, thenwe denotethe correspondingclosed-loopsystemby

Σ F and set
O

: � I P E � TIC∞
�
U � , Q : � O - 1 � TIC∞

�
U � , S : � B F : � B Q �

TIC∞
�
U � Y � .

(Note that ��D E 
 extendsΣ if f ��� �h i 
 � WPLS.) One explanationof
the eIARE is that it specifiesthe value of the terms in M uF � Sπ [ 0 < t � uF N , where
uF : �¾P D x0 # O

u is the closed-loopinput (the disturbanceto the J-critical
statefeedback)correspondingto open-loopinput u and initial statex0 (indeed,D x0 # E u � u P uF in Figure9.1(p. 408)).

TheIARE shouldnot bemistakenfor “IRE”, the integral of the“Dif ferential
Riccati Equation”, which both correspondto finite-time interval problems(see
Section8.5).

By Lemma9.10.1(b4),equations(9.153)–(9.161)aresatisfiedby any admis-
siblesolutionof theeIARE.

In caseof � exp or � str, theattribute“ �5�� -stabilizing”canbereducedsubstan-
tially:
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Theorem 9.8.5( �5���5���5�� -stabilizing solution) Let
� 8�� S�£��D E 
 � beanadmissible

solutionof theeIARE,with closed-loopsystemΣ F . Then 8 is �5�� -stabilizingiff��D E 
 is J-critical over �5�� .
Moreover, 8 is � exp-stabilizingiff ��D E 
 is exponentiallystabilizing;and8 is � str-stabilizingiff � " TF @ TF D TF 
 T

is stronglystable.

Finally, 8 is � out-stabilizingiff ��D E 
 is PB-output-stabilizing;and 8 is� sta-stabilizingiff � " TF @ TF D TF 
 T
is stableand(PB)holds.

(Theorem9.9.1developsthis further.) In particular, if 8 is � exp-stabilizing,
then 8 is � str-stabilizing;theconverseis not true,by Example9.13.14.However,
a feedbackbeing � str-stabilizing doesnot meanthat $ F , B F or EÙF is stable,
henceit neednot be strongly stabilizing in general;in Theorem9.9.1 we use
q.r.c.-stabilizabilityto providestronglystabilizingoptimalcontrols.

Proof: The first claim follows from Proposition9.10.2(i)&(ii)&(c). The
other claims follow from (d), (e1) and (f1) of Proposition9.10.2 (use also
Theorem8.3.9(a1)&(a2)for the“only if ” part). =
Condition(PB) is, unfortunately, not redundantfor � out (nor � sta) in general,

by Example9.13.2(or Example9.13.9). However, in severalspecialcases(PB)
can be relaxed also for � out and � sta; see,e.g., Theorem9.9.1(c1)–(c3)and
Theorem9.2.10.

Evenin thegeneralcase,theconditionscanbeslightly weakened:

Lemma 9.8.6(Simplifications) Thefollowingareequivalent:

(i)
� 8q� S� � D E 
 � is a �5�� -stabilizingsolutionof theeIARE;

(ii) 8w�Ì8 � �ª� �
H � , S �9� �

U � , � D E 
 is an admissiblestate feedback
pair for Σ, the eIARE (9.111) has a solution for one fixed T : � t � 0,D]F x0 : � �

I P E � - 1 D � �?�� � x0 � (x0 � H) andthe limits in (P) and(PB) are
zero whenwerestrictt to TN (or to someof its unboundedsubsets).

(Thus, (P) and (PB) may be replaced by the condition thatM " nkTF x0 #`$ nkTu ��8 " nkTF x0N�4 0, as k 4 # ∞, for some sequenceG nk
K ( N

s.t. limkv � ∞ nk � # ∞).
Proof: This follows from “(ii) � (iii)” and(h) Proposition9.10.2. =

ThenameIARE insteadof “IRE” reflectsthefactthatwecanand(mostoften)
will treattheIARE asanalgebraicequationof theintegratedterms

" t , $ t , @ t , B t

andof theoperatorsJ and 8 (seeRemark9.8.8for how to eliminateS and D t ).
In fact,it equalstheDiscrete-timeAlgebraicRiccatiEquation(DARE) (for t � 1;
seeDefinition14.1.1andDefinition13.4.2for theDARE andfor thediscretization
operator∆S):
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Proposition 9.8.7(eIARE � � � eDARE) Lett � 1 (or let t � 0 bearbitrary anduse
Remark13.4.6).Then

(a) If
� 8q� S� ��D E 
 � is an [admissible[stabilizing]] solutionof the eIARE

(for Σ and J), then
� 8�� S� ∆S � D E 
 � is an [admissible [stabilizing]]

solution of the (discrete) eIAREfor ∆SΣ and J. All preficesand suffices
apply.

(b) A triple
� 8q� S� ∆S ��D E 
 � is an admissible[stabilizing] solutionof the

(discrete) eIAREfor ∆SΣ and J iff
O t : � I P E t � j � �

L2 � * 0 � t � ;U ��� and� 8�� Sd � Kd � is anadmissible[stabilizing] solutionof theeDAREfor ∆SΣ and
J, where Sd : � � O t � � SO t , Kd � � O t � - 1 D t . All preficesandsufficesapply.

(c1)Let
� 8q� S�£��D E 
 � beanadmissible[stabilizing] solutionof theeIARE.

Then
� 8q� Sd � Kd � is anadmissible[stabilizing] solutionof theeDARE,by(a)

and(b). All preficesandsufficesapply(including“ �5�� -”).
(c2) Conversely, let

� 8q� Sd � Kd � bea @ -P-stabilizingsolutionof theeDAREfor
∆SΣ and J; let ��D d E d 
 be the correspondingstatefeedback pair, and
set ��D E 
 : � �

∆S� - 1 ��D d E d 
 .
Then ��� �h i 
]� WPLS iff

� 8q� S�£��D E 
 � is a @ -P-stabilizingsolutionof
theeIARE,whereS: � � O t � � - 1Sd

� O t � - 1.

(c3) Let
� 8�� S�£��D E 
 � be an admissiblesolution of the eIARE. Then� 8�� S� � D E 
 � is � out-stabilizing (resp. � exp-stabilizing) for Σ iff� 8�� Sd � Kd � is �5�� -stabilizing(resp. � exp-stabilizing)for ∆SΣ.

Alsomostotherattributesare invariant (e.g., “J -critical over � out (or over� exp)”, “[str ongly] internally stabilizing”, “P-output-stabilizing”, “P-
SOS-q.r.c.-stabilizing”, “stable”, and “exponentially q.r.c.-stabilizing”);
seeTheorem13.4.4(d2)&(e)&(f2)for further attributesanddetails.

(Here continuous-timeanddiscrete-time�?�� ’s correspondsto each otheras
in (13.73);in particular, � exp and � out are “in variant”.)

Thus, for admissible ��D E 
 , the triple
� 8q� S� ∆S ��D E 
 � is a �5�� -

stabilizing solution of the discrete-timeeIARE iff
� 8�� S�£��D E 
 � is a � �� -

stabilizingsolutionof theeIARE.
We have stated(a)–(c1) in one direction only, and the converse(c2)–(c3)

containsonly apartialresult(sufficient for mostapplications). Thereadermight
wish to consultthediscretizationtheoryof Section13.4for detailsandfor tools
for furtherresults.

Note from (b) that Sd is invertible (resp.one-to-one)if f S is invertible (resp.
one-to-one);in particular, the equivalenceof IARE andDARE is analogousto
thatof eIARE andeDARE.

Proof of Proposition 9.8.7: (a)&(b) Theseareobvious(seealsoTheorem
13.4.4(d)&(e1));wecanobviously includetheprefix “ �5�� -”.

(c1)This follows from (a) and(b).
(c2) By inversediscretizationwe obtainfrom thediscrete-timeeIARE the

continuous-timeeIAREfor timevaluesin tN. By definition, �/� �h i 
 � WPLSis
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necessaryfor ��D E 
 to beadmissible,hencewemayassumethat ��� �h i 
¡�
WPLS.

Then
� 8�� S�£��D E 
 � is P-@ -stabilizing if f

� 8q� Sd �£��D d E d 
 � is P-@ -
stabilizing, by Proposition9.10.2(a1)(i)&(ii) (which is valid in discretetime
too,by Theorem14.1.3).

(c3)SeeTheorem13.4.4(d2)&(e)&(f2)for theproperties.In particular, “J-
critical over � �� ” is preserved,hencealso“ � �� -stabilizing”,by Theorem9.8.5.

E.g., “[strongly] internally”, “output-” etc.arepreserved by (d2) (or (e1))
of Theorem13.4.4(d2),and“q.r.c.-” etc.arepreservedby (e1).

By (c2), “P-output-stabilizing” is preserved (and “P-” in connectionto
anythingstrongerthan“ @ -stabilizing”).

We do not know whether“P-admissible” is preserved (from discreteto
continuoustime), but usuallyeventhediscreteform of (P) is enough(e.g.,the
discreteform of “internally P-stabilizing”is enoughto guaranteeuniqueness,
by Theorem14.1.4(b)).

(Althoughwe canuse(f1) of Theorem13.4.4for � out and � exp, notethat
we have to use(f2) for � sta and � str; in particular, we cannotwrite explicitly
“ 8 is � Σ

sta-stabilizing” if f “ 8 is � ∆SΣ
sta -stabilizing” dueto thereasonsexplained

in theproof. Fortunately, thisdoesnothinderusfrom applyingcertaindiscrete-
time resultsfor � sta and � str in thesamewayasfor general�5�� ’s.) =
One can speakof a solution 8 of the eIARE without mentioningS and��D E 
 , becausetheSand ��D E 
 canbeeliminated:

Remark 9.8.8 The maps D t ,
O t and S can be eliminatedfrom the eIARE as

follows(this is trivial for S � j � ):
SetS  : � O t � SO t , D t   : �aQ t D t , so that the secondand third equationof the

eIAREdetermineS  � �
S  � � ��� �

L2 � * 0 � t � ;U ��� and S  D t   . Let P �p� �
U � be the

orthogonalprojectionontoKer
�
S  � å . ThenS  D t   x0 � S  PD t   x0 determinesPD t   x0

uniquelya.e., for anyx0 � H. Consequently,M D t x 0 � SD t x0N���M D t   x 0 � S  D t   x0N©��M PD t   x 0 � S  PD t   x0N (9.112)

is uniquelydeterminedbyS  andS  D t   , for anyx0 � x 0 � H.

To establishtheequivalencebetweentheeIAREandtheeCARE,wefirst have
to show that the latter is well defined. SinceB�w �'� �

H �C < K � U � if(f) Σext is WR,
by Proposition6.2.8(a1),thefollowing showsthatthetermB�w 8 in theeCAREis
definedonHB (cf. Remark9.1.6):

Lemma 9.8.9(8 ��� �
HB � H �C < K �8 ��� �
HB � H �C < K �8 �Ñ� �
HB � H �C < K � ) Let Σ � �/� �� 	�
ø� WPLSω

�
U � H � Y � and J �

J � ��� �
Y � . Let

� 8�� S�£��D E 
 � be a solutionof the eIAREs.t. Σext � WPLS.
Then 8 ��� �

HB � H �C < K � .
Proof: Let x0 � H, u0 � U be s.t. Ax0 # Bu0 � H. Chooseω � R s.t.

Σ � Σ F � WPLSω, andchoosea � ω. Setu : � π � e- a . u0 � W1 < 2
ω .

By Theorem6.2.13(b),x  � Ax # Bu �+& �
R � ;H � and y� z � W1 < 2

ω , where
z : �AP D x0 # O

u. Therefore,yd � zd � W1 < 2 in Lemma9.11.1,so thatalsoxd is
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H �- 1 
 A� xd # C � yd # K � zd �wP xd   � t P � � �HPú8 x  � H � (9.113)

But P�8 x  ��& � * 0 � t , ;H � impliesat0 thatA� 8 x0 # C � Jy
�
0� # K � z� 0� � H, hence8 x0 � H �C <K (seeDefinition 6.1.17). Becausex0 � HB wasarbitrary, we have8 HB ( H �C <K; theboundednessfollows from LemmaA.3.6. =

EquationseIARE andeCAREareequivalentif(f) B � O � WR:

Proposition 9.8.10(eIARE � eCARE) Let �¿� �� 	 
 � WPLS
�
U � H � Y � be WR,

andlet J � J � ��� �
Y � . Thenthefollowing problemsareequivalent:

(i) TheeIAREhasa WRsolution
� 8q� S� � D E 
 � .

(ii) TheeCAREhasa WRsolution
� 8q� S�£� K F 
 � .

Moreover, every solution of (i) is a solution of (ii) and vice versa (here� K F 
 generate � D I P E 
 ).
Thus, the WR solutionsof the CARE are exactly the WR solutionsof the

IARE having F � 0.
Proof: 1Í (i) � (ii): The eCAREholdsby Lemma9.11.2,andProposition

9.11.4(b1)&(d) (where K and I P X are the generatorsof ��D E 
 ); in
particular, theweaklimit converges.

2Í (ii) � (i): Let ��D E 
 be the pair generatedby � K I P X 
 . The
eIAREholdsby Lemmas9.11.2,9.11.7and9.11.6.

(a) This follows from 1Í and2Í . =
The usualq.r.c.-SOS-P-stabilizabilityrequirement(cf. Theorem9.9.10)be-

comessimplefor Σ � SOS:

Proposition 9.8.11(StableCARE/IARE) If Σ � SOS, �5�� �7� out, and 8 is an
admissiblesolutionof the[e]IARE, thenthefollowingareequivalent:

(i) 8 is q.r.c.-SOS-P-stabilizing;

(ii) 8 is r.c.-SOS-PB-stabilizingand �5�� -stabilizing;

(iii) D is stable,
O

: � I P E � j
TIC, and(P) holds.

Moreover:

(a) In (i)–(iii), wemayreplace(P) by

(P’) M " t x0 ��8 " t x0N�4 0, ast 4 # ∞, for all x0 � H.

(b) If 8 satisfies(P’), S � 0, Q � TIC andΣ is stable, then(i)–(iii) hold.

(c) If (i)–(iii) hold, then B � J B � O � SO .

(d1)If Σ is exponentiallystable, thenwehavethreemoreequivalentconditions:

(iv) 8 is exponentiallystabilizing;
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(v) 8 is exponentiallystableandexponentiallyr.c.-stabilizing;
(vi) Q is stable.

(d2) If Σ is exponentiallystableand the IAREhasa � out-stabilizingsolution,
thenwehaveonemoreequivalentcondition:

(viii) 8 is I/O-, input-,output-or internallystabilizing.

(d3) If Σ is stronglystableandtheIAREhasa q.r.c.-SOS-P-stabilizingsolution,
theneach of (iv’) and(v’) is equivalentto (i)–(iii):

(iv’) 8 is internallystabilizing(i.e.,
" F is stable);

(v’) 8 is stableandstronglyr.c.-stabilizing;

For the CARE or IARE (i.e., when S � j � �
U � ) it follows from (c) thatO � SO is aspectralfactorizationof B � J B . By Lemma9.10.1(b5)&(b6),thisholds

whenever 8 is a P-admissiblesolutionand B � O � O - 1 � TIC. SeealsoCorollary
9.9.11.

However, evenfor astronglystablesystem(with �5�� �A� out �o� sta �o� str), a�?�� -stabilizingsolutionneednot satisfyany of (i)–(iii), by Example11.3.7(sinceO
and Q may be unstable),anda J-critical control canexist even if thereis no�?�� -stabilizing solution (and henceno J-critical statefeedbackpair over �?�� ),

by the sameexample. Moreover, even if (i)–(iii) hold, theremay alsobe other
(non PB-) r.c.-stabilizingsolutions,even if Σ is weakly stableandminimal, by
Example9.13.9.

Proof of Proposition 9.8.11: (SeeDefinition9.8.4for theeIARE.)
By Lemma6.6.17(a),8 is [q.]r.c.-SOS-stabilizingif f it is stableandI/O-P-

stabilizing(asin (iii)). By Theorem9.9.1(b)&(g),(i) implies(PB), hencealso
“ �5�� -”.

(a) This follows from Proposition9.10.2(a2)(andLemma9.10.1(d2)).
(b) This follows from Proposition10.7.1and(iii).
(c) This follows from Lemma9.10.1(f2).
(d1) Now 8 is necessarilyexponentiallystable,by Lemma6.1.10.If Q is

stable,Σ F is exponentiallystable,by Corollary6.6.9,henceQ and
O

arethen
exponentiallystable,sothat 8 is exponentiallyr.c.-stabilizing.Thus,(vi) � (v).
Obviously, (vi) Ü (i) Ü (v) � (iv) � (vi).

(d2) This follows from (c1), (c3)(iv’) and Theorem6.7.15(c1),since a� out-stabilizing solution is (exponentially stableand) exponentially (q.)r.c.-
stabilizing,by Theorem6.7.15(c1).

(d3) Obviously, (v’) � (i) � (iv’). Let �8 be a q.r.c.-SOS-P-stabilizingso-
lution, hencestableandstronglystabilizing,by (ii) andTheorem6.7.15(a2).
Assume(iv’). Then 89� �8 , by Theorem9.8.12(a),hence(v’) holds. =
A stronglyinternallystabilizing(i.e.,s.t.

" tF x0 4 0 ast 4 # ∞, for all x0 � H)
solutionof theeIARE,eCAREor CARE is unique:

Theorem 9.8.12( 8 8 8 is unique) We havethe following uniquenessresultsfor a
solution 89�n8X� ��� �

H � (not for Sand � D E 
 ) of theeIARE:
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(a) If theeIAREhasa stronglyinternallystabilizingsolution,thenthatsolution
is uniqueamonginternallystabilizingsolutions.

(b) TheeIAREhasat mostoneinternallyP-stabilizingsolution.

(c) If theeIAREhasan internally ω-stabilizingsolutionfor someω � 0, then
anyothersolutionis (internally)at most P ω-stabilizing.

(d) TheeIAREhasat mostoneP-q.r.c.-SOS-stabilizingsolution.

(e)TheeIAREhasat mostone �5�� -stabilizingsolution.

In thecaseof an IARE,thecorrespondingSand � D E 
 uniquemoduloan
invertibleoperator:

(s1)Let
� 8q� S� � D E 
 � bean admissiblesolutionof theeIARE.Thensoare

thetriples� 8�� E -¢� SE - 1 �£� E D E E # I P E 
 � � �
E � j � �

U ��� ; (9.114)

Thecorrespondingclosed-loopsystemsaregivenby Σ F E � k � ~ � ~ E
î 1� ~ 	 ~ E
î 1h ~ i ~ E
î 1 l .

All admissiblesolutionsof form
� 8q�21à�21 � are givenby (9.114)iff Ker

�
S� �G 0 K .

(s2) Let
� 8q� S�ê��D E 
 � be an admissiblesolution of the eIARE. Then� 8�� �S� � �D �E � � is an admissiblesolution of the eIAREiff � �D �E � is

admissiblefor Σ andthere is E � j � �
U � s.t. �S � E -¢� SE - 1, �S�D � �SED and�S�O � �SE

O
.2

(s3) Let
� 8�� S� K � and

� 8q� �S� �K � be solutionsof the CARE.Then �S � S and
SK � S �K; in particular, K is uniqueif Ker

�
S� �LG 0 K .

Theresults(a)–(s2)apply to solutionsof eCAREandCAREtoo, by Proposi-
tion 9.8.10.

(s4)Let
� 8q� S� � D E 
 � bea �5�� -stabilizingsolutionof theeIAREandKer

�
S� �G 0 K . Thenall � �� -stabilizingsolutionsof theeIAREaregivenby (9.114).

(In particular,
mO � SmO ��& �

C �
ωA

; � �
U ��� is independentof thesolution.)

Note that whenwe call the solutionunique,we meanthat 8 is unique;see
(s1)–(s4)for theuniquenessof Sand � D E 
 (correspondingto afixed 8 ).

By Theorem9.9.1(b)&(g),we have “(d) ( (e)” in the sensethat if 8 is as in
(d), thenit is asin (e). Obviously, wealsohave“(c) ( (a)( (b)”. However, in 1Í of
Example9.13.2,thesolution

�
0 � 1 � 0� is asin (d)–(e)(it is theJ-critical costover� out, by Theorem9.9.1(e2)),whereasthe � exp-P-stabilizingsolution

�
2 � 1 ��P 2�

is asin (a)–(c)(theJ-critical costover � exp; notethat“P-” is hereredundant)—
thus,wecanhave two “unique” solutions.

Therefore,the condition of (e) is the one to be watched(and that of (d) is
sufficient) for � out, whereasfor � exp we can use either (e) (for �5�� �Ø� exp)

2This formulais dedicatedto Sari.
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or exponentialstabilization. By Lemma8.3.3, the � out-stabilizing and � exp-
stabilizing solutions(if either exists) coincidewhen Σ is estimatable,which is
oftenthecasein classicalproblems.

An intuitive explanation for the uniquenessis the following: a J-critical
control neednot be unique(seealsoTheorem9.9.1(f2)andExample9.13.6on
uniquenessof ��D E 
 (or K)), but the J-critical cost is always unique, by
Lemma8.3.8,hencetheJ-critical costoperator8 : ��@��crit J @ crit is unique.

In thepositivecasewith suitableassumptions,thereis at mostonesolutionof
theeIARE (andof theCARE),seeTheorem10.1.4(c1)&(c2)andSection10.7.

Proof of Theorem 9.8.12: (a)–(e)This follows from Theorem14.1.4.and
Proposition9.8.7(c1).(Alternatively, we couldwrite thesameproofsfor 8 , S,D t and E t in continuoustime, eventhoughthe“no-feedthroughstatefeedback
pair” neednot be “well-posed”.) Solutionsof the eCAREandthe CARE are
solutionsof theeIARE,hencetheuniquenessresultappliesthemtoo.

(s2)1Í “If ” : This followsby adirectcomputation.

2Í “Only if ” : Let
� 8q� �S� � �D �E � � beanadmissiblesolutionof theeIARE.

From(9.160)it follows that
O t � SO t � �O � �S�O � for t � 0. By Lemma2.3.5,we

have �S � E -Ù� SE - 1 and �S�O � �SE
O

for someE � j � �
U � . FromtheeIARE it

thenfollows that �S�D � �SE D .
(Note that if we split U asU � U1 À U2, whereU1 : � Ker

� �S� � U2 : � U å1 ,

andPk is the orthogonalprojectionof U ontoUk (k � 1 � 2), then D � � ðh 1ðh
2

� ,O � � ð� 1ð�
2

� , where �D 2 � P2E D , �O 2 � P2E
O

, but �D 1 and �O 1 arearbitraryaslong

as � �D �E � is admissiblefor Σ. Equivalently, K2 � P2EK and
m�O 2 � P2E

mO
,

but K1 is arbitraryaslongas � A B- K � � generateWPLSs,someof whichhavean

I/O mapin
j

TIC∞.)
(s1)Obviously, (9.114)definesasolutionfor all E � j � . If Ker

�
S� �HG 0 K ,

thentherearenoothers,becausethentheE in (s2)determines�Sand � �D �E �
uniquely.

For the converse, let Ker
�
S� ��ØG 0 K . ChooseT ��� �

Ker
�
S��� ´ G 0 K so

small that �O : � O # T � j � �
U � . Then

� 8q� S�©� D I P �O � � is anadmissible

solutionof theeIARE,by (s2)(with E � I ).
(s3)This is obviousfrom theCARE.
(s4)This follows from (e) and(s1). =

Wenow notethecontinuous-timecounterpartof Corollary15.5.3:

Theorem 9.8.13(Greatestsolution 8¯�8¯�8¯� of the CARE/IARE) If theCARE(resp.
IARE)hasa strongly( �¿� �� 	�
 -)stabilizingsolutions.t.S � 0, thenthis solutionis
thegreatestadmissiblesolutionof theeCARE(resp.eIARE)havingS f 0. =

(This follows from Corollary15.5.3andPropositions9.8.10and9.8.7. Note

thatit sufficesthat � � ~ � ~� ~ 	 ~ � is stronglystable; ��D;F ERF 
 neednot be.)
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Analogously, onecandeducefromTheorem15.5.2thatif Σ is strongly �¿� �� 	�
 -
stabilizableandtheIARE hasa solutions.t.S � 0, thenthereis anupperbound8¯� for all solutions

� 8�� S�£��D E 
 � of the eIARE having S f 0. However,
we do not know whether 8¯� itself is a solution of the IARE, i.e., whether
the correspondingdediscretized� D � E � 
 is well-posedin continuoustime
(though

� 8¯��� S���ê��D � E � 
 � solvesthediscretizedIARE).
Recallthat“the greatestadmissible”meansthatif 8   is anadmissiblesolution

of the eIARE or eCARE(or of the corresponding(extended)Riccati inequality
“eIARI”, seeTheorem15.5.2)s.t.S Èf 0, then 8   è 8 . Recallthatwerequireany
solutionof any ARE to beself-adjoint.

The CARE of Example9.13.9hasseveral stabilizing solutionss.t. S � 0,
but it doesnot have a maximal (hencenot a greatest)solution; therefore,the
systemcannotbe strongly stabilizable(by Theorem15.5.2and discretization).
On theotherhand,Example9.13.12(b)shows that“strongly” cannotbereplaced
by “weakly” in thetheorem.

In connectionwith H∞ control problems,it is commonto speakof lossless
factorizationsinsteadof Riccatiequations.This is dueto thefact that if 8af 0 is
a �5�� -stabilizingsolutionwith B F � TIC, then B F is

�
J � S� -lossless:

Lemma 9.8.14(8�f 0 � � B F8�f 0 � � B F8�f 0 � � B F is
�
J � S��
J � S��
J � S� -lossless)Let 8Îf 0 be an admissible

solutionof theIAREs.t. @ F and B F are stableand(P) holds.Then B F is
�
J � S� -

lossless.

Thus,weobtaina
�
J � S� -losslessright factorizationB �²SzQ:- 1 when 8²f 0 is

P-SOS-stabilizing.
Proof: Indeed,if 8of 0 is admissibleand S : � B F is stable,then S PS t � J S t � $ tF � 8 $ tF f 0 for all t � 0, hence S � π - S è π - S, by Lemma

2.2.4(b1).Whenalso @ F is stableand(P)holds,wehave S)� J S+� S, by Lemma
9.10.1(f2),hencethen S is

�
J � S� -lossless.

(In fact, B F is
�
J � S� -losslessif f 8af 0 on thereachablesubspaceH� of Σ.)=

Sincewe have let B be highly unbounded,we meetseveral phenomenathat
are not presentin classicalresults. The generalityof regular WPLSsallows a
wide rangeof discontinuities,in particular, all discretesystemscan be written
in the form of a WPLS. Thus is feels somewhat natural that we must add the
“B� 8 B-term” to the formula for S as in the (classical)discretecase(see,e.g.,
Section14.1 or equation(B.2.27) of [GL]). Of course,with certainadditional
regularityassumptionsonecanguaranteethatS � D � JD (seeRemark9.9.14(b)).

Wegivebelow anexample,whereS �� D � JD; see[S96],[WZ], thenotesbelow
andSection9.13for moreexamplesandafurtherdiscussiononthisphenomenon.

Example 9.8.15 (S �� D � JD) Let U � C � Y, B � τ
� P 1� � MTICd ( ULR,

J � I , as in Examples6.2.14,6.3.7and8.3.12. Then B � J B � I � O � SO with
S � I � O � j

TIC
�
U � ; D � 0,X � I , D � JD �� X � SX. In particular, B is J-coercive

over � out.
Let Σ be any stronglystablerealizationof B . Thenthe CARE hasa unique

stable, stabilizing solution
� 8�� S� K � (which is � out-stabilizing), by Corollary
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9.1.9,and
O

is theoperatorcorrespondingto thissolution,i.e.,
mO �

s� � I P Kw
�
s P

A� - 1B. Thecorrespondingcontrol DXF x0 is theuniqueJ-critical controlover � out

for eachx0 � H.
Since

O
and B are SR, we have Kw � KL <w � Ks � KL < s on HB and B�w �

B�L <w � B�s � B�L < s on H �C < K, by Proposition6.2.8. By Proposition9.11.4(a),we

have (takex0 : � �
s P A� - 1Bu0 sothatAx0 # Bu0 � H))

B�w 8 �
s P A� - 1Bu0 � �

X � SX P D � JD P X � SKw
�
s P A� - 1B� u0 (9.115)� �

I P 0 P X � S� mO P X ��� u0 � u0 4 u0 (9.116)

for all u0 � U , ass goesto # ∞ (trivially). By the CARE, we have K �oP B�w 8 .
Thus,againby Proposition9.11.4(a),wehaveP �

B�w 8 � wx0 � Kwx0 �wP B�w 8 x0 # u0 for x0 � u s.t.Ax0 # Bu0 � H � (9.117)

Let uswrite out theRiccatiequationfor thestronglystablerealization

Σ : � k π � τ π [ 0 < 1\ τ � P 1�
π � τ

� P 1� l � WPLS0
�
U � H � Y � (9.118)

of Example6.2.14;hereH : � L2 � R � ;Y � , U � C � Y.
By Example8.3.12, we have 8Ë� π [ 0 < 1� ��� �

H � and P π � τ1 � D;F � D
(although

" F �� "
), hence

Kx0
�
t # � � � K

" t x0 � � D x0 � � t � �HP x0
�
t # 1� �HP δ �1x0

�
t # � � �

x0 � H1 � t f 0� ;
(9.119)

consequently, K �¬P δ �1. Using the results of Example 6.2.14, we get that
H1 � W1 < 2 ��� 0 � ∞ ��� and�

s P A� � - 1C � � e- s. �Ñ� �
Y� H �C � � �

s P A� � - 1K � � e- s� . - 1� π [ 1 <∞ � ��� �
Y� H �K � �

(9.120)

henceH �C � W1 < 2 � R � and (9.121)

H �C < K � W1 < 2
0 # Ce- . # Ce- � . - 1� π [ 1 <∞ � �LG x0 � H II x 0 � H # Cδ1

K
(9.122)� W1 < 2 ��� 0 � 1��� # W1 < 2 � * 1 � ∞ ��� � HB � (9.123)

Thus, 8 HB � W1 < 2 ��� 0 � 1���Ô( H �C <K asexpected,and(recallthatB�w � δ �1 - )

Su0 � B�w 8 �
s P A� - 1Bu0 � δ �1 - π [ 0 < 1� e- s� 1 - . � u0 � u0

�
s � C � � � (9.124)

by (6.61,asprovedabovefor any stronglystablerealizationof B . By Proposition
6.2.8(c3)&(c1)&(c4)&(d1),wehave

Kwx0 � KL < sx0 � lim
sv � ∞

1
t
Å t

0
P x0

�
1 # r � dr �wP x0

�
1# � � : P δ �1� x0

�
x0 � HB � �

(9.125)

hence Kw
�
s P A� - 1B � 0 for all s � C � � (9.126)

as expected. This agreeswith the CARE, since B�w 8A� δ �1 - on HB, so that
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B�w 8 � w � δ �1� �wP Kw and B�w 8ª� δ �1 - on HB (9.127)

(and P K � B�w 8:� δ �1 on HB). By combining(9.124),(9.127)and (9.126)we
obtainfor z0 � H1 � u0 � U , x0 � z0 # �

s P A� - 1Bu0 (i.e.,for arbitraryx0 � HB) that
Kwx0 � Kwz0 and

B�w 8 x0 � δ �1 - z0 # u0 �wP Kwx0 # u0 � �
B�w 8 � x0 # u0 � (9.128)

againasshown above.
Above,we havederived 8 , SandK from thesolutionof theJ-critical control

problem(minimizationproblem)over � out. By Corollary 9.1.9,
� 8q� S� K � is the

uniquestable,stabilizingsolutionof the CARE. To verify this, we notethat the
secondandthird equationsof theCAREholdby (9.124)and(9.127),respectively,
andthefirst onegivenbyP d

dt
8 # 8 d

dt # δ0δ �0 � �
δ �1 - 8 � � δ �1 - 8q� equivalently, (9.129)Å

R � x 0 8 x1 # Å
R � x0 8 x 1 � δ �1 - 8 x0δ �1 - 8 x1 P x0

�
0� x1

�
0� �

x0 � x1 � H1 � �
(9.130)

With our 8ª� π [ 0 < 1� , this becomesç 1
0

�
x 0x1 # x0x 1 � � II 10x0x1, which confirmsthat� 8q� S� K � indeedsolvestheCARE.

Obviously, theintegral(6.67)doesnotconvergesfor everyx0 � L2 � * 0 � 1� ;Y � �8 * H , , hence8 * H ,��( Dom
�
B�w � (although 8 * HB , ( H �C < K ( Dom

�
B�w � , asshown

above),sothatHypothesis9.2.1is not satisfied. �
Notesfor Section9.8
The CARE (9.3) is only a slightly extendedversionof the CARE presented

independentlyby M. WeissandG. Weiss[WW] andO. Staffans[S97b] (which
containedthe first and third equationsin the settingof Proposition8.3.10; the
formulafor Swaspublishedin [S98b]).

Our contributionsto thetheorycontaintheconversedirection— thefact that
a stabilizingsolutionof the Riccati equationleadsto the optimal statefeedback
pair — andthe generalizationof theseresultsto generalcost functions(instead
of J-coercive ones), for generalregular WPLSs (insteadof stable or jointly
stabilizableanddetectableones),to general�?�� ’s (insteadof � out), to nonunique
optimalcontrol(andtheeCARE),andto WR statefeedbackpairs(insteadof SR
operators);in fact, the IARE theoryalsoallows for arbitrary(irregular)WPLSs.
Thesewill beappliedto furthercontrolproblemsin Chapters10–12.

The equationsthat constitutethe IARE have appearedamongthe equations
in Section5 of [S98b]andin Sections7–11of [WW]; at leastsomeof themcan
befoundin theolderliterature(e.g.,a variantof (9.155)for a standardLQR cost
function is containedin Section5 of [Sal87] for WPLSsand in Lemma4.3 of
[CP78]andCorollary4.1of [Gibson]for systemswith boundedB andC).

We have not seensuchequationstreatedin the literatureas sufficient (and
necessary)conditionsfor optimalcontrol,nor asa discrete-timeRiccatiequation
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(DARE).
Lemma9.8.9andProposition9.8.10arebasedonthemethodsusedin Sections

5–7 of [S98b] (partially also in [WW]). We publishedan early versionof the
resultsof this chapterin [Mik97b] (the stablecase);it also containedsomeof
Proposition9.8.11.

The proof of (a)–(c) Theorem9.8.12 (in the proof of Theorem14.1.4) is
a generalizationof the classicalproof for the uniquenessof the exponentially
stabilizingsolutionof DARE (see,e.g.,Proposition13.5.1of [LR]). Seethenotes
to Section15.5for Theorem9.8.13.

Our proof of Lemma9.8.14follows that of Theorem6.5 of [S98c]. Part of
Example9.8.15is containedin [WZ] and[S95].

Much attentionhas beenpaid to systemswith boundedinput and output
operators(B andC) andto Pritchard–Salamonsystems,both of which have the
signatureoperatorS equalto S � D � JD (which is often taken to be the identity
in thepositivecaseandto * I 0

0  I , or * I 0

0  γ2I , in theindefinitecase).Indeed,whenever,
Hypothesis9.2.2holds(e.g.,B ��� �

U � H � ) we have S � D � JD, by Section9.2;
othersufficientconditionsaregivenin Remark9.9.14(b).

However, in generalour signatureoperator “S” takestheroleof D � JD exactly
as in discrete-time. Indeed,S is the signatureoperatorof the control problem
correspondingto the CARE, by Theorem9.9.1(h)and (9.139),whereasD � JD
neednot containany informationon the signaturepropertiesof the problem: in
Example9.13.7 B and

O
areULR (evenMTIC) but theoperatorD � JD mayhave

any signature(aslongasitsnormis lessthat4)andstill theunique � out-stabilizing
solutionof theCARE is maximizingover � out (becauseS � 0).

In a strictly definite problem,as in Example9.13.7,the operatorS tells us
all signatureproperties(definiteness)of theproblem. However, S is not unique,
but E � SE is also a signatureoperatorfor Σ and J for any E � j � �

U � , by
Theorem9.9.1(f2). Therefore,S only containsthe information on the nature
of the problem, not on correspondingdirections(for which we needalso the
corresponding

O
: � I P E or K).

Nevertheless,whenwe considersolutionsof the CARE, S becomesunique
(since it fixes X � I ), and then S containsall information on the signature
propertiesof the problem (also on an infinitesimal moment). Thus, then the
situation is analogousto the discretetime (seeChapter14 or someclassical
textbook),wherethesignatureoperatorS: � D � JD # B� 8 B takestheroleof D � JD
even for finite-dimensionalsystems. Thesefactsare illustrated in Proposition
11.2.19,where in (b2) we can only report the dimensionsof the positive and
negative eigenspacesof S (of the IARE), whereasin (d1)&(d2) we canalsotell
thedirections.

A notablespecialcaseof the signaturepropertiesof S is that Ker
�
S� �>G 0 K

is necessaryand sufficient for the J-critical control to be unique (for general
WPLSs),whereasKer

�
D � JD � ��G 0 K is sufficient(for WR ones)but notnecessary,

asnotedbelow Corollary9.7.4.
Finally, in general(for irregularsystems)wedonotevenhave theoperatorD,

whereasany WPLShaving aJ-critical statefeedbackpairhasasignatureoperator
S, by Theorem9.9.1. For stableJ-coercive systemsthis equalsthe signature
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operatorof thespectralfactorization,by Corollary9.9.11.
If we do not requirethe existenceof (well-posed)J-critical statefeedback,

i.e., if we use the setting of Section9.7, then we could still define another
signatureoperator, namely � t : � B t � J B t #p$ t � 8 $ t (for somet � 0). The map� t is the signatureoperatorof the eDARE obtainedby discretizingthe eIARE
as in Proposition9.8.7, henceit tells us about the signaturepropertiesof the
problemevenif theeIARE would have no solutions;seealsoProposition9.9.12
for thepropertiesof � t. If thereis a J-critical control in statefeedbackform, then� t � O t � SO t andhencethen � t tells us practically the sameinformationon the
problemthatSdoes,by Lemma2.3.5.

It remainsanimportantopenproblemto find a decentformulafor S in terms
of thegeneratingoperatorswhen B and

O
arenotknown to beregular(theonein

the(e)IAREis rathercomplicatedandtheonein the(e)CAREis notapplicablein
theirregularcase).

Anotheropenproblemis the exact connectionbetweenS and the signature
propertiesof the problemin the generalcase. Usually (e.g.,when � �� �±� exp,
or when �5�� �Ë� out and 8 is q.r.c.-SOS-stabilizing),theset �?�� � x0 � of admissible
inputscorrespondsexactlyto theclosed-loopinputsuF � L2 � R � ;U � , by Theorem
9.9.1(k), so that the dimensionsof the positive and negative eigenspacesand
kernel of S exactly describethe definitenessof the problem, throughequation
(9.139).

Even for general � �� , the equationholds for (compactly supported)u �
L2

c
�
R � ;U � , by Theorem9.9.1(i3). Thus,e.g., S is [strictly] nonnegative if the

problemhasa [strict] minimum, but it remainsan openproblemwhetherthe
converseholds for general �5�� ; naturally, a similar situationis met also in the
indefinitecase(Chapter11). Fortunately, for mostof the time, we only have to
treatthecase�5�� �>� exp or thequasi-coprimesetting.

In applicationsto certainkindsof systems,onemaywish to write theCARE
on somelarger spacethan Dom

�
A� and/oravoid the Weissextensions(“B�w”).

Oneexampleof this is given in Theorem9.9.6,for systemswith boundedinput
operator(B), andanotherin Section9.5,for parabolicsystems.In bothexamples,
the proofswerebasedin establishingthe equivalenceof this “smootherCARE”
to the original one. In caseswherethis cannotbe done,onemay, alternatively,
rewrite our proofs of the equivalenceCARE� IARE in Section9.11 for this
setting;mostotherresultsof this monographarebasedon IAREs andarehence
directly applicablealso for such“modified CAREs” after this equivalencehas
beenverified.
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9.9 J-Critical control 0 Riccati Equation

There is a theorywhich statesthat if ever anyonediscovers exactly
whattheUniverseis for andwhyit is here, it will instantlydisappear
and be replacedby somethingeven more bizarre and inexplicable.
There is anothertheorywhich statesthat this hasalreadyhappened.

— DouglasAdams,"TheHitchhiker’sGuideto theGalaxy"

This sectionprovidesmostof theRiccatiequationtheoryneededfor solving
thedifferentcontrolproblemsin Chapters10–12;in somespecialcasestheresults
of Sections9.1–9.2will suffice,andin somecasesweneedadditionalresultsfrom
theothersections.

Weestablishtheequivalenceof theexistenceof aJ-critical statefeedbackpair
andthe existenceof a �5�� -stabilizingsolutionto the Riccati equation(Theorem
9.9.1),asmentionedin precedingsections.We alsodevelopsomefurtherresults
andsimplificationsunderdifferentstabilizabilityor regularityassumptions.

Most of the latterpartof this section(Remark9.9.9–Corollary9.9.11)corre-
spondsto quasi-coprimestabilization,whichallowsusto considerablesimplifica-
tionswhenfindingoptimal[SOS/strongly]stabilizingstatefeeback;thecasewith
exponentiallystabilizingstatefeedback( � exp) is originally simpleranddescribed
in Corollary9.9.3–Proposition9.9.5.

In Proposition9.9.12we treat the “signature” operatorin the generalcase
of possiblyill-posedoptimal “statefeedback”. In Remark9.9.14we summarize
several casesin which a uniqueJ-critical control correspondsto a (well-posed)
regularstatefeedbackoperator.

Recallfrom Section8.3thataJ-critical controlis onethatmakesthe(Fréchet)
derivativeof thecostfunctionvanish,any optimalcontrolis usuallyJ-critical and
usuallyalsotheconverseholds.

Westartby theequivalence.Wefirst giveequivalentconditionsunderdifferent
stabilizability assumptions((a1)–(d)),and then we note that that the solutions
correspondto eachotherasin classicalresults((e1)–(e2)).Parts(f1)–(i) list some
factsthatwill beneededlater.

Theorem 9.9.1(J-Critical control � eIARE) Thefollowingstatementshold:

(a1) (JJJ-critical) There is a J-critical statefeedback pair over �5�� for Σ iff the
eIAREhasa �5�� -stabilizingsolution.

(a2) (Min) There is a minimizingstate feedback pair ��D min E min 
 over�5�� for Σ iff � �
0 � � � f 0 and the eIARE has a �5�� -stabilizing solution� 8q� S�£��D E 
 � .

Assumethat
� 8�� S� � D E 
 � is as above. ThenS f 0, and � D E 
 is

minimizing(thecontrol DXF : � �
I P E � - 1 D is strictly minimizingiff S � 0).

If 8wf 0 (e.g., J f 0) and �5�� ��� out then 8 is the smallestnonnegative
output-stabilizingsolutionof theeIARE.

If �?�� �L� exp, J f 0 andS � 0, then 8 is thegreatestnonnegativeadmissible
solutionof theeIARE.



9.9. J-CRITICAL CONTROL RICCATI EQUATION 485

(b) There is a J-critical q.r.c.-SOS-stabilizingstatefeedback pair over � out for
Σ iff theeIAREhasa P-q.r.c.-SOS-stabilizingsolution.

(c1)Let $ bestable. Thenthereis a J-critical stronglystabilizingstatefeedback
pair for Σ over � out [and � sta and � str] iff the eIARE has a strongly
stabilizingsolution.

(c2) Let Σ be strongly stable. Thenthere is a J-critical statefeedback pair
for Σ over � out [and � sta and � str] iff theeIAREhasan output-stabilizing
solution.

(c3)LetΣ bestronglyq.r.c.-stabilizable. Thenthereis aJ-critical statefeedback
pair for Σ over � out [and � sta and � str] iff theeIAREhasa � str-stabilizing
solution.

(d) Let Σ beestimatable. Then � exp �Ì� str �Ì� sta �Ì� out. Moreover, there is
a J-critical statefeedback pair over � out for Σ iff theeIAREhasan output-
stabilizingsolution.

Such a solution is exponentiallyP-q.r.c.-stabilizingand it is the unique
internally stabilizingsolution.

(e1)If
� 8q� S� � D E 
 � is a solutionof theeIAREof theformrequiredin some

of (a1)–(d),thenthecorrespondingstatefeedback pair ��D E 
 is of the
requiredform(i.e., J-critical or minimizingin therequiredsense).

(e2)Conversely, if ��D E 
 is of therequiredformin someof (a1)–(d),thenso
is thesolution

� 8�� S�£��D E 
 � of eIARE,where 8 : �:@��F J @ F ,
O � I P E ,Q : � O - 1, @ F : �²@ #�B Q D , $ F : � $ Q , π [ 0 < t � S �²S t � J S t #�$ tF � 8 $ tF , andS : � B Q .

Assumethat (at least)oneof (a1)–(d)is satisfiedby
� 8�� S� ��D E 
 � (by Σ F

wedenotethecorrespondingclosed-loopsystem).Thenthefollowing statements
hold:

(f1) (Uniqueness)8 is unique, �5�� -stabilizingandequalto theJ-critical cost
operator (naturally, 8 maydependon thechoiceof �?�� ).

(f2) TheJ-critical control is unique(for each x0 � H) iff S is one-to-one. If
S is one-to-one, thenall J-critical feedback pairs � D E 
 are givenby
(9.114);theconverseis not true:

AssumethatSis notone-to-one. Thenthepair � D E 
 solvingtheeIARE
with 8 andSis notuniquemodulo(9.114)(but it is uniquemoduloTheorem
9.8.12(s2)). However, it may still be that only one ��D E 
 (modulo
(9.114))is �5�� -stabilizing(seeExample9.13.6for details).

(g1)
� 8�� S�£��D E 
 � is �5�� -stabilizing(cf. (a1))andsatisfies(9.153)–(9.163),

(P1)–(P4),(P) and(PB) (seeLemma9.10.1(d1)andDefinition9.8.1).

(g2) 8:�Ó@)�F J @ F . If S : � B F : � B �
I P E � - 1 is stable, thenS �wS)� J S and

π ��S� J @9� 0.

(h) Equation(9.139)holds for all x0 � H and all uF � L2
c
�
R � ;U � (all uF �

L2 � R � ;U � if B F is stable).
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(i1) If
O

is WRand ã X - 1
left , thentheJ-critical control ucrit

�
x0 � : � � D;F x0 � is given

by
ucrit

�
x0 � � t � : � � D;F x0 � � t � � X - 1

leftKwxcrit
�
t � a� e� (9.131)

(i2) We have 8 ��� �
H �©� � �

HB � H �C < K � , and 8 " F �
t � x0 4 0 ast 4 # ∞, for all

x0 � H.

(i3) D;F x0 # Q L2
c
�
R � ;U �z( �5�� � x0 � for all x0 � H (seealso(k)).

(i4) M B u � J B Q ηN ��MÿQ - 1u � SηN for all u � � �� � 0� andη � L2
c
�
R;U � .

(j) Theorem8.3.9appliesfor Σcrit : � TU " F@ FDXF
VW

.

(k) Assumethat � �� �>� exp, or that 8 is q.r.c.-stabilizing(resp.strongly-q.r.c.-
stabilizing, SOS-q.r.c.-stabilizing)and � �� equals � sta (resp. � str, � out).

ThenD]F x0 # Q L2 � R � ;U � �H� �� � x0 � for all x0 � H, and(9.139)holdsfor all
uF � L2 � R � ;U � . In particular, D;F is [strictly] minimizingiff S f 0 [S � 0].

Also Lemma9.8.6andTheorem9.8.5apply to (a1)–(d);notethata solution
of any of (a1)–(d)is asolutionof (a1).Weremindthatasolutionof theeIARE is
requiredto beself-adjoint,by Definition9.8.4.

Furthersimplificationsin thepositivecasearegivenin Section10.7.
To give a betterunderstandingof criteria(P) and(PB),we notefrom Lemma

9.10.1(d)that if theeIARE hasa output-stabilizingsolution 8 , then(P) holdsif f8n�Ó@��F J @ F (which is the J-critical cost if f (PB) holds); (P) is alsoneededto
get“π � B �F J @9� 0”, which roughlysaysthattheclosed-loopsystemis “J-critical
w.r.t. stableclosed-loopinputs”, andthe secondcondition in (PB) thenextends
this to “π � B � J @a� 0”, i.e., it makes D;F J-critical (w.r.t. to open-loopinputs in�?�� ).

Proof of Theorem 9.9.1: (a1) This follows from “(i) � (ii)” and (c) of
Proposition9.10.2.

(a2) 1Í Now 8:�w@��F J @ F , as in (a1) (seealso(d)&(e)), and DXF is cost-
minimizing,by Lemma10.2.2.By (f) and(9.139)wehaveS f 0. (A controlis
minimizing if f it is J-critical, henceD]F x0 is strictly minimizing if f S is one-to-
one,by (e2).)

2Í Obviously, theminimal cost M x0 ��8 x0N is f 0 if f � �
x0 � � � f 0, andJ f 0

sufficesfor this.
3Í If �?�� �Ë� exp andJ f 0, then �O �� �S�O �gf 0 (by (9.160))andhence�S f 0

for any nonnegativeadmissiblesolution
� �8q� �S� � �D �E � � of theeIARE.Since8of 0 and S � 0 (the latter is redundantif B is positively J-coercive over� exp, by Lemma9.10.3),8 is thegreatestnonnegativeadmissiblesolution,by

Theorem9.8.13.
(Evenwithout theassumptionthatJ f 0, we would know that 8 werethe

greatestadmissiblesolutionhaving S f 0, by Theorem9.8.13.)
4Í Let 8²f 0 and � �� �A� out. Assumethatalso 8¡ àf 0 is output-stabilizing,

sothat 8¡ àfg@� F � J @� F , by (9.155).If x0 � H, then D   F x0 � � out
�
x0 � , hencethenM x0 ��8   x0N¯f9M y� JyN �}� �

x0 � D   F x0 � f%� �
x0 � umin � ��M x0 ��8 x0N�� (9.132)
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whereumin : � D;F x0, y : �w@ x0 #�B Dq F x0 �L@  F x0 � L2. Becausex0 � H was
arbitrary, wehave 8   f�8 . Because8   wasarbitrary, 8 is thesmallestone.

(b) This follows from “(i) � (ii)” and(f2) [(f2)/(e2)] of Proposition9.10.2.
(c1) If $ is stableand

" F is stronglystable,then(P) and(PB) obviously
hold. Therefore,this follows from (a1)(seealsoTheorem9.8.5).

(c2) The equivalencefollows from (a1), becausean output-stabilizing
solutionmakes

" F stronglystable,by Theorem8.3.9(a3),hence(P) and(PB)
hold (asin (c1)).

(c3) For � str, this follows from (a1). For � out and � sta, this follows from
Lemma8.3.3. (We do not know whethera � str-stabilizingsolutionhasto be
q.r.c.-stabilizingor evenstabilizing.)

(d) By Lemma8.3.3,we have � exp �C� str �Î� sta �Î� out. By Theorem
6.7.15,asolutionof theeIAREis output-stabilizingif f it is exponentiallyq.r.c.-
stabilizing, henceif f it is � exp-stabilizing (seeTheorem9.8.5). Thus, the
equivalencefollows from (a). Condition(P) follows from exponentialstability
of

" F ,
(Notefrom Theorem9.8.12(a)thatasolutionof (c1),(c2)or (d) is aunique

internallystabilizingsolution.)
(e1)&(e2)&(g1)&(g2) Thesefollow from the above proofs, Proposition

9.10.2(a1)(iii)&(b2)andLemma9.10.1(f2).
(f1) The J-critical cost M x0 ��8 x0N is independentof the J-critical controlD;F x0, by Lemma8.3.8,hence8 is unique.
(f2) 1Í If Ker

�
S� ��ØG 0 K , then the J-critical control is not unique, by

Proposition9.10.2(g).AssumethenthatKer
�
S� �AG 0 K . Let u beJ-critical for

x0 � 0. By (9.175),we thenhave SQ}- 1u � 0, henceu � 0. By Lemma8.3.8,
theJ-critical controlis uniquefor eachx0 � H.

2Í If Ker
�
S� �ØG 0 K , then all J-critical pairs are given by (9.114), by

(a1)&(e2)andTheorem9.8.12(s1).
3Í By Theorem9.8.12(s1),thepair ��D E 
 is notuniquewhenKer

�
S� ��G 0 K . SeeExample9.13.6for theexample.

(h) Now y �C@ x0 #�B DûF x0 #�B Q uF �Î@ F x0 #aB F uF , hence(9.139)
follows from (9.162)and(9.163). The proofsof parts(f1) and(f2) arevalid
in this casetoo.

(i1) (Recall that D;F x0 � �
Kcrit � L < sxcrit a.e., where xcrit : � " F x0.) By

Proposition6.6.18(d1),wehave

ucrit
�
x0 � � � DXF x0 � � X - 1

leftKwxcrit
�
x0 � a.e. (9.133)

(i2) This follows from Lemma9.8.9andLemma9.10.1(d1).
(i3) This follows from Proposition9.10.2(b1).
(i4) This follows from (9.175).
(j) SeeTheorem8.3.9.
(k) Thefirst claim follows from Proposition9.10.2(d)&(e2)&(f2).Therest

follows from the first and (h) (we do not know whetherthe sameholds for
general�5�� , asexplainedin thenotestheSection9.8). =
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By Proposition9.8.10,eIARE is equivalentto eCARE,hencewe obtainthe
following corollary:

Corollary 9.9.2(Critical control � eCARE) Let B be WR. Thenthere is a J-
critical WR state feedback operator for Σ iff the eCAREhas a �?�� -stabilizing
solution

� 8�� S�£� K 0 
 � .
A similar remarkappliesto (a2)–(d)of Theorem9.9.1too; in particular, there

is a cost-minimizingWR state feedback operator for Σ iff � �
0 � � � f 0 and the

eCAREhasa �5�� -stabilizingsolution
� 8�� S�£� K 0 
 � .

Assumethat such a solution exists. Then K is a J-critical state feedback
operator for Σ, 8 is unique, and the J-critical control ucrit

�
x0 � is given by

ucrit
�
x0 � � t � � KL < sx � t � , where x � "

x0 #}$ τucrit
�
x0 � is the correspondingstate.

Moreover, (e1)–(k)of Theorem9.9.1apply. =
(This follows directly from Theorem9.9.1, Proposition9.8.10and Lemma

6.2.12(a).)
Here the zero in � K 0 
 refers to X � I (i.e., F � 0), i.e., the eCARE

becomesaCAREexceptthatSneednotbeinvertible(it is if, e.g.,dimU � ∞ and
theJ-critical controlis unique).Of course,wecouldallow aboveanarbitraryWR� �� -stabilizing � K F 
 , thoughit would not significantly increasegenerality,
cf. Lemma9.9.7.

In theexponentiallystablecase,weobtainthefollowing formulaefor 8 :

Corollary 9.9.3(Exponentially stableΣΣΣ) Let Σ be exponentiallystable. Then
there is a J-critical state feedback pair for Σ over � exp iff the eIAREhas an
exponentiallystabilizingsolution

� 8�� S� ��D E 
 � . If this is thecase, then8ª�a@ �F J @ F �a@ � J @ F �a@ �F J @9��@ � J @íP D � SD � (9.134)

Moreover, Theorem9.9.10(e1)andTheorem9.9.1apply.

Recallfrom Lemma8.3.3thathere � exp �o� str �>� sta �o� out.
(An analogousresult(exceptfor Theorem9.9.10(e1))holdsfor (left-column-

)stronglystablesystemsand � str too,whereasTheorem8.4.5andhenceCorollary
9.9.4cannotbegeneralizedto � str (nor for � sta or � out), by Example9.13.2.)

Proof: The equivalencefollows from Theorem9.9.1(a1).Since @ and D
arenecessarilyexponentiallystable,weobtain(9.134)from (8.36)andLemma
9.10.1(d2). =
For exponentiallystabilizablesystems,optimizationover � exp canbereduced

to thestablecase:

Corollary 9.9.4(Exponentially stabilizableΣΣΣ) Let ��D E 
 be exponentially
stabilizing for Σ, with closed-loopsystemΣ ¤ . Then

� 8�� S� � D ¨ E ¨ 
 � is an
exponentiallystabilizing(equivalently, output-stabilizing)solutionof the eIARE

for � � ¥ � ¥� ¥ 	 ¥ � iff
� 8q� S�£��D¡  E¢  
 � is a � exp-stabilizingsolutionof theeIARE(for

Σ), i.e., J-critical for Σ over � exp, where� D¡  E¢  
 � � D ¨ # O ¨ D E # E ¨ P E ¨ E 
 � � O  ®D ¤ # D ¨ E�  
 � (9.135)
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Thecorrespondingclosed-loopsystemsrelateasin (6.194),S � B �F J B F , and89��@ �F J @ F �a@ �¤ J @ F �a@ �F J @ ¤ ��@ �¤ J @ ¤ P D � ¨ SD ¨ � (9.136)

Moreover, Theorem9.9.10(e1)andTheorem9.9.1apply.

Proof: Theequivalencefollows from Lemma6.7.9andTheorem8.4.5(a).
By Theorem9.9.1(g),S � B �F J B F . By Lemma6.7.12, @ F and B F are the
samefor both systems,henceso are 8 : �H@ �F J @ F andS. We obtain(9.136)
from Corollary9.9.3. =
If Σ is smoothlyexponentiallystabilizableandJ-coercive, then the optimal

controlis givenby aCARE:

Proposition 9.9.5( � exp : B ¤ � � �� exp : B ¤ � � �� exp : B ¤ � � � CARE) Assumethat Σ hasa SRexponen-
tially stabilizingstatefeedback operator K   s.t. B ¤ � � , where � satisfiesHypoth-
esis8.4.7.Assumethat B or B ¤ is J-coerciveover � exp.

Thenthereisauniqueexponentiallystabilizingsolution
� 8q� S� K � of theCARE,

K is J-critical over � exp, and B � O �¿Sq��Q � SR.

Note from Proposition9.12.4that any strongor uniform regularity property
of K   and � is sharedby K. An analogousresult for � out is given in Theorem
9.9.10(d3).

Proof: By Theorem8.4.5(d),also B ¤ is J-coercive over � Σ ¥exp. Therefore,

theCARE for � �ê¥ �§¥� ¥ 	 ¥ � hasanULR SOS-stabilizing(henceexponentiallysta-

bilizing, by Theorem6.7.15(b1))solution
� 8�� S� K ¨ � with E ¨ � � , by Corollary

9.1.12.
By Proposition9.12.4,

� 8q� S� K   # K ¨ � is an exponentiallystabilizing so-
lution of the CARE for Σ, henceJ-critical over � exp, by Theorem9.8.5. By
Theorem9.8.12(e)&(s3),8 , SandK areunique.By Proposition6.6.18(f),we
have B � O �¿S �®Q � SR. =
In discrete-time,auniqueminimizingcontrolis alwaysof statefeedbackform,

andit correspondsto theunique � �� -stabilizingsolutionof theDARE,byTheorem
14.1.6.If B is bounded,thenthesameholdsin continuoustime too:

Theorem 9.9.6(BoundedB) LetB bebounded.Thenthereis a uniqueJ-critical
control for each x0 � H iff theeCARErst su K � SK � A� 8 # 8 A # C � JC�

S � D � JD �
SK �wP �

D � JC # B� 8 � � (9.137)

hasa � �� -stabilizingsolution
� 8�� S� K � with Sone-to-one.

Assumethat this is thecase. Thenthefollowinghold:

(a) The �5�� -stabilizingsolution
� 8�� S� K � is uniqueandULR.
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(b1) The J-critical control is determinedby ucrit
�
x0 � � D;F x0, i.e., by

ucrit
�
x0 � � t � � KL < sx � t � for almostall t f 0, where x � "

x0 #%$ ucrit
�
x0 � and

Σ F is theclosed-loopsystemcorrespondingto � K 0 
 ; in particular, the
left columnof Σ F is equalto Σcrit.

(b2) Conversely, Kx0 � ucrit
�
x0 � � 0� for x0 � Dom

�
A� � Dom

�
Acrit � � HB,8a�H@ �F J @ F , and S � D � JD is the correspondingsignature operator (see

(9.139)).

(c) Theorem9.9.1(d1)&(f)andTheorem8.3.9apply. If S � j � �
U � , thenalso

theresultsof Section9.2apply.

(d) WehaveX � I and B � O ��QL��S � ULR.

In fact,
mB P D � mE � H2

strong
�
C �

ω ; � � for any ω � ωA, and
mSªP D � mQ�P I �

H2
strong

�
C � ; � � ( � H2

strong
�
C � - ε; � � for someε � 0, hencestrongly half-

plane-regular, if 8 is exponentiallystabilizing).

(e1) Any J-critical control in WPLSform (Σcrit) is actually of (ULR) state
feedback form(evenif Sis notone-to-one).

(e2) The J-critical state feedback operators correspondto � �� -stabilizing
solutionsof the eCARE(9.137)and conversely, as in (b1)–(b2),and (a)–
(d) hold for such solutions.

(Parts (e1) and (e2) holdsevenif the CAREdoesnot havea �?�� -stabilizing
solutionwith Sone-to-one.)

Recall that 8 is exponentially stabilizing if �5�� �Á� exp. Condition B �� �
U � H � canberelaxedto Hypothesis9.2.2whenS � j � �

U � , by Theorem9.2.9.
For x0 � H1, wehavex

�
t � � Dom

� " F � � H1 for all t f 0, henceu
�
t � � Kx

�
t �

for suchinitial states.
Proof: 1Í Theequivalenceof the eCAREand a uniqueJ-critical control:

The equivalencefollows from Theorem9.9.1(a1)&(g2),becauseany unique
(for eachx0) J-critical control ucrit correspondsto an ULR J-critical state
feedbackoperatorK � Kcrit, by Lemma8.3.18andTheorem8.3.9.

2Í TheeCAREbecomes(9.137): By 1Í , onechoiceof ��D E 
 is given
by K � Kcrit, F � 0 (i.e., X � I ), which correspondsto (9.137),sinceX � SX �
D � JD, asshown below.

Recall that “B ��� �
U � H � ” meansthat B �p� �

U � H - 1 � is suchthat Bu0 �
B0u0 for all u0 � U for someB0 �%� �

U � H � . Clearly B�� B0 æ Dom� AÂ � , hence

B�w � B�0 �n� �
H � U � . Thus we may write B � Bw � B0 �:� �

U � H � and
B� � B�w � B�0 �`� �

H � U � without misconceptions.Theboundednessof B and
LemmaA.4.4(d3)imply thatS � D � JD.

(a) Theuniquenessfollows from Theorem9.9.1(f1);K is ULR by Lemma
6.3.16(b).

(b1) This follows from the formulaucrit
�
x0 � � D critx0 � D]F x0 and2Í (see

alsoLemma8.3.18).
(b2) If x0 � Dom

�
Acrit � , thenucrit

�
x0 � � KL < s" crit x0 � K

"
crit x0 �»& �

R � ;U � ,
because

"
crit is a C0-semigroupon Dom

�
Acrit � too. (seeLemma6.1.16),and
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K � Kcrit �5� �
Dom

�
Acrit � � U � . Therefore,Kx0 � K

"
crit

�
0� x0 � ucrit

�
x0 � � 0� . See

Theorem9.9.1(e2)and(h) for theotherclaims.
(c) This follows from theabove andTheorem9.9.1(notethat(1.) and(5.)

of Hypothesis9.2.2aresatisfied).
(d) Thisfollowsfrom Lemma6.3.16(b)&(d)andTheorem6.9.1(a),because

X � I in 1Í above(notethatall possible
O

’s aregivenby E
O

, E � j � �
U � ).

(e1)&(e2)TheassumptionthatS is one-to-onewasusedaboveonly for the
uniquenessof Kcrit andfor theexistenceof a J-critical control in WPLSform,
hence(e1)&(e2)hold.

Remark: If we usethe actualeCARE(seeDefinition 9.8.1,we obtainall
statefeedbackpairs; theseareexactly the pairsgeneratedby � XK I P X 
�
X � j � �

U ��� , whereK is a solutionof theeCARE(9.137). In particular, the
solutionsof (9.137)aresolutionsof theeCARE. =
SeeRemark10.2.18for a differentformulationfor thecostfunctionwhenC

is bounded.However, thecasewith a boundedC is not at all aseasyasthatwith
aboundedB; cf. Example9.13.8.

OftenS� X � j � �
U � , i.e., theeCAREis equivalentto theCARE(seeRemark

9.8.2):

Lemma 9.9.7(S� X � j � �
U �S� X � j � �
U �S� X � j � �
U � ) We often require the signatureoperatorS to be

one-to-one, or eveninvertible. This is oftenthe casewith standard assumptions
on B and J, see, e.g., Section10.1. We make here someadditional remarkson
this, assumingthat

� 8�� S� ��D E 
 � is a � �� -stabilizing solutionof the eIARE
(cf. Theorem9.9.1(a1)).

(a1) S is one-to-one[invertible] iff
O t � SO t is one-to-one[invertible] (for any

t � 0).

(a2)Sis one-to-oneiff theJ-critical control for Σ is unique.

(b1)AssumethatS � S� . ThenSis invertibleiff S� S � 0.

(b2) If dimU � ∞, thenS � j � �
U � iff Sis one-to-one.

(c1) If � �
0 � � � � 0, thenS � 0.

(c2) If B is [positively] J-coerciveover �5�� , thenS � j � �
U � [S � 0].

(c3) If 8�f 0, t � 0, and B t � J B t � 0 [ � 0] on L2 � * 0 � t � ;U � , thenS � 0 [ � 0].

(c4) If M B u � J B uN¡f ε Þ u Þ 2
L2

ω
for all u � �5�� � 0� and someε � 0 � ω � R, then

S � 0.

(c5)Assumethat thereareε � 0 andω � R s.t.for all nonzero u � �5�� � 0� there
is a nonzero v � �?�� � 0� s.t. M B v� J B uNzf ε Þ u Þ L2

ω
Þ v Þ L2

ω
. ThenS � j � �

U � .
If, in addition,

O
: � I P E is WR,thenthefollowing hold:

(d) If
O � UR (e.g., whendimU � dimY � ∞), or

O � O d � SR, thenX � j � �
U � .

However, wedonotknow, whetherX canbenoninvertiblefor WR
O

.

(e) If dimU � ∞ andX � SX is one-to-one, thenX � S � j � �
U � .
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Proof: (Notethatmostof this holdswith weaker assumptionstoo.)
(a1) Now

O � j
TIC∞ (the admissibility of 8 ) implies that

O t �j � �
L2 � * 0 � t � ;U ��� , by Lemma2.2.8),hence(a1)holds.

(a2)This follows from Theorem9.9.1(a1)&(e2).
(b1)&(b2) SeeLemmaA.3.1(c4)&(c3).
(c1) This follows from Theorem9.9.1(a2).
(c2) SeeLemma9.10.3.
(c3) This follows from (9.160).
(c4)&(c5) These follow from the proof of Lemma 9.10.3 (set M : �Þ π [ 0 < 1� Q - 1π [ 0 < 1� Þ ë � L2

ω � etc.).
(d) SeeLemma6.3.2(a1)&(a2)andProposition6.3.1(a2)&(b1).
(e) Now X � SX � j � �

U � impliesthatX �ï� S� X mustbeinvertiblematrices,
henceX � S � j � . =
Thus,by alteringK andF, a smoothsolutionof the IARE canbe converted

into a solutionof theCARE:

Corollary 9.9.8 Let
� 8q� S� ��D E 
 � be a � �� -stabilizingsolutionof the IARE.

If B � WR and E � UR, thenthereare unique �S � j � �
U � and �K ��� �

H1 � U � s.t.� 8q� �S� �K � is a �5�� -stabilizingsolutionof theCARE;moreover, then �S � X � SX and�O � X - 1 O .

Proof: (Here �O � I P �E , where � �D �E � is thepair generatedby �K.)

Uniquenessfollows from Theorem9.8.12(b)&(s1);the existencefollows
from Proposition9.8.10,Lemma9.9.7(d)andRemark9.8.2. =
As notedabove (Corollary9.9.4andTheorem8.4.5),optimizationover � exp

can be reducedto optimization over a preliminarily exponentially stabilized
system. If Σ is q.r.c.-SOS-stabilizable,then the situation is analogousfor
optimizationover � out. Thiscaseandits specialcaseswill bestudiedin Theorem
9.9.10below (see(c1) for � str and � sta), but wefirst motivateit briefly:

Remark 9.9.9(q.r.c.-stabilization and � out� out� out) The assumptionthat Σ is q.r.c.-
SOS-stabilizable(cf. Corollary 6.7.16)and the useof q.r.c.-SOS-stabilizingso-
lutionsof theRiccatiequation(Theorem9.9.10)haveseveral advantages:

(1.) Thetheoryfor � out, � staand � str becomeroughlyaseasyasthat for � exp.

(2.) Thecontrol and outputof Σ F dependcontinuouslyon closed-loopinput
(thesignaluF in Figure9.1,p. 408); i.e., B F and ERF becomestable.

(3.) If Σ is assumedto be [strongly] q.r.c.-stabilizable, then the closed-loop
systembecomes[strongly] stable(see(c1)below).

(4.) We can establishthe standard equivalenceon optimization, coprime
factorizationsandRiccatiequations.

In general, a J-critical state feedback pair over � out (resp. � sta or � str)
stabilizesthe output(resp.and state)w.r.t. the initial state, but arbitrarily small
disturbancesin the(closed-loop)inputmaycausearbitrarily big perturbationsin
thestateandoutput(asin Example11.3.7(b)). =
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Under certainassumptions,suchsolutionsbecomethe “correct” ones;see,
e.g.,(d3)below, Theorem11.1.5andCorollary10.2.12(Crit3+).

Wegivebelow avariantof theequivalenceof (I)–(III) onp.9 (with (Crit2) and
(Crit3) correspondingto (III) and(Crit4) to (II)); theequivalencewill beenhanced
in parts(d1)–(d4)below, in Section9.1,andin certainlaterresults.

Theorem 9.9.10(eIARE � �
J �21 �� �
J ��1 �� �
J �21 � -inner r.c.f.) Let �5�� �>� out.

Then(Crit1) � (Crit2) � (Crit3) � (Crit4), where

(Crit1) (JJJ-critical ��D E 
��D E 
��D E 
 ) There is a J-critical q.r.c.-SOS-stabilizingstate
feedback pair for Σ and B is J-coercive.

(Crit2) (IARE) TheIAREhasa q.r.c.-SOS-P-stabilizingsolution.

(Crit3) (IARE/DARE) There are 8��w8;� �'� �
H � , S � j � anda q.r.c.-SOS-

stabilizingpair ��D E 
 satisfyingthe “D ARE” (9.111)for somet � 0,
s.t. M " ntF x0 ��8 " ntF x0N 4 0 asn 4 # ∞, n � N.

(Crit4) (R.c.f.) Themap B hasa
�
J �21 � -innerq.r.c.f. B �ªSzQ:- 1, andΣ is q.r.c.-

SOS-stabilizable.

Moreover, wehavethefollowing:

(a1) Let � D E 
 solve (Crit1). Then S : �ÒS� J SË� S� � j � �
U � , 8 : �@��F J @ F ��8;� �»� �

H � , and ��D E 
 solve(Crit2) and S , Q solve(Crit4),
where Q : � �

I P E � - 1, S : � B Q , @ F : �a@ #'B Q D .

(a2) Let
� 8�� S�£��D E 
 � solve (Crit2) or (Crit3). Then ��D E 
 solves

(Crit1) andSand 8 areasin (a1).

(a3) Let S;�®Q solve(Crit4). Thena solution of (Crit1) and (Crit2) can be
constructedasin (g2) (also(g1)appliesif Σ � SOS).

(a4)Thistheoremalsoholdswith “r .c.” or “p.r.c.” in placeof “q.r.c.”.

(b) A solution 8 of (Crit2) is unique. Givenonesolution ��D E 
 of (Crit1)
or (Crit2) or

� S¡�®Q � andSof (Crit4), all solutionsaregivenby� E D E E # I P E 
 � � S E - 1 ��Q E - 1 � � E -¢� SE - 1 � E � j � �
U � �

(9.138)

Thecorrespondingclosed-loopsystemsaregivenby Σ F E : �³k � ~ � ~ E
î 1� ~ 	 ~ E
î 1h ~ i ~ E
î 1 l .

(c1)Assumethat Σ is [strongly[exponentially]] q.r.c.-stabilizable.

Thenany q.r.c.-SOS-stabilizingstatefeedback pair is [strongly [exponen-
tially]] q.r.c.-stabilizing. Consequently, then this theoremholdswith � sta

[or � str [or � exp]] in placeof � out.

[Moreover, if J f 0 and(Crit2) hasa solution 8 , then 8 is thegreatestnon-
negativeadmissibleand theuniquenonnegativeoutput-stabilizingsolution
of theeIARE.]

(c2)AssumethatΣ is exponentiallyq.r.c.-stabilizable. ThenanyI/O-stabilizing
or input-stabilizingsolutionor theIARE(i.e., with stable S and Q or $ Q )
is exponentiallyq.r.c.-stabilizing.

Moreover, thenany
�
J ��1 � -innerq.r.c.f. of B is exponentiallyq.r.c.
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(c3) Assumethat Σ is estimatable. Then any output-stabilizingsolution of
the IARE is exponentiallyq.r.c.-stabilizing(hencethegreatestnonnegative
admissiblesolutionif J f 0).

(d1) Let B beWR.If weaddto (Crit1)–(Crit4) therequirementthat ��D E 

mustcorrespondto someWR � K 0 
 (equivalently, that

O �pQ - 1 � I P E
is WR andX � I ), thena fifth equivalentconditionis:

(Crit5) (CARE) TheCAREhasa q.r.c.-SOS-P-stabilizingsolution.

Moreover, with theseextra requirementsanysolutionsof (Crit1)–(Crit5) are
uniqueandequal(cf. (a1)–(a3));thesameappliesto (d2).

(d2) AssumeHypothesis9.2.1andthat D � JD � j � �
U � . Then(Crit1)–(Crit6)

are equivalent(they are also equivalentto (Crit7) if Σ is optimizableand
estimatable),where

(Crit6) (B�w-CARE) The B�w-CAREhas a q.r.c.-SOS-P-stabilizingsolu-
tion.

(d3) (MTIC) Assumethat 1. Σ is q.r.c.-SOS-stabilizablein � , or that 2. Σ
hasa q.r.c.-SOS-stabilizingSRstatefeedback operator s.t. B ¤ � � , or that
3. D � JD � j � �

U � and Σ hasan exponentiallyq.r.c.-stabilizingSRstate

feedback operator s.t. � � ¥ � ¥� ¥ 	 ¥ � satisfiesHypothesis9.2.1,where � satisfies

Hypothesis8.4.7.

Then(Crit1)–(Crit5) and (Crit7) are equivalentand imply that S���Q � � ,
where

(Crit7) Themap B is J-coercive.

(d4) In thegeneral casewestill have(Crit6) � (Crit5) � (Crit1–4)� (Crit7).

Assumethat (Crit1) hasa solution,and usethe notationof Definition 9.1.3.
Thenthefollowing hold:

(e1) The closedloop cost function � F �
x0 � uF � for y �>@ F x0 #gB F uF , uF �

L2 � R � ;U � andx0 � H is givenby� F �
x0 � uF � : ��M y� JyN L2 � R � ;Y � ��M x0 ��8 x0N H # M uF � SuF N L2 � R � ;U �2� (9.139)

(e2)(Minimization) Thepair ��D E 
 is minimizing� S � 0 � M B u � J B uNJf
0 for all u � � out

�
0� � B is positivelyJ-coercive.

(f) Theorem9.9.1(g)–(j)andTheorem8.3.9apply, and(PB) is satisfied.

(g1) (Stable case) Assumethat @ and B are stable (i.e., that Σ � SOS).
Assume(Crit4) (see(Crit1SOS)–(Crit4SOS)of Corollary 9.9.11for further
equivalentconditions).Thenthecorrespondingsolutionof (Crit2) is� D E 
 : � � P S- 1π ��S)� J @ I P»Q9- 1 
 � (9.140)
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Moreover, this ��D E 
 is stableand q.r.c.-SOS-stabilizing. The corre-
sponding8 andΣ F satisfy89��@ �F J @ F ��@ � J @ F ��@ �F J @g�a@ � ó J P J S S- 1π �áS � J ô @ (9.141)��@ � J @»P D � SD ��@ � � J P J B π � �

π � B � J B π � � - 1π � B � J � @ � (9.142)" F � " #`$ D F � (9.143)@ F �Ìó I P�S S- 1π �áS � J ô @¡� (9.144)DXF �HP¡Q S- 1π ��S � J @ � (9.145)

(g2) Given S and Q asin (Crit4), thepair ��D E 
 , theRiccatioperator 8 ,
andtheclosed-loopsystemΣ F canbeconstructedasfollows:

Chooseany q.r.c.-SOS-stabilizingpair ��D�  E¢  
 for Σ, and let Σ1¤ : �� � ¥ � ¥� ¥ 	 ¥ � bethetwotop(block) rowsof thecorrespondingclosed-loopsystem

Σ ¤ . SetQ%  : � �
I P E   � - 1,

O ¨ : �9Q - 1 Q%  , sothat
O ¨ � j

TIC
�
U � .

Set ��D ¨ E ¨ 
 : �±�;P S- 1π �áS)� J @ ¤ I P O ¨ 
 . Thena solution ��D E 

of (Crit2) andcorrespondingΣ F and 8 areobtainedasfollows:D �ªQ - 1 D   ¤ # D ¨ � O ¨ D   # D ¨ � E � I P»Q - 1 � (9.146)TU " F $ F@ F B FDXF ERF

VW � TU " ¤ #Y$ Q τ D ¨ $ Q@ ¤ # S D ¨ SD ¤ # Q D ¨ QÌP I

VW
(9.147)89�a@ �F J @ F �a@ �¤ J @ F �a@ �F J @ ¤ (9.148)�a@ �¤ J @ ¤ P D � ¨ SD � ¨ ��@ �¤ ó J P J S S- 1π ��S � J ô @ ¤ � (9.149)

(Recallthat
" ¤ � " #Y$ τ D° ¤ , @ ¤ �a@ #YB D° ¤ , and D¡ ¤ � �

I P E¢  � - 1 D¡  .)
Note that D ¨ , @ ¤ , B ¤ , D� ¤ , @ F and B F �>S are stable, and that 8 and��D ¨ E ¨ 
 correspondto this theorem(including (g1)) appliedto Σ1¤ and
J.

(g3)Theconstructions(g1),(g2)and(a1)canbeusedin (c1)and(c2) too.

SeeSection9.1 for relatedresultsandfurther equivalentconditions.Further
equivalentconditionsfor optimizableandestimatablesystemsaregivenin Corol-
lary 9.2.15.

Quasi-coprimenessis essentialin the above theorem; an arbitrary SOS-
stabilizing (even exponentiallystabilizing solution) neednot correspondto the
minimizingcontrolover � out (thoughnecessarilyto thatover � exp), asillustrated
in Example9.13.2.

Indeed,the q.r.c.-propertyguaranteesthat � out
�
x0 � correspondsone-to-one

andontoto � Σ ¥out
�
x0 � ; i.e., we obtainthesituationof Theorem8.4.5(e),indeed,if� �D �E � is q.r.c.-SOS-stabilizing,then� out

�
x0 � �HG D ¤ x0 # �Q u¤ II u¤ � L2 � R � ;U � �o� Σ ¥out

�
x0 � K �

x0 � H � � (9.150)
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Indeed,obviouslysuchu andy : �ª@ x0 #íB u �g@ ¤ x0 #íB ¤ u¤ arestable.Conversely,
if u � y � L2, then B ¤ u¤ � y Pg@ ¤ x0 � L2 and �Q u¤ ��P D ¤ x0 # u � L2, where
u¤ : �HP �D x0 # �O u, sothatu¤ � L2, sinceB ¤ : � B �Q and �Q areq.r.c.

For generalSOS-stabilizingstatefeedbackpairs,someelementsof � out
�
x0 �

maycorrespondto unstableinputsu¤ for Σ ¤ , sothata P-SOS-stabilizingsolution
optimizesover a too small classof inputs; cf. the (non-q.r.c.-)exponentially(P-

)stabilizingstatefeedbackoperatorK ��P 2 of Example9.13.2.If � �D �E � were

merelyoutput-stabilizing,thenalsosomestableinputsu¤ for Σ ¤ mightcorrespond
to unstableinputsu for Σ.

Also the constructionformulae of (g1)–(g2) (in particular, (9.140)) base
on quasi-coprimeness,hencewe cannotgive suchformulaefor non-q.r.c.-SOS-
stabilizablesystems.Indeed,if B �nSÔQ - 1 correspondsto a WR statefeedback
operatorK, then

mQ - 1 mayonly havethesingularitiesof
�
s P A� - 1, asnotedbelow

Definition 6.6.10;thuswe mustsomehow guaranteethat
mQg- 1 doesnot have too

many poles(cf. Lemma6.5.4).
Proof of Theorem 9.9.10: (Notethatthestability of D ¤ and DXF might be

omittedfrom the requirementsandconclusions,whereasthe invertibility of S
is essentialfor, e.g.,(Crit4)� (Crit2).)

1Í “(Crit1) � (Crit11
2)”: Wehaveonemoreequivalentcondition:

(Crit11
2) B is J-coercive,andthereis aq.r.c.-SOS-stabilizingstatefeedbackpair��D E 
 for Σ s.t.π � B �F J @ F � 0, whereΣ F is thecorrespondingclosed-

loopsystem.

Now � out
�
0� �ªQ π � L2, by Proposition9.10.2(e2),henceM B F π � u �/@ F x0N�� 0

for all x0 � H � u � π � L2 if f M B π � u �/@ F x0Ná� 0 for all x0 � H � u � � out
�
0�

(becauseB F π � u � B Q π � u � B π ��Q π � u), i.e., if f D;F is J-critical.
2Í “(Crit1) � (Crit2)� (Crit3)”&(a1)&(a2) This follows Theorem

9.9.1(b)&(d), and Lemma 8.4.11(b2) (note that (Crit2)–(Crit4) require
S � j � �

U � ).
3Í “(Crit1) � (Crit4)”&(a1): Thesefollow from equationsSÓ� B Q andS)� J Sª� S(seeTheorem9.9.1(b)&(g))andLemma9.10.3.
4Í “(Crit4) � (Crit11

2)” for stable @ and B : By Lemma8.4.14(a),B is J-
coercive. Now Q � j

TIC, by Lemma6.5.6(b).Obviously, thepair ��D E 

from (9.140)arestable.By using(9.140)andequationS- 1 S)� J B �²Qg- 1, it is
straightforwardto verify that D " � π � τ D andπ � E π - � D $ (seetheproof of

Theorem27 of [S97b] for details),henceΣext : �6� � �� 	h i � � SOS
�
U � H � Y À U � .

By Corollary6.6.9,wehave Σ F � SOS. Now

π �áS � J @ F � π � S � J S D # π ��S � J @9� π ��S � J ó P;S S- 1π ��S � J @ # J @ ô � 0
(9.151)

asrequired.
(N.B. We do not know whetherS- 1 S � J B �²Q - 1 holdsfor unstableQ - 1,

thereforewehaverequiredthe
�
J � S� -innerright factorizationto beq.r.c.)

5Í “(Crit4) � (Crit11
2)”: By Lemma8.4.14(a),B is J-coercive. By Lemma

6.4.5(c),
O ¨ � j

TIC
�
U � . Therefore,B ¤ ��S O ¨ is a

�
J � S� -innerr.c.f.
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By 4Í , the state feedbackpair ��D ¨ E ¨ 
 is stable and q.r.c.-SOS-
stabilizing for Σ1¤ , and the correspondingclosed-loop system satisfies
π � B �F J @ F � 0. Moreover, B F � B ¤ O - 1¨ �²S .

Apply Lemma6.7.12(with D¡  and D interchanged,etc.) to obtain(9.146)–
(9.147). Thenπ � B �F J @ F � 0, and � D E 
 q.r.c.-SOS-stabilizesΣ into Σ F
(indeed,by (9.147), ��D E 
 is q.r.c.-SOS-stabilizing).Thus,(Crit11

2) holds.
Theremainingformulaeof (g2) follow from thoseof (g1).

(a1)–(a3)Parts(a1)&(a2)wereprovedabove;see(g1)and(g2) for (a3).
(a4) If any of (Crit1)–(Crit4) holdswith “r.c.” in placeof “q.r.c.”, thenso

do theothers,by (a1)–(a3).This propertyis theninheritedin by (b)–(g3).The
proof for “p.r.c.” is analogous.

(b) This follows from Theorem9.9.1(f).
(c1) The first claims follows from Theorem6.7.15(a1)[(a2)[(b1)]],the

secondclaim is aconsequenceof thefirst one.
[By Theorem9.9.1(a2), 8 is the smallestnonnegative output-stabilizing

solutionof theeIARE.But S � 0, by (e2),and 8 is stronglystabilizing,hence8 is the greatestnonnegative admissiblesolutionof the eIARE, by Theorem
9.8.13(sinceS f 0 for admissiblenonnegative solutions,by (9.160)). Since8Ëfo8   fo8 for any nonnegative output-stabilizingsolution 8   , 8 must be
unique.]

(c2)This follows from Theorem6.7.15(b1)andLemma6.4.5(e).
(c3)Thisfollowsfrom Theorem6.7.15(c2)(andfrom thelastclaimof (c1)).
(d1)This follows from Proposition9.8.10(and(a1)–(a3)).
(d2)Weobtain(Crit2)� (Crit5)� (Crit6) from Theorem9.2.9(theclaimon

(Crit7) will beprovedin Corollary9.2.15).
(d3)By (d4),weonly have to establish(Crit7)� (Crit5). Assume(Crit7).
SOS-stabilizabilityimplies that D ¤ x0 � � out

�
x0 � �� 0 for all x0 � H, hence

thereis auniqueJ-critical controlover � out for eachx0 � H, by Theorem8.4.3.
Thus,(Crit5) follows from (7.) or (8.) of Remark9.9.14(notethat “1.” is a
specialcaseof “2.”, by Proposition6.3.1(c)andLemma6.6.12).

(d4) This follows from Proposition9.2.7(a),Proposition9.8.10andCorol-
lary 8.4.14(a).

(e1)This follows from 89�a@��F J @ F , π � B �F J @ F � 0 and B �F J B F � S.
(e2)Seetheproof of Corollary10.2.12.
(f) This follows from (b) andTheorem9.9.1(b).
(g1) This wasproved in 4Í exceptfor the 8 formula,which follows from

formulae 8Ó�>@��F J @ F , D S]� J @ F � 0 (see(Crit1)), D Sú� J S D � D SD , and
Lemma6.4.7(b),in thatorder.

(g2)This follows from 5Í and(g1)with straightforwardcomputations.
(g3)This follows from theproofof (c) above. =

Note that a q.r.c.-I/O-P-stabilizingsolution of the IARE (or CARE) deter-
mines a

�
J � S� -inner q.r.c.f. B �>SzQ:- 1, by Lemma9.10.1(b5)&(b6). If Σ is

approximatelyreachable,thenthis definesD uniquelymodulo(9.138)(because
π �JQ}- 1π - � D $ ), hencethen 8 is unique(a q.r.c.-SOS-P-stabilizingsolutionis
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alwaysunique,by Theorem9.9.10(b)).
In the stable case,“q.r.c.-SOS-stabilizing”is equivalent to “stable, SOS-

stabilizing” (cf. alsoCorollary8.3.11):

Corollary 9.9.11(SOS-stableIARE) Let Σ � SOSand � �� �>� out.
Thenconditions(Crit1)–(Crit5) in Theorem9.9.10canbewritten in following

forms:

(Crit1SOS)There is a J-critical stable, SOS-stabilizingstatefeedback pair for
Σ, and B is J-coercive.

(Crit2SOS)TheIAREhasa stable, SOS-P-stabilizingsolution.

(Crit3SOS)(IARE/DARE) There are 8��H8 � �Y� �
H � , S � j � anda stable,

SOS-stabilizingpair � D E 
 satisfyingthe “D ARE” (9.111) for some
t � 0, s.t. M " ntF x0 ��8 " ntF x0N�4 0 asn 4 # ∞, n � N.

(Crit4SOS)There is a spectral factorization
O � SO of B � J B .

(Crit5SOS)TheCAREhasa stable, SOS-P-stabilizingsolution.

Wemayreplace“stable, SOS-P-stabilizingsolution” aboveby “P-admissible
solution s.t. B � E ��Q � TIC”, as well as by “[q.]r .c.-I/O-stabilizing” (and by
“exponentiallystabilizing” or by“ Q -stabilizing” if Σ is exponentiallystable, and
by “stable, P-stabilizing” if Σ is stable).

Moreover, the solutionsof (Crit1SOS)–(Crit5SOS)(if any) are the onesof
(Crit1)–(Crit5), with

O � I P E . =
(This follows from Lemma6.6.17(a)and Lemma6.4.8(a);note that corre-

spondingpairs ��D E 
 arethesamefor eachcondition.Recallfrom Definition
9.8.4that the solutionbeingstableor stabilizingmeansthat � D E 
 is stable
(which is redundantif Σ is exponentiallystable)or stabilizing,respectively.)

Proposition9.8.11containsrelatedresultsand the positive caseis given in
Corollary 10.2.13. We remind that (Crit5SOS) (or (Crit5)) is strongerthan
(Crit1SOS)–(Crit4SOS),whichareequivalent.

J-coercivity is roughly equivalent to the existenceof a unique J-critical
control:

Proposition 9.9.12( � exp� exp� exp: IARE � unique optimum � J-coercive) We have
(i) � (ii).

(i) There is a uniqueJ-critical control over � exp
�
x0 � for each x0 � H, and� t : � B t � J B t #`$ t � 8 $ t � j � �

L2 � * 0 � t � ;U � for some(henceall) t � 0.

(ii) B is J-coerciveover � exp, andΣ is optimizable.

Moreover,

(a) Assume(i). Then � t � 0 � the J-critical control is minimizing � B is
positivelyJ-coerciveover � exp.

(b) Assume that the IARE has an exponentially stabilizing solution� 8q� S�£��D E 
 � . Then(i) and (ii) hold. Moreover, thenS � 0 � � t �
0 � � D E 
 is minimizing � B is positivelyJ-coerciveover � exp.
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(c) Condition“ � t � j � ” is redundantin (i) if anyof (1.)–(4.)holds,where

(1.) J f 0 and B t � J B t � 0 for somet � 0;
(2.) J f 0, D � JD � 0 and B � MTIC∞;
(3.) B � MTIC∞ � " B � L2

loc

�
R � ; � �

U � H ��� andD � JD � j � �
U � .

(4.) Hypothesis9.2.1holdsfor � �� �>� exp, andD � JD � j � �
U � .

Thus, when minimizing over � exp with a some coercivity or regularity, the
costmust be J-coercive over � exp. See,e.g.,Theorems9.2.16and9.2.18and
Corollary9.2.19for enhancedversionsof theproposition,andSection10.2for a
positivevariants.

Proof: (Naturally, 8 : ��@)�critJ @ crit in (i).)
The equivalence,(a), (b) and (c)(1.) follow from Theorems14.2.7and

13.4.4andRemark13.4.6.
(c) (2.) Now 8 : �>@)�critJ @ crit f 0, hence � t f B t � J B t . But B t � J B t f

D � JD P ε � 0 for t � ε � 0 smallenough,by Theorem2.6.4(i1),hence� t � 0
for sucht.

(3.) By LemmaA.3.1(c4)&(c1),thereis ε � 0 s.t. Þ D � JDu0 Þ U f ε Þ u0 Þ U
for all u0 � U . It follows thatÞ π [ 0 < t � D � JDu Þ 2 f ε Þ u Þ 2

�
u � L2 � * 0 � t � ;U ��� � (9.152)

By Theorem2.6.4(i1)&(i2), π [ 0 < t � � B P D � π [ 0 < t � 4 0 and $ t 4 0 on L2, as
t 4 0# , hencethereis t � 0 s.t. Þ π [ 0 < t � � � t P D � JD � π [ 0 < t � Þ ë � L2 � � ε ä 2 (notethat� t � π [ 0 < t � � tπ [ 0 < t � ). Consequently, Þ�� tu Þ 2 f ε ä 2 Þ u Þ 2 for all u � L2 � * 0 � t � ;U � .
By LemmaA.3.1(c4)&(c1),this meansthat � t � j � �

L2 � * 0 � t � ;U ��� .
(4.) This follows from Theorem9.2.16and(b). =

However, uniquenessis sometimespossibleunderweaker conditions:

Remark 9.9.13(Unique JJJ-critical control vs.S � j � �
U �S � j � �
U �S � j � �
U � vs.JJJ-coercivity)

Assumethat � �� � x0 � �� /0 for all x0 � H (this is obviouslynecessaryfor theexis-
tenceof a J-critical control) and that Zs is a Hilbert space(e.g., � �� �±� out or�5�� �>� exp).

By Theorem8.4.3and Lemma9.10.3,J-coercivity impliesthe existenceof a
uniqueJ-critical control, and also the invertibility of S whenthe eIAREhas a
solution(thesethreeareequivalentfor �5�� �o� exp if Hypothesis9.2.2holds(or if
Σ is a wpls),byTheorem9.2.16).

However, the invertibility of S is not necessary, nor is J-coercivity over � �� ,
for the existenceof a uniqueJ-critical control (take Σ exponentiallystable(so
that � exp �>� out), 0 � D � D �� 0, B � 0 � C, J � I ).

On the other hand, Example9.13.4showsthat even for very regular ( B �
D �'� �

U � Y � ) exponentiallystablesystems,S � D � D � 0 is not sufficient for the
existenceof a J-critical control for all x0 � H (over � exp �Ë� out).

It is easyto formulateshortly the necessaryand sufficient conditionfor the
existenceof a uniqueJ-critical control, but wehavefoundno usefulformulations
(seethecommentsbelowTheorem8.2.5).
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As mentionedabove, when B is bounded,any unique J-critical control
correspondsto a �?�� -stabilizingsolutionof the CARE (andof the B�w-CARE if
D � JD � j � or B is J-coercive). Unfortunately, this is not thecasein general,by
Example11.3.7.Therefore,wesummarizeseveralsufficientconditionsbelow:

Remark 9.9.14(Necessityof the CARE) We write
�
Σ � J � � coerciveCARE

(over � �� ) if 1. Σ is WR,and2. if Σ is J-coerciveandthere is a J-critical control
for each x0 � H, thenthe CAREhasa SR �5�� -stabilizingsolution(equivalently,
thenKcrit correspondsto a SRstatefeedback operator).

If anyof thefollowing conditionsholds,then
�
Σ � J � � coerciveCARE:

(1.) B ��� �
U � H � ;

(2.) Hypothesis9.2.1holdsandD � JD � j � �
U � ;

(3.) Hypothesis9.2.1holds,π [ 0 < 1� " B � L1 � * 0 � 1� ; � �
U � H ��� and �5�� �>� exp;

(4.) Hypothesis9.5.1holdsand � �� �>� exp;

(5.) �5�� � � exp, π [ 0 < 1� " B � L1 � * 0 � 1� ; � �
U � H ��� � π [ 0 < 1� Cw

" �
L1 � * 0 � 1� ; � �

H � Y ��� , andπ [ 0 < 1� Cw
"

B � L1 � * 0 � 1� ; � �
U � Y ��� ;

(6.) Σ � SOS, � �� �>� out and B � � , where � satisfiesHypothesis8.4.7.

(7.) �5�� �Ò� out, andΣ hasa SRq.r.c.-SOS-stabilizingstatefeedback operator
s.t. B ¤ � � .

(8.) �?�� �Ì� out, andΣ hasa SRexponentiallyq.r.c.-stabilizingstatefeedback

operator s.t. � � ¥ � ¥� ¥ 	 ¥ � someof (1.)–(6.).

Moreover, thefollowing holds:

(a) In cases(1.)–(6.),wehave B � ULR (and E � ULR for the �?�� -stabilizing
solution).

(b) In cases(1.)–(5.), we necessarilyhaveS � D � JD � j � �
U � for the �?�� -

stabilizingsolution.

(c) In cases(1.)–(3.),theCAREbecomesa B�w-CARE.

(d) In cases(1.)–(4.),“ Σ is J-coerciveandthereis a” canbereplacedby“there
is a unique” if weassumethatD � JD � j � �

U � .
By Lemma8.4.4, the control mentionedin “2.” is necessarilyunique. By

Theorem14.1.6andLemma9.9.7(c2),“
�
Σ � J � � coerciveCARE” is redundantin

discretetime (i.e., it is truefor any Σ andJ).
Recallfrom Theorem8.4.3that“thereis a J-critical control for eachx0 � H”

can usually (e.g., for � out and � exp) be replacedby the finite cost condition
“ �5�� � x0 � �� /0 for all x0 � H”. If Σ is exponentiallystable(or estimatable),then� exp �>� out, by Lemma8.3.3.

See Theorems9.5.13 and 9.2.18 and Corollary 9.1.11 for more explicit
variantsof (4.) and(5.) and(7.), respectively.

Proof: (Notethat(1.) and(4.)–(7.) areindependentof J, andthat the �?�� -
stabilizingsolutionis unique.Therequirement“SR” couldbe“WR” for most
but not all applicationsof theabovedefinition.)



9.9. J-CRITICAL CONTROL RICCATI EQUATION 501

Notefirst that B � ULR if any of (1.)–(6.)holdsand B � B ¤ O - 1 � SRwhen
(7.) or (8.) holds,sothatcondition“1.” is satisfiedby any of (1.)–(8.).

Case(1.) is treatedin Theorem9.9.6 (the eCARE becomesa CARE,
becauseJ-coercivity implies the invertibility of S ( � D � JD), by Lemma
9.9.7(c2)).

Case(2.) is treatedin Theorem9.2.9.Condition(3.) impliescondition(2.),
by Lemma9.2.17(whichcontainsalsoalternativeassumptions).

Condition(4.) impliescondition(5.), by Lemma9.5.2.
Case(5.) followsfrom Theorem9.2.18.Case(6.) followsfrom “(i v) � (iii)”

of Corollary9.1.12.
Case(7.) follows from (6.) and Theorem8.4.5(g1)&(d)&(a)&(c2)(and

Lemma6.2.5andCorollary9.9.8;Proposition9.12.4would leadto analterna-
tive proof and(9.226)holds). Analogously, case(8.) canbereduced(1.)–(6.)

(usethefactthat � out �w� exp, by Lemma8.3.3;naturally, by “ � � ¥ � ¥� ¥ 	 ¥ � satisfies

(n.)” wemeanthat“(n.)” is satisfiedwith �¿� �� 	�
 in placeof � A B
C D


 ).
(a)&(b) The proof sketchedabove appliesfor (a)&(b) too. (SeeTheorem

8.4.9(a)for extending(b) to case(6.).)
(c) SeeTheorem9.2.9(usethefactthatDom

�
B�w � � H in case(1.)).

(d) Theabove proofsfor cases(1.)–(3.) did not useJ-coercivity. In cases
(4.) and(5.), we canremove “Σ is J-coercive andthereis a” completelyif we
assumethat

"
B � L2

loc (this is redundantin case(4.),by Lemma9.5.2)andthat
D � JD � j � �

U � , by Corollary9.2.19.
(N.B. if we assume(1.) and replace“Σ is J-coercive and thereis a” by

“there is a unique”, then the CARE might becomean eCARE (insteadof a
B�w-CARE) if wewouldnotexplicitly assumeD � JD to beinvertible.) =
A comparisonof exp, str, sta and out
In principle, the above theory on optimization and Riccati equationscan

be applied over any �?�� . However, it is not always clear a priori whethera
controlproblemis coerciveenoughto guaranteetheexistenceof auniquesolution
(particularlyin thecaseof �?�� �o� exp), andwhenasolutionof thecorresponding
Riccati equationis found, it is not alwayseasyto verify that it is a correctone
( �5�� -stabilizing).

For optimization over � out, it is often easy to find sufficient coercivity
conditions.For � exp oneneedsstrongerassumptions,andfor � str (resp. � sta), we
have to optimizeover � out andmakesuitablestabilizabilityor otherassumptions
to guaranteethat the closed-loopsystemactuallybecomesstronglystable(resp.
stable)(seethecommentsbelow Theorem8.4.3).

On the other hand,J-critical statefeedbackpairs over � exp correspondto
exponentially stabilizing solutions of the Riccati equation, and the situation
with � str is analogous,whereasthe situationwith � sta and � out requiresthe
complicatedresidualcondition(PB) (seeTheorem9.8.5);therefore,for thesetwo
setsit is noteasyto verify for asolutionof theRiccatiequationthatit corresponds
to optimalcontrol,unlessadditionalassumptionsaremade.

By theabove, theclosed-loopsystemcorrespondingto � exp is exponentially
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stable. For � str, � sta and � out, we only know about the stability of the left
column of the closed-loopsystem(seeTheorem9.8.5). If we wish to pose
stability requirementsalso on the right column, we have to make additional
detectabilityor q.r.c.-stabilizabilityassumptions.An LQR applicationwith the
formerassumptionis givenby Theorem10.1.4(c2),andanH∞ applicationof the
latterin Theorem11.1.5.

Thislatter“q.r.c.” approachis basedonthefactthatwhereasoptimizationover� exp canalwaysbereducedto thestablecase,theanalogousreductionfor � out,� sta and � str requiresquasi-coprimeness;seeTheorem8.4.5(g1)and Remark
9.9.9. Althoughq.r.c.-stabilizabilityis trivially possessedby stablesystems,it is
oftendifficult to verify for unstableones,althoughstill popularin articlesbased
on fractional representationsof the I/O maps. SeeTheorem9.9.1(b)–(c3)and
Theorem9.9.10for moreon this approach.

A third approachfor � out is usedin Theorem10.1.4(b1),whereweonly have
to studytheminimalnonnegativesolution.

JobOostveenhasdevelopeda ratherextensive optimizationtheoryover � str

for WPLSswith boundedinput andoutput operators(B andC), andhe avoids
someof theproblemsdescribedaboveby usingsuitabledetectabilityassumptions
(amostelegantexampleof his resultsis theoneextendedin Theorem10.1.4(c2)).
It seemsthatmostof his resultscanbegeneralizedto moregeneralWPLSsin the
sameway; we recommendthis for a readerinterestedin � str.

We concludethat the theoryon optimizationandRiccati equationsbecomes
mostelegantfor � �� �H� exp, evenmorebeautifulwhenoneassumesestimatability
(e.g., a cost on the state, by Lemma 6.6.25), so that � exp ��� str �³� sta �� out. However, often it is too restrictingto requirean exponentiallystabilizing
controller, andin severalsettingsalsothetheoryfor � out (or � sta or � str) canbe
substantiallysimplified.

Notes
Thenecessitypartof Corollary9.9.2is containedin [S98b]and[WW] to some

extent,in thegeneralityexplainedin thenoteson p. 520. In thesamesetting,the
implicationfrom (Crit4) to (Crit5) (for regular B and E ) andtheformulaeof (b),
(e1),(g1)and(g2)of Theorem9.9.10arecontainedin [S98b,Sections5–7].

The earlier history of infinite-dimensionalRiccati equationsis documented
in the notesto Section6 of [CZ]. For future research,a very important task
is to determinefurther sufficient assumptionsfor a unique optimal control to
exist in regular statefeedbackform, besidesthosepresentedin Remark9.9.14
or elsewherein this monograph.

Oneinterestingcandidateis theconditionthat B � MTIC∞ (andit might imply
that E � MTIC∞). By Example9.8.15,theapproachof Section9.2doesnotwork
for this assumption,not evenin thestablecase,althoughthatapproachmight be
usefulfor someothercandidateconditions.
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9.10 Proofsfor Section9.9: Crit 0 eIARE

Wheneatinganelephanttakeonebiteat a time.

— Gen.C. Abrams

In this section,we shallestablishtheequivalencebetweentheexistenceof J-
critical statefeedbackpairsandthe existenceof �5�� -stabilizingsolutionsof the
eIARE,andalsostatesomerelatedresultsthatareneededfor furtherresults.See
Definition9.8.4(andDefinition6.6.10)for Σext andΣ F .

First we explore in detail the connectionbetweenJ-critical control and the
admissiblesolutionsof theeIARE(cf. (b4)):

Lemma 9.10.1 Let S �a� �
U � , and 8Ì��8X� �a� �

H � . Let ��D E 
 be an

admissiblestatefeedback pair for Σ, andlet Σ F : �¬k � ~ � ~� ~ 	 ~h ~ i ~ l � WPLS
�
U � H � Y À

U � bethecorrespondingclosed-loopsystem.SetQ : � �
I P E � - 1, S : � B QÖ� B F .

Weconsider, for t f 0, theequations

0 � B t � J @ tF #`$ t � 8 " tF � (9.153)

0 � B tF � J @ tF #`$ tF � 8 " tF � (9.154)8g� " tF � 8 " tF # @ tF � J @ tF � (9.155)8g� " tF � 8 " t # @ tF � J @ t � (9.156)

π [ 0 < t � S ��S t � J S t #`$ tF � 8 $ tF � (9.157)

SD t �wP ó S t � J @ t # Q t � $ t � 8 " t ô � (9.158)D t � SD t � " t � 8 " t PY8 # @ t � J @ t � (9.159)O t � SO t � B t � J B t #`$ t � 8 $ t � (9.160)O t � SD t �wPgó B t � J @ t #Y$ t � 8 " t ô � (9.161)

Claims(a1)–(b4)hold:

(a1) For anyt f 0 wehave(9.154)� (9.153),aswell as(9.160)� (9.157),and
(9.161)� (9.158).

(b1)Let t f 0 andlet (9.158)hold. Then(9.156)� (9.159).

(b2)Let t f 0 andlet (9.160)hold. Then(9.154)� (9.158).

(b3)Let t f 0 andlet (9.154)hold. Then(9.155)� (9.156).

(b4)For each t f 0, conditions(i)–(iv) areequivalent,where

(i) Equations(9.159)–(9.161)(theeIARE)aresatisfied;
(ii) Equations(9.153)–(9.161)aresatisfied;
(iii) Equations(9.154),(9.155)and(9.157)hold.
(iv) Equations(9.158),(9.155)and(9.157)hold.

(b5) If (i), (ii) or (iii) holdsfor somet � 0, then(i)–(iii) hold for nt (n � N).

(b6) If (P4) of (d1) holds,(9.157)holdsfor each t � tn (n � N), and S � TIC,
then S� J Sª� S.
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If @ F is stable, then(c1)–(d2)hold:

(c1)WehaveS π [ 0 < t � �Ñ� �
L2 � for all t f 0.

(c2)Assumethat 89�a@)�F J @ F . Then(9.160)is equivalenttoM B F u � J B F vN L2 � R � ;U � ��M u � SvN L2 � R � ;U � �
u � v � L2 � * 0 � t � ;U ��� � (9.162)

Moreover, if either holds for all t � 0, then (9.162) holds for all u � v �
L2

ω
�
R � ;U � # L2

c andall ω � 0.

(c3) If 89��@��F J @ F , then(9.154)is equivalenttoM B F π � u � J @ F x0N L2 � R � ;U � � 0
�
u � L2 � * 0 � t � ;U � � x0 � H � � (9.163)

Moreover, if either holds for all t � 0, then (9.163) holds for all u �
L2

ω
�
R � ;U � # L2

c andall ω � 0.

(c4)Assumethat 89�a@)�F J @ F , and M B F π � u � J @ F x0N � 0 for all u � L2
c.

Thenthere is a unique �S ��� �
U � s.t. M S u � J S uN ��M u � �SuN (u � L2

c).

Moreover, �S � �S� �'� �
U � , all of (P1)–(P4)hold, and (9.153)–(9.163)are

satisfiedfor all t f 0 with �Sin placeof S.

(d1)Wehave

(P1) 89�a@��F J @ F
iff (9.155)holdsfor all t f 0 andany(henceall) of (P2)–(P4)holds,where

(P2) M " tF x0 ��8 " tF x0N�4 0, ast 4 # ∞, for all x0 � H;

(P3)
" tF � 8 " tF x0 4 0, ast 4 # ∞, for all x0 � H;

(P4) There is a sequence G tn K s.t. tn 4 # ∞ as n 4 # ∞ andM " tnF x0 ��8 " tnF x0N�4 0 for all x0 � H.

All thisholdsevenif werestrictt to anunboundedsetR ( R � . If (P1)holds,
then 8 " tF x0 4 0, as t 4 # ∞, for all x0 � H. (Notethat if

" F is strongly
stable, then(P2)–(P4)hold.)

(d2) Let @ and D be stable. Then 8H�A@�� J @gP D � SD iff (9.159)holds for
all t f 0 and any (henceall) of (P2)–(P4)holds with

"
in place of

" F .
Moreover, 89�a@ � J @íP D � SD impliesthat 8 " t x0 4 0 for all x0 � H.

If both @ F and S9� B F arestable, then(e1)–(f2)hold:

(e1)Assumethat 8+�ª@ �F J @ F . Then(9.154)holdsfor all t f 0 iff π � B �F J @ F �
0. In fact, it is sufficientthat (9.154)holdsfor t � tn, n � N, where tn 4 # ∞
asn 4 # ∞.

(e2)If π � B �F J @ F � 0, then �S: ��S)� J Sª� �S� ��� �
U � .

(f1) If 89�a@)�F J @ F and S)� J Sª� S, then(9.160)holdsfor all t f 0.
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(f2) Conversely, assumethat (9.160)holds for all t f 0. Thenthe following
hold:

If S)� J S²� S, then(P1)–(P4)hold on H� (insteadof H). If (P1), (P2), (P3)
or (P4)holdson H� , then S)� J S9� S.

For (f2), we recall from Lemma6.3.26(b3),that the reachability subspace
H� ~ of Σ F equalsthatof H� , i.e., theclosure(in H) ofG $ t u II u � π [ 0 < t � L2 � t f 0 K � (9.164)

Proof:
(a) Multiply by Q t or

O t to theleft.
(b1)Insert(9.158)into (9.159)to obtain(9.156)(recallthat @ tF �}@ t # S t D t

and
" tF � " t #`$ t Q t D t ).
(b2) Use equations@ tF �o@ t #}B tF D t ,

" tF � " t #}$ tF D t , and (9.160) to
obtainthat(cf. Lemma5.5of [S98b])B tF � J @ tF #Y$ tF � 8 " tF � SD t # S t � J @ t # Q t � $ t � 8 " t � (9.165)

(b3)By (6.132),thedifference(9.155)P (9.156)� is equaltoD t � ó B tF � J @ tF #`$ tF � 8 " tF ô � D � 0 � 0 � (9.166)

(b4) “(i) � (ii)”&“(i v) � (iii) � (ii)”: Thesefollow easily from (a)–(b3);
trivially (ii) implies(i), (iii) and(iv).

(b5) Apply Lemma 14.2.1 for A : � " t , B : � $ t , ...; equivalently, use
discretization(cf. Proposition9.8.7) to seethat if (i) holds for somet, then
(i) holdsfor tN. Combinethiswith (b4) to obtain(b5).

(b6) From (9.157) we obtain that M S u � J S uNX�7M u � SuN for u � π [ 0 < T � L2,
because$ tF u � " t - TF $ TF u. BecauseT wasarbitrary, S)� J Sª� S, by density.

(c1)This followsfrom Lemma6.1.11andthestabilityof @ F (alternatively,
from (9.167)).

(c2) (In discretetime, we have (9.162)for all u � v ��� 1 � Z;U � , by Lemma
13.3.8(b3);cf. Theorem14.1.3.)Now

π [ t <∞ � S π [ 0 < t � � τ - tπ ��S π - τtπ [ 0 < t � � τ - t @ F $ F τtπ [ 0 < t � ��� �
L2 � � (9.167)

henceM π [ t <∞ � S π [ 0 < t � u � Jπ [ t <∞ � S π [ 0 < t � vN���M τ - t @ F $ F τtπ [ 0 < t � u � Jτ - t @ F $ F τtπ [ 0 < t � vN
(9.168)��M $ tF u ��8 $ tF vN �

u � v � L2 � � (9.169)

Consequently, M u � π [ 0 < t � SvNz�>MµS π [ 0 < t � u � � π [ 0 < t � # π [ t <∞ � � J S π [ 0 < t � vN for u � L2 if f
(9.157)holds(equivalently, (9.160)holds,by (a1)).

The last claim follows from Lemma 2.1.13 (both sides are valid on
L2

c
�
R � ;U � andcontinuousfunctionson L2

ω
�
R � ;U � À L2

ω
�
R � ;U � ).
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(c3) This follows from

π [ 0 < t � τ � P t � $ �F � @ �F J @ F � " F �
t � � π [ 0 < t � τ � P t � π - B �F π � Jπ � τ

�
t � @ F (9.170)� π [ 0 < t � B �F Jτ

� P t � π � τ
�
t � @ F � π [ 0 < t � B �F Jπ [ t <∞ � @ F � (9.171)

Thelastclaim follows from Lemma2.1.13asin (c2).
(c4) Now M S π � v� J S π - uN �HMµS π � v� J @ F $ F uN � 0 for all u � v � L2

c, hence
thereis a unique �S � �S� �Y� �

U � s.t. M S u � J S uN��nM u � SuN (u � L2
c), by (c1) and

Lemma2.3.1.
By (9.167),we have $ tF � 8 $ tF � �

π [ t <∞ � S π [ 0 < t � � � Jπ [ t <∞ � S π [ 0 < t � . It follows

that(9.157)holdswith �S in placeof S; this for all t f 0.
From(d1) it follows that (P1)–(P4)and(9.155)hold for all t f 0; by (c3),

(9.154)holdsfor all t f 0.
By (a1), (b3), (b2) and(b1), (9.153)–(9.158)hold for all t f 0 with �S in

placeof S.
(d1) 1Í Equivalence: Assume (9.155). For any x0 � H, we have

π [ 0 < t � @ F x0 4 @ F x0 in L2, by Corollary B.3.8. Therefore,@)�F Jπ [ 0 < t � @ F x0 4@��F J @ F x0.
Consequently,

" tF � 8 " tF 4 8nP²@ �F J @ F strongly (where t � R if the
assumptionholdsonR only), hence(P1)–(P4)areequivalent.

2Í Claim 8 " tF x0 4 0: Assume(P1).Then(weuseDefinition6.1.1(3.)and
CorollaryB.3.8)8 " tF x0 �a@ �F J @ F " tF x0 �a@ �F Jπ � τt @ F x0 4�@ �F 0 � 0 � (9.172)

However, (9.172)is not sufficient,by Example9.13.11,unless
" F is stable.

(d2)Theproof is analogousto thatof (d1) ( @ F neednotbestablehere;also
heret canberestrictedto R).

(e1) This follows from (c3), becauseπ [ 0 < t � B �F J @ F � 0 for all t f 0 if f
π � B �F J @ F � 0.

(e2) Now
�
π - S� J S π � � ��� π � S)� J S π - � π ��S)� J @ F $ F � 0, henceS  : �S)� J S ��� �

U � , by Lemma2.1.7,andS  � S  � .
(f1) This follows from (c2)andCorollaryB.3.8.
(f2) By the proof of (c2), we have π [ 0 < t � S)� J S π [ 0 < t � � S if f $ tF � 8 $ tF �$ tF � @��F J @ F $ tF . But π [ 0 < t � S)� J S π [ 0 < t � � S for all t � 0 if f S)� J S>� S, by

CorollaryB.3.8,hencewemusthave $ tF � 8 $ tF � $ tF � @��F J @ F $ tF for all t � 0,
equivalently, 89��@��F J @ F onH� ~ � H� , by continuity.

But (P1)on H� implies (P2)–(P4)on H� , asin theproof of (d1). Because
eachof (P2)and(P3)implies(P4)(on H� ) it only remainsto assume(P4)and
prove that S)� J Sª� S.

Assume(P4).Let T � 0, andchooseu � π [ 0 < T � L2. Thenτ
�
T � u � π - τ

�
T � u,

hence $ F τ
�
t � π � u � $ F τ

�
t P T � π - τ

�
T � u � " F �

t P T � xu � (9.173)

wherexu : � $ F π - τ
�
T � u. Thus, M $ F τ

�
tn � π � u ��8 $ F τ

�
tn � π � uN¯4 0, asn 4 ∞,

by (P4).By (9.157),it follows that(for tn � T)M u � π [ 0 < tn � � S P�S � Jπ [ 0 < tn � S � π [ 0 < tn � uN ��M u � � S P�S � Jπ [ 0 < tn � S � uN�4 0 � (9.174)
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asn 4 ∞. But
�
S PíS)� Jπ [ 0 < tn � S � u 4 �

S PíS � J S � u, henceM u � � S P�S�� J S � uNR� 0.
BecauseT � 0 andu � π [ 0 < T � L2 werearbitrary, wehaveS ��S)� J S . =
Now we arereadyto establishtheequivalencebetweenJ-critical controland

theeIARE, in (c)–(e2)below:

Proposition 9.10.2 Let Σ, Σ F , ��D E 
 , J and 8 be as in Lemma9.10.1,and
let @ F bestable. Thenthefollowinghold:

(a1)Conditions(i)–(iv) areequivalent,where

(i) M B F π � u � J @ F x0N�� 0 for all u � L2
c andx0 � H, and 89��@ �F J @ F ;

(i’) B t � J @ tF #Y$ t � 8 " tF � 0 for all t � 0 and 8g�a@��F J @ F ;
(ii) Equations(9.159)–(9.161)(the eIARE) are satisfiedfor someS �� �

U � andsomeT : � t � 0, andsomeof (P1)–(P4)holdsfor t � R : �
TN;

(iii) Equations(9.153)–(9.163)are satisfiedfor a uniqueS � S� �Y� �
U �

andall t f 0, andall of (P1)–(P4)hold (for t � R : � R � );
(iv) Wehave M y� JyN ��M x0 ��8 x0N # M uF � SuF N for all x0 � H, uF � L2

c, where
y : ��@ x0 #YB u � L2, u : � D;F x0 # Q uF .

(Notethat y ��@ F x0 #YB F uF � L2 in (iv), byLemma6.1.11.)

(a2)Let Σext � Σ F � SOS. Thenwecanreplace(P1)–(P4)in (ii) by

(P’) M " t x0 ��8 " t x0N�4 0, ast 4 ∞, for all x0 � H.

(b1)Assumethat D;F x0 � �5�� � x0 � for all x0 � H. ThenQ L2
c
�
R � ;U �z( �5�� � 0� .

(b2)Let B F bestable. Then(i) holdsiff 8g�a@��F J @ F andπ � B �F J @ F � 0.

(b3) Assume(i). Let u � L2
∞
�
R � ;U � be s.t. B u � L2. Then M $ τt u ��8 " tF x0N¯4PXM B u � J @ F x0N , ast 4 # ∞, for each x0 � H.

If, in addition, M B u � J @ F x0N � 0 for each x0 � H, then(9.175)holds.

(b4) If ��D E 
 is J-critical, then,for all u � � �� � 0� , wehaveM B u � J B Q ηN���MÿQ - 1u � SηN �
η � L2

c
�
R;U ��� � (9.175)

(c) ( � ���?��� �� ) Thepair ��D E 
 is J-critical over � �� and 8}�ª@ �F J @ F iff (i) holds,DXF x0 � �?�� � x0 � for all x0 � H, andM $ t u ��8 " tF x0N�4 0 � as t 4 # ∞ � �
x0 � H � u � � �� � 0��� � (9.176)

(d) ( � exp� exp� exp) Let Σ F be exponentiallystable. Then � exp
�
0� �ËQ L2 � R � ;U � .

Moreover, (i) holdsiff ��D E 
 is J-critical over � exp and 8ª��@)�F J @ F .

(e1)( � out� out� out) Thepair ��D E 
 is J-critical over � out and 8ª�a@)�F J @ F iff D;F
is stableand(i) and(9.176)hold.

(e2) Let ��D E 
 be q.r.c.-SOS-stabilizing. Then � out
�
0� �wQ L2 � R � ;U � .

Moreover, � D E 
 is J-critical over � out and 8g�a@��F J @ F iff (i) holds.
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(f1) ( � str �)� sta� str ��� sta� str �� sta) Assumethat �5�� �Ó� sta(resp. �5�� �w� str). Then ��D E 
 is J-

critical over �5�� and 8+��@��F J @ F iff � " TF @ TF D TF 
 T
is (resp.strongly)

stableand(i) and(9.176)hold.

(f2) Assumethat � �� �7� sta [or � �� �±� str] and that � D E 
 is [strongly]
q.r.c.-stabilizing. Then � �� � 0� �aQ L2 � R � ;U � . Moreover, D;F is J-critical
over � �� and 8g�a@ �F J @ F iff (i) holds.

(g) Let ��D E 
 beJ-critical over �?�� and 8²�:@��F J @ F . Then D;F x0 # Q uF
is J-critical over �5�� for x0 whenever x0 � H, uF � L2

c andSuF � 0.

(h) Wemayrestrictt to R : � TN or anyotherunboundedR ( N in (9.176),(P’)
and(P1)–(P4).

By (e2),a J-critical controlover � out canbegivenin theform of q.r.c.-SOS-
stabilizingstatefeedbackif f theeIARE hasa q.r.c.-SOS-stabilizingsolution. In
eithercase,weobtain 8��+@)�F J @ F from (i). Thisis writtenoutin Theorem9.9.10.

By (a1), the solutionsof (i) correspondone-to-oneto the P-@ -stabilizing
solutionsof the eIARE. (For other @ -stabilizing solutionsof the eIARE, the
correspondingcost @ �F J @ F is finite but 8 containssome“phantomcost”, hence
suchsolutionsarenot interesting;cf. Example9.13.9.)

Proof: (a1)(Here“(b5)”, “(c3)”, “(c4)”, “(d1)” and“(P1)” referto Lemma
9.10.1.)

“(iii) � (ii)”: This is trivial. “(i) � (i’)”: This follows from (c3) and(a1).
“(i) � (iii)”: This follows from (c4)with S: � �S.

“(ii) � (i)”: By (b5), the equationshold for nt (n � N); by (d1), equation89��@ �F J @ F holds;by (c3) (appliedto nt, n � N), (i) holds.
“(iii) � (iv)”: This follows from (P1),(9.163)and(9.162).
“(i v) � (i)”: This is obvious(cf. theproof of Lemma8.3.7).
(a2)1Í Assume(iii). Then @)�F J @ F �a@�� J @íP D � SD , by a directcomputa-

tion usingequations@ F �:@ # S D , S)� J S�� Sandπ ��S� J @ F � 0, hence(P’)
holds,by Lemma9.9.1(d2).

2Í Assume(ii) with (P’) in placeof (P1)–(P4).By Lemma9.9.1(d2),we
have 8g�a@ � J @íP D � SD and 8 " nT x0 4 0 for eachx0 � H. By theformer,8 $ τ DùF ��@ � τJτ � @ $ τt DXF # D � τSτ � D $ τt D]F � (9.177)

Fix x0 � H. Now τ - nT @ $ τnT D;F x0 � π [ nT < � ∞ � B π � - ∞ < nT � DXF x0 4 0, be-
causeπ [ nT < � ∞ � B DùF x0 4 0 and π [ nT < � ∞ � DXF x0 4 0, asn 4 ∞. Analogously,
τ - nT D $ τnT D;F x0 4 0, hence8 " nTF x0 �:8 " nTx0 # 8 $ τnT DXF x0 4 0 � (9.178)

Therefore,(ii) holds.
(b1)Let t � 0 andη F � L2 � * 0 � t � ;U � . Set �η : �+Q t η F anddefineη � �5�� � 0�

asin Lemma9.7.10.Then

η �gQ t η F # τ - t DXF $ F τtη F � τ - t � π - Q π - # π �¯Q π - � τtη F �9Q η F � (9.179)

(b2) This follows from thefact thatnow B F π [ 0 < t � u 4 B F π � u, ast 4 # ∞,
by CorollaryB.3.8.
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(b3) Chooseω � R s.t.u � L2
ω
�
R � ;U � . Since(b4) containsno referenceto�5�� , wecan(andwill) assumethat �?�� : �o� ω[ 0 0 \ , sothatu � �5�� � 0� .

1Í Theconvergenceclaim follows from (iii) and(9.62).
2Í For the latter claim, chooset � 0 s.t. η � π � - ∞ < t � η, and set uF : �Q - 1u, so that u1 : �:Q π [ 0 < t � uF � Q π � L2

c, henceB u1 � L2, i.e., u1 � � �� � 0� .
Consequently, u2 : �ªQ π [ t <∞ � uF � u PíQ π [ 0 < t � uF � � �� � 0� , henceτtu2 � � �� � 0�
too (becauseπ [ 0 < t � u2 � 0). Consequently,M B u � J B Q ηNá��M B Q π [ 0 < t � uF � J S ηN # M π [ t <∞ � B Q π [ t <∞ � uF � J S ηN��M π [ 0 < t � uF � SηN # 0 ��MÿQ - 1u � SηN�� (9.180)

(note that (9.162) holds for all u � v � L2
c, by time-invariance) becauseM π [ 0 < t � uF � SηN ��M uF � SηN and

π [ t <∞ � J S η � τ - tJπ �áS τt η � τ - tJ @ F $ F τtη � (9.181)

henceM B u2 � π [ t <∞ � J S ηN���M B τt u2 � J @ F $ F τtηN � 0, by theassumption.
(b4) This follows from (b3). (Note that in (9.175), the (inner product)

integral canbe taken over over a finite interval only, hencewe have allowedQ - 1u �� L2.)
(c) Since(i) is equivalentto (i’), we obtainfrom (b3) that(9.176)holdsif fM B u � J @ F x0N�� 0 for all x0 � H andall u � �5�� � 0� . Therefore,(c) holds.
(d) By (8.74),wehave � exp

�
0� �gQ L2 � R � ;U � . Therefore,theequivalence

follows from (b2).
(e1)&(f1) Thesefollows from (c).
(e2)Let (ii) hold. Then � out

�
0� �ªQ π � L2, becauseu � B u � L2 � Qg- 1u �

L2, by Lemma6.5.6(a1)&(f).Therefore,theequivalencefollows from (b2).
(f2) Theproof is analogousto thatof (e2).
(g) Let x0 � H, uF � L2

c and SuF � 0. Set �u : � DXF x0 # Q uF . ThenM B u � J � @ x0 #YB �u � N�� 0 # M B u � J B Q uF N�� 0, by (9.175), for all u � �5�� � 0� .
Therefore,�u is J-critical over �5�� for x0.

(h) Oneobservesthis from aboveproofs. =
We have alreadyshown thatJ-coercivity implies theexistenceof a uniqueJ-

critical control(if thesystemis stabilizable);hereweshow thatit alsoimpliesthat
thesignatureoperatoris invertible:

Lemma 9.10.3(J-coercive � S � j � �
U �� S � j � �
U �� S � j � �
U � ) Assumethat B is [positively] J-

coerciveover � �� . If
� 8q� S� ��D E 
 � is a � �� -stabilizingsolutionof theeIARE,

thenS � j � �
U � [S � 0].

SeealsoLemma9.9.7(c4)&(c5).
Proof: Chooseβ f maxG 0 � ϑ K s.t. Q � j

TICβ. Set ε   : �CÞ�Q}- 1 Þ - 1
TICβ

ε,

ε     : � ε   ç 1
0 e- 2βsds. Let ε be as in Definition 8.4.1. Choose M : �Þ π [ 0 < 1� Q - 1π [ 0 < 1� Þ ë � L2 � .

Let u0 � U be given. SetuF : � χ [ 0 < 1� u0, so that u : �nQ uF � �5�� � 0� , by
Proposition9.10.2(c)&(b1).Choosev � �5�� � 0� s.t. Þ v Þ�� ÂÂ è 1 and M B v� J B uN�f
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ε Þ u Þ � ÂÂ . It follows that Þ v Þ 2 è 1. The function Þ u Þ 2
L2

ω
� ç R e- 2ωt Þ u � t � Þ 2

U dt is
decreasingin ω; therefore,by (9.175),wehave

M Þ Su0 Þ U fÓÞ π [ 0 < 1� Q - 1π [ 0 < 1� ÞêÞ v Þ 2 Þ Su0 Þ U f æ MÿQ - 1v� SuF N æ (9.182)� æ M B v� J B uN æ f ε Þ u Þ�� ÂÂ f ε Þ u Þ L2
β
f ε   Þ uF Þ L2

β
� ε     Þ u0 Þ U � (9.183)

Becauseu0 � U was arbitrary, S is coercive, henceS � j � �
U � , by Lemma

A.3.1(c4)[andnecessarilyS f 0, henceS � 0, LemmaA.3.1(b1)]. =
(Seethenotesonp. 520.)
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9.11 Proofsfor Section9.8: eCARE 0 eIARE

If I hadonly known,I wouldhavebeena locksmith.

— Albert Einstein(1879–1955)

Having establishedthe connectionbetween optimal control and a �5�� -
stabilizingsolutionof theeIARE in theprevioussection,we now go on to show
theeIARE equivalentto theeCAREin theregularcase.We startwith a technical
result:

Lemma 9.11.1 Let
� 8q� S� � D E 
 � bea solutionof theeIAREs.t.Σext � WPLS.

Let x and y be the state and output of Σ correspondingto initial state
x0 � H and input u � L2

ω
�
R � ;U � . Fix t f 0, and let xd and ud be the state

andoutputof Σd
ext correspondingto initial statexd

0 : �w8 x
�
t � , and inputsyd � s� �

Jy
�
t P s� � zd � s� � S

� O
u P D x0 ��� � t P s� (s �ª* 0 � t , ). Then,for s �ª* 0 � t , , we have

xd � t P s� �a8 x
�
s� and

π [ 0 < t � ud � t P � � �wP Sπ [ 0 < t � ó/D x0 P O
π [ 0 < t � uô � (9.184)

Proof: (a) Now x : � "
x0 #`$ τu, y : �a@ x0 #'B u, xd � t P s� : � " �

t P s� � xd
0 #@�� Rτ

�
t P s� yd # D � Rτ

�
t P s� zd, andud � t P � � � $ � xd

0 # RB � Ryd # RE � Rzd (see
Lemma6.1.4andDefinition6.1.5).

Notethat @ � R��@ � Rπ - , yd � t P s� � Jπ � Rτ
�
t � y and

Rπ - τ
�
t P s� Jπ � Rτ

�
t � π �»� π � τ

� P �
t P s��� π - τ

�
t � π � J � π [ 0 < t - s� τ � s� J � (9.185)

Therefore,(recallfrom Definition6.1.1,thatπ � τ
�
s� @+��@ " �

s� , $ τ
�
t P s� π - �" �

t P s� $ , andπ � B π - ��@ $ )

xd � t P s� � " �
t P s� � 8 � " �

t � x0 #`$ τ
�
t � u�# @ � π [ 0 < t - s� τ � s� J � @ x0 #'B u� # D � π [ 0 < t - s� τ � s� S � P D x0 # O

u�� " �
t P s� � 8 " �

t P s� " �
s� x0 # @ � π [ 0 < t - s� J @ " �

s� x0 P D � π [ 0 < t - s� SD " �
s� x0# ó " �

t P s� � 8 $ τ
�
t P s� # @ � π [ 0 < t - s� J B�# D � π [ 0 < t - s� SO ô �

π [ 0 < t - s� # π - � τ � s� u�:8 " �
s� x0 # 0 # ó " �

t P s� � 8 $ τ
�
t P s� # @ � π [ 0 < t - s� J B�# D � π [ 0 < t - s� SO ô π - τ

�
s� u�:8 " �

s� x0 # 8 $ τ
�
s� u �n8 x

�
s� �

(9.186)
wherethelastthreeidentitiesfollow from (9.161)(in fact,(9.161)� ) and(9.159)
(with $ τ

�
t P s� π - � " �

t P s� $ , π � B π - ��@ $ andπ � O π - �HP D $ ). Similarly
(weomit thedetails),

π # Rτ
�
t � ud � π � τ

� P t � $ � 8 x
�
t � # π � τ

� P t � B � RJπ � Rτ
�
t � y# π � τ

� P t � E � RSπ � Rτ
�
t � � O u P D x0 ���� π [ 0 < t � SO u P Sπ [ 0 < t � D x0 � (9.187)

by (9.161)and(9.160),asabove. =
In Lemma 9.11.2 and Proposition 9.11.4 we establish the implication

eIARE� eCARE.
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SincetheLyapunov equationdoesnotcontainfeedthroughoperators,it is very
handyto movefrom its differential(instantaneous)form to theintegratedoneand
conversely:

Lemma 9.11.2(Lyapunov equation) Let S � � �
U � and � � �� 	h i � �

WPLS
�
U � H � Y À U � .

Then 8 �'� �
H � satisfiestheLyapunov equationA�!8 # 8 A # C � JC � K � SK

( ��� �
H1 � H �- 1 � ) iff (9.159)holdsfor all t f 0. =

(This follows from Lemma9.7.8with �J 34 ��- J 0
0 S


 andP 34Ã8 .)
Note that this equationdoesnot requireany regularity assumptionsunlike

thesecondandthird equationsof theCARE (which containexplicit feedthrough
operators),treatedin Proposition9.11.4.

Now we have obtainedthe first equation(the Lyapunov equation)of the
eCARE.Therestis not assimple. For S, we needdifferentformulaein different
occasions.Severalsuchformulae,including themiddleequationof theeCARE,
canbederivedfrom (9.190)or (9.188),thatwill beestablishedbelow.

Proposition 9.11.3(X � SX � D � JD # �����X � SX � D � JD # �����X � SX � D � JD # ����� ) Let the eIARE have a solution� 8q� S�£��D E 
 � . Setω � maxG 0 � ωA
K . Then,for all s� z � C �

ω and u0 � v0 � U,
wehaveM mO �

s� u0 � SmO �
z� v0N U �}M mB �

s� u0 � J mB �
z� v0N Y # �

s # z̄� M � s P A� - 1Bu0 ��8 �
z P A� - 1Bv0N Y �

(9.188)
In particular,

(a) If B � O � WR, thenX � SX � w-limsv � ∞ D � JD # B�w 8 �
s P A� - 1B.

(b) If B � O � SR, thenX � SX � D � JD # s-limsv � ∞ 2sB� � s P A� � - 1 8 �
s P A� - 1B.

(c) If B � O � $ τ � SVR, thenD � JD � X � SX.

Note that the conclusionsinclude the convergenceof the limits (including
the fact that 8 �

s P A� - 1Bu0 � Dom
�
B�w � for all u0 � U in (a), etc.). From (b)

we observe that if B and
O

areSR and Þ � s P A� - 1B Þ è s- r for somer � 1ä 2
andall real s big enough(this is true for r � 1ä 2, by Theorem6.2.11(b3)),then
X � SX � D � JD. Thus,thew-lim termcanbenonzeroonly whenB is “maximally
unbounded”.SeeRemark9.9.14(b)for somefurther sufficient assumptionsfor
X � SX � D � JD.

Proof: (In fact, it suffices that
O t � SO t � B t � J B t #+$ t � 8 $ t for all t � 0,

Σ � WPLS
�
U � H � Y � , O � TIC∞, S� J ��8 ��� , andthatthereis α f 0 s.t.s� z � C �

α
and $ τ � B � O � TICα.)

Let u : � estu0, v : � eztv0, so that π - u � π - v � L2
α for some α � ω,

and work as in the proof of Lemma 2.2.4 (note that M $ t τtu ��8 $ t τtuN H 4M � s P A� - 1Bu0 ��8 �
s P A� - 1Bu0N H , by Lemma 6.2.10). Divide the result byç 0- ∞ ets� tz̄dt � �

s # z̄� - 1 to obtain(9.188).

In the sequelwe shall use the facts that �$ τu0
�
s� � �

s P A� - 1Bu0, by
Theorem6.2.11(b1),and $ τ is ULR, by Lemma6.3.16(c).
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(a) Let s 4 # ∞ in (9.188) (recall that “s 4 # ∞” means“s � R and
s 4 # ∞”) to obtainM Xu0 � SmO �

z� v0N U ��M Du0 � J mB �
z� v0N Y # M u0 � B�w 8 �

z P A� - 1Bv0N Y # z̄
�
0 (9.189)

(indeed,the limit M Xu0 � SmO �
z� v0N U P`M Du0 � J mB �

z� v0N Y existsandu0 is arbitrary,
wehave 8 �

z P A� - 1Bv0 � Dom
�
B�w � ). Thenlet z 4 # ∞ to obtain(a).

(b) Substitutez 34 s into (9.188),andlet s 4 # ∞ (useLemmaA.3.1(i2)).
(c) Justsubstitutez� s 34 β # iy into (9.188),andlet y 4 # ∞. =

When B and E are WR, we can derive also the second(at least)and third
equationsof theeCARE:

Proposition 9.11.4(WR eIARE � � � eCARE) Let B be WR, and let the eIARE
havea WRsolution

� 8�� S� � D E 
 � . Thenwehavethefollowing:

(a) If x0 � H, u0 � U andAx0 # Bu0 � H, then�
B�w 8 # D � JCw # X � SKw � x0 � �

X � SX P D � JD � u0 � (9.190)

(b1)For anyu0 � U wehave

X � SXu0 � D � JDu0 # w-lim
α v � ∞

B�w 8 �
α P A� - 1Bu0 � (9.191)

(b2) If S � TIC � SHPRand
O � SR, thenD � JD � X � SX.

(b3) If B�w 8 ��� �
H � U � , thenX � SX � D � JD.

(c1) If B � E � SR, then 8�f 0 � X � SX f D � JD.

(c2) If E � SR, then 8q� J f 0 � X � SX f D � JD.

(d) X � SKx0 �LP �
B�w 8 # D � JC� x0 for all x0 � Dom

�
A� .

If ��D E 
 is admissibleand I P F is left-invertible (this is the caseif E
is SR, by Proposition6.3.1(a1)),thenwe canapply (d1) (and(d2) if F � 0) of
Proposition6.6.18.

Proof: (a) In theproof of Lemma9.8.9,wehave,by Lemma9.11.1,that

ud � $ dxd
0 #YB dyd # E dzd � B�wxd # D � yd # F � zd � (9.192)

hence,by (9.184),Theorem6.2.13(a2),Lemma6.2.9(b),

Sπ [ 0 < t � z � ud � t P � � � B�w 8 x # D � Jy # F � Sz� equivalently � (9.193)

X � Sz � B�w 8 x # D � Jy (on * 0 � t � ). (9.194)

But z is the outputof � � �- h � � , hencez �ÒP Kwx # Xu. Thus,by settingthe

argumentequalto zero, (9.194)becomes(9.190)when we note that y
�
0� �

Cwx0 # Du0.

(b1) Take x0 : � �
α P A� - 1Bu0 � HB and apply (a) (note that, � Cw

Kw
� � α P

A� - 1Bu0 4 0 weaklyasα 4 # ∞, by Theorem6.2.11(d1)).
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(b2) We have B �aS O
, henceB � SRandD � NX, by Lemma6.2.5. ButS)� J S²� S, by Lemma9.10.1(c2)andcontinuity, henceN � JN � S, by Lemma

6.3.6(b),henceD � JD � X � SX.
(b3) By Lemma A.4.4(d3) (with H - 1 in place of H), we have

�
s P

A� - 1Bu0 4 0 in H, ass 4 # ∞, for all u0 � U , hence(b3) follows from (b1).
(Notethatnow also

�
B�w 8 � w � B�w 8 �Ñ� �

H � U � .)
(c1) This follows from Proposition9.11.3(b).
(c2) This follows as in (c1), becausethe term M Cw

�
s P A� - 1Bu0 � JDu0N

and its adjoint converge to zero, the term M Du0 � JDu0N is constant, andM Cw
�
s P A� - 1Bu0 � JCw

�
s P A� - 1Bu0N¯f 0.

(d) Take u0 � 0 in (a). =
Having shown theimplicationeIARE� eCAREin Lemma9.11.2andin (b1)

and(d) of Proposition9.11.4,wenow turn our attentionto theconversedirection
eCARE� eIARE.We startby sometechnicalimplicationsof theeCARE:

Lemma 9.11.5(eCARE� � � ) Let B be WR, and let
� 8�� S�£� K I P X 
 � be a

solution of the eCARE(in fact, equationK � SK � A�!8 # 8 A # C � JC neednot
hold). Then 8 ��� �

HB � Dom
�
B�w ��� and

(a)
�
B�w 8 # D � JCw # �

X � SK � w � x0 � �
X � SX P D � JD � u0 � w-limsv � ∞ B�w 8 �

s P
A� - 1Bu0 wheneverAx0 # Bu0 � H.

If, in addition,X � S � j � �
U � , thenwehavethefollowing:

(b) Kw � B�w 8 ��� �
HB � U �z( � �

H1 � U � .
(c)

�
B�w 8 � w � B�w 8 �n� �

HB � U � , but
�
B�w 8 � w � B�w 8aP w-limsv � ∞ B�w 8 �

s P
A� - 1Bu0 although

�
B�w 8 � w � B�w 8 onH1.

(d) If � A B
C
K

� generatea WPLSΣext, thenΣext is WR.

(e)Σext in (d) is SR[UR] iff Σ is SR[UR] andtheweaklimit in theCAREexists
asstrong[uniform] limit too.

As one observes from 2Í of the proof, for any WR Σ � ��� �� 	�
p�
WPLS

�
U � H � Y � , J � J � �p� �

U � Y � , 8 �p� �
H � , andB�w 8 ��� �

H1 � U � , we haveã � B�w 8 # D � JC� wx0 for all x0 � HB
� ã w-limα v ∞ B�w 8 �

α P A� - 1Bu0 for all
u0 � U . Thus,assumingX � S � j � �

U � , the weakregularity of K (i.e., that ofE and
O

) is containedin (equivalent to) the assumptionon convergenceof the
secondequationof eCARE!

Proof: (Thefirst equationof theeCAREis not usedin this proof.)
(a) (Weproveherealsoapartof (b).)
1Í The inclusion 8 * HB , ( Dom

�
B�w � was noted in Remark 9.1.6. By

LemmaA.3.6, it followsthat 8 �Ñ� �
HB � Dom

�
B�w ��� , henceB�w 8 �»� �

HB � U �á(� �
H1 � U � .
2Í “HB ( Dom

���
X � SK � w � ” & (a): Let x0 � HB andu0 � U be s.t. z0 : �

Ax0 # Bu0 � H (see Definition 6.1.17). Set xs : � s
�
s P A� - 1x0 � H1 so

that
�
X � SK � wx0 : � w-limsv � ∞

�
X � SK � xs, by Proposition6.2.8(a1),oncethe
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convergenceof this limit is established;this will be donebelow: using the
eCARE,weget

X � SKxs � P D � JCxs P B�w 8 xs� P D � JCwx0 P B�w 8 x0 # w-lim
sv � ∞

B�w 8 �
s P A� - 1Bu0 �

since
B�w 8 xs � B�w 8 s

�
s P A� - 1x0 � B�w 8 �

I # A
�
s P A� - 1 � x0� B�w 8 x0 # B�w 8 �

s P A� - 1 � z0 P Bu0 �� B�w 8 x0 # 0 P w-lim
sv � ∞

B�w 8 �
s P A� - 1Bu0 �

because
�
s P A� - 1z0 4H1

0, by LemmaA.4.4(d3),andB�w 8 ��� �
H1 � U � .

(b) SinceX � S �%� �
U � , we now have HB ( Dom

�
Kw � , by 2Í . By Lemma

A.3.6, this impliesthatKw �Ñ� �
HB � U � .

(c) If x0 � HB andu0 � U ares.t.Ax0 # Bu0 � H (seeDefinition6.1.17),then
the latter limit in 2Í shows that

�
B�w 8 � wx0 � B�w 8 x0 P w-limsv � ∞ B�w 8 �

s P
A� - 1Bu0 (and that this limit exists). Thus, B�w 8 �9� �

HB � U � (cf. the proof
of (b)). Naturally, both

�
B�w 8 � w and B�w 8 are (continuous)extensionsof

B�w 8 ��� �
H1 � U � .

To getanexamplewhere
�
B�w 8 � wx0 �� B�w 8 x0, apply(9.117)to any u0 �� 0

(with, e.g.,x0 : � �
s P A� - 1Bu0).

(d) Σext is WR iff HB ( Dom
� � CK 


w � � Dom
�
Cw � � Dom

�
Kw � , by Proposi-

tion 6.2.8(a1).If x0 � HB, thenx0 � Dom
�
Cw � by theweakregularity of Σ and

x0 � Dom
�
Kw � by 2Í .

(e) Certainly B � SRis necessary, hencewe assumethat B is SR,andfind
outwhenE is SRtoo,i.e.,whenKw

�
s P A� - 1B 4 0 strongly, equivalently, when

X � SKw
�
s P A� - 1B 4 0 strongly(becauseX � S � j � ).

By substitutingx0 � s
�
s P A� - 1Bu0 into (a),we seethat

X � SKw
�
s P A� - 1B P B�w 8 �

s P A� - 1B �LP D � JCw
�
s P A� - 1B # X � SX P D � JD �

(9.195)
BecauseB is SR,theright-hand-sideconvergesstrongly, ass 4 # ∞. Therefore,
X � SKw

�
s P A� - 1B convergesstronglyif f B�w 8 �

s P A� - 1B convergesstrongly.
The sameproof appliesfor uniform regularity (andfor any other form of

regularity),mutatismutandis. =
Since the secondand third formulae of the eCARE contain feedthrough

operatorsand the term B�w 8 , we needto be careful whenwe “integrate” them
to obtain the eIARE, unlike in the simple caseof the Lyapunov equation(see
Lemma9.11.2).However, we write theproofsin detail,sothatthereadershould
beableto follow thesteps.Westartwith theslightly simplerone,namelythethird
equation:

Lemma 9.11.6(
O t � SD t �wP ó B t � J @ t #`$ t � 8 " t ôO t � SD t �wP ó B t � J @ t #`$ t � 8 " t ôO t � SD t �HP ó B t � J @ t #`$ t � 8 " t ô ) Let Σ be WR, and let the

eCAREhavea WRsolution
� 8q� S� � K I P F 
 � . Then,for all t f 0,O t � SD t �wPgó B t � J @ t #Y$ t � 8 " t ô � (9.196)



516 CHAPTER9. RICCATI EQUATIONSAND J-CRITICAL CONTROL

Proof: Set � �
t � : � O t � SD t #gB t � J @ t #g$ t � 8 " t �g� �

H � L2 � * 0 � t � ;U ��� for
t f 0. By density(seeTheoremB.3.11),it is enoughto show that

f
�
t � : � fu < x0

�
t � : ��M u �¿� �

t � x0N L2 � 0 (9.197)

for arbitraryt f 0, u ��& ∞
c
���

0 � t � ;U � andx0 � H1. Let v� x0 beasabove,andset
(seeTheorem6.2.13(b))

x : � " ��� � x0 ��& 1 � * 0 � ∞ � ;H � � z : � $ t u ��& 1 � R;H �©� & �
R;HB � � O u � W1 < 2

loc ( &
(9.198)

to obtain x  � Ax� z  � Az # Bu� x  � z  �g& �
R;H � ; � O

u� � t � � u
�
t � P Kwz

�
t � ,� B u� � t � � Du

�
t � # Cwz

�
t � , @ x0 � Cx

�
t � , D x0 � Kx

�
t � (see(6.46)). Thus,(to

bebrief, wedropherethe
�
t � ’safteru � x � x  � z� z  )

f
�
t � � Å t

0
M O u � SD x0 N U dt # Å t

0
M B u � J @ x0 N Y dt # M z��8 xN H � (9.199)

Becausef
�
0� � 0 (sincez

�
0� � 0), it is enoughto show that f   � t � � 0 for t f 0,

since,by LemmaB.5.4, f ��& 1 � * 0 � ∞ ��� and

f   � t � ��M Xu P Kwz� SKxN U # M Du # Cwz� JCxN Y # M z��8 xN  H � (9.200)

Now M z��8 xN  H �aM z��8 x  N H # M z  ��8 xN¢�aM z��8 AxN H # M Az # Bu��8 xN H . Setzr : �
r
�
r P A� - 1z � H1 for r � ωA, sothat � Cw

Kw
� z � w-limr v � ∞ � CK 
 zr , by Proposition

6.2.8.Then

f   � t � � lim
r v � ∞

ó/M u � � X � SK # D � JC� xN U # M zr � � C � JC P K � JK � xN H (9.201)# M z��8 AxN H # M Azr ��8 xN # M r � r P A� - 1Bu��8 xN ô � (9.202)

But C � JC P K � JK �wP A�!8%PY8 A, by theeCARE,hence

f   � t � � lim
r v � ∞

ó/M u � � X � SK # D � JC� xN U # M u � B� r � r P A� � - 1 8 xN ô (9.203)��M u � � X � SK # D � JC # B�w 8 � xN U � 0 � (9.204)

by thedefinitionof K. =
Now only thehardestpartof eCARE� eIARE remains:

Lemma 9.11.7(
O t � SO t � B t � J B t #`$ t � 8 $ tO t � SO t � B t � J B t #`$ t � 8 $ tO t � SO t � B t � J B t #`$ t � 8 $ t ) Let Σ be WR,and let the eCARE

havea WRsolution
� 8q� S� � K I P X 
 � . Then,for all t f 0, wehaveO t � SO t � B t � J B t #`$ t � 8 $ t � (9.205)

Proof: The proof below requireseven morepatiencethanthe oneabove.
One might ask whetherthe proof could be simplified in most specialcases,
e.g., when B � MTIC. However, it seemsthat this is not the case; in the
SR case,somedetailswould be slightly but not essentiallysimpler, andeven
for B � MTICL1

, we do not know any way to avoid the tricks with the non-
commutinglimits or similardifficultiesin theproof.

Fix t � 0 (for t � 0 (9.205)is trivial). Let u � W1 < 2 � R;U � , π - u � 0, andset
x : � $ τu. Then,by Theorem6.2.13(b1)(ii),wehavex �Ñ& 1 � R;H �©� & �

R;HB � ,
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x  � Ax # Bu � $ τu  �»& �
R;H � , B u � Cwx # Du,

O
u � Xu P Kwx, x

�
0� � $ u �$ π - u � 0. BecauseCw andKw arecontinuousonHB, by Proposition6.2.8(a1),

functions B u and
O

u arecontinuous,hencesoarefunctions f , g, h, h1 andh2,
that we will definelater. Let T �9* 0 � t � be arbitrary. Set (we will write u for
u
�
T � , x for x

�
T � andx  for x  � T � exceptin “ B u” and“

O
u”)

g
�
T � : ��M � B u� � T � � J � B u� � T � N Y ��M Du # Cwx � JDu # JCwxN Y��M u � D � JDuN U # M u � D � JCwxN U # M D � JCwx � uN U # M Cwx � JCwxN Y �

Setalso

f
�
T � : ��M � O u� � T � � S� O u� � T � N U (9.206)��M Xu � SXuN U P�M Xu � SKwxN U P�M Kwx � SXuN U # M Kwx � SKwxN U � (9.207)

Now x
�
T � � HB neednotbelongto Dom

�
A� , yet thedefinitionof K andthe

Riccatiequationgive us informationfor x0 � Dom
�
A� only. To overcomethis

problem,we definexs : � s
�
s P A� - 1x

�
T � � Dom

�
A� for s � ωA, getting (we

first useProposition6.2.8(a1),thenthe third andfirst equationof theeCARE
with S � S� )

f
�
T � � lim

r v � ∞
lim

sv � ∞
* M u � X � SXuN U P�M u � X � SKxsN U P�M X � S� Kxr � uN U # M Kxr � SKxsN U ,� lim

r v � ∞
lim

sv � ∞
�½M u � X � SXuN U # M Xu � � B�w 8 # D � JC� xsN U# M � B�w 8 # D � JC� xr � XuN U # M Kxr � SKxsN U 
� lim

r v � ∞
lim

sv � ∞
* M u � D � JDuN U # M u � � X � SX P D � JD � uN U# M u � � B�w 8 # D � JC� xsN U # M � B�w 8 # D � JC� xr � uN U# M Axr ��8 xsN H # Mü8 xr � AxsN H # M Cxr � JCxsN Y ,à� g

�
T � # h

�
T � �

where g
�
T � : � limr v � ∞ limsv � ∞ * M u � D � JDuN U # M u � D � JCxsN U #M D � JCxr � uN U # M Cxr � JCxsN Y ,È��M � B u� � T � � � J B u� � T � N Y, and

h
�
T � : � lim

r v � ∞
lim

sv � ∞
� M u � � X � SX P D � JD � uN U # M u � B�w 8 xsN U (9.208)# M Axr ��8 xsN H # M B�w 8 xr � uN U # M�8 xr � AxsN H 
 � (9.209)
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On theotherhand,h
�
T � � h1

�
T � # h2

�
T � , where3

h2
�
T � : � lim

r v ∞
lim
sv ∞

� M B�w 8 xr � uN U # M�8 xr � AxsN H 
� lim
r v ∞

lim
sv ∞

� M B� s� s P A� � - 1 8 xr � uN U # M�8 xr � AxsN H 
� lim
r v ∞

lim
sv ∞

� M�8 xr � s� s P A� - 1BuN H # M�8 xr � s� s P A� - 1AxN H �� lim
r v ∞

lim
sv ∞

�½Mü8 xr � s� s P A� - 1x  N H 
��Mü8 x � x  N H ��M x ��8 x  N H
(thenext to last identity is from LemmaA.4.4(d1)),and

h1
�
T � : � lim

r v ∞
lim
sv ∞

� M u � � X � SX P D � JD � uN U # M u � B�w 8 xsN U # M Axr ��8 xsN H 
 �
Now (weusefirst theeCARE,thenLemma9.11.5(a))

lim
sv ∞

M u � B�w 8 xsN U # M u � � X � SX P D � JD � uN U (9.210)� lim
sv ∞

M u ��P �
D � JC # XSK � xsN U # M u � � X � SX P D � JD � uN U (9.211)��M u ��P �

D � JCw # XSKw � x # �
X � SX P D � JD � uN U ��M u � B�w 8 xN U � (9.212)

becausēAx # Bu � x  � H, asrequiredin Lemma9.11.5.ThereforeM x  ��8 xN H � lim
r v ∞

M r � r P A� - 1 � x  
 ��8 xN H� lim
r v ∞

M r � r P A� - 1 * Ax # Bu,É��8 xN H� lim
r v ∞

� M r � r P A� - 1Ax��8 xN H # M r � r P A� - 1Bu��8 xN H �� lim
r v ∞

M Axr ��8 xN H # M u � B�w 8 xN U � h1
�
T � �

(N.B. limr v ∞ M Axr ��8 xN H exists.)4 Thus,still for anarbitraryT � R, wehave

h
�
T � � h1

�
T � # h2

�
T � ��M x  ��8 xN H # M x ��8 x  N H ��M x ��8 xN  H �

T � � (9.213)

BecauseT � R wasarbitrary, weget(recall that B t : � π [ 0 < t � B π [ 0 < t � )M O t u � SO t uN L2 P�M B t u � J B t uN L2 � Å t

0
f
�
T � dT P Å t

0
g
�
T � dT (9.214)� Å t

0
h
�
T � dT � Å t

0
M x ��8 xN  H �

T � dT (9.215)��M x � t � ��8 x
�
t � N P 0 � M $ t u ��8 $ t uN H � (9.216)

3To clarify this partof theproof,we useherebarsfor (uniquecontinuous)extensions,e.g.,by�
s � A��� 1 ��� � H � 1  H � we denotetheextensionof

�
s � A� � 1 ��� � H  H1 � . Onecaneasilyverify

that
�
s � A��� 1 is the inverseof s � Ā and ! x  � s � A�"� 1z# H �$! � s � A%�� � 1x  z#'& H (1 )H * 1+ for all x � H,

z � H � 1. Consequently, ! B%wx  u# U � lims,.- ∞ ! sx � s � A��� 1Bu# H for any u � U , x � Dom
�
B%w � (see

Definition 6.1.17).(All this holdsfor any Σ � WPLS.)
4Note that the commutator

�
lims limr � limr lims �0/'! u  B%w 1 xs# U 2 ! Axr  1 xs# H 3 of the expres-

sion in h1
�
t � is equalto the term ! u  � X 4 SX � D 4 JD � u# U (which is frequentlyzero,cf. Remark

9.9.14).Whenthis commutatoris zero,we cancomputeh1 5 T 6 in thesamewayash2 5 T 6 .
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Since 7 ∞
c 898 0 : t ; ;U ;=< W1 > 2 8 R;U ; is continuousin L2 89? 0 : t ; ;U ; , we obtain

(9.205). @
Any solutionof theCARE with S A 0 is WR:

Proposition 9.11.8(S A 0 B CS A 0 B CS A 0 B C is WR) Let Σ beWR,andlet 8 CD: S: K ; bea so-
lution of theeCARE.ThenwehaveE t F SE t GIH t F J H t JLK t F C K t onW1 > 2

0 8 R M ;U ; GN
u O W1 > 2 8 R;U ;QPP π R u G 0 S , for all t T 0.

If, in addition, S A 0 and X G I , then U A B
K 0 V generate a WRWPLS UXW YZ [ V ,

and 8 C\: S:]U_^ ` V ; is a WRsolutionof theIARE.

(In the first claim, we have set 8 E u; 8 t ; : Gba Kwx 8 t ; J Xu 8 t ; (a.e.), where
x : GcK τu. The claim meansthat deE t u : SE t uf G d H t u : J H t uf J d K t u :gC K t uf for all8 u O W1 > 2

0 ; .)
Proof: The original proof of Lemma9.11.7will do for theclaim on W1 > 2

0

(seeLemmaB.7.9for W1 > 2
0 ). AssumethenthatS A 0 andX G I .

By Lemma9.12.2(a1), U AK V generatea WPLS,hence(1.)–(4.) of Lemma

6.3.13aresatisfiedby h A BR Kw I i (with Cc jk a Kw andDc jk I ). FromequationE t F SE t GlH t F J H t JmK t F C K t we deducethat n S1o 2 E t u n 2 p M n u n 2 for all u O7 ∞
c 8q8 0 : t ; ;U ; , so that also(5.) of Lemma6.3.13holds. Therefore, h A BR Kw I i

generateaWPLS.
By Lemma9.11.5(b),we have Kw Osr 8 HB : U ; , hencethis WPLS is WR.@

In theSRcase,theabove proofscanbemodifiedto cover thecasewherethe
[e]CARE is replacedby thecorrespondinginequality:

Proposition 9.11.9(Riccati inequality) Assumethat Σ is SRandthat someC GC F Otr 8 H ; , S G SF : X Our 8 U ; andK Otr 8 H1 : U ; satisfyvwwx wwy K F SK p AF C J C A J C F JC Otr 8 Dom8 A;z: Dom8 A; F ;
X F SX G D F JD J s-lim

s{ M ∞
BFw C 8 s a A; R 1B Otr 8 U ;

X F SK G|a 8 BFw C J D F JC; Otr 8 Dom8 A;z: U ;z} (9.217)

(a) We have ^ t F Ŝ t p�~ t F C ~ t a C JI� t F J � t on Dom8 A; , where 8 ^ x0 ; 8 t ; : G
K ~ t x0 for all t T 0, x0 O H1.

If S A 0, then U AK V generatea WPLSand ^ t F Ŝ t p�~ t F C ~ t a C J�� t F J � t

(on H) for all t T 0.

(b) If HB < Dom8 Ks; (this holds if X : S O���r 8 U ; ), then we have E t F SE t pH t F J H t J�K t F C K t onW1 > 2
0 8 R M ;U ; , for all t T 0.

(c) If h A BR K X i generatea SRWPLS h W YR Z � i , thenwehaveE t F SE t p H t F J H t JK t F C K t for all t T 0 andX F SX p D F JD J s-lims{ M ∞ 2sBF 8 s a AF ; R 1 C 8 s a
A; R 1B.
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(d) If wecanhave“K F SK J εI J ” in placeof “K F SK” in (9.217),thenwecan
haveE t F SE t J ε � t F � t in placeof E t F SE t in both(b) and(c).

(e) If S A 0 andX G I , then h A BR K X i generatea SRWPLS h W YR Z � i , hencethen

(c) applies.

(In (a),wehaveset 8 E u; 8 t ; : G�a Kwx 8 t ; J Xu 8 t ; (a.e.),wherex : GIK τu. In (b),
we have set � : G�K τ O TIC∞ 8 U : H ; ; do not mix up � t : G π � 0 > t � K τπ � 0 > t � : L2

ω k L2
ω

with K t : G�K τt π M : L2
ω k H.)

Thus,for theRiccati inequality(9.217),thefirst andthethird equationof the
eIARE becomeinequalities.However, the third equationseemsto be lost in the
abovecase,dueto its asymmetry(cf. theproof of Lemma9.11.6).

By (d), in thecaseof “ � ”, wehave E t F SE t J ε � t F � t p H t F J H t J�K t F C K t 8 t T
0; for someε � 0. To treattheoppositesigns,multiply S: J :gC by a 1.

SeeLemma9.12.2for analogousresults.
Proof of Proposition 9.11.9: (a) This is containedin Lemma9.12.2(a1)

and(9.220).
(b) 1� We observe from 2� of the proof of Lemma9.11.5(a)that if X : S O��r 8 U ; , thenX F SKs O�r 8 HB : U ; , hencethenKs O�r 8 HB : U ; .
2� SetR : G AF C J C A J C F JC a K F SK Otr 8 H1 : H FR 1 ; , sothat d x0 : Rx0f�T 0

for all x0 O H1. SinceCxr k Cwx stronglyandKxr k Kwx strongly, asr k J ∞,
wemayreplace“lim r { M ∞ lims{ M ∞” by “lim r � s{ M ∞” in theproofof thelemma
(by LemmaA.3.1(i2)). (This is thereasonfor theexplicit andimplicit “strong
regularityassumptionson H and E ”).

Then“ f 8 T ; G g 8 T ; J h 8 T ; ” mustbe replacedby “ f 8 T ; G g 8 T ; J h 8 T ; a
k 8 T ; ”, where k 8 T ; : G limr { M ∞ d xr : Rxr f�T 0 (the limit exists since g 8 T ; a
h 8 T ; a f 8 T ; converges, as shown in the proof). Consequently, we have
obtained(9.215)with “ p ” in placeof “ G ”.

(c) Thefirst claim follows from (b), by density(seeTheoremB.3.11(b1)).
Thesecondclaim followsasin theproof of Proposition9.11.3(b).

(d) Now, in the proof of (b), there is ε � 0 s.t. d x0 : Rx0f a ε d x0 : x0f�T 0
for all x0 O H1. Set �C : G U CI V , �D : G U D0 V , �J : G U J 0

0 R εI V to get the setting

of (b) with �Σ : G�� A B�
C
�
D � O WPLS8 U : H : Y � U ; , �J and �R : G R a εI T 0 in

placeof Σ, J and R, respectively. Then �H t F �J �H t G�H t F J H t a ε � t F � t , where� : GcK τ O TIC∞ 8 U : H ; , hencethis follows from (b). (Analogously, we have^ t F Ŝ t J ε � t F � t p�~ t F C ~ t a C J�� t F J � t on Dom8 A; , where 8 � t x0 ; 8 t ; : G~ t x0 x0 O H : t T 0.)
(e) By (a), U AK V generatea WPLS, hence(1.)–(4.) of Lemma6.3.13are

satisfiedby h A BR Kw I i (with Cc jk a Kw andDc jk I ).

Also (5.) of Lemma6.3.13holds,by (b). Therefore h A BR Kw I i generatea

WPLS.SinceKs O�r 8 HB : U ; (by (b)), this WPLSis SR. @
Notesfor Sections9.10and 9.11
In [S97b], Olof Staffansshowed that the existencea spectralfactorization

leadsto an optimal statefeedbackpair. In [S98b,Section4], this wasapplied
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to the stabilizedform of a jointly stabilizableanddetectablesystem. In [S98b,
Section 5], the state feedbackpair was shown to lead to formulae (9.153)–
(9.161). The proofsof (“necessityparts” of the) Lemma9.10.1(a1)–(b4)&(c2)
areessentiallyfrom there.

In the samesense,Lemma9.11.1equalsCorollary 5.7 of [S98b], and also
Lemma9.11.2andformulae(a), (b1), (c1)and(d) of Proposition9.11.4arefrom
[S98b,Sections6–7]. Most of Proposition9.11.3is from a preprintof [SW01a]
in thesamesense.

In thegeneralityof [S98b],mostof thestablecaseof Lemmas9.11.2,9.11.5
and9.11.7andProposition9.11.4is containedin [Mik97b] and[Mik98].
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9.12 Further eIARE and eCARE results

’My feethathfate, O king,’ hesaid,
’here over themountainsbleedingled,
andwhatI soughtnot I havefound,
andloveit is hathere mebound.
For fairer thanareborn to Men
A daughterhastthou,Lúthien.’

— J.R.R.Tolkien (1892–1973),"TheLay of Leithian"

In this section,we shall extendsomeclassicalresultssuchasthecorrespon-
dencebetweenopen-loopandclosed-loopRiccatiequations;we shallalsostudy
“pseudospectralfactorizations”(somethingcloseto aspectralfactorization).

However, westartby makinga remarkon “irregularCAREs”:

Remark 9.12.1(“Compatible CARE”) By applying Lemma6.3.10(b)instead
of Theorem6.2.13in theproofs,we seethat Proposition9.11.4(a)&(d)hold for
anyWPLSprovidedthat wemake replacements8 Cw : D ; jk 8 Cc : Dc ; , 8 BFw : D F ; jk8 BFc : D Fd ; etc. We haveto remindthat compatiblepairs are not uniquein general
(theequationshold for anysuch pairs).

In particular, the third equationof the eCAREhold in the compatiblecase
too. Thefirst (Lyapunov) equationof theeCAREholdsfor anyWPLS,by Lemma
9.11.2.

Unfortunately, wehavenodecentformulaefor Sin thegeneral case, andthus
any attemptsto definean “eCARE” that would imply the eIAREseemdoomed.
Therefore, it seemsmore adviseableto useSection9.7 with someadmissibility
conditionin thecasewhere thestatefeedback pair is not knownto beregular.

Notethatin theabovecase,formulaesuchas �E 8 s; G Xc
a Kc 8 s a A; R 1B hold,

by Lemma6.3.10(a),andthat U ^ ` V is uniquelydeterminedby Kc andXc.
Theoutputstabilityof Σ is equivalentthesolvability of aCARE:

Lemma 9.12.2(~�� �~�� �~�� � is stable       CARE) Let �C OIr 8 H1 : Z ; , �J OIr 8 Z ; . Define�� : H1 k 7 8 R M ;Z ; by �� x0 : G �C~ x0 8 x0 O H1). We saythat “ �� is stable” if h A�
C i

generatea WPLS h W �¡ i with �� Our 8 H : L2 8 R M ;Z ;9; . Thefollowinghold:

(a1)Assumethat �J A 0. If someC¢O�r 8 H ; satisfies�C F �J �C p AF C J C A J C F JC on Dom8 A;z: (9.218)

then h A�
C i generatea WPLS.

(a2)Assumethat �J A 0. Then �� is stableiff there is C£Otr 8 H ; s.t. C£T 0 and

AF C J C A J �C F �J �C p 0 on Dom8 A;z} (9.219)

(b) Assumethat �� is stable. Then C G �� F �J �� satisfiesAF C J C A J �C F �J �C G 0,
and �C¢T¢C for any �C£T 0 that solves(9.219).
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In particular, if �J T 0, then C G �� F �J �� is thesmallestnonnegativesolution
of (9.219).

(c)Assume, that ~ is stronglystableand �� stable. ThenC G �� F �J �� is theunique
solution(in r 8 H ; ) of AF C J C A J �C F �J �C G 0.

(d) The semigroup ~ is exponentially stable iff AF C J C A � 0 for some
nonnegative C£Our 8 H ; (andanysuch C necessarilysatisfiesC£� 0).

Notethatwe cantake �C : G I G : �J in (a2)to checktheexponentialstability of~ , by (d). Naturally, weobtainanalogousresultsfor 8 A : �B; , by duality (recallthat
strongstability is thenmappedto strong-¤ stability).

Proof: (a1)Fix t � 0. By Lemma9.7.8(b),(9.218)is equivalentto�� t F �J �� t pI~ t F C ~ t a C Js� t F J � t 8 t T 0;z: (9.220)

on Dom8 A; . Thus,thereis M ¥ ∞ s.t. n �J1o 2 �� t x0 n 2L2 ¦§� 0 > t � ;Z � p M n x0 n 2H for all

x0 O Dom8 A; . Since �J1o 2 A 0 (by LemmaA.3.1(b4)),it followsfrom Corollary

6.3.14that h A�
C i generateaWPLS.

(a2)1� Let C beany nonnegativesolutionof (9.219),andassumethat �J A 0.
By Lemma9.7.8)(b),inequality(9.219)is equivalenttoC£T ~ t F C ~ t J �� t F �J �� t 8 t T 0;z: (9.221)

on Dom8 A; , hence n �J1o 2π � 0 > t � �� x0 n 22 p d x0 :gC x0f 8 t T 0 : x0 O H1 ; . Conse-

quently, �� has a uniqueextension �� O¨r 8 H : L2 8 R M ;Z ;9; , hence � A�
C � is an

output-stableWPLS.

2� Assumethat h W �¡ i O WPLS, �� is stableand �J G �J F O¨r 8 Z ; . Let Σ ©
be the systemgeneratedby U A 0

C ª D ª V : G h A 0�
C 0
0 I i . Set J © : G h �J 0

0 I i , so that the

correspondingcostfunctionbecomes« © 8 x0 : u; G d �� x0 : �J �� x0f J n u n 22 : and (9.222)d � © x0
J¬H © u : J © H © ηf G d u : ηf L2 8 x0 O H : u : η O� ©out 8 x0 ; G L2 8 R M ;U ;q;z}

(9.223)

Thus, ucrit 8 x0 ; G 0 is the uniqueJ © -critical control for eachx0 O H, so thatC G �� F �J �� . SinceB G 0 is boundedandD © F J © D © G I , theoperatorC corresponds
to the unique ®©out-stabilizing solution of the CARE (or BFw-CARE) AF C JC A J �C F �J �C G 0, S G I , SK G 0.

(b) Assume that �� is stable and that C G �� F �J �� , so that C solves
(9.221),by 2� . By (9.221),any other solution �C¯T 0 satisfies �C°T �� F �J ��mJ
s-limt { M ∞ ~ t F �C ~ t T �� F �J �� .

If �J T 0, then C�T 0, hencethen C is thesmallestnonnegative solutionof
(9.219).

(c) Now �C G �� F �J ��IJ s-limt { M ∞ ~ t F �C ~ t G �� F �J �� for any solution C±Or 8 H ; , asin (b).
(d) Naturally, theinequality“AF C J C A � 0” (onDom8 A; ) meansthatthere

is ε � 0 s.t. d Ax0 :²C x0f H J d x0 :gC Ax0f H p a ε d x0 : x0f H for all x0 O Dom8 A; (cf.
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DefinitionA.3.23;it obviouslyfollowsthatKer8 C�; G N 0 S , i.e.,that C³� 0 (evenC¨A 0 if A is bounded)).
If AF C J C A p a εI and C´T 0, then �� is stable,where �� t x0 : G ~ t x08 t � 0 : x0 O H ; , by (a) (set �C : G I , J : G εI A 0), hencethen ~ is exponentially

stable,by LemmaA.4.5(i)&(ii).
Conversely, if ~ is exponentially stable, then AF C J C A J I F I I p 0 on

Dom8 A; for someC�T 0, by (a2)(andwe canhave C G �� F �� � 0, where �� is
asabove). @
We now adopt the notation CµO eIARE8 Σ : J ; (or 8 C\: S: U ^ ` V ;�O

eIARE8 Σ : J ; ) for the solutionsof the eIARE for Σ andJ. In the lemmabelow,
we show how thesolutionsof a perturbedsystemcorrespondto thesolutionsfor
theoriginal one:

Lemma 9.12.3 Let U¶^ © ` © V be admissiblefor Σ with closed-loopsystemΣ · .
Seţ © : G 8 I a ` © ; R 1. Then8 C\: S:¹Uº^ ` V ;	O eIARE8 Σ : J ;�  (9.224)8 C\: S: U ^ a E ^®· I a Eº¸�© V ;	O eIARE8 h W�» Y�»¡ » ¼�» i : J ;z} (9.225)

Moreover,

(a) If ` © and Eº¸¨© (resp.and ` ) are asaboveandhaveanystrongor uniform
regularity property, thensodoes̀ (resp.Eº¸¨© ).

(b) Thetwo top rows( h W�½ Y�½¡ ½ ¼ ½ i ) of thecorrespondingclosed-loopsystemsare

equal(hence(P) is satisfiedfor Σ iff it is satisfiedfor h W » Y »¡ » ¼�» i ) andLemma

6.7.11(a1)–(a6)applyfor thethreepairs.

(c) Assumethat U_^ © ` © V is [q.]r .c.-SOS-stabilizingand C G C F Otr 8 H ; .
Then C is [q.]r .c.-SOS-stabilizingfor Σ iff C is q.r.c.-SOS-stabilizing(equiv-

alently, stableand[[r .c.-]]SOS-stabilizing)for h W]» Y�»¡ » ¼]» i .
(d1) If  FF G  exp, thentheJ-critical statefeedback pairs (equivalently, expo-

nentiallystabilizingsolutionsof theeIARE)for Σ and h W » Y »¡ » ¼�» i correspond

to each otherthrough(9.224).

(d2) Assumethat  FF G  sta [  str/  out], and that U ^ © ` © V is q.r.c.-SOS-
stabilizing

Then the J-critical q.r.c.-[strongly/SOS-]stabilizingstate feedback pairs
(equivalently, P-q.r.c.-[strongly/SOS-]stabilizingsolutionsof theeIARE)for

Σ and h W�» Y�»¡ » ¼�» i correspondto each otherthrough(9.224).

Proof: Assumethat 8 C\: S: U_^ ` V ;¾O eIARE8 Σ : J ; . Set EÀ¿ : G E_¸ © ,` ¿ : G I a E�¿ , ^ ¿ : G ^ a E\¿ ^ © . Thenit iseasyto verify that 8 CD: S: U ^\¿ `Á¿ V ;�O
eIARE8 h W]» YÂ»¡ » ¼]» i : J ; . Exchangetherolesof Σ andΣ1· to obtaintheconverse.
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ΣÃÃÃÃ Ä Å Å Å ÅÇÆÈΣ · Σ É
ÊÌË¹Í Î ÍÐÏ Ñ�Ò ÓÕÔ
U"^ a E ^Ö· I a Eº¸¨© V
Figure9.2: Thesettingof Lemma9.12.3

ΣÃÃÃÃ Ä Å Å Å ÅÇÆÈΣ · Σ É
KÍ K ×

K Ø Ù
KÚ

w

K ¿
Figure9.3: Thesettingof Proposition9.12.4

(a) Set E�¿ : G Eº¸¨© . Since E�¿q:�EÛ:Ü¸³©ÝO¢� TIC∞ 8 U ; , any strongor uniform
regularitypropertysharedby two of theseis sharedby thethird too,sincesuch
propertiesarepreservedin compositions,by Lemma6.2.5.

(b) This is the setting of Lemma6.7.11(a’) with U_^ ` V in placeofU¶^ 2 ` 2 V and U ^ © ` © V in place of U ^ ` V , hencethe conclusions
(a1)–(a6)applywith thesereplacements.

(c) This follows from Lemma6.7.11(a2)&(a1)andLemma6.6.17(b).
(d1) This follows from Theorem9.9.1(a1)andthefact that ~ É is common

for bothsolutions,by (b) (andLemma6.1.10).
(d2) For  out this follows from (c) (“q.r.c.-SOS-”), (b) (for “P-”) and

Theorem9.9.1(b).Since U ~ É K É V arecommonfor bothsolutions,by (b),
this leadsto theclaimson  sta and  str. @
Thus,if K ¿ is anoptimalfeedbackfor Σ · , thenthepreliminaryplustheoptimal

closed-loopfeedbackK © J K ¿ producetheoptimalopen-loopfeedbackK (i.e., the
same~ É � É , hencethesame(possiblyoptimal)statexÉ andoutputyÉ ):

Proposition 9.12.4(ΣΣΣ-CARE ÞG Σ ·ÞG Σ ·ÞG Σ · -CARE) Let K © be an admissibleSR state
feedback operator for Σ with closed-loopsystemΣ · .

TheWRsolutionsof form 8 CD: S:¹U K 0 V ; of theeCAREfor Σ correspond1-1

to theWRsolutionsof form 8 C.¿ß: S¿X: U K ¿ 0 V ; of theeCAREfor h W�» Y�»¡ » ¼�» i through

K G K © J K ¿ w : S G S¿X:tC G C.¿ß} (9.226)

Also(a)–(d2)of Lemma9.12.3apply; in particular, if K © andK ¿ (resp.andK)
are asaboveandhaveanystrongor uniformregularity property, thensodoesK
(resp.K ¿ ).

(To beexact,by K G K © J K ¿ w we meanthatK G K © J K ¿ w à Dom¦ A� .) Thus,all
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WR J-critical statefeedbackoperatorsK for Σ over  exp correspond1-1 to the

WR statefeedbackoperatorsK ¿ for h W » Y »¡ » ¼ » i over  Σ »exp throughK G K © J K ¿ w.

(SeeTheorem8.4.5(f)for other  FF ’s.
Conversely, givenK, the optimal feedbackfor Σ · is K ¿ G 8 Ks

a K ©w ; àDom¦ A» � ,
i.e., we must remove the preliminary feedbackK © and replaceit by K, the
optimizingone.

Proof: The correspondenceand (a) follow by combiningLemma9.12.3

andProposition6.6.18(f)(interchangetherolesof Σ and h W » Y »¡ » ¼ » i for theother

direction).Therestfollows from Lemma9.12.3. @
Two differentsolutionsof theeIAREcorrespondto eachotherin thefollowing

way:

Lemma 9.12.5 Let 8 C 1 : S1 : U ^ 1 ` 1 V ;áO eIARE8 Σ : J ; . Then8 C 2 : S2 :¹U_^ 2 ` 2 V ;âO eIARE8 Σ : J ;�  (9.227)8 C 2
a C 1 : S2 :¹U_^ 2 ` 2 V ;âO eIARE8 � W YR Z 1

�
1 � : S1 ;z} (9.228)

Equivalently, for any 8 C\: S:]U_^ ` V ;âO eIARE8 Σ : J ; wehave

eIARE8 Σ : J ; G C J eIARE8 h W YR Z � i : S;z} (9.229)

Naturally, an analogousresultholdsfor 8 C k : Sk : Kk ; 8 k G 1 : 2; in the regular
case.

Proof: SetΣ ã 1 : G � W YR Z 1
�

1 � O WPLS8 U : H : U ; .
1� “ B ”: Let 8 C 2 : S2 :¹U¶^ 2 ` 2 V ;=O eIARE8 Σ : J ; and t � 0. Set C : GC 2
a C 1. Substractthetwo Lyapunov equationsto obtain8 ^ t

2 ; F S2 ^ t
2
G ~ t F C ~ t a C J 8 ^ t

1 ; F S1 ^ t
1 } (9.230)

This is thefirst (i.e., Lyapunov) equationof theeIARE for � W YR Z 1
�

1 � andS1.

Now 8 E t
2 ; F S2 E t

2
G¢H t F J H t JäK t F C 1

K t J�K t F C K t G 8 E t
1 ; F S1 E t

1
J�K t F C K t , anda 8 E t

2 ; F S2 ^ t
2
G�H t F J � t J�K t F C 2 ~ t G|a 8 E t

1 ; F S1 ^ t
1
J�K t F C ~ t } (9.231)

Thus,thethreeequationsof theeIAREaresatisfied,i.e., 8 CD: S2 :]U_^ 2 ` 2 V ;ÁO
eIARE8 Σ ã 1 : S1 ; .

2� “ å ”: Let 8 C 2
a C 1 : S2 : U_^ 2 ` 2 V ;�O eIARE8 Σ ã 1 : S1 ; . By going 1�

backwards,weseethat 8 C 2 : S2 : U¶^ 2 ` 2 V ;âO eIARE8 Σ : J ; . @
As Example9.13.9shows, the CARE may have solutions 8 C J ∆ : S: K ; for

infinitely many ∆ G ∆ F Omr 8 H ; . If oneof these,say C , is  FF -stabilizing(or at
leastP-stabilizing),then∆ correspondsto “f ake cost”, i.e., C J ∆ G�� FÉ J � É J ∆,
where � FÉ J � É is the corresponding(optimal) closed-loopcost. The following
corollaryformulatesnecessaryandsufficientconditions:

Corollary 9.12.6 Let 8 C\: S:¹Uº^ ` V ;.O eIARE8 Σ : J ; and∆ G ∆ F OLr 8 H ; . Then
(i)   (ii) (   (iii) providedthat U ^ ` V is admissible):
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(i) 8 C J ∆ : S:¹U_^ ` V ;âO eIARE8 Σ : J ; ;
(ii) ∆ G ~ t F ∆ ~ t and K t F ∆ ~ t G 0 G�K t F ∆ K t for all t T 0;

(iii) ∆ G ~ tÉ F ∆ ~ tÉ and K tÉ F ∆ ~ tÉ G 0 G�K tÉ F ∆ K tÉ for all t T 0.

Proof: By Lemma9.12.5,we have (i) if f ∆ O eIARE8 h W YR Z � i : S; , i.e., if f

(ii) holds.
Assumethat U_^ ` V is admissiblefor Σ. Then U¶^ ` V is admissible

for h W YR Z � i with closed-loopsystemUXW¹½ Y�½0 I V , sothat∆ O eIARE8 h W YR Z � i : S;
becomesequivalentto (iii), by Lemma9.10.1(b4)(i)&(iv). @
If, e.g.,Σ is exponentiallystable,thenany stabilizingsolutionof the IARE

leadsto thespectralfactorizationH F J H�G E F SE , by Proposition9.8.11(d1)(see
also Corollary 9.9.11). Under weaker assumptionsthan thosein Proposition
9.8.11, we can still obtain a “pseudospectralfactorization”, a weak form ofH F J H�G E F SE ”:

Proposition 9.12.7 Let Σext : G h W Y¡ ¼Z [ i O WPLS8 U : H : Y � U ; , and let (9.160)

hold for all t � 0 andsomeJ : S:gC�Otr , where E : G I a ` . ThendeE v: π ¦ R ∞ > t � SE uf G d H v: π ¦ R ∞ > t � J H uf J d K τt v:gC K τt uf 8 u : v O L2
c 8 R;U ;z: t O R ;z}

(9.232)
Moreover, wehavethefollowing:

(a) If K , H and E arestable, thenE F SE G�H F J HæJ s-lim
t { M ∞

τ R t K F C K τt } (9.233)

If, in addition, K is stronglystable, then E F SE G¢H F J H .

(b) If K and H are strongly stableand u O L2 8 R;U ; , then E F π � R T > t � SE u kH F J H u in L2 8 R;U ; , as t : T k J ∞ (independently);in particular, wehave
(uniformlyin v)

lim
T > t { M ∞

d π � R T > t � E v: π � R T > t � SE uf G d H v: J H uf 8 u : v O L2 8 R;U ;q;ç} (9.234)

(Naturally, thestatementsincludetheconvergenceof limits presented.)
RecallthattheeIAREimplies(9.160).If, e.g.,H and E arestable,S Os�Ûr 8 U ;

and(P) holdson Ran8 K ; , thenwe have thespectralfactorizationH F J H¢G E F SE ,
by (9.232)andcontinuity.

Proof: 1� Let vk O L2 8q? a t : 0; ;U ; (k G 1 : 2), and substituteτ R tvk ( O
L2 89? 0 : t ; ;U ; ) into (9.160)to obtain(notethatπJτr G τrπr M J)deE v2 : π R SE v1 f G d H v2 : π R J H v1 f J d K v2 :gC K v1 fg} (9.235)

This holds for arbitrary t O R, hencefor arbitrary vk O L2
c 8 R;U ; (k G 1 : 2),

becauseπ M vk doesnotaffect theequation.
Let now t : u : vbeasin (9.232)andsubstitutev1 : G τtu, v2 : G τtv into (9.235)

to obtain(9.232).
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(a) Let K : H :�E be stable. By (9.232), we have E F π ¦ R ∞ > t � SE u GH F π ¦ R ∞ > t � J H u J τ R t K F C K τt u for all u O L2
c, hencefor all u O L2, by continuity.

Let t k J ∞ anduseCorollary B.3.8 to obtain(9.233). The secondclaim is
obvious(becauseτ R t K F G 8 K τt ; F is boundedH k L2).

(b) Now E dπ � R t > T � O�r 8 L2 ; for all t : T � 0, by Lemma6.1.11(since K d is
stable),henceE F π � R T > t � : π � R T > t � EcOtr 8 L2 ; . Thus,from (9.232),weobtainE F Sπ � R T > t � E u G¢H F π � R T > t � J H u J π � R T > t � τ R t K F C K τt π � R T > t � u (9.236)

(in L2 8 R;U ; ) for all u O L2
c 8q? a T : J ∞ ;9; (apply (9.232) to eachv O L2

c and
recall that L2

c is densein L2 G 8 L2 ; F ). By continuity, this holds for all
u O L2. SinceπR è � R T > t � u k 0 (seeCorollary B.3.8), we have K τt π � R T > t � u GK τt u a�K τt πR è � R T > t � u k 0, asT : t k J ∞. ConsequentlyH F π � R T > t � J H u J π � R T > t � τ R t K F C K τt π � R T > t � u k H F J H u : (9.237)

i.e., E F π � R T > t � SE u k H F J H u in L2, as t : T k J ∞ (independently).Thus,(b)
holds. @
As indicatedin Chapter5, the factorization“ H F J HcG E F SE ” corresponding

to a J-critical statefeedbackpair for a stablesystemneednot bestable(that is, a
spectralfactorization),but we mayhave �é �E�O H2 ê H∞ in casedimU ¥ ∞. We
statethis andmoregeneralresultsbelow:

Lemma 9.12.8(K : HK : HK : H stable B H F J H�G E F SE & �E�Oë� HB H F J H�G E F SE & �E�OI� HB H F J H�G E F SE & �E�OI� H) Assumethat K andH are stable, ϑ G 0, and 8 C\: S:]U_^ ` V ; is a  FF -stabilizing solution of the

eIARE.Seţ R 1 : G E : G I a ` , ì : G¢H ¸ , �E d : G �E 8 í̄î; F . Let r � 0. Then

(a1) E�OI� TICω 8 U ; for all ω � 0.

(a2) 8 í J 1; R 1 �ì\: 8 í J 1; R 1 �¸c: 8 í J 1; R 1 �E d O H2
strong8 C M ; r 8 U :Ç¤Õ;q; ; in particular,�EcOI� H 8 C M ; r 8 U ;q; .

(b1) ìÀ:Ü¸l:"E F map L2
c 8 R;U ; k L2, and E F π ï�¸ F :Ü¸ π � R T > t � :�E F π � R T > t � Or 8 L2 8 R;U ;q; for all T : t � 0.

(b2) ¸ π M¶EÛ: π � R T > t � EðO¢r 8 L2
ω 8 R;U ;q;òñ¬r 8 L2 8 R M ;U ;q; for each ω � 0, and¸ π M_E andπ � R T > t � E havea continuousextensionsto r 8 L2 8 R;U ;q; .

(c1) dóì u : J ì vf G d u : Svf for all u : v O L2
c 8 R;U ; .

(c2) E F π � R T > t � SE u k H F J H u in L2 8 R;U ; , ast : T k J ∞, if K is stronglystable
andu O L2 8 R;U ; .

(d) (dimU ¥ ∞ B �E F S�E G �H F J �HdimU ¥ ∞ B �E F S�E G �H F J �HdimU ¥ ∞ B �E F S�E G �H F J �H ) If dimU ¥ ∞, then 8 í J 1; R 1 �E ï 1 O
H2 8 C M ; r 8 U ;q;ôñ L2 8 iR; r 8 U ;q; , and �EõO��Ûr 8 U ; and �E F S�E G �H F J �H a.e.
on iR.

(e) ( 8 π M H F J H π M�; R 1 G ¸ π M SR 1̧ F8 π M H F J H π M�; R 1 G ¸ π M SR 1̧ F8 π M H F J H π M�; R 1 G ¸ π M SR 1̧ F ) If ö : G π M H F J H π M is invertible on
L2 8 R M ;U ; . K is stronglystable, thenS Os�Ûr 8 U ; and ö R 1 G ¸ π M SR 1̧ F O�Ûr 8 L2 8 R M ;U ;q; .
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(SeeLemma14.2.8for additionalinformation.) Recall that ϑ G 0 for  out, sta,  str and  exp.
Proof: (a1)–(c2)Thesefollow as in the proof of Lemma14.2.8(alterna-

tively, wecanusediscretization).
(d) By (a2) and Theorem 3.3.1(c3), we have 8 í J 1; R 1 �E ï 1 O

H2 8 C M ; r 8 U ;q;÷ñ L2 8 iR; r 8 U ;q; . By continuity, �E �¸ G I G �¸ �E and �ì G �H �¸
a.e.on iR (sincetheseholdonC M ); in particular, �E�Oë�Ûr 8 U ; a.e.on iR.

SincedóE u : SE vf L2
G d H u : J H vf L2, i.e., d �E �u : S�E �vf L2 ¦ iR;U � G d �H �u : J �H �vf L2 ¦ iR;U �

for all �u : �v O L2
c 8 R M ;U ; , wehave �E F S�E G �H F J �H a.e.on iR.

(e) This follows from Lemma14.2.8(e),by discretization. @
Notes
For boundedC, part of Lemma9.12.2(with “ G ” in placeof “ p ”) is known

(see[CZ, Section5]). For generalC, Lemma9.12.2(a2)wasessentiallygivenin
[Grabowski91,Theorem3] and(c) in [Sbook,Theorem9.5.2] (bothwith “ G ” in
placeof “ p ”); the latteralsocontainsfurthernecessaryandsufficient conditions
for U AC V to generateanoutput-stableWPLS.

Formula (9.224)was usedin [S98b]. Lemma14.2.4is from [Mal00], and
Lemma 9.12.5 is its IARE variant. Part of Proposition9.12.7 was given in
[Mik97b].
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9.13 Examplesof Riccati equations

Thoughthedayof mydestiny’sover,
Andthestar of myfatehathdeclined,
Thysoftheartrefusedto discover
Thefaultswhich somanycouldfind.

— Lord Byron (1788–1824),"Stanzasto Augusta"

In this section,we shall illustrateby examplesseveral “pathological” cases
due to which the generalRiccati equationtheory is rathercomplex. The part
correspondingto different  FF ’s maybenew evenfor finite-dimensionalsystems.

The studieson Riccati equationshave mainly concentratedon exponentially
stabilizingsolutionsof Riccatiequations.Thearticleson optimizationover  out

or  sta have usuallyeitherneglecteduniquenessor usedestimatability(e.g.,put
somecoston thestate)to reduce out to  exp.

Wefoundthecondition(P) for theSOS-stablecasein [Mik97b] (cf. Corollary
9.9.11);thecondition(PB)is new. In Proposition9.13.1(a)&(b)&(e)weshow that
theseconditionsarenecessary. Thedifferencebetween out- and  exp-stabilizing
solutionsandtherole of coprimenessareillustratedin Example9.13.2.We also
presentplenty of examplesthat illustratethe differentaspectsof the role of the
signatureoperatorS and the insignificanceof D F JD (when the latter doesnot
coincidewith theformer).

By discretization(see Proposition9.8.7), all our examplesapply also in
discretetime (eDAREs). In particular, our CARE “counter-”examplesarealso
eCARE,IARE, eIARE,DARE andeDARE “counter-”examples.

Most examplesalsohave obvious discrete-timeanalogies(without artificial
discretization); in particular, all our finite-dimensionalexampleshave finite-
dimensionaldiscrete-timecounterparts.

Our examplesaremathematicallymotivated;for physicallymoremotivated
exampleson WPLSsandRiccatiequations,see,e.g.,[Sal87].

Thefollowing propositionsummarizeswhich conclusionscanbedrawn from
thedifferentexamples:

Proposition 9.13.1(Non-  FF -stabilizing solutions)

(a) ((P) øB øB øB (PB)) [Example 9.13.2] There can be several P-SOS-stabilizing
solutionsof theCARE,only oneof which is  out-stabilizing.

A  out-stabilizingsolutionneednot be internally stabilizing, evenif there
were exponentiallystabilizingsolutions.

(b) ((PB2)øB øB øB (P)) [Example9.13.9] There can be several r.c.-stabilizingsolu-
tions C satisfying d K t x0 :gC ~ tÉ x0f k 0, of the CAREfor a stableminimal
system,only oneof which is P-stabilizing(hence out-stabilizingandequal
to theJ-critical costoperator over  out (andover  sta)).

Moreover, our example is exactly reachable and of the standard LQR
(minimization)formwith ~ F stronglystable.
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(c1) (H O ULR øB U_^ ` V O WRH O ULR øB U_^ ` V O WRH O ULR øB U_^ ` V O WR) [WW, Example 11.5] There is H O
TIC 8 C ;�ñ ULR, for which D G 0 and H F HõG E F E�A 0 with an irr egu-
lar (I -spectral factor) EùOc� TIC 8 C ; (in fact, �E 8 2k ; G 2 J 8 a 1; k, henceEÛ:�E R 1 øO WR).

Alternatively, wecanchooseH O TIC 8 C : C2 ;÷ñ ULR s.t. H¢G U ¼ 1
I V , D1

G 0
and H F H�G E F E�A 0 for this sameE multipliedbysomepositiveconstant.

In particular, if Σ is a stronglystablerealizationof (either) H (asin (6.11)),
thenthe IARE hasa strongly PB-r.c.-stabilizingsolution,but there are no
PB-output-stabilizingsolutionsof theeCARE.

(c2)(BoundedC øB S G D F JDC øB S G D F JDC øB S G D F JD) [Example9.13.8]Thereis a stablepositivelyI -
coerciveWPLS(in standard LQRform)with J G I , boundedC andD F C G 0
s.t. H :�E�O ULR but S øG D F JD, K is unboundedand C ?H ú.ø< Dom8 BFw ; .

(d1) ConditionS G D F JD A 0 doesnot guaranteesufficientcoercivity for the
existenceof a minimizing(J-critical) control over  exp; seeExample9.13.5.

(d2) We may haveD F JD A 0 A S for a maximizingsolution, henceD F JD
doesnot characterizethe signature propertiesof the problem; seeExam-
ple 9.13.7.

(e) Let Σ O SOS. If there is a stable, stabilizingsolution 8 C\: S: Uº^ I a E V ;
of the IARE s.t. d ~ t x0 :gC ~ t x0f k 0, as t k J ∞, for all x0 O HY , thenE F SE is the uniquespectral factorizationof H F J H , and the IARE has a
(unique)stablePB-r.c.-stabilizingsolution, namely 8 �C\: S:¹Uº^ I a E V ; ,
where �C : G£� FÉ J � É .

Thus, the open-and closed-loopsystemsfor C and �C are identical; the
only difference is that �C is the J-critical cost operator and C G �C J
s-limt { M ∞ ~ 8 t ; F C ~ 8 t ; , asin Example9.13.12.

(f) Evenif Σ is strongly stableand the Popov Toeplitz operator π M H F J H π M
is invertible (as in Proposition8.3.10),so that there is a uniqueJ-critical
control for each x0 O H over  FF : G  out

G  sta
G  str, 1. it may be

that there is no J-critical state feedback pair (Example11.3.7(a)),2. it
maybethat theJ-critical statefeedback pair U¶^ ` V andits closed-loop
form U_^ É ` É V are unstable(Example11.3.7(b))thoughthey andΣ are
UHPR; in particular there is nospectral factorizationof H F J H .

Proof: (a)&(b)&(c2)&(d1)&(d2)&(f) Seecorrespondingexamples.
(c1) (We do not know whetherthis canhappenfor exponentiallystableH .)

Theexistenceof E is provedin [WW, Example11.5](althoughany irregular E
woulddo). Wecanthensimply take �H 8 s; : G eR s �E 8 s; in theformercase;in the
lattercasewemustmultiply E by apositiveconstantsothat E F EëA I . Let û be
an I -spectralfactorof E F E a I , andset H 1 : G eRòü û to guaranteethat H O ULR
(asin [WW]).

By Corollary 9.9.11(Crit4SOS), we have E G I a ` , where8 C\: S:]U_^ ` V ; is the unique  out-stabilizing solution of the eIARE. Be-
causè is notWR, theeCAREdoesnothavea  out-stabilizingsolution.
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(e) Now C Gý� F J ��a ^ F Ŝ on Ran8 K ; , by (9.159). Consequently,E F SE u GþH F J H u for u O L2, by (9.160) (since �âK t G π M H π R τtπ M G
τtπ � t >∞ � H π � 0 > t � k 0, becauseπ � t >∞ � H π � 0 > t � k π /0

H π M G 0, ast k J ∞, by Corol-

lary B.3.8).BecauseE£O�� TIC, theoperator�C is q.r.c.-P-stabilizing,by Theo-
rem9.9.10(b)&(e2),henceit is stableandPB-r.c.-stabilizing(andunique).By
(9.159),wehaveC a ~ t F C ~ t G£� t F J � t a ^ t F J ^ t k � F J ��a ^ F Ŝ G �C (9.238)

strongly, ast k J ∞. @
We continueby presentingtheactualexamples,startingwith a simple(unob-

servable)systemillustratingthat thesolutionsover  out and  exp maybediffer-
ent:

Example 9.13.2 (Std. LQR:  out out out-stabilizing øG  expøG  expøG  exp-stabilizing, (P) øB (PB))
Let U G C G H G Y, A G 1 G B G D G J, C G 0. ThentheCARE becomes

S G 1 : SK G|a CD:�C J C J 0 G K F SK G C 2 } (9.239)

Thus,the solutionsof the CARE aregivenby 8 0 : 1 : 0; (PB-r.c.-SOS-stabilizing,
hence  out-stabilizing) and 8 2 : 1 : a 2; (  exp-stabilizing,henceexponentiallyP-
stabilizing).Thecorrespondingclosed-loopsystemsare

Σ É : G ÿ� 1 1

0 1
0 0

��
and Σ © É : G ÿ� a 1 1

0 1a 2 0

�� } (9.240)

Now HõG 1 GõH É G±H ©É , �¯G 0 Gù� É Gù� ©É , ^ É G 0 G ` É , E G I , hence8 0 : 1 : 0; is, indeed,theunique  out-stabilizingsolution,(in fact,it is PB-r.c.-SOS-
stabilizingandcost-minimizing;thecondition(PB)is trivially satisfiedfor C G 0),
whereas8 2 : 1 : a 2; is theunique  exp-stabilizingsolution.

Let usseewhy thishappens:Oneeasilyverifiesthat �ì © 8 s; G 8 s a 1; � 8 s J 1; G�¸s© 8 s; (indeed,ìº© anḑs© arenotq.r.c.,becausebothhaveazeroats G 1),andthatd§ìº© u· : J � © É x0f G 0 for all x0 O H andu· O π M L2 (we have 8 J � © É x0 ; 8 t ; G|a 2eR tx0

(t T 0)), but d H u : J � © É x0fáøG 0 for x0 øG 0, u O π M L2 s.t. �u 8 1;�øG 0.

Thus,althoughΣ © É is J-critical over  Σ ½out, i.e., J-critical w.r.t. “closed-loop
stable”controls(u· O π M L2), thesystemΣ © É “doesnotsee”signalswith �u 8 1;�øG 0,
i.e.,u· : G 8 ¸¬©ß; R 1u øO L2 for suchu, becauseì_© and ¸s© arenotq.r.c. Onecanalso
verify thatd K t u :gC ~ © É x0f H G 2e

R tx0 � t

0
ete
R su 8 s; ds k 2x0 �u 8 1;�øG 0 (9.241)

whenx0 øG 0 andu O L2 is s.t. �u 8 1;�øG 0, i.e., (PB)doesnothold for C G 2 (unless
we replace  out by  exp in (PB), seeTheorem9.9.1(g1)).Trivially, (PB) holds
for C G 0. �

SeealsoExample6.6.16
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Even for exponentiallystablesystems,the existenceof a uniqueJ-critical
controldoesnotguaranteethat H is J-coercive,nor thattheCAREhasasolution:

Example 9.13.3 (Singular control: unique optimum without CARE and J-
coercivity, ø� 8 D F JD ; R 1ø� 8 D F JD ; R 1ø� 8 D F JD ; R 1) Assumethat ~ is exponentiallystable(e.g.,H G C and
A G°a 1), C G 0 G B, J G I , and H¢G D O�r 8 U : Y ; is one-to-onebut not coercive
(i.e.,S: G D F D øOI�Ûr 8 U ; ). Let  FF O N  out :  sta:z str :  exp S .

Thenu G 0 is theuniqueminimizingcontrolfor x0, and  FF 8 x0 ; G L2 8 R M ;U ; ,
for eachx0 O H. Thecorrespondingunique  FF -stabilizingsolutionof theeCARE
is givenby 8 0 : D F D : 0; (by Theorem9.9.6,equationSK G 0 forcesK to bezero).

However, H F J H�G D F D is notJ-coerciveover  FF . �
EvenwhenΣ is exponentiallystableandS � 0, thereneednot exist any PB-

stabilizingsolutionsnor minimizingcontrolover  out
G  exp:

Example 9.13.4 (Stable ΣΣΣ and S � 0 øB �  FFS � 0 øB �  FFS � 0 øB �  FF -stabilizing solution (or optimal
control)) TakeU : G�� 2 8 N ; : G Y, J : G I . Define H : G D O$r 8 U : Y ; by 8 Du0 ; 8 n; : G
eR 2nu0 8 n; 8 n O N : u0 O U ; (note that 0 ¥ D F D øA 0). Let Σ be the a 1-stable
exactly observable realizationof D, so that H G L2R 1 8 R M ;Y ; , �cG π M . Define
x0 O H andu O L2

loc 8 R M ;U ;
x0 8 t ; : G e

R t ∑
n � Nπ � n > nM 1� 8 t ; en O H : (9.242)

u∞ 8 t ; : G|a e
R t ∑

n � Ne2nen O H : (9.243)

where
N
en S is the naturalbaseof U . Then � x0

J Du G 0, so that u∞ minimizes« 8 x0 : u; : G n x0
J Du n 22 overall u O L2

loc 8 R M ;U ; . SinceD is one-to-one,u∞ is the
uniqueminimum.

However,
« 8 x0 : π � 0 > T � u∞ ; G n π � 0 > T � x0 n 22 G 8 eR 2T � 2; 1o 2 k 0 as T k ∞, and

π � 0 > T � u∞ O� FF 8 x0 ; G L2 8 R M ;U ; (we assumethat  FF O N  exp :  str :  sta:  out S ).
Sinceu∞ øO L2, thereis no minimum(henceno J-critical control)over  FF , hence
thereis no  FF -stabilizingsolutionof theeIARE (notethatS G D F D � 0). �

Now we show that for theexistenceof a minimum,1. evenfor anexponen-
tially stablesystem(Σ1· ), conditionS A 0 is notsufficient,and2. asystemmaybe
exponentiallystabilizableandJ-coerciveover  out withoutbeingJ-coerciveover exp:

Example 9.13.5 (Exponentially stabilizable with S G D F JD A 0S G D F JD A 0S G D F JD A 0 but no mini-
mum over  exp exp exp) Let J G 1.

(a) For Σ : G
	 0 1

0 1 � , we have S G D F JD G 1 A 0, and 8 0 : 1 : 0; is the

unique solution of the CARE C 2 G 0, and correspondingcontrol u G 0 is
minimizing over  out (and  sta), but thereis no minimumover  exp (nor  str),
andinfu �� exp ¦ x0 � « 8 x0 : u; G 0 for all x0 O H.

Here �x 8 s; G sR 1 8 x0
J �u 8 s;q; , so thatwe musthave �u 8 0; G¯a x0 in somesense

(for theboundaryfunctionof �u O H2 8 C M ; ), but we wish to minimize
« 8 x0 : u; G
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n �u n 22 underthis condition,andthelatterexpressioncanbetakenarbitrarily small.
In timedomain,wehavex 8 t ; G x0

J�� t
0 u 8 r ; dr, sothat

« 8 x0 : un ; k 0J , asn k ∞,
whereun : Gla x0n R 1χ � 0 > n� Oë exp 8 x0 ; .

(b) By usingtheexponentiallystabilizingstatefeedbackoperatorK G£a 1 (and

thenremoving the statefeedback(= third) row), we obtainΣ1· : G 	 a 1 1a 1 1 � .

TheCARE becomesagain C 2 G 0 with theuniquesolution 8 0 : 1 : 1; , hencethere
is no minimizing controlover  exp

G  out, althoughtheinfimum costover  exp

is againzero.
Now y G x© G u a x, so

« 8 x0 : u; G n u a x n 22, andit would beoptimal to have
u � x � x0, but this is notallowed,sincewerequirethatu O L2.

(c) The systemΣ is J-coercive over  out (since H F J H�G 1 A 0), hencewe
knew that therehadto be a uniqueminimizing control over  out; however, Σ is
not J-coercive over  exp (analternative proof for this is that 8 s a A; R 1B G sR 1 is
not majorizedby �H � 1 on iR; seeProposition10.3.2(iv)&(i)).

ThesystemΣ1· is notJ-coerciveovereither  out or  exp.
Note that the statefeedbackK Gõa 1 for Σ usedin (b) is not r.c.-stabilizing,

sinceì G ¸ G s� 8 s J 1; hasacommonzeroats G 0; thus,theminimizingcontrol
u G 0 over  out is lost in thispreliminarystabilization. �

Evenif S G 0 andtheJ-critical control is not unique,theremight beonly one
J-critical controlin feedbackform:

Example 9.13.6 (  out out out: Unique ^ É^ É^ É although S G 0S G 0S G 0) Let U A B
C D V G U 0 0

0 0 V (i.e.,~ G I and K�G 0 G|�£GlH ). Thenthe eCAREbecomes0 G K F SK, X F SX G 0,
X F SK G 0 (seeTheorem9.9.6(e2)andthe remarkin its proof). The admissible
solutionsaretheoneswith X Om�Ûr 8 U ; ; for themwehaveS G 0, sothat C , K and
X canbearbitrary.

SinceB G 0, we have AÉ G A J BK G A, so that ~ É G ~ G I and hence
K G K É G 0 is the only output-stabilizingstatefeedbackoperator(note that
H1 : G Dom8 A; G H). Condition (P) requiresthat C G 0. Thus, all P-output-
stabilizingsolutionsaregivenby 8 0 : 0 :¹U 0 I a X V ; 8 X OI�Ûr 8 U ;q; (andthey all
areP-SOS-r.c.-stabilizing,hence out-stabilizing,by Theorem9.9.1(b)).

Obviously,  out 8 x0 ; G L2 8 R M ;U ; for all x0 O H, andeachcontrolis J-critical
(thecostis zerofor eachcontrol). Nevertheless,0 is theonly J-critical control in
statefeedbackform. �

(To obtainthe correspondingdiscrete-timeexamplewe mustsetA G I , B G
C G D G 0 (sothatstill ~ G I , KIG¢�¨G¢H�G 0).)

Evenfor H :"E´O MTIC, theoperatorD F JD neednot containany information
on thesignaturepropertiesof theproblem:

Example 9.13.7 [D F JD A 0 A SD F JD A 0 A SD F JD A 0 A S] Let Σ O SOS, H°G U 2τ � 1
I V O MTICd 8 U : U2 ; ,

J G U R I 0
0 I V . Then D F JD G I A 0 but H F J HùG a 3I G I F SI O TI 8 U ; , where

S G|a 3I � 0.
It follows thattheCAREhasaULR unique  out-stabilizingsolution,andthis

solutionis q.r.c.-SOS-stabilizingandmaximizingover  out (and  sta and  str if~ is stronglystable),by (9.139).
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Wecanset H : G h 2τ � 1
D2 i , J G h R I 0

0
�
J i for any Y2, D2 O$r 8 U : Y2 ; , �J G �J F O$r 8 Y2 ;

s.t. n D F2 �JD2 nD¥ 4 without affecting the above (except that S is alteredbut still
S � 0). In particular, D F JD G D F2 �JD2 may be uniformly/strictly/nonstrictly
positive/negative,zero,or indefinite. �

G. Weiss and H. Zwart [WZ] have shown that even if C is boundedandH :�E�O ULR, we mayhaveS øG D F JD andK unbounded:

Example 9.13.8 [CCC bounded, BFw C\: KBFw CD: KBFw C\: K not] Let U ~ K V be as in Exam-
ple 9.8.15,but set « 8 x0 : u; : G � ∞

0
8 n π � 0 > 1� x 8 t ;�n 2H J n u 8 t ;�n 2U ; dt : (9.244)

i.e., U C D V : G U π � 0 � 1� 0
0 I V andJ : G I . Theseoperatorsare bounded,andone

easilyverifies H F J HcG 2I andthat U W Y¡ ¼ V O WPLS0 8 C : H : H � C ; , whereH : G
L2 8 R M ; (see(19) of [WZ]). Thus,S: G 2I , E : G I definesa spectralfactorization
of H F J H (by Corollary 9.9.11,this correspondsto the stabilizingsolutionover out

G  sta
G  str).

However, D F JD G I øG S, hence C ?H ú�ø< Dom8 BFw ; and K Gða BFw C is un-
bounded(by Proposition9.11.4(b3)). One can verify from Proposition8.3.10
that C G π � 0 > 1� J 1

2π � 1 >∞ � . (See[WZ] for details.) �
Evenfor a minimal system(andstandardLQR costfunction),condition(PB)

is notalwayssuperfluous:

Example 9.13.9 ((P) is necessaryeven for minimal weakly stable Σ) We
constructhereanexactly reachableandapproximatelyobservable(weakly, even
strongF ) stablesystemΣ with scalarinputs.t.theLQR for Σ hasauniquesolution
over  out, but therearealsoother(non-PB-)r.c.-stabilizingsolutions.

Take U G C, H G L2 8 R R ;C ; , Y G�� 2 8 N ; , ~ G τπ R , K G π R , � 1
G8 2 R ko 2τ R kπ � R k > 0� ; k � N, H 1

G 8 2 R ko 2τ R k ; k � N, � : G U ¡ 1
0 V : H : G U ¼ 1

I V , J G I to geta
standardLQR form minimal (exactly reachable( K K F G π RæA 0 Otr 8 H ; ) andap-
proximatelyobservable( � F ��G ∑k2 R kπ � R k > 0� G ∑∞

k� 02 R kπ � R k R 1 > R k� � 0)) stable
minimizationproblem(theminimizationof

« 8 u : x0 ; : G n H 1u Jm� 1x0 n 2 J n u n 2).
The generatorsof Σ G UXW Y¡ ¼ V are U A B

C D V , where A G d
dθ , B G δ0, H1 : G

Dom8 A; G W1 > 2
0 8 R RQ; , 8 s a A; R 1B : u0 jk esü u0 O HB

G W1 > 2 8 R RÁ; , AF Ga d
dθ : H F1 : G Dom8 AF ; G W1 > 2 8 R RQ; , BFw G δ F0 R ; C1 : G 8 2 R ko 2δ F R k ; k : H1 k � 2 8 N ; ,

C G U C1
0 V , D G U 0I V (hereθ is the argumentof an elementx0 O H; cf. Exam-

ple 6.2.14).
Let C be a multiplication operator, say, C O L∞ 8 R R.;zí . Then BFw C x0

G8 C x0 ; 8 0 a ; G 0 for all x0 O H1 (weusethisonly for C s.t. C x0 (left-)continuousat
0 for all x0 O H1; thegeneralcasewould follow asat theendof Example6.2.14),
hencethen K G 0, ^ G 0, E G X O��Ûr 8 U ; for any admissiblemultiplication
operatorsolution(soit is optimalto haveno feedback,becausesuchwouldnever
catchup the τx0 term moving towards a ∞). Thus,all admissiblemultiplication
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operatorsolutionsarer.c.-stabilizing.Thefirst equationof theeCAREbecomesd x©0 :gC x0f H J d x0 :gC x©0f H G|a ∞

∑
k � 1

2
R k à x0 8 a k ; à 2 for all x0 O H1 } (9.245)

Setting C : G ∑∞
k � 1 rkπ � R k > R k M 1� , theleft-handsidebecomes∑∞

k� 1 rk ? x0 8 a k J 1; a
x0 8 k ;gú , hencewe shouldhave r2

a r1
G±a 2 R 1, r3

a r2
G±a 2 R 2, }q}q} , rnM 1

a rn
Ga 2 R n. Thus,rnM 1

G r1
a ∑n

k � 12 R k G 2 R n J r1
a 1.

Therefore, C r : G rI J ∑∞
k� 02 R kπ � R k R 1 > R k� O¢r 8 H ; is a stabilizing solution

of the eCARE for eachr O R. Note that S G I J lims{ M ∞ BFw C 8 s a A; R 1B G
1 J 8q8 r J 1; esü ; 8 0 a ; G 2 J r, hencefor r øGca 2 andX G I , theoperatorC becomes
a stabilizingsolutionof theCARE.

Thus, r G 0 gives C 0
Gð� F � , the unique (by Proposition9.8.11) P-r.c.-

stabilizingsolution(becauseit is theJ-critical cost).For r O R ê N 0 S , theformula« 8 umin 8 x0 ;z: x0 ; G d x0 :gC rx0f doesnot holdandE Fr Sr E r
G Sr

G 8 2 J r ;�øG 2 G�H F J H (9.246)

(but H F J HLJ w-limt { M ∞ τ 8 t ; F K F C r
K τ 8 t ; G 2 J r, asin (9.233)).

Weconcludethatthecondition(PB) is, indeed,necessary, evenfor aminimal
weaklystableWPLS.For othervaluesof r, wegetastable,r.c.-stabilizingsolution8 C r : Sr : Kr ; s.t. C r differs from the critical costoperatorC 0, and E Fr Sr E r is not a
spectralfactorizationof H F J H (sinceKr

G 0 and E r
G I ).

Finally, we notethatsince~ É G ~ J 0 G τπ R (for any r O R), weobtainthatd K t u :²C r ~ tÉ x0f G d π R τtu :gC rτtπ R x0f G 0 k 0 : ast k J ∞ (9.247)

for all r O R andu O³ FF 8 0; (evenfor all u O L2
loc 8 R M ;U ; ), sinceu G π M u. Thus,

(9.247)doesnot imply (P),sincethelatteris satisfiedfor r G 0 only. �
Thus, if 8 C\: S:¹Uº^ ` V ; is a  out-stabilizing (or  sta-stabilizing)solution

of the IARE, CARE or DARE, it can happenthat thereare solutionsof form8 C�© : S: U ^ ` V ; (hencenecessarilyoutput-stabilizing)s.t. C�©0A Cc� 0 or Cc�
0 A C�© , by Example9.13.9(discretizeit for the DARE example). Thus,even
q.r.c.-stabilizationdoesnot suffice, but we do have to verify the condition (P)
(equivalently, that C G¢� FÉ J � É ) to avoid “f ake cost” (or residualcostat infinity).

Above we addedthe copy of u to the output to get a standardLQR cost
function;wecouldaswell remove it andsubstractI from SandSr .

Example 9.13.10 (Unique JJJ-critical control though D F JD G 0D F JD G 0D F JD G 0) In Exam-
ple 9.13.9,we may remove the secondrow of � and H , to obtainexactly same
resultsexceptthat thenD F JD G 0 andhenceS G 1 andSr : G 1 J r. Indeed,still
SK G 0 andK F SK G 0, sothat 8 C r : Sr : 0; is againastable,r.c.-stabilizingsolution
of theCARE for eachr øG|a 1 (  out-stabilizingfor r G 0).

SinceS is one-to-one,the J-critical control is uniquefor eachx0 O H. Note
also that H F H G ∑k 8 2 R ko 2 ; 2 G 2 G S G I F SI is the correspondingI -spectral
factorizationandthat H is J-coerciveover  out. �

Also thesystemof Example9.8.15hasD G 0 anda uniqueJ-critical control
over  out; however, herewe have severaloutput-stabilizingsolutions,sothat the
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condition(PB) is neededalsoin this case.
Thenext exampleshows that for unstable~ É (andnon–internallystabilizingC ) thecondition“ C ~ tÉ x k 0 8 x O H ; ” of Lemma9.10.1(d1)is not sufficient for

(P):

Example 9.13.11 ( C ~ tÉ x k 0 øB ~ tÉ F C ~ tÉ x k 0C ~ tÉ x k 0 øB ~ tÉ F C ~ tÉ x k 0C ~ tÉ x k 0 øB ~ tÉ F C ~ tÉ x k 0) Let H G L2 8 R MÝ; , ~ t : G etτ R t ,8 �C x; 8 s; : G eR 2sx 8 s; , D G I G J, B G 0 (sothatΣ is ULR). Let � bestable.
Then, for any solutionof the eCAREwith X G I , we have ~ É G ~ , H É GHlG D, S G I , K G±a C, CÉ G C J DK G 0, C F JC G K F SK, hence 8 0 : I : a C ; is

theuniquer.c.-SOS-PB-stabilizingsolution(hence  out-stabilizing,by Theorem
9.9.1(b)).

However, �C G ~ t F �C ~ t T 0, asoneeasilyverifies,hencealso 8 �C¾: I : a C ; is a
r.c.-SOS-stabilizingsolutionof theeCAREandtheeIARE.Wehave n �C ~ t x n 2H p
eR 2t n x n 2H k 0 for all x O H, but ~ t F �C ~ t x G �C x øk 0 for x øG 0. �

Onecanaddanunobservableandunreachablepartto thesemigroupandthus
alter the propertiesof the solutionwithout affecting the J-critical cost, nor the
J-critical feedbackor signatureoperator:

Example 9.13.12 (Wr ong C C C , fake cost)Let C beastable,P-stabilizingsolution

for Σ andJ, andlet Σ be stable. ExtendΣ to Σ © : G�� W 0 Y0
�W 0¡
0 ¼�� O WPLS0 8 U : H ��H : Y ; with anon–stronglystable�~ (sowehave Σ and �Σ put togetherinto (stable)

Σ © ). C © : G h ã 0
0
�ã i G C © F Our 8 H � �H ; is astable,r.c.-stabilizingsolutionfor Σ © and

J © G J if f �AF �C J �C �A G 0 (because8 B© F ; w C © G U BFw C 0V and K © F C © G U K F C 0V ,
thusS© G S: ^ © G U ^ 0V : ` © G ` :.E�© G E ). By Lemma9.8.11(a),suchasolution

is P-stabilizingif f d �~ �x0 : �C �~ �x0f k 0 for all �x0 O �H, becaused ~ © U x0�
x0 V :gC © ~ © U x0�

x0 V f Gd ~ x0 :²C ~ x0 f J d �~ �x0 : �C �~ �x0f , but, by theuniquenessof C�© , only �C G 0 cansatisfy
this condition.

(a) Taking �~ G eit ( �A G i G´a �AF O C1 � 1) we seethat any �C|O R definesa
stable,r.c.-stabilizingsolution C�© , but only �C G 0 definesaP-stabilizingsolution.

(b) Require,in addition,thatΣ is weaklystable.Take �~ G τ on �H : G L2. Then�~ andhencealso ~ © is weaklybut notstronglystable.Moreover, �AF G�a �A, hence�C : G rI definesa stable,r.c.-stabilizingsolutionfor any r O R. �
Notethatif ~ and �~ werestronglystableandS A 0, thenthe  out-stabilizing

solution U ã 0
0 0 V would be the greatestsolution of the eIARE having S T 0, by

Corollary9.2.11.By (a) (or (b)), theis not thecasein theweaklystablecase.
Naturally, theminimal costcanbenegative:

Example 9.13.13 (Negativeminimum, C�� 0C³� 0C�� 0) Thesystem� A B

C D � : G ÿ� a 1 1

1 0
0 1

��
(9.248)
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is minimal andexponentiallystable.For J G U R 1 0
0 2 V , we have H F J H A 0 (since�H F J �H£G 2 a à s J 1 à R 2 T 1 for s O iR), so that thesystemis positively J-coercive

over  out
G  exp.

The[e]CAREhasatwo solutions,C G�a 2 ��� 2 (with S G 2,K G�a C � 2). The
smalleroneis unstable,andthebiggerone, 8 a 2 J � 2 : 2 : a 1 J 2 R 1o 2 ; , minimizing
over  out

G  exp. Thus,theminimalcostis givenby d x0 :gC x0f G£a 8 2 a � 2;�n x0 n 2.�
Finally, we give an exampleof a minimal exponentiallystabilizablesystem,

which hasa  str-stabilizing (and  str-minimizing) solution that is not strongly
stabilizing(hencenotminimizing over  exp):

Example 9.13.14 ( h W ¡Z ih W ¡Z ih W ¡Z i and � W¹½¡ ½ ¼ ½Z ½ [ ½ �� W]½¡ ½ ¼ ½Z ½ [ ½ �� W¹½¡ ½ ¼ ½Z ½ [ ½ � stablebut K : H : ` : K É unstable)

Let A G 8 a k R 1 ; k � N M 1, B G I , C G 8 h k � 1� 20 i ; k � N M 1, D G U 0I V , U : G H : G Y : G� 2 8 N J 1; , asin Example6.1.14(we have addeda copy of u to theoutput),and
setJ : G I .

By Example6.1.14(b), U W ¡ V is stronglystableand K and H areunstable.SinceH is positively J-coerciveover  out, thereis aunique  out-stabilizingsolutionof
theCARE (=BFw-CARE)

S G I : K Gla CD: C F C J AF C J C A G C 2 } (9.249)

sinceB (andA andC andD) is bounded.Onecanverify thatthissolutionis given
by theuniquenonnegativediagonalsolution,namelyC k

G|a k
R 1 J k

R 1 � 1 J k G|a Kk 8 k O N J 1;ç} (9.250)

Since C is also  str-stabilizing(becauseAÉ G A J BK G A a C G 8 a k R 1 � 1 J k ;
is stronglystable),it mustbe  sta-stabilizing,by Lemma8.3.3. By Proposition
10.7.3(d), C is also SOS-stabilizing. One can verify that ^ is stablebut ` is
unstable.Theunstabilityof K É and K É τ follow asin Example6.1.14(b).

Sincethereis no exponentiallystabilizingsolution(sucha solutionwould be
diagonalandnonnegative; analternative proof follows from Corollary9.7.2and
theuniquenessof C ), we candeducethat thereis no J-critical controlover  exp

(for somex0 O H), equivalently, H is notJ-coerciveover  exp, by Theorem9.2.16.
(Recallfrom Example6.1.14(b)thatΣ is minimal andexponentiallystabiliz-

ablebut notdetectable.) �
In the above example, the cost function is coercive enoughto provide a

minimizing control over  out,  sta and  str, but the existenceof a minimizing
controlover  exp would requireevenfurthercoercivity.

Notes
Most of Proposition9.13.1(c1)is from [WW, Example11.5] and Exam-

ple 9.13.8is from [WZ].



9.14. J -CRITICAL FACTORIZATION ( 1) 539

9.14  J !"$# -critical factorization ( % & ')( a 1)

There comesa critical momentwhere everythingis reversed,after
which the point becomesto understandmore and more that there is
somethingwhich cannotbeunderstood.

— SørenKierkegaard(1813-1855)

In this section,we shalldevelopanextensionof canonical(H2) factorization
theoryof L∞ 8 ∂D;Cn � n ; maps[LS] [GlaGoh]for thecasewhereCn � n is replaced
by r 8 U ; . Most of our resultsaregivenin continuoustime.

We start by formulating an additionalequivalent condition for a uniqueJ-
critical controlto beof statefeedbackform:

Definition 9.14.1( 8 J :Ç¤Õ;8 J :g¤Õ;8 J :Ç¤Õ; -critical factorization) Assume that  FF G  out or FF G  exp. Let ¸ O � TIC∞ 8 U ; be s.t. π MäU+*, V π Rô¸ R 1 ? L2
ω úÖ< L2 (and

π M K ¸ τπ R ¸ R 1 ? L2
ω úô< L2 if  FF G  exp) for someω O R, where ì : G�H ¸ , anddóì π RÝ¸ R 1v: J H ηf L2 ¦ R - ;Y � G 0 8 η OI FF 8 0;ç: v O L2

ω 8 R R ;U ;q;z} (9.251)

ThenH�G ìâ¸ R 1 is calleda 8 J :Ç¤Õ; -critical factorization(of H ) over  FF .
It follows thatπ M U *, V π R ¸ R 1 O�r 8 L2

ω : L2 ; (and K ¸ τπ RÝ¸ R 1 Otr 8 L2
ω :q< L2 ;

for  exp), by LemmaA.3.6. Notethatwemayincreaseω, sinceL2
ω ª 8 R R ;U ;Á< L2

ω
for ω © � ω.

Lemma 9.14.2 Make the assumptionsand usethe notationof Definition 9.14.1
[and assumethat  FF G  exp]. Then

(a) U *, V ? L2
c 8 R;U ;gú.< L2 [and K ¸ τ ? L2

c úÝ< L2]; in particular, ? K ¸ τ :�úóì\:Ü¸ O
TICγ for all γ � 0.

(b) Setö : G π M�¸ π R ¸ R 1, . : G π R J ö G ¸ π RÝ¸ R 1. ThenöIO�r 8 L2
ω : L2 ; and? π M K τ .¶:�úóö�: π M H .¬Our 8 L2

ω : L2 ; .
(c) If Σ is stable,  FF G  out, andSis one-to-one, thenall choicesof 8 ìÀ:Ü¸�; are

givenby 8 ì E : ¸ E ; (E Oë�Ûr 8 U ; ).
Proof: (a) Let vÉcO L2

c 8 R R ;U ; . Then v : G π Rô¸ vÉ�O L2
c < L2

ω, henceì vÉ G π RQì vÉ J π M.ì π R ¸ R 1v O L2
c
J L2 < L2. Thus, ì L2

c < L2. By Lemma
2.1.13,wehave ì�O TICγ for all γ � 0. Replaceì by ¸ [andthenby K ¸ τ] to
obtaintheotherclaims.

(b) Now . G π RÌ¸ π RÝ¸ R 1 J π MQ¸ π RÝ¸ R 1 G ¸ π RÝ¸ R 1. hence H . Gì π RÝ¸ R 1. By assumption,[π M K τ . ,] ö and π M H . map L2
ω k L2, hence? π M K τ .¶:�úóö�: π M H .¬Our 8 L2

ω : L2 ; , by LemmaA.3.6.
(c) This follows from Theorem9.14.3andTheorem8.3.13(f)(sinceìâ¸ R 1

is independenton U�W Y¡ ¼ V ). @
Now we arereadyto show thata strictly optimalcontrol is of statefeedback

form iff thereis aJ-critical factorization:
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Theorem 9.14.3(JCF  � U¶^ ` V  � U�^ ` V  � U�^ ` V ) Assumethat H has a unique J-critical
control over  FF for each x0 O H, where  FF G  out or  FF G  exp. Thenthe
following areequivalent:

(i) H hasa 8 J :Ç¤Õ; -critical factorizationover  FF ;
(ii) there is a J-critical statefeedback pair for Σ over  FF ;
(iii) there is a  FF -stabilizingsolutionof theeIARE.

Moreover, if H�G ìâ¸ R 1 solves(i), then U¶^ ` V : G Uâ¸ R 1 ^ crit PP I a ¸ R 1 V
is a J-critical statefeedback pair for Σ over  FF . Conversely, if U ^ ` V solves
(ii), then ¸ : G 8 I a ` ; R 1 and ì : G�H ¸ form a 8 J :Ç¤Õ; -critical factorizationover FF .

A sufficient condition for (i)–(iii) (and for the eIAREbecominga CARE)is
thatanyof (1.)–(4.)of Remark9.9.14holdsandD F JD Oë�Ûr 8 U ; .

In eithercase,Theorem8.3.13applies. SeeTheorem9.9.1(a1)&(e)for the
correspondenceof (ii) to (iii).

Proof: (In fact,it wouldsufficeto assumethatthereis aJ-critical controlin
WPLSform for Σ, asoneobservesfrom theproof of Theorem8.3.13(c2)and
from Proposition9.3.1.)

1� (ii) B (i): Let U ^ ` V beJ-critical (asin (ii)), andset ¸ : G 8 I a ` ; R 1,ì : GIH ¸ . Then 8 π M ì π R_;X¸ R 1 G 8 � crit
K ¸£;X¸ R 1 G³�

crit
K , hence(9.251)holds

for any ω � ωA. Becauseπ M�¸ π R ¸ R 1 G ^ crit
K�G : ö , the requirementsof

Definition 9.14.1aresatisfiedin case  FF G  out. For  FF G  exp, we have on
R M thatK ¸ τπ RÝ¸ R 1 G�K τ 8 π R J 8 π Mò¸ π Rº;X¸ R 1 ; (9.252)G�K τπ R J�K τ 8 ^ crit

K ;ß¸ π RÝ¸ R 1 G ~ ü K®J�K τ ^ crit
K�G ~ ücrit

K :
(9.253)

andπ M ~ ücrit
K mapsL2

ω k π M L2, because~ crit is exponentiallystable.
2� (i) B (ii): With thenotationof Lemma9.14.2(b)(assume,in addition,that

ω � ωA), ö is theoperatorof Theorem8.3.13(a),and ö.¸ G π MQ¸ π R , hence(ii)
holdsand Uâ¸ R 1 ^ crit PP I a ¸ R 1 V is J-critical, by Theorem8.3.13(c2).

3� (ii)   (iii): SeeTheorem9.9.1(a1)&(e).
4� The“moreover” claimswereestablishedin 1� –2� . Thesufficient condi-

tion is obtainedfrom Remark9.9.14(d). @
Next we establisha canonical(H2) factorizationasa specialcaseof J-critical

factorization.Themainresultof thissection,Theorem9.14.6,is givenin discrete
time,asaretheclassicalresults,but westartwith two continuoustime results.

If a function is H∞ over theunit circle, thenit is alsoH2 over theunit circle.
Thesamedoesnothold in continuoustime,henceourcontinuoustimeresultsand
assumptionsdiffer somewhat from thoseof Theorem9.14.6. We startwith the
exponentiallystablecase:
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Theorem 9.14.4(Exponential H2H2H2-SpF) Assume that �H a D O
H2

strong8 C M R ε; r 8 U : Y ;9; for some ε � 0, J G J F O|r 8 Y ; , and π M H F J H π MbO�Ûr 8 L2 8 R M ;U ;q; .
Then there are ε © � 0 and �E O � 8 r 8 U ; J H2

strong8 C M R ε ª ; r 8 U ;q;q; , s.t.E F 8 D F JD ;²E G£H F J H , X G I andD F JD O¨�Ûr 8 U ; . In particular, �E F 8 D F JD ; �E G�H F J �H on iR / N ∞ S .
Moreover, H¢G 8 H E R 1 ;gE is theunique 8 J :g¤Õ; -spectral factorizationof H over out havingX G I .

NotethatH2
strong8 C M R ε; r 8 ¤Õ;q;â< H∞ 8 C M R ε o 2; r 8 ¤Õ;9; , by LemmaF.3.2(a1).

By Lemma2.2.2(d),we have π M H F J H π M¢A 0 if f H F J H A 0, equivalently,
if f �H F J �H A 0 in L∞

strong8 iR; r 8 U ;q; , by Theorem3.1.3(a1)&(e1). However, in
the indefinitecase,the invertibility of the Toeplitz operatoris a strictly stronger
condition than the invertibility of �H F J �H (i.e., of H F J H ). This also appliesto
Proposition9.14.5andTheorem9.14.6.

Proof of Theorem 9.14.4: Seethe proof of Theorem9.2.14(c2)(and
(a)2� ). Theuniquenessfollows from Lemma9.14.2(c). @
In thepositivecase,wemaygiveupexponentialstability:

Proposition 9.14.5(PositiveH2H2H2-SpF) Assume that �H a D O H∞ ñ
H2

strong8 C M ; r 8 U : Y ;q; , J G J F O�r 8 Y ; , andπ M H F J H π MmA 0.

Then there is �E O�� 8 r 8 U ; J H∞ ñ H2
strong8 C M ; r 8 U ;q;q; s.t. E F 8 D F JD ;gE GH F J H , X G I andD F JD Oë�Ûr 8 U ; . Moreover H¢G 8 H E R 1 ;gE is theunique 8 J :Ç¤Õ; -

critical factorizationof H over  out havingX G I .

It follows that, d �E u0 : D F JD �E u0f U G d �H u0 : J �H u0f Y a.e.on iR, for any u0 O U .

An analogousindefiniteresultalsoholds,exceptthat �E ï 1 neednot bestable;
indeed,the continuous-timeequivalentof Theorem9.14.6alsoholdsunderthe
assumptionthat �H�a D O H∞ ñ H2

strong (useTheorem9.9.6 insteadof Theorem
14.1.6in theproof,etc.).Notethat H :�E�O ULR in bothcases.

Proof of Proposition 9.14.5: Take a strongly stablerealizationΣ of H
with B bounded(seeTheorem6.9.1(a)&(d2)).Now weobtainour claimsfrom
Theorem10.6.3(a)(seealso(d)) (which alsocontainstheconverse)combined
with Lemma10.6.2(d)(7.) except for the regularity of E ; but, by Theorem
6.9.1(a), E a I and E R 1 a I are in H2

strong8 C M ; r 8 U ;q; . By Theorem9.14.3,ìâ¸ R 1 is a 8 J :Ç¤Õ; -critical factorization. The uniquenessfollows from Lemma
9.14.2(c).

(Notethat E correspondsto a J-critical statefeedbackpair for Σ over  out

andto astronglyr.c.-stabilizingsolutionof theBFw-CARE.) @
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Now we establishthecanonicalfactorizationfor L∞
strong8 ∂D; r 8 U ;q; functions

of form �H F J �H , �H O H∞ 8 D; r 8 U ;q; , with aninvertibleToeplitzoperator:

Theorem 9.14.6(DiscreteH2-factorization) Assumethat H O tic 8 U : Y ; andJ G
J F O�r 8 Y ; ares.t.π M H F J H π M OI�Ûr 8 � 2 8 N;U ;q; .

Then H has a unique 8 J :Ç¤Õ; -critical factorization H�G ìâ¸ R 1 over  out s.t.
M G I . Moreover, �E : G �¸ R 1 O¨� H 8 D; r 8 U ;q; , ì G£H E R 1 O H2

strong8 D; r 8 U : Y ;q;
and dóì u : J ì vf G d u : Svf 8 u : v O � 1 8 Z;U ;9; (9.254)

for some S G SF O �Ûr 8 U ; . Furthermore, �¸c: �E 8 í̄î; F O H2
strong8 D; r 8 U ;q; ,8 π M H F J H π M ; R 1 G ¸ π M SR 1̧ F O��Ûr 8 � 2 8 N;U ;9; , and all claimsin (a1)–(c2)of

Lemma14.2.8hold.
If dimU ¥ ∞, then �EÖ: �¸ O H2 8 D; r 8 U ;q; ñ L2 8 ∂D; r 8 U ;q; , and �E�O£��r 8 U ;

and �E F S�E G �H F J �H a.e. on ∂D.
If H is exponentially stable, then so are E and E R 1, and then we haveì F J ì G Sand H F J H�G E F SE , i.e.,�H F J �H�G �E F S�E on ∂D } (9.255)

(In the above theorem,we have given up StandingHypotheseson Σ.) By
using the Cayley transform,we obtain the correspondingcontinuous-time“f ac-
torization”. However, this factorizationneednotbewell-posed,sincethe“f actor”
operator �E±O�� H 8 C M ; r 8 U ;q; (for �H O TIC 8 U : Y ; ) may satisfy E=:"E R 1 øO TIC∞
(i.e., �EÖ: �E R 1 øO H∞ 8 C Mω ; r 8 U ;q; for all ω O R), even whendimU ¥ ∞, asshown
in Example8.4.13(seealsoExample11.3.7).Thus,thereis no equivalentresult
in continuoustime (unlesswe have H F J H A 0 or H is assumedto besufficiently
regular;cf. theremarkbelow Proposition9.14.5).

By Lemma14.2.8(d),wehave

lim
t { M ∞

deE u : Sπ � 0 > t � E vf G d H u : J H vf 8 u : v O � 2 8 N;U ;9;z} (9.256)

However, we cannotwrite “ �E F S�E ”, becauseit is not evenknown whether �E has
a boundaryfunction. Thus,to obtain �E F S�E G �H F J �H , we must,e.g.,assumethatH is exponentiallystable( �H O H∞ 8 rD; r 8 U ;q; for somer � 1), in which casethe
above factorizationbecomesanexponentialspectralfactorization).

If H F J H A 0, thenS A 0, asoneobservesfrom theproof andLemma9.10.3,
hencethen it follows from (9.256)that E is in tic, and from (9.254)that ¸ is
in tic; in particular, then E G ¸ R 1 O¨� tic (i.e., �E G �¸ R 1 O¨� H∞ 8 D; r 8 U ;q; ), so
thatthis would beanalternative (system-theoretic)proof for thepositivespectral
factorizationresultLemma5.2.1(a)(for operatorsof form H F J H , as is the case
with the applicationsof the lemmain this monograph). (Note that we obtain
the correspondingcontinuous-timeresult throughthe Cayley transformin this
positivecase.)

Proof of Theorem 9.14.6: Choosea strongly stable realization Σ GUßW Y¡ ¼ V O wpls8 U : H : Y ; of H . By Proposition8.3.10,thereis auniqueJ-critical
controlfor eachx0 O H. By Theorem9.14.3,thiscorrespondsto a 8 J :Ç¤Õ; -critical
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factorization(which is unique,by Lemma9.14.2(c))andto a  out-stabilizing
solution 8 C\: S: K ; of theDARE (wehaveS OI�Ûr 8 U ; , by Lemma9.10.3).

Let Σ É , E , ¸ and ì beasin Definition14.1.1,sothat ~ É , � É and ^ É are
stronglystableby Theorem8.3.9(a3). Now we obtain the otherclaimsfrom
Lemma14.2.8. @
We finish this sectionby a discussionon spectralandotherJ-critical factor-

izationsin continuoustime.
By Example8.4.13,J-coercivity over  out doesnot imply theexistenceof a

spectralfactorizationin theindefinitecase(seealsoExample11.3.7).Instead,we
needsomeadditionalassumptions,asin Theorems8.4.9and9.2.14.

In discretetime, we alwayshave the“H2-factor” (the 8 J :Ç¤Õ; -critical factor)of
Theorem9.14.6,andit sufficesfor thepurposesof optimalcontrol(by Theorems
9.14.3and8.4.3).If theI/O mapis exponentiallystable,thenthisJ-critical factor
is aspectralfactor(cf. Theorem14.3.2).

For a continuous-timeI/O map H , the correspondingfactor and its inverse
may be non-well-posed(i.e., E ï 1 øO TIC∞, as in Example 11.3.7), and the
corresponding“statefeedbackpair” maythusbenon-well-posed.

If �H O H∞ 8 C M ; r 8 U : Y ;q; is H∞ 8 K c; r 8 U : Y ;9; for somecompactK < C R , then
an analogouscondition is satisfiedby �E ï 1 (since this condition holds if f the
map is a Cayley transformof an exponentiallystable(discretetime) map),and
in this casewe do have an exponentiallystablespectralfactorization(whenever
the Popov Toeplitz operatoris invertible), but this condition is too strong for
our purposes.Unfortunately, it doesnot seemthat continuoustime exponential
stability would be a sufficient condition (it seemslikely that both �E and �E R 1

might still beunboundednearinfinity).
However, if �Hëa D O H∞ ñ H2

strong over C M (for someD Oär 8 U : Y ; ), thenthe
“H2-spectralfactorization”mentionedabove is, indeed,well-posed(andULR) in
continuoustime too,asnotedbelow Proposition9.14.5;Thenalsothecontinuous
time form of Theorem9.14.6andits proof arevalid.

(In the above setting,the discretized 8 C\: S: U ^ ` V ; is a  out-stabilizing
solution of the discretizedeIARE, hencethe original proof of Theorem9.14.6
leadsto correspondingresultson ∆SH and∆SE , but thesearenot asstrongasthe
onesobtainedfrom thecontinuoustimeversion.)

Notesfor Sections9.14and 9.15
Theorem9.15.3is abasicresultof classical(generalized)canonicalfactoriza-

tion theory, andalsovariantsof Lemmas9.15.2and9.15.5arewell known.
Actually, in theclassicaltheory, onecanreplaceH F J H by any ti0 operator(i.e.,�H F J �H by any L∞ 8 ∂D;Cn � n ; function),and∂D canbereplacedby any “standard

contour” (and L2 by Lp). Thus, Theorem9.14.6only extendsthe part of the
factorizationtheorythatis neededfor standardcontroltheory.

Classicalreferencesonthesubjectin Englishinclude[CG81]and[LS], andan
up-to-datebook [BKS] appearedduring the refereeprocessfor this monograph.
Seealsothenoteson p. 148.
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9.15 H2-factorization when dimU 0 ∞
Divide et impera!

— LouisXI

We presenthere somebasic facts on a weaker form of finite-dimensional
canonical(generalized)factorizationsfor later use. We mainly work in discrete
time(i.e.,onD, notC M ); in particular, werelaxStandingHypothesis9.0.1(except
in Lemma9.15.4);westill assumethatH andY areHilbert spaces.

Letn O N J 1,U : G Cn. SetH2 : G H2 8 D;Cn ; . RecallthatD G N z O C PP à z à ¥ 1 S ,
hence∂D G N

z O C PP à z à G 1 S . Note that 1π M ∑∞
n� R ∞ unzn G ∑∞

n� 0Lnun for each8 un ; n � Z Otñ r 2 0
� 2
r 8 Z;Cn ; .

Definition 9.15.1( � H2-factorization) Let H O tic 8 Cn : Y ; andJ G J F O r 8 Y ; . We
saythat �E F S�E is a � H2-factorizationof �H F J �H if �E°O�� H2 8 D;Cn � n ; , S G SF O��r 8 Cn � n ; , and �E F S�E G �H F J �H a.e. on ∂D.

In standardfactorization theory, a � H2-factorizationwith the additional

condition“ �E R 1 1π M �E is boundedon L2 8 ∂D;Cn ; ” (cf. Theorem9.15.3)is calleda
“generalizedcanonical(right-)factorizationrelative to L2” (see,e.g.,pp.142–143
of [CG81]).

A � H2-factorizationis uniqueup to an invertible constantmatrix, andone
canalwaysredefine�E sothatS G J1 (i.e.,makeSadiagonalmatrixwith diagonal
elements� 1):

Lemma 9.15.2(Uniqueness)Let H O tic 8 Cn : Y ; andJ G J F Oär 8 Y ; . Let �H F J �H
havea � H2-factorization �E F S�E .

Thenall � H2-factorizationsof �H F J �H are given by 8 E �E=; F 8 E R F SE R 1 ; 8 E �ED;8 E O¯�Ûr 8 Cn ;q; , and there is E O°�Ûr 8 Cn ; s.t. 8 E R F SE R 1 ; G J1 : G U I 0
0 R I V Or 8 Ck � Cn R k ; for somek O N 0 : 1 :q}9}q}Ç: n S .

Moreover, then �H F J �H G 8 �E R 1SR 1 �E R F ; R 1 O � L1 8 ∂D;Cn � n ; and �E ï 1 O� Cn � n a.e. on ∂D.

Proof: 1� Obviously, any E O��Ûr 8 Cn ; definesa � H2-factorization. By
Lemmas2.4.4and2.4.1,we have S G 8 VE © ; F J1 8 VE © ; for someV : E © O¬r 8 U ;
(setk : G dimH M ).

2� By Theorem3.3.1(e)&(a4),the functions �H O H∞ < H2, �¸ : G �E R 1 O� H2, �ì : G �H �E�O H2 haveL2 boundaryfunctionson ∂D.
By continuity, �¸ �E G I G �E �¸ , �ì G �H �¸ and �ì F J �ì G S a.e. on ∂D,

hence�E®: �¸c: �ì F J �ì¾: �H F J �H O¬��r 8 U ; a.e.on∂D and 8 �H F J �H ; R 1 G �E R 1SR 1 �E R F O
L1 8 ∂D; r 8 U ;q; , by TheHölderInequality.

3� All � H2-factorizations:Conversely, let �E F2J1 �E 2 bea � H2-factorization
of �H F J �H . Set �E : G �E 1, �ì 1 : G �ì (redefinedsothatS G J1).

By TheHölderInequality, E : G �E 1 �E R 1
2 Oë� H1 8 D; r 8 U ;q; . Fromequations

J1
G �ì F1J �ì 1 and �ì 2

G �ì 1E, we obtainthatE F J1E G J1, henceE G J
R 1
1 E R F J1
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a.e. on ∂D. By Lemma B.3.6, 8 E R 1 ; d : G E 8 z̄; R F O¯� H1 8 D; r 8 U ;q; . Set
E 8 z; : G J

R 1
1 E 8 1� z̄; R F J1 for z O D

c
, so thatE Osr 8 U ; , by PropositionD.1.20.

But �E 1
G E �E 2, asrequired. @

If the Popov Toeplitz operatoris invertible (i.e., H is J-coercive over  out),
then �H F J �H hasa � H2-factorization:

Theorem 9.15.3(
� 8 π M H F J H π M ; R 1 B � � H2� 8 π M H F J H π M ; R 1 B � � H2� 8 π M H F J H π M ; R 1 B � � H2-factorization) Let H O tic 8 Cn : Y ;

and J G J F O³r 8 Y ; . If π M H F J H π M Oc��r 8 � 2 8 N;Cn ;q; , then �H F J �H has a � H2-
factorization �E F S�E .

Moreover, �E R 1 1π M �E is boundedon L2 8 ∂D;Cn ; and �H F J �H Oë� L∞ 8 ∂D;Cn � n ; .
Naturally, theToeplitz invertibility conditioncanbewritten as 1π M �H F J �H 1π M O�Ûr 8 H2 8 D;Cn ;9; ,

Proof: The existenceof �E and S with �E R 1 1π M �E boundedfollows from
Theorem9.14.6.By Lemma2.2.2(d),H F J H Om� ti 8 U ; , hence�H F J �H O�� L∞, by
Lemma13.1.5. @
In fact,thecoercivity assumptioncanbereplacedby aweaker condition:

Lemma 9.15.4(CT: U_^ crit ` crit V B � H2U ^ crit ` crit V B � H2U_^ crit ` crit V B � H2-factorization) Let Σ G U W Y¡ ¼ V OWPLS8 Cn : H : Y ; bes.t. K and H arestable, andlet J G J F O�r 8 Y ; . Let U¶^ ` V
bea J-critical statefeedback pair for Σ over  out.

Then 8 �é �E ; F S8 �é �E ; G 8 �é �H ; F J 8 �é �H ; is a � H2-critical factorization, whereE : G I a ` andSis thecorrespondingsignatureoperator. @
(This follows from Lemma9.12.8(d)andLemma13.2.1(e2).In fact,any  FF

with ϑ G 0 woulddo,with thesameproof.)
We shall also needthe following local variant of Proposition5.2.2, which

statesthatif H is holomorphicaroundsomesubarcof ∂D, thensoare E ï 1:

Lemma 9.15.5(Local holomorphic extension) Assumethat �3 O L∞ 8 iR;Cn � n ;
and that �E®: �4 O H2 8 D;Cn � n ; . Let Ω < C be openand Γ : G Ω ñ ∂D øG /0. If�3 G �4 F �E a.e. on ∂D and �3 à Γ hasan holomorphicextensionto Ω, then �E ï 1 and�4 ï 1 haveholomorphicextensionsto D / Ω andD / N 1� s̄ PP s O Ω S , respectively.

(Note that Ω © : G Ω ñ N 1� s̄ PP s O Ω S contains Γ. Note also that if �H O
H∞ 8 D; r 8 Cn : Y ;q; and �H hasa holomorphicextensionto D / Ω, then �H F J �H à Γ has
aholomorphicextensionto Ω © , sothatthelemmaapplies.)

Proof: 1� Case a 1 øO Ω: Set �û 8 s; : G �4 8 1� s̄; F for s O C s.t. 1� s̄ O D. We
have s G 1� s̄, hence �4 8 s; F G �û 8 s; for all s O ∂D. Since �4 O H 8 D;Cn � n ; , we
have �û³O H 8 Dc

;Cn � n ; .
Consequently, �ûÛ�E G �3 a.e.on ∂D, sothat f : G �E G �û R 1 �3 a.e.on ∂D (note

from Lemma9.15.2that �E®: �ûäOä� Cn � n a.e.on∂D). By Theorem3.3.1(e)&(a2),�E 8 r íî; k �E 8 í ; in L2 8 ∂D;Cn � n ; , as r k 1 a . It follows that the (inverse)
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Cayley transform�é R 1 �E 8 r J i í ; convergeslocally in L1 asr k 0J ; analogously,�é R 1 �û 8 r J i íî; convergeslocally in L1 asr k 0 a (seeLemma13.2.1(e1)).
We concludefrom PropositionD.1.18 that f : ∂D ñ Ω k Cn � n has an

holomorphicextension f : Ω k Cn � n s.t. f G �E on D ñ Ω and f G �û R 1 �3 on
D

c ñ Ω. Thus, �E hasanholomorphicextensionto D / Ω.
Apply the above to �3 F G �E F �4 in place of �3 to obtain the claim on�4 (equivalently, an holomorphic extension of �û à Dc 5 Ω to Ω). But f R 1 G�3 R 1 �û�O H 8 Ω;Cn � n ; , and f R 1 G �E R 1 onD ñ Ω, hence�E R 1 hasanholomorphic

extensionto D / Ω.
2� Case∂D ø< Ω: Rotatethefunctionssothat1� applies.
3� Case∂D < Ω: Apply 2� to two subsetsof Ω. @

(Thenotesfor this sectionaregivenonp. 543.)


