Chapter 9

Riccati Equations and J-Critical
Control

JacopoFrancescoCountRiccati, born at \Veniceon May 28, 1676,
anddiedat Treveson April 15,1754,did a greatdealto disseminate
a knowledg of the Newtonian philosophyin Italy. Besidesthe
equationknownby his name certain casesof which he succeeded
in integrating, hediscussedhe questionof the possibilityof lowering
the order of a givendifferential equation.

— ‘A Short Account of the History of Mathematics’(4th edition,
1908)by W. W. RouseBall.

In this chapter we shall establishthe connectionbetweenoptimal control
and stabilizing solutionsof Riccati equations(read “optimal”’ as “J-critical”).
A summaryof the main resultsis given on pp. 28-31,s0 herewe only list the
contentsof eachsection.

Throughoutthis chaptey we shall assumethat StandingHypothesis9.0.1
holds. Moreover, StandingHypothesis9.1.2is assumedn Section9.1, Standing
Hypothesis9.4.1in Section9.4, and StandingHypothesis9.5.1in Sections9.5
and9.6.

In Section9.1,we establisithe equivalencementionedon p. 9 of (1) J-critical
control, (Il) spectralor coprimefactorization,and (lll) stabilizing solutionsof
Riccati equations.Underfurther (e.g.,MTIC type) regularity, (IV) the standard
coercvity assumptions shovn to be a fourth equivalentcondition. Somefurther
resultsin this directionaregivenin Section€9.2and9.9.

In general, the connectionbetweenoptimization and Riccati equationis
trickier than in the caseof a boundedinput operatorB: a J-critical control
(whenit exists) neednot be given by a regular statefeedbackoperator(nor by
ary well-posedstatefeedback). In Section9.1, this difficulty is overcomeby
using the specialclassesof Theorem8.4.9 (with partial resultsfor the general
case). In Section9.2, we list several additional caseswhere this difficulty
disappearsphamely smoothingsemigroupsboundedinput mapsor smoothl/O
maps(seeHypothesis9.2.2). We also the Riccati equationand corresponding
results. A summaryof most of our sufficient conditionsis given in Remark
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9.9.14.Applicationsto parabolic-typegroblems(i.e., to systemswith ananalytic
semigroup)aregivenin Section9.5.

A casualreadermight be satisfiedwith the three sectionsmentionedabove
andskip mostof therestof the chapteywhich containsa moregenerabtndhence
necessarilyesssatisactorytheoryandresultson which theaboveis based.

In Section9.7,wetreatthemostgeneraktasewhereauniquel-critical control
for any WR (Weakly Regular) systemis shown to correspondo a solutionof a
genearlizedRiccatiequationgivenon Dom(Ait), the domainof the generatoof
the “(state-feedbackontrolled)closed-loopsemigroup”. We do not requirethe
optimal controlto bewell-posednor regular. This generalizeRiccatiequations
arigorousextensionof theRiccatiequationof F. Flandolietal. [FLT]. An integral
versionof the equationis givenfor arbitrary(evenirregular) systems.

In Section9.9, we shav thatfor a WR system thereis a (well-posed)WR J-
critical statefeedbacloperatoliff thereis a “stabilizing” solutionto the extended
Continuous-timeAlgebraic Riccati Equation (eCARE) In the general(possibly
irregular) casethe eCAREhasto be replacedby the extendedntegral Algebraic
Riccati Equation(elARE) which alsoallows us to reducedseveral resultsto the
substantiallysimpler discrete-timetheory The word “extended” corresponds
to possibly noninvertible signatureoperatorsand is redundantunder standard
coercvity (andregularity) assumptionsFurtherresultson Riccati equationsare
givenin Section$.8-9.12.

In Section9.13,we presenexampleghatillustratevariouspathologicaktases,
including thosementionedabove. In Section9.14, we shaw that the J-critical
controlis givenby (well-posed)statefeedbackff certainfactorizationcondition
is satisfied,andwe usethis to extend a part of the “H? (generalizedtanonical
factorizationtheory” of [CG81] and[LS] to mapswith infinite-dimensionalnput
andoutputspacesPositve Riccatiequationswill betreatedn Sectionsl0.6and
10.7.

A readerinterestedmainly in resultscanreadthe sectiondlinearly. A more
technically orientedreadermay wish to read Sections9.7 and 9.8—-9.11before
9.2-9.69.1,9.12,9.13and9.14,althougha brief glanceat Section9.1 beforethe
startmight neverthelesde a goodidea. Thereademwishingto verify all proofs
rigorouslymayfollow the orderdescribedn the proof of Theoreml14.1.3.

The resultsof this chapterhold whenwe optimize underary decentrestric-
tionson the stability of theinput, state outputand/oradditionaloutput:

Standing Hypothesis9.0.1 Throughoutthis chapterand Chapter10, weassume
that> = ‘[%}%} € WPLSU ,‘H,Y) qndJ = J* € B(Y). ThelettersU, H, Y andZ
denoteHilbert spaceof arbitrary dimensions.

We alsoassumehat [Q R], Z“ and Z® are asin Definition8.3.2, [%’%} €

WPLS(U, H,Y) for someHilbert spaceY, andthat i, 1'z€ ZS < z€ 75 (z¢
Z' t>0).

Thereademayignorethe latter paragraplof the hypothesisandread U as
ary of Uout, Usta Ustr, Uexp (s€€DEAiNition 8.3.2), sincetheseobviously satisfy

the latter assumptior(with ¥ = H, becausg 22 | € WPLS(U,H,H) andx :=



Axo +Btu € C(R4+;H) C L2 (R4;H), by Theorem6.2.13(al)). Sometimesve
alsorequirethatZ® is reflexive; thisis satisfiedby Uoyt and Uexp.

In fact,if Y ¢ L2.(R;;Y), thenZ® = L§ will dofor ary p € [1,%], w € R;
andif 2Y ¢ C(Ry;Y), thenZs = e @G, or Z5= e (p will do for ary w e R
(assuminghat [%%] e WPLS(U,H,Y)).

By capitalletterswe againdenotethe generator®r feedthroughoperatorsof
integral maps(seeLemmaé6.1.16andDefinition 6.2.3).



9.1 The Riccati Equation: A summary for Uyy
(r.c.f+~CARE)

It is notyourfault, it is thefault of the mathematics.
— Geoge Weiss,aboutthe CARE at MTNS'98

In this section,we shaw that,for aregularstronglyq.r.c.-stabilizablesystems,
the conditions(l)—(lll) belon areequivalent:

(I) theexistenceof regularoptimal statefeedback,

(1) theexistenceof aregular (J, *)-innercoprimefactorization,
(111) theexistenceof a stabilizingsolutionof the Riccatiequation,
(IV) theJ-coercvity of thel/O map

(seege.g.,TheorenB.1.7for details).Moreover, we shav thatfrom the solutionof
theRiccatiequationonecancomputetheoptimalcost,feedbaclkandfactorization
¢ymmy =@M,3n7.  Similarly, we also give formulae (I)—(ll),(lll) as well as
(1) —(), (). Furthermorethe solution of (ll) andthe optimal statefeedback
operatorareshavn to beunique.

Thestandardcoercvity assumptior{lV) is necessaryor (I)—(l11). As notedin
Section8.4, (IV) is not sufficientin general,but for sufficiently regular systems
we have the equialence(l)—(IV), asstatedin Corollary9.1.11(v) andCorollary
9.1.12(\").

Condition(l) refersto a J-critical statefeedbackfor the generalizedptimal
control problem of Section8.3 (or Definition 9.1.3); see Chapters10-12 for
applicationssuchasLQR, HZ2 andH® controlproblems.

Thus,thisis asummaryof oneaspecbf thecontinuous-timelgebraidRiccati
equation(CARE) theoryof this chaptey featuringthe equivalence*(l)—(IIl)” on
page9 undervariousassumptionsThereademay wish to delaythe verification
of the proofstill theendof this chapter

For stronglystablesystemstheaboverequirementbecomesimpler asshovn
in Corollary9.1.9,andthefactorizationcondition(ll) holdsiff thePopor function
hasaregularspectrafactorization.

Conditiong()—(Ill) aresimplifiedalsoin Propositiorf.1.15,assuminghatthe
semigroups smoothingtheinput operatoris boundedor the I/O mapis smooth.
The Riccati equationis comparedto thoseexisting in the literaturein Remark
9.1.14. In Corollary 9.1.13we solwe the classicalproblemof finding a (J, x)-
inner coprimefactorizationfor a given /0O mapby solving the Riccati equation
correspondingo arealizationof the map.

All of the above refersto the rather complicatedcase U} = Uout, Which
shall be the subjectof this section,but we first take a look at the simpler case
of U; = Uexp, Wherea solutionof the CARE is J-critical iff it is exponentially
stabilizing:

Theorem9.1.1 LetZ be WR.Thenthefollowing are equivalent:

(i) Theeis a J-critical WRstatefeedbak operator K for = over Uexp.



(i) TheeCARE9.110)hasan exponentiallystabilizingsolution? = P*.

Moreover, if (ii) holds,then? is the J-critical costoperator, henceunique K
is a WRstatefeedbak opertor K for Z, the J-critical control is givenbythestate
feedbak u = K|_sx, andTheoem?9.9.1applies. 0

(Thisfollowsfrom Corollary9.9.2;in thecoercve casetheeCAREis reduced
to the CARE. However, both (i) and(ii) maybefalseevenfor acoercve system.)

Recallalsofrom Lemma8.3.3that Uep = Uout Whenthe systemis exponen-
tially stableor exponentiallydetectable.ln Sections9.9 and9.2, we give analo-
gousresultsfurther resultsfor e, andother 27;’s, but for a generaltreatment
of the equivalenceof “(I)—(1V)”, we use U} = Uy Therefore,we make the
following assumption:

Standing Hypothesis9.1.2 Throughoutthe restof this section,we assumehat
‘Zl: = ‘Zlout.

This makes the identification of the J-critical solution of the CARE more
complicatedhanin thecasel; = Uep illustratedabove. Insteadof exponential
stabilization,we shouldnow checkthat the controlled(closed-loop)semigroup
is output-stableandsatisfieshe condition(PB) in orderto know thatthe control
correspondingo a solutionof the CARE truely optimizesoverall u € Ugy, i.€.,
over all stablecontrols(u € L?) that make the outputstable(y := Cxo +Du €
L2). (In caseU* = Uexp it sufficesto verify that the solutionis exponentially
stabilizing,asnotedabove.)

To avoid the verification of (PB), we (mostly) assumethat the systemis
stronglystableor stronglyright-coprimestabilizable.But beforewe go into this,
werecallsomedefinitionsby simplifying speciakcase®f Definitions8.3.2,6.6.10
and9.8.1.

A statefeedbackpair [ K | F | is called J-critical (i.e., optimal) if the
resulting(closed-loopontorlu = KX is J-critical for eachinitial statexp € H:

Definition 9.1.3(Critical control) Set%ow(0) := {u€ L3(R4;U)|Du € L2}

We call a control u € L?(R,;U) J-critical for xo € H (and %) if y := Cxo +
Du € L2, and(Dn, Jy), 2 = O for all n € Upy(0).
Let[ K | F | beanadmissiblestatefeedbak pair for %, andset

X:=I|-F, M:=x1 ]Fo—l—l N:=DM = D; (9.1)
] Bes ] [A+BTMK | BM ]

Zext i= ZO = (CQ ]D)Q . C+ DMK (9-2)
HBRNEENE e |

(sothatZ = (Zext)[o | is thecorrespondinglosed-loopsystemcf. Figure 9.1).

Wecall [ K | F | J-critical for = if u= KXo is J-critical for each xp € H
(and ). In this case we call the equationu = KXo the J-critical controlin the
feedbackorm.



X = A Xg+ B Ugs
y=CusXo+ DU
KXo+ Fre Uy

&
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Ucy + U= KXo+ Mu

Figure9.1: Statefeedbackconnection

(SeeDefinition 8.3.2for thegenerakase.)

If F is weakly regular (WR), then feedbackKxg + Fu can be written as
KwX(t) + Fu(t) for a.e.t > 0; we remind the readerthat if the feedthroughis
zero(F = 0), thenK (or its weakWeissextensionKy,) is calleda statefeedback
operator:

Definition 9.1.4(J-critical K) We call K € B(H1,U) a (WR) admissiblestate
feedbackoperatorif [ K \ O} genematesa WR admissiblestate feedbak pair
[ K| F | for Z. We call K stabilizing (resp.J-critical, r.c.-stabilizing,stable,
UR,..) if [ K | F | is stabilizing(resp.J-critical, r.c.-stabilizing stable UR, ...)
(seeDefinition6.6.10).

(See Definition 8.3.2 for the general U}’s in place of Uyy.) Thus, K €
B(H1,U) is admissibleiff [213] generatea WR WPLS [212] with | - F €
GTIC. (cf. Lemma6.3.13),0r equivalently, iff Hg € Dom(K,,) andthefeedback
u = KwX+ U is admissible(seeProposition6.2.8(a2),Theorem6.2.13(al)and
Definition 6.6.10;for ULR K, admissibilityis redundantby Propositior6.3.1(c)).

.. A+BKw | B . .
If this is the case,then [%‘5] [|:C_::—_KDKW 8]] are [compatible] generating

operatorsof Ze [Z5] (SeeProposition6.6.18(d2)andrecall that we denotethe
generatingoperatorsof mapsby the correspondingcapital letters, e.g., M 1=
M(+c0)).

Now we candefinethe CAREs. As notedin Remark9.1.6,their admissible
solutionsleadto WR statefeedbackoperatorsand suchoperatorsare J-critical
iff they are Uyyt-Stabilizing, or equialently, g.r.c.-stabilizing,provided that X is

stronglyq.r.c.-stabilizable Thesethingswill soonbeclarified.

Definition 9.1.5(CARE) We call 7 = P* € B(H) (or (?,S K)) a solution (of
the Continuous-timeéilgebraic Riccati Equation(CARE)inducedby > andJ) iff
> is WRand P satisfies

K'SK =A"P+PA+C*IC onDom(A) ,
Y _li * _ -1
S=D JD+vSv_>I|+ror;1 ByP(s—A) "B onU, (9.3)
K=-S(B},?+D*JC) onDom(A) ,

YIn this chapter we usually denotethe closed-loopsystemcorrespondingo | K | F ] by
> (insteadof %,), andleave %, for preliminarily closedsystemgasin Theorem9.1.10).In most
applicationsthe secondutputof X equalgthe J-critical control (for u = 0).



andS=S" € GB(U) (for someSandK).

A solution ? of the CAREIs called stabilizing (resp. J-critical, admissible,
r.c.-stabilizing,stable,UR, ..)) if K is a stabilizing (resp.J-critical, admissible
r.c.-stabilizing stable UR, ...) statefeedbak operator for Z.

We call Sthesignatureoperatorcorrespondingo 2.

(More generalAREswill be formulatedin Definition 9.8.1. SeeProposition
9.1.15for smoothcaseswherethew-lim termdisappearsandrecallthatoneoften
assumeshatD*JD = | andD*JC = 0toobtainS=1, K = —B},?.)

Notethat,given P, theoperatorsSandK areuniquelydeterminecandcanbe
eliminatedfrom the first equation. By Remark9.1.6, we have Hg € Dom(Ky),

henceary extendedWPLS of X with generators[%é} is WR, by Lemma

9.11.5(b).

Thus, a solution 2 is admissibleiff the operatorskK : xo — KA(-)Xp and
F := KyBt extend Z to anotherWPLS (seeLemma6.3.13and Remark9.1.6)
satisfyingl —F € GTIC, (if F € ULR, thenthe latter conditionis redundant,
by Proposition6.3.1(c)). In Remark9.8.3we give the necessaryand sufficient
conditionsin details.However, in mary applicationK is boundedK € B(H,U)),
hencenecessarilyULR and admissible,by Lemma 6.6.11 (see also Lemma
6.3.17).

In (9.3),aselsavhere theweaklimit of anoperatorfunctions+— T(s) € B(U)
meansthe map up — w-lim T(s)up (seeLemmaA.3.1(h)), whereas'lim” refers
to limit in B(U), i.e., to auniform limit. Notethatwe requirethis weaklimit to
exist (andbeself-adjoint,equialently, thatS= S*); suchaweaklimit is necessary
boundedpy LemmaA.3.1(h3).

The equationsof the CARE (9.3) are given in B(Hy,H*;), B(U) and
B(H1,U), respectiely; e.g.,thefirst oneis equialentto

(Axo, PX1)y + (X0, PAX1) = —(CXo, ICXq)y + (KXo, Kxq), for all xg,x1 € Dom(A)
(9.4)
(by LemmaA.3.1(g3),it is enoughto verify thisfor x; = o).

Notethat CAREscover the Riccati equationgpresentectarlierfor WPLSsIn
[WW, Theoreml12.8],[S98b, Theorem6.1(v)], [Mik97b] and[Mik98]. To getan
examplewhereS= D*JD, applyCorollary9.1.12to | = 1(—1)*I1(—1) (notethat
TT—T)HOO) = 0); seeExample9.8.15for details.

Theweakregularity of K (seeProposition6.2.8(a2))s inherentin the CARE:

Remark 9.1.6(Implicit assumptionsof the CARE) The third equationof the
CARErequiresthat Dom(A) ¢ Dom(B;},) andthe secondequationthat P (o —
A)~'Bu € Dom(B},).

Theseholdiff PHg C Dom(By, ), equivalentlyiff 7 € B(Hg,Dom(B},)).

It follows that B;,? € B(Hg,U), B},P(- — A)~! € H(C{,; B(H,U)), and
B:P(-—A)"Be H(C{,: B(U)). Thisimpliesthat Ky € B(Hg,U) and hence
K € B(Hy,U).

Notealsothat we haverequired Sto beinvertible (cf. Definition9.8.1)and P
and Sto beself-adjoint.



If B is boundedthenary P = P* € B(H) is SR (seeDefinition 9.1.5)and
S=D*JD = S in particular the abose implicit requirementsmentionedin
Theoren®.1.6aresatisfied seeProposition9.1.15.

Proof: In order to have the term B, ? well-defined, we must require
?Dom(A) ¢ Dom(B,), andfor eachup € U theremustexista > wa s.t.P(a —
A)~Bu € Dom(B}). The latter implies that P(a — A)~*BU c Dom(Bs,)
for all a € o(A)¢, by the resohent equationand the fact that ?Dom(A) C
Dom(B},). Combiningthesetwo inclusions,we get PHg C Dom(By,), hence
P € B(Hs,Dom(By)), by Lemma A.3.6 and Proposition6.2.8(b1). The
corverseimplicationsaretrivial. R R

Now H := Bj,P(- — A)~!B € H(C{,; B(U)), becauseH(s) — H(sp) =
(s0—9)BP(s—A)(so—A) 1B € H(CE,; B(U)), by theresohentequation,
LemmaA.4.4(a).

Becausédg C Dom(Cy) andHg C Dom(B,P), we obtainHg C Dom(Ky,).
Thisinclusionis continuouspy LemmaA.3.6,andKy, € B(Dom(Ky),U), by
Lemma6.2.8(b2). O

Thus, the CARE is well-definedonly for ? € B(H) N B(Hg,Dom(B}))).
This is not a restriction, becauséaf a J-critical control can be given by a WR
stabilizing statefeedbackoperatorK, thenthe J-critical cost? := C5JC isin
B(H) N B(Hg,Dom(B},)), and P satisfiegthe CARE, by Theorem9.9.1(al)and
Proposition9.8.10.

Corversely arny strongly stabilizing solution of the CARE is unique and
correspondgo control u = Kyx thatis J-critical w.r.t. the closed-loopsystem;
if we requirethe K to be stronglyq.r.c.-stabilizing,thenthis controlis J-critical
w.r.t. the original systemtoo. This is illustratedin the restof this section;the
remainingsectionsof this chapterstudythe (extended)CARE further.

Theorem9.1.7(r.c.f<>CARE) Let Z be WR and strongly g.r.c.-stabilizable
Thenthefollowing are equivalent:

(i) Theris a J-critical WRq.r.c.-stabilizingstatefeedbak& operator K for Z.

(i) Thel/O-mapD hasa (J,)-inner g.r.c.f D = NM~1 with X := M~1 WR
andX =1.

(i) TheCARE(9.3)hasa g.r.c.-stabilizingsolution? = P*.
Moreover, thefollowing holdsfor the (possible)solutionsof (i)—(iii):

(al) The solutionsof (i)—(iii) are unique and correspondto ead other as
follows: K is the statefeedbak operator “K ” of the CARE X =1 —TF (and
N=DM), whee|[ K | F | isthepair geneatedby | K | 0 |; ?=C%JCs
and[ K | F | are obtainedfromN andM asin Theoem9.9.10(g).

(a2) Thecorrespondingoperators 2, S= N*JN andthe pair [ K | F | gen-

eratedby [ K | 0 ] satisfy(Crit1)-(Crit4) Theoem9.9.10;in particular,
Theoem9.9.10,Proposition9.11.4andLemma9.11.5apply.




(a3) The J-critical SOS-stabilizingpairs for = are the ones geneiated by
[ EK | I—E ] (E € GB(U)); in particular, they are WRandstronglyg.r.c.-
stabilizing

(b) TheopematorsK and P are stronglyq.r.c.-stabilizing

(c) Thecritical contmol for Xg € H is givenby ugit(t) = Ksxo = KyX(t) (a.e),
and the closed-loopcostfunction s (Xo, Ucs) for y = CsXo + DyUgs, Ugs €
L2(R,;U) is givenby

Jo(X0; Ues ) 1= (Y, Jy>|_2(R+;Y) = (X0, PX0)y + (U, SJo>|_2(R+;u)- (9.5)

(d1)If X € SR thenM € SR N € WR and ugit(t) = Kex(t) (a.e).

(d2) Assumehat D € SR Thenwe mayreplace®WR” by “SR” (resp.“UR”)
in (i) and (i) if the weaklimit in the CAREIs replacedby a strong (resp.
uniform) limit.

In the uniform case the requirementX = | can be remosed if we allow
multiple solutionsin (i) (D = (NE)(ME)~! whee E € GB(U)); cf. (al).
Notealsotheimplications

D,X e SR=NMeSR XeSR&MeSR (9.6)
D,X € UR=NMeUR, XeUR&MeUR (9.7)
(d3)We haveX(s) = | — Ky(s— A)~1B, andM(s) = | + Ku(s— A— BKy) 1B,

andKesxo = KwAgs (-)% a.e
(e) If (i) hasa solution[with S>> Q], thenD is [positively] J-coerive

The conditionX = | (equialently, X € GB(U); cf. Lemma6.4.5(e))is not
restrictve (at least)whendimU < o or X € UR; cf. (d2), Lemma9.9.7(d)and
Corollary9.1.11.

All theoremsandcorollariesof this sectionarespecialcase®f Theorem9.1.7
(with furtherdetailsor simplifications).SeeSection10.2for the positive case.

Proof: Theequivalence(i)< (ii) < (iii) istheonein Theorem9.9.10(d1);in
particular (a2) holds.

(al)-(a3),(c)Thesefollow from (al)—(b)and(el)&(f1) of Theoren9.9.10,
respectely.

(b) By Theorem6.7.15(a2)ary q.r.c.-SOS-stabilizin is stronglyq.r.c.-
stabilizing.

(d1) We have M € SR, by Proposition6.3.1(a3)andN € WR, by Lemma
6.2.5.

Setx= Ay X, Sothatugit = Ksxo = (Ks)sx a.e. by (6.46),and(Ks)s = Ks,
by Lemma6.6.18(d3).Therefore Ugrit = KX a.e.

(The J-critical controlcorrespond$o X = A X + B Tus with us = 0 (see
Definition 9.1.4),althoughthe formulau = Kgx holdsfor arbitraryu.)

(d2) The first claim follows from Lemma 9.11.5(e); the secondfrom
Proposition6.3.1(b1)and Lemma6.4.5(e)(the latter implies that the g.r.c.f.
parametrizatiomppliesin WR andSR casedoo if wereplace'X =1" by “X €



GB(U)"in (ii)). Theimplicationsfollow from (d1),theequationN = DM, and
Lemma6.2.5.

(d3) Thisfollows from Proposition6.6.18(d1).

(e) Thisfollows from (Critl) andTheoren9.9.10(e2). O

Fromtheabove proofwe notethefollowing facts:

Remark 9.1.8(Reduction of assumptions)

(a) We can remore the assumptiorin Theoem9.1.7that X is strongly g.r.c.-
stabilizableif we addthis conditionas an additionalrequirementto condi-
tion (ii) andreplace’q.r.c.-stabilizing” by “stronglyq.r.c.-stabilizing”in (i)
and (iii).

(b) Alternatively we can useP-stabili[zabilijty or P-SOS-stabili[zabili]ty(see
Definition9.8.1)insteadof strongstabilizability (eitherin assumptionsasin
thetheorem,or in requirementsasin (a)) if wealter part (b) of thetheoem
accodingly.

Claims(a) and (b) appliesalso Theoem9.1.10and Corollary 9.1.11; claim
(b) appliesalsoCorollaries9.1.9and9.1.12. 0

On the other hand, Theorem6.7.15 allows us often to reducefurther the
stabilizationassumption;e.g.,if Z is exponentiallyg.r.c.-stabilizable then ary
I/O-stabilizing(or input stabilizing)solutionis exponentiallyg.r.c.-stabilizing.In
the standard_QR problemfor an exponentiallyq.r.c.-stabilizableor estimatable
system,ary nonngative solutionis a unique and minimizing, by Proposition
10.7.3(c3).SeeSectionsl0.1and9.2for furthersimplifications.

Theorem9.9.1(al)and Corollary 9.9.2 shonv the necessaryand sufficient
conditionsfor the existenceof a J-critical statefeedbackpairin termsof solutions
of Riccatiequationsyithout additionalstability or stabilizabilityassumptions.

If X is stronglystable,thenan admissiblesolution (?, S K) of the CARE is
(strongly)r.c.-stabilizingif it is stableandstabilizing;in fact,it suficesthatK is
stableandX € GTIC, by Proposition9.8.11. Thuswe getadditionalequivalent
conditionsin this case:

Corollary 9.1.9(StableX: SpRr=CARE) Let> beWRandstronglystable
Then the assumptionsof Theoems 9.1.7 are satisfied, and ead of the
following conditionsis equivalentto (i)—(iii) of Theoem9.1.7

(i) Theris a J-critical WRstable stabilizingstatefeedbak operator K for 2.

(i) ThePopov operator D*JD hasa WRspectal factorizationD*JD = X*SX
with X =1.

(i) TheCARE(9.3) hasa stableg stabilizingsolution? = P*.

Moreover, the solutions of (i)—(iii) solve the correspondingconditions of
Theoem 9.1.7, and vice versa; in particular, (a)—(d) of that theoem apply,
and “stable, stabilizing” is equivalentto “q.r.c.-stabilizing” (and to “stable and
stronglyr.c.-stabilizing”) in (i) and (iii). Furthermoe,



(a) If Z is exponentiallystable then“stable, stabilizing” is equivalentto “e x-
ponentiallystabilizing”, andto “I/O-stabilizing”, andto “ M-stabilizing”.

(b) If (iii) holds,then? = C* (J — JDrt, (11, D*IDrmt, ) ~1r, D*J)C.

Recall from Definition 6.4.4 that (ii) requiresthat X € GTIC(U) andS €
GB(U). SeeTheorem10.6.3for the positive case(S > 0, or equialently,
D*JD > 0).

Proof: Because is stable how astabilizingstatefeedbackpairis stableif f
itis g.r.c.-stabilizingby Lemma6.6.17(a).Therefore(i) and(iii) areequivalent
to thoseof Theorem9.1.7,in particular ary solutionsare stableandstrongly
stabilizing,by (b) of thetheorem.

Finally, (ii) is equialentto (i) of Theorem9.1.7,by Lemma6.4.8(b)(use
ther.c.f. D =DI1).

(a) Thisfollows from Proposition9.8.11.

(b) Thisfollows from Theorem9.9.10(g1). O

In Theorem9.1.7 we assumedhe existenceof a preliminary strongly sta-
bilizing feedbackpair. Assumingthat this pair is regular, we have threemore
eguialentconditions,namelyconditions(i)—(iii) for the preliminarily stabilized
system:

Theorem 9.1.10(SR stabilized Z: r.c.f.<CARE)
Let Z be SRand havea SR strongly qg.r.c.-stabilizingstate feedbak opermator

K’ (i.e., pair [ K' | F' | withF’' =0). LetZ} = [éﬂ%} bethetwo top rowsof
the correspondingSRstrongly stableclosed-loopsystemLetJ = J* € B(Y).
Thenthefollowing are equivalent:

() Theeis a J-critical SRq.r.c.-stabilizingstatefeedbak operator K for Z.
(i) Thel/O-mapD hasa (J, *)-innerg.r.c.f D = NM~! with M SRandM =I.

(i) TheCARE(9.3)hasa q.r.c.-stabilizingsolution? = P* admittinga strong
limit in the CARE.

(i,) TheJ-critical control for ! canbe givenby a SRstablg stabilizing state
)
feedbak opemator K;.

(iiy) ThePopov operator D) JD, hasa SRspectal factorizationD; JD), = XE‘ SX
with Xy =1.

(ii,) TheCARE
Ky SKy = A; P+ PA, + GG,
S= D*JD+Ss;|i+rpoB¢VT(s—A)*lBe GB(U), (9.8)
K, = -S (B}, +D*JG).
(onDom(A,) for Zl} andJ) hasa stable stabilizingsolution? = P*.



(Notethatthefirstandthird equationof (9.8) are givenon Dom(A, ), andthat
A, = A+BK{andC, = C+ DK{ onHg D Dom(A,), by Proposition6.6.18(d3).)
If some(henceall) of (i)—(iii;,) havea solution,thenthefollowing holds:

(a) Theabove assumptionsnd conditions(i)—(iii) are stronger than thoseof
Theoem 9.1.7; in particular, (al)—(d2) of that theoem apply for these
solutions.

In particular, the solutionsare unique and correspondto ead other as
in that theoem. (The correspondingclaim holds also for (i,)—(iii,), by
Corollary 9.1.9).

(b) Thesolutionsof (i) and (i,) are connectedy Ks = K{+ (K;)s, which holds
onHg = HBb = HBQ

(Theopenmtors Ks andK/ are the strong Yosidaextensionof K andK’ w.r.t.

A, and (Ky)s is the strong Yosidaextensionof K, w.r.t. A,. However, if one
extendsthe restriction (to Dom(A), Dom(A,) or As) of any of thesethree
(extendedppermtorsw.r.t. anyof A, A, and A, thentheextensioncoincides
with the original oneon Hg.)

Thesolutionsof (i) and(ii,) are connectedyM = M’Xh‘l, N =DM, whee
M := (I -F)~!, N := DM’ =D,. Thesolutionsof (iii) and(iii,) are equal.

Recallfrom Corollary9.1.9,that“stable,stabilizing” in (iii,) is equivalentto
“g.r.c.-stabilizing”.

Proof: We shallagainusetheimplicationX € SR & X € GB= X1 € SR
(from Proposition6.3.1(a3))andthefactthat SRis closedundercompositions.
E.g.,wenotethat, is SR.

Conditions(i)—(iii) areequvalent,by Theorem9.1.7(d2);likewise, condi-
tions (i, )—(iii,) areequwalent,by Corollary 9.1.9and Theorem9.1.7(d2). In
particular (a) holds. Equivalence(ii) < (ii,) follows from Lemma6.4.8(b)(by
its proof, M = M'X; 1).

(a) Thiswasnotedabove.

(b) The formulaM = M’Xn‘l wasnotedabove. By Theorem9.9.10(g2),
the uniquesolutionof (i,) correspondso the same? asthatof (i), hencealso
the solutionsof (iii) and (iii,) areidentical. The restof the third paragraph
follows from these. The first and secondparagraphgollow from Proposition
6.6.18(al)&(e)&(f). O

If, e.g.,2 is stableandD & MTIC'—l, thenwe getfurtherequialentconditions:

Corollary 9.1.11(MTIC Z: r.c.f.<CARE) LetHypothesis.4.7holdfor Z(U).
LetX bestronglyq.r.c.-stabilizablén 4, i.e., letit havea stronglystabilizingstate
feedbak pair [ K' | F' | with N',M' € 4 andq.rc.,wheeM = (1 -F)~1 =
| +F,, N := DM’ =D,.

Thenead of thefollowing conditionsif equivalento (i)—(iii) of Theoem9.1.7
aswell asto (i)—(iii;,) of Theoem9.1.10:

(i) D hasa (J,%)-innerq.r.c.f D =NM1.



(i (,) ThePopov operator I JD, hasa spectal factorizationXh SXj.

(iv) D is J-coercive

(iv,) D, is J-coercive

(iv}) ThePopov Toeplitzoperator 11, I} JD, T, is invertiblein B(L2(Ry;U)).

Moreover, we havethefollowing:

(a) Theaboveequivalencénoldsevenif the“SR” (resp.” s-lim”) in anyof (i)—
(iiiy) of Theoem9.1.10are replacedby “WR” (resp.w-lim) or by “UR”
(resp.lim).

(b) Theassumptionef Theoems9.1.7and Theoem9.1.10are satisfied.

Assumehat some(henceall) of (i)—(iv,) holds. Thenwe havethe following:

(c1) Thesolutionsof (ii’) (resp.(iig)) are equalto the uniquesolutionof (ii)
(resp.(ii,)) moduloa GB(U) operator.
Consequentlywe necessarilyhave D,F,X € ULR and M,N,X; € ac
ULR.

(c2) Theoem9.1.10showshow the (unique)solutionsof the other conditions
relateto ead other

(d) If Hypothesis8.4.8 holds for 4(U), and D = NM ! is a (J,S)-inner
[9.]r.c.f,thenN*IJN =S, i.e,, D*JD = X*SX, whee X ;=M1

Moreover, any (J, x)-inner-right factorizationof D is a (J, x)-inner[q.]r.c.f

Proof: Obviously, (b) holds.By Corollary8.4.14(b3)conditions(ii’), (ii}),
(iv) and(iv,) areequialentto eachotherandto (ii)’ s of boththeoremsandthe
solutionsarenecessarilyn 4. By Lemma8.4.11(a1)(ivé)<:)(iv|,). Thewhole
equivalencefollows from this.

(a) This follows, becaus¢he solutionsarein 4 ¢ ULR ¢ UR.

(c1) Thisfollowsfrom Lemma6.4.5(e)andLemma6.4.8(a).

(c2) Thisfollows from the above.

(d) Thisfollows from Corollary8.4.14(b4)andLemma6.4.5(e) O

In the stablecasewe getstill moreequivalentconditions:

Corollary 9.1.12(StableMTIC %: Sp=CARE) LetHypothesis.4.7holdfor
4(U). Let bestronglystablg andletD € 4.

Thenthe assumption®f Corollaries 9.1.11and 9.1.9 are satisfied,and we
havetwo more equivalentconditions:

(i")y D*JD hasa spectal factorizationX* SX.
(iv’) ThePopov Toeplitzopemator 11, D* JDrt, is invertiblein B(L2(R;U)).

(a) Assumg(ii’). ThenX € GA4. If, in addition, Hypothesis8.4.8 holds for
A4(U), thenD*JID = X*SX.



(b) The solutions of (ii”) correspondto those of (ii’) through M = X1,
N=DM, S=S

SeeExample9.8.15for anexamplewith X*SX # D*JD.
Proof: Take [ K' | F' | =[ 0| 0 ] in orderto have ZI} =3 in Theorem
9.1.10. 0

In the classicakheory oneis oftengivenjustanl/O mapandusessome(e.g.,
minimal) realizationto geta Riccatiequationfor solvingthe problem.

This canbedonein theinfinite-dimensionatasetoo: if D € TIC (respD € 4,
where is asabove), we canchooseary stronglystablerealizationof D (e.g.,the
strongly stableexactly obserablerealization(6.11)) and apply Corollary 9.1.9
(resp.Corollary9.1.12);if, insteadD € TIC., \ TIC, we canproceedasfollows:

Corollary 9.1.13(/O-r esult) Let D € TIC.(U,Y) havea q.rc.f D = NM 4,
andlet J = J* € B(Y). Take a strongly stablerealizationZ, of [MN_I] (e.g., the

oneof Lemmab6.6.29),andcloseit with theoutputfeedba& L = [O —I] to obtain
anothersystem

A| B
C D = (%)L e WPLS (9.9)
K |1 —M 1

Then[ K’ ‘ | Mt } is stronglyg.r.c.-stabilizingfor < := [%%}.
Theeefore, we can apply Theoems9.1.7and9.1.10(and Corollary 9.1.11if
N,M € 7) for therealizationZ of D in orderto find a (J, *)-innerq.r.c.f. for D.

(Thisis obvious. Here [%} andX referto component®f 9.9.)
We now take alook at casesvherethe CARE becomesimplet

Remark 9.1.14 TheCAREtakestheform

A* P+ PA4C{QC, = (B}, P+ NCy)*(X*X) (B}, 2+ NCy), (9.10)
of M. Weiss and G. Weiss [WW, Theoem 12.8], if we male (someof) the
assumption®f Section2 of [WW], namelythat Y :=Y; x U, J:= [QV] D :=
[Pr], € =[], whee V1 is a Hilbert space D1 € TIC(U,Y1) is the unique
TIC-extensionof “ F”, 1, D*JDm;. > 0, D= [?] € B(Y1 xU), andX andSare
replacedby SY/2X andl, respectivelyln this case thecostfunctiontakestheform

roen= (R %] (SO [50]) e e
asin [WW, equation(2.8)]; here [¥}] = Cxo + Du. N

WhenC is boundede.g.,for finite-dimensionaH), oneoftenwritestheabove
costfunctionin form 7 = ([&],J'[&]), where = [C D]"J[C D], C = [}],
D = [9] (notethatherey = [i]).

In severalspecialcasesthe CARE canbe simplified:



Proposition 9.1.15(Specialclassesf systems)If B is bounded(this includes
the Pritchard—Salamorctlass),then eat solution of the CAREis ULR, and we
canformulate(iii) (the CARE)asfollows:

(i) A*P+ PA+C*IC= (B*P+D*JC)*(D*JD) 1(B*P+D*JC), P = P* €
B(H), D*JD € GB, andK := (D*JD)~1(B*P+ D*JC) is g.r.c.-stabilizing

If D € TIC(U,Y) andHypothesi®.2.2is satisfied thenthe canformulate(iii)
(the CARE)asfollows:

(ii") A*P+PA+C*IC= (B:P+D*JC)*(D*ID) (B}, P+D*JC), P=P*c
B(H), P[H] c Dom(B;,), D*JD € GB, andK := (D*JD)~%(B;,? +D*JC)
is g.r.c.-stabilizing

If = is stronglystableandD € 4(U,Y) (resp.Z is stronglyq.r.c.-stabilizablen

4), whee 4 satisfiedHypothesis.4.8(e.g., 4 = MTICL"), thenthecanformulate
(i) (the CARE)in Corollary 9.1.12(resp.in Corollary 9.1.11)asfollows:

(i) A*P+ PA+C*IC = (B;,P? + D*JC)*(D*ID) (B}, +D*IC), P =
P* € B(H), D*JD € GB, W-lims,,«B;,P(s—A)~B=0, and K :=
(D*JD)~1(B;, P+ D*JC) is g.r.c.-stabilizing

Moreover, in ead of thesecases e, Zg(t, >, Z% becomdJLR andwe may
useBg andsdim insteadof B, andw-lim.

(In (iii") and(iii”), theoperatorK is necessarilyadmissibleandULR evenif
it werenotg.r.c.-stabilizing.)

In the standard_QR (minimization) problem,we have J = |, hencethenfor
thesespecialclasseshe CARE (9.11)takesthe familiar form
A*P+ PA+CiCy = (B, P)*B,,P (9.12)

and the corresponding(J-critical) control is given by u(t) = Kyx(t) =
—B;,Px(t) ae.; whenB is bounded,thensois K, the CARE becomesA*? +
PA+CiCy = PBB*P, andu = —B*Px, asin the finite-dimensionakase. See
alsoTheoren®.2.14andCorollary9.2.15for variantsof (iii”), andalsoCorollary
10.2.3andTheorem9.9.6for boundedB.
Proof: (As notedin Remark6.9.3,a PS-systenhasa boundedB w.r.t. the
largerof thetwo statespaces.)
1° 4: (i) <(iii): Obviously, (iii””) holdsiff (i) holdsandS= D*JD.
But if (iii) holds, thenD*JD = X*SX (resp.DjJD), = X;‘SXH) is a spectral
factorizationin 4, by the corollary, hencethen D*JD = 1*S = S, by the
hypothesis.
2° AssumingHypothesi®.2.2: UseTheoremd.2.9.
3° BoundedB: This follows from 2° and the fact that Bj, = B with
Dom(B;,) = H. O



Notes

Most of this sectionwascontainedn [Mik97b], partially alsoin [Mik98]. See
the noteson p. 502 for earlier partial resultsfor WPLSs (mainly specialcases
of implications“(ii) =(i)=-(iii)"). Many analogousesultsare well-known for
finite-dimensionabystemgsee[lOW]) andfor Pritchard—Salamorystemqsee
[Weiss97]),particularly for exponentiallystablesystems(so that Ugyt = Uexp)-
Note that “WienerHopf factorizations”and (J, S)-innerouterfactorizationsare
equialentto spectrafactorizationsn the stablecase by Lemma6.4.8.

We have definedthe CAREs only for WR systemswith WR optimal state
feedbackpairs. SeeSection9.7 for “CARES” (on Dom(A¢it) insteadof Dom(A))
for arbitrary WR systems.and Remark9.12.1and Definition 9.8.4 (the IARE)
for arbitrary WPLSs. The correspondingquivalenceqfor IARES) for arbitrary
WPLSsaregivenin Theorem9.9.1andCorollary9.9.11.

In the finite-dimensionakase the theory of algebraicRiccati equationsand
inequalitiesis very mature,and an excellentreferenceon the theoryis [LR], by
PeterLancasterand Leiba Rodman. Several aspectsof the finite-dimensional
theorystill await generalizations.



9.2 Riccati equationswhen ABUg € L1

Everythingshouldbe madeas simpleaspossible but not simpler
— Albert Einstein(1879-1955)

In this section,we shall establisha simplified CARE theory for systemsof
the form studiedin Section6.8 (seeHypothesis9.2.2). For them, a unique J-
critical control is always of uniformly line-regular (ULR) statefeedbackform,
i.e., it correspondgo a ULR U -stabilizing solution of the CARE (we assume
thatD*JD € GB(U)). Moreover, we canremove the limit termfrom the CARE
(andhenceS= D*JD). We may, instead,requirethat B},? € B(U,H) (this is
not the casefor generalCARES); seeDefinition 9.2.6for details. As a result,for
this classwe canandwill formulatemostresultsin this book to look like their
finite-dimensionatounterparts.

Main resultsof this sectionincludeTheorem.2.9-9.2.1&nd9.2.3. Several
minimizationresultsfor thesesystemsaregivenin Chapterl0 andH® resultsin
Chaptersl1-12.

In practicalapplicationsof thetheoryof this section,oneusesconditionssuch
asthosein Hypothesi®.2.2,but to make roomfor future extensionsof thetheory
we oftenusethefollowing, wealer andmoreabstrachypothesisn ourresults:

Hypothesis9.2.1(Z is smooth) Thesystent € WPLSU,H,Y)isULR,J=J* €
B(Y), and if there is a J-critical control for Z over U} in WPLSform, then
P[H] C Dom(By,).

(HereP is the J-critical costoperatorit is definedin TheorenB.3.9(b1).If we
saythat*” [%H%} satisfiesHypothesis9.2.1for U} = Uep”, We naturallymean

thatHypothesi®.2.1holdswith [ 2{2] replacedy [%H%] (alsoin thedefinition

of Uep) andBy, replacedby (B;)w. Naturally, the lastassumptiorabove canbe
readas“either P[H] € Dom(B;,) or thereis no J-critical controlfor Z over U in
WPLSform”.)

Not even all stableULR systemssatisfy Hypothesis9.2.1, by the counter
examplegivenin Example9.8.15(with D = 1~ € MTIC). However, Hypothesis
9.2.1is satisfiedn thefollowing casegandothers):

Hypothesis9.2.2 At leastoneof (1.)—(7.) holds,whele

(1.) Bisboundedi.e., B € B(U,H));

(2.) (Analytic A) Hypothese®.5.1and9.5.7hold;

(3.) ABuy € L1([0,1];H) for all up € U, C € B(H,Y) andD*JC = 0;
(4.) AB € LY([0,1];B(U,H)),C € B(H,Y),D*JD € GB(U);

(5.) ABuy € L2([0,1];H) andCyABUg € L?(]0,1];Y) for all up € U;

(6.) (Stablecase)C € B(H,Y), D*JC=0,D € B(U,Y) + B(U,LYR;Y))*
andtheassumption# (b2) or (b2’) of Theoem8.3.9hold;



(7.) (Stable case)D € B(U,Y) + B(U,L%(R,;Y))* and the assumptionsn
(b2) or (b2") of Theoem8.3.9hold.

As in Section 6.8, by “AB € L([0,1],%)" we mean that g )AB €
L1([0,1], %), etc. SeeLemma6.8.1-6.8.For equivalentconditionsfor (1.)—(7.)
(e.g.,(5.) holdsiff (D — D)up € H2(C4;Y) and (- — A)1Bup € H3(C;H) for
all up € U andsome(henceall) w > wa, by Lemma6.8.1(a)&(d1)).Recallfrom
TheorenF.2.1(g) thatL §ond R+; B(U,Y)) C B(U,LP(R;Y)).

Concerning6.) and(7.), we notethatfor U; = Uyyt (resp. Usta, Ustr, Uexp),
the assumptionsn Theorem8.3.9(b2)hold if [ﬁ} is outputstable(resp.stable,
strongly stable, exponentially stable). The corvolutionsin (6.) and(7.) are
explainedin Proposition6.3.4(a3)andLemmaF.2.2(d1)—(d3).

Theorem 9.2.3 If Hypothesi®.2.2holds,thenHypothesi®.2.1holds(evenwith
Dom(Bj ,,) in placeof Dom(By,)).

Note that most casesof Hypothesis9.2.2 are independenof U, whereas
Hypothesi.2.1depend®n U;.

Moreover, we have P € B(U,Dom(B; ,)) in caseg1.), (2.) and(4.); thisalso
holdsin (3.)—(7.)Whene/ertheconditionsbf Lemma9.2.8(cl)&(c2)aresatisfied,
by Theorem9.2.9(andLemma9.6.2).

Proof of Theorem 9.2.3: This follows from Lemmas9.3.2 and 9.3.4.

O

All assumptiongl1.)—(7.) guaranteecertainregularity of D. Roughly (1.)—
(5.) alsorequirethat B is boundedor A is smoothing(arny of them implies
that ABup € L([0,1);H) for all up € U), and(6.) and(7.) requirethats is
somevhat stable. Indeed,underary of (1.)—(5.), we shall use (9.56) to obtain
that P[H] ¢ Dom(B},); underary of (6.)—(7.),we shalluse(8.36)to obtainthat
P[H] c Dom(By},); from theseformulaeoneobsereswhy it is hardto wealenthe
above assumptionsvithoutgiving up 2[H] € Dom(B;,) (andhenceB},-CARE's).
SeeLemma9.3.4for detalils.

Any of (2.)—(7.)allows B to be highly unboundedvhenA is highly smoothing
(e.g.,analytic),but (3.)—(5.) requireB to be boundedwhen A is nonsmoothing
(e.g.,invertible).

An alternatve approachis to give up “?P[H] ¢ Dom(B,) and assumethat
D € MTIC (or thatZ is exponentiallyor g.r.c.-stabilizablen MTIC), andrequire
J-coercvity to obtaina factorizationof the Popos operator SeeSection9.1 and
Remark9.9.14for details.

In thestablecasewith dimY < o, aboundedC is enoughor Hypothesi®.2.2:

Proposition9.2.4 If C is bounded,dimY < « and B is stable thenD—D €
H2(C*;B(U,Y)); in particular, thenD € B(U,Y) + B(U,L2(R.;Y))* (cf. (7.)
above).

If C is bounded,dimY < o, U; = Uep (resp. U; = Uou) and thereis
an exponentially (resp. g.r.c.-)stabilizingboundedstate feedbackoperatorK €



B(H,U) for %, thenwe canreducethe problemto the stablecase,which can
be solved by Theorem9.2.9,the above proposition,and(7.) of the hypothesis;
indeed, the solution correspondgo the original one through the formulae of
Proposition6.6.18(f),by Theorem8.4.5.
Naturally, if C = [Col] € B(U,Y1 x Y2), thenit sufficesthatdimY; < o, since
thenD, = D, € B(U,Y,).
Proof: By Theoren.2.11(c2)we have B* (- — A*) ~1C*yo € H? for all yp €
Y, henceD* (-} — D € H2, henceD — D € H2, henceD— D € B(U,L4(R.;Y)),
by LemmaF.3.4(d). O

Thestandingassumptiorthat [%%] € WPLSU,H,Y) is oftenimplied by the
otherassumptions:

Remark 9.2.5(Sufficient conditionsfor (3.) or (5.)) Drop, for a moment,the
standingassumptiorthat [%%] € WPLS Assumeginstead,that A is a Cop-
semigoupon H, B € B(U,H_1), C € B(H1,Y) andD € B(U,Y) (recall that
H; := Dom(A) with graphnorm,andthatH_; := Dom(A*)* w.r.t. thepivotspace
H).

(a) If B B(U,H), andCyAxo € L%([0,1);Y) for eah xp € H, then [&{2] €
WPLS,(U,H,Y) for anyw > wa, and(1.) and(5.) are satisfied.

(b) If AB,CyA,CwAB € L_Z([_o, 1);B), then[212] € WPLS,(U,H,Y) for any
W > wp, and(5.) is satisfied.

(c) If B*A* € L?([0,1); B(H,U)), ABuy € L1([0,1);H) for all up € U, C €
B(H,Y), andD*JC =0, then [&}£] € WPLS,(U,H,Y) for any w > wp,
and(3.) is satisfied.

(d) We haveC(- — A) 4, (- — A) 1B, D — D € HZ;onge iff (5.) holds.

Analogously D € B(U,Y) + BU,LAR.Y))* iff D — D ¢
HZrond C T B(U,Y)), by LemmaF.3.4(d).

Proof: Claims (a)—(c) follow easily from, e.g., Definition 6.1.1, Lemma
6.8.1,Lemma6.3.16(b)&(c)andduality.

By Lemma6.8.1(a)&(d1)&(el)&(e2),claim (d) holds (and we may use
C_ s in placeof Cy, everywherein the proposition). O

UnderHypothesi®.2.1(with D*JD € GB(U)), onecanreplacethe CARE by
thefollowing simplifiedform, asshavn in Theoren.2.9:

Definition 9.2.6(Bj,-CARE) Let D be WR. An opemtor ? = P* €
B(H,Dom(B},)) is called a solutionof the B},-CARE if D*JD € GB(U) and P
satisfies

(B, P +D*JC)*(D*ID) (B}, P+ D*JC) = A*P + PA+C*IC (9.13)

We call asolution? stabilizing(resp.ULR, ...) if K := —(D*JD) (B, 7+ D*JC)
is stabilizing(resp.ULR,...),andwecall P Uep-stabilizingiff K is exponentially
stabilizing(seeDefinition9.8.1for other 7, s, [ K | F ], X, N andM).



We often call (?,SK) a solution of the B}-CARE where K :=
—(D*JD)~%(B:,P +D*JC), S:= D*JD. In moststandardorms of LQR andH*
problems,we have D*JC = 0 and hencethen (9.13) reduceseven further and
K = —(D*JD) 1B P.

Theequation(9.13)is givenin € B(Dom(A),Dom(A)*), i.e., it holdsiff

(KXo, (D*ID)Kx1), = (A0, PX1)yy +(PXo, APX1)y +(Cxo,ICxq1)y for all xg,x, € Dom(A)
(9.14)
(equialently, whenererxg € Dom(A), X1 = Xo, by LemmaA.3.1(g3)).

Note that the condition“? = P* € B(H,Dom(B},))” may be replacedby
“P=P" € BH) & PH] C Dom(B},)” (by LemmaA.3.6). Therefore,? ¢
B(H,Dom(BY,)) iff P € B(H) and{r(r — A) 1By, Pxo),, cornvergesasr — +o,
for all up € U andxp € H. In mostcasesve mayreplaceBy, by By ,,, ofteneven
by B , asnotedin Lemma9.2.8(c). ’

We first note that the solutionsof the B},-CARE are admissibleand ULR
solutionsof the CARE:

Proposition9.2.7(By,-CARE=CARE&IARE) AssumehatD is ULR andthat
D*ID € GB(U).

(a) An operator P = P* is a solutionof the B}, -CARE:iff it is a solutionof the
CAREand? € B(H,Dom(By,)).

(b) Any solutionof the B},-CAREis admissibleand ULR, hencea solution of
thelARE (with S:= D*JD).

(c) If the B},-CAREhasa U;-stabilizingsolution,thenHypothesi®.2.1holds.

Note that the CARE only requiresthat ? = ?* € B(Hg,Dom(B},)). Ob-
viously, a solution of the CARE cannotbe a solution of the B;,-CARE when
S# D*JD, andthis canhapperevenif Cis boundedD*JC = 0 andD,F € ULR,
evenfor the Uyy-stabilizingsolutionasshovn in Example9.13.8.

Fortunately underthe assumptionsf Hypothesi9.2.2,the “optimizing (i.e.,
U;-stabilizing, or equialently, J-critical) solution of the CARE is always a
solutionof the Bj,-CARE too.

Proof of Proposition 9.2.7: (a) Either assumptionimplies that B}, ? €
B(H,U), by LemmaA.3.6. It follows that S= D*JD in the CARE, by
Proposition9.11.4(b3). The restof the equialencefollows directly from the
definitions.(Claim (a) holdswheneerD is WR andD*JD € GB(U).)

(b) By Lemma6.3.17,K is anULR admissiblestatefeedbackoperator By
Proposition9.8.10,any WR solutionof the CARE is asolutionof the IARE.

(c) By (b) andTheoren9.9.1,a U;-stabilizingsolution? of the B},-CARE
is the J-critical costoperatorpy assumption®?[H] € Dom(B, ). O

We usuallyhave additionalregularity for ? andZ <. Someof thisis givenin
thelemmabelow, morecanbeobsenedfrom theproofsandLemmast.8.1-6.8.4.



Lemma9.2.8 LetD beULR andD*JD € GB(U), andlet P bea solutionof the
Bj,-CARE.Then

(@) IfC € B(H,Y) or D*JC=0, thenK € B(H,U).

(b1) If (5.) of Hypothesis 9.2.2 holds, then F := Ky(s— A)~!B €
strong(C ) for any @ > wy, and (s— Ao)le,]D)o —DM-1I€
strong(Cm' fOI’ anyw > a -

(b2) If D— D € H2(C$; B(U,Y)) anddimU < oo, thenF := Ky, (s—A)1B €
H2(C{;B(U)) and D, —D,M —1 € H2(C§f, ), for a > w st. a >
max{ wa, Wa, }-

(cl) If AB € LY([0,1);B(U,H)) and C € B(H,Y), or CLwAB ¢
L2([0,1); B(U,H)) andAB € B(U,H) a.e, then®? € B(H;Dom(B; o))

(c2)If P is U;-stabilizingandeither(6.) holdsandD € MTICL' (U (U,Y),or(7.)
holdsandD—D € L%(R;B(U,Y))x, then® € B(H,Dom(Bf ,)).
Proof: (a) This follows from thefactthatBy,? € B(H,U).
(b1) By Lemma6.3.17,we have

[K|F]=[KwA | -S}(B},PBr+D*JD) ]. (9.15)

BecauseC(s— A)~!B, (s— A)"1B ¢ Hstrongoo and B, P is bounded,we have
Kw(s— A)7!B € HZjongw: hencein Hiyonge, for any w > wa, by Lemma
6.8.1(d1).

By Propositior6.3.3(b1)we hareM—1| € Hstrongw, whereM := (I —-F)~!
ConsequentLy]B%QT =BiM € HStron » and ]D)o =DM € B+ Hstrongm, by
Proposition6.3.3(c). Therestfollowsfrom thisandLemma6.8.1(a)&(d1).

(b2) (NotethatHstrong_ H2, becausaimU < . Notealsothat(b2) cor
respondgo assumptior{7.).) Apply Lemma6.3.16(b)to [é—:’lo*} , WhereT =
—~S1B% P € B(H,U), to obtain(sincedimU < « impliesthatweak=uniform)
that

TBt = —S 1B}, PBt € H?(C; B(U)), (9.16)

becaus@ is a-stable.Now theclaim ogﬁ follows from (9.15).

BecauseM € GTICq(U), wehave M —1 € H*(C; B(U)), by Proposition
6.3.3(b1). BecauseD — D € (H2NH®)(C4;B(U,Y)), we have DM — D €
H2(C¢: B(U,Y)).

(c1) Thisfollowsasin theproofof Lemma9.3.4(seeits 2° and4°) with %
in placeof Z; exceptthatin 6° we needto usethefactthat? is alsoasolution
of the B},-CARE for %, by Lemma9.12.3andProposition9.2.7(a). We need
to useequation(9.156),andit follows from Lemma9.10.1(b4)andProposition
9.2.7(b).

(c2) This wasshown in 5° of the proof of Lemma9.3.4 (combinedwith,
e.g., Theoren9.2.9(i)&(iii)). O



Now we arereadyfor the mainresult,the equivalencebetweerthe existence
of a stabilizingsolutionsof the B},-CARE andthe existenceof a uniqueoptimal
control:

Theorem 9.2.9(B},-CARE & J-critical) AssumehatS:=D*JD € GB(U) and
that Hypothesi®.2.1holds. Thenthefollowing are equivalent:

(i) thereis a uniqued-critical control over U (Xo) for eat Xo € H;
(ii) thereis a J-critical statefeedbak pair over U;;

(iii) theBy,-CAREhasa U;-stabilizingsolution;

(iv) the CAREhasa U} -stabilizingsolution;

(v) theelAREhasa U;-stabilizingsolution.

Assumein addition,that any (henceall) of (i)—(v) hasa solution.Then

(al) Thesolutions? of (iii)—(v) are uniqueand equal,with the sameS, K and
[ K | F | (modulo(9.114)for (v)) B,? € B(H,U), andthecorresponding
triple is givenby (?, S K), whee K := —S (B 2+ D*JC).

All J-critical statefeedbak pairs over I} aregenertedby | EK | | —E |
(E € GBU)).

(a2) £ and its closed-loopsystemZ s correspondingto the state feedbak

opefator K are ULR, and X hasgenegtors

A+BKs | B
C+DKs | D (9.17)
Ks 0

(b1) Theoem8.3.9appliesto theleft columnof Zs.

(b2) If Uy = Uexp, thenZy is exponentiallystableand, for anyinitial statexg
and closed-loopinput us, the correspondingJ-critical if us = 0) closed-
loop costis givenby (cf. Figure 9.1)

9 (%0, KesXo+ (Foy +1)Uos) = (X0, PXoyy +{Uos, Ses) (%0 € H, Us € LA(R3U)).
(9.18)

(cl) Assumethat (2.) or (4.) of Hypothesis9.2.2 holds (or that AB €
L1([0,1];B(U,H)),C € B(H,Y) andD*JC = 0).

Then Bs1,Dy,Fy,M € MTIC(LDl C ULRNUVR, in particular, AsB €
LL(R4;B(U,H)), for anyw > wa, .

(c2) Assumethat (1.) or (5.) of Hypothesis9.2.2 holds. ThenBst1,Ds —
D,Fis,M—1 € £ 'HZ;,nd Céi B) C ULRNSVR; in particular, AsBuy €
L2(R4;H), for all > wa,, andug € U.

(c3) If Z satisfieq1.),(2.), (4.) or (5.) of Hypothesi®.2.2 thensodoess .

(d1) If U} = Uexp (Or [%] is estimatableand U} € { Uout, Usta Usyr}), then
(JL)AO < 0.



(d2) If wa, < 0 andthe assumption®f (c1) or (c2) hold, thenB, T, ,IF, €
SHPRNULR.

RecallthatD € MTIC(LD1 meanghatDu =D+ f xu (ue L2(R,;U)) for some
f € LL(R;;B(U,Y)) andD € B(U,Y).

SeeTheorem9.9.1for furtherdetails(e.qg.,for “(b2)” for U; # Uep). Recall
thatour costfunctionis

9%, 1= [y Iy et (9.19)

wherey .= Cyx+ Du a.e.,x := AXg + Btu (the latter is the strong solution of
X' = AXy+ Bup).

Proof: “(iii) =(iv)” follows from Proposition9.2.7(a), “(iv)=-(v)” from
Proposition9.8.10,“(v) =(ii)” from Theorem9.9.1(al),"(ii) =(iii) <(i)” from
Theorem9.2.3andProposition9.3.1,“(iv)=-(i)” from Theorem9.9.1(f2).

(al) By Proposition9.2.7(a), a U;-stabilizing solution (2, S K) of the
B,,-CARE solwes also the CARE and hence the elARE; by Theorem
9.8.12(e)&(s2)&(s3)thereareno other U -stabilizingsolutionsof the el ARE
nor of the CARE (hencenor of the Bj,-CARE). By Theorem9.9.1(f2), all J-
critical statefeedbackpairs over U} are generatedy [ EK \ | —E ] (E €
GB()).

(a2) SeeProposition6.6.18(d4)or the generator®f . By Lemma9.3.2,
D € ULR. By Proposition9.2.7(b),F is ULR, hencesoareM andD = DM,
by Proposition6.3.1(b2).

(b1) By (al),K X is J-critical for eachxg € H, hence(bl) holds.

(b2) Thisfollows from Theorem8.3.9(a2)and(9.139).

(c1) Notefirst thatMTICL" c ULRNUVR, by Proposition6.3.4(al).

1° Case(2.): Thisfollowsfrom Lemma9.6.1.

2° Caseq4.): By Lemma6.8.4(al)notethat(a2)would provide thesharp
resultw = wa,, in somecases)we have AB € L} (R4; B(U,H)), i.e., BsT €
MTICL'. Becaus&k andC+ DK areboundedwe have Ds,Fis,M € MTICL'
(recallthatF« =M—1).

(c2) Notefirst thatlegtmngc ULRNSVR, by Proposition6.3.3(a).

1° Case(1.): Combine(9.17)andTheorem6.9.1(a).

2° Case(5.): Thisfollows from Lemma9.2.8(b1). (Also (7.) will do for
W > max{wa, wa } if w>0andU; = Uexp, by Lemma9.2.8(b2).)

(c3) For (1.) thisis obvious. For (2.) this follows from Lemma9.6.1,for
(4.) from Lemma6.8.4(al) andfor (5.) from (c2).

(d1) Thisfollowsfrom Theorem8.3.9(a2)&(a5) cf. Lemma8.3.3).

(d2) The ULR propertywasestablishedn (a2). Wehave MTICL' ¢ UHPR
by Theorem2.6.4(f),and *H,0,4€ SHPR by Propositior6.3.3(a). O

In coercve minimizationproblemswe usuallydo not have the checkwhether
asolutionof the CARE is stabilizing:

Theorem 9.2.10 AssumeéHypothesi®.2.1.AssumalsothatJ > 0 andthatthere
ise>0s.t.[C D]"J[C D] >¢€[39 onHyxU. Then



(a) A minimizing(seeDefinition 10.2.1)solution of the B}, -CAREis nonnga-
tive.

(b) If U} = Uout, thenthefollowing are equivalent:

(i) Theris a minimizingcontrol over U (Xo) for eat xo € H;
(i) Theris a minimizingULR statefeedbak operator over U};
(i) Ui (xo) # Oforall xo e H

(iv) B},-CAREhasa nonn@ativesolution.

Moreover, if (i)—(iv) hold, thenthe smallestnonngative solution P of the
B;,-CAREis the unique Uyyt-stabilizing (and SOS-stabilizinggolution of
the Bj,-CARE(andof the CARE),andstrictly minimizingover Upyt.

(c) Assuméhat U; = Uep. Then(i) and (ii) are equivalentandthey hold iff
the B},-CAREhasan exponentiallystabilizingsolution.

Moreover, if sud a solution exists, thenit is the greatestsolution of the
Bi,-CAREandstrictly minimizingover Uexp.

(d) (P is unique) Assumehat 2 is strongly stable(resp.estimatableg.g., C is
boundecandC*C > 0). ThenUpyt = Usta= Ustr (resp.= Uexp), hencethen
()—(iv) are equivalentalsofor anyof these

Moreover, thenthe Bj,-CARE has at mostone nonngative solution, and
sud a solutionis strongly (resp.exponentially)q.r.c.-stabilizingand strictly
minimizingover Ugyt, Ustaand Usyr (resp.and Ueyp).

NotethatJ >> 0, D*JC=0andD*D > 0 (orJ = [22] >0,C=[%] and
D= [Dl‘l]) imply thatthe coercvity conditionsof thetheoremaresatisfied.

Assumethat Uyut(Xo) # 0. Then(b) and(c) show thatfor the standard-QR
costfunction, thereis a smallestnonn@ative solution of the Bj,-CARE, and it
correspondgo the minimizing control over Uy, andif thereis a minimizing
control over Uexp, thenit correspondso the greatessolutionof the By -CARE
(and sucha solutionexists). A more detailedtreatmentof this phenomenonis
given in Theorem3.0.5 of [Dumortier] (assumingthat B and C are bounded),
which couplesthe nonngative solutionsof the CARE with the non-obserable
polesof Z.

Proof of Theorem9.2.10: NotefirstthatD is ULR, by Theorenmd.2.3,and
that(10.87)holds(seethe proof of Proposition10.7.3(c2)).

(a) Thisfollowsfrom equation? = CJC s (seeTheoren®.9.1(a2)&(g2)).

(b) 1° (ii)=()=(iii) =()=(i)&(@v) and (iv)=-(i): Directly from the
definitions we obtain that (ii)=-(i)=-(iii). By (the proofs of) Proposition
10.7.3(c2)&(d),we have (iii) =-(i) and any minimizing control over Uy IS
unique.

By Theorem9.2.9(i)&(ii)&(al)&(a2), a unique minimizing control cor
respondsto a Ugyrstabilizing ULR solution 7 of the Bj,-CARE. Thus,
(1)=(i))&(i v) (becauseP = Cf;; JCqit > 0).

Finally, assumdiv), sothatthereis an admissiblenonngative solutionof
the lARE, by Proposition9.2.7(b). Thenthereis a uniqueminimizing control
over Uoui(Xo) for eachxg € H, by Proposition10.7.3(c2)&(d) sothat(i) holds.



2° Let P be asin 1°. By Proposition10.7.3(d1), ? is the smallest
nonngative solutionof theelARE, hencadt is thesmallesnonngative solution
of the B},-CARE(andof the CARE).

(c) The equivalencefollows from Theorem9.2.9(i)&(ii)&(iii)&(al)&(a2),
andthe factthat S= D*JD > €l > 0 (which alsoimplies that a minimizing
controlis necessarilynique,by Theorem9.9.1(f2)).

Any exponentially stabilizing solution is the greatestsolution of the By -
CARE, by Corollary9.2.11.

(d) (BoundedC with C*C > 0 impliesexponentialdetectability by Lemma
6.6.25.)This follows from Proposition10.7.3(d2)&(d3). O

For the Bj,-CARE with S>> 0, a strongly stabilizingsolutionthe greatesof
all (self-adjoint)solutions,not just of nonneyative ones(cf. Theorem9.8.13and
Corollary15.5.3):

Corollary 9.2.11(Greatestsolution 2, of the B},-CARE) If D*JD > 0andthe
Bi,-CAREhasa strongly ( [%%] -)stabilizing solution, then this solutionis the
greatestsolutionof the Bj,-CARE. 0

(This follows from Proposition9.2.7(b) and Theorem9.8.13. Recall that
“greatest’is always“maximal”.)

TheexampleA=i,B=0=C,D=1=J, P € R shovsthat“strongly” is not
redundantn the above corollary; by Example9.13.12(b),“strongly” cannotbe
replacedby “weakly” (take,e.g.,.B=0=C,A=1,H:=L%2 D=1=J, X asin
theexample;however, “strongly” and“weakly” coincidein thefinite-dimensional
case).

G. WeissandR. RebarbefWR97] [WR00] have posedthe questionwhether
optimizability is equivalentto exponentialstabilizability. We give herea positive
answerfor a specialcase:

Theorem 9.2.12(Optimizable < exp.stabilizable) Assume that ABu €
L1([0,1];H) for all up € U. Thenthefollowing are equivalent:

(i) [ A | B | isoptimizable;

(i) Z is exponentiallystabilizable;

(i) £ hasan exponentiallystabilizing boundedstatefeedbak opermator K €
B(H,U);

(iv) Theeis P € B(H,Dom(B})) s.t.? > 0 and

(BL,P)*BLP = A*P+ PA+ 1, (9.20)

By Lemma6.8.4,it follows thatif D, Bt € MTIC(';,l andzZ is optimizable then
D is exponentiallystabilizablen MTIC';Ol.

Analogouslyif ABup € L2([0,1];H) forallup € U and[ A | B | is optimiz-
able,A,Bug € L? (R ;H) for all up € U andsomee > 0, by Lemma6.8.4(b).

In the theorem,we shaved that Ueq(Xo) # 0 for eachxo € H iff [ A | B |
is exponentially stabilizable. We note that one can analogouslyshowv that =



is output-stabilizableff 7f(xg) # 0 for eachxy € H, by using substitutions
C—[§], D[R], d:=1.

Proof of Theorem 9.2.12:  (iii) =(ii)=(i)=(iv)=-(iii):  Obviously,
(i) =(ii)=()). Assume(i). SetC:=[l], D=[?],J=1 (e, “D =[],
7 = |IX|2+|ul|?”). BecauseD is positively J-coercie over Uep, thereis a
uniqueJ-critical control over Uep(Xo) for eachxo € H iff (i) holds,by Theo-
rem8.4.3.

But this is the caseiff (iv) holds, by Theorem9.2.9(i)&(iii) and Theorem
9.2.10(a).Thus,(iv)<(i). Moreover, (iv) implies (iii), becausehe operatorK
in Theorem9.2.9(al)is Uep-stabilizing,i.e., exponentiallystabilizing. Thus,
(iv)=-(iii), andequivalenceis established. O

By combiningthe aborve with its dual, we obsere that optimizability and
estimatabilityareequivalentto exponentialjoint stabilizabilityanddetectability:

Corollary 9.2.13 Assumehat A*C*yo € L([0,1];H) for all yo € Y. Then

(a) Z is estimatableiff Z has an exponentially detecting(bounded)output
injectionoperatorH € B(Y,H).

(b) If, in addition, ABuy € L([0,1];H) for all up € U, < is optimizableand
estimatableandH andK are asin (a) and Theoem9.2.12,thenK andH
are exponentially(r.c.- andl.c.-) jointly stabilizing

(c) If AB,CyA,CyAB € L([0,1); ¥), andX is optimizableandestimatablethen
D hasad.c.f over MTICgfp.

Thus,if the two strongL! assumptiongre satisfied thenX is exponentially
[jointly stabilizableand]detectableff X is [optimizableand]estimatableby (b).
NotethatHypothesi®.5.1impliestheassumptionsf (c), by Lemma9.5.2.
Proof: (a) Thisis thedualof Theorem9.2.12.
(b) Thisfollowsfrom Lemma6.6.26.
(c) Now both closed-loopsystemsof (6.169) have their 1/O mapsin
MTICEla(Y x U) for somee > 0, by Lemma6.8.4(c1)(andits dual). O

Next we shaw that the invertibility of the Popos Toeplitz operator(i.e., J-
coercvity over Uy is now equivalentto theexistenceof a spectrafactorization.
We assumex to be exponentiallystableto guaranteehe stability of the spectral
factor(thisis notneededor mostMTIC classes):

Theorem 9.2.14(Popov< SpF)

(a) Let £ be exponentiallystable Assumethat (1.), (2.), (4.) or (5.) of
Hypothesis9.2.2holds, or thatC = [¢] € B(H,Y1 x Y2) anddimY; < c.
Thenthefollowing are equivalent:

(i) T, D*IDm, € GB(L?(Ry;U)) (i.e, D is J-coecive over Upyl=
Uexp));
(9] m]IF)D*JDm € gQS(LZ(R+;U)) andD*JD € GB(U);



(i) D*JD = X*SX for someX € GTIC(U) andSe GB(U);

(i") D*JD =X*SX for someX € GTIC(U) andS=D*JD € GB(U), and
D, X € ULR andX =1,

(iii) the B},-CAREhasan exponentiallystabilizingsolution.

(i) theBj,-CAREhasanM-stabilizingsolution.

(iv) the IARE (or CARE)hasan M-stabilizing solution.

(b) Assumethat Z is exponentially stable and Hypothesis9.2.1 holds for
Uy = Uout (= Uexp)-
Then(i)—(iv) are still equivalentprovidedthat D and D are strongly half-
plane-regular or thatweassumehat D*JD € GB(U).

(c1)Conditiong(i) and(ii) areequivalen(andimplythat]D) X cULR)ifDe 4.

(c2)If D-De Hstmng(C_a; ) for somee > 0or D € MTICL", then
()—(ii") areequivalent.

(c3)IfD e MTIC'—l, andz is exponentiallystable then(i)—(iv’) are equivalent
oncewereplacethe B},-CAREbythe CARE.

(d) Assume that X is exponentially stable and ULR. Then
(i) <= (iv) < (i) < (i) = (i) = (i) = ().
As oneobsenesfrom theresultsof thissection X sharesnostpropertieof .
If T, D*JIDrt,. > 0, thenwe canallow for £ € SOSandwealentheassumptions
asshown in Theorem10.6.3andLemmal0.6.2(b)—(d)Xin the indefinitecase >
may be evenstronglystablewith 1t D* JDrt, invertibleandstill X, X! unstable,
by Example8.4.13).
Proof of Theorem 9.2.14: (Naturally, “M-stabilizing” means's.t. M is
stable”(cf. Definition9.8.1).)
Notethatby (d), we only have to prove “(i) = (iii)” in (a) and(b).
(a) 1° Cases(2.)&(4.): Thesefollow from Lemma9.3.2and Hypotheses
8.4.7and8.4.8.
2° Case(1.): Thereis auniqueJ-critical controlover Uyt = Uexp, for each
X € H, by Propositior8.3.10.By Theoren®.9.6(d),it followsthattheeCARE
hasan exponentially stabilizing solution with S= D*JD andD — D, X-1¢
strong(coolg(* *)).
Moreover, S€ GB(U), by Lemma9.10.3and Lemma8.4.11(al). By
Theorem9.9.1(g2) we have N*JN = S henceD*JD = X*SX. R
3> Case (5.): This follows from (c2), since now D — D €
H3irond CTe; B(U,Y)) for somee > 0, by Lemma6.8.1(d1).
4° Bounded[%l] with dimY; < o: As in the proof of Proposition9.2.4,

onecanshaw thatD — D € H2(C*,; B(U,Y)) for somee > 0. Thus,alsothis
followsfrom (c2).

(b) 1° D*JD € GB(U): If D, D" € SHPRand(i) (or (i) holds,thenD*JD €
GB(U), by Lemma6.3.6(cl),hencewe may assumethat D*JD € GB(U)
(sinceit is containedn the otherconditions).

2° ()=-(iii): Assume (i). Then thereis a unique J-critical control
over Uput = Uexp, for eachxy € H, by Proposition8.3.10. By Theorem



9.2.9(h&(ii)&(a2), it follows that the Bj,-CARE hasan exponentially stabi-
lizing solutionwith X =1, S=D*JD andDD,X € ULR.

(c1) Thisfollows from Hypothesis3.4.7.

(c2) For D € MTICY', this follows from Theorenm8.4.9(a)&(b)

AssumethatD — D € Hynd CFe; B(U,Y)) for somee > 0. ThenD hasa
realizationZp of type (1.), by Theorem6.9.1(a)&(d1),hencethenthis follows
from (a). R

Remark: If alsoD(-)* — D* € Hayond CTe; B(Y,U)), then (apply Lemma
6.3.17with R:= —S~'D*J andT := —S !B}, ?; herewe referto Zp, notto X)

X(O*=X* =F(* = (RD-D)+TBr)(")* (9.21)
= (D()* = D*)R* +B*(- = A)T* € H&ond CTi B(Y,U)), (9.22)

by LemmaA.4.5(v)&(i)&(vi) (choosee’ € (0,¢] s.t. —€' > wa,).

(c3) By (c2), ()—(ii") areequialent.Therestfollow from Corollary9.1.12
andProposition9.8.11(d1).

(d) Trivially, (i) =(iii"), and(ii’) =(ii). By Proposition9.2.7(b),we have
(i) =(iv). By Proposition9.8.11(c)&(d),we have (iv)=-(ii). By Proposition
9.2.7(b) and Proposition9.8.11(c)&(d), we have (iii)=-(ii’). By Theorem
8.4.12,we have (ii) =(i). O

In theunstablecasea correspondingesultcanbeformulatedin thefollowing

way:

Corollary 9.2.15(J-coercive&RCF) Assumehat X is optimizableand estimat-
able Assumehat(1.),(2.),(4.) or (5.) of Hypothesi®.2.2holds(or that Hypoth-
esis9.2.1holdsandD*JD € G‘B). Thenthefollowing are equivalent:

(i) D is J-coerciveover Uout(= Uexp);

(i) D hasa (J,%)-innerg.rc.f D =NM1;

(iii) the By, -CAREhasan exponentiallystabilizingsolution.
(ii") theBj,-CAREhasan I/O-stabilizingsolution.

LetK correspondto (iii). ThenK is ULR, J-critical over Uyyt = Uexp and
exponentiallystabilizing andN =D andM =Fs + 1.

In particular, thenN andM are exponentiallystable D, X, N,M € ULR (here
X:=M"1),M=I|=XandS= D*JD.

(NotethatM, N € HZ;,{C™¢; B) for somee > 0in caseq1.) and(5.).)
Cf. Corollary8.4.14andTheoren®.9.10.

Proof: Recallfrom Lemma8.3.3that Uyt = Uexp. By Theoren6.7.15(c1),
we may replace “I/O-stabilizing” by “exponentially stabilizing”, “input-
stabilizing” or “output-stabilizing”in (iii’).

1° (ii)=-(i): Thisfollowsfrom Corollary8.4.14(b1).

2° (iii) =(ii): Thisfollowsfrom Theorem9.9.10(d2).

3° (iii) <(iii"): By Theorem6.7.15(c1),“l/O-stabilizing” is equialentto
“exponentiallyqg.r.c.-stabilizing”.



4° (i)= D*JD € GB(U): Assume(i) andary of (1.),(2.),(4.) and(5.). By
Lemma9.3.2,ABuy € L1([0,1];H) for all up € U. By Theorem9.2.12,5 hasa
boundedexponentiallystabilizingstatefeedbacloperatorK’ € B(U,H).

By Lemma9.3.3,also [%H%} (correspondingo K') satisfieq1.), (2.), (4.)

or (5.). By Theorem8.4.5(g1),D, is J-coercve over ﬂ%ﬁt, sothat Theorem
9.2.14(a)(ii") holds;in particularD*JD = D;JD, € GB(U).

5° (i)y=-(iii): Assumg(i), sothatD*JD € GB(U), by 4° (or by assumption).
By Theorem8.4.3,thereis a uniqueJ-critical control over Uep. Therefore,
(i) holds,by Theorem9.2.9(iii),

5° Therestfollows easilyfrom Theorem9.2.9.

6° Remark: In additionto (1.), (2.), (4.) or (5.) and optimizability,
estimatability assumethat (ii) holds andthat X is also input-detectablgby
Corollary9.2.13 thelatterholdsin case(2.)).

Then X is exponentially detectable by the dual of Theorem6.7.15(cl).
Therefore,D, andF, + | arepartof an exponentiald.c.f., by Lemma6.6.26,
henceso are N = D,W and M = (F, + )W, by Lemma 6.5.9(d), where
X*SX = D;JD, asin Theorem9.2.14(a)(i)and W := X-1e GTIC. In par
ticular, thenD = NM~! is a (exponential)r.c.f. (We do not know whetherthe
g.r.c.f. hasto bear.c.f.in general.) O

We cannow shaw thatfor Uep (@assuminghatD*JD € GB(U)), J-coerciity
is equivalentto the existenceof a uniqueoptimalcontrol:

Theorem 9.2.16(Uexp: Unique optimum < By,-CARE < J-coercive) Assume
Hypothesis9.2.1 for U} = Uep, and that D*ID € GB(U). Then conditions
(i)—(iii) are equivalent.

(i) Theris a uniqueJ-critical control over Uep(Xo) for ead xo € H.
(i) TheBy,-CAREhasan exponentiallystabilizingsolution.
(iii) D is J-coeriveover Uexp, andZ is exponentiallystabilizable 0

(Theproof of Theoreml4.2.7appliesmutatismutandis.)

The assumptionD*JD € GB(U) is not superfluousneither redundantin
general(in (i); probablyneitherin (iii)), by, e.g.,Example9.13.3. However, in
(iii) it is oftenredundant:

Lemma 9.2.17(Uexp : J-coercive = 3(D*ID)~1) Assumehat 1. D is ULR [or
SLR] and that AB € L(][0,1); B(U,H)), (this is the caseif (1.), (2.) or (4.)
of Hypothesis9.2.2holds),or 2. (- —A)~!B,C(- —A)~1B, (- — A*)~IC*, B (- —
A*)1C* € H3onge [OF 3. that ABLy € LZ([0,1);H) for all ug € U].

If = is optimizableand D is [positively] J-coercive over Uexp, thenD*JD €
GBU) [> 0]

SeeCorollary9.2.19for the“converse”(whereD*JD € G‘B(U) is equivalent
to J-coercvity whenthereis a J-critical control).
Proof: (SetU; =: Uep.)



1° Casel. (D € ULR etc.): By Theorem9.2.12(iii), ¥ hasa bounded
exponentially stabilizing K € B(H,U). As notedin the proof of Lemma
6.8.4(d),we have B,T,M € UHPRNTIC, henceD, = DM € ULRNTIC.

But D, is J-coercie, by Theorem8.4.5(d), henceD;JD, € GB(U), by
Lemma6.3.6(d1).SinceD = D;,, we have D*JD € GB(U).

2° Case2.: (Notethat“2.” holdsiff = and 29 satisfy(5.) of Hypothesis
9.2.2,by Lemma6.8.1(a)&(d1).)

By Theorem9.2.12(iii), Z has a boundedexponentially stabilizing K €
B(H,U); choosesomew € (wAb,O) By Lemma6.8.4(b)&(c3), we have
B,T,F,, D, — D € HZond Ch; B(U, *)) (sinceF, = KB,T). SinceCl = C? +
K4 1D, we have

(CET =Cdt+ KOTDd € Hstrongoo + HstrongooHstrongoo - Hstrongoo (9.23)

By Lemma 68 1(a)&(d1) (applied to Zd) it follows that (C}‘)j DY C
Strong(C . But Hstrong(c ) C ULRN'SHPR by Proposmon
6.3.3(a).We concludethattheassumptlonsf Lemma6.3.6(d1)aresatisfiedby
2, henceD*JD € GB(U) (asin 1°).
3° Positive case: (Note that here we have allowed also assumption3.)
Replace'ULR” by “SLR”, “UHPR” by “SHPR” and“(d1)” by “(d2)” in 1°.
]

We finish this sectionby presentingwo “generalizations’df Theorem9.2.16,
basedon By,-CARE theory which allow oneto usewealer assumptionshanin
theabove results atthe costof having to usethe CARE insteadof the Bj,-CARE:

Theorem 9.2.18(Uexp: J-coercive= CARE) Assume that AB €
L1([0,1); B(U,H)), CyA € L1([0,1); B(H,Y)) andCyAB € L1([0,1); B(U,Y)),
andthatD is J-coerciveover Uep. Thenthefollowing are equivalent:

(i) there is a J-critical control over Uexp(Xo) for ead xg € H;
(i) thereis a [unique] exponentiallystabilizingsolution(?, S K) of the CARE;
(i) [ A | B ] is optimizable

If (7,SK) isasin (i), thenK is ULR and J-critical over Uep, S= D*JD €
GBU), Bt,D,F ¢ MTICko1 andB~T,N,M € MTIC(';,l C UHPRfor somew < 0.

Recallfrom Lemma8.3.3thatif % is estimatablethenJ-coercvity over Uep
is equialentto J-coercvity over Uy, andthatthen(i)—(iii) becomesquivalentto
the existenceof a (unique)J-critical controlover Usy (Or Uoyt OF Usta OF Uexp).

If D is positively J-coercve over Uep, then*J-critical” becomesequialent
to “minimizing”, by Lemmal0.2.2.

Proof: We note first that C,AB € LL(R4;B(U,Y)) for ary w > wa, by
Lemma6.8.3(c),henced € MTICL (U,Y) c ULR, by Lemma6.8.1(e1l).

1° (i) =(i)=-(iii): Trivially, we have (i)=-(iii). If (?,SK) solves(ii), then
K is J-critical, by Theorem9.8.5,hence(ii) implies (i).



2° (i) =(ii): Assume(ii). By Theorem9.2.12(iii), ¥ hasa bounded
exponentiallystabilizingstatefeedbackoperatorK € B(H,U). Let [ K|F }
andZ, be correspondingstatefeedbackpair and closed-loopsystem,so that
wpa, <0andD, =

By Lemma6.8. 4(c1)&(a1) we have ]B%br Db,M € MTICL for all w >
wa,, WhereM := X1 € GMTICL (U), X:= | = F. Thus, (i) follows from
Propositior9.9.5.

3° Therest: By Proposition9.9.5(see2°), the solutionof (ii) is unique,K
is J-critical over Uep, andS= D*JD € GB(U).

By Theorem8.4.9,we have X, € gMTIC(LA,l for somew € (wa,,0) (since
D, € MTICY' for ary such w), where X;SX; = D;JD, (cf. the proof of
Proposition.9.5);fix suchanw.

Then, BsT,Dy,M € MTIC(';,l (since they are equal to
Bbth_l,DDXu_l,MXh_l), henceF,X € MTICL" ¢ ULR: in particular K is
ULR. U

By strengtheninghe assumptioron Bt, we canshaw thatJ-coercvity is also
necessarywhenD*JD is invertible:

Corollary 9.2.19(Uexp: Unique optimum < CARE <« J-coercive) Assume
that AB € L?([0,1);B(U,H)), CwA € L([0,1);B(H,Y)), CwAB €
L1([0,1);B(U,Y)). Thenthefollowing are equivalent:

(i) there is a [unique] J-critical control over Uep(Xo) for ead X € H, and
D*JD € GB(U);

(i) thereis a [unique] exponentiallystabilizingsolution(?, S K) ofthe CARE;
(i) [ A | B | isoptimizableandD is J-coecive over Ueyp.

Anysolutionof (ii) isasin Theoem9.2.18.

Notethatary solutionof (i) or (ii) areunique.SeeCorollary10.2.10for case
D*JD > 0.

Proof: SetU; = Uexp. By Theorem9.2.18,we have (iii) =(ii).

1° (i)=-(i): Assume(ii). ThenK is J-critical, by Theorem9.8.5,and D
is J-coercve, by Proposition9.9.12(b). By Lemma9.2.17,we have D*JD €
GB(U). Thus,(i) holds.

2° (i)=(iii): Assume(i). Then Uep(Xo) # {0} for eachxg € H, i.e.,
[ A | B | is optimizable. By Lemma9.3.7(4), thereis at mostone (hence
exactly one) J-critical control for Z over Uep(Xo) for eachxp € H. By
Propositior9.9.12(c)(3.)D is J-coercie, hence(iii) holds.

3° If sometriple (?,S K) solves (ii), thenthe assumption®f Theorem
9.2.18aresatisfied(since(ii) implies(iii), by theabove), henceits conclusions
hold. O



Notesfor Sections9.2and 9.3

In the caseof boundedB andC, the Riccati equationtheory for WPLSsis
ratherwell-known (see.e.g.,[CZ]). For Pritchard—Salamogystemgwhich area
specialcaseof Hypothesi®.2.2(1.)),mary of theresultsof this sectionareknown
(see,e.g.,[Keu] and[Weiss97]). Seealsothe noteson pp. 465 and520. In the
generalityof thesetwo sectionspur resultsseemto be new.

Seethenotesonp. 418for Theoren®.2.14andCorollary9.2.15,andthenotes
onp. 853for Corollary9.2.11.Most of Proposition9.2.4is containedn [Sal89].



9.3 Proofsfor Section9.2

A witty sayingprovesnothing
— Voltaire (1694-1778)

Now we shallshowv that,underHypothesi9.2.1,a J-critical controlover U}
in WPLSform (if ary) is necessarilyf statefeedbackorm:

Proposition 9.3.1(Case® € B(H,Dom(B}))) LetZ.i € WPLS{0},H,Y) bea
J-critical control for Z in WPLSform. AssumehatD is ULRandD*JD € GB(U),
andthat ?[H] C Dom(By,).

Then? € B(H,Dom(B},)), P satisfieshe B},-CARE,and

K := —(D*JD) (B;,?+D*JC) (9.24)
is theuniqueULR J-critical statefeedbak operator for %.

Thus,thenX is of statefeedbackiorm.

Proof: SetS:= D*JD.

1° B,? € B(H,U): By LemmaA.3.6, P € B(H,Dom(B; ,)), hence
B, € B(H,U), because;, € B(Dom(B;,),U), by Proposition6.2.8(b1).

2° K is ULR and admissible:By 1°, we have K := —S~1(B}, 7+ D*JC) €
B(H1,U). By Lemma6.3.17 K is an ULR admissiblestatefeedbackoperator
for 2,

3° K is J-critical and unique: Obviously, Ky, = —S™1(B{,? + D*JG,) €
B(Dom(Cy),U). By regularity, Hs C Dom(Cy). Therefore Ky = Keiit on
Dom(Acrit), by (9.66). By Lemma8.3.17(b),it follows that | Z¢it | * | is
the correspondingclosed-loopsystem;in particular K is J-critical. From
Lemmaa8.3.17(b)we also obtainthat K,y is the unique J-critical compatible
statefeedbacloperator

4° ¢ is a solution of the B},-CARE: By 3° and Corollary 9.9.2, P is a
U;-stabilizing solutionof the CARE, henceof the B,-CARE, by Proposition
9.2.7(a),

5° Remark:CaseS:=D*JD ¢ GB(U)? If S‘'S>> 0onKer(S)* (thisisthe
casewhenererdimU < ), thentheabove procedurgoroducesanULR (hence
admissibleK s.t. Ky = Kcrit on Dom(Agit) (set,e.g.,Ko := K‘Ker(s) :=0).

However, we wouldin generahave Dom(As) # Dom(Acrit), (it is notclear
whetherwe could evenfind a new definitionfor K> s.t. K wereadmissible(it
is for any boundedKy) and Ky = (Kcit)2 on Dom(Agit)). Consequentlywe
shouldsomehav provethatthe WPLSZ s is still U-stabilizingandthat(9.65)
holds (alternatvely, we could more directly verify the equationsof Theorem
9.7.1). O

We list heresomebasicconsequences Hypothesi®.2.2:

Lemma 9.3.2 AssumeHypothesi®.2.2. ThenD is ULR and SVR;in caseq1.)—
(5.) wealsohaveABu € L1([0,1];H) for all ug € U, hencethenalsoBrt is ULR
andSVR.



If = is exponentially stable then D is strongly half-plane-egular except
possiblyin case(7.), D € MTIC(LA)1 for somew < 0 in cases(2.) and (4.). and
D € MTICY, for somew < 0in caseq1.)~(5.).

Proof: (The claim on Bt follows from Lemma 6.3.16(c) and Lemma
6.8.1(el).)

For (5.) and (7.), this follows from Proposition6.3.3(a) and Lemma
6.8.1(d1);for (1.), from Lemma6.3.16(b);for (2.), from Lemma9.5.2.

In case(3.), (4.) or (6.), D is ULR, by Lemma6.3.16(c),and SVR (and
SHPRif Z is exponentially stable, by Lemma 6.8.1(d1)), by Proposition
6.3.4(a3)r Lemma6.8.1(a). O

Mostclassesreclosedw.r.t. boundedstatefeedback:

Lemma 9.3.3 If(f) X satisfies(1.), (2.), (4.) or (5.) of Hypothesis9.2.2,then
the closed-loopsystem[%ﬂ%} correspondingto any boundedstate feedbak
opefator (K € B(H,U)) satisfieshe samecondition. 0

(Thisfollowsfrom Lemma6.8.4(al)&(c3)andLemma9.5.4.)
Now we establishithe sufficiency of Hypothesi€.2.2:

Lemma 9.3.4 Let 2t be a J-critical control for X in WPLSform. Assumehat
Hypothesi®.2.2holds. Then? € B(H,Dom(Bj ,,)) C B(H,Dom(By)).
Thus,Proposition9.3.1appliesif, in addition,D*JD € GB(U).
Thekey to thetheorybehindSection9.2is the methodusedin 1°-2° below:
Proof: In case(1.) we have Dom(B*) = H, hencethentrivially ? €
B(H,Dom(B*)) (andB* = By, = B[ o). For case(2.), this will be shawn in
Lemma9.6.2.For the otherswe go on asfollows:
Let Xo € H be arbitrary Choosesomet > 0. We shalluse(9.56)to showv
thatPxg € Dom(By w).
1° We haveA'* PAL  xo € Dom(By ) C Dom(By v) in cases(1.)-(5.): By
Lemma 6.8.1(b2)&(b1), we have A" ¢ B(H,Dom(B[ ¢)). Therefore,(set
29 := PAXo)

%B*/ (A9)* At*zodq_—B SA“‘/ (A% zpdq— B A7, (9.25)
0

by continuity. Thus, Al* PA! ritXo € Dom(B s) € Dom(B ), by Proposition
6.2.8(c1)&(c4)&(d).

2° Assumé3.): Setf :=JCA¢itXo € C(R+;Y),F:=CABuWy € Lloc(R+;Y),
sothatDX|_,o)Uo = F * X[_r,0) = [y TFdm, by Lemma6.8.1(f). Then

1 * 1 %
F(BX[fl‘,O) uO7Ct JCE:ritXO>H = F(BX[fr,O)UmC T[[O,t) f>H (926)
1 1 t r
= H(CBX ot oy fly = - [ ([ ((F)@da.f(9) ds  (0.27)

// ((t9F)( )Ydsdq——/Or(th,T[[Qt)f(s))deq (9.28)
<F7 T[[O,t (S)>|_2a (929)



asr — O+, by continuity, becausetg ) T9F — TioF in L1, asq — 0+, and
Moy f € C CL%([0,1);Y) (hencethe lastintegrandin (9.28)is continuousin
g). (Obviously, the useof the Fubini Theoremin the beginning of (9.28)was
justified.)

Because(]Bd)*x[O,r)uo = BX|_r,0)Uo, and up € U was arbitrary it follows
from Proposition6.2.8(c2) that C'*JC,; xo € Dom(B{ ,,) (€ Dom(B} ) if
AB € LE (Ry;B(U,H)) (e.g.if (4.) holds),becausehen Ty T9F — 1) F
in L* independentlyf up (aslongas||u|lu < 1)).

Combine this with 1° to obsere that Pxo € Dom(B} ) (even Pxo €
Dom(B} ) if AB € Li.(R+;B(U,H))), by (9.56).

3° Assume(4.): With the additionalassumptionthat D*JC = 0, this is
containedn case(3.). In 6°, we shallremove this assumption.

4° Assumg5.): We canwork asin case(3.), exceptthat we have to set
f = JCeritXo € LZ,(R5:Y), but we have F := C__ sABu € L2 (R;;Y). Now
Tt[o’t)TqF — Ty F in L2, sowe againget a corvergenceasr — 0+, by the
HoélderInequality

Thus,we againhave Pxo € Dom(B} ) (evenPx, € Dom(B] ) if C sAB €
L2.(R+;B(U,Y)), asin 2°).

5° Assumg(6.) or (7.) Now C is stableand ? = C*JCyit, by Theorem
8.3.9(b2) sothatwe maytaket = 4+ andskip 1°. In (6.),wehave f € G, C L*®
(by Theorem8.3.9(a2)&(a3))andwe maywork asin 2° (andreplaceBy |, by
B sifD-D € LY(R.;B(U,Y))x,i.e.,if De MTIC'—l(U,Y)). In (7.),we have
f := JCeitXo € L2(R;;Y), F € L?(Ry;Y), andwe may work asin 4° (and
replaceB; , by Bf ¢ if D—D € L(Ry; B(U,Y))).

(N.B. We couldreplacetheassumptionsf TheorenB.3.9(b2)&(b2")in (6.)
and(7.) by the slightly wealer assumptionshat C is stableand ? = C*JCit
for any J-critical controlin WPLSform, sincethatassumptions never usedfor
arything elsein thismonograph.)

6° Case(4.) whenD*JC # 0: SetK’ := —SD*JC € B(H,U), andlet 3,
be the correspondinglosed-loopsystemasin Lemma6.8.4. Thenboth (3.)
and(4.) of Hypothesi®.2.2aresatisfiedwith Z, in placeof Z, becaus®, = D
andC, = C+ DK’ € B(H,Y), henceD*JC, = D*J(C+ DK’) = 0.

By Theorem8.4.5(f)&(b), thereis a J-critical control over ug"m] in
WPLS form for Z, (and StandingHypothesis9.0.1is obviously satisfiedfor
%, Jand[Q, R,] too).

Thus, we obtaina J-critical statefeedbackoperatorK, for [%H%ﬂ over

ﬂf’&b&] from case(3.) of thislemmaandProposition9.3.1(which is already
known to hold in case(3.)), andthenK := K’ +K; € B(H,U) is J-critical for
>, by Theorem8.4.5(f)&(b) andProposition6.6.18(f).

Because? = C%,JC is the samefor bothsystemsP[H] C Dom((B,); o),
and B; ¢ = (B,)[ ¢ (with samedomains), by Proposition6.6.18(c6)(since
X :=1—K'Bt = | — K'ABx € MTIC.,), we have P[H] C Dom(B} ). O



Onemight betemptedto try to remove the (- — A) 7B € HZ;onq. assumption
from (5.) in caseU; = Uyt by replacingZ by a suitablerealizationof D.
However, if we chooseg.g.,the shift realization(6.11),andw is big enoughto
allow thatBu := 1, Dt_u € H := L2 (R, ;U) for eachu € L3 (for somea € R),
thenwe do no longerknow whethery,(Xp) # 0 for eachxg € H (unlessw < 0,
in which casethis reducedo (7.)). In generaljf we wealen || - ||y enoughto get
IBu||n < o (or A'Bug € H for somet = t,,,) for all ug € U, the closureof B[U]
(or Ran(B)) in H grows,andwe do nolongerknow whetheryyi(xo) # 0 for each
Xo€H.

In caseU; = Uexp, sucharemoval seemseven harder Analogousproblems
are faced when one tries to wealen (3.) to the assumptionthat D — D €
B(U,LL(RL;Y))*,C e B(H,Y) andD*JC = 0.

Next we shav how a Bj,-CARE canbereducedo a stabilizedone:

Proposition 9.3.5(Z-B},-CARE 22 %,-B},-CARE) LetK’bean ULR statefeed-
badk operator for =. Thenthe solutions(%,, S,,K;) of the B,-CAREfor [%H%}
correspondo thesolutions(?, S K) of the Bj,-CAREfor Z through

K=K'+Ky, S=§, ?=1B,. (9.30)
LetK’ and (P, S K) beasaboveandK; = K—K'. Then

(a) Thetwo top rows( [%H%%] ) of the correspondingclosed-loopsystemsire
equal,andLemma6.7.11(a’)andLemma9.12.3(a)—(d2ppply.

(b) If K’ is [g.]r.c.-SOS-stabilizingthenK is [g.]r.c.-SOS-stabilizindor X iff
Ky is g.r.c.-SOS-stabilizingequivalentlystableandr.c.-SOS-stabilizingjpr

&13).

Proof: Thisfollowsfrom Propositior9.12.4:

0°Let[ K | F' | bethepairgeneratedy K/, M’ := (I —F)~! € GTIC,
sothatM' € GULR. ThenD is ULR iff D, := DM’ is ULR, andD*JD =
D;JD,; in particularthe By -CAREsarewell-defined(if eitheris).

1° Let (,S K) be a solutionof the Bj,-CARE for . Then (?,SKj) is

a solution of the CARE for [%H@L} , Proposition9.12.4. But Dom((Bf)w) =

Dom(By,), by Proposition6.6.18(c5) hence(?, S K;) is a solutionof the Bj,-
CAREtoo, by Proposition9.2.7(a).

2° Corversely by Proposition9.12.4,all solutionsof the B},,-CARE for %,
areof thisform.

3° Exchangeherolesof > andZ, for the corverse.

(a)&(b) Thesefollow from Lemma9.12.3. O

Also Hypothesi®.2.1canbereducedo the stablecase:

Lemma9.3.6



(a) Assumghat 2 hasan exponentiallystabilizingULR statefeedbak operator
K', [%H%] satisfiesHypothesi®.2.1for fué'zp, andD*JD € GB(U). Then
2 satisfiedHypothesiD.2.1for Ueyp.

(b) Part (a) alsoholdswith thereplacementsf Theoem8.4.5(f).

In particulay thentheBj,-CARE for X hasanexponentiallystabilizingsolution
iff the Bj,-CARE for [%H%] does(with sameP, whereaK = K’ +K;, wherek,

corresponds$o [%ﬁ%} andK’ is the preliminarystatefeedbackoperator).

Proof: (a) SinceK’ andthecorrespondin@losed-loomystem[éﬂ%} are
ULR, by theassumptionZ is ULR.

By Theorem8.4.5(c4),? (if ary) is commonfor Uep and fué*zp. But
Dom((B})w) = Dom(Bj,), by Proposition6.6.18(c5),hencealso Z satisfies
Hypothesi.2.1for Uexp.

(b) Thisfollows asin 1°. 0

The operatorD*JD doesnot necessarilycontain ary information on the
signaturepropertiesof a problem (see Example 9.13.7), but under sufficient
regularity it does:

Lemma 9.3.7(3(D*JID)~1 = J-critical control is unique) If any of (1+)—(4)
holdsand D*JD € G‘B(U), thenthere is at mostone J-critical control for eac
Xo€H.

(1+) J>0andD € UR.

(2+) 7> 0,D € MTIC, andD*JD > 0.

(3) 2 € SOSD € MTIC«, AB € L?([0,1); B(U,H)) and U* = Upyt.

(4)D € MTIC«, AB € L?([0,1); B(U,H)), T is optimizableand U} = Usxp.

Proof: Assumethatu € 7/ (0) \ {0}. We shallbelown constructv € U (0)
(the constructiondependson the additionalassumptionjn (1+) and (2+) we
shalltake v = u) s.t.(Dv,JDu) # 0. Sincethis shavsthatu is notJ-critical (by
definition), it follows O is the uniqueJ-critical controlfor xg = 0. By Lemma
8.3.8, it follows that thereis at most one J-critical control for ary xg € H.
W.l.0.g.,we assumehat

T:=inf{t > 0|||moyull2=0} =0, i.e., |mMoyul2>0forallt>0. (9.31)

(by Lemma 9.7.9, T'u = m,t'u € U(0), and t'u is J-critical (since
(Dt" u,JDn) = (Du,JDT~"N) = 0 for all n € Uz(0)), henceu canbereplaced
by tTu (andlaterv by T-Tv) to satisfy(9.31)).

(1+) Choose > 05s.t.D*JD > £2I. Then||J%2Dug|| > £||uo|| for all ug € U.
Choosen > 05s.t.[|3Y/2D(s) — J¥/2D||4 < £/2for all se Cf;. Choosese C; s.t.
U(s) # 0. Then||3Y/2D(s)t(s)||y > €/|t(s)|| —€[|G(s)|| /2> 0, hencel/2Du +£ 0,
hence0 < ||3Y/2Dul|3 = (Du, JDu).



(2+) Set &£ := |(D*JD)~Y?|71 > 0, so that (up,D*JDug) =
| (D*ID)Y2ug||g > €?||uo|| for all up € U. By Theorem2.6.4(i1), there

ist>0s.t.
2

< * €
ITo,t) (DT, D — D*ID) o || < TR (9.32)
Consequently
g2
(D'u, JD' ) > (Du, Thg ) IDU) — —||7T0t ulj3 > €||mo ull — —||7T0t ulj3 > 0.
(9.33)

Thus, (Du,JDU) = (Du, JD*U) + 7(Blu, Tt ttu) > (DHu,JD'u) > 0, by (8.52),
henceu is not J-critical.

(3) Sete := ||(D*ID) 7|71 > 0, M := ||D*JD||, M := ||D* J||||C]|, sothat
|ID*IDug|| > €||uol| for all up € U. By Theorem2.6.4(i1),thereist > 0 s.t.

|70,y D*ID(D* g 1) ID— D* ID) g || < €2/2 and ||B'|| < €2/3MM’  (9.34)
(take [|Tyo) (D — ID) gy || and|| oy (D — D)D* IDTLgy || smallenough).Set
V=T D*JIDU. Then

Re(Dv, JDU), > = Re(TDD*IDu, JDU) + Re(t~'CB' D*JDu, JDU) (9.35)
. g2 £
> (DD"JIDU, o, IDU) — —[|mo)ull3 — 510 ull3 (9.36)

. , 5¢? 2 .2 » BE? 2
> ||IT50)D*IDU||3 — ?H"[o,t)UHz > €| pyull2 - ?”Tf[o,t)U“z’
(9.37)

by (9.31).

(4) By Theorem9.2.12(iii), Z has a boundedexponentially stabilizing
K € B(H,U). By Lemma6.8.4(b), we have A,B € L?(R,;B(U,H)) and
D, € MTIC..

SinceD*JDb = D*JD € GB(U), thereis at mostone J-critical control for

>, over ‘u@< (x0) = §ut( ) for eachxo € H, by (3).
By TheoremS 4.5(c2)&(cl)(or the“if f” in (c3)), it follows thatthereis at

mostoneJ-critical controlfor = over Uep(Xo) for eachxo € H. 0

(Seethenotesonp. 434.)



9.4 Analytic semigroups

A modernrevolutionarygroupheadgfor thetelevision station.
— Abbie Hoffman (1936-)

In this sectionwe shalllist the basicpropertiesof analyticsemigroupsThese
will beappliedin Section9.5to WPLSswith ananalyticsemigroup.

Standing Hypothesis9.4.1 Throughoutthis section, A is assumedto be an
analyticsemigoup.We alsoassumehat { > wa.

An analyticsemigoupis aCop-semigroughaving numberso > wa andMa ¢, <
w0 s.t.]|(s—A) 1| < Ma/|s—w| forall se C{ (seege.g.,Section2.50f [Pazy] for
equialentdefinitions).(Notefrom LemmaA.4.4(c1)thatany semigroupsatisfies
I(s=A) Y| < Maw/Re(s— w).)

For all B > 0, we definethefractionalpowersof (- — A) by setting

C—A)yB:=r(p)? /O "tB-le UA®) dt € B(H) (9.38)
Q- AP = (—A) B) %, Hyi=Dom((C —AF) := Rar(— A) ).
(9.39)

We let Hg be the closureof H w.rt. || - ||, := [|(C — AP .||y for B <0, and

set||X||n, == [|({— A)PX||n for all B € R (thesedefinitionscoinsidewith spaces
Hn (n € Z) definedin Lemma6.1.16;in particular Ho = H). Thesespacesare
independenodf { up to anequivalentnorm,by Lemma9.4.2(f2).

Lemma 9.4.2(Propertiesof analytic semigroups)

(a) For anyw > wa, thereare 8 € (11/2, 1 andM = Mp 9 <
s.t.|[(s=A) 71| < M/|s—w| for all sin

S0 ={S€C|s#w, |ag(s—w)| < 6}. (9.40)
(NotethatC/, C Zg, for anyw > w.)
(b) Hy ¢ Hp densely(y > B), the map (L —A)P e B(Hy,p,Hy) is anisometric
isomorphismand ({ —A)P(Z—A)Y = (- A)BY (B,yeR).
(c1)AlsoA* is analytic,and (Hp)* = (H*)_g =: HjB BeR).
(c2)Alsoe® A (with genemtor s+ A) is analyticfor anys e C.

(d) ThesemigoupAg := ({— A)~PAZ—AP on Hg isisometricallyisomorphic
to A (B € R); wedenoteall thesesemigpupson A andtheir geneiators by
A.

() (w—APA' = A{w— AP and (w—APF(s—A) 1= (s—A) H{w-AP
(t>0, BER, > wa, s€(A°).

(f1) (s— A)! € GB(Hp,Hpy1) for any s € a(A)%, B € R, by the resolvent
equation.



(f2) (w—A)P € GB(Ha,Hoip) (o,BER, 0> wp).

(f3) (- — A~ € H*(C{; B(Hp, Hp11)), (s s(s—A)h) € H*(C/; B(Hp))
BeR).

(fa)Ae ng(HB,HB_l), (BeR).

(9) (s—A)~! — 0 stronglyin B(Hp,Hp+1), ass € Zg, |§| — +, for any w
and® asin (a).

(h1) For each w > wp, thereis M’ < w0 s t.
Q= APA gy <M/ (14t P)e* (t>0,Be(0,1]).  (9.41)

(h2)We haveA' e B(Hq,Hg) and||A"||g(p,,
0).

(i) A € C((0,4%); B(Hp)) (B € R).

() @—APA € LB(R1;B(Ha)) Bp< Ll w>wa pe[lo,B<1l acR).

(K) [[(w—=A) (5= A) Y| gy < M(1+[s—wo|®)/|S— o] (SE€ Zp,u, W > 60 >
wa, 0<a <1)for6 e (/2,1 asin (a), whee M < o dependnlyon A,
wp ando.

() (w—A) 9 =S Latigt—A) 1ds (0> wa, o€ (0,1)).

Tt

Hatp) < MB’Zt_BeZt (G,B ER, t>

Proof: (a) Oneobtainsthis from Theorem2.5.20f [Pazy] (move the sector
to theleft anddecreas¢heanglesimultaneouslysothatthe sectoris contained
in theunionof theold sectorplusacompacisubsedf Cf, ).

(cl) By, e.g., Theoremb5.2 of [Pazy] (shiftedby (), A* is analytic with
uniformly boundedgrowth boundda.

DefinethespacegH™)p =: Hg with A* in placeof A. Forall x e Hg, ze H,
we have

(%, 2] = [(C= A% (€= A") PAy| < X121 (9.42)

henceH” ; istheclosureof H w.r.t. |- [l (ng)+» henceit canbeidentifiedto (Hg)*.

(f2) Use,e.g.,thesineformula(2.6.4)of [Pazy] to show thatthe rangesof
(Z—A)"Pand(r — A)~P areequalfor B € (0,1). Integral powersagreeby the
resohentequation(i.e., by (f1)), andnegative powersfollow from the positive
ones.Thetopologiescoincideby LemmaA.3.6.

(f3) Usetheresohentequation(lboundednesmllows from the definition of
ananalyticsemigroup).

(g) This was shavn in Lemma A.4.4(e2) (which provides us several
convergenceresults)in caseB = 0; the othercasedollow from (d).

(i) Thisfollows from Corollary2.4.4andTheorem2.5.2(d)of [Pazy].

() By (i), (C—APA e L(R; B(Hg)). By (h) (with somea € (wa,w) in
placeof w), we have ||({ — A)PA| € LS.

(b)&(c2)—(f4)&(h1)&(h2)&(k)&(l) All thisis well-known or almostobvi-
ous;seee.g.,[Pazy],[Sbook],[Lunardi] and/or[HP]. O



If the “discontinuity” of a perturbation(e.g., “feedbackoperator”)T is less
thanone,theresulting(“closed-loop”)semigroups alsoanalytic:

Lemma 9.4.3(Propertiesof interpolation spaceHy (o € R))

(@l)LetT € B(Hy,Hq), y—a < 1. Thentheopertor A+ T with domainHg, 1
generatesan analyticsemigoupon Hg, for anyp € [y— 1,0 + 1.

In particular, if we definethe spacesﬁB (r € R) asHg with A+ T in
place of A, thenHg = ﬁB (with equivalentnorms),i.e., (w—A)=P[H] =
(W—A—-T) B[H], forall e [y—1,a+1].

(a2) Evenif we shiftedthe indicesby replacingH by Hg, (i.e., by considering
A as a semigoup on Hg,, not on H), for any 3 € [y— 1,a + 1]), befoe
definingthe spacesHg and Hg (in (al)), theresultsandthe spacesHg and
Hp wouldbe unaltered (exceptfor the shiftin theindex).

(b1)LetA andA genemteanalyticsemigoupsonH, and Dom(A) = Dom(A)
Definethe spaced, (o € R) asHq with Ain placeof A. Then

H1=H1§HaCCHB§Hy§H=Ho (1>a>B>y>0). (9.43)

(b2)Wehave(w—A) % e fB(HB, Hy) and (r — A) % ¢ B(Hg, Hy) in (b1) when
a>y—B,B,ye0,1], w> wa, I > Wz

Notethatif O € [y— 1,a + 1], thenA+ T generatesin analyticsemigroupon
H, andthedefinitionof Hy canbebasecnH (insteadof someHg).

It seemghatif wewouldreplacethespaces; (r € (0,1)) by theinterpolation
spacesD(r,p) or D(p) of [Lunardi], we would obtain analogousesultseven
more easily However, we have chosenthe spacedH; to make the comparison
to earlierresultseasier Becausef theinterpolationpropertiesthe differencein
smoothnesss lessthane for any € > 0.

Proof of Lemma9.4.3: (al)Part|: AssumehatT € B(H1,Hq), o € (0,1].

1° We have (w—A—T) P e B(H,Hp) for B € [0,1): Assume,w.l.0.g.,
that B > 0. By Propositions2.4.1(ii) and 2.2.13 of [Lunardi], A+ T with
Dom(A+T) := Dom(A) generatesananalyticsemigroupon H. Obviously,

(s—A Y +T(s—A-T) Hh=(s—A-T)"! (sea(A°Na(A+T)°). (9.44)

Let w > wy := max{wa, a7} andpP € (0,1). Then,by (9.44), we have
(herec := rLsintm)
(w—A-T) P~ (w-A)P= c/ sP(w+s—A) " T(w+s—A-T) ds.
0
(9.45)

By LemmaA.4.4(c2), [T(w+s—A—T) gm,n) < M and [|[(w+s—
A) T (@+5—A=T) Y g py,,) < ML, for s> 0. Thus part fy of theintegral
(9.45) corvergesin Hq1, SO we only needto shav that also (w— A)P [}



belongsto B(H) in orderto establishthat (w— A—T)~P € B(H,Hp). By
Lemma9.4.2(k),this follows from thefactthat(chooseary wg € (wa, w))

/ SPM(1+ s+ w—wp|P)/|s+ w— wp| ds < . (9.46)
1

2° We haveHg = Hg for B € [0,1): By 1°, we have Hp := Ran((w— A—
T) B c Hg. Exchangeherolesof AandA+ T to obtainthatHg C HB- By
LemmaA.3.6, alsothetopologiescoincide(i.e., thenormsareequivalent).

Part II: AssumehatT € B(Hq,H), o < 1. W.l.o.g.,we assumehata > 0,
becausét C Hq, henceB(Hq,H) C B(Ho,H) for a < 0.

3° We haveHg = Hg for B € [0 — 1,a]: Apply 2° to the statespaceHq_1.

4° We haveHg = Hp for B € [0 — 1,1]: LetB € [0 —1,0]. Then(l +T(s—
A-T) e GB(Hp) for s big enough,hencethe two resohentshave same
rangej.e.,Hp 1= ﬁB+1’ by (9.44). Thus,we have coveredthevaluesin [a, 1];
theotherswerecoveredin 3°.

Part Ill: AssumehatT € B(Hy,Hq), y—a < 1: Justapply Part Il with Hy
in placeof H. B

5° RemarksNotethatwe againidentify the analyticsemigroupA onHy_1
generatecdby A+ T with domainDom(A+ T) := Hy andits restrictiononto
Hg (which is generatedby A+ T with domainDom(A+T) := Hg, 1) for ary
Bela—11].

If B > 1, thenwe mayhaveHg # Hg: Let B € (1,2]. UnlessA is bounded,
we canchoosexg € Hp, a € [0,1), z€ H\ Hg_1 andA € Hj s.t. Axp = 1, and
setTx:= (Lax)z(x € HJ), sothatT € B(Hq,H) andTxo = z¢ Hg_;. It follows
that(A+T)xo & Hp_1, hencexo € Hg \ Hg (since(A+T)[Hg] € Hg_1 =Hg_).

(a2) (You can considerA (or its restrictionor extension)as an analytic
semigroupon ary Hg, andit is notalwaysobvious,which oneyou shoulduse.
Herewe statedthatyou may useary of themandstill getthe sameresultsand
spaces.)

SetG := Hpg,, anddefinethe spaces5g and GB asin (al) (by (al),thisis
possibleandGg = Gg for all B € [y— 1 — o, + 1 — o).

By Lemma9.4.2(f2),we have Gg = Hg | g andéB = ﬁBo+B (B€R). Thus,
we obtainedagainthe samefractional power spacesgven thoughwe hadthe
startingpoint G in placeof H.

(b1) By LemmaA.3.6, the spaced; := Dom(A) andH; := Dom(A) have
equvalentnorms.If a = 1, thenHy = Hy C HB' sowe assuméhata < 1 (and
3 > 0). By Proposition2.2.13and1.2.30of [Lunardi], we have

Ha C (H,H1)aw C (H,H1)g1 C Hp. (9.47)
Analogously Hg C Hy.
(b2) Thisfollows from (9.43)andLemma9.4.2(b)&(f2). O
Notes

As obhvious from the proofs, most of the above is well known. Classical



referenceon semigroupsanclude [Pazy] and [HP]; see[Lunardi] and [Sbook]
for furtherresultson analyticsemigroups.



9.5 Parabolic problemsand CAREs

All animalsare equal,but someanimalsare more equalthanothers
— Geoge Orwell (1903-1950);Animal Farm”, 1945

In this section,we apply our resultsfor systemshaving analytic (seeSec-
tion 9.4) semigroupsTheproofsonly usethefactthatthe smoothnessf A com-
pensateshe unboundednessf B andC, sothatthe resultsof this section(with
sameproofs,mutatismutandis)canbe appliedwheneer A is smoothing.

In Theorem9.5.9,we shaw that a smoothRiccati equationhasa stabilizing
solutioniff thereis a uniqueoptimal control. The resultingclosed-loopsystem
is also analytic. A corollary of this for minimization problemsis givenin In
Corollary9.5.10we interpretthis for minimizationproblems,andin Corollaries
9.5.11-9.5.120r H® problems E.g.,thereis asuboptimaH® statefeedbackpair
for the systemiff the Riccatiequation(11.15)hasa nonngative solutions.t. A+
BK is exponentiallystable(assumingthe standardsignatureand nonsingularity
conditions therein); moreorer, the Riccati equationcan be replacedby the
smoothemonin Theorem9.5.9andtheclosed-loopsystemis analytic.

We assumehatA is analyticandthattheunboundednedfeinputandoutput
operatorss lessthan1/2 each:

Standing Hypothesis9.5.1 Throughouthis sectionandSectiorB.6,lettersU, H
andY denoteHilbert space®f arbitrary dimensionsA is an analyticsemigoup,
(>wa B>-1/2,y<1/2,Be B(U,Hg),Ce B(Hy,Y),D e B(U,Y),J=J"¢
B(Y).

(By Lemma9.5.2, it follows that [%}—B} generatea WPLS (also without
StandingHypothesi®9.0.1).)

By spacesH; we denotethe spaces{ — A) "H (r € R), asin Section9.4.
Notethatwe mayassumehaty > 0 > 3, w.l.0.g.(i.e.,if thehypothesidoldsand
we replacey by max{0,y} and3 by min{0O, 3}, thenthe hypothesisstill holds,by
Lemma9.4.2(b)).

Drop theassumptiong > —1/2,y < 1/2 for amoment. Wheneery, € R
andy— 3 < 1, we canreplaceH by Hy.p) /2 aboveto obtaina WPLS, by Lemma
9.5.2.Theonly differencebetweerdifferentstatespacess thatin applicationsve
mustrequirethatthefinite costconditionis satisfiedn H (notin someH;), hence
onemightwishto take H assmallaspossible.Thereforejn someapplicationst
might be moresuitableto realizeD on, e.g.,Hy, in which caseX needno longer
beaWPLS (unlessy— 3 < 1/2); cf. Section8.6.

Thesystem(4}5) is asmoothPritchard—Salamosystemw.r.t. 7 := Hy and
V .= Hg whenerery— B < 1/2, asonecandeducerom thefollowing:
Lemma9.5.2 Let w > wa. Thenthe operators [£{Z] geneate = = [A12] €
WPLS,(U,H,Y). Moreover, AB € L2(R,;B(U,H)), CA € L2(Ry;B(U,H)),
and CAB € L} (Ry;B(U,Y)), henceD ¢ MTIC(LD1 C ULRNUVR. Finally,
CcC (C|H1)|—:S'



Notethatthe “standard”C (thatof Chapter6) is givenby C‘Hl. Analogously
the “standard”B is givenby B € B(U,H_1) with adjointB* € B(H;,U), but we
shall write B* for the adjoint B* € %(HjB,U) of B € B(U,Hp); we still have
B* C B[ 5, whereBy ; canbecomputedrom eitherB*.

Proof: (This holds also without StandingHypothesis9.0.1.) The “more-
over” claimsfollow from Lemma9.4.2(j),andthey imply thatZ € WPLS, by
LemmasD.1.7and6.3.13.We have C C (C},, )L s, becausef [5 A xodr — xo
in Hy, for any xo € Hy, by Lemma9.4.2(d), O

Remark 9.5.3(Optimizable iff exponentially stabilizable) The L! assump-
tions of Theoem 9.2.12 and Corollary 9.2.13 are satisfied (under Standing
Hypothesis9.5.1). In particular, Z is optimizable[and estimatable]iff Z is
exponentiallyfjointly] stabilizable[and detectable]. 0

The classof analytic WPLSsis invariant under smoothfeedback,and the
spacedy remainunafected(for a’s sufficiently closeto zero):

Lemma9.54If K € B(H;,U), r < 1/2, thenK is an ULR admissiblestate
feedbak operator for Z. Moreover, if %, is the closed-loopsystentorresponding
to( K| 1—X)forsomeX € GB(U), thenA, isanalyticonHy = (H,)q for a €
[r—1,B+ 1], andalso Z, satisfiesHypothesi®.5.1(with vy, := max{y,r} < 1/2
in placeofy).

From Proposition6.6.18it follows that the closed-loopgeneratorsare given

A+BMK | BM
by [cti’T] . whereM := X1,

K [ M—I

Proof: 1° CaseX = I: By Lemma9.5.2, [f15] generatea WPLS
[212] st.Fe MTICL' ¢ ULR andF = 0, hencel —F € GTIC«(U) (even

gMTIC';Ol(U)), by Proposition6.3.1(c). The last claim follows from Lemma

9.4.3(a)(recallthatC, = C+ DK).
2° Geneal case:Firstapply1° to ( MK | 0 ) (notethatMK € B(H,,U)),
and then apply Lemma6.6.12to replace( MK | 0 ) by ( XMK | I =X ).
O

Lemma 9.5.5 If 2 € B(H), then||sB*(s—A)~*P(s— A)~1B|| — 0, ass € Zg u,,
|8 = oo. O
(Thisfollowsfrom Lemma9.4.2(k)with a — — < 1/2.)

Corollary 9.5.6 If (?,S,[ K | F ]) isa SRsolutionof theeCARE thenX*SX =
D*JD. ]

(Thisfollowsfrom Lemma9.5.5andProposition®.11.3(b)and9.8.10.)



We shall oftenmalke the following, strongetypothesis:

Hypothesis9.5.7 Letat leastoneof (1.)—(3.) hold, whele

(1)y<1/4,B>—1/2andD*JC=0;
(2)y<1/4,B>—1/2andD*ID € GB(U);
(B)Yy-B<1/2

By Theoren®.2.3,Hypothesi®.5.7impliesHypothesi®.2.1,hencdat implies
that Theorems9.2.9,9.2.10and 9.2.14,Corollary 9.2.15etc. apply (underthe
additionalassumptionsf thoseresults).

Naturally whenevery, € R, y— < 1/2, we canreplaceH by H, for ary
re(y—1/2,+1/2) to satisfy(3.). Analogouslywheneery,f € R,y— B < 3/4
andD*JC = 0 or U; = Uep andD*ID € GB(U), we canreplaceH by H; for
ary r € (y—1/4,8+1/2) to satisfy(1.) or (2.). However, we needadditional
assumptiongor guaranteeinghat this doesnot changethe problem (the most
importantcases the stablecasefor Ugyt OF Uexp):

Lemma 9.5.8(Shifting H — H;) Let ¥’ be the systemZ with state spaceH;,
wheer € (y—1/2,8+1/2), andthat] = J* € B(Y). AssumehatD is J-coercive
over Uyyt (sothat DY is J-coercive over UL ). Assumehat Uyui(Xo) # O for all
X0 € H and U (o) # O for all Xp € H; (e.g., that A is exponentiallystable).

If r >0, then?' = P, and X¢; = Sty (if K' is asin Lemma9.6.1,
thenK’ is the unique J-critical statefeedbak opemtor for ¥ too). Moreover,
Uout(X0) = UL ,i(%o) for all Xo € HNH;.

(Exchangeherolesof H andH, for thecaser < 0.)

Proof: (Here U, means Uy for ' etc., and P (resp. ?’) is the J-
critical costoperatorover Uqy: (resp. U,,). Notethatr € (y—1/2,3+1/2)
is equivalentto the conditionthat StandingHypothesi9.5.1holdsfor 2'.)

Note that Uyut(Xo) dependn X, D andJ only (noton H, norontherest
of Z).

Recallfrom Lemma8.4.2thatJ-coercvity over Uy, depend®nly onJ and
D, hencelY is J-coercie over Uy,

Underthe assumptionsthereis a unique J-critical control over gy for
eachxp € H andover U, for eachxg € Hy, by TheorenB.4.3,thus?, Z.; and
2. arewell-defined by Theorem8.3.9.

Assumethatr > 0. Since(A/ = A‘ H, and)C' = C|Hr, we have Ugy(Xo) =
U ui(%o) for all xp € Hr = H NH (becauseCxp + Du = C'xp + Du for all
uc L?(R,;V)).

Givenxg € Hy, avectoru € Uoput(Xo) = Upy(Xo) is J-critical over Ugyt iff it
is J-critical over U ;; (iff 0 = (C'xp+Du,JDn) = (Cxp + Du,JDn) for all n €
Uou(0) = Ug(0)). It followsthat X = Zeri, » hence?” := (Cpy)*IC;;, =
T|H,'

If K’ isasin Lemma9.6.1,thenK’ € B(Hy,U), hencethenK’ is admissible
for Z too; let 5 be the correspondinglosed-loopsystem. The restrictionof



Kerit to Hry1 is equalto K, = K’, henceK it = K’ on Hy, by continuity. We
concludethat Ky = Kgit, i.e., K’ is J-critical for < over Uy, Uniqueness
followsfrom Lemma8.3.17(b). O

Under Hypothesis9.5.7 we have more smoothnesghan in the Bj,-CARE
theory:

Theorem9.5.9 Assume¢hatS:=D*IJD € GB(U),y< 1/4andp > —1/2. Then
theassumption®f Theoem9.2.9are satisfiedand we haveonemore equivalent
condition:

(vi) Theeis P = P* € B(H, (Hp)") s.t.
(B*? 4 D*JC)*(D*JD)~}(B*P 4 D*JC) = A*P+ PA+C*IC  (9.48)

on Hy.¢ for some(equivalently all) € > 0, andK := —(D*JD)~}(B*P +
D*JC) is U}-stabilizing

Moreover, alsoLemma®.6.1and9.5.4are applicablefor 2 andK.

Proof: 1° Theproof: Theassumptionef Theorem9.2.9arenow satisfied,
by Theorem9.2.3 (use Hypothesis9.2.2(2.)). One easily verifies that (vi)
implies(iii). Conversely (i) implies(vi), by Lemma9.6.1.

2° RemarksRecallthat (Hp)* = H* 5. Condition® € B(H, (Hg)*) implies
that B*? € B(H,U), hencenecessarilyK € B(Hy,U), so that Lemma9.5.4
appliesfor the closed-loopsystem(in particular K is necessarilyadmissible
andA is analytic).

“On Hy;¢” means that (Kxg,D*IJDKxy) = (Axg, PXq) + (PXo, Ax1) +
(Cxo,JCxq) for all xg,x1 € Hyre, equivalently, that K*D*IJDK = A*P + PA+
C*JCin B(Hyte, (Hy+e)*).

For U} = Uep, the last condition meansthat the (analytic) semigroup
generatedy A+ BK is exponentiallystable. O

Theaboreremarkdeadto applicationsof thetheoryin othersectionssuchas
theonesbelow:

Corollary 9.5.10(LQR — minimization)

(a) Theassumptionsf Corollary 10.2.10are satisfied.

(b) Assumethat Hypothesis9.5.7 holds and that D*JD > 0. Then the
assumption®f Corollary 10.2.9are satisfiedand Lemma9.6.1applies;in
particular, the B,-CAREin (ii) is satisfiedon Hy.¢ too (iff it is satisfiedon
Hj), for anye > 0, and A s is analytic.

A similar commengappliesto Theoem10.1.4(b3)&(b4)&(b6).

(c) Assumehat X is estimatable Thenthere is a nonngative solution of the
LQR-CAREIff Z is optimizable If this is the case then this solutionis
uniqueandstrictly minimizingover Uexp (and Uoyy).

If y<1/4andf3 > —1/2,thenTheoem9.5.9applies.



Note that the proof and the remarksbelonv Hypothesis9.5.7 leadto further
simplificationsof theresultsmentionedn the corollaryandsereralothers.
Seethecommentselon Corollary10.4.4for the parabolicH? problem.
Proof: (a) Thisfollowsfrom Lemma9.5.2.
(b) The assumptiondollow from Theorem9.2.3; the rest follows from
Lemma9.6.1.
(c) SeeTheorem10.1.4(c1l)andthe above, andnotethatnow D*JD > 0.
O

UnderStandingHypothesi®.5.1,we canstrengtherour H* Full-Information
Control Problemresults:

Corollary 9.5.11(H* FICP)

(a) Assumptior(2.) of Theoem11.1.4is satisfied.
(b) AssumeHypothesi®.5.7.

Thenassumptiorf2.) of Theoemsl1.1.3and11.1.6is satisfiedandLemma
9.6.1applies;in particular, the By -CAREin (iii) is satisfiedon Hy. ¢ too (iff
it is satisfiedon H1), for anye > 0, and Ay is necessarilyanalytic.

(c) Theassumptionsf Theoem11.2.7are satisfiedor U; = Ueyp iff (A,B1) is
optimizableand(1.) of Theoem11.1.4holds.

(Do not mix they (“yc”) of this section(and(b) above) with that (“challenge
number”)of Chapterl1. This appliesCorollary9.5.12to0.)

Proof: (a) Thisfollowsfrom Lemma9.5.2.

(b) Assumption(2.) follows from Theorem9.2.3. The restfollows from
Lemma9.6.1.
_ (c) Now there is an exponentially stabilizing state feedbackoperator
K € B(H,U) iff (A,By) is optimizable,by Remark9.5.3. By Lemma?9.5.4,
correspondingexponentially stable)closed-loopsystemZ, (and Z if ary)
also satisfiesHypothesis9.5.1, in particular D, € MTIC(U,Y), by Lemma
9.5.2.See0.1° of theproof of Theoreml1.1.4for (1.). O

Our resultsfor the standardH® problem(the H* “measurement-feedbackit
“four-block” problem)canalsobe strengthened:

Corollary 9.5.12(H* 4BP) AssumeHypothesisl2.1.1.

(a) AssumptiorfAl) of Theoem12.1.5is satisfied.

(b) AssumgAl)(l) and (A2) of Theoem 12.1.4. ThenLemma9.6.1 applies
for thethree CAREs. In particular, the P-CARE(1.) is satisfiedon Hy..¢
too (iff it is satisfiedon H;), for anye > 0, and Ay is necessarilyanalytic.
Analagously the A, -CARE(2.) (andthe Pz-CARE(4.) if (1.) is satisfied)is

satisfiedon HiBJrs (iff it is satisfiedon Hy), for anye > 0.



Proof: (Note from Lemma12.5.4that Hypothesis12.5.1is satisfiediff
(A,By) is optimizable,(A,Cy) is estimatableand (A2) of Theorem12.1.5is
satisfiedpy (a).)

(a) Thisfollows from Lemma9.5.2.

(b) It was shaown in 4° of the proof of Theorem12.1.4that (2.) or (3.)
of Hypothesis9.5.7is satisfiedby Zx andZy; the samewasobsenedfor =z
(assuminghatZy is satisfied)closeto the endof the proof. Therefore Lemma
9.6.1appliesto theseCAREs. O

With our (wealer) standinghypothesighaty < 1/2 and3 > —1/2, we obtain
thefollowing:

Theorem 9.5.13(Uep: Unique optimum < CARE <> J-coercive) Assume
that U = Uexp. Thenthefollowing are equivalent:

(i) there is a [unique] J-critical control over Uep(Xo) for ead xo € H, and
D*JD € GB(U);

(i) thereis a [unique] exponentiallystabilizingsolution(?, S K) of the CARE;

(i) [ A | B ] is optimizableandD is J-coeciveover Uexp.

If (?,SK) is asabove thenK is J-critical over Uep, S=D*ID € GB(U),
Bt,D,F € MTICL andBt,N,M € MTICL, for somee > 0.

Notethatary solutionsof (i) or (ii) areunique.If D*JD > 0, then“J-critical”
becomesequialentto “minimizing” and“J-coercve” equvalentto “positively
J-coercve”, by Proposition9.9.12. Thus,thenCorollary 10.2.10(and Theorem
10.1.4(b6)&(b4))applies.

Proof: Thisfollows from Lemma9.5.2andCorollary9.2.19. O

Notesfor Sections9.5and 9.6

A state-of-arttreatmenton parabolicsystemsis givenin [LT0OOa] by Irena
Lasieckaand Roberto Triggiani, by using a p.d.e.approach. They only treat
the LQR andH” FICP problems,in the caseof U} = Uyyt With a standardcost
function(whoseform is a specialcaseof thatof Propositior®.7.6),but they allow
forary B > —1 (for y=0, i.e., they take H = Hy, sothatC becomesounded),
hencetheir resultsalso apply to systemswith very unboundednput operators,
thuscoveringawide rangeof importantapplications Sincetheir proofsarebased
onthecorvergenceof thefinite-horizonsolutions they mightbeinappropriatdor
moregenerakostfunctions,asexplainedin the noteson p. 465.

The history and statusquo of researchin the p.d.e. approachto analytic
systemsis well documentedn the notesof [LT0Oa], with referenceso works
of theauthorsG. Da Prato,F. Flandoli,X. Li, C. McMillan andothers,including
articleson singularcontrol.

Thefirst applicationof WPLStheoryto parabolicsystemseemso be[St97a]
(and [S98¢e]), which usesthe theory of [S97b] to establisha solution to the
positively J-coercve stablequadraticminimization problemandshaw thatits J-
critical costoperatorsatisfieghe Riccatiequation.Its proof leansheaily onthe



resultsof Lasieckaand Triggiani, so that its contrikution is mainly the WPLS
formulation and the characterizatiorof the closed-loopsensibility to external
input(i.e.,thesecondccolumnof Z ). Thatarticleand[Sbook]essentiallycontain
Lemmas9.5.2,9.5.8and9.6.3.



9.6 Parabolic problems: proofs

Thevoiceof the majority is no proof of justice
— Friedrichvon Schiller (1759-1805)

In this section,we prove threelemmasthat were usedfor the resultsof the
above section.We still assumestandingHypothesi9.5.1.

We first shaw thata J-critical controlin WPLSform (e.g.,a uniqueJ-critical
control,by Lemma8.3.16(al))js alwaysof statefeedbackorm andcorresponds
to asolutionof the B}, -CARE:

Lemma 9.6.1 Let 2t be a J-critical control for X~ in WPLSform. Assumehat
Hypothesi®.5.7holdsandthatS:= D*JD € GB(U).

Then? € B(H, (H)*) for anyr < 12y, in particular, P[H] C (Hg)* =
Dom(B*) C Dom(B} ;) C Dom(B}). Thus,B*® € B(H,U), and

K :=—-S(B*?+D*JC) € B(Hy,U) (9.49)

is auniqueULR J-critical statefeedbak operator for . Moreover P satisfieghe
B;,-CARE
A"P+ PA+C*IC=K*K € B(H1,(H1)") (9.50)

(evene B(Hye, (Hyye)*) for all € > 0).

Finally, thecorrespondinglosed-loogsystent - is geneatedby A+ BK, and
25 isanalyticonHyq = (Hes)q for a € [y— 1,3+ 1]. ConsequenthyB1,Ds,Fs €
MTICY, for all > .

Seethe remarkfor B* belov Lemma9.5.4. Note that K is bounded(i.e.,
K € B(H,U))if D*JC=0.

Proof: 1° K is ULR and J-critical: By Lemma9.6.2, we have P €
B(H,Dom(B; )). By Proposition 9.3.1, K := —S }(Bf /2 + D*JC) €
B(Hy,U) is ahniqueULR J-critical statefeedbacl«)peratorfér 2 (in particu-
lar, Kis = Kerit, WhereZ s is thecorrespondinglosed-loopsystem).We obtain
“P(H,H,)” from 2° andtherestof the claim from Lemmas9.5.4and9.5.2and
3°.

2° Wehave?® € B(Hy_r, (Hy_s)*) whenr,s> 0, r+s< 1. (Fory—r = 0this
becomes/— s> 2y— 1, hencey—s= [ is allowed,sothat? € B(H, (Hg)*).)
W.l.0.g.,we assumghaty > 0.

Choosep,q € [1,»] st.pt>r, gl >s+2yandpt+qgt=1
Then CeritAerit € LY(R+; B(Hy—r,Y)), by Lemma9.4.2(j) (sinceCerit = C +
DKerit € B(Hy,Y)), and CA € L&(RJF;QS(HV_S,Y)), hence C*1g,)JCerit €
B(Hy—r, (Hy—s)").

But AU PAL, € B(Hy_1,(Hy)*), for ary v € R, by Lemma9.5.4 and
Lemma9.4.2(h2).ThereforeP € B(Hy_r, (Hy—s)*).

3° The B},-CAREoON Hy¢: Let e > 0. We have A € B(Hyte, Hy1e—1),
P € B(Hyje-1,(Hy)") (take s=0, r :=1—¢), and (Hy)* C (Hy4¢)", hence
PA € B(Hyte, (Hyte)").



By taking adjoints,we obtainthat A*? € B(Hy.¢, (Hy+e)*). Sinceobvi-
ouslyC*JC,K*SK € B(Hy4¢, (Hy+¢)*), andHy is densen Hy.¢, the B}, -CARE
holdsalsoonHy.e, i.e.,

<A)©’ ?X1><Hy+s—1=(Hy+£—l)*) + <£PXO’ AX1><(Hy+s—l)*aHy+s—l> + <CXO’ JCX]')Y = <KXO’ S<X1>'
(9.51)
Ol

Theabove proofwasbasedn thefollowing result:

Lemma 9.6.2 Let 2t be a J-critical control for X in WPLSform. Assumehat
Hypothesi®.5.7holds. Then? € B(H, Dom(B"L‘,S)).

Proof: 1° Assumptior{1.): Now we have to alter2° of the proof of Lemma
9.3.4asfollows:

Let > wa. By Lemma9.4.2(j),we have CAB € LY (R,; B(U,Y)) for ary
pell, (B+y)1); setp:=4/3. Analogously(C =CA e L(Ry;B(H,Y)).

Fix Xo € H andug € U. ThenKgitXo € L? (R+:Y), henceCBtKitXo =
CABx*KeritXo € Lt (R1;Y), becausgp=t +271 =1+ 41 (seeLemmaD.1.7).
Consequentlyf := CAgitXo = C(A+ BtK;it )Xo € Lloc(R+, ). Thus,

CeritXo — DKcritXo = CAgritXo € L|OC(R+;Y)- (9.52)

SetF := CABu € L. Becausep '+ 471 =1 (andC*JD = 0), we
canagainwork asin 2° of the proof of Lemma9.3.4to obtain that Pxp €
Dom(B} o).

(Themoralof the proof: the“ p” in “L P” doesnotalwaysmeanl, 2 or «.)

2° Assumptior(2.): Part6° of the proof of Lemma9.3.4appliesheretoo,
mutatismutandiswe sketchthis below:

By Lemma9.5.4,K’ := —(D*JD)~1D*JC € B(H,,U) is admissibleand
ULR for Z, andassumption(1.) is satisfiedby the correspondinglosed-loop
system(which hasthe input operatorB and the output operatorC + DK’ €
B(Hy,U); thespacedd, Hy andDom(B; ;) remainunchanged).

3° Assumption(3.): This follows from Lemma9.3.4, since Hypothesis
9.2.2(5.)is satisfiedpy Lemma9.4.2(j). O

Lemma9.6.3 If D € TIC, thenD is uniformly half-plane-egular.

(Naturally, thisis nottruewithout StandingHypothesis9.5.1.)

Proof: We shallshawv thatwe have D(s) — D, ass€ C™, |s| — o regardless
of the stability of D. By Definition 6.2.3,it follows thatD is UHPRIif D € TIC
(or D[LZ] C L?).

Let w > wp > wa. Chooseéd andM for wy asin Lemma9.4.2(a). Then

D(s)—D =C(w—A) Y- (w—AYPs-A) 1. (w-A)YB—-0, (9.53)

ass € gy, |5 — «, by Lemma9.4.2(k). O

(Seethenotesonp. 451.)



9.7 Riccati equationson Dom(Ag;it)

Just becausehey are called 'forbidden’ transitionsdoesnot mean
that they are forbidden. They are lessallowedthan allowedtransi-
tions, if youseewhatl mean.

— Froma Part 2 QuantumMechanicdecture.

In Theorem8.3.9, we obsened that a unique J-critical control is always of
WPLS form. In most earlier theory (e.g., for boundedB), sucha control is
necessarilyof statefeedbackform, and correspondingcost, sighatureand state
feedbacloperatorg P, S K) satisfythe CARE. Corversely theK-operatorof ary
“stabilizing” solution of the CARE is a J-critical statefeedbackoperator(also
in our setting). We shall extendthis equivalenceto sufficiently regular systems
with unbounded in Theorem9.2.9,basedon theresultsof this section(seealso
Remark9.9.14).

In this section,we shall study the situationfor an arbitrary WPLS with a
uniquelJ-critical control(or moregenerallywith acontrolin WPLSform) without
assumingthe J-critical control to be of (well-posed)state feedbackform (cf.
Remark9.7.7(al)—(a3))andwe shallderive certainRiccati-like equations.

Thus,given,e.g.,aJ-coercve (U;-) stabilizableregularsystemwe canobtain
the optimal statefeedbackby solving the generalizedRiccati equation(9.67).
However, sincetheseequationsaregivenon Dom(Ac;it) (for WR systems)which
is unknown a priori, it seemsrery hardto solve suchequationsandthusfind the
optimal control. The integral versiongiven belowv (for generalWPLSs)seems
evenlessapplicable.

Ourresultsrigourouslyextendtheequationn [FLT] (containedn Proposition
9.7.6), wheresimilar equationsare given in a coercve, positive settingwith a
boundedoutputoperator A moregeneralsetting,still with boundedC, is treated
in Lemma9.7.5,andfor generaM/R systemghe equationsaregivenin Theorem
9.7.3.

However, for the above reasonsand othersexplainedin this chapter(e.qg.,
D*JD cannotsene as the signatureoperatoy as explained in the notesto
Section9.8), we considerthe “regular Riccati equations’dueto M. Weiss, G.
Weissand O. Stafansmore applicablethan these“closed-loopdomainRiccati
equations” andpreferdevelopingtheirtheoryto cover standaratontrolproblems.
Neverthlessthelattercanbebuild ontheformer, aswe partially do, andin some
caseghetwo theoriescoincide(seethe parabolictheoryof Chapterd.5).

If thereis a J-critical controlin WPLSform (e.g.,a uniqueJ-critical control,
seeLemma8.3.16(al))thenX is “ U;-stable”and(9.55)—(9.57hold:

: Ao | . :
Theorem 9.7.1(GeneralizedlARE) Assumethat 2o .= [%} is a control in

WPLSform,andthat ? = P* € B(H).
ThenKgXxg is J-critical for xo for eat xp € H and ? = CJCy iff KoXo €



U} (xo) for all xo € H andthefollowing hold:

(B'u+ Abxo, PAYx0) — 0, ast — 4o (Xo € H, ue U (0)), (9.54)
0= (D')*JC, + (B))*PAY € B(H,L%([0,t];U)), (9.55)
P = AV PAL +CICE € B(H). (9.56)

We canmale thefollowing enhancementzbove:

(a) We mayreplace(9.56)above by
P =AY PAL + CLTICH € B(H). (9.57)

(b) Condition(9.54)is redundanif U; = Uexp OF U; = Usyr

(©) If U = Uexp (resp.U; = Usy), thenZg is J-critical iff Zg is exponentially
(resp.strongly)stableand (9.55)—(9.56 hold.

Thus,we canconsider(9.55)—(9.56)as a generalizedARE, whosesolution
P is “stabilizing” iff KXo € U (X0) and (9.54) holds. When appliedto the
left columnof a (statefeedback)closed-loopsystem theseconditionsdetermine
whetherthe correspondingtatefeedbackpair is J-critical.

Sincethe above conditionsare hardto verify, we go on to develop further
conditions but first we make anobsenationfrom part(c) above:

Corollary 9.7.2(Uep = Ustr) If there is a uniqueJ-critical control over Ueyp,
thenthis control is J-critical over Usgy. 0

(The corversedoesnot hold even for exponentiallystabilizablesystems by
Example9.13.14,which alsoillustratesthat a J-critical statefeedbackoperator
over Usy neednot be strongly stabilizing, althoughit must stabilize the left
columnstrongly).

Proof of Theorem 9.7.1: Trivially, condition Ksxo € U} (x0) (%o € H)
is necessary For the restof the proof, we assumethat this condition holds.
ConsequentlyC is stableandTheorem8.3.9(a2)holds.

1° “Only if”: Givenn € L%([0,t);U), we have for n := 1 + 1 'KoB'
(e U (0), by Lemma9.7.10)andary xo € H that

0= (JCx + DKoXo, D) = ((Thg) + T T' T ) ) ICo o0, D) (9.58)
= (o) JCo%0, D) + (I, T'Coxo, DT'N)  (9.59)
= (To1)ICoXo, DN) + (ICoApXo, CoB'N)  (9.60)
= (JCox0, D'A) + (A X0, PB'N). (9.61)

Thus,(9.55)holds. Equation(9.57)andthe corvergence(A§) ) * PAL xo — 0 are
obtainedasin the proof of Lemma9.10.1(d1).
Let now X € H andn € 7;(0) bearbitrary BecausgTgy)Dn,JCoXo) —
(DN, JCoXp), ast — oo, by CorollaryB.3.8,equation(9.55)impliesthat
(Bt'n, PAHxg) — —(Dn,JCoXo), ast — -+oo. (9.62)
Because) € U} (0) wasarbitrary J-criticality impliesthat(9.54)holds.



2° “If . Assumethatg is U} -stableandthat(9.54)—(9.57hold.

Identity ? = C{JCy is obtainedasin the proofof Lemma9.10.1(d1).From
(9.62)and(9.54)we obtainthat(Dn, JCoxo) = O.

3° Remark:|f the equivalentconditionshold, then AL PAL X, PAixg — O,
ast — o, asoneobseresfrom the proof of Lemma9.10.1(d1).

(a) Equation (9.57) is equwvalent to (9.56), because(9.56) —(9.57)=
K ((B')*PAL + (D')*JC})) = 0 when(9.55)holds.

(b) Letxg € H andn € U (0). If U} = Ust, thenAgxo,Btn € (o(R+;H),
by TheoremB.3.9(a2) hencethen(9.54)obviously holds.

If U; = Uexp, thenAgxo, BTN € L2(R,;H), hencethenthelimit in (9.62)
cannotbenonzeran ary case soit mustbezero(sinceit exists,by (9.62)).

(c) “Only if” follows from Theorem8.3.9(a2) and"if ” from (b). O

If D is regular, thenit follows that certain Riccati equationis satisfiedon
Dom(Acit):

Theorem 9.7.3(Dom(Agit)-CARE) Let i be a J-critical control for X in
WPLSform. Then

—Agit? = PAcrit + Critd Cerit € B(Dom(Acrit), Dom(Agrit)"),  (9.63)
—ALii? = PA+CE,; JC € B(Dom(A), Dom(Acrit)*), (9.64)
—-A"P = prcrit‘i‘C*JCcrit € Q(Dom(Acrit)a Dom(A)*)- (9-65)

Recallthat Cgit = C¢ + DcKerit and Agrit = A+ BKrit on Dom(Acrit) C Ha.
Assumein addition,thatD is WR.Then

(@) (*Keit = —B*®") € B(Dom(Agr), Dom(By ). B, = —D"JCeqt on
Dom(Ag;it), and

(D*ID)Kerit = —BY 1P — D*ICLw € B(DOM(Acrir),U). (9.66)

(b) (“ Uerit = —B* PXerit”) (Kerit),sX(t) = —(D*ID) (B ,, 2+ D*IC w)X(t) =
(KeritXo)(t) for a.e t > 0 andall Xp € H, whee X := Xgit(X0) := AgiitXo, if
D*JD € GB(U). In particular, Px(t) € Dom(B; ,,) a.e

(c) (“CARE” on Dom(Agit)) If D andD? are SRandD*JD € GB(U), then
wecanreplaceBy ,, byB; jandC w byCy sin (a) and(b), andwehave

AP+ PA+C*IC s = (PB+C*ID)(D*ID) *(D*JC_ s+ B[ ¢P) (9.67)

in B(Dom(Acrit), Dom(Acrit)*).
(d) (“CARE” <4 J-critical) Assumeinstead,that Z.; is a control in WPLS
form,D € WR, and? = P* € B(H).

ThenZcit is J-critical and P = C;; JCeyit iff (9.65)and(9.66)hold and Xt

C

is“ U-stabilizing” (i.e., KsXo € UL (Xo) for all xo € H and(9.54)holds).

It wouldbemoreusefulto obtaina Riccatiequatioron Dom(A), andwe would
liketo know thatKi; extendsto a (regular)statefeedbacloperatoffor = (e.g.,that
Kerit would have anextensionto Hg, andthatthis extensionwould equaIKW|HB for



someWR statefeedbackoperatorK for Z). Unfortunately both of theserequire
additionalassumptionsd)y Examplel1.3.7.

Proof: (In fact, Zi; neednot be J-critical, it sufficesthatit is a controlin
WPLSform for Z (seeDefinition 8.3.15)s.t.(9.55)and(9.56)hold. Thus,Z i
neednotbe* U -stable”providedthatit is otherwiseasin Theorem9.7.1.)

Apply Lemma9.7.8to (9.57),(9.56)and(9.56) to obtain(9.63),(9.64)and
(9.65). Formulaefor Acrit andCygit arefrom Lemma8.3.17(a).

(b) Let xp € H andT > 0. We “connectZ to =9 through®, J andtime-
inversion”,asin [S98b,Section5], [WW, Section8] or Lemma9.11.1:Set

= PALixo € H, ¥ = Tiom)AT ICqitXo € LZ([0, T);Y). (9.68)
Then,for ary se€ [0, T], we have

X'(s) :=A"(s )XO‘*‘COL[SYk AT PAZ A msxo—l—(C*Jﬂ[oS “Ceitxo (9-69)
AS*?ASrltACFIt XO + C* JT[[O S) (CC“tAcrlt XO Q)A crit SXO (970)

by (9.56).  Trivially, momBYx = At (B")*x;, and o DUy =
ATT(DT)*IC]; %o. Therefore(9. 55)|mpI|esthat

0= T[[O,T)]B )Q*)-i-T[[o,T)]D) y*. (9.71)

Since D is WR, we have for a.e.t € [0,T] that x*(T —t) = PAL; X €
Dom(B} ,,), by (9.70)andTheorem6.2.13(a2)and

0= Bt,wX* (T-t)+ D*y* (T-1)= t,waAtcritXO + D*J((Ccritxo) (t) (9.72)
= B{ ,PX(t) + D*J(CLwX(t) + Du(t)), (9.73)

by (9.71) and (6.46) wherex(t) := AL Xo, U = KgritXo. (recallthat Ceritxo =
Cxo + DK¢ritxo = Cxp + Du). Becauseu = (Kgit)L sX(t) a.e., by Lemma
6.2.12(a)andT > 0,t € [0, T] andxp € H werearbitrary (b) follows.

1(Za) Let Xo € Dom(Agit). Then x := AgitXo € C(R4;Dom(Agrit)) N
ch;c(R+; H), henceCeritXo = CeritAcritXo and

AXG+C Yy (0) = A*Px(T) +C*ICiX(T) = —PAcritX(T) € H, (9.74)

by (9.65)and(9.68). Thereforey* andB%xq + DIy* areW&;i, hencecontinu-
ous,by Theorem6.2.13(b1)sothat(9.72)—(9.73hold everywhereon [0, T].

Since (C w, D) is a compatiblepair for %, by Lemma6.3.10(e),we have
Cerit = CLw + DKgrit on Dom(Agrit), by Lemma8.3.17(a). Thus, (a) follows
from (9.72)att =0

(c) 1° (a) and(b): Fromtheproofsof (a) and(b) we seethatwe canreplace

w by Bf < if DY € SRandCy w by C sif Dis SR

2° The“CARE"™: By (a), we have P € B(Z*,Dom(Acit)*), whereZ :=
Dom(B} o).

Let X, X1 € Dom(Acrit). Then Pxg € Z and Ax, BKgitxk € Z*, by Propo-
sition 6.2.8(e)&(f), becausdom(A¢it) C Hg, by Lemma8.3.17(a).(Herewe
neededhestrongregularity of DY; thatof D couldbedroppedwithoutessential



changes.'herefore,
(AcritX0, PX1)y = (AX0 + BKeritXo, PX1) 7+ 7y = (AX0, PX1) 2+ 7y + (BKeritXo, PX1) 2+ 7
(9.75)
= <A)@, TXl)(Z*,Z) + <KCmXo, Bt,SEPX]-)U , (976)

by Proposition6.2.8(e). Now we obtainfrom (9.64) andthe formulaeAgit =

0 = (Ao, Px1) + (PX0, Axe) + (KeritXo, Bl sPXa)+ (B[ sPXo, KeritXa) (9.77)
+ (CwXo, JCwX1) + (CwwXo, IDKitX1) + (DKeritXo, JCwX1) + (DKeritXo, JDKeritX1)
(9.78)
= (AX0, Px1) + (PX0, Axs) + (CwXo, JCwXa) + (KeritXo, (Bl sP + D*ICy)x1)

(9.79)

+((B{ P + D" ICw) X0, Keritxa) + (B sPXo0, KeritX1) + (KeritXo, D* IDKcritxa)
(9.80)
= (AX, fo1)<Z*,Z> + (PXo, Ax1><z,z*> + (CwXo, JCyX1)y (9.81)
—({(B{ s +D*JGy)o, (D*ID) *(Bf o +D*ICu)x1),- (9.82)

Assumenow thatalsoD is SR. ThenHg C Dom(Cy_ s), sothatwe canreplace
Cw by C_ s above, by Proposition6.2.8(c1)&(c4)&(d1). Apply Proposition
6.2.8(e)to B andC* to obtainthat

rit=—(PB+C*ID)(D*ID)~! € B(U,Dom(CL ¢)*). (9.83)

(actually the right-hand-sideis an element of B(U,Dom(C_s)*), but
Dom(Acit) C Dom(Cs) sothat Ky is the restrictionof the right-hand-side
ontoDom(Ait))-

(d) By Lemma9.7.8,we obtain(9.56). By going backwardsthe proofsof
(a) and(b), we obtainthat(9.71) holdsfor ary T andxp, hence(9.55) holds.
Therestfollows from Theorem9.7.1. O

If D*JD is one-to-onethenwe obtainthefollowing uniquenessesults:
Corollary 9.7.4 LetD beWRandKer(D*JD) = {0}.

(a) Theris at mostoneJ-critical control in WPLSform.
(b) Theris at mostoneJ-critical SRstatefeedbak opemator for .

Although sufficient, the condition Ker(D*JD) = {0} is not necessaryfor
uniquenessby, e.g.,Example9.13.10in which D = 0 but the J-critical control
over Uyt is neverthelessinique by J-coercvity. (Thismightatfirst seemstrange,
but (9.66)is not the only conditionon Kt in Theorem9.7.3,alsoAqrit andCerit
restrictKeit, hencesodoesalso U -stabilization.)

Whenerer thereis a J-critical control over U in statefeedbackform, then
the uniquenessf the J-critical controlis equivalentto Ker(S) = {0}, whereSis
the signatureoperatorof the problem (which is equalto D*JD understronger



regularity assumptions)by Theorem9.9.1(al)&(f2). Seealso the notesto
Section9.8.

Proof of Corollary 9.7.4. (a) Now Kt is uniquely defined by the
unique (by Lemma 8.3.8) J-critical cost operator?®, through (9.66). Now
Aciit = A+ BKeit on Dom(Agit) = {Xo € H | (A+ BKgrit)Xo € H}, by Lemma
A.4.6,andCi: = C + DKit, henceP determines it uniquely

(b) Let K andK be J-critical SR statefeedbackoperatorsfor £. Let >
and %, be correspondingclosed-loopsystems. By (6.145) and Proposition
6.6.18(d4) Kerit is SRandKs = (Kerit)s = Ks, henceK =K. O

For boundedC, the above “generalizedRiccatiequations’canbe simplified:

Lemma 9.7.5(BoundedC) Let X bea J-critical control for Z in WPLSform.
AssumehatC € B(H,Y). Then(?,D*ID, Kit) satisfy

K:yD*IDKeit = A*P+ PA+C*IC € B(Dom(Agiit), Dom(Acrr)*), (9.84)
(D*JD)Kiit = —B*P — D*JC € B(Dom(Agit),U), (9.85)

P* =P € B(H) N B(Dom(Acrit), Dom(A*)) N B(Dom(A*)*, Dom(Acrit)*)-
(9.86)

Proof: 1° P € B(Dom(Acit), Dom(A*)): From (9.65)we obtainthat (here
a € o(A)¢ is asin Definition 6.1.17)

(00— A")P = aP+ PAgit + C*ICqit € B(Dom(Ait),H), hence (9.87)

P = (00— AY)"HaP + PAqit+ C* ICit) € B(Dom(Agrit), Dom(A*)).
(9.88)

2° The other claims: BecauseB € B(Hj,U), we hae B*? ¢
B(Dom(Acrit),U ). Consequently(9.85)follows from (9.66). Now we canget
(9.84)from (9.67),but we give adirectproof below:

Part1° impliesthat? € B(Dom(A*)*, Dom(A¢it)*), by LemmaA.3.24,and
H_1=Dom(A*)*, A€ B(H,H_1) andB(U,H_1). Thereforewe cansubstitute
identitiesAqrit = A+ BKgrit andCerit = C + DKyit (from Lemma8.3.17(a))into
(9.65)andsepareteéhetermsto obtain

0= A*"P 4+ PA+ PBKit + C*IC+ C*IDKyit. (9.89)
Combinethis with (9.85)to obtain(9.84). O

Thepropositionbelow correspondso standaraontrolproblemswhereD and
C have beensimplified. Oneexampleof suchis the stabilizationor LQR problem,
whereJ (xo,u) == ||x[|5+ ||ull3, i.e.,.C=[§], D=[{],IJ=1,Y=H xU. Also
in simplified H* problems,one often hasD*JC = 0 andD*JD € GB(U) (e.g.,
c=[%].0=[f].3= [(') 782| } , Y > 0). In thesesettings,we cansimplify the
abore “Dom(Agiit) CARE” evenmoreto obtaintheonein [FLT]:



Proposition 9.7.6(BoundedC, standard cost) Let there be a uniqueJ-critical
control ugrit(Xo) over U} for eat xp € H. AssumehatC € B(H,Y), Q:=C*JCe
B(H),D*JC=0,R:=D*JD € GB(U). Then

Kerit = —R1B*P € B(Dom(Ait),U), (9.90)
~A*P=PA—PBR 1B*P+Q € B(Dom(Agit),H), (9.91)
—(A—BRB*P)*P = PA+Q € B(Dom(A),H),  (9.92)

P* =P € B(H)NnB(Dom(A), Dom(A&i)) N B(Dom(Acrit), Dom(A")) (9.93)
N B(Dom(A*)*, Dom(Acit)*) N B(Dom(Agit) ", Dom(A)*).
(9.94)

Theefore, B*P € B(Dom(Acrit),U) andK?,, = —PBR 1 € B(U,Dom(Ait)*).

Unfortunately alsothis “CARE” is givenon Dom(Ag;it) insteadof Dom(A).
We would like to remove the parenthesisn the left-hand-sideof (9.92), but this
cannotbe donein general,sinceit would require,e.g., that 7 € B(Dom(A)),
whichis notthe case.By replacingB* by Bj, we couldslightly relaxtherequire-
ment,but onestill needanadditionalconditionto getfurther(cf. Section9.2).

Even when C is bounded,D*JD = I, D*JC = 0 and J = |, the operator
Kerit = —B*P neednot be bounded(nor B}, P), by Example9.13.8. This shavs
thatwhile theboundednessf B makesthingseasy(seeTheoren®.9.6),thatof C
is notashelpful.

Underthe assumption®f the proposition,oneeasilyobtainsfrom (9.55)that
KLt + B (Q+ P)AL; = 0 (usethefactthatD' = 1o,y (D + CB'), by Theorem
6.2.13), or equivalently, that ucit = —B'*(Q + P)Xeit a.e., hencethis caseis
essentiallysimplerthanthe generakase.

Proof of Proposition 9.7.6: 1° By direct substitutiondo Theorem9.7.3,
we obtainthat

—ALit? = PAcrit + Q+ KgitRKerit € B(Dom(Agrit), Dom(Agrit)*),  (9.95)
—Ait? = PA+Q € B(Dom(A),H), (9.96)
—A"P = PAcrit +Q € g(Dom(Acrit)aH)- (9-97)

From(9.96)we obtainthat(herea € a(A)€ andp € o(Acit)© areasin Definition
6.1.17)

(B—A%L)P=PBP+PA+Qe B(Dom(A),H), hence (9.98)
P = (B—Aby) H(BP+ PA+Q) € B(Dom(A), Dom(ALy)). (9.99)

Analogously from (9.97) (or (9.86)) we obtain that ? €
B(Dom(Aciit), Dom(A*)). Consequently B}, ? = B*P on Dom(Agit), and
hence(9.90)follows from (9.66).

2° Because? = P* € B(H) and hence? = P* on ary subsetof
H (e.g., P = P* € B(Dom(Acit), Dom(A*))), also the adjoints P, P* €
B(Dom(A*)*,Dom(Acit)*) becomeequal (recall that Dom(A*)* = H_j), cf.
LemmaA.3.24. Thus,oneeasilyverifies(9.93)—(9.94).



3° Now we obtain (9.91) and (9.92) by direct substitutions. Obviously,
K:i = —PBR1 € B(U,Dom(Acrit)*). O

C

Remark 9.7.7 Let 2.t bea J-critical control for ~ in WPLSform.

(al) Givenxg € Dom(Agit), the J-critical contml u = ugit(Xo) and statex =
Xerit(Xo) are givenin the“state feedbak form” in theweaksensehat

u(t) = Keriex(t) (teRy); (9.100)
X (t) = AX(t) + Bu(t) = (A4 BKgrit)x (teRy) (9.101)

(notethatu andx are continuousn thiscase).Furthermoe, for anarbitrary
Xo € H, wehaveu(t) = (Kgit)sX(t) for almosteveryt € R

(a2) The opermator Aqit := A+ BKgrit genelatesthe Co-semigoup Agrit, and,
for any xp € H, the critical control x = Xgit(X0) is the strong solution of
X = AqritX, X(0) = Xg (here At is the extensionof the original operator, as
in Lemmab.1.16).

(a3) The “state feedbak” of (al)—(a2)is not well posedif Z.;; is not of
statefeedbak form (equivalently doesnot correspondo a solutionof the
elARE).

In fact, sud “non-well-posedstatefeedba&” might“explode” underany
externalinput (“u”; e.g., disturbanceor modellingerror); cf. Figure 9.1
(p. 408)andExamplell.3.7.

(b1) (CARE) The “Riccati” equationsof Theoem 9.7.3 are satisfied; in
particular, for WR D with D*JD € GB(U), P determinesKci; uniquely
on Dom(Agrit) and Ugrit = —(D*JID) (B, P + D*JCL w)Xerit @.€, for any
Xo€H.

Moreover; 7 (Xo, Uerit) = (X0, PX0)-
(b2) (Uniqueness)A U;-stabilizing solution 2 (if any) of the “elARE” of

Theoem9.7.1is equalto the J-critical costopermtor, henceit is unique
by Lemma8.3.8.

If D is WR, then we can usethe “ Dom(Agit)-CARE” (9.65) and (9.66)
instead of the “elARE”, by Theoem 9.7.3(d). In particular, a “ U;-
stabilizing” solution? of this“ Dom(A¢it)-CARE” is unique(andsois Kyt
if D*JD € GB(U)).

Thus, the (“ U} -stabilizing”) solution ¢ of the “CARE” leadsto the “state
feedbackformulaof (b1) andto the J-critical cost(xg, Pxo).

If = is stable(or suitably (well-posedly)stabilizable)and D is positively J-
coercve over Ugyt OF Uexp, thenminimizationcorrespondso a well-posed(and
stable)statefeedback,as shaovn in Section10.2. However, in, e.g., the stable
J-coercve indefinitecase the J-critical statefeedbackpair might be unstable pr
even non-well-posedi.e., ]?‘,E\; ¢ Hy), althoughK is alwayswell-posedand
stable(cf. (a3)); seeExamplel1.3.7.



Recall that by statefeedbackwe meanthe (well-posed)state feedbackof
Definition 6.6.10,not thatof (a3).

Proof of Remark 9.7.7: (al) This follows from (a2), LemmaA.4.2(c1)
andLemma6.2.12.

(a2)By Lemma8.3.17(a) Acrit = A+ BKrit on Dom(Aciit) . Therestfollows
from Lemma6.1.16(b).

(a3) 1° Thisis intuitively ratherobvious. We shall shav in 2° thatif the
mapus — u is well posedwhereug is anexternalinput andu is the effective
inputcorrespondingo u;s andinitial statexg = 0, asin Figure9.1,thenZ;; is
the left columnof the correspondinglosed-loopsystem;this provesour first
claim. If u— yis coercve(e.g., D = []Dl’l] , asin thestandardsetting) thenthis
meanghatalsothemapu — y becomedll-posed;thesameappliesto uc — Xx.

2° If M € GTIC,(U), whereMug := u (a time-invariant operatorM €
GB(L2(R4;U)) canbe extendedto GTIC,(U), by Lemma2.1.3), thenM
definesan admissiblestatefeedbackpair [ K | | —M ! | for Z, and Z; is
theleft columnof the correspondinglosed-loopsystem.

Indeedjf us € L?(R_;U) andu = Mus, then,obviously, Tt, u = Keri(Bu =
Keit BMugs (thisis the controlcorrespondingo 1t us = 0 andxg = Bu). Now
weobtain[ K | F | from Theoren8.3.13(b1)seeLemma8.3.16(b)).

(b1) Thisfollows from Theorem9.7.3.

(b2) Thisfollowsfrom Theorem®.7.1and9.7.3.

Note thatthe definition of a “ U} -stabilizing” solution ? € B(H) is rather

clumsy;e.g.,we requireK; to generate WPLS (“ [1%8} ") with A+ BKcit and

Cw + DKgit, andposethe conditionsKoXp C U (Xp) and(9.54);thelattertwo
conditionsbecomeequvalentto Ag beingexponentiallystableif 7 = Uexp,
by Theoren®.7.1(c). This canbesimplifiedin the positively coercve case(as
donefor the CARE in Section10.7,in particular Proposition10.7.3(d3)).
However, a CARE definedon Dom(Acit) doesnotseento beuseful,there-
fore we will notgo into thesesimplifications;we just mentionthatin Theorem
5.3 of [FLT] it is shawn thatif C = [§], D= [?], J=1 andR>> 0 (thus
J(%o,u) = ||ul|3+ (x,R%, 2), then (9.67) hasat mostone self-adjointsolution
P =P* € B(H) s.t.B*P € B(Dom(Agit),H). O

The rest of this sectionconsistsof auxiliary lemmasonly. Somealgebraic
(instantaneousRiccati-like equationscan be equwvalently written in integral
formsandvice versa,asdescribedelow:

Lemma 9.7.8 (a) Let [%} € WPLS(O,H,Y) (k=1,2), P B(H) andJ € B(Y).
Then

(Aaxa, PXa)y, + (X1, PAaxlyy, +(Cixt, JCxaly, > 0 (x € Dom(As), X2 € Dom(Az))
(9.102)

= (AYPA+(C)IC,>P  (te[0,4)).  (9.103)

Moreover, we can,equivalentlyreplace” (t € [0,+))” by“ (t € (0,€))”, for



anye > 0, or require (9.102)only for X« € Nnen DoM(AY). All thisalsoholdswith
“=" or"“<” in placeof* >".

(b) Part (a) also holdsif we replace” [%} € WPLS(O,H,Y)” by “Ay isa
Co-semigoupon H andCy € B(H1,Y)” andset(CyXp)(t) = CkAk(t)xo (t > 0)
to defineCy : H1 — C(R4;Y), exceptthat (9.103)mustbe appliedto elementof
Dom(A) only.

Equation(9.102)is equialentto
AP+ PA+C1IC, >0 (in B(Dom(Az), Dom(A;)*)), (9.104)

whereDom(A) is equippedwith the graphtopology and Dom(Ay)* is its dual
w.r.t. the pivot spaceH asin LemmaA.3.24 (or in Lemmaé6.1.16andDefinition
6.1.17). However, we encouragehe readerto alwayswrite suchformulaeinto
thelongerform (9.102)whenhe or shehasproblemso verify themin their short
forms.

For equationgontainingl/O maps(“D”), we needsomeregularityassumption
(for “D” to exist), andfor equationsontaininginputmaps(“B”), theequialence
becomesathercomplicated andthey needspecialextensionsof B* andB*P, as
illustratedin Section9.8andcorrespondingroofsin Section9.11.

Proof: 1° “ <" Let xx € Dom(Ay) (k= 1,2). By LemmaA.4.2(cl),we
have

(Akx)" = Ay = AkAg € C(RyHY)  (k=1,2), (9.105)
in particulay Ayx € C(Ry;Dom(A)). Consequently Cexc = CeAy X €
C(R+;Y) (k=1,2),by Lemma6.2.12. B

Sincef := (x1,9%), whereg := (A} )*PA} + (C})*JC,, — P, satisfiesf (0) =
0,f >0andf € C1(R,), wehave f/(0) > 0, whichimpliesthat(9.102)holds.
2° “=". Assumethat (9.102) holdson Dom(AT) x Dom(A7). Let ax €
Dom(AY) := Nnen DoM(A]) andt > 0. Setx, := Al a, € Dom(AY), so that
Crax = Gk and (Agay)'(t) = A (k= 1,2), asin 1°. By substitutingthese
into (9.102),we obtain
0 < (A} (t)ag, PAs(t)ag) + (Aq (t)ag, PAS (t)ag) + (C1A1 (t)ag, JCr A2 (t)ay)
d t ~
= p |:<A1(t)a1, PAz(t)az>H —}—/O (ClAl(t)al,JC2A2(t)a2>Y dt:|
d ~
= (@1 810" PA2(Dady + (an, (C) IChary |

Thus, the expressionin brackets mustbe increasinghencefor ary t > 0,
we have

(1, A1 (1) "PA2 (t)ag) + (a1, C1 IMo  C220)
> (a1, A1(0)*PA2(0)ag) + (ay, C; Jig g C282) = (a1, Pag) — 0.

The sameholdsfor a;,a; € H x H too, becausddom(AY) is densein H, by
LemmaA.4.2(b).

3° The“moreover” claim canbe obsenedfrom the above proofs;the claim



on“<” follows by replacingP by —P andJ by —J; the claim on“=" follows
“<" and“>".

(b) The proof of (a) appliesheretoo. Note that here (9.103) meansthat
(X0, ((A&)*PA‘Z +(CH)*JC, — P) xo)H > 0 for all xo € Dom(A) =: H; andall
t € [0, +c). O

We shallsometimeseedthe following lemma:

Lemma9.7.9 Letxo € H and u € L2 (R4;U). Thenu € U (xo) iff myttu €
U (Alxo + B'u) for some(equivalentlyall) t > 0.

Thissaysthatu is admissibldor someinitial statex(0) iff atsome(henceary)
moment therestof u is admissiblefor the currentstatex(t).
Proof: Givent > 0, setu’ := Tgyu, U" = . Ty, sothatu = U'¢U” (see
p. 158)andx; := Alxg+ Blu= Alxg+ B'U/, Obviously, u € L < u” € LZ. We
have (recallthatttu” = r_ttu)

(Cx) +Du” = (T, T'Cxo + T, D' u”) + 1, Dt t'u = 11, T (Cxo + Du)  (9.106)

henceCx + Du” € L2 iff Cxg+Du € L2

Analogously we canshav that Qx + Ru” € Z3 iff 1, ' (Qxo + Ru) € Z5,
i.e.,iff Qxo + Ru € Z° (by StandingHypothesi9.0.1). Thus,we have shovn
thatu € U} (xo) & U’ € U (%). Sincet > 0 wasarbitrary this establisheshe
claim. ]

We finish this sectionby a resultthatwasusedin the proof of Theoren9.7.1:
Ag

Lemma 9.7.10 Assumethat [ Co ] is a contol in WPLSform s.t. Koxp €

Ko
U} (xo) for all xo € H.
Then for anyt > 0 andf € L%([0,t);U), wehaven := Ty + T 'KoB'N €
U;(0) andmonn =N. O

(This follows from Lemma9.7.9by settingxg = 0, sinceKoB! N € Uz (B'n).)

Notes

As necessargonditions,equationg9.55)—(9.57)and (9.63)—(9.65)arewell-
known for some special cases;see, e.g., [S97b] for the caseof well-posed
minimizing statefeedbackior WPLSs.

Most of Proposition9.7.6wasestablishedn [FLT] by solvingfirst thefinite-
time interval problem and then obtaining the infinite-time resultsas a limit.
This methodrequiresa rather coercve cost function (seethe notesbelov the
proposition)andis hencenot applicableto the more generalresultsof Theorem
9.7.3andLemma9.7.5,whoseformulaearewell-known atleastfor systemswith
bounded andC [CZ, Exercise6.21c]. Theintegrationsanddifferentiationsused
in Lemma9.7.8arewell-knowvn [WW] [S97b].

We shallnow treattwo questionson [FLT] (or on [LTOOb]) thathave caused
somecontroversy Oneobseresfrom (6.52)(with C = 1) that (1o Btmoy ) v =



Bf /it A(9)*v(s)dsforallve L2 (Ry;H). In (1.3b)of [FLT], thesameformula
is givenwith “B*” in placeof “B; ", andthe resultsof that article are derived
usingthis formula. Accordingto the authors®B*” refersto a“maximal, possibly
nonuniqueextension of the original B* € B(Dom(A*),U)”, whose existence
shouldfollow (nonconstructiely) directly from the (standardassumptionghat
A~1B e B(U,H) (use(s—A)~linsteadf 0 € 6(A)) andthatB* A* : Dom(A*) — C
extendsto an operatorB? : H — L2([0,T);U) (T > 0). We cannotfollow this
argument,nor canthe expertsthatwe have contactedHowever, the constructve,
highly nontrivial proof of [W89a] (see(6.52)) can be used. Nevertheless,n
several applications suchasin the parabolicsettingof Section9.5, the proof is
rathersimple.

The secondcontroversialthing is the following: If D*JD = I, thenwe obtain
from Proposition9.7.6that

(B*Pxo, B* Pzg)y = (PAX, ZO)(Dom(ACm)*,Dom(Acrit)) —(PAcritXo, 20)y (%0,20 E( Dom(';\crit))-
9.107
By (9.94),the expression

(PAX0, o)y — (PAcritX0, 20)pom(A),Dom(a) (X0,20 € DOM(A)),  (9.108)

is continuousDom(A) x Dom(A) — C. In [FLT, Corollary 4.9], Flandoli et
al. define (B*Pxo, B*Pzp), for xg,z90 € Dom(A) by (9.108) (even if Dom(A) N
Dom(Agiit) = {0}), sothatAgit? = A*P — (B*P)*B*P € B(Dom(A),Dom(A)*)
andhence(9.96)becomes

(B*P)*B*P = A"P + PA+Q € B(Dom(A),Dom(A)*), (9.109)

by the definition of (B*?)*B*®P. Thus,(9.109)is actuallyan equivalentway of
writing (9.96).

G. Weiss and H. Zwart (Section 8 of [WZ]) have constructeda simple
example (our Example9.13.8) satisfying the assumption®f Proposition9.7.6
andhaving a ULR unigueminimizing (henceJ-critical) statefeedbackoperator
K that differs from B*? (asdefinedby (9.108); see[WZ] for details). In fact,
sinceDom(A) NDom(Agrit) = {0} = Ker(®P) in [WZ], onecould extendB*? to
Dom(A) arbitrarily. The extensionB; /P = B;,? is the only oneleadingto the
minimizing K. ’

Therefore,the extensionof B*P usedfor (9.109)would seemartificial and
not having a connectiorto the minimizing statefeedbackoperator—K = B}, ? =
B} ¢ (thisformulais valid onHg D Dom(A) U Dom(Acit), seeSection9.9).

It is not obvious whetherthis B*P always correspondso B*? for ary
extensionB* of B*. However, after finishing this chapter we learnedaboue
[BLT], in whichtheauthorssucceedn settlingthislastproblemfor severalspecial
casesy proving the existenceof an extensionB* of B* on P[Dom(A)] s.t. B*P
equal“B*?”. In theseconstructionstheir methodsesemblehe definition of Bs.

However, in several applicationssuchasthe parabolicproblemsof [LT0Oa],
equation(9.109)coincideswith the CARE (9.3)andhencebecomesisefulfor the
computationof the Riccati operatorandthe optimizing statefeedbackoperator
In particular in thesecaseghe signatureoperatorS of the problemequalsD*JD




(Seethe notesto Section9.8 for a comparisorbetweenD*JD andthe signature
operator Oneof themeritsof [FLT] is theresultsthatif Q> 0, then? is unique
(seetheproof of Remark9.7.7(c)).



9.8 Algebraic and integral Riccati equations
(CARE+IARE)

For every comple problem,there is a solutionthat is simple neat,
andwrong

— H. L. Mencken

In this section,we shall divide the correspondencbetweenoptimal (i.e., J-
critical) control and CAREs into two parts, by introducing“Integral Algebraic
RiccatiEquation(IARE)” in betweerthesetwo concepts.

The IARE is essentiallyan integral of the CARE, but it can be formulated
regardlesof the regularity of the systemand J-critical control (aslong asit can
be givenin the statefeedbackform). Therefore,this new conceptallows usto
extendthe classicalone-to-onecorrespondencbetweerthe optimal control and
the stabilizingsolutionof the Riccati equationto generaWPLSsin Section9.9.
In this section,we shall establishthe equivalenceof IAREs and CAREs under
weak regularity assumptiongProposition9.8.10),and shav the uniquenesof
their stabilizingsolutions(Theorem9.8.12).

In addition, we shall study the extendedforms of theseRiccati equations,
“elAREs” and“eCARES”, wherethe signatureoperatorsneednot be invertible,
sincea J-critical control neednot correspondo an invertible signatureoperator
unlesswe assume coercve costfunction (J-coercvity).

We shall also obsenre that the elARE is a reformulationof the extended
Discrete-timeAlgebraic Riccati Equation (eDARE) see Proposition9.8.7 and
Theoreml3.4.4.Thus,we mayusethe eDARE theoryfrom Sectionl4.1to solve
continuous-timeproblemsin discretetime. In particular if onewishesto verify
the proofs,oneshouldreadfirst Section14.1. The equvalenceof eCAREsand
elAREsthenextendsthediscrete-timaesultsalsoto (e)CARES.

Becaus®f theappearancef thefeedthrougtoperatord andX =1 —F in the
eCAREs,we candefinethemonly for weaklyregularD andF (their feedthrough
operatorsaareoftenassumedo be zeroin classicaltheory;this cannotbe donein
general). Neverthelessalso part of the “CARE” theorycanbe appliedto more
generakystemsasshovn in Remark9.12.1andSection9.7.

Furtherresultson Riccatiequationsvill begivenin thefollowing sectionsand
on positive Riccati equationgroughly, with a nonneative signatureoperatorS)
in Section10.6. The proofsof Proposition9.8.11(ii)andTheorem9.8.12(d)&(e)
dependon Section9.9.

Recallour standingassumptionshat > = [2{2] € WPLS(U,H,Y) andthat
J =J* € B(Y), and the fact that we denote generatorsby sameletters as
correspondingperator{(51g) = [&15]).

We startby extendingDefinition 9.1.5to cover the casewhereS¢ GB(U)
andF # 0. Solutionsof theeCAREwill be called” }-stabilizing” if the corre-
spondingcontrol u := KXo belongsto the classover which we are optimizing
(u € U} (x0)) andtheresidualcostcondition(PB) is satisfied(the latteris redun-
dantfor U} = Uep andfor U = Usy, by Theoremd.8.5).1n Corollary9.9.2we



shallshaw thatsuchsolutionscorresponane-to-ondo theoptimalstatefeedback
operators.

Definition 9.8.1(eCARE) We call Z (or (?,S[ K | F ])) a solution of the
extendedContinuous-timeAlgebraicRiccatiEquation(eCARE)
(inducedby Z andJ) iff Z is WRand P satisfies

K'K =A"P+ PA+C*IC € B(Dom(A), Dom(A)*)
* _M* _Ii * A1
X*SX=D JD+vSv_>I|+ror;1 ByP(s—A) "B e€BU) (9.110)
X*SK = — (B, P+ D*JC) € B(Dom(A),U)
(heeX:=I1—-F)and?=P* € B(H) F,Se B(U), S= S andK € B(H1,U).

Asolution’? of theeCAREs calledWR (resp.SR,UR,admissiblestabilizing
stable ...) if geneators [ K | F ] extend to anotherWRWPLSZe, and the
resultingpair [ K | F ] is WR(resp.SR,UR, admissiblestabilizing stable ...).
SeeDefinition 6.6.10for further preficesand sufices.

If 7 is admissible thenwe denotethe correspondingclosed-loopsystemby
Sy andsetX =1 -F e TICx(U), M:=X1 € TICx(U), N:=Dy ;=DM €
TICw(U,Y).

We add the prefix “P-" or “PB-" if P is admissibleand satisfiesthe
correspondingesidualcostconditionbelow:

(P) (Al X0, PAL X0) — 0, ast — oo, for all xp € H.

(PB) (B'u,PAlyxg) — 0, ast — +oo, for all o € H andu € U (0), and (P)
holds.

We call P U} -stabilizingif (PB)is satisfiedand K5 xg € U (Xo) for all xo € H.
The eCAREwith additional requirrmentsX = | and S€ GB(U) is called
CARE

(Notethat [ K | F | extendsZ to a WR WPLSiff [22] generatea WR
WPLS. Note alsothatwhenwe saythattheeCAREhasa solution,we tacitly say
thatD is WR. Admissiblepairsaredescribedn Definition 6.6.10;alsoherewe

A|B
Set2eyt 1= [m} , SothatZ s = (Zext)[o |].)

A lessabstractformulationof thefirst of the equationgn (9.110)is givenin
(9.4) (cf. Lemma9.7.8andinequality(9.104)).

We shallshav in Theorem9.9.1(al)&(el)&(e2}hat U -stabilizingsolutions
of theeCAREcorrespondo WR J-critical statefeedbackpairsover ;. We are
mainly interestedn WR J-critical statefeedbackoperatorsgquvalently; in the
caseF =0(orX =1).

The prefix “P-" (resp.“PB-", “U;-") doesnot affect other preficesandvice
versa,it just addsthe requirementP) (resp.(PB), U} -stability of Zs) (e.g.,by
“exponentiallyPB-stabilizing”we mean“‘exponentiallystabilizingandsatisfying
(PB)".

(For analogywith the traditionalconcept‘stabilizing solution”, we say* U} -
stabilizing”, not “ U} -admissible”,althoughthis term doesnot imply that is



stable(similarly, C-stabilizingmeanghatCs is stablebut thewholeZ s neednot
be,by Definition 6.6.10).)

Remark9.1.6appliesalsoto eCAREs,exceptthatK neednot be WR unless
X,S€ GB(U); cf. Lemma9.9.7.

Thus, a solution P is WR if [%5} generatea WR WPLS, i.e., if the

operatorsk : xg — KA(-)xg andF :=1 — X + KBt extend X to anotherWR
WPLS (seeLemma6.3.13andRemark9.1.6). A WR solutionis admissibleiff
| —-F € GTIC, by Definition 6.6.10;if F € ULR, thenthis holdsiff X € GB, by
Proposition6.3.1(c). By Lemma6.6.11,ary solutionleadingto a bounded is
ULR (andadmissibléff | —F € GB(U)).

Condition (P) is satisfiedby ary strongly stabilizing solution. It follows
from Proposition9.8.10,thatfor a [ C | D |-stabilizingsolutionof theeCARE,
condition(P) is equialentto ary of (P1)—(P4)f Lemma9.10.1(d1).

Remark 9.8.2(eCARE vs. CARE) A WRsolution? of eCAREs a WRsolution
of the CARE (with S = X*SX and K’ = XK in place of SandK) iff S X ¢

GB(). O

(Thisis obvious.) Moreover, theadmissibility[stabilizability] of [ K’ | 0 | is
thesameasthatof [ K | | —X ] (seetheformulafor £ in Theoremd.8.12(s1))
andthe sameappliesfor otherattributesof 2, hencewe canconsider? alonea
solutionof theeCAREwhenS X € GB(U) (becaus¢hen? determineshe Sand
K correspondingo X = | uniquely).

Moderateregularity andcoercvity assumption$orce X andSto beinvertible,
by Lemma9.9.7,hencethe eCARE s equialentto the CARE in mostapplica-
tions.

Next we give necessaryndsufficient conditionsfor a solutionof the CARE
to be admissible bothin state-spacandfrequeng-domainterms. Fortunately
we only rarely needtheseconditions.

Remark 9.8.3(Admissibility of a solution of the CARE) Let(?,S K) bea so-
lution of the CARE.

(al) By Lemma6.3.13and Remark9.1.6, [#12] geneate a WR WPLSiff
for somee > 0 and w > wa, B},PA(-) : Dom(A) — C(R+;U) extends
to a continuousmap H — L2([0,£);Y), and B}, PBt : ¢2([0,€);U) —
Go([0,€);Y) extendsto a continuousmapL2([0,€);U) — L2([0,¢);Y) for
somee > 0 andw > Wa.

(a2) Thecorrespondingrequency-domainonditionsare asfollows: There are
£>0andw > wa S.t.for ead xo € H wehaveB:, P(s—A) “1xg € H?(CF;U)
andB;,P(s— A)~1B € H*(C; B(U,Y)) (asfunctionsof s).

(b) Assumgal) (equivalently (a2)). If F is ULR, then? is admissible(i.e.,
| —F € GTICa(U)).

(c) The solution P is admissibleiff X :=1 — F = | — KBt is invertible on
TIC»(U), or equivalentlyiff | — Ky (- — A) B € GHZ, or equivalentlyiff
Tlo )Xy IS invertibleon L2([0,€);U) for somee > 0.



For the eCARE, correspondingconditions can be given, e.g., as follows:

Heg C Dom(Ky), KwA(:) : Dom(A) — C(R4+;U) extendsto a continuousmap
H — L2([0,);Y) for somee > 0, KyBt : ¢([0,€);U) — (»([0,€);Y) extends
to a continuousmap L2([0,£);U) — L2([0,£);Y) for somee > 0 and w > wp,
A, = A+ BK,, generatea (Co-)semigrouppn H andKy, (s— A,) 1B € GHZ.

Proof: (al) Thisfollowsfrom thedefinitionof K, Remarkd.1.6andLemma

6.3.13(usethefactthat |22 ] is aWPLS).

(a2)UseLemmas6.3.15insteadof Lemma6.3.13in (al).

(b) UseProposition6.3.1(c).

(c) UseTheorem6.2.1andLemma2.2.8. O

We definethe solutionsof the elARE analogousliyto thoseof the eCARE
(recallthenotationfrom (6.5)):

Definition 9.8.4(A P-stabilizing solution of the elARE) We call P (or
(?,S [ K | F ])) asolutionof the extendedintegral AlgebraicRiccati Equation
(elARE) (inducedby = andJ) iff theelARE

KUSK = AV PAL — 2+ CHIC (€ B(H)),

X*sxt = DDt + B PR, (9.111)
XK = — (DMIC + B PA")
(here X :=1 —T) is satisfiedfor all t > 0, and? = P* € B(H), S=S' € B(U),

K € B(H,L2,(R+;U)),andF € TIC,(U).
A solution? is called well-posed(resp.WR,SR,UR, admissible stabilizing
stable ...) if [ K | F | extendsZ to anotherWPLSZe (resp.-"- and the pair
[ K | F ] isWR,SR,UR, admissiblestabilizing stable ...).
We useprefices’ U;-", “P-" and“PB-" asin Definition9.8.1.
TheelAREwith additionalrequirrmentSe GB(U) is calledIARE.
If 2 is admissible thenwe denotethe correspondingclosed-loopsystemby
S andsetX =1 —F € TICx(U), M:= X1 € TICx(U), N:=D := DM €
TIC(U,Y).

(Notethat [ K | F | extendsX iff [%}%} € WPLS) One explanationof
the elARE is that it specifiesthe value of the termsin (us, Srigy)Ucs), where
Uy := —KXp + Xu is the closed-loopinput (the disturbanceto the J-critical
statefeedback)correspondingo open-loopinput u andinitial statexg (indeed,
Kxo + Fu = u— Uy in Figure9.1(p. 408)).

ThelARE shouldnot be mistalenfor “IRE”, theintegral of the “Dif ferential
Riccati Equation”, which both correspondo finite-time interval problems(see
Section8.5).

By Lemma9.10.1(b4).equationg9.153)—(9.161 presatisfiedby any admis-
siblesolutionof the el ARE.

In caseof Uexp Or Usyr, theattribute U; -stabilizing” canbereducedsubstan-
tially:



Theorem 9.8.5(U} -stabilizing solution) Let(?,S [ K | F |) beanadmissible
solutionof the elARE,with closed-loopsystents. Then? is U;}-stabilizingiff
[ K | F ] is J-critical over ;.

Moreover, P is Uep-stabilizingiff [ K | F | is exponentiallystabilizing;and
P is Usy-stabilizingiff [ AL | CT K }T is stronglystable

Finally, ? is Uoyr-stabilizingiff [ K | F | is PB-output-stabilizingand 2 is
Usirstabilizingiff [ AL | Cy K ]T is stableand (PB) holds.

(Theorem9.9.1developsthis further) In particular if P is Uexp-stabilizing,
then? is Usy-stabilizing;the corverseis nottrue,by Example9.13.14.However,
a feedbackbeing Usy-stabilizing doesnot meanthat Bs, D5 or Fs is stable,
henceit neednot be strongly stabilizingin general;in Theorem9.9.1 we use
g.r.c.-stabilizabilityto provide stronglystabilizingoptimal controls.

Proof: The first claim follows from Proposition9.10.2(i)&(ii))&(c). The
other claims follow from (d), (el) and (f1) of Proposition9.10.2 (use also
TheoremB.3.9(al)&(a2for the“only if” part). O

Condition(PB)is, unfortunatelynotredundantor Ut (nor Ustg) in general,
by Example9.13.2(or Example9.13.9). However, in several specialcaseqPB)
can be relaxed also for Uyt and Usis See,e.g., Theorem9.9.1(c1)—(c3)and
Theoren9.2.10.

Evenin thegenerakasethe conditionscanbeslightly wealened:

Lemma 9.8.6(Simplifications) Thefollowing are equivalent:

() (7,S | K | F ]) isa U;-stabilizingsolutionof the el ARE;

(i) »=2* € B(H), Se B(U), [ K | F | is an admissiblestate feedbak
pair for %, the elARE (9.111) has a solution for one fixed T :=1t > 0,
KXo := (I =F)™1K € U} (x0) (X0 € H) andthelimits in (P) and (PB) are
zeo whenwerestrictt to TN (or to someof its unboundedubsets).

Thus, (P) and (PB) may be replaced by the condition that
(A™Txo+B%Tu, PA% x0) — 0, as k — 4o, for some sequence{n} c N
S.tlimy_ 10 N = +0).

Proof: Thisfollowsfrom “(ii) < (iii))” and(h) Proposition9.10.2. O

ThenamelARE insteadof “IRE” reflectsthefactthatwe canand(mostoften)
will treatthe|ARE asanalgebraicequationof theintegratedtermsA!, B!, C', D!
andof the operators) and ? (seeRemark9.8.8for how to eliminateS andK!).
In fact,it equalsthe Discrete-timeAlgebraicRiccatiEquation(DARE) (fort = 1;
seeDefinition 14.1.1andDefinition 13.4.2for the DARE andfor thediscretization
operatorAS):



Proposition 9.8.7(elARE<eDARE) Lett =1 (orlett > 0 bearbitrary anduse
Remarkl3.4.6).Then

(@) If (,S[ K | F ]) is an [admissible[stabilizing]] solutionof the el ARE
(for £ and J), then (?,SAS[ K | F ]) is an [admissible[stabilizing]]
solution of the (discrete) elAREfor AST and J. All preficesand sufices

apply.
(b) A triple (?,SA%[ K | F ]) is an admissible[stabilizing] solutionof the
(discrete) elARE for ASZ and J iff X := 1 —F € GB(L?([0,t);U)) and

(P, Sy, Kq) is anadmissiblgstabilizing] solutionof theeDAREfor ASY. and
J,whee § = (X)*SXt, Kg = (X') K. All preficesandsuficesapply.
(cl)Let(?,S [ K | F |) beanadmissiblestabilizing] solutionof theel ARE.
Then(?, Sy, Kq) is anadmissibldstabilizing] solutionof theeDARE by (a)

and(b). All preficesand suficesapply (including” ;-").

(c2) Corversely let (P, S4,Kq) be a C-P-stabilizingsolutionof the eDARE for
ASs andJ; let [ Kq | Fyq | bethe correspondingstatefeedbak pair, and

set[ K| F |:=(5"1[ Ky | Fq .
Then[&12] € WPLSIff (2,S[ K | F ]) is a C-P-stabilizing solution of
theelARE,whee S:= (Xt*)~15y(xt) L.

(c3) Let (P,S| K | F |) be an admissiblesolution of the elARE. Then
(P,S[K |F]) is Uourstabilizing (resp. Uep-stabilizing) for % iff
(P, Sy, Kq) is U;-stabilizing(resp. Uexp-stabilizing)for AS3.,

Alsomostotherattributesare invariant (e.g., “J -critical over Ugyt (Or over
Uexp)”, “[strongly] internally stabilizing”, “P-output-stabilizing”, “P-
SOS-qg.c.-stabilizing”, “stable”, and “exponentially g.r.c.-stabilizing”);
seeTheoem13.4.4(d2)&(e)&(f2)for further attributesand details.

(Here continuous-timanddiscrete-time?}’s correspondgo ead otheras
in (13.73);in particular, Uep and Uyt are “in variant”.)

Thus, for admissible[ K | F |, the triple (2,SAS[ K | F |) is a U}-
stabilizing solution of the discrete-timeelARE iff (?,S [ K | F |) is a ;-
stabilizingsolutionof the el ARE.

We have stated(a)—(cl)in one direction only, and the corverse(c2)—(c3)
containsonly a partialresult(sufficientfor mostapplications). Thereademight
wish to consultthe discretizationtheoryof Section13.4for detailsandfor tools
for furtherresults.

Note from (b) that § is invertible (resp.one-to-one)ff Sis invertible (resp.
one-to-one);in particular the equivalenceof IARE and DARE is analogougo
thatof elARE andeDARE.

Proof of Proposition9.8.7: (a)&(b) Theseareohvious(seealsoTheorem
13.4.4(d)&(el))we canobviously includethe prefix “ 1*-".

(c1) Thisfollows from (a) and(b).

(c2) By inversediscretizationwe obtainfrom the discrete-timeel ARE the
continuous-timel ARE for time valuesin tN. By definition, [%}%} € WPLSis



necessarjor | K | F | to beadmissiblehencewe mayassumehat [212] ¢
WPLS

Then(?,S [ K | F |) is PC-stabilizing iff (?,S, [ Ka | Fq |) is P-C-
stabilizing, by Proposition9.10.2(al)(i)&(ii) (which is valid in discretetime
too, by Theorem14.1.3).

(c3) SeeTheoreml3.4.4(d2)&(e)&(f2)for the propertiesin particular “ J-
critical over U} is presered,hencealso” U} -stabilizing”, by Theoren9.8.5.

E.g., “[strongly] internally”, “output-" etc. are presered by (d2) (or (el))
of Theoreml13.4.4(d2)and“q.r.c.-” etc.arepreseredby (el).

By (c2), “P-output-stabilizing”is presered (and “P-" in connectionto
anything strongerthan“ C-stabilizing”).

We do not know whether“P-admissible”is presered (from discreteto
continuougime), but usuallyeventhediscreteform of (P) is enough(e.g.,the
discreteform of “internally P-stabilizing”is enoughto guaranteainiqueness,
by Theoreml4.1.4(b)).

(Althoughwe canuse(fl) of Theorem13.4.4for Uyyt and Uexp, Notethat
we have to use(f2) for Usia and Usy; in particular we cannotwrite explicitly
“P is UZ sstabilizing” iff * P is UL Z-stabilizing” dueto the reasongxplained
in theproof. Fortunatelythis doesnothinderusfrom applyingcertaindiscrete-
time resultsfor Usia and Usyy in the sameway asfor generall}’s.) O

One can speakof a solution ¢ of the elARE without mentioningS and
[ K | F ], becaus¢heSand| K | F | canbeeliminated:

Remark 9.8.8 The mapsK!, X! and S can be eliminatedfrom the elARE as
follows (thisis trivial for Se GB):

SetS ;= Xt*SXt, K := MK!, sothat the secondand third equationof the
elAREdetermineS = (S)* € B(L%([0,t);U)) and SK'. LetP € B(U) bethe
orthogonalprojectionontoKer(S)+. ThenSK!'xg = SPK!'xq determineK!'xg
uniquelya.e, for anyxg € H. Consequently

(K, SKxo) = (KX, SK ' xg) = (PK'' %), SPK! xq) (9.112)
is uniquelydeterminedy S andSK'', for anyxo, X, € H.

To establishheequivalencebetweertheel ARE andthee CARE ,wefirst have
to shaw thatthe latter is well defined. SinceBy, € B(HE «,U) if(f) Zex is WR,
by Proposition6.2.8(al)thefollowing shavs thattheterm By, in theeCAREis
definedon Hg (cf. Remark9.1.6):

Lemma 9.8.9(P € B(Hg,H ) Let £ = [A]2] € WPLS,(U,H,Y) andJ =
J* € B(Y). Let(?,S[ K | F |) bea solutionof the elARES.t. Zet € WPLS
Then? € B(Hg, HE ).

Proof: Let xg € H, up € U be s.t. Axg+ Bug € H. Choosew € R s.t.
3, 35 € WPLS,, andchoosea > w. Setu:= 1,6 2up € Wﬁ;z.

By Theorem6.2.13(b),xX = Ax+Bue C(Ry;H) andy,z€ W&;z, where
z:= —Kxo +Xu. Thereforeyd, 2 € W2 in Lemma9.11.1,sothatalsoxd is



C*on|0,t], by Lemma9.11.1.By Theorem6.2.13(b1)we have
H* s A+ Cyd+ K A = x¥(t— ) = —PX € H. (9.113)

But —PX e C([0,t];H) impliesat0 thatA* Pxo +C*Jy(0) + K*z(0) € H, hence
PXxg € H(*;,K (seeDefinition 6.1.17). BecauseXg € Hg wasarbitrary we have
PHp C H¢ i ; theboundednesillows from LemmaA.3.6. O

Equation®lARE andeCAREareequvalentif(f) D, X € WR:

Proposition 9.8.10(elARE«<eCARE) Let [£{2] € WPLS(U,H,Y) be WR,

andletJ = J* € B(Y). Thenthefollowing problemsare equivalent:

(i) TheelAREhasa WRsolution(?,S,[ K | F ]).
(if) TheeCAREhasa WRsolution(?,S,[ K | F ]).

Moreover, every solution of (i) is a solution of (ii) and vice versa (here
[K|F]geneate[ K | I -F |).

Thus, the WR solutionsof the CARE are exactly the WR solutionsof the
IARE having F = 0.

Proof: 1° (i)=-(ii): The eCAREholdsby Lemma9.11.2,andProposition
9.11.4(b1)&(d) (where K and | — X are the generatorsof [ K | F |); in
particular theweaklimit converges.

2° (ii)=-(i): Let [ K | F ] be the pair generatecoy [ K | | =X ]. The
elARE holdsby Lemmas9.11.2,9.11.7and9.11.6.

(a) Thisfollows from 1° and2°. O

The usualg.r.c.-SOS-P-stabilizabilityequirement(cf. Theorem9.9.10)be-
comessimplefor ~ € SOS

Proposition 9.8.11(Stable CARE/IARE) If Z € SOS U} = Uyy, and P is an
admissiblesolutionof the[e]IARE, thenthe following are equivalent:

(i) P isq.r.c.-SOS-P-stabilizing;
(i) P isr.c.-SOS-PB-stabilizingnd U} -stabilizing;
(i) Kisstable X:=1—-F € GTIC, and(P) holds.

Moreover:
(@) In (i)—(iii), wemayreplace(P) by
(P’) (A'xg, PAlXg) — 0, ast — +oo, for all xg € H.

(b) If ? satisfieqP’), S> 0, M € TIC andZ is stable then(i)—(iii) hold.
(c) If (i)—(ii)) hold,thenD*JD = X*SX.
(d1)If Z is exponentiallystable thenwehavethreemore equivalentonditions:

(iv) P is exponentiallystabilizing;



(v) P is exponentiallystableand exponentiallyr.c.-stabilizing;
(vi) M is stable

(d2) If X is exponentiallystableand the IARE hasa Uyyt-Stabilizing solution,
thenwe haveonemore equivalentcondition:

(viii) P is1/O-, input-, output-or internally stabilizing

(d3)If Z is stronglystableandthelAREhasa q.r.c.-SOS-P-stabilizingolution,
thenead of (iv’) and (V") is equivalento (i)—(iii):

(iv’) P isinternally stabilizing(i.e., A is stable);
(V') P is stableandstronglyr.c.-stabilizing;

For the CARE or IARE (i.e., whenSe GB(U)) it follows from (c) that
X*SX is aspectrafactorizationof D*JD. By Lemma9.10.1(b5)&(b6)this holds
wheneer P is a P-admissiblesolutionandD, X, X1 e TIC. SeealsoCorollary
9.9.11.

However, evenfor a stronglystablesystem(with U} = Uyt = Usta= Usyr), @
U;-stabilizingsolutionneednot satisfyany of (i)—(iii), by Examplell.3.7(since
X andM may be unstable) anda J-critical control canexist evenif thereis no
U;-stabilizing solution (and henceno J-critical statefeedbackpair over }),
by the sameexample. Moreover, evenif (i)—(iii) hold, theremay also be other
(non PB-) r.c.-stabilizingsolutions,evenif % is weakly stableand minimal, by
Example9.13.9.

Proof of Proposition 9.8.11: (SeeDefinition 9.8.4for theelARE.)

By Lemma6.6.17(a),P is [q.]r.c.-SOS-stabilizingff it is stableandl/O-P-
stabilizing(asin (iii)). By Theorem9.9.1(b)&(g),(i) implies (PB), hencealso
“quz-r.

(a) Thisfollows from Proposition9.10.2(a2YandLemma9.10.1(d2)).

(b) Thisfollows from Proposition10.7.1and(iii).

(c) Thisfollowsfrom Lemma9.10.1(f2).

(d1) Now P is necessarilyexponentiallystable, by Lemma6.1.10.If M is
stable,z s is exponentiallystable by Corollary 6.6.9,henceM andX arethen
exponentiallystable sothat? is exponentiallyr.c.-stabilizing.Thus, (vi)=-(v).
Obviously, (vi)<=(i)<=(v)=(iv)=-(vi).

(d2) This follows from (cl), (c3)(v’) and Theorem6.7.15(cl),since a
Uoyt-stabilizing solution is (exponentially stableand) exponentially (g.)r.c.-
stabilizing,by Theorem6.7.15(c1). N

(d3) Obviously, (V)=-()=-(iv’). Let P be a g.r.c.-SOS-P-stabilizingo-
lution, hencestableand strongly stabilizing, by (ii) and Theorem6.7.15(a2).
Assume(iv’). Then? = P, by Theorem9.8.12(a)henceg(V’) holds. O

A stronglyinternallystabilizing(i.e., s.t.Atoxo — 0ast — +oo, for all xo € H)
solutionof theelARE,eCAREor CARE is unique:

Theorem 9.8.12(P is unique) We have the following uniquenessesultsfor a
solution? = ?* € B(H) (notfor Sand [ K | F ]) of theelARE:



(a) If theelAREhasa stronglyinternally stabilizingsolution,thenthat solution
is uniqueamonginternally stabilizingsolutions.

(b) TheelAREhasat mostoneinternally P-stabilizingsolution.

(c) If theelAREhasan internally w-stabilizing solutionfor somew < 0, then
any othersolutionis (internally) at most—w-stabilizing

(d) TheelAREhasat mostoneP-q.r.c.-SOS-stabilizingolution.
(e) TheelAREhasat mostone U} -stabilizingsolution.

In the caseof an IARE, thecorrespondingSand [ K | F | uniquemoduloan
invertible opemator:

(sl)Let(?,S [ K | F |) beanadmissiblesolutionof theelARE.Thensoare
thetriples

(P,E*SE L[ EK | EF+1—E |). (E€ GB(U)); (9.114)

-1
Thecorrespondinglosed-loopystemsre givenby 2 g = {co DOE‘ ]
Ko | FoE™
All admissiblesolutionsof form (2, x, ) are givenby (9.114)iff Ker(S) =
{0}.
(s2) Let (7,S[ K| F |) be an admissiblesolution of the elARE. Then
(P,S [ K|F }) is an admissiblesolution of the elAREiff [ K|F } is

admissiblgor ¥ andthereisE € GB(U) s.t.S=E *SE 1, K = SEK and
X = SEX2

(s3) Let (2, SK) and (?,SK) be solutionsof the CARE.ThenS = S and
K = K in particular, K is uniqueif Ker(S) = {0}.

Theresults(a)—(s2)applyto solutionsof eCAREand CAREtoo, by Proposi-
tion 9.8.10.

(s4)Let(?,S,[ K | F |) bea U;-stabilizingsolutionof theel AREandKer(S) =
{0}. Thenall ;-stabilizingsolutionsof the elAREare givenby (9.114).

(In particular, X*SX € C(C4,:B(V)) isindependenof thesolution.)

Note that whenwe call the solution unique,we meanthat ? is unique;see
(s1)—(s4)or theuniquenessf Sand[ K | F | (correspondingo afixed ?).

By Theorem9.9.1(b)&(g),we have “(d)C(e)” in the sensethatif ? is asin
(d), thenit is asin (e). Obviously, we alsohave “(c)c(a)c(b)”. However, in 1° of
Example9.13.2,the solution (0, 1,0) is asin (d)—(e)(it is the J-critical costover
Uout, by Theorem9.9.1(e2)),whereashe Uep-P-stabilizingsolution (2,1, —2)
is asin (a)—(c)(the J-critical costover Uep; Notethat“P-" is hereredundant)—
thus,we canhave two “unique” solutions.

Therefore,the condition of (e) is the oneto be watched(and that of (d) is
sufficient) for Uy, Whereasfor Uep We can useeither (e) (for U} = Uexp)

2Thisformulais dedicatedo Sari.



or exponentialstabilization. By Lemma8.3.3, the Ugyrstabilizing and Uexp-
stabilizing solutions(if either exists) coincidewhen X is estimatablewhich is
oftenthe casen classicalproblems.

An intuitive explanationfor the uniguenesss the following: a J-critical
control neednot be unique (seealso Theorem9.9.1(f2) and Example9.13.6on
uniquenesof [ K | F | (or K)), but the J-critical costis always unique, by
Lemmas.3.8,hencethe J-critical costoperator? := C;; JCqyit is unique.

In the positive casewith suitableassumptionghereis at mostonesolutionof
theelARE (andof the CARE), seeTheorem10.1.4(c1)&(c2)andSectionl10.7.

Proof of Theorem 9.8.12: (a)—(e)This follows from Theoreml4.1.4.and
Proposition9.8.7(c1).(Alternatively, we could write the sameproofsfor 2, S
K! andF in continuougime, eventhoughthe “no-feedthrougrstatefeedback
pair” neednot be “well-posed”.) Solutionsof the eCARE andthe CARE are
solutionsof theelARE, hencethe uniquenessesultappliesthemtoo.

(s2)1° “If ”: Thisfollows by adirectcomputation.
2°“Only if”: Let(?,S, [ K|F ]) beanadmissiblesolutionof theel ARE.

From (9.160)it followsthatX!*sX! = X, SX, fort > 0. By Lemma2.3.5,we
have S= E"*SE~! andSX = SEX for someE € GB(U). Fromthe elARE it

thenfollowsthatSK = SEK. N
(Notethatif we splitU asU = U; x Uy, whereU; := Ker(S), Uz := U{,

and P is the orthogonalprojectionof U onto Uy (k = 1,2), thenK = [g] :
~ 2
X= [%1} , WhereK; = P.EK, X, = P,EX, but K; andX; arearbitraryaslong
2
as [ K|F ] is admissiblefor =. Equivalently, K, = P,EK andX; = PEX,

but K; is arbitraryaslong as [%{—E] generatdVPLSs,someof which have an
I/0 mapin GTIC..)

(s1)Obviously, (9.114)definesasolutionfor all E € GB. If Ker(S) = {0},
thenthereareno others because¢hentheE in (sZ)determineéand[ K|F }
uniquely

For the corverse, let Ker(S) # {0}. ChooseT € B(Ker(9)) \ {0} so
smallthatX := X+ T € GB(U). Then(?,S [ K|I-X ]) is anadmissible
solutionof theelARE, by (s2) (with E =1).

(s3) Thisis obviousfrom the CARE.
(s4) Thisfollowsfrom (e) and(sl). O

We now notethe continuous-timecounterparbf Corollary 15.5.3:

Theorem 9.8.13(Greatestsolution P4 of the CARE/IARE) If theCARE(resp.
IARE) hasa strongly ( [%%] -)stabilizingsolutions.t. S>> 0, thenthis solutionis
the greatesiadmissiblesolutionof theeCARE(resp.elARE)havingS > 0. m

(This follows from Corollary 15.5.3and Proposition€.8.10and9.8.7. Note
thatit sufiicesthat [%—%ﬂ is stronglystable;[ K | Fs | neednotbe.)



Analogouslyonecandeducdrom Theorenil5.5.2thatif ¥ is strongly[%%] -
stabilizableandthe IARE hasa solutions.t. S>> 0, thenthereis anupperbound
2, for all solutions(?,S[ K | F ]) of the elARE having S> 0. However,
we do not know whether P, itself is a solution of the IARE, i.e., whether
the correspondinglediscretized K, | F;. | is well-posedin continuoustime
(though(?.,S;, [ K. | F+ ]) solvesthediscretized ARE).

Recallthat“the greatesadmissible’meanghatif 7’ is anadmissiblesolution
of the elARE or eCARE (or of the correspondingextended)Riccati inequality
“elARI”, seeTheoreml5.5.2)s.t.S > 0,then?’ < P. Recallthatwe requireary
solutionof any ARE to be self-adjoint.

The CARE of Example9.13.9hasseveral stabilizing solutionss.t. S>> 0,
but it doesnot have a maximal (hencenot a greatest)solution; therefore,the
systemcannotbe strongly stabilizable(by Theorem15.5.2and discretization).
Ontheotherhand,Example9.13.12(b)showns that“strongly” cannotbereplaced
by “weakly” in thetheorem.

In connectionwith H* control problems,it is commonto speakof lossless
factorizationsnsteadof Riccatiequations.Thisis dueto thefactthatif 2 > Qs
a U;-stabilizingsolutionwith D5 € TIC, thenDys is (J, S)-lossless:

Lemma9.8.14(P > 0 = Dy is (J,S)-lossless)Let 2 > 0 be an admissible
solutionof thelAREs.t.C s and D are stableand (P) holds. ThenDys is (J,S)-
lossless.

Thus,we obtaina (J, S)-losslessight factorizationD = NM ! when? > 0iis
P-SOS-stabilizing.

Proof: Indeed,if 7 > 0 is admissibleand N := D is stable,then S—
NN = B PBl > 0 for all t > 0, henceN*TN < 1S, by Lemma
2.2.4(b1).WhenalsoCs is stableand(P) holds,we have N*JN = S by Lemma
9.10.1(f2),hencethenN is (J, S)-lossless.

(In fact,D is (J,S)-losslessff P > 0 onthereachablesubspacéiy of X.)

d

Sincewe have let B be highly unboundedywe meetseveral phenomendhat
are not presentin classicalresults. The generalityof regular WPLSsallows a
wide rangeof discontinuities,in particular all discretesystemscan be written
in the form of a WPLS. Thusis feels someavhat naturalthat we mustadd the
“B*PB-term” to the formula for S asin the (classical)discretecase(see,e.g.,
Section14.1 or equation(B.2.27) of [GL]). Of course,with certainadditional
regularity assumptionsnecanguarante¢hatS= D*JD (seeRemark9.9.14(b)).

We givebelov anexample whereS+# D*JD; se€gS96],[WZ], thenotesbelon
andSection9.13for moreexamplesandafurtherdiscussioron this phenomenon.

Example9.8.15(S# D*JD) LetU =C =Y, D = 1(-1) € MTICy C ULR,
J =1, asin Examples6.2.14,6.3.7and 8.3.12. ThenD*JD = | = X*SX with
S=1=XegTIC(U);D=0,X=1,D*ID # X*SX. In particulay D is J-coercie
over Uoyt-

Let Z be ary stronglystablerealizationof D. Thenthe CARE hasa unique
stable, stabilizing solution (P, S K) (which is Ugrstabilizing), by Corollary



9.1.9,andX is theoperatorcorrespondingo this solution,i.e.,?{(s) =1 —-Ky(s—
A)—lB. Thecorrespondingontrol K« Xg is the uniqueJ-critical controlover Uyt
for eachxg € H.

SinceX andD are SR, we have Ky = KL w = Ks = K_s on Hg and By, =
Bl w = Bs = B[ s on HE ¢, by Proposition6.2.8. By Proposition9.11.4(a),we
have (take X := (s— A)~!Bug sothat Axy + Bup € H))

B: P(s—A)"1Buy = (X*SX — D*ID — X*Ky(s— A)"1B)ug (9.115)
= (1 = 0— X*S(X — X))up = Up — Ug (9.116)

for all up € U, ass goesto + (trivially). By the CARE, we have K = —B;,P.
Thus,againby Proposition9.11.4(a)we have

—(ByP)wXo = KwXo = —Bj,PXo+Ug for xp,us.t.Axg+Bu € H. (9.117)
Let uswrite outthe Riccatiequationfor the stronglystablerealization

T | Toqt(—1)
| T(-1)
of Example6.2.14;hereH := L?(R;;Y),U=C =Y.

By Example8.3.12,we have P = T,y € B(H) and -1, ' = K5 = K
(althoughA # A), hence

Kxo(t+-) = KA'xg = (Kxo) (t) = —Xo(t+1) = —&;Xo(t+-) (X0 € Hy, t > 0);
(9.119)

consequentlyK = —9&j. Using the results of Example 6.2.14, we get that
Hi = W%2((0,)) and

(s—A)TICT = e € BY,HE), (5—A") K = eV, € B(Y, HY),

5= € WPLS(U,H,Y) (9.118)

(9.120)

henceH = Wh?(R) and (9.121)
HE = WP+ Ce™ + Ce (U o) = {X0 € H [ %) € H+C3y}

(9.122)

= WY2((0,1)) + WH2([1,0)) = Hp. (9.123)

Thus,PHg = WH%((0,1)) C HE ¢ asexpectedand(recallthatBj, = 3} )

Suo = B}, P(s—A) !Bl =8]_Tope o= (seC’),  (9.124)
by (6.61,asprovedabove for any stronglystablerealizationof D. By Proposition
6.2.8(c3)&(cl)&(c4)&(d1) we have

1t .
Ko =KL oa = im + [ —xo(L+1)dr = —xo(L+) = ~8i. %0 (x0 € Ha),
(9.125)
hence Ky(s—A)"1B=0 forall se C*, (9.126)

as expected. This agreeswith the CARE, since B},’? = &]_ on Hg, so that



—By,? = —9] = K onHj. Thuswe obtainfrom (9.125)that
(ByP)w =01, = —Ky and B,? =90, onHg (9.127)

(and —K = Bj,? = 0] on Hg). By combining(9.124),(9.127)and (9.126)we
obtainfor zgpe Hi, upe U, xo= 20+ (s—A)_lBuo (i.e.,for arbitraryxg € Hg) that
KwXo = Kwzo and

Bl PXo = 8125+ Up = —KwXo + Up = (B}, )Xo + Uo, (9.128)

againasshowvn above.

Above,we have derived P, SandK from the solutionof the J-critical control
problem(minimization problem)over Uyt By Corollary9.1.9,(?,SK) is the
uniquestable,stabilizing solutionof the CARE. To verify this, we notethatthe
secondandthird equation®f the CARE hold by (9.124)and(9.127) respectiely,
andthefirst onegivenby

- % P+P % +8005 = (81_P)*®;_P, equialently, (9.129)
[ %pris [ xax =8 Pxod; Pxa—x0(0a(0)  (x0.x € Hy)
+ +

(9.130)

With our P = g 1), this becomesfol(x()x_l + xox_’l) = \éxox—l, which confirmsthat
(?,S K) indeedsolvesthe CARE.

Obviously, theintegral (6.67)doesnotcorvergesfor everyxg € L2([0,1);Y) =
P[H], hence?[H] ¢ Dom(By,) (although®?[Hg] C HE x € Dom(By,), asshawvn
above), sothatHypothesi®.2.1is not satisfied. ’ N

Notesfor Section9.8

The CARE (9.3) is only a slightly extendedversionof the CARE presented
independenthby M. Weissand G. Weiss[WW] andO. Stafans[S97b] (which
containedthe first and third equationsin the settingof Proposition8.3.10; the
formulafor Swaspublishedn [S98b]).

Our contributionsto the theorycontainthe corversedirection— thefactthat
a stabilizing solution of the Riccati equationleadsto the optimal statefeedback
pair — andthe generalizatiorof theseresultsto generalcostfunctions(instead
of J-coercve ones), for generalregular WPLSs (insteadof stable or jointly
stabilizableanddetectablenes).to generalt}’s (insteadof Uyyt), to nonunique
optimalcontrol (andtheeCARE),andto WR statefeedbackpairs(insteadof SR
operators)jn fact,the IARE theoryalsoallows for arbitrary (irregular) WPLSs.
Thesewill beappliedto furthercontrolproblemsn Chaptersl0-12.

The equationghat constitutethe IARE have appearecamongthe equations
in Section5 of [S98b]andin Sections/—11of [WW]; atleastsomeof themcan
befoundin the olderliterature(e.g.,a variantof (9.155)for a standard_QR cost
function is containedin Section5 of [Sal87]for WPLSsandin Lemma4.3 of
[CP78]andCorollary4.1 of [Gibson]for systemawvith bounded andC).

We have not seensuchequationstreatedin the literature as sufficient (and
necessarygonditionsfor optimal control,nor asa discrete-timeRiccati equation



(DARE).

Lemma9.8.9andPropositiorD.8.10arebasednthemethodsisedn Sections
5-7 of [S98Db] (partially alsoin [WW]). We publishedan early versionof the
resultsof this chapterin [Mik97b] (the stablecase);it also containedsomeof
Proposition9.8.11.

The proof of (a)—(c) Theorem9.8.12 (in the proof of Theorem14.1.4)is
a generalizationof the classicalproof for the uniquenesf the exponentially
stabilizingsolutionof DARE (see e.g.,Proposition13.5.10f [LR]). Seethenotes
to Sectionl5.5for Theorem9.8.13.

Our proof of Lemma9.8.14follows that of Theorem6.5 of [S98c]. Part of
Example9.8.15is containedn [WZ] and[S95].

Much attentionhas beenpaid to systemswith boundedinput and output
operatorg B andC) andto Pritchard—Salamosystemspoth of which have the
signatureoperatorS equalto S= D*JD (which is often taken to be the identity
in the positive caseandto [, ] or [,_ ] in theindefinitecase).Indeed whenever,
Hypothesis9.2.2holds (e.g.,B € B(U,H)) we have S= D*JD, by Section9.2;
othersufficientconditionsaregivenin Remark9.9.14(b).

However, in generabur signatue operator “S” takestherole of D*JD exactly
asin discrete-time Indeed,S is the signatureoperatorof the control problem
correspondingo the CARE, by Theorem9.9.1(h)and (9.139), whereasD*JD
neednot containary informationon the signaturepropertiesof the problem:in
Example9.13.7D andX areULR (evenMTIC) but the operatorD*JD mayhave
ary signaturgaslongasits normis lessthat4) andstill theuniqueUyy-stabilizing
solutionof the CARE is maximizingover Uyt (becaus& < 0).

In a strictly definite problem,asin Example9.13.7,the operatorS tells us
all signatureproperties(definitenesspf the problem. However, Sis not unique,
but E*SE is also a signatureoperatorfor ~ and J for ary E € GB(U), by
Theorem9.9.1(f2). Therefore,S only containsthe information on the nature
of the problem, not on correspondinglirections(for which we needalso the
correspondin& := | — FF or K).

Neverthelesswhenwe considersolutionsof the CARE, S becomeaunique
(sinceit fixes X = 1), and then S containsall information on the signature
propertiesof the problem (also on an infinitesimal moment). Thus, then the
situationis analogousto the discretetime (see Chapter14 or someclassical
textbook),wherethesignatureoperatolS:= D*JD + B* PB takestherole of D*JD
even for finite-dimensionalsystems. Thesefactsare illustrated in Proposition
11.2.19,wherein (b2) we can only reportthe dimensionsof the positve and
negative eigenspacesf S (of the IARE), whereasn (d1)&(d2) we canalsotell
thedirections.

A notablespecialcaseof the signaturepropertiesof Sis that Ker(S) = {0}
is necessaryand sufficient for the J-critical control to be unique (for general
WPLSs)whereaKer(D*JD) = {0} is suficient(for WR ones)out notnecessary
asnotedbelow Corollary9.7.4.

Finally, in generalfor irregularsystems)ve do notevenhave the operatoD,
whereasany WPLShaving a J-critical statefeedbackpair hasa signatureoperator
S, by Theorem9.9.1. For stableJ-coercve systemsthis equalsthe signature



operatorof the spectrafactorizationpy Corollary9.9.11.

If we do not requirethe existenceof (well-posed)J-critical statefeedback,
i.e., if we usethe setting of Section9.7, then we could still define another
signatureoperatoy namelySt := D'*JD' 4+ B*PB' (for somet > 0). The map
St is the signatureoperatorof the eDARE obtainedby discretizingthe elARE
asin Proposition9.8.7, henceit tells us aboutthe signaturepropertiesof the
problemevenif the elARE would have no solutions;seealsoProposition9.9.12
for thepropertiesof St. If thereis a J-critical controlin statefeedbackorm, then
St = Xt*sxt andhencethenS! tells us practically the sameinformationon the
problemthatSdoes by Lemma2.3.5.

It remainsanimportantopenproblemto find a decentformulafor Sin terms
of thegeneratingperatorsvhenD andX arenotknown to beregular(theonein
the(e)IARE is rathercomplicatedcandtheonein the (e) CAREis notapplicablein
theirregularcase).

Anotheropenproblemis the exact connectionbetweenS and the signature
propertiesof the problemin the generalcase. Usually (e.g., when U} = Uep,
orwhenU} = Upytand? is g.r.c.-SOS-stabilizing)the set 7 (Xo) of admissible
inputscorrespondsxactlyto theclosed-loognputsu € L?(R,;U), by Theorem
9.9.1(k), so that the dimensionsof the positve and negative eigenspacesnd
kernel of S exactly describethe definitenessof the problem, through equation
(9.139).

Even for general U}, the equationholds for (compactly supported)u €
L2(R4;U), by Theorem9.9.1(i3). Thus, e.g., Sis [strictly] nonnejative if the
problemhasa [strict] minimum, but it remainsan open problemwhetherthe
corverseholdsfor generalW}; naturally a similar situationis metalsoin the
indefinite case(Chapterll). Fortunately for mostof the time, we only have to
treatthe casel; = Uexp Or thequasi-coprimesetting.

In applicationgo certainkinds of systemspnemay wish to write the CARE
on somelarger spacethan Dom(A) and/oravoid the Weiss extensions(“B;,”).
Oneexampleof this is givenin Theorem9.9.6,for systemswith boundednput
operator(B), andanothetin Section9.5,for parabolicsystemsin bothexamples,
the proofswerebasedn establishinghe equivalenceof this “smootherCARE”
to the original one. In caseswherethis cannotbe done,one may, alternatvely,
rewrite our proofs of the equivalence CARE<IARE in Section9.11 for this
setting; mostotherresultsof this monographarebasedon IAREs andarehence
directly applicablealso for such“modified CARES” after this equivalencehas
beenverified.



9.9 J-Critical control ++ Riccati Equation

Thee is a theorywhich statesthat if ever anyonediscovers exactly
whatthe Universeis for andwhyit is herg, it will instantlydisappear
and be replacedby somethingeven motre bizarre and inexplicable

Thee is anothertheorywhich stateshat this hasalreadyhappened.

— DouglasAdams, " The Hitchhiker's Guideto the Galaxy"

This sectionprovidesmostof the Riccati equationtheoryneededor solving
thedifferentcontrolproblemsn Chaptersl0-12;in somespecialcasegheresults
of Section®.1-9.2will sufiice,andin somecasesve needadditionalresultsfrom
the othersections.

We establisitheequialenceof theexistenceof a J-critical statefeedbackpair
andthe existenceof a U;-stabilizing solutionto the Riccati equation(Theorem
9.9.1),asmentionedn precedingsections.We alsodevelop somefurtherresults
andsimplificationsunderdifferentstabilizability or regularity assumptions.

Most of the latter partof this section(Remark9.9.9—Corollary9.9.11)corre-
sponddo quasi-coprimestabilization which allows usto considerablsimplifica-
tionswhenfinding optimal[SOS/stronglyktabilizingstatefeeback the casewith
exponentiallystabilizingstatefeedback Uexp) is originally simpleranddescribed
in Corollary9.9.3—Propositio®.9.5.

In Proposition9.9.12we treat the “signature” operatorin the generalcase
of possiblyill-posedoptimal “statefeedback”. In Remark9.9.14we summarize
several casesn which a unique J-critical control correspondgo a (well-posed)
regular statefeedbacloperator

Recallfrom Section8.3thata J-critical controlis onethatmakesthe (Fréchet)
deriative of the costfunctionvanish,ary optimalcontrolis usuallyJ-critical and
usuallyalsothe corverseholds.

We startby theequialence Wefirst give equivalentconditionsunderdifferent
stabilizability assumptiong(al)—(d)), and then we note that that the solutions
correspondo eachotherasin classicakesults((el)—(e2)) Parts(f1)—(i) list some
factsthatwill beneededater.

Theorem 9.9.1(J-Critical control<elARE) Thefollowing statement$old:

(al) (I-critical) Ther is a J-critical statefeedbak pair over U for X iff the
elAREhasa U} -stabilizingsolution.

(a2) (Min) Thee is a minimizing state feedbak pair [ Kmin | Fmin | over
u; for ¥ iff 7(0,-) > 0 and the elARE has a U;-stabilizing solution
(P,S[K|F]).

Assumehat (P,S [ K | F |) isasabove ThenS>0,and[ K | F | is
minimizing(the control K := (I — F) 1K is strictly minimizingiff S> 0).
If >0 (eg,J>0) and U} = Uyy then P is the smallestnonngative
output-stabilizingsolutionof the el ARE.

If U} = Uexp, J> 0andS> 0, then? is thegreatesnonngativeadmissible
solutionof theelARE.



(b) Theris a J-critical q.r.c.-SOS-stabilizingtatefeedbak pair over Ugy: for
2 iff theelAREhasa P-q.r.c.-SOS-stabilizingolution.

(cl)LetB bestable Thenthereis a J-critical stronglystabilizingstatefeedbak
pair for ~ over Uy [and Usia and Usy] iff the elARE has a strongly
stabilizingsolution.

(c2) Let Z be strongly stable Thenthere is a J-critical statefeedbak pair
for Z over Uyyt [and Usia and Usy] iff the elAREhasan output-stabilizing
solution.

(c3)Let bestronglyq.r.c.-stabilizable Thenthereis a J-critical statefeedbak
pair for < over Uyt [and Usta and Usy] iff theelAREhasa Usy-stabilizing
solution.

(d) LetZ be estimatable Then Uep = Ustr = Usta= Uout- Moreover, there is
a J-critical statefeedbak pair over Uy for Z iff the elAREhasan output-
stabilizingsolution.

Sud a solution is exponentially P-g.r.c.-stabilizingand it is the unique
internally stabilizingsolution.

(e1)If (7,S,[ K | F ]) is asolutionof theelAREof theformrequiredin some
of (al)—(d),thenthe correspondingstatefeedbak pair [ K | F | is of the
requiredform (i.e., J-critical or minimizingin therequiredsense).

(e2)Corverselyif [ K | F | is of therequiredformin someof (a1)—(d),thenso
is thesolution(?,S [ K | F |) of elARE,whele 2 := C5JC, X = | —F,
M :=X"1, Cys 1= C+DMK, By :=BM, Tjo;)S=N"IN' + B, " PB;, and
N := DM.

Assumehat (at least)oneof (al)—(d)is satisfiedby (2,S [ K | F |) (by Z
we denotethe correspondingclosed-loopsystem).Thenthe following statements
hold:

(f1) (Uniqueness)? is unique U;-stabilizingand equalto the J-critical cost
operator (naturally, ? maydependonthechoiceof Uy).

(f2) The J-critical control is unique (for eat xo € H) iff Sis one-to-one If
Sis one-to-ongthenall J-critical feedbak pairs [ K | F | are givenby
(9.114);thecorverseis nottrue:

Assumehat Sis notone-to-oneThenthepair [ K \ F ] solvingtheelARE
with  andSis notuniquemodulo(9.114)(but it is uniguemoduloTheoem
9.8.12(s2)). However, it may still be that only one [ K | F | (modulo
(9.114))is U;-stabilizing(seeExample9.13.6for details).

(91)(?,S [ K | F ]) is U;-stabilizing(cf. (al)) andsatisfieg9.153)—(9.163),
(P1)—(P4),(P) and (PB) (seeLemma9.10.1(d1)and Definition9.8.1).

(92) P = C5JCs. If N:=Dy :=D(I —F)~1 is stable thenS= N*JN and
. N*JC =0.

(h) Equation(9.139)holdsfor all xo € H andall us € L2(R,;U) (all us €
L2(R4;U) if Dy is stable).



(i1) If Xis WRandHX,;f}, thentheJ-critical control ugit(Xo) := (K Xo) is given

by
Ugrit(X0) (t) 1= (KiyX0) (t) = Xt KwXerit(t) ae: (9.131)
(i2) We have® € B(H) N B(Hg,HE k), and PAs (t)xo — 0 ast — +oo, for all
Xo € H.

(i3) KsXo+MLZ (R ;U) C U (%) for all xo € H (seealso(K)).
(i4) (Du, IDMn) = (M~1u, S) for all u € ¥ (0) andn € L3(R;U).
%]
Co |-
Ko

(k) Assumehat U; = Uexp, Or that 2 is g.r.c.-stabilizing(resp.strongly-g.rc.-
stabilizing SOS-q.c.-stabilizing)and U} equalsUsta (resp. Ustr, Uout)-

ThenKxo+ML? (R ;U) = U (xo) for all xo € H, and(9.139)holdsfor all
U € L2(R,;U). In particular, K is [strictly] minimizingiff S> 0[S > 0].

() Theoem8.3.9appliesfor Z;it :=

Also Lemma9.8.6andTheorem9.8.5applyto (al)—(d);notethata solution
of ary of (al)—(d)is asolutionof (al). We remindthata solutionof theelARE is
requiredto be self-adjoint,by Definition 9.8.4.

Furthersimplificationsin the positive casearegivenin Section10.7.

To give abetterunderstandingf criteria (P) and(PB), we notefrom Lemma
9.10.1(d)thatif the elARE hasa output-stabilizingsolution?, then(P) holdsiff
P = C4JC (which is the J-critical costiff (PB) holds); (P) is alsoneededo
get“m. D5 JC = 0", whichroughly saysthatthe closed-loopsystemis “J-critical
w.r.t. stableclosed-loopinputs”, andthe secondconditionin (PB) then extends
thisto “mt, D*JC = 07, i.e., it makesK J-critical (w.r.t. to open-loopinputsin
uy).

Proof of Theorem 9.9.1: (al) This follows from “(i) <(ii)” and (c) of
Proposition9.10.2.

(@2) 1° Now ? = C5JC, asin (al) (seealso (d)&(e)), andKK is cost-
minimizing, by Lemmal0.2.2.By (f) and(9.139)we have S> 0. (A controlis
minimizing iff it is J-critical, henceK s Xg is strictly minimizingiff Sis one-to-
one,by (e2).)

2° Obviously, the minimal cost(Xo, PXo) is > 0 iff 7(Xo,-) > 0, andJ > 0
sufficesfor this. L N

3° If Uy = Uexp andJ > 0, thenX?, SX; > 0 (by (9.160))andhenceS> 0

for any nonnejative admissiblesolution(?, S, [ K ‘ F }) of theelARE. Since

? > 0 and S>> 0 (the latter is redundantf D is positively J-coercve over
Uexp, by Lemma9.10.3),? is the greateshonngative admissiblesolution,by
Theoren9.8.13.

(Evenwithout the assumptiorthatJ > 0, we would know that P werethe
greatesadmissiblesolutionhaving S> 0, by Theorem9.8.13.)

4° Let P > 0and U = Uoyt. Assumethatalso?’ > 0is output-stabilizing,
sothat®’ > C/s"JC[, by (9.155).1f xo € H, thenK/sXg € Uou(Xo), hencethen

(X0, P'X0) > (¥, Jy) = T (%0, K5 X0) > T (X0, Umin) = (X0, PX0), (9.132)



whereumin := KXo, ¥ i= Cxo + DK/sXo = ClsXo € L2, Because € H was
arbitrary we have ¢’ > P. BecauseP’ wasarbitrary 2 is thesmallesione.

(b) Thisfollows from “(i) «<(ii)” and(f2) [(f2)/(e2)] of Proposition9.10.2.

(cl) If B is stableand A is strongly stable,then(P) and (PB) obviously
hold. Thereforethis follows from (al) (seealsoTheoren®.8.5).

(c2) The equivalencefollows from (al), becausean output-stabilizing
solutionmakes A+ stronglystable,by Theorem8.3.9(a3) hence(P) and(PB)
hold (asin (c1)).

(c3) For Usyy, this follows from (al). For Ugyt and Usts, this follows from
Lemma8.3.3. (We do not know whethera Us-stabilizing solutionhasto be
g.r.c.-stabilizingor evenstabilizing.)

(d) By Lemma8.3.3,we have Uep = Usyr = Usta= Uout- By Theorem
6.7.15,asolutionof theelARE is output-stabilizingff it is exponentiallyq.r.c.-
stabilizing, henceiff it is Uep-stabilizing (see Theorem9.8.5). Thus, the
equialencefollows from (a). Condition(P) follows from exponentialstability
of Aw,

(Notefrom Theoren®.8.12(a)hata solutionof (c1), (c2) or (d) is aunique
internally stabilizingsolution.)

(el)&(e2)&(gl)&(g2) Thesefollow from the above proofs, Proposition
9.10.2(al)(ii)&(b2)andLemma9.10.1(f2).

(f1) The J-critical cost (Xg, Pxo) is independenbf the J-critical control
KXo, by Lemma8.3.8,hence? is unique.

(f2) 1° If Ken(S) # {0}, then the J-critical control is not unique, by
Proposition9.10.2(g). AssumethenthatKer(S) = {0}. Let u beJ-critical for
Xo = 0. By (9.175),we thenhave SM1u = 0, henceu = 0. By Lemma8.3.8,
theJ-critical controlis uniquefor eachxg € H.

2° If Ker(S) = {0}, then all J-critical pairs are given by (9.114), by
(al)&(e2)andTheoren9.8.12(s1).

3° By Theorem®.8.12(s1)thepair [ K | F | is notuniquewhenKer(S) #
{0}. SeeExample9.13.6for theexample.

(h) Now y = Cxp + DKsX9 + DMuy = CyXo + Dsues, hence (9.139)
follows from (9.162)and (9.163). The proofsof parts(fl) and(f2) arevalid
in this casetoo.

(i1) (Recall that KXo = (Kerit)L sXcrit a.€., where Xgrit := AsXo.) By
Proposition6.6.18(d1) we have

Uerit(X0) = (KisXo) = Xioft KwXerit(%0) a.e. (9.133)

(i2) Thisfollowsfrom Lemma9.8.9andLemma9.10.1(d1).

(i3) Thisfollowsfrom Proposition9.10.2(b1).

(i4) Thisfollowsfrom (9.175).

() SeeTheorems.3.9.

(K) Thefirst claimfollows from Proposition9.10.2(d)&(e2)&(f2). Therest
follows from the first and (h) (we do not know whetherthe sameholds for
generalll}, asexplainedin the notesthe Section9.8). O



By Proposition9.8.10,elARE is equivalentto eCARE, hencewe obtainthe
following corollary:

Corollary 9.9.2(Critical control<eCARE) Let D be WR. Thenthere is a J-
critical WR state feedbak opermator for Z iff the eCAREhasa U}-stabilizing
solution(?,S,[ K | 0 ]).

A similar remarkappliesto (a2)—(d)of Theoem9.9.1too; in particular, there
is a cost-minimizingWR state feedbak& opemator for X iff 7(0,-) > 0 and the
eCAREhasa ;-stabilizingsolution(?,S, [ K | 0 ]).

Assumethat sudh a solution exists. ThenK is a J-critical state feedbak&
opefator for X, ¢ is unique and the J-critical control ugit(Xo) is given by
Ugrit (Xo) (t) = KL sX(t), where x = Axg + Btugit(Xo) is the correspondingstate
Moreover, (el)—(k)of Theoem9.9.1apply. 0

(This follows directly from Theorem9.9.1, Proposition9.8.10and Lemma
6.2.12(a).)

Herethe zeroin [ K | 0 ] refersto X = I (i.e., F = 0), i.e., the eCARE
becomes CARE exceptthatSneednotbeinvertible(it is if, e.g.,dimU < c and
the J-critical controlis unique).Of coursewe couldallow above anarbitraryWR
U;-stabilizing [ K | F ], thoughit would not significantly increasegenerality
cf. Lemma9.9.7.

In theexponentiallystablecase we obtainthefollowing formulaefor P:

Corollary 9.9.3(Exponentially stableX) Let ~ be exponentiallystable Then
there is a J-critical statefeedbak pair for X over Uep iff the elAREhas an
exponentiallystabilizingsolution(?,S, [ K | F ]). If thisis thecase then

P =C;ICy =CICH =CHIC=C"IC-K"SK. (9.134)
Moreover, Theoem9.9.10(eland Theoem9.9.1apply.

Recallfrom Lemma8.3.3thathere Uep = Usr = Usta= Uout-

(An analogousesult(exceptfor Theorem9.9.10(el)holdsfor (left-column-
)stronglystablesystemsand sy too, whereas heorenB.4.5andhenceCorollary
9.9.4cannotbegeneralizedo Usy (Norfor Usta OF Uout), by Example9.13.2.)

Proof: The equivalencefollows from Theorem9.9.1(al). SinceC andK
arenecessarilexponentiallystable we obtain(9.134)from (8.36)andLemma
9.10.1(d2). O

For exponentiallystabilizablesystemspptimizationover Uep canbereduced
to thestablecase:

Corollary 9.9.4(Exponentially stabilizableZ) Let [ K | F | be exponentially
stabilizing for %, with closed-loopsystems,. Then(?,S[ K, | F, ]) is an
exponentiallystabilizing (equivalently output-stabilizing)solution of the elARE

for [%H%} iff (7,S[ K | F ])isa Uep-stabilizingsolutionof the el ARE(for
%), i.e., J-critical for X over Uexp, Whee

[K|F|=[K+XK |F+F,-FF |=[ XK, +K, |F |. (9.135)



Thecorrespondinglosed-loopsystemselateasin (6.194),S= D}, JD, and
P =C,JICs = CICs = CJIC, :C;‘JCb—K;‘SlIg. (9.136)
Moreover, Theoem9.9.10(eland Theoem9.9.1apply.

Proof: The equivalencefollows from Lemma6.7.9and Theorem8.4.5(a).
By Theorem9.9.1(g),S= D}JD. By Lemma6.7.12,Cs andD arethe
samefor both systemshenceso are ? := CxJC andS. We obtain(9.136)
from Corollary9.9.3. O

If 2 is smoothlyexponentiallystabilizableand J-coercve, thenthe optimal
controlis givenby a CARE:

Proposition 9.9.5(Uep : D), € 4= CARE) Assumehat = hasa SRexponen-
tially stabilizingstatefeedbak opefator K’ s.t.D, € 4, whee 4 satisfieHypoth-
esis8.4.7.AssumehatD or D, is J-coecive over Uexp.

Thenthereis a uniqueexponentiallystabilizingsolution(?, S K) ofthe CARE,
K is J-critical over Ugp, andD, X,N,M € SR

Note from Proposition9.12.4that any strongor uniform regularity property
of K/ and 4 is sharedby K. An analogougesultfor 7oyt is givenin Theorem
9.9.10(d3).

Proof: By Theorem8.4.5(d),alsoD, is J-coercve over fué*zp. Therefore,

the CARE for [%H%] hasan ULR SOS-stabilizinghenceexponentiallysta-

bilizing, by Theorem6.7.15(b1))solution(?, S K;) with F, € 4, by Corollary
9.1.12.

By Proposition9.12.4, (?,S K’ 4+ Ky) is an exponentially stabilizing so-
lution of the CARE for Z, henceJ-critical over Uep, by Theorem9.8.5. By
Theorem9.8.12(e)&(s3)/P, SandK areunique.By Proposition6.6.18(f),we
hareD,X,N,M € SR O

In discrete-timeauniqgueminimizing controlis alwaysof statefeedbackorm,
andit correspondgo theunique U} -stabilizingsolutionof the DARE, by Theorem
14.1.6.1f B is boundedthenthe sameholdsin continuougime too:

Theorem 9.9.6(BoundedB) LetBbebounded.Thenthereis a uniquel-critical
control for eath xg € H iff theeCARE
K*K = A*P + PA+C*JC,
S=D"JD, (9.137)
K =—(D*IC+B*P).
hasa 1} -stabilizingsolution (2, S, K) with Sone-to-one
Assumehatthisis the case Thenthefollowing hold:

(a) The U;-stabilizingsolution(?, S K) is uniqueand ULR.



(b1) The J-critical control is determinedby ugit(Xo) = KXo, i.e., by
Ucrit (Xo) (t) = KL X(t) for almostall t > 0, whee x = Axg + Bugit (Xo) and
%5 is the closed-loopsystentorrespondingo | K | 0 |; in particular, the
left columnof Z is equalto .

(b2) Corversely Kxo = Uciit(X0)(0) for xo € Dom(A) = Dom(Aciit) = H,
P = C5JCs, and S= D*JD is the correspondingsignatue opermtor (see
(9.139)).

(c) Theoem9.9.1(d1)&(f)and Theoem8.3.9apply. If S€ GB(U), thenalso
theresultsof Section9.2 apply.

(d)WehaveX =1 andD,X,M,N € ULR.

In fact, D — D,F € HZondCs: B) for any > wa, and N—D,M | €
HZrondCTiB) (€ Hayond CTei B) for somee > 0, hencestrongly half-
plane-iegular, if P is exponentiallystabilizing).

(el) Any J-critical control in WPLSform (Zit) is actually of (ULR) state
feedbak form (evenif Sis notone-to-one).

(e2) The J-critical state feedbak opemtors correspondto i}f-stabilizing
solutionsof the eCARE(9.137)and corversely asin (b1)-(b2),and (a)—
(d) hold for sud solutions.

(Parts (el) and (e2) holdsevenif the CAREdoesnot havea U} -stabilizing
solutionwith Sone-to-ong

Recall that 2 is exponentially stabilizing if U} = Uep. Condition B €
B(U,H) canberelaxedto Hypothesi®.2.2whenSe GB(U), by Theoren9.2.9.

For Xp € H1, we have x(t) € Dom(As) = Hp for all t > 0, henceu(t) = Kx(t)
for suchinitial states.

Proof: 1° Theequivalenceof the eCAREand a uniqueJ-critical control:
The equivalencefollows from Theorem9.9.1(al)&(g2),becauseary unique
(for eachxg) J-critical control ugi: correspondgdo an ULR J-critical state
feedbacloperatoK = Kcit, by Lemma8.3.18andTheorem3.3.9.

2° TheeCAREbecomeg9.137): By 1°, onechoiceof | K | F | is given
by K = Kgit, F = 0 (i.e., X = 1), which correspondso (9.137),sinceX*SX =
D*JD, asshowvn below.

Recallthat“B € B(U,H)” meansthatB € B(U,H_1) is suchthat Buy =
Boup for all up € U for someBy € B(U,H). ClearlyB* = BO|Dom(A*)’ hence
By, = By € B(H,U). Thus we may write B = By = By € B8(U,H) and
B* = B}, = B € B(H,U) without misconceptionsThe boundednessf B and
LemmaA.4.4(d3)imply thatS= D*JD.

(a) Theuniquenessollows from Theorem9.9.1(f1);K is ULR by Lemma
6.3.16(b).

(b1) This follows from the formula ugit(Xo) = KeritXo = Ksxo and2° (see
alsoLemma8.3.18).

(b2) If xo € Dom(Agiit), thenugrit(Xo) = KL sAcritXo = KAgritXo € C(R4;U),
becausel; is a Co-semigroupon Dom(Ag;it) too. (seeLemmas.1.16),and



K = Kerit € B(Dom(Acrit),U ). Therefore Kxo = KAgrit (0)Xo = Ugrit(X0) (0). See
Theorem9.9.1(e2)and(h) for the otherclaims.

(c) Thisfollows from the above and Theorem9.9.1(notethat(1.) and(5.)
of Hypothesi®.2.2aresatisfied).

(d) Thisfollowsfrom Lemma6.3.16(b)&(d)andTheoren6.9.1(a) because
X =1in 1° above (notethatall possibleX's aregivenby EX, E € GB(U)).

(el)&(e2)TheassumptiorthatSis one-to-onavasusedabove only for the
uniquenessf K it andfor the existenceof a J-critical controlin WPLSform,
hence(el)&(e2)hold.

Remark: If we usethe actualeCARE (seeDefinition 9.8.1, we obtainall
statefeedbackpairs; theseare exactly the pairsgeneratedy [ XK \ | —X }
(X € GB(U)), whereK is a solutionof the eCARE(9.137). In particular the
solutionsof (9.137)aresolutionsof theeCARE. O

SeeRemark10.2.18for a differentformulationfor the costfunctionwhenC
is bounded.However, the casewith aboundedC is not at all aseasyasthatwith
aboundedB; cf. Example9.13.8.

OftenS X € GB(U), i.e.,theeCAREis equialentto the CARE (seeRemark
9.8.2):

Lemma9.9.7(SX € GB(U)) We often require the signatureoperatorS to be
one-to-oneor eveninvertible Thisis oftenthe casewith standad assumptions
onD andJ, see e.g., Section10.1. We male here someadditional remarkson
this, assumingthat (.S [ K | F ]) is a U} -stabilizing solution of the elARE
(cf. Theoem9.9.1(al)).

(al) Sis one-to-ondinvertible] iff X*SXt is one-to-onginvertible] (for any
t > 0).

(a2) Sis one-to-oneff the J-critical control for X is unique

(b1) Assumeghat S= S*. ThenSis invertibleiff S'S>> 0.

(b2) If dimU < o, thenSe GB(U) iff Sis one-to-one

(c1)If 5(0,-) > O, thenS> 0.

(c2) If D is [positively] J-coerive over U}, thenSe GB(U) [S>> 0].

(c3)If 7> 0,t > 0,andD'*JID! > 0[>> 0] onL?([0,t);U),thenS> 0> 0O].

(c4) If (Du,JDu) > s||u||E% for all u € U} (0) and somee > 0, w € R, then
S> 0.

(c5) Assumehatthereares > 0 andw € R s.t.for all nonzeo u € U;(0) there
isanonzeov e U;(0) s.t.(Dv,JDu) > gf|uf| 2 ||V]| 2. ThenSe GB(U).

If, in addition, X := | — T is WR,thenthefollowing hold:

(d) If X € UR (e.g., whendimU, dimY < «), or X, X% € SR thenX € GB(U).
Howerer we do notknow whetherX canbenoninvertiblefor WRX.
(e)If dimU < o andX*SX is one-to-onethenX,Se GB(U).



Proof: (Notethatmostof this holdswith wealer assumption$oo.)

(al) Now X € GTIC. (the admissibility of ?) implies that Xt €
GB(L2([0,1);U)), by Lemma2.2.8),hence(al) holds.

(a2) Thisfollows from Theorenm9.9.1(al)&(e2).

(b1)&(b2) SeeLemmaA.3.1(c4)&(c3).

(c1) Thisfollows from Theorem9.9.1(a2).

(c2) SeeLemma9.10.3.

(c3) This follows from (9.160).

(c4)&(c5) Thesefollow from the proof of Lemma 9.10.3 (set M =
150,y M*T50.1) [l 5 2 €LC.).

(d) SeeLemmab.3.2(al)&(a2andProposition6.3.1(a2)&(b1).

(e) Now X*SX € GB(U) impliesthat X*, S X mustbe invertible matrices,
henceX,Se GB. O

Thus, by alteringK andF, a smoothsolutionof the IARE canbe converted
into a solutionof the CARE:

Corollary 9.9.8 Let (?,S [ K | F |) bea -stabilizingsolutionof the IARE.
If D € WR andF € UR, thenthere are uniqueSe GB(U) andK € B(Hy,U) s.t.
(?,SK) is a U;-stabilizingsolutionof the CARE; moreover, thenS= X*SX and
X =X"IX.
Proof: (HereX = | —F, where| K | F ] is the pair generatedby K.)
Uniguenesdollows from Theorem9.8.12(b)&(s1);the existencefollows
from Proposition9.8.10,Lemma9.9.7(d)andRemark9.8.2. O

As notedabove (Corollary 9.9.4andTheorem8.4.5),optimizationover Uexp
can be reducedto optimization over a preliminarily exponentially stabilized
system. If X is g.r.c.-SOS-stabilizablethen the situation is analogousfor
optimizationover Uyt Thiscaseandits specialcaseswill bestudiedin Theorem
9.9.10below (see(cl)for Usy and Usty), but we first motivateit briefly:

Remark 9.9.9(q.r.c.-stabilizationand Ugyt) The assumptionthat % is g.r.c.-
SOS-stabilizablécf. Corollary 6.7.16)and the useof g.r.c.-SOS-stabilizingo-
lutions of the Riccatiequation(Theoem9.9.10)haveseveral advantaes:

(1.) Thetheoryfor Ugy,, Usta@nd Usyr becomeaoughlyaseasyasthatfor Usexp.

(2.) Thecontwol and outputof % dependcontinuouslyon closed-loopinput
(thesignalus in Figure 9.1,p. 408);i.e., D andF becomestable

(3.) If £ is assumedo be [strongly] g.r.c.-stabilizable then the closed-loop
systenmbecomegstrongly] stable(see(cl) below).

(4.) We can establishthe standad equivalenceon optimization, coprime
factorizationsand Riccatiequations.

In geneal, a J-critical state feedbak pair over Uyt (resp. Usta OF Usty)
stabilizesthe output(resp.and state)w.r.t. theinitial state but arbitrarily small
disturbancesn the(closed-loop)nput maycausearbitrarily big perturbationsn
the stateand output(asin Examplell.3.7(b)). 0



Under certainassumptionssuchsolutionsbecomethe “correct” ones; see,
e.g.,(d3) below, Theoreml1.1.5andCorollary10.2.12(Crit3+).

We give below avariantof theequialenceof (I)—(111) onp.9 (with (Crit2) and
(Crit3) correspondingo (1) and(Crit4)to (I1)); theequivalencewill beenhanced
in parts(d1)—(d4)belaw, in Section9.1,andin certainlaterresults.

Theorem 9.9.10(elARE<« (J,%)-inner r.c.f.) Let Uf = Uout.
Then(Critl)<(Crit2)<(Crit3)<(Crit4), whee
(Crit1) (J-critical [ K | F ]) Theeis a J-critical g.r.c.-SOS-stabilizingtate
feedbak pair for Z andD is J-coerive
(Crit2) (IARE) ThelAREhasa g.r.c.-SOS-P-stabilizingolution.
(Crit3) (IARE/DARE) Thee are ? = P* € B(H), Se€ GB anda g.r.c.-SOS-
stabilizingpair [ K | F | satisfyingthe “D ARE” (9.111)for somet > 0,
s.t. (Al xo, PAlt xg) = 0asn— 4+, ne N.
(Crit4) (R.c.f.) ThemapD hasa (J,*)-innerqg.r.c.t D=NM~1, andZ is q.r.c.-
SOS-stabilizable

Moreover, we havethefollowing:

(al) Let [ K | F | solve(Critl). ThenS:=N*JN =S € GB(U), P :=
C4JICs =P* € B(H),and| K | F ] solve(Crit2) andN, M solve(Crit4),
wheeM := (I —=F)~!, N:= DM, Cy := C+ DMK.

(a2) Let (?,S [ K | F |) solve(Crit2) or (Crit3). Then[ K | F | solves
(Critl) andSand? areasin (al).

(a3) Let N,M solve(Crit4). Thena solution of (Critl) and (Crit2) can be
constructedasin (g2) (also(gl) appliesif Z € SOS.

(a4) Thistheoemalsoholdswith “r.c” or “p.r.c” in placeof “qg.r.c’.

(b) A solution® of (Crit2) is unique Givenonesolution| K | F ] of (Critl)
or (Crit2) or (N,M) andSof (Crit4), all solutionsare givenby

[EK | EF+I1—-E ], (NEL,ME'), E*SE™!, Ee€GBU).
(9.1138)
-
Thecorresponding:losed-loopsystemsire givenby 2 g = [‘Co Dy E1:|.
Ky | FoE™
(cl) Assumehat is [strongly [exponentially]] g.r.c.-stabilizable
Thenany q.r.c.-SOS-stabilizingtatefeedbak pair is [strongly [exponen-
tially]] g.r.c.-stabilizing Consequentlythenthis theoem holds with Usta
[or Usy [or Uexp]] in placeof Upyt.
[Moreover, if J > 0 and(Crit2) hasa solution®?, then? is thegreatesinon-
negative admissibleand the uniquenonngative output-stabilizingsolution
of theelARE.]
(c2) Assumehat Z is exponentiallyqg.r.c.-stabilizable Thenany1/O-stabilizing
or input-stabilizingsolutionor the IARE (i.e., with stableN andM or BM)
is exponentiallyg.r.c.-stabilizing

Moreover, thenany (J, x)-innerg.r.c.f of D is exponentiallyg.r.c.




(c3) Assumethat Z is estimatable Thenany output-stabilizingsolution of
the IARE is exponentiallyq.r.c.-stabilizing(hencethe greatesthonngative
admissiblesolutionif J > 0).

(d1) LetD be WR.If weaddto (Crit1)—(Crit4) therequirementhat [ K | F |
mustcorrespondo someWR| K | 0 | (equivalentlythatX =M1 =| —F
is WR and X = 1), thena fifth equivalentconditionis:

(Crit5) (CARE) TheCAREhasa g.r.c.-SOS-P-stabilizingolution.

Moreover, with theseextra requirementsnysolutionsof (Critl)—(Crit5) are
uniqueandequal(cf. (al)—(a3));thesameappliesto (d2).

(d2) AssumeHypothesi®.2.1andthat D*ID € GB(U). Then(Crit1)—(Crit6)
are equivalent(they are also equivalentto (Crit7) if Z is optimizableand
estimatable)whele

(Crit6) (B;,-CARE) The Bj,-CAREhas a g.r.c.-SOS-P-stabilizingolu-
tion.

(d3) (MTIC) Assumehat 1. X is g.r.c.-SOS-stabilizablen 4, or that2. ¥
hasa q.r.c.-SOS-stabilizingRstatefeedbak opemator s.t.D, € 4, or that
3. D*JD € GB(U) and X hasan exponentiallyq.r.c.-stabilizingSR state

feedbak opermator s.t. [%H]—gﬂ satisfiesHypothesi®.2.1,whee 4 satisfies
Hypothesis.4.7.

Then(Crit1)—(Crit5) and (Crit7) are equivalentandimply that N,M € 4,
wheee
(Crit7) ThemapD is J-coercive
(d4) In thegenerl casewestill have(Crit6)=-(Crit5)=-(Crit1-4)=(Crit7).

Assumehat (Critl) hasa solution,and usethe notation of Definition 9.1.3.
Thenthefollowing hold:

(el) The closedloop cost function J(Xo,Us) for y = Csxo + DisUes, Us €
L2(R,;U) andxo € H is givenby

Jis (X0, Ues) 1= (Y, Jy>L2(R+;Y) = (X0, PXo) +<anS~IO>L2(R+;U)' (9.139)
(e2)(Minimization) Thepair [ K | F | isminimizings S>> 04 (Du, JDu) >
0 for all u € Uyui(0) < D is positivelyJ-coercive

(f) Theoem9.9.1(g)—(j)and Theoem8.3.9apply, and (PB) is satisfied.

(g1) (Stable case) Assumethat C and D are stable (i.e., that ~ € SOS.
Assumé€Cirit4) (see(CritlSOS)—(Crit4SOS)f Corollary 9.9.11for further
equivalentconditions).Thenthe correspondingsolutionof (Crit2) is

[K|F]:=]-S'mNJIC|I-M1]. (9.140)



Moreover, this [ K | F | is stableand g.r.c.-SOS-stabilizing The corre-
sponding? and Z s satisfy

P =C,ICs =CICs =CLIC=C" (J-INS I N*J)C  (9.141)
= C"JC—K*SK = C*(J— JDm, (, D*IDm, ) L, D*J)C, (9.142)

As = A+BKg, (9.143)
Co=(1-NS'm,NJ) C, (9.144)
K = —MS 1, N*JC. (9.145)

(92) GivenN andM asin (Crit4), thepair [ K | F ], theRiccatiopertor 2,
andtheclosed-loopsysten® s canbe constructedasfollows:

Chooseany g.r.c.-SOS-stabilizingair [ K' | F' | for Z, and let =} :=
[éﬂ%] bethetwotop (blod) rowsofthecorrespondinglosed-loosystem
%,. SetM := (I - F)~1, X, :=M~IM, sothatX; € GTIC(U).

Set[ K, | Fy | =] —-S"'m;N*JC, | | -X; |. Thenasolution| K | F |
of (Crit2) andcorresponding. s and ¢ are obtainedasfollows:

K=M'K +K,=X,K +K;, F=1-M1'  (9.146)

As | Bs Ay +BMTK; | BM
[ Cs |Ds | =| G +NK; N (9.147)
Ko | Fs K, + MK; | M~
P = C,JICs = CICs = C5IC, (9.148)

=CIC, - K SK; = C; (3-INS I N*J) G, (9.149)
(Recallthat A, = A+ B1K/, C, = C+ DK/, andK] = (I - F') 'K’.)

Notethat K;, C,, D,, K/, Cy and D = N are stable and that 7 and
[ Ky | F, | correspondo this theoem (including (g1)) appliedto =} and
J.

(g3) Theconstructionggl), (g2) and (al) canbeusedin (c1) and(c2)too.

SeeSection9.1 for relatedresultsandfurther equivalentconditions. Further
eguialentconditionsfor optimizableandestimatablesystemsaregivenin Corol-
lary 9.2.15.

Quasi-coprimenesss essentialin the above theorem; an arbitrary SOS-
stabilizing (even exponentially stabilizing solution) neednot correspondo the
minimizing controlover Uoyt (thoughnecessarilyo thatover Uep), asillustrated
in Example9.13.2.

Indeed,the g.r.c.-propertyguaranteeshat Uyui(Xo) correspondne-to-one
andontoto ‘Zlgﬁt(xo); i.e., we obtainthe situationof Theorem8.4.5(e),indeed.if

| K | F | is q.rc.-SOS-stabilizingthen

Uou(%0) = {KyXo+Mu, [u, € LAR1;U) = U(%0)} (o €H). (9.150)



Indeed obviously suchu andy := Cxg +Du = C, X0+ D, u, arestable.Corversely
if uyeL? thenD,u, =y—CyX € L? and Mu, = —K,Xo + U € L?, where
u, := —Kxo+ Xu, sothatu, € L?, sinceD, := DM andM areq.r.c.

For generalSOS-stabilizingstatefeedbackpairs, someelementf Upyi(Xo)
may correspondo unstablenputsu, for Z,, sothata P-SOS-stabilizingolution
optimizesover a too small classof inputs; cf. the (non-q.tc.-)exponentially (P-

)stabilizingstatefeedbacloperatoiK = —2 of Example9.13.2.If [ K ‘ F } were

merelyoutput-stabilizingthenalsosomestableinputsu, for Z, mightcorrespond
to unstablanputsu for Z.

Also the constructionformulae of (g1)—(g2) (in particular (9.140)) base
on quasi-coprimenes$iencewe cannotgive suchformulaefor non-q.rc.-SOS-
stabilizablesystems.Indeed,if D = NM ! correspondso a WR statefeedback
operatoiK, thenM~! mayonly have thesingularitiesof (s—A) 1, asnotedbelov
Definition 6.6.10;thuswe mustsomehav guaranteeshatl\ﬁl—1 doesnot have too
mary poles(cf. Lemma6.5.4).

Proof of Theorem 9.9.10: (Notethatthe stability of K, andK.s mightbe
omittedfrom the requirements@and conclusionswhereaghe invertibility of S
is essentiafor, e.g.,(Crit4)=-(Crit2).)

1° “(Critl)@(Critl%)”: We have onemoreequialentcondition:

(Critl%) D is J-coercve,andthereis ag.r.c.-SOS-stabilizingtatefeedbackpair
[ K | F ] for £s.t. ;D JCs = 0, whereZ s is the correspondinglosed-
loop system.

Now Uout(0) = M, L2, by Proposition9.10.2(e2) hence(D Tt U, Cs Xo) = 0
for all xo € H, u € 1, L? iff (D1, u,CsXo) = 0 for all Xo € H, u € Uou(0)
(becaus@® 11U = DML U = Dy M u), i.e., iff K is J-critical.

2°  “(Critl)<(Crit2)<(Crit3)"&(al)&(@2) This follows Theorem
9.9.1(b)&(d), and Lemma 8.4.11(b2) (note that (Crit2)—(Crit4) require
Se GB)).

3° “(Critl)=-(Crit4)"&(al): Thesefollow from equationsN = DM and
N*JN = S(seeTheoren?.9.1(b)&(g))andLemma9.10.3.

4° “(Crit4):>(Crit1%)” for stableC andD: By Lemma8.4.14(a),D is J-
coercire. Now M € GTIC, by Lemma6.5.6(b).Obviously, thepair [ K | F |
from (9.140)arestable.By using(9.140)andequationS 'N*JD = M1, it is
straightforvardto verify that KA = 1, 1K andrt, Fri. = KB (seethe proof of

Theorerm27 of [S97b]for details),henceSeq = [%ﬁﬂ € SOU,H,Y x U).
By Corollary6.6.9,we have .« € SOS Now

1 N*JC = 1, N*INK + 11, N*JC = i, N*J (-NS ' N*JC + JC) =0
(9.151)
asrequired.
(N.B. We do not know whetherS-IN*JD = M~ holdsfor unstableM 1,
thereforewe have requiredthe (J, S)-innerright factorizationto beg.r.c.)
5° “(Crit4):>(Crit1%)”: By Lemma8.4.14(a),D is J-coercve. By Lemma
6.4.5(c),X; € GTIC(U). ThereforeD, = NX, isa(J,S)-innerr.c.f.



By 4°, the state feedbackpair | K, | F, | is stable and g.r.c.-SOS-
stabilizing for =1, and the correspondingclosed-loop system satisfies
1, D5 JCy = 0. Moreover, Ds = D, X, * =N.

Apply Lemma6.7.12(with K’ andK interchangedetc.)to obtain(9.146)—
(9.147). Theny D5 JCy =0, and [ K | F | q.r.c.-SOS-stabilizeX into 5
(indeed by (9.147),[ K | F ] is q.r.c.-SOS-stabilizing)Thus, (Crit11) holds.
Theremainingformulaeof (g2) follow from thoseof (g1).

(al)—(a3)Parts(al)&(a2)wereprovedabove; see(gl) and(g2) for (a3).

(a4) If ary of (Critl)—(Crit4) holdswith “r.c” in placeof “q.r.c’, thenso
dotheothers by (al)—(a3).This propertyis theninheritedin by (b)—(g3). The
prooffor “p.r.c” is analogous.

(b) Thisfollows from Theorem9.9.1(f).

(cl) The first claims follows from Theorem6.7.15(al)[(a2)[(b1)]],the
secondclaimis aconsequencef thefirst one.

[By Theorem9.9.1(a2),? is the smallestnonneative output-stabilizing
solutionof theelARE. But S>> 0, by (e2),and? is stronglystabilizing,hence
P is the greatesnonngative admissiblesolution of the elARE, by Theorem
9.8.13(sinceS > 0 for admissiblenonnegative solutions,by (9.160)). Since
P > P > P for arny nonngative output-stabilizingsolution 7/, 7 mustbe
unique.]

(c2) Thisfollows from Theorem6.7.15(b1)andLemma6.4.5(e).

(c3) Thisfollowsfrom Theoren6.7.15(c2)andfrom thelastclaimof (c1)).

(d1) Thisfollows from Propositior9.8.10(and(al)—(a3)).

(d2) We obtain(Crit2)<(Crit5)<(Crit6) from Theorenm?.2.9(theclaim on
(Crit7) will beprovedin Corollary9.2.15).

(d3) By (d4),we only have to establish(Crit7)=-(Crit5). Assume(Crit7).

SOS-stabilizabilityimpliesthat K, xo € Uout(Xo) # 0 for all Xo € H, hence
thereis auniqueJ-critical controlover Uy for eachxg € H, by TheorenB.4.3.
Thus, (Crit5) follows from (7.) or (8.) of Remark9.9.14(notethat“1.” is a
specialcaseof “2.”, by Proposition6.3.1(c)andLemma6.6.12).

(d4) This follows from Proposition9.2.7(a),Proposition9.8.10and Corol-
lary 8.4.14(a).

(e1)Thisfollowsfrom ? = C\JC5, ;. D5 JCy = 0 andDj D = S,

(e2) Seetheproofof Corollary10.2.12.

(f) Thisfollowsfrom (b) andTheorem9.9.1(b).

(91) This wasprovedin 4° exceptfor the ¢ formula, which follows from
formulae ? = C5JCy, KN*JCs = 0 (see(Critl)), KN*JNK = KSK, and
Lemma6.4.7(b),in thatordet

(92) Thisfollows from 5° and(g1) with straightforvardcomputations.

(g3) Thisfollows from the proof of (c) above. O

Note that a g.r.c.-1/O-P-stabilizingsolution of the IARE (or CARE) deter
minesa (J,9)-inner g.r.c.f. D = NM 1, by Lemma9.10.1(b5)&(b6). If = is
approximatelyreachablethenthis definesK uniquely modulo (9.138) (because
. M1 = KB), hencethen? is unique(a g.r.c.-SOS-P-stabilizingolutionis



alwaysunique,by Theorem9.9.10(b)).
In the stable case, “g.r.c.-SOS-stabilizing”is equvalentto “stable, SOS-
stabilizing” (cf. alsoCorollary8.3.11):

Corollary 9.9.11(SOS-stabld ARE) LetX € SOSand U} = Uout.
Thenconditions(Crit1)—(Crit5) in Theoem9.9.10canbewrittenin following
forms:

(CritlSOS)Thee is a J-critical stable SOS-stabilizingtatefeedbak pair for
>, andD is J-coercive

(Crit2SOS)ThelARE hasa stable SOS-P-stabilizingolution.

(Crit3SOS)(IARE/D ARE) Ther are ? = P* € ‘B(H), Se GB anda stable
SOS-stabilizingpair [ K | F | satisfyingthe “D ARE” (9.111) for some
t >0, s.t.(A X0, PAT xp) — 0asn— 4w, n€ N,

(Crit4SOS)Thee is a spectal factorizationX* SX of D* JD.

(Crit5SOS)TheCAREhasa stable SOS-P-stabilizingolution.

We mayreplace”stable, SOS-P-stabilizingolution” above by “P-admissible
solution s.t. D,F,M € TIC", as well as by “[q.]r .c.-l/O-stabilizing” (and by
“exponentiallystabilizing” or by* M-stabilizing” if Z is exponentiallystable and
by “stable, P-stabilizing” if Z is stable).

Moreover, the solutionsof (CritlSOS)—(Crit5SOS(if any) are the onesof
(Critl)—(Crit5),with X = —TF. 0

(This follows from Lemma6.6.17(a)and Lemma6.4.8(a); note that corre-
spondingpairs[ K | F | arethesamefor eachcondition.Recallfrom Definition
9.8.4thatthe solutionbeingstableor stabilizingmeansthat | K | F | is stable
(whichis redundantf Z is exponentiallystable)or stabilizing,respectiely.)

Proposition9.8.11 containsrelatedresultsand the positive caseis givenin
Corollary 10.2.13. We remind that (Crit5SOS) (or (Crit5)) is strongerthan
(CritlSOS)—(Crit4SOS)wvhich areequialent.

J-coercvity is roughly equvalent to the existenceof a unique J-critical
control:

Proposition 9.9.12(Uep: |ARE =-unique optimum<> J-coercive) We  have
(1)< (ii).
() Thee is a uniqueJ-critical control over Uep(Xo) for eat xp € H, and
St:=DHIDF + B PB' € GB(L2([0,t);U) for some(henceall) t > 0.
(i) D is J-coeriveover Uep, andZ is optimizable

Moreover,

(@) Assumg(i). ThenS! > 0« the J-critical control is minimizing< D is
positivelyJ-coercive over Uexp.

(b) Assume that the IARE has an exponentially stabilizing solution
(?,S [ K | F ]). Then(i) and (i) hold. Moreover, thenS>> 0 < S'>>
0 [ K \ F ] is minimizing< D is positivelyJ-coercive over Uexp.



(c) Condition“ St € GB” is redundanin (i) if anyof (1.)—(4.) holds,whee

(1.)J > 0andD'*JD* > 0 for somet > 0;

(2)J3>0,D*JD > 0andD € MTIC.;

(3.)D € MTIC, AB € L2 (R4 B(U,H)) andD*JD € GB(U).
(4.) Hypothesi®.2.1holdsfor U = Uep, andD*ID € GB(U).

Thus, when minimizing over Uep With a some coercvity or regularity, the
costmustbe J-coercve over Uep. See,e.g., Theorems9.2.16and9.2.18and
Corollary9.2.19for enhancedersionsof the proposition,andSection10.2for a
positive variants.

Proof: (Naturally, ? := C;; JCerit in (i).)

The equivalence,(a), (b) and (c)(1.) follow from Theoremsl4.2.7 and
13.4.4andRemark13.4.6.

(¢) (2) Now P := C;;JCqit > O, henceS' > D'*JD'. But D'*JD' >
D*JD — ¢ >> 0 for t,& > 0 smallenough,by Theorem2.6.4(i1),henceS! > 0
for sucht.

(3.) By LemmaA.3.1(c4)&(c1),thereis € > 0 s.t. | D*IDug||u > &||uo||u
for all ug € U. It followsthat

T,y D*IDUll2 > €l|ullz  (u€ LZ([0,t);U)). (9.152)

By Theorem2.6.4(i1)&(i2), o) (D — D)1y — 0 and B* — 0 on L2, as
t — O+, hencethereist > 0s.t. || (S'— D*ID) oy || 5(L2) < €/2 (notethat
S' = To)S'Tgy)). Consequently||S'ull2 > €/2]|ul|2 for all u € L2([0,t);U).
By LemmaA.3.1(c4)&(c1),this meanghatSt € GB(L?([0,1);U)).

(4.) Thisfollowsfrom Theorem9.2.16and(b). O

However, uniguenesss sometimepossibleunderwealer conditions:

Remark 9.9.13(Unique J-critical control vs.Se GB(U) vs.J-coerivity)
Assumehat U} (xo) # 0 for all xg € H (this is obviouslynecessaryor the exis-
tenceof a J-critical contml) and that Z° is a Hilbert space(e.g., U} = Uyt OF
U; = ‘uexp)-

By Theoem8.4.3and Lemma9.10.3,J-coecivity impliesthe existenceof a
unique J-critical control, and also the invertibility of S whenthe elAREhasa
solution(thesethreeare equivalenffor I} = Uexp if Hypothesi®.2.2holds(or if
> isawpls),by Theoem9.2.16).

However, the invertibility of Sis not necessarynor is J-coercivity over U,
for the existenceof a unique J-critical control (take =~ exponentiallystable (so
that Uexp = Uou), 0<D*D¥0,B=0=C,J=1).

On the other hand, Example9.13.4 showsthat even for very regular (D =
D € B(U,Y)) exponentiallystablesystemsS= D*D > 0 is not suficientfor the
existenceof a J-critical control for all xg € H (over Uexp = Uout)-

It is easyto formulateshortly the necessaryand suficient conditionfor the
existenceof a uniqueJ-critical control, but we havefoundno usefulformulations
(seethecommentbelowTheoem8.2.5).



As mentionedabove, when B is bounded,arny unique J-critical control
correspondso a U;-stabilizing solution of the CARE (and of the B,,-CARE if
D*JD € GB or D is J-coercie). Unfortunatelythis is notthe casein generalpy
Examplell.3.7.Thereforewe summarizeseveral sufficient conditionsbelow:

Remark 9.9.14(Necessityof the CARE) We write (Z,J) € coercveCARE
(over Uy) if 1. Zis WR,and?2. if Z is J-coercive andthereis a J-critical control
for eath xp € H, thenthe CAREhasa SR U} -stabilizing solution (equivalently
thenKcj; corresponddo a SRstatefeedbak operator).

If any of thefollowing conditionsholds,then(Z, J) € coercveCARE

(1.)B€ B(U,H);

(2.) Hypothesi®.2.1holdsandD*JD € GB(U);

(3.) Hypothesi®.2.1holds, g 1)AB € L1([0,1); B(U,H)) and U; = Uexp;

(4.) Hypothesi®.5.1holdsand U; = Uexp;

(5.) U = Usp, ToAB € LY([0,1);B(U,H)), o1 ChA €
L([0,1); B(H,Y)), and o 1)CwAB € L*([0,1); B(U,Y));

(6.) = € SOS U = Uyt andD € 4, whee 4 satisfiesHypothesis.4.7.

(7) Ur = Uout, and X hasa SRq.r.c.-SOS-stabilizingtatefeedbak operator
s.t.D, € 4.

(8.) U} = Uout, and Z hasa SRexponentiallyg.r.c.-stabilizingstatefeedba&
operator s.t. [%H%} someof (1.)—(6.).

Moreover, thefollowing holds:

(@) In caseq1.)—(6.),wehaveD € ULR (andF € ULR for the U}-stabilizing
solution).

(b) In cases(1.)—(5.), we necessarilyhave S= D*ID € GB(U) for the ;-
stabilizingsolution.

(c) In caseq1.)—(3.),the CAREbecomes B}, -CARE.

(d)Incaseq1.)—(4.),” Z is J-coeciveandtheris a” canbereplacedby“there
is aunique” if weassumehatD*JD € GB(U).

By Lemma8.4.4, the control mentionedin “2.” is necessarilyunique. By
Theoreml4.1.6andLemma9.9.7(c2),*(Z,J) € coercveCARE' is redundanin
discretetime (i.e., it is truefor any < andJ).

Recallfrom Theorem8.4.3that“thereis a J-critical controlfor eachxg € H”
can usually (e.g., for Uyt and Uexp) be replacedby the finite cost condition
“Ut(xo) # 0 for all xg € H”. If X is exponentiallystable(or estimatable)then
Uexp = Uout, by Lemma8.3.3.

See Theorems9.5.13 and 9.2.18 and Corollary 9.1.11 for more explicit
variantsof (4.) and(5.) and(7.), respectrely.

Proof: (Notethat(1.) and(4.)—(7.) areindependentf J, andthatthe ;-
stabilizingsolutionis unique. TherequirementSR” could be “WR” for most
but not all applicationsof theabove definition.)



NotefirstthatD € ULR if any of (1.)—(6.)holdsandD = D, X~ € SRwhen
(7.) or (8.) holds,sothatcondition“l1.” is satisfiedoy arny of (1.)—(8.).

Case(1.) is treatedin Theorem9.9.6 (the eCARE becomesa CARE,
becausel-coercvity implies the invertibility of S (= D*JD), by Lemma
9.9.7(c2)).

Casg(2.) is treatedn Theoren9.2.9.Condition(3.) impliescondition(2.),
by Lemma9.2.17(which containsalsoalternatve assumptions).

Condition(4.) impliescondition(5.), by Lemma9.5.2.

Casg5.) followsfrom Theoren®.2.18.Casg6.) followsfrom “(iv)=(iii)”
of Corollary9.1.12.

Case(7.) follows from (6.) and Theorem8.4.5(g1)&(d)&(a)&(c2)(and
Lemma6.2.5andCorollary9.9.8;Propositior9.12.4would leadto analterna-
tive proof and(9.226)holds). Analogously case(8.) canbereduced1.)—(6.)

(usethefactthat Uout = Uexp, by Lemma8.3.3;naturally by [%H%ﬂ satisfies

(n.)” we meanthat“(n.)” is satisfiedwith [%%] in placeof [é}—g}).

(a)&(b) The proof sketchedabove appliesfor (a)&(b) too. (SeeTheorem
8.4.9(a)for extending(b) to case(6.).)

(c) SeeTheoren®.2.9(usethefactthatDom(B,) = H in case(1.)).

(d) The above proofsfor caseq1.)—(3.) did not useJ-coercvity. In cases
(4.) and(5.), we canremove “Z is J-coercve andthereis a” completelyif we
assumehatAB € Lﬁ,c (thisis redundantn case(4.), by Lemma9.5.2)andthat
D*JD € GB(U), by Corollary9.2.19.

(N.B. if we assumg1l.) andreplace“Z is J-coercve andthereis a” by
“there is a unique”, thenthe CARE might becomean eCARE (insteadof a
B;,-CARE) if we would notexplicitly assumd>*JD to beinvertible.) O

A comparisonof Uexp, Ustr, UstaaNd Uout

In principle, the above theory on optimization and Riccati equationscan
be applied over ary Uf. However, it is not always clear a priori whethera
controlproblemis coercve enoughto guarante¢heexistenceof auniquesolution
(particularlyin thecaseof U; = Uep), andwhenasolutionof thecorresponding
Riccati equationis found, it is not alwayseasyto verify thatit is a correctone
(‘Ut-stabilizing).

For optimization over Uy, it is often easyto find sufficient coercvity
conditions.For Uep oneneedsstrongermssumptionsandfor Usy (resp.Usts), We
have to optimizeover Uy, andmake suitablestabilizability or otherassumptions
to guarantedhatthe closed-loopsystemactuallybecomesstrongly stable(resp.
stable)(seethe commentdelonv Theorem8.4.3).

On the other hand, J-critical statefeedbackpairs over Uep correspondo
exponentially stabilizing solutions of the Riccati equation, and the situation
with Usy iIs analogouswhereasthe situationwith Usia and Uy requiresthe
complicatedesidualcondition(PB) (seeTheorend.8.5);therefore for thesetwo
setsit is noteasyto verify for asolutionof the Riccatiequatiorthatit corresponds
to optimal control,unlessadditionalassumptionaremade.

By the above, the closed-loopsystemcorrespondindo ey is exponentially



stable. For Usy, Usta and Uy, We only know aboutthe stability of the left
column of the closed-loopsystem(see Theorem9.8.5). If we wish to pose
stability requirementsalso on the right column, we have to make additional
detectabilityor g.r.c.-stabilizabilityassumptions.An LQR applicationwith the
formerassumptions givenby Theorem10.1.4(c2)andanH* applicationof the
latterin Theoreml11.1.5.

Thislatter“qg.r.c” approachs basednthefactthatwherea®ptimizationover
Uexp canalwaysbereducedo the stablecase the analogouseductionfor Uy,
Usta and Usy requiresquasi-coprimenesssee Theorem8.4.5(gl)and Remark
9.9.9. Although g.r.c.-stabilizabilityis trivially possesselly stablesystemsit is
oftendifficult to verify for unstableones,althoughstill popularin articlesbased
on fractional representationsf the I/O maps. SeeTheorem9.9.1(b)—(c3)and
Theoren9.9.10for moreonthis approach.

A third approacHor U, is usedin Theorem10.1.4(b1) wherewe only have
to studythe minimal nonneative solution.

JobOostweenhasdevelopeda ratherextensve optimizationtheoryover Usy
for WPLSswith boundedinput and outputoperatorsg(B andC), and he avoids
someof theproblemsdescribedbove by usingsuitabledetectabilityassumptions
(amostelegantexampleof hisresultsis theoneextendedn Theoreml0.1.4(c2)).
It seemghatmostof hisresultscanbegeneralizedo moregeneraMWPLSsin the
sameway; we recommendhis for areaderinterestedn Usy.

We concludethat the theoryon optimizationand Riccati equationsbecomes
mostelegantfor U; = Uep, evenmorebeautifulwhenoneassumesstimatability
(e.g., a coston the state, by Lemma 6.6.25), so that Uep = Ustr = Usta =
Uowt- However, oftenit is too restrictingto requirean exponentiallystabilizing
controller andin severalsettingsalsothetheoryfor Uy (Or Usta OF Usty) canbe
substantiallysimplified.

Notes

Thenecessityartof Corollary9.9.2is containedn [S98b]Jand[WW] to some
extent,in the generalityexplainedin the noteson p. 520. In the samesetting,the
implicationfrom (Crit4) to (Crit5) (for regularD andF) andthe formulaeof (b),
(el),(gl) and(g2) of Theorem9.9.10arecontainedn [S98b,Sections-7].

The earlier history of infinite-dimensionalRiccati equationsis documented
in the notesto Section6 of [CZ]. For future research,a very importanttask
is to determinefurther sufficient assumptiongor a unique optimal control to
exist in regular statefeedbackform, besidesthosepresentedn Remark9.9.14
or elsavherein this monograph.

Oneinterestingcandidates theconditionthatD € MTIC, (andit mightimply
thatlF € MTIC.,). By Example9.8.15,theapproactof Section9.2 doesnotwork
for this assumptionnot evenin the stablecase althoughthatapproactmight be
usefulfor someothercandidateconditions.



9.10 Proofsfor Section9.9: Crit <elARE

Wheneatingan elephantake onebite at a time
— Gen.C. Abrams

In this section,we shall establisithe equivalencebetweerthe existenceof J-
critical statefeedbackpairs andthe existenceof U}-stabilizingsolutionsof the
elARE, andalsostatesomerelatedresultsthatareneededor furtherresults.See
Definition 9.8.4(andDefinition 6.6.10)for Ze; andZs.

First we explore in detail the connectionbetweend-critical control andthe
admissiblesolutionsof the elARE (cf. (b4)):

Lemma9.10.1Let S€ B(U), and P = P* € B(H). Let [ K| F ] be an
admissiblestatefeedbak pair for Z, andlet =< := |:]%OO %o} € WPLS(U,H,Y x
O

U) bethecorrespondinglosed-loosystemSetM := (I —F)~1, N := DM = Ds.
We considerfor t > 0, theequations

0=D"JC + B PAL, (9.153)
0=Di"JC}s + Bl " PAL, (9.154)

P = Al,"PAL + Cl"IC, (9.155)

P = AL PA' + CLIC, (9.156)

oy S=N"IN + B, PB,, (9.157)
K = - (N"IC' + M "B PA"), (9.158)
K*SK! = AV PA — 2+ CICE, (9.159)
X'sxt = D aDt + B PB, (9.160)
XUSK! = — (DMIC + B PA). (9.161)

Claims(al)—(b4)hold:
(al) For anyt > 0 wehave(9.154)=(9.153),aswell as(9.160)=(9.157),and
(9.161)=(9.158).
(b1)Lett > 0 andlet (9.158)hold. Then(9.156)=(9.159).
(b2) Lett > 0 andlet (9.160)hold. Then(9.154)=(9.158).
(b3) Lett > 0 andlet (9.154)hold. Then(9.155)=(9.156).
(b4) For eath t > 0, conditions(i)—(iv) are equivalentwhese

(i) Equationg(9.159)—(9.161)the elARE)are satisfied;
(i) Equationg(9.153)—(9.161@re satisfied,;

(i) Equationg(9.154),(9.155)and(9.157)hold.

(iv) Equationg(9.158),(9.155)and (9.157)hold.

(b5) If (i), (ii) or (iii) holdsfor somet > 0, then(i)—(iii) holdfor nt (n € N).

(b6) If (P4) of (d1) holds,(9.157)holdsfor eacdht =t, (n € N), andN € TIC,
thenN*JN =S



If C is stable then(cl)—(d2)hold:

(c1)We haveNrg,) € B(L?) forall t > 0.
(c2) Assumehat P = C5JC. Then(9.160)is equivalento

(Do U, DV 2R, u) = (U 2R, 0y (UVELZ([01);U)).  (9.162)

Moreover, if either holds for all t > 0O, then (9.162) holds for all u,v €
L2(Ry;U) +LZandall w< 0.

(c3)If P = C,JCs, then(9.154)is equivalento
(DT U, ICs X0 2,y = 0 (U LZ([0,t);U), xo € H).  (9.163)

Moreover, if either holds for all t > 0, then (9.163) holds for all u €
L2(Ry;U) +LZandall w< 0.

(c4) Assumehat P = C¥JCy, and(D 11U, JCisXg) = O for all u e L2.
Thenthereis a uniqueSe B(U) s.t.(Nu, JNU) = (u, Su) (u € L2).
Moreover, S= S € B(U), all of (P1)-(P4)hold, and (9.153)—(9.163re
satisfiedfor all t > 0 with Sin placeof S.

(d1) We have

(P1) P = C5JIC
iff (9.155)holdsfor all t > 0 andany (henceall) of (P2)—(P4)holds,whele

(P2) (Alyxo, PAl X0) — 0, ast — +oo, for all xp € H;

(P3) Al * PAL g — 0, ast — 4o, for all xo € H;

(P4) Thee is a sequence{t,} s.t. t, —» +o as n — +o and
(A3 %0, PA x0) — O for all xg € H.

All thisholdsevenif werestrictt to anunboundedgetR C R... If (P1)holds,
thenPAl xg — 0, ast — +oo, for all xo € H. (Notethatif A is strongly
stable then(P2)—(P4)hold.)

(d2) Let C and K be stable Then? = C*JC — K*SK iff (9.159) holds for
all t > 0 and any (henceall) of (P2)—(P4)holdswith A in placeof As.
Moreover, P = C*JC— K*SK impliesthat PAlxo — O for all o € H.

If bothCs andN = D5 are stable then(el)—(f2)hold:

(el)Assumehat? = C’yJCs. Then(9.154)holdsfor all t > 0 iff 11, D} JCy =
0. In fact, it is suficientthat (9.154)holdsfor t =t,, n€ N, wheet, — +o
asn— +oo,

(€2)If T, D5 JCs = 0, thenS:= N*JN = S € B(U).
(f1) If ¢ = C5JC» andN*JIN = S, then(9.160)holdsfor all t > 0.



(f2) Corversely assumehat (9.160) holdsfor all t > 0. Thenthe following
hold:

If N*JN = S then(P1)—(P4)hold on Hp (insteadof H). If (P1),(P2),(P3)
or (P4) holdson Hg, thenN*JN =S

For (f2), we recall from Lemma6.3.26(b3),that the readability subspace
Hp,, of Z equalsthatof Hg, i.e.,theclosure(in H) of

{B'u|u€ moyL?, t >0}, (9.164)

Proof:
(a) Multiply by Mt or Xt to theleft.
(b1)Insert(9.158)into (9.159)to obtain(9.156)(recallthatCly = C' + N K
andAly = A' + B'M'K').
(b2) Use equationsCly = C' + DK, Al = A' + BLK!, and (9.160) to
obtainthat(cf. Lemma5.5 of [S98b])
D, "JC, + By " PAL = SK' +NYJIC + MU B PAL (9.165)
(b3) By (6.132),thedifference(9.155)-(9.156Y is equalto
K™ (D! *JC + Bl " PAL) = K*0=0. (9.166)
(b4) “(i) =(i)"&"“(i v)=-(iii)=-(ii)": Thesefollow easily from (a)—(b3);
trivially (i) implies (i), (iii) and(iv).
(b5) Apply Lemmai14.2.1for A := A!, B:= B, ...; equivalently use

discretization(cf. Proposition9.8.7) to seethat if (i) holdsfor somet, then
(i) holdsfor tN. Combinethis with (b4) to obtain(b5).

(b6) From (9.157) we obtain that (Nu,JNu) = (u,Su) for u € n[O,T)LZ,
becausd!,u= A'S T BY,u. Becausdl wasarbitrary N*JN = S, by density

(c1) Thisfollowsfrom Lemma6.1.11andthestability of C (alternatvely,
from (9.167)).

(c2) (In discretetime, we have (9.162)for all u,v € £1(Z;U), by Lemma
13.3.8(b3)cf. Theorem14.1.3.)Now

Tt.)Ng) = T 'TLNTL Ty = T 'Cos By Ty € B(L2), (9.167)
hence
(0,00 NTTg ) U, ITT o) NTT ) V) = (T Cos Bis T ) U, JT ' Cos B T 1o 1))
(9.168)
= (Blyu, PBL V) (u,veL?). (9.169)

Consequently(u, TigH SV = (NTg.y U, (Tio) + Tt ) ) INTI ) V) for u € L? iff
(9.157)holds(equialently, (9.160)holds,by (al)).

The last claim follows from Lemma 2.1.13 (both sides are valid on
L2(R4;U) andcontinuousfunctionson L2 (R, ;U) x L2(R;U)).



(c3) Thisfollows from

Moy T(— 1B (C5ICs ) As (1) = T T(-OILDE I T()Cs  (9.170)
= T ) DF IT(=t) T (1) Cos = Tho 1y DY ITGt 00) Cis - (9.1712)
Thelastclaimfollows from Lemma2.1.13asin (c2).

(c4) Now (Nrt, v, JNTL_u) = (N1, v, JCs B U) = O for all u,v € L2, hence
thereis auniqueS= S € B(U) s.t.(Nu,JNU) = (u,Su) (u € L), by (c1) and
Lemma2.3.1.

By (9.167),we have B, " PB}, = (Tl «)NTg;))*IT ) NTgy. It follows
that(9.157)holdswith Sin placeof S thisfor allt > 0.

From(d1) it follows that (P1)—(P4)and(9.155)hold for all t > 0; by (c3),
(9.154)holdsfor all t > 0.

By (al), (b3), (b2) and(b1), (9.153)—(9.158hold for all t > 0 with Sin
placeof S.

(d1) 1° Equivalence: Assume (9.155). For ary X, € H, we have
Moy CoXo — CsXo in L2, by Corollary B.3.8. Therefore,Cty I CsXo —
(CSJCQXO.

Consequently AL, *PAl, — P — CJCs strongly (wheret € R if the
assumptiorholdson R only), hence(P1)—(P4)areequialent.

2° Claim TAtOXO — 0: Assume(P1). Then(we useDefinition6.1.1(3.)and
CorollaryB.3.8)

PAL X0 = CICs Alsxg = C I, T'Csx0 — C50=0. (9.172)

However, (9.172)is not sufiicient, by Example9.13.11,unlessA is stable.

(d2) Theproofis analogouso thatof (d1) (Cs neednotbestablehere;also
heret canberestrictedo R).

(e1) This follows from (c3), becauseryy;) Dy JC = O for all t > O iff
. D5 JC = 0.

(e2) Now (T_N*JNm, )* = iy N* Nt = 1, N*JCs By = O, henceS :=
N*JN € B(U), by Lemma2.1.7,andS = S*.

(f1) Thisfollows from (c2) andCorollaryB.3.8.

(f2) By the proof of (c2), we have T\ N*INTyg) = S iff Bl "PB, =
Bf,*ClJCsBls. But oy N*INmgy) = S for all t > 0 iff NJN =S, by
CorollaryB.3.8,hencewe musthave Bls * PBl, = B!, “C; JCs B!, for allt > 0,
equialently, ? = C55JCs onHg, = Hg, by continuity.

But (P1)on Hp implies (P2)—(P4)on Hg, asin the proof of (d1). Because
eachof (P2)and(P3)implies (P4) (on Hp) it only remainsto assumegP4)and
provethatN*JN =S

Assume(P4).Let T > 0, andchooseu € T[[QT)LZ. Thent(T)u=T1L1(T)uU,
hence

Bot(t)mu=Bs1(t—T)T1(T)u= A (t — T)Xq, (9.173)

wherex, := BT 1(T)u. Thus,(BsT(th) U, PBsT(th) T-U) — 0, asn — oo,
by (P4).By (9.157),it followsthat(for t, > T)

(U, Tho,) (S— N* Mg ) N)Thg ) U) = (U, (S— NI ) N)U) = 0, (9.174)



asn — oo. But (S—N*"Jmgs ) N)u — (S—N*IN)u, hencely, (S—N*JIN)u) = 0.
Becausd > 0andu € T[[o’T)LZ werearbitrary we have S= N*JN. O

Now we arereadyto establishthe equivalencebetweenl-critical controland
theelARE,in (c)—(e2)below:

Proposition9.10.2 Let %, 5, [ K | F |, J and 2 beasin Lemma9.10.1,and
let C;s bestable Thenthefollowing hold:

(al) Conditions(i)—(iv) are equivalentwhere

(i) (DsTu, JCsXo) = O for all u€ L2 andxo € H, and P = C5JCs;

(i) D*IC + B PAL = 0forallt > 0and? = CJCs;

(i) Equations(9.159)—(9.161)the elARE) are satisfiedfor someS €
B(U) andsomeT :=t > 0, andsomeof (P1)—(P4)holdsfort € R:=
TN;

(iii) Equations(9.153)—(9.163pre satisfiedfor a uniqueS= S* € B(U)
andall t > 0, andall of (P1)—(P4)hold (fort € R:=R.);

(iv) We have(y, Jy) = (xo, PXo) + (U, Sucs) for all xg € H, us € L2, whee
y:=Cxo+Du € L?, u:= KXo+ Mus.

(Notethaty = Csxg + DU € L2 in (iv), by Lemma6.1.11.)
(a2) LetZet, 25 € SOS Thenwecanreplace(P1)—(P4)in (ii) by

(P’) (Alxg, PAlxg) — 0, ast — oo, for all xo € H.

(b1) Assumehat Ksxg € U (Xo) for all xp € H. ThenML2(R,;U) C U (0).
(b2) LetID bestable Then(i) holdsiff ? = C%JC and 1t D JCis = O.

(b3) Assume(i). Letu € L3(Ry;U) bes.t.Du € L2 Then(Bt'u, PAL xo) —
—(Du,JCsX0), ast — +oo, for ead xp € H.

If, in addition,(Du, JCxg) = 0 for ead Xp € H, then(9.175)holds.
(b4)If [ K | F | is J-critical, then,for all u € 7} (0), wehave

(Du, JDMn) = (M 'u,S)) (0 € LA(R;U)). (9.175)

(c) (U) Thepair [ K | F | is J-critical over U} andP = C5JC;s iff (i) holds,
KXo € U (Xo) for all xo € H, and

(B'u, PAlyx0) = 0, ast— 4o, (Xo€H,ue U (0).  (9.176)
(d) (Uexp) Let =5 be exponentiallystable Then Uep(0) = ML?(R;;U).
Moreover, (i) holdsiff [ K | F | is J-critical over Uegp and P = Cf JCss.
(e1)(Uour) Thepair [ K | F | is J-critical over Upytand P = CiJICs iff Ky
is stableand (i) and(9.176)hold.
(e2)Let [ K | F | be g.r.c.-SOS-stabilizing Then Upy(0) = ML?(R;U).
Moreover, | K | F | is J-critical over Uyt and P = C¥ JCys iff (i) holds.



(f1) (Ustr, ‘Usta) Assumehat U = Usta(resp.U; = Usy). Then[ K | F | isJ-
critical over U} and? = C,JCy iff [ Ay | C K ]T is (resp.strongly)
stableand (i) and(9.176)hold.

(f2) Assumehat U} = Usta [Or U; = Usy] andthat [ K | F | is [strongly]
g.r.c.-stabilizing Then2z}(0) = ML?(R;U). Moreover, K is J-critical
over U; and? = C5JC iff (i) holds.

(@) Let[ K | F | beJ-critical over U} and? = CJC;s. ThenKXo+ Mus
is J-critical over U for xo when&erxg € H, us € L2 andSus = 0.

(h) We mayrestrictt to R:= TN or anyotherunboundedRk ¢ N in (9.176),(P’)
and(P1)—(P4).

By (e2),a J-critical controlover Uy canbe givenin theform of g.r.c.-SOS-
stabilizing statefeedbackff the elARE hasa g.r.c.-SOS-stabilizingolution. In
eithercasewe obtain? = C}s JC from (i). Thisiswrittenoutin Theoren®.9.10.

By (al), the solutionsof (i) correspondone-to-oneto the P-C-stabilizing
solutions of the elARE. (For other C-stabilizing solutionsof the elARE, the
correspondingostC JC is finite but  containssome“phantomcost”, hence
suchsolutionsarenotinterestingcf. Example9.13.9.)

Proof: (al) (Here“(b5)”, “(c3)”, “(c4)”, “(d1)” and“(P1)” referto Lemma
9.10.1.)

“(iii) =(i))": This s trivial. “(i)=-(I")": This follows from (c3) and (al).
“(i)=(iii)”: Thisfollowsfrom (c4)with S:=S.

“(ii) =(): By (b5), the equationshold for nt (n € N); by (d1), equation
P = C}JC holds;by (c3) (appliedto nt, n € N), (i) holds.

“(iil) =(iv)": Thisfollowsfrom (P1),(9.163)and(9.162).

“(iv)=-(i)": Thisis obvious(cf. theproofof Lemma8.3.7).

(a2)1° Assume(iii). ThenClJCy = C*JC—K*SK, by adirectcomputa-
tion usingequationsCs = C+ NK, N*JN = Sand,. N*JCs = 0, hence(P’)
holds,by Lemma9.9.1(d2).

2° Assume(ii) with (P’) in placeof (P1)—-(P4).By Lemma9.9.1(d2),we
have P = C*JC—K*SK andPA"T xo — 0 for eachxy € H. By theformer,

PBIK 5 = C*TIT*CBT' K5 + K 1ST*KBT K5 (9.177)

Fix xo € H.  Now T™"TCBT" KXo = Tt 40) DT oo i1y KsX0 — O, be-
CaUSET T, 4 o) DK5X0 — 0 and TjnT 1.00)KisXo — 0, @asn — co. Analogously
T "TKBt"T K5 %9 — 0, hence

PAY xo = PA" %o+ PBT" KXo — 0. (9.178)

Therefore(ii) holds.

(b1)Lett > 0andn € L%([0,1);U). Setn := Mtn anddefinen € 1 (0)
asin Lemma9.7.10.Then
N=Mne+T ' KsBoTne =T HL M +1,Mrt)tng =Mne. (9.179)

(b2) This follows from the factthatnow D Tjg 1)U — D5 T U, ast — oo,
by CorollaryB.3.8.



(b3) Choosaw € R s.t.u € L3(R,;U). Since(b4) containsno referenceo
Uz, we can(andwill) assumehat U := ‘Ufg o’ sothatu € U;(0).

1° Thecornvergenceclaim follows from (iii) and(9.62).

2° For the latter claim, chooset > 0 s.t. N = T{_x N, and setuy =
M~tu, sothatus := MU € M L2, henceDu; € L?, i.e., up € U;(0).
Consequentlyuy = Mt o) U = U— Mgy Us € U (0), hencet'u, € U (0)
too (becausetyg)uz = 0). Consequently

(Du, JDMIN) = (DMTig 1 Ucs, INN) + (Tl 00) DMITT ) U, JNN)
= (To)Ucs, ) +0 = (M"u, Sn),

(note that (9.162) holds for all u,v € L2, by time-irvariance) because

(Tho)Ucs, SN) = (Uesy, S) and
i) NN =TI NN = T IC BT, (9.181)

(9.180)

hence(Duz, T «)JNN) = (Dt' Uz, JCs BsT'N) = 0, by theassumption.

(b4) This follows from (b3). (Note thatin (9.175), the (inner product)
integral can be taken over over a finite intenal only, hencewe have allowed
M-lugL?)

(c) Since(i) is equialentto ('), we obtainfrom (b3) that(9.176)holdsiff
(Du, JCsx0) = O for all xg € H andall u € U} (0). Therefore(c) holds.

(d) By (8.74),we have Uexp(0) = ML?(R;U). Thereforetheequivalence
followsfrom (b2).

(e1)&(f1) Thesefollowsfrom (c).

(e2)Let (ii) hold. Then Uyy(0) = M, L2, because,Du € L2 <M tue
L2, by Lemma6.5.6(al)&(f). Therefore the equivalencefollows from (b2).

(f2) Theproofis analogoudo thatof (e2).

(9) Let Xo € H, uy € L2 andSus = 0. Setl := KXo+ Muis. Then
(Du, J(Cxp +Du)) = 0+ (Du,JDMus) = 0, by (9.175), for all u € U;(0).
Thereforey is J-critical over U} for xo.

(h) Oneobsenresthis from above proofs. O

We have alreadyshavn that J-coercvity impliesthe existenceof a uniqueJ-
critical control(if thesystemis stabilizable)herewe show thatit alsoimpliesthat
the signatureoperatotis invertible:

Lemma 9.10.3(J-coercive=> S€ GB(U)) Assumethat D is [positively] J-
coeciveover U. If (P,S [ K | F |) is a U -stabilizingsolutionof the elARE,
thenSe GB(U) [S> Q).

SeealsoLemma9.9.7(c4)&(c5).
Proof: ChooseB > max{0,9} s.t. M € GTIC,. Sete' := ||M—1||;|1CBS,

" := ¢ [te®Pds. Let £ be as in Definition 8.4.1. ChooseM :=

IT0.yM 0,1 5(12)-
Let up € U be given. Setu := X|g1)Uo, SO thatu := Mus € U;(0), by
Proposition9.10.2(c)&(b1).Choosev € U;(0) s.t.||v|| ¢ < 1 and(Dv,JDu) >



gl|ul] zz:- It follows that|v]|2 < 1. Thefunction [|ul|Z, = [z e~ ||u(t)]|§ dt is
decreasingn w; thereforepy (9.175),we have

M||Stollu > [T01)M ™~ T0,1)[[1V/]2l| Sullu > [(M*v, Suis) (9.182)
= |(Dv, IDU)| > gf|ullz; > el|ull 2 > €'l|usll 2 = " [Uollu-  (9.183)

Becauseup € U wasarbitrary Sis coercve, henceSe GB(U), by Lemma
A.3.1(c4)[andnecessarily5 > 0, henceS>> 0, LemmaA.3.1(b1)]. O

(Seethenotesonp. 520.)



9.11 Proofsfor Section9.8: eCARE~elARE

If I hadonly known,| wouldhavebeena locksmith.
— Albert Einstein(1879-1955)

Having establishedthe connectionbetween optimal control and a ;-
stabilizingsolutionof the elARE in the previous section,we now go onto shov
theelARE equvalentto theeCAREin theregularcase We startwith atechnical
result:

Lemma9.11.1Let(?,S [ K | F |) beasolutionoftheelARES.t.Zeq € WPLS

Let x and y be the state and output of Z correspondingto initial state
X0 € H andinput u € L2(R,;U). Fixt >0, and let x4 and ud be the state
and outputof 34, correspondingo initial statexd := Px(t), andinputsy(s) =
Jy(t—s), Z(s) = S(Xu—Kxg))(t — ) (s€ [0,t]). Then,for s€ [0,t], we have
xd(t —s) = Px(s) and

Mo U'(t —-) = =Sy (Kxo — Xrig ) - (9.184)

Proof: (@) Now x:= Axg 4 Btu, y := Cxo + Du, xd(t —s) 1= A(t —s)"*xd+
CAt(t— 9y + K*At(t — )2, andud(t — ) = B*xd+ AD* Ay’ + AF* AX (see
Lemma6.1.4andDefinition 6.1.5).

NotethatC* A = C*Ar_, y4(t — ) = I, At(t)y and
ATt —s)Im At(t) . = e T1(—(t—9) () d = n[o,t,s)r(s)l (9.185)
Therefore(recallfrom Definition 6.1.1,thattt, 1(s)C = CA(s), Bt(t —s)1_ =
A(t —s)B, andm, D = CB)

Xd(t —s) = A(t —s)* P (A(t)xo + B (t)u)
+C o _gT(S)I (Cxo + D) + K o5 T(5) S(— KXo + Xu)
= A(t —9)" PA(t ~ A(S)%0 + C'Tio;_5ICA ()% — K" Ty o SKA(S%0
+ (A(t — )" PBI(t —5) + C' T 1_5) I+ K* T ;g SX) (Thg_g) + 1T )T(SU
= PA(S)Xo + 0+ (A(t — 8)* PBI(t — ) + C T _g) ID+ K* T ;_¢)SX) TLT(S)U

= PA(S)Xo + PBt(S)u = PX(S),

(9.186)
wherethelastthreeidentitiesfollow from (9.161)(in fact,(9.161)) and(9.159)
(with Bt(t — )T = A(t — 5)B, . D = CB andt, Xt = —KB). Similarly
(we omit thedetalils),

T4 At(t)ud = T, T(—) B Px(t) + 1, 1(—t) D AIm, At (t)y

+ 14 T(—t)F*ASIT At() (Xu—Kxg)) (9.187)
= Tho,t)SXu— Sty KXo,
by (9.161)and(9.160),asabove. O

In Lemma 9.11.2 and Proposition 9.11.4 we establish the implication
elARE=eCARE.



SincetheLyapuna equatiordoesnot containfeedthrougtoperatorsit is very
handyto move from its differential(instantaneoudprm to theintegratedoneand
conversely:

Lemma9.11.2(Lyapunov equation) Let S € B(U) and [§ 115)] €
WPLS(U,H,Y xU).

Then? € B(H) satisfiesthe Lyapunw equationA*? + PA+C*JC = K*SK
(€ B(Hq,H*y)) iff (9.159)holdsfor all t > O. m

(Thisfollows from Lemma9.7.8with J— [’ 2] andP — 2.)

Note that this equationdoesnot require ary regularity assumptionsinlike
the secondandthird equationsof the CARE (which containexplicit feedthrough
operators)treatedn Propositior9.11.4.

Now we have obtainedthe first equation(the Lyapunw equation)of the
eCARE.Therestis notassimple. For S, we needdifferentformulaein different
occasions.Several suchformulae,including the middle equationof the eCARE,
canbedervedfrom (9.190)or (9.188),thatwill beestablishedbelow.

Proposition9.11.3(X*SX=D*JD +...) Let the elARE have a solution
(?,S[ K| F]). Setw=max{0,wa}. Then,forall s,ze CJ andup,vo € U,
wehave

(X(3)Uo, SX(2) Vo), = (D(8)Uo, ID(2)Vo)y + (s+2){(s— A) ~*Buo, P(z— A) *Buwo), -
(9.188)
In particular,

(a) If D,X € WR, thenX*SX = w-limg_, 1 D*JD + B, P(s— A) ~!B.
(b) If D, X € SR, thenX*SX = D*JD +s-lims_, 1, 25B* (s— A*) "1P(s— A)~1B.
(c) If D, X,Bt € SVR, thenD*JD = X*SX.

Note that the conclusionsinclude the convergenceof the limits (including
the fact that P(s— A)~1Bug € Dom(B:,) for all up € U in (a), etc.). From (b)
we obsere thatif D andX are SRand||(s— A)~'B|| < s™" for somer > 1/2
andall real s big enough(this is truefor r = 1/2, by Theorem6.2.11(b3)) then
X*SX = D*JD. Thus,thew-lim termcanbenonzeroonly whenB is “maximally
unbounded”. SeeRemark9.9.14(b)for somefurther sufficient assumptiongor
X*SX = D*JD.

Proof: (In fact, it sufiicesthat X!*SX! = D!*JD' + B'*PB! for all t > O,
> e WPLYU,H,Y),X € TIC, S,J, P € B, andthatthereisa > 0s.t.5,ze C{
andBt,D, X € TICy.)

Let u = eXup, v := vy, so that T u, v € L3 for somea > w,
and work as in the proof of Lemma 2.2.4 (note that (B't'u, PB't'u),, —
{(s—A)"1Buy, P(s— A)"Bwy),, by Lemma6.2.10). Divide the result by
[0, esttZdt = (s+2)~1 to obtain(9.188).

In the sequelwe shall use the facts that M(s) = (s— A 1Buw, by
Theorem6.2.11(b1)andBrt is ULR, by Lemma6.3.16(c).



(@) Let s — +co in (9.188) (recall that “s — +0” means“s € R and
S— +”) to obtain

(Xuo, SX(2)Vo), = (Duo, ID(2)Vo)y + (U, B, P(z— A) " *Bvo)y +Z-0  (9.189)

(indeed the limit (Xuo, SX(2)Vo), — (Duo, ID(2)Vo)y existsandup is arbitrary
we have P(z— A)~!Bvy € Dom(B,)). Thenlet z— + to obtain(a).
(b) Substitutez — sinto (9.188),andlet s— +o0 (useLemmaA.3.1(i2)).
(c) Justsubstitutez, s+ B+ iy into (9.188),andlety — +co. O

WhenD andF are WR, we canderive also the second(at least)and third
equationof theeCARE:

Proposition9.11.4(WR elARE=eCARE) Let D be WR, and let the elARE
havea WRsolution(?,S, | K | F ]). Thenwehavethefollowing:

(@) If xo € H,up € U andAxg+ Bup € H, then
(ByP+D*ICy + X*SKy)xo = (X*SX — D*ID)up. (9.190)

(b1) For anyug € U we have
X*SXup = D"IDuo + w-lim B, P(a —A)"Bu. (9.191)

(b2) If N € TICNSHPRandX € SR, thenD*JD = X*SX.
(b3)If B},? € B(H,U), thenX*SX = D*JD.
(c1)If D,F € SR then® > 0= X*SX > D*JD.
(c2)If F € SR then?,J > 0= X*SX > D*JD.
(d) X*Kxp = — (B, 2 + D*JC)x for all xo € Dom(A).
If [ K| F ] is admissibleand| —F is left-invertible (this is the caseif F
is SR, by Proposition6.3.1(al)),thenwe canapply (d1) (and (d2) if F = 0) of

Proposition6.6.18.
Proof: (a) In the proof of Lemma9.8.9,we have,by Lemma9.11.1 that

ud = BG4+ DYy + F9A = B xd + Dy + F* 2, (9.192)

hence)y (9.184),Theorem6.2.13(a2)Lemma6.2.9(b),
Stjoyz=ul(t—-) =By, Px+D*Jy+F*S, equivalently, (9.193)
X*S=B)Px+D*Jy (on]0,t)). (9.194)

But z is the outputof [_A}K g], hencez = —Kyx+ Xu. Thus, by settingthe
agumentequalto zero, (9.194) becomes9.190) when we note that y(0) =
CwXo + Duo.

(b1) Take X := (a — A)~1Buy € Hg and apply (a) (note that, [%VV] (a—

A)~1Buy — 0 weaklyasa — +, by Theorem6.2.11(d1)).



(b2) We have D = NX, henceD € SRandD = NX, by Lemma6.2.5. But
N*JN = § by Lemma9.10.1(c2)andcontinuity, henceN*JN = S, by Lemma
6.3.6(b),henceD*JD = X*SX.

(b3) By Lemma A.4.4(d3) (with H_; in place of H), we have (s—
A)~1Buy — 0in H, ass — +, for all ug € U, hence(b3) follows from (b1).
(Notethatnow also (B}, ?)w = B;,? € B(H,U).)

(c1) Thisfollows from Proposition9.11.3(b).

(c2) This follows as in (c1), becausethe term (Cy(s— A) ~1Buy, JDup)
and its adjoint corverge to zero, the term (Dup,JDug) is constant, and
(Cw(s—A)"1Buy, JCy(s— A)~1Bug) > 0.

(d) Take up = 01in (a). O

Having shovn theimplicationelARE=-eCAREiIn Lemma9.11.2andin (b1)
and(d) of Propositiorn9.11.4,we now turn our attentionto the corversedirection
eCARE=-elARE. We startby sometechnicalimplicationsof theeCARE:

Lemma 9.11.5(eCARE=>) Let D be WR,and let (P,S[K |I-X]) bea
solution of the eCARE(in fact, equationK*SK = A*P + PA+ C*JC neednot
hold). Then? € B(Hg,Dom(B},)) and

(@) (B, P+ D*ICy + (X*SK)w)Xo = (X*SX — D*ID)Up = W-liMs  4e0 B, P(S—
A)~1Buy wheneer Axy+Bup € H.

If, in addition,X,Se GB(U), thenwe havethefollowing:

(b) K, B, P € B(Hp,U) C B(Ha,U).

() (ByP)w,ByP € B(Hg,U), but (By,P)w = BLP — w-lims_, 4 B, P(S—
A)~ 1B although(B;,P)y, = B:,P onHy.

(d) If [%ﬁ genemtea WPLSS o, thenS e is WR.

(e) Zext In (d) is SR[URY] iff Z is SR[UR] andtheweaklimit in the CAREexists
asstrong[uniform] limit too.

As one obseres from 2° of the proof, for ary WR X = [&12] €
WPLS(U,H,Y), J=J* € B(U,Y), P € B(H), andB,? € B(H;,U), we have
3(B%P + D*JC)wXo for all xp € Hg < Iw-limg_, B, P(a — A)~1Buy for all
Up € U. Thus,assumingX,Se GB(U), the weakregularity of K (i.e., that of
F andX) is containedin (equialentto) the assumptioron corvergenceof the
secondequationof e CARE!

Proof: (Thefirst equationof theeCAREis not usedin this proof.)

(a) (We prove herealsoa partof (b).)

1° The inclusion P[Hg] C Dom(B,) was notedin Remark9.1.6. By
LemmaA.3.6, it followsthat? € B(Hg,Dom(B},)), henceB},? € B(Hg,U) C
B(H1,U).

2° “Hg € Dom((X*K)w)” & (a): Let xo € Hg andup € U bes.t. 75 :=
AXo + Buy € H (see Definition 6.1.17). Set xs := S(S— A)*lxo € Hy so
that (X*SK)wXo := W-limg 1o (X*SK)Xs, by Proposition6.2.8(al),oncethe



cornvergenceof this limit is establishedthis will be donebelon: usingthe
eCARE,we get

X*S'(XS - —D*JCXS— B;';VTXS
— —D*JCyXo— B\val’xo+vs\:|ij B P(s— A) 1By,

since
Bi,Pxs = BPs(s—A) % =B,P(I+A(s—A))x
= By PXo+By,P(s—A) (20— Buo)
= ByPxo+0—w-lim B, P(s—A) 1Bu,

becausdgs— A) 1z m 0, by LemmaA.4.4(d3),andB;,? € B(H,U).

(b) SinceX*Se B(U), we now have Hg C Dom(Ky), by 2°. By Lemma
A.3.6,thisimpliesthatK, € B(Hg,U).

(c) If Xo € Hg andug € U ares.t.Axg+Bug € H (seeDefinition6.1.17) then
the latter limit in 2° shaws that (B}, ?)wXo = B}, PXo — W-lims 1 By, P(S—
A)~'Bu (andthat this limit exists). Thus, Bf,? € B(Hg,U) (cf. the proof
of (b)). Naturally both (Bj,?)w and B},? are (continuous)extensionsof
By, P € B(H1,U).

To getanexamplewhere(B;, P)wxo # B}, PXo, apply(9.117)to arny ug # 0
(with, e.g.,X0 := (s— A) " 1Bup).

(d) Zext is WRiff Hg € Dom([§],,) = Dom(Cy) N Dom(Ky), by Proposi-
tion 6.2.8(al).If Xp € Hg, thenxg € Dom(C,) by the weakregularity of ~ and
Xo € Dom(Ky) by 2°.

(e) CertainlyD € SRis necessarnhencewe assumedhatD is SR, andfind
outwhenF is SRt00,i.e.,whenK,,(s—A) 1B — 0 strongly equivalently, when
X*SKy (s—A) 1B — 0 strongly(becaus&X*Se GB).

By substitutingky = s(s— A) "By into (a), we seethat
X*SKy(s—A)"1B- B, P(s—A)1B= -D*ICy(s—A) B+ X*SX - D*ID.

(9.195)
Becauséd® is SR,theright-hand-sideornvergesstrongly ass— +. Therefore,
X*SKy (s— A) 1B corvergesstronglyiff Bf,P(s— A) !B corvergesstrongly

The sameproof appliesfor uniform regularity (andfor ary otherform of

regularity), mutatismutandis. O

Since the secondand third formulae of the eCARE contain feedthrough
operatorsand the term B}, 2, we needto be careful whenwe “integrate” them
to obtainthe elARE, unlike in the simple caseof the Lyapunw equation(see
Lemma9.11.2).However, we write the proofsin detail, sothatthe readershould
beableto follow thesteps We startwith theslightly simplerone,namelythethird

equation:

Lemma9.11.6(X"*SK' = — (D'*JC +B'*PA!)) Let £ be WR, and let the
eCAREhavea WRsolution(?,S [ K | I —=F ]). Then,forall t >0,

XSk = — (DHIC + B PA). (9.196)



Proof: SetT(t) := X*SK! + DH*JIC + B PA! € B(H,L?([0,t);U)) for
t > 0. By density(seeTheoremB.3.11),it is enoughto show that

f(t) = fux(t) == (UT({t)x)2=0 (9.197)

for arbitraryt > 0,u e (Z°((0,t);U) andxo € H1. Letv,xg beasabove,andset
(seeTheorem6.2.13(b))

x:= A(-)x0 € CY([0,%0);H), z:=Blue CY(R;H)NC(R;Hp),Xue W2 c C
(9.198)

to obtainX = Ax, Z = Az+ Bu, X,Z € C(R;H); (Xu)(t) = u(t) — Kwz(t),
(Du)(t) = Du(t) + Cyz(t), Cxo = Cx(t), Kxg = Kx(t) (see(6.46)). Thus, (to
bebrief, we dropherethe (t)’safteru,x,x, z Z)

f(t) :/Ot (Xu, SKxo)\ dt-l—/ot (Du, JCxo)y dt +(z, PX)y .- (9.199)

Because (0) = 0 (sincez(0) = 0), it is enoughto show that f/(t) = O fort > 0,
since by LemmaB.5.4, f € C%([0,)) and

f/(t) = (Xu— Kz, SKX), + (Du+Cwz,JCX)\ +(Z, PX)y. (9.200)

Now (z, PX)y, = (2, PX), +(Z, PX) = (z, PAX), + (Az+ Bu, PX),,. Setz :=
r(r—A)~1ze Hy forr > wy, sothat [%VV] z=w-lim_ 4 [ %] , by Proposition
6.2.8.Then

F'(t) = lim ({u, (X*SK + D*IC)X) + (z, (C*IC— K*IK)Xy (9.201)

+(z, PARy + (AZ, PX)+(r(r — A)1BU, PX)). (9.202)
ButC*JC— K*JK = —A*P — PA, by theeCARE,hence

f'(t) = lim ((u,(X*SK+D*IC)X), +(u, B*r(r — A*) "1 Px)) (9.203)

r—+o0
= (u, (X*SK+D*JC+ By, P)x), =0, (9.204)
by thedefinitionof K. O

Now only thehardespartof eCARE=-elARE remains:

Lemma9.11.7(X**Xt = D'*JD! +B!*PB!) Let Z be WR, and let the eCARE
havea WRsolution(?,S, [ K | I =X ]). Then for all t > 0, wehave

X*sxt = DDt + BB (9.205)

Proof: The proof belon requireseven more patiencethanthe oneabove.
One might ask whetherthe proof could be simplified in most specialcases,
e.g.,whenD € MTIC. However, it seemsthat this is not the case;in the
SR case,somedetailswould be slightly but not essentiallysimpler and even
forD e MTICLl, we do not know ary way to avoid the tricks with the non-
commutinglimits or similar difficultiesin the proof.

Fix t > 0 (for t = 0 (9.205)is trivial). Letu € W?(R;U), _u= 0, andset
x := Btu. Then,by Theorem6.2.13(b1)(ii),we havex € C*(R;H) N C(R;Hg),



X' = Ax+Bu=BtU € C(R;H), Du= Cyx+ Du, Xu = Xu—Kyx, X(0) = Bu =
Brt_u= 0. Becaus€&€,, andK,, arecontinuouon Hg, by Propositior6.2.8(al),
functionsDu andXu arecontinuoushencesoarefunctionsf, g, h, hy andhy,
thatwe will definelater Let T € [0,t) be arbitrary Set(we will write u for
u(T), x for x(T) andx for X (T) exceptin “Du” and“Xu")

g(T) : ={((Du)(T),I(Du)(T))y = (Du+Cyx,IDu+ICyX)y
= (u,D*IDU) + (u,D*ICyx), +(D*ICuX, U} + (CwX, JICwX)y -

Setalso

F(T) + = ((Xu)(T), SXu)(T))y (9.206)
= (Xu, SXu); — (Xu, SKyX); — (Kwx, SXu); + (KwX, KwX)y -  (9.207)

Now x(T) € Hg neednotbelongto Dom(A), yetthedefinitionof K andthe
Riccati equationgive usinformationfor xo € Dom(A) only. To overcomethis
problem,we definexs := s(s— A)~Ix(T) € Dom(A) for s> wa, getting (we
first useProposition6.2.8(al) thenthe third andfirst equationof the eCARE
with S=S)

f(T)= rl_imwsﬂmw [{u, X*SXu), — (U, X*SKxg)y — (X*SKX, U}, + (Kxr, SKXsh, |

= lim lim [(u,X*SXu), +(Xu, (B}, + D*JC)xs)y

[—+00S—+00
+ <(B\>|I<V£P+ D*‘]C)Xra XU>U + <KXras<X3>U]
= lim lim [(u,D*JDu), + (u, (X*SX —D*JD)u),

[—+005—4-00
+{u, (BL,P + D*IC)xg), + (B, P + D*IC)x, U,
H(AX, PXgy + (P, Axgy +(CXr, ICXey] = g(T) +h(T),

where  g(T) = liMieliMs,i0[(u,D*IDU), + (u,D*ICxy, -+
(D*3Cx;, U, + (Cx, IOk ] = ((Bu)(T), (IDu) (), and
h(T) := rl_imwsﬂ)rﬂw [(u, (X*SX — D*ID)u)y + (U, By, PXs), (9.208)

+H{AX, PXyy + (ByPXe, Ul + (P, Ax)y ] - (9.209)



Ontheotherhand,h(T) = hy(T) + hp(T), wheré

ha(T): = = lim lim (B PXe, Uy + (P, AXe)yy |
—ngmR S(s—A") T1Px, Uy + (P, Axe)y]
:rlmsl,mo[(?xf s(s—A)~1Bu), +(£er,s(s—7A)—1Ax)H}
— Jim fm (P, (s~ A) ")y

= (Px,X)y = (%, PX)
(thenext to lastidentity is from LemmaA.4.4(d1)),and
hy(T) := rI|_r>rgosllrg0 [{u, (X*SX — D*ID)u)y + (U, By Pxs)y + (AX, PXyy ] -
Now (we usefirst theeCARE,thenLemma9.11.5(a))
SIi_r)r(]o(u, By PXs)y + (U, (X*SX —D*JID)u, (9.210)
= lim (u, —(D*JC+ XSK)xg)y +{u, (X*SX ~ D*ID)u)y (9.211)
= (U, —(D*JCy + XKy )x+ (X*SX — D*ID)u), = (U, BL,PX),, (9.212)
becauséx+Bu=x € H, asrequiredin Lemma9.11.5.Therefore
K, Px)yy = lim (r(r —A)X], Px),
= rIi_r)rgo(r(r —A)~1[Ax+BU], Px),
= lim [{r(r=A)1Ax Py, +(r(r = A)1Bu, P,
= rIi_r)rgo(Axr,iPx),Jl +{u, By PX), = hy(T).

(N.B. [Im; e (A%, PX)y exists.f Thus,still for anarbitraryT € R, we have

h(T) = ha(T) +ha(T) = (X, Py + (%, PX )y = (X, PXyy(T). (9.213)
Becausdl € R wasarbitrary we get(recallthatD* := o DTigy))

(XU, XU o — (DU, IDY. = / T)dT — / T)dT  (9.214)

_/ _ /0 (x, PX)L, (T)dT (9.215)

x(t), fo(t)) 0 = (B PBU,. (9.216)

3To clarify this partof the proof, we useherebarsfor (uniquecontinuous)xtensionsg.g.,by
(s—A)~1 e B(H_1,H) we denotethe extensionof (s— A)~! € B(H,H;). Onecaneasilyverify
that (s— A)~1 is theinverseof s— A and(x, (s— A)~12), = ((s— A*)—lx,z)(Hi,’Hfl) forall x e H,
ze H_;. ConsequentlyB;,x, U}, = lims 1« (X (s— A)~1BU), for ary u € U, x e Dom(B;,) (see
Definition 6.1.17).(All this holdsfor ary = € WPLS.)

“Note that the commutator(limglim; — lim, lims) ((u, B, PXs)y +(Axr,fos)H) of the expres-
sionin hy(t) is equalto the term{u, (X*SX — D*JD)u), (which is frequentlyzero, cf. Remark
9.9.14).Whenthis commutatoiis zero,we cancomputeh; (T) in thesameway ashy(T).




Since ¢2((0,1);U) ¢ WH2(R;U) is continuousin L?([0,t);U), we obtain
(9.205). 0

Any solutionof the CARE with S>> 0is WR:

Proposition9.11.8(S>0 = P isWR) LetX beWR,andlet (?,S K) bea so-
lution oftheeCARE ThenwehaveX! *SXt = D' *JDf + B! * 2B onWg?(R,;U) =
{ue WH?(R;U) |m_u=0}, forall t > 0.

If, in addition, S>> 0 and X = |, then [2}3] geneatea WRWPLS[2]2],
and(?,S [ K | F ]) isa WRsolutionof the IARE.

(In the first claim, we have set (Xu)(t) := —KwX(t) + Xu(t) (a.e.), where
x := Btu. The claim meansthat (X'u, SX'u) = (D'u, JD'u) + (B'u, PB'u) for all
(ue W52).)

Proof: The original proof of Lemma9.11.7will do for the claim on Wé’z
(seeLemmaB.7.9for W(l)’z). AssumethenthatS>> 0 andX =1.

By Lemma9.12.2(a1),[§] generatea WPLS, hence(1.)—(4.) of Lemma
6.3.13aresatisfiedoy [%’lﬂ (with C¢ — —Ky, andD¢ — |). Fromequation
Xt*sxt = DD + B PR we deducethat ||SY2Xtul|2 < M|ul|2 for all u €
C2((0,t);U), sothatalso(5.) of Lemma6.3.13holds. Therefore,[%’»ﬂ

generata WPLS.
By Lemma9.11.5(b),we have Ky, € B(Hg,U), hencethis WPLSis WR.
]

In the SR case the above proofscanbe modifiedto cover the casewherethe
[e]CARE is replacedy the correspondingnequality:

Proposition 9.11.9(Riccati inequality) Assumehat is SRandthatsome? =
P* € B(H), S=S,X € B(U) andK € B(Hj,U) satisfy

K'SK <A*"P+PA+C*IC € B(Dom(A),Dom(A)*)

* oY ] _li * . -1
X*SX =D ‘]D+ss_>|ﬂ]o ByP(s—A)™B € BU) (9.217)
X*XK = —(B?+D*JC) € B(Dom(A),U).

(@) We haveK' *SK! < A" PA! — P+ C*JCt on Dom(A), whete (Kxo)(t) :=
KAlxg forall t > 0, xp € Hj.

If S>>0, then[#] geneatea WPLSandK'*SK! < A'*PA! — P+ C*JC!
(onH) forallt > 0.

(b) If Hg € Dom(Ks) (this holdsif X,Se GB(U)), thenwe haveX *SX' <
D*JD + BB onW54(R;U), for all t > 0.
() If [%] genertea SRWPLS[%%B;] , thenwehaveXt*Sxt < DHID! +

B PR for all t > 0 and X*SX < D*JID + s-lims_, . 25Bf (s— A*) 1P (s—
A)~1B.



(d) If wecanhave*K *SK 4 €l+” in placeof “K *SK” in (9.217),thenwe can
haveX!*SX! 4+ el "I in placeof Xt*SX! in both (b) and (c).

(e)If S>> 0andX = I, then [_A;K}—E} geneatea SRWPLS[%%BJ , hencethen
(c) applies.

(In (a),we have set(Xu)(t) := —Kwx(t) + Xu(t) (a.e.)wherex:= Btu. In (b),
we have setlL := Bt € TICw(U,H); donotmix up L' := 1o By : L5 — L
with B' :=Brlm, L2 — H.)

Thus,for the Riccatiinequality(9.217),thefirst andthe third equationof the
elARE becomenequalities.However, the third equationseemdo be lostin the
above casedueto its asymmetry(cf. the proof of Lemma9.11.6).

By (d), in thecaseof “ <", we have X' *SXt + eV L' < DV JD! + B PR (t >
0) for somee > 0. To treatthe oppositesigns,multiply S J, P by —1.

SeeLemma9.12.2for analogousesults.

Proof of Proposition 9.11.9: (a) This is containedn Lemma9.12.2(al)
and(9.220).

(b) 1° We obsene from 2° of the proof of Lemma9.11.5(a)thatif X,Se
GB(U), thenX*SKs € B(Hg,U), hencethenKs € B(Hg,U).

2° SetR:= A*P + PA+C*JC—- K*K € B(H1,H*,), sothat(xg, Rx) > 0
for all X € Hj. SinceCx;, — Cyx stronglyandKx, — KyX strongly asr — +oo,
wemayreplacelim 1o lims 1" by “lim;—s 1" in theproofof thelemma
(by LemmaA.3.1(i2)). (Thisis thereasorfor the explicit andimplicit “strong
regularity assumptionsn D andX”).

Then“f(T) =g(T)+h(T)” mustbereplacedoy “f(T) =g(T) +h(T) —
K(T)”, wherek(T) := limy_ ;e (X,RX%) > 0 (the limit exists sinceg(T) —
h(T) — f(T) corverges, as shavn in the proof). Consequentlywe have
obtained(9.215)with “<” in placeof “=".

(c) Thefirst claim follows from (b), by density(seeTheoremB.3.11(b1)).
The seconcclaim follows asin the proof of Propositior9.11.3(b).

(d) Now, in the proof of (b), thereis € > 0 s.t. (X0, RX) — &(Xo,X0) > O
for all xp € Hy. SetC:= [§], D:= [3], J:= [3 %] to get the setting

of (b) with S := (é g) € WPLU,H,Y xU), JandR:= R—¢l >0 in

placeof ¥, J andR, respectiely. ThenD*JD' = DHJID! — eLH*1LE, where
L := Bt € TIC»(U,H), hencethis follows from (b). (Analogously we have
KUSK 4 eRURE < AV PAL — 2+ CH*IC on Dom(A), where (R'xg)(t) =
Alxgxo €H, t>0))

(e) By (a), [%} generatea WPLS, hence(1.)—(4.) of Lemma6.3.13are

satisfiedby [H] (with C¢ — —Ky andD¢ — 1).
Also (5.) of Lemma6.3.13holds, by (b). Therefore[%}fﬂ generatea
WPLS.SinceKs € B(Hg,U) (by (b)), this WPLSIs SR. O

Notesfor Sections9.10and 9.11
In [S97Db], Olof Stafansshaved that the existencea spectralfactorization
leadsto an optimal statefeedbackpair. In [S98b, Section4], this was applied



to the stabilizedform of a jointly stabilizableand detectablesystem. In [S98b,
Section 5], the state feedbackpair was shovn to lead to formulae (9.153)-
(9.161). The proofs of (“necessityparts” of the) Lemma9.10.1(al)—(b4)&(c2)
areessentiallyfrom there.

In the samesenseLemma9.11.1equalsCorollary 5.7 of [S98b], and also
Lemma9.11.2andformulae(a), (b1),(c1)and(d) of Propositior9.11.4arefrom
[S98b, Sectionst—7]. Most of Proposition9.11.3is from a preprintof [SWO01a]
in thesamesense.

In the generalityof [S98b], mostof the stablecaseof Lemmas9.11.2,9.11.5
and9.11.7andPropositior9.11.4is containedn [Mik97b] and[Mik98].



9.12 Further elARE and eCARE results

'My feethathfate, O king, hesaid,
'here overthemountainsbleedingled,
andwhatl soughtnot | havefound,
andloveit is hathere mebound.

For fairer thanare bornto Men

A daughterhastthou, Luthien.

— J.R.R.Tolkien (1892—-1973);The Lay of Leithian"

In this section,we shall extend someclassicalresultssuchasthe correspon-
dencebetweenopen-loopandclosed-loopRiccati equationswe shall alsostudy
“pseudospectrdiactorizations’{somethingcloseto a spectralfactorization).

However, we startby makingaremarkon “irregularCARES”:

Remark 9.12.1(“Compatible CARE”) By applying Lemma6.3.10(b)instead
of Theoem6.2.13in the proofs,we seethat Proposition9.11.4(a)&(d)hold for

any WPLSprovidedthat we male replacement$Cy,, D) — (C¢,Dc), (Bj,,D*) —

(B, Dj) etc. We haveto remindthat compatiblepairs are not uniquein geneal

(theequationshold for any sud pairs).

In particular, the third equationof the eCAREhold in the compatiblecase
too. Thefirst (Lyapunw) equationof the eCAREholdsfor anyWPLS by Lemma
9.11.2.

Unfortunatelywe haveno decenformulaefor Sin thegeneml case andthus
any attemptsto definean “eCARE” that would imply the elAREseemdoomed.
Theefore, it seemamore adviseableto use Section9.7 with someadmissibility
conditionin the casewhele the statefeedbak pair is notknownto beregular.

Notethatin theabove caseformulaesuchasX(s) = X —K¢(s—A)~!B hold,
by Lemma6.3.10(a)andthat[ K | F | is uniquelydeterminedby K. andXc.
Theoutputstability of Z is equivalentthe solvability of a CARE:

Lemma 9.12.2(A/C is stable<> CARE) LetC € B(H1,Z), J € B(Z). Define
C 1 H1— C(R4;Z) by Cxo := CAXg (X0 € Hi). We saythat“ C is stable” if [%}

genelateaWPLS[%] with C € B(H,L%(R.;Z)). Thefollowing hold:

(al) AssumehatJ > 0. If someP € B(H) satisfies
C*JC < A*P+ PA+C*JC on Dom(A), (9.218)
then [%} geneatea WPLS.
(a2) Assumehat J > 0. ThenC is stableiff thereis P € B(H) s.t.? > 0 and
AP+ PA+C*IC<0 onDom(A). (9.219)

(b) Assumethat C is stable Then® = C*JC satisfiesA*® + PA4C*JC = 0,
and? > P for any? > O thatsolves(9.219).



In particular, if J> 0, then? = C*3Cis the smallestnonngative solution
of (9.219).

(c) AssumethatA is stronglystableang@jtable Then? = C*JC istheunique
solution(in B(H)) of A*? + PA+C*IC = 0.

(d) The semigoup A is exponentially stable iff A*?P 4+ PA <« 0 for some
nonngative? € B(H) (andanysud P necessarilysatisfiesP > 0).

Notethatwe cantake C := | =: Jin (a2)to checkthe exponentialstability of
A, by (d). Naturally, we obtainanalogousesultsfor (A, B), by duality (recallthat
strongstability is thenmappedo strong= stability).
Proof: (al)Fixt > 0. By Lemma9.7.8(b),(9.218)is equivalentto

CHIC < AV'PA — P+ CHIC (t > 0), (9.220)
on Dom(A). Thus,thereis M < « s.t. ||51/2Ctxo||L2 02) < M||%o||% for all

Xo € Dom(A). SinceJ¥/2>> 0 (by LemmaA.3.1(b4)),it followsfrom Corollary
6.3.14that [%} generata WPLS.

(a2)1° Let 2 beary nonngativesolutionof (9.219),andassumehatJ > 0.
By Lemma9.7.8)(b),inequality(9.219)is equialentto

P> AP PA + C*IC (t > 0), (9.221)

on Dom(A), hence||J/211o)Cxol13 < (X0, PX0) (t >0, X € H1). Conse-
quently C hasa unique extensionC € B(H,L%(R,;2)), hence(%) is an
output-stablaVPLS.

2° Assumethat [é] € WPLS, C is stableandJ = J* € B(Z). Let ¥’

be the systemgeneratecby [5,{—8,} = [%’ﬁ;] SetJ = [(J) } so that the
correspondingostfunctionbecomes

7' (X0, ) = (Cxo,ICx0)+ [|ull3, and (9.222)
(Cx+Du,IDn)=un)> (X€H, un e Upux)=LAR;U)).
(9.223)

Thus, ugit(Xo) = 0 is the unique J'-critical control for eachxy € H, so that
P =C*JC. SinceB = 0is boundedandD’*J'D’ = |, theoperatorP corresponds
to the unique Ul ,-stabilizing solution of the CARE (or B,-CARE) A*P +
PA+C*IC=0,S=1, XK =0.

(b) Assume that <C is stable and that ? = C*JC, so that 7_solves
(9.221),by 2°. By (9. 221) ary othersolution P >0 satisfies? > C*JC +
s- Ilmt_>+mAt*fl’At > C*JC.

If 3> 0,then? > 0, hencethen? is the smallesthonnegative solutionof
(9.219). L _ o

(c) Now P = C*JC + s-lim_, 1 A" PA = C*JC for ary solution P €
B(H), asin (b).

(d) Naturally, theinequality” A* P+ PA < 0" (onDom(A)) meanghatthere
is € > 0 s.t. (Axo, PXo)y + (X0, PAX0)y < —&(Xo, X0y for all xo € Dom(A) (cf.



Definition A.3.23;it obviouslyfollowsthatKer(?) = {0}, i.e.,that? > 0 (even
P> 0if Aisbounded)). N N

If A*P + PA < —¢l and P > 0, then C is stable,where C'xo := A'Xg
(t>0, o€ H), by (a)(setC:=1,J:=¢€l > 0), hencethenA is exponentially
stable by LemmaA.4.5(1)&(ii).

Corversely if A is exponentially stable,then A*® + PA+1*I1 < 0 on
Dom(A) for some? > 0, by (a2) (andwe canhave P = C*C > 0, whereC is
asabove). O

We now adopt the notation P € elARE(Z,J) (or (P,S[K |F]) €
elARE(Z,J)) for the solutionsof the elARE for < andJ. In the lemmabelow,
we shav how the solutionsof a perturbedsystemcorrespondo the solutionsfor
theoriginal one:

Lemma9.12.3Let [ K' | F' | beadmissiblefor £ with closed-loopsystent,.
SetM’ := (I —F)~L. Then

(?,S[K | F])eelARE(Z,J) & (9.224)
(2,S [ K—XK, | | — XM’ ])GWRE([%H%} J). (9.225)

Moreover,

(@) If ¥ andXM'’ (resp.andF) are as above and haveany strongor uniform
regularity property thensodoesF (resp.XM').

(b) Thetwo top rows( [%H%é] ) of the correspondingclosed-loopsystemsire
equal(hence(P) is satisfiedfor Z iff it is satisfiedfor [%H%f]) andLemma
6.7.11(al)—(a6applyfor thethreepairs.

(c) Assumehat [ K' | F' | is[q.]r.c.-SOS-stabilizingnd ? = P* € B(H).
Then? is[q.]r.c.-SOS-stabilizinfpr Z iff P is g.r.c.-SOS-stabilizin¢equiv-
alently, stableand|[r .c.-]]SOS-stabilizingJor [%‘j—’%} .

(d1) If U; = Uexp, thenthe J-critical statefeedbak pairs (equivalently expo-

nentially stabilizingsolutionsof the elARE)for X and [éH%] correspond
to eadh otherthrough(9.224).

(d2) Assumethat U} = Usta [ Ustd Uoud, andthat [ K' | F' ] is q.r.c.-SOS-
stabilizing
Then the J-critical g.r.c.-[strongly/SOS-]stabilizingstate feedbak pairs
(equivalentlyP-q.r.c.-[strongly/SOS-]stabilizingolutionsof the elARE)for
> and [%H%] correspondo ead otherthrough(9.224).

Proof: Assumethat (?,S,[ K | F |) € elARE(Z,J). SetX, := XM/,
Fy :=1-Xy, K, :=K-X;K'. Thenitiseasytoverify that(?,S [ K, | F, |) €

elARE( [%H%} ,J). Exchangeherolesof andZI;l to obtainthe corverse.



DA

K XKb I—XM’
Flgure9 2: Thesettlngof Lemma9.12.3

2
& /r\\/r/
£
Y
2, - 25

b
Figure9.3: Thesettingof Propositior9.12.4

25

(a) SetX, :=XM'. SinceX;,X,M' € GTIC»(U), ary strongor uniform
regularity propertysharedy two of theseis sharedy thethird too, sincesuch
propertiesarepreseredin compositionsby Lemma6.2.5.

(b) This is the settingof Lemma6.7.11(a’)with [ K | F | in place of
[K? |F? ] and [ K' | F' ] in placeof [ K | F ], hencethe conclusions
(al)—(a6)applywith thesereplacements.

(c) Thisfollowsfrom Lemma6.7.11(a2)&(alpndLemma6.6.17(b).

(d1) This follows from Theorem9.9.1(al)andthefactthat Ais is common
for bothsolutions by (b) (andLemma6.1.10).

(d2) For Uy this follows from (c) (“g.r.c.-SOS-"), (b) (for “P-") and
Theorem9.9.1(b).Since[ As | Bis | arecommonfor bothsolutions by (b),
this leadsto theclaimson Usta and Usg. O

Thus,if K, is anoptimalfeedbacKor Z,, thenthepreliminaryplustheoptimal
closed-looffeedbackl’ 4- Ky producethe optimalopen-loopfeedback (i.e.,the
sameA C, hencethe same(possiblyoptimal) statex.s andoutputys):

Proposition9.12.4(Z-CARE 22 Z,-CARE) Let K’ be an admissibleSR state
feedbak opemator for Z with closed-loopsystent,.
TheWRsolutionsofform (2,S,[ K | 0 |) oftheeCARHor X correspondl-1

to theWRsolutionsof form (7, S, [ K | 0 |) oftheeCAREor [%H]—gﬂ through

K=K'+Ky,, S=S, P=2. (9.226)

Also(a)—(d2)of Lemma9.12.3apply; in particular, if K andK; (resp.andK)
are asabove and haveany strongor uniformregularity property thensodoesk
(resp.Ky).

(To beexact,by K = K’ +K; - we meanthatK = K’ 4K, .) Thus,all

w| Dom(A)



WR J-critical statefeedbackoperatorsK for = over Uep correspondl-1 to the

WR statefeedbackoperatorsK, for [%H%f] over ﬂéép throughK = K’ + K, .
(SeeTheorem8.4.5(f) for other U;}’s.

Corversely givenK, the optimalfeedbackor Z, is Ky = (Ks — Ky) |poma )
i.e., we must remove the preliminary feedbackK’ and replaceit by K, the
optimizingone.

Proof: The correspondencand (a) follow by combiningLemma9.12.3
andProposition6.6.18(f) (interchangeherolesof = and [%H%] for the other
direction). Therestfollowsfrom Lemma9.12.3. O

Two differentsolutionsof theel ARE correspondo eachotherin thefollowing
way:

Lemma9.12.5 Let(?1,S;, [ K1 | F1 |) € elARE(Z,J). Then

(7,%, [ Ko | F» |) € SIARE(Z,J) (9.227)
(B~ 1., [ Ko | F2 ) € elARE((fs ) - S0)- (9.228)

Equivalently for ary (?,S [ K | F |) € elARE(Z,J) we have
elARE(Z,J) = P + elARE( [%}g] ). (9.229)

Naturally, an analogougesultholdsfor (A, S, Kk) (k= 1,2) in the regular
case.

Proof: Sets?: := (%}%) € WPLS(U,H,U).

1° “=" Let (7, S,[ K2 | F2 |) € elARE(Z,J) andt > 0. Set? :=
‘P — 1. Substracthetwo Lyapunw equationgo obtain

(Rb)* S, Kb = AU PAL — 2 4 (K, )" K. (9.230)

_ . . A |B

This is thefirst (i.e., Lyapunw) equationof the el ARE for (ﬁ) andS;.

Now (X)*SX, = DD + B B + B PB' = (X})*SX| + B 7B, and
—(X)*K, =DHIC + B RA = (X)) *S K, + B PAL (9.231)

Thus,thethreeequation®f theelARE aresatisfiedj.e.,(?,S, [ K2 | F2 |) €
elARE(z",S)).

2° <" Let (— P, S, [ Ko | F2 |) € elARE(Z™,S;). By going 1°
backwards,we seethat(?,S, [ Ko | F2 |) € elARE(Z,J). ]

As Example9.13.9shaws, the CARE may have solutions(? + A, S K) for
infinitely mary A = A* € B(H). If oneof these,say P, is U}-stabilizing (or at
leastP-stabilizing) thenA correspondso “fake cost”,i.e., P+ A = Cx JCs 4+ A,
where Ci, JC is the correspondingoptimal) closed-loopcost. The following
corollaryformulatesnecessarandsufficient conditions:

Corollary 9.12.6 Let(?,S [ K | F ]) € elARE(Z,J) andA = A* € B(H). Then
()< (i) («<(iii) providedthat [ K | F | is admissible):



(i) (P+A,S[ K | F ]|)€elARE(Z,J);
(i) A= AAA andB' *AA' = 0=B'*AB! for all t > 0;
(i) A= AL *AAL andB! "AAL = 0=B"AB!, for all t > 0.

Proof: By Lemma9.12.5,we have (i) iff A € eIARE([%%B;] ,9), i.e., iff
(ii) holds.
Assumethat [ K \ F | is admissiblefor Z. Then| K \ F | is admissible

for [%%B;] with closed-loogsystem| 42 1Bo ], sothatA € el ARE( H‘?K g} S
becomegquialentto (i), by Lemma9.10.1(b4)(i)&(v). O

If, e.g.,Z is exponentiallystable,thenary stabilizing solution of the IARE
leadsto the spectralfactorizationD* JD = X* SX, by Proposition9.8.11(d1)(see
also Corollary 9.9.11). Under wealer assumptionghan thosein Proposition
9.8.11, we can still obtain a “pseudospectrafactorization”, a weak form of
D*JD = X* SX:

Proposition 9.12.7 Let Seq = [§ ﬁ} € WPLS(U,H,Y x U), and let (9.160)
holdfor all t > 0andsomel,S P € B, wheeX:=1|—T. Then
(XV, T o 1) SXU) = (DV, T{ o1y JDU) + (BT, PBT'1) (u,ve LE(R;U), teR).
(9.232)
Moreover, we havethefollowing:
(a) If B, D andX are stable then
X*SX = D*JID+ ts_->li+m T 'B*PBrtt. (9.233)

If, in addition,B is stronglystable thenX* SX = D* JD.

(b) If B and D are strongly stableand u € L?(R;U), then X 14 XU —
D*JDu in L?(R;U), ast, T — 4o (independently)jn particular, we have
(uniformlyin v)

T,tlm (M XV T 7 SXU) = (Dv,IDY)  (uveE L?(R;U)). (9.234)
(Naturally, the statementincludethe corvergenceof limits presented.)
RecallthattheelAREimplies(9.160).If, e.g.,D andX arestableSe GB(U)

and(P) holdson RanB), thenwe have the spectrafactorizationD* JD = X* SX|
by (9.232)andcontinuity.
Proof: 1° Let v € L?([~t,0);U) (k = 1,2), and substitutettv (€

L2([0,t);U)) into (9.160)to obtain(notethatTyt" = 1'% .3)

(Xvp, TL_SXVvp) = (Dvo, TLJDVy ) 4 (Bvo, PBvy ). (9.235)

This holds for arbitraryt € R, hencefor arbitrary v € LZ(R;U) (k= 1,2),
becausert, v doesnot affecttheequation.

Letnowt,u,vbeasin (9.232)andsubstitutes;, := ttu, v» := ttvinto (9.235)
to obtain(9.232).



(@) Let B,D,X be stable. By (9.232), we have X*T{_q 1 SXuU =
D* T,y JDU+ T B* PBt*u for all u € LZ, hencefor all u € L2, by continuity.
Lett — 4o anduseCorollary B.3.8to obtain (9.233). The secondclaim is
obvious (becausa 'B* = (Bt!)* is boundedH — L?).

(b) Now X971 1) € B(L?) for all t,T > 0, by Lemma6.1.11(sinceB is
stable) henceX*m_r1 ), _71yX € B(L?). Thus,from (9.232),we obtain

XS 1 XU = D*1y_7JDU+ T 1T B PBT 1M_74U (9.236)

(in L2(R;U)) for all u € L3([~T,+)) (apply (9.232)to eachv € L2 and
recall that L2 is densein L? = (L?)*). By continuity, this holds for all
uelL? Since T, [_1Hu — O (seeCorollary B.3.8), we have Bt T_TyHhu =
Bt'u— BT T\ [_1,1)U — 0, asT,t — +oc0. Consequently

D1 JDU+ T4 T B PBU 7y U— D*JDU, (9.237)

l.e., X'_tHSXu — D*JDu in L2, ast,T — +o (independently).Thus, (b)
holds. O

As indicatedin Chapterb, the factorization“D*JD = X*SX” corresponding
to a J-critical statefeedbackpair for a stablesystemneednot be stable(thatis, a
spectralfactorization),but we may have OX e H2\ H* in casedimU < c. We
statethis andmoregenerakesultsbelow:

Lemma9.12.8(B,D stable=D*JD =X*SX & Xe GH) Assumethat B and
D are stable 8 =0, and (?,S | K | F ]) is a U}-stabilizing solution of the
elARE.SetM! := X:=| —F, N:= DM, X% := X(J*. Letr > 0. Then

(al)X e GTIC,(U) for all w> 0.

(@2) (- +1)7IN, (- + 1) "M, (- + 1) X9 € HZ4nd CT: B(U, %)); in particular,
X € GH(CT; B(V)).

(b1) NM,X* map LZ(R;U) — L2, and X*mM*,Mm_t), X T_7y) €
B(L?(R;V)) forall T,t > 0.

(b2) M, X, m_7 X € B(LZ(R;U)) N B(L3(R4;U)) for eadh w > 0, and
M, X and i_t ;)X havea continuousextensiongo B(L(R;U)).

(c1)(Nu,JNV) = (u, Sv) for all u,v € L3(R;U).

(€2)X*m_1HSXu — D*JDu in LA(R;U), ast,T — +, if B is stronglystable
andu € L%(R;U).

(d) (dimU <o = X*SX=D*ID) If dimU < o, then (- + 1)~1X*! ¢
H2(C*t;B(U))NL2(iR;B(U)), andX € GB(U) and X*SX = D*JD a.e
oniR.

(e) (D*JIDry. )"t =M. S IM*) If T := i, D*JDm, is invertible on
L2(R;U). B is stronglystable thenSe GB(U) andT~! = M, S™IM* €
GB(L*(R+;V)).



(SeeLemmal4.2.8for additionalinformation.) Recallthatd = 0 for Uyt
Usta, Ustr and Uexp.

Proof: (al)—(c2)Thesefollow asin the proof of Lemmal4.2.8(alterna-
tively, we canusediscretization).

(d) By (a2) and Theorem 3.3.1(c3), we hae (- + 1)~ Ix+1 €
H2(C+; B(U))NL2(IR; B(U)). By continuity, XM = | = MX andN = DM
a.e.oniR (sincetheseholdonC™); in partlcularX € GB(U) a.e.oniR.

Since(Xu, SXv), » = (Du, J]D)V)Lz, i.e. (Xu SXst iRU) = (DG, JD\?)Lz iRU)

forall G,V e L2(R;;U), we have X*SX = D*JD a.e.oniR.

(e) Thisfollows from Lemmal4.2.8(e) by discretization. O
Notes
For boundedC, partof Lemma9.12.2(with “=" in placeof “<") is known

(see[CZ, Sectionb]). For generalC, Lemma9.12. 2(a2)NasessentiaIIygivenin
[Grabawvski91, Theorem3] and(c) in [Sbook, Theorem9.5.2] (bothwith “="i
placeof “<”); thelatteralsocontainsfurther necessanandsuficient condltlons
for [é} to generaten output-stableVPLS.

Formula (9.224) was usedin [S98b]. Lemmal4.2.4is from [Mal00], and
Lemma9.12.5is its IARE variant. Part of Proposition9.12.7 was given in
[Mik97b].



9.13 Examplesof Riccati equations

Thoughthe day of mydestinys over,
Andthe star of myfate hathdeclined,
Thysoftheartrefusedo discover
Thefaultswhich somanycouldfind.

— Lord Byron (1788-1824),'Stanzago Augusta"

In this section,we shallillustrate by examplessereral “pathological” cases
due to which the generalRiccati equationtheory is rathercomplex. The part
correspondingo different7;’s maybe new evenfor finite-dimensionakystems.

The studieson Riccati equationshave mainly concentratean exponentially
stabilizingsolutionsof Riccatiequations.The articleson optimizationover Uyt
or Usta have usually eitherneglecteduniquenes®r usedestimatability(e.g., put
somecoston the state)to reduceoyt 1o Uexp.

We foundthecondition(P) for the SOS-stableasen [Mik97b] (cf. Corollary
9.9.11);thecondition(PB)is new. In PropositiorD.13.1(a)&(b)&(ewe show that
theseconditionsarenecessaryThedifferencebetweentlyy and Uep-stabilizing
solutionsandtherole of coprimenessreillustratedin Example9.13.2. We also
presentplenty of examplesthat illustrate the differentaspectsof the role of the
signatureoperatorS and the insignificanceof D*JD (when the latter doesnot
coincidewith theformer).

By discretization(see Proposition9.8.7), all our examplesapply also in
discretetime (eDARES). In particulayr our CARE “counter’examplesare also
eCARE,IARE, elARE, DARE andeDARE “counter’examples.

Most examplesalso have olbvious discrete-timeanalogieg(without artificial
discretization); in particular all our finite-dimensionalexampleshave finite-
dimensionabiscrete-timecounterparts.

Our examplesare mathematicallymotivated;for physically more motivated
exampleson WPLSsandRiccatiequationssee e.g.,[Sal87].

Thefollowing propositionsummarizesvhich conclusionsanbe dravn from
thedifferentexamples:

Proposition 9.13.1(Non-U;-stabilizing solutions)

(@) ((PA(PB)) [Example 9.13.2] There can be several P-SOS-stabilizing
solutionsof the CARE,only oneof which is Ug-stabilizing

A Uyyr-stabilizing solution neednot be internally stabilizing evenif there
were exponentiallystabilizingsolutions.

(b) ((PB2)}A(P)) [Example9.13.9] Thee can be several r.c.-stabilizingsolu-
tions 2 satisfying(B'xo, PAlsxo) — O, of the CAREfor a stable minimal
systempnly oneof which is P-stabilizing(hencelo-stabilizingand equal
to the J-critical costoperator over Uqyy: (andover Usty)).

Moreover, our exampleis exactly readable and of the standad LQR
(minimization)form with A* stronglystable



(cl) MeULR# [ K | F ] e WR) [WW, Example 11.5] Thee is D €
TIC(C) N ULR, for which D = 0 and D*D = X*X > 0 with an irregu-
lar (I-spectal factor) X € GTIC(C) (in fact, X(2¥) = 2+ (—1)k, hence
X, X1 ¢WR).

Alternatively we canchooseD € TIC(C,C)NULR st.D = [Bt], D1 =0
andD*D = X*X > 0 for this sameX multiplied by somepositiveconstant.

In particular, if Z is a strongly stablerealizationof (either)D (asin (6.11)),
thenthe IARE hasa strongly PB-r.c.-stabilizingsolution, but there are no
PB-output-stabilizingolutionsof theeCARE.

(c2)(BoundedC # S= D*JD) [Example9.13.8] Theris a stablepositivelyl -
coercive WPLS(in standad LQRform)with J = I, boundedC andD*C =0
s.t.D,X € ULR but S# D*JD, K is unboundednd P[H| ¢ Dom(By, ).

(d1) ConditionS= D*JD > 0 doesnot guaranteesuficient coercivity for the
existenceof a minimizing(J-critical) control over Ueyp; SeeExampled.13.5.

(d2) We may have D*JD > 0 > S for a maximizingsolution, henceD*JD
doesnot characterizethe signatue propertiesof the problem; seeExam-
ple9.13.7.

(e)LetZ € SOS If there is a stable stabilizingsolution(?,S,[ K | I =X |])
of the IARE s.t. (Alxg, PA'xg) — 0, ast — +o, for all xg € Hg, then
X*SX is the unique spectal factorizationof D*JD, and the IARE hasa
(unique) stable PB-r.c.-stabilizingsolution, namely (?,S, [ K | I =X |),
whee P := C% JCs.

Thus, the open-and closed-loopsystemdor 2 and P are identical; the
only differenceis that 2 is the J-critical cost operator and P = P +
S-limi_s 1o A(t)* PA(t), asin Exampled.13.12.

(N Evenif X is strongly stable and the Popov Toeplitz operator 1t D* IJD1T,
is invertible (as in Proposition8.3.10),so that there is a unique J-critical
control for eadh xg € H over U} := Uout = Usta= Ust, 1. it may be
that there is no J-critical statefeedbak pair (Examplel1.3.7(a)),2. it
maybethatthe J-critical statefeedbak pair [ K \ F ] andits closed-loop
form [ K | Fs | are unstable(Examplel1.3.7(b))thoughthey and = are
UHPR;in particular there is no spectal factorizationof D* JD.

Proof: (a)&(b)&(c2)&(d1)&(d2)&(f) Seecorrespondingxamples.

(c1) (We do not know whetherthis canhapperfor exponentiallystableD.)
Theexistenceof X is provedin [WW, Examplell.5] (althoughary irregularX
would do). We canthensimply take D(s) := e3X(s) in theformercasejn the
lattercasewe mustmultiply X by apositveconstansothatX*X > |. LetZ be
anl-spectrafactorof X*X — 1, andsetD; := €~'Z to guarante¢hatD € ULR
(asin [WW)).

By Corollary 9.9.11(Crit4SOS), we have X = | — F, where
(?,S[ K | F ]) is the unique Uoyrstabilizing solution of the elARE. Be-
causeF is notWR, theeCAREdoesnot have a U -stabilizingsolution.



(e) Now ? = C*JC — K*SK on RanB), by (9.159). Consequently
X*SXu = D*JDu for u € L?, by (9.160) (since CB' = m,Dr_tim, =
rtn[m)]l))n[o,t) — 0, becauseTy ., Drgy) — Dy = 0, ast — +oo, by Corol-
lary B.3.8).Becaus&X € GTIC, theoperatori!v’ is g.r.c.-P-stabilizingpy Theo-
rem9.9.10(b)&(e2) henceit is stableandPB-r.c.-stabilizing(andunique). By
(9.159),we have

P— AV PAl = P IC - KUK - C*IC-K*SK = P (9.238)

strongly ast — +oo. O

We continueby presentinghe actualexamples startingwith a simple (unob-
senable)systemillustrating thatthe solutionsover Uqyt and Uexp May be differ-
ent:

Example9.13.2 (Std. LQR: Uout-stabilizing # Uep-stabilizing, (P)#(PB))
LetU=C=H=Y,A=1=B=D=J,C=0. ThentheCARE becomes

S=1 K=-P, P+P+0=K*'K =22 (9.239)

Thus, the solutionsof the CARE aregivenby (0, 1,0) (PB-r.c.-SOS-stabilizing,
hence Uyyrstabilizing) and (2,1, —2) (Uexp-stabilizing, henceexponentially P-
stabilizing). Thecorrespondinglosed-loopsystemsare

111 -111
So=|0[1| and Z:=| 0 [1]|. (9.240)

00 -210

NowD=1=Ds =D, C=0=Cy =Cjs, Ky =0=TFs, X=1, hence
(0,1,0) is, indeed theuniqueUyy-stabilizingsolution,(in fact,it is PB-r.c.-SOS-
stabilizingandcost-minimizing;thecondition(PB)is trivially satisfiedor P = 0),
whereagq2, 1, —2) is the unique Uep-stabilizingsolution.

Letusseewhy this happensOneeasilyverifiesthatN (s) = (s—1)/(s+1) =
M (s) (indeedN andM arenotg.r.c.,becauséothhave azeroats= 1), andthat
(N'u,,JClsx0) = 0 for all X € H andu, € 1, L2 (we have (JCsX0)(t) = —2e 'Xg
(t > 0)), but (Du, JC/sXo) # O for xg # 0,u € T, L? s.t.G(1) # 0.

Thus, althoughX{s is J-critical over uc%gt, i.e., J-critical w.r.t. “closed-loop
stable”controls(u, € 11, L?), the systen!; “doesnot see”signalswith G(1) # O,
i.e.,u, := (M')~1u ¢ L2 for suchu, becaus&y andM’ arenotg.r.c. Onecanalso
verify that

t
(B U, PAL x0),, = 26 'K / e Su(s) ds— 25G0(1) £ 0 (9.241)

0
whenxo # 0 andu € L? is s.t.G(1) # 0, i.e., (PB) doesnot hold for ? = 2 (unless

we replaceUyyt by Uep in (PB), seeTheorem9.9.1(g1)). Trivially, (PB) holds
for »=0. N

SeealsoExample6.6.16



Even for exponentially stable systems,the existenceof a unique J-critical
controldoesnotguarante¢hatD is J-coercve, nor thatthe CARE hasa solution:

Example 9.13.3 (Singular control: unique optimum without CARE and J-
coerivity, A(D*ID)~1) Assumethat A is exponentiallystable(e.g.,H = C and
A=-1),C=0=B,J=1,andD =D € B(U,Y) is one-to-oneut not coercie
(i.e., S:=D*D € g@(U)) Let ‘lljf S {‘llout, Usta Ustr, ‘U@m}

Thenu = 0 is theunigqueminimizing controlfor xo, and U (o) = L2(R4;U),
for eachxg € H. Thecorrespondinginique U -stabilizingsolutionof thee CARE
is givenby (0,D*D, 0) (by Theorem9.9.6,equationSK = 0 forcesK to bezero).

However, D*JD = D*D is not J-coercve over U . <

EvenwhenZ is exponentiallystableandS > 0, thereneednot exist ary PB-
stabilizingsolutionsnor minimizing controlover Uoyt = Uexp:

Example9.13.4 (Stable £ and S> 07 34U} -stabilizing solution (or optimal

control)) TakeU :=#2(N) :=Y, J:=1. DefineD := D € B(U,Y) by (Dug)(n) :=

e 2"up(n) (N€ N, up € U) (notethat 0 < D*D 3% 0). Let 3 be the —1-stable
exactly obserable realizationof D, sothatH = L? (Ry;Y), C = 1;. Define
X0 € Handue L2 (Ry;U)

loc
Xo(t) ;= e an[n,m) (t)eneH, (9.242)
ne
U (t) := —€ ™" ZweZ”a1 eH, (9.243)
ne

where{e,} is the naturalbaseof U. ThenCxg + Du = 0, sothatu. minimizes
J(Xo,u) := ||Xo + Dul|3 overall u € L2 (R4;U). SinceD is one-to-oney, is the
uniqueminimum.

However, 7(Xo, o)) = [|Tio1)Xoll3 = (€727 /2)Y2 — 0 asT — «, and
Tio 1)U € U (X0) = L%(R1;U) (we assumethat U} € { Uexp, Ustr, Usta Uout})-
Sinceu. ¢ L2, thereis no minimum (henceno J-critical control) over 22, hence
thereis no U;-stabilizingsolutionof the el ARE (notethatS= D*D > 0).

<

Now we shaw thatfor the existenceof a minimum, 1. evenfor anexponen-
tially stablesyster’r'(zg), conditionS>> 0 is notsufficient,and2. asystemmaybe
exponentiallystabilizableandJ-coercve over Ugyy: WithoutbeingJ-coercve over
Uexp:

Example 9.13.5 (Exponentially stabilizable with S= D*JD >> 0 but no mini-
mum over Uexp) LetJ = 1.

0|1
(a) For 2 := (T’T) we have S= D*JD = 1> 0, and (0,1,0) is the

unique solution of the CARE P2 = 0, and correspondingcontrol u = 0 is
minimizing over Ugyt (and Ustg), but thereis no minimum over Ueyp (NOr Usyy),
andinfye g,,(x,) J (X0, u) = 0 for all xo € H.

HereX(s) = s 1(xo+ T(s)), sothatwe musthave G(0) = —Xo in somesense
(for the boundaryfunction of G € H?(C™)), but we wish to minimize 7 (xXo,u) =



[|G]12 underthis condition andtheIatterexpressmrcanbetaken arbitrarily small.
In time domain,we have x(t) = xo+ f3u(r) dr, sothat J (o, Un) — O+, asn — o,
whereun := —XoN *X|on) € Uexp(X0)-

(b) By usingtheexponentiallystabilizingstatefeedbacloperatoiK = —1 (and

-1|1
thenremaoving the statefeedback(= third) row), we obtain Zbl = (T’T)

The CARE becomesagain®? = 0 with the uniquesolution (0,1,1), hencethere
IS no minimizing controlover Uep = Uout, althoughtheinfimum costover Ueyp
is againzero.

Now y = X = u— X, S0 J(Xo,U) = ||u—x||3, andit would be optimalto have
U= X = Xo, but thisis notallowed, sincewe requirethatu € L2.

(c) The systemZ is J-coercve over Uyt (SinceD*JD = 1 > 0), hencewe
knew thattherehadto be a uniqueminimizing control over Ui, however, % is
not J-coercize over U (analternatve prooffor thisis that(s— A)"1B=s1is
not majorizedby D = 1 oniR; seeProposition10.3.2(i/)&i)).

ThesysternzéL IS notJ-coercve over either Upyt Or Uexp.

Note that the statefeedbackk = —1 for Z usedin (b) is notr.c.-stabilizing,
sinceN =M = s/(s+ 1) hasacommorzeroats= 0; thus,the minimizing control
u= 0 over Uyt is lostin this preliminarystabilization. N

Evenif S= 0 andthe J-critical controlis notunique,theremight be only one
J-critical controlin feedbackorm:

Example 9.13.6 (Uout: Unique K although S=0) Let [&}2] = «}»0 (|e
A =1 andB =0=C =D). ThentheeCAREbecome® = K*K, X*SX

X*SK = 0 (seeTheorem9.9.6(e2)andthe remarkin its proof). The adm|53|ble
solutionsaretheoneswith X € GB(U); for themwe have S= 0, sothat?, K and
X canbearbitrary

SinceB = 0, we have As = A+ BK = A, sothat As = A =1 andhence
K = Ky = 0 is the only output-stabilizingstate feedbackoperator(note that
Hi := Dom(A) = H). Condition (P) requiresthat ? = 0. Thus, all P-output-
stabilizingsolutionsaregivenby (0,0,[ 0 | I =X |) (X € GB(U)) (andthey all
areP-SOS-rc.-stabilizing hencel,-stabilizing,by Theoren®.9.1(b)).

Obviously, Uout(Xo) = L2(R+;U) for all xo € H, andeachcontrolis J-critical
(the costis zerofor eachcontrol). Nevertheless is the only J-critical controlin
statefeedbackorm. <

(To obtainthe correspondingliscrete-timesxamplewe mustsetA=1, B=
C=D=0(sothatstil A=1,B=C=D=0).)

Evenfor D, X € MTIC, the operatorD*JD neednot containary information
onthesignaturepropertiesof the problem:

Example9.13.7[D*JD>>0>> §] Let = € SOS,D = [2 '] € MTIC4(U,U?),
J=[3?. ThenD*JD =1 >> 0 but D*JD = -3 = I*9 € TI(U), where
S=-3l «0.

It followsthatthe CARE hasa ULR unique Uyyt-stabilizingsolution,andthis
solutionis q.r.c.-SOS-stabilizinggndmaximizingover Uyt (and Usta and Usy if

A is stronglystable) by (9.139).



We cansetD := [ZTD_ZI] ,J= [’0' ‘Jl] forany Yo, Dy € B(U,Y,),J = J* € B(Y>)

s.t. ||D5JD2|| < 4 without affecting the above (exceptthat S is alteredbut still

S« 0). In particular D*JD = *2‘5D2 may be uniformly/strictly/nonstrictly
positve/naative, zero,or indefinite. N

G. Weissand H. Zwart [WZ] have shavn that even if C is boundedand
D, X € ULR, we mayhave S# D*JD andK unbounded:

Example 9.13.8[C bounded, By®P,K not] Let [ A | B | be as in Exam-
ple 9.8.15,but set

900, i= [ (Imo X1 + IO 1) t, (9.244)

ie, [C| D ]:=["|% andJ :=1. Theseoperatorsare bounded,andone
easilyverifiesD*JD = 2| andthat [2{Z] € WPLS(C,H,H x C), whereH :=
L2(Ry) (see(19) of [WZ]). Thus,S:= 2I, X := | definesa spectraffactorization
of D*JD (by Corollary 9.9.11,this correspondgo the stabilizing solution over
Uout = Usta= ‘ustr)-

However, D*JD = | # S, hence?[H] ¢ Dom(B;,) andK = —B},? is un-
bounded(by Proposition9.11.4(b3)). One can verify from Proposition8.3.10
that? = 1yg,1) + %“[1,00)- (See[WZ] for details.) <

Evenfor aminimal system(andstandard_QR costfunction),condition(PB)
is not alwayssuperfluous:

Example 9.13.9 ((P) is necessaryeven for minimal weakly stable ¥) We
constructherean exactly reachableandapproximatelyobsenable (weakly, even
strong’) stablesystemX with scalannputs.t.theLQR for Z hasa uniquesolution
over Upyt, but therearealsoother(non-PB-)rc.-stabilizingsolutions.

Tak U =C, H=L?%R_C), Y=/N), A=1r, B=1, C =
(2721 g)kens D1 = (27921 )en, €= [G ], D= [Bt], =1 to geta
standard_QR form minimal (exactly reachabléBB* = 1_ > 0 € B(H)) andap-
proximatelyobsenable (C*C = 3, 27* 1 o = Y502 *T_k 1, i > 0)) stable
minimizationproblem(the minimizationof 7(u,Xo) := ||[D1u+ C1Xo||?+ [|u]|?).

The generatorsof £ = [212] are [£12], whereA= &, B =5, H; =
Dom(A) = W5%(R_), (s—A) 1B : up — €Up € Hg = WH2(R_), A* =
— &, Hi 1= Dom(A*) = W-2(R_), Bf, = 8_; Cp 1= (27928" )k : H1 — £2(N),
C=[%]. D=[?] (here® is the agumentof an elementxo € H; cf. Exam-
ple6.2.14).

Let ¢ be a multiplication operatoy say ? € L*(R_)-. Then B},Pxy =
(Px0)(0—) = Ofor all xo € Hy (weusethisonly for P s.t. PXg (left-)continuousat
0 for all xo € H1; thegenerakcasewould follow asattheendof Example6.2.14),
hencethenK =0, K =0, X = X € GB(U) for ary admissiblemultiplication
operatorsolution(soit is optimalto have no feedbackpecausesuchwould never
catchup the txg term moving towards—o). Thus,all admissiblemultiplication



operatorsolutionsarer.c.-stabilizing.Thefirst equationof theeCAREbecomes
(X0» PXo)y + (X0, PXo)y = — 5 27¥[x0(—K)|? for all xo € Hy. (9.245)
K=1

Setting? := 3’ rkTi_k —k41], theleft-handsidebecomesy i’ ; r[xo(—k+1) —
Xo(K)], hencewe shouldhave rp —r; = —271, r3—rp = —22 . f1—Th=
—2 " Thus,fny1=r1—yp 2 K=2"4r; - 1.

Therefore, B :=rl + z&o:ozik"[—k—l,—k] € B(H) is a stabilizing solution
of the eCARE for eachr € R. Note that S= | + lims_, 1B}, P(s— A)™1B =
1+ ((r+1)€¥)(0—) = 2+r, hencefor r # —2 andX = |, theoperator? becomes
astabilizingsolutionof the CARE.

Thus, r = 0 gives Py = C*C, the unique (by Proposition9.8.11) P-r.c.-
stabilizingsolution(becausét is the J-critical cost).Forr € R\ {0}, theformula
J (Umin(X0),Xo0) = (o, P Xo) doesnot hold and

X'SX, =S = (2+1) #£2=D"JD (9.246)

(but D*ID+ w-1limt s 4 T(t)*B* BBt (t) = 241, asin (9.233)).

We concludethatthe condition(PB) is, indeed necessaryevenfor aminimal
weaklystableWPLS.For othervaluesof r, we getastabley.c.-stabilizingsolution
(%, S,Kr) s.t. B differsfrom the critical costoperator®, andX:SX; is nota
spectrafactorizationof D* JD (sinceK, = 0 andX; =1).

Finally, we notethatsinceAs = A+ 0 =11t (for any r € R), we obtainthat

(B'u, B Al X0) = (TLT'U, BT LX) = 0— 0, ast — +w (9.247)

forall r € R andu € U} (0) (evenfor all u € L2 (R4;U)), sinceu = m,u. Thus,

(9.247)doesnotimply (P), sincethelatteris satisfiedfor r = 0 only. <q

Thus,if (P,S [ K | F |) is a Upyrstabilizing (or Uststabilizing) solution
of the IARE, CARE or DARE, it can happenthat there are solutionsof form
(?',S | K | F ]) (hencenecessarilputput-stabilizing)s.t. 7 > ? > 0 or P >
0> P, by Example9.13.9(discretizeit for the DARE example). Thus, even
g.r.c.-stabilizationdoesnot suffice, but we do have to verify the condition (P)
(equialently, that? = C’s JCs) to avoid “f ake cost” (or residualcostatinfinity).

Above we addedthe copy of u to the outputto get a standardLQR cost
function; we couldaswell remove it andsubstract from SandS.

Example 9.13.10 (Unique J-critical control though D*JD=0) In Exam-
ple 9.13.9,we may remove the secondrow of C andD, to obtainexactly same
resultsexceptthatthenD*JD = 0 andhenceS= 1 andS := 1+r. Indeed,still
K =0andK*K = 0, sothat(%, S, 0) is againastable r.c.-stabilizingsolution
of the CARE for eachr # —1 (Uyyr-stabilizingfor r = 0).

SinceS s one-to-onethe J-critical controlis uniquefor eachxg € H. Note
also that D' D = 5,(27%?)2 = 2 = S= I1*9 is the correspondingl -spectral
factorizationandthatD is J-coercve over Ugyt. <q

Also the systemof Example9.8.15hasD = 0 anda uniqueJ-critical control
over Uyyt, however, herewe have several output-stabilizingsolutions,sothatthe



condition(PB) is neededalsoin this case.
The next exampleshaws thatfor unstableA s (andnon—internallystabilizing
) the condition*® fPAtox — 0 (xe H)” of Lemma9.10.1(d1)is not sufficient for

(P):

Example 9.13.11 (PA{ x — 0 Al *PAL x — 0) LetH = L%(R,), A' :=€17t,
(Px)(s) := e 2x(s), D=1 =J, B=0(sothatZ is ULR). Let C bestable.

Then, for ary solutionof the eCAREwith X =1, we have Ay = A, Dy =
D=D,S=1,K=-C,Cs=C+DK =0, C*IC=K*X, hence(0,l,—C) is
the uniquer.c.-SOS-PB-stabilizingolution (henceU,y-stabilizing,by Theorem
9.9.1(b)). N _

However, 7 = A" PA' > 0, asoneeasilyverifies,hencealso (2,1,—C) is a
r.c.-SOS-stabilizingolutionof theeCAREandtheelARE. We have ||§’A‘x||ﬁ <
e 2||x||2 — Ofor all x € H, but At PAlx = Px 4 0 for x # 0. <

Onecanaddanunobserableandunreachablg@artto the semigroupandthus
alter the propertiesof the solution without affecting the J-critical cost, nor the
J-critical feedbaclor signatureoperator:

Example 9.13.12 (Wrong 2, fake cost) Let P be a stable P-stabilizingsolution

B

for £ andJ, andlet Z be stable. ExtendX to &’ := [ A o] € WPLS(U,H x

ColD

H,Y) with anon—stronglystableA (sowe have ¥ and>. puttogetheiinto (stable)
3.

P = [%’ g} P € B(H x H) is astable r.c.-stabilizingsolutionfor =’ and

J = Jiff A*P+ PA =0 (becauséB), P = [Bi,? 0] andB*?' = [B*? 0],
thusS=S K = [K O} F =T, X' =X). By Lemma9.8.11(a)suchasolution
is P-stabilizingiff (Axo PAXp) — O for all X € H, becausgA’ [ |, 7A [Z])=
(AXo, PAXg) + (Axo, ?Axo> but, by the uniquenessf 7/, onnyP 0 cansatisfy
this condition. N

(a) Taking A = €' (A =i = —A* € C1*1) we seethatary 2 € R definesa
stable r.c.-stabilizingsolution?’, butonlyi’ 0 definesa P-stabilizingsolution.

(b) Requiren addition,thatZ is weaklystable TakeA =1 on| H:= L2 Then
A andhencealsoA’ is weaklybut not stronglystable.Moreover, A* = —A, hence
P :=r| definesastabley.c. -stabilizingsolutionfor ary r € R. <

Notethatif A andA werestronglystableandS:>> 0, thenthe Uyy-stabilizing
solution [ 9] would be the greatestsolution of the elARE having S> 0, by
Corollary9.2.11.By (a) (or (b)), theis notthe casein the weakly stablecase.

Naturally, the minimal costcanbe negative:

Example 9.13.13 (Negative minimum, 2P < 0) Thesystem

[212]- { } 0,246



is minimal andexponentiallystable. For J = [ ! 9], we have D*JD > 0 (since
D*JD = 2— |s+ 1|72 > 1 for s € iR), sothatthe systemis positively J-coercive
over Uoyt = Uexp-

The[e] CARE hasatwo solutions,P = —2++/2 (with S=2,K = —?/2). The
smalleroneis unstableandthebiggerone,(—2++1/2,2, -1+ 2_1/2), minimizing
over Uyt = Uexp. Thus,theminimal costis givenby (xo, PXo) = —(2—/2)||%o||%-
q

Finally, we give an exampleof a minimal exponentiallystabilizablesystem,
which hasa Us-stabilizing (and Usy-minimizing) solutionthat is not strongly
stabilizing(hencenot minimizing over Uexp):

Example 9.13.14([§] and [ch |¥o] stablebut B,D,F, B unstable)
o

Let A= (—k 1)gent1, B=1,C = ([ki(;/z])keNﬁ—l’ D=[P],U:=H=Y:=

/2(N + 1), asin Example6.1.14(we have addeda copy of u to the output),and
setd .=1.

By Example6.1.14(b),[%] is stronglystableandB andD areunstable Since
D is positively J-coercie over Uy, thereis aunique Uyy-stabilizingsolutionof
the CARE (=B},-CARE)

S=1,K=—2, C*C+A* P+ PA=P°. (9.249)

sinceB (andA andC andD) is bounded Onecanverify thatthis solutionis given
by the uniqguenonnegative diagonalsolution,namely

A=k 1+kVitk=—-Kc (ke N+1). (9.250)

Since? is also Ugy-stabilizing(becausés = A+ BK=A— P = (—k—1\/1+ K)
is strongly stable),it mustbe Usistabilizing,by Lemmag.3.3. By Proposition
10.7.3(d),? is also SOS-stabilizing. One can verify that K is stablebut T is
unstable The unstabilityof By andBt follow asin Example6.1.14(b).
Sincethereis no exponentiallystabilizingsolution(sucha solutionwould be
diagonalandnonnegyative; an alternatve proof follows from Corollary9.7.2and
the uniguenessf P), we candeducethatthereis no J-critical control over Uexp
(for somexg € H), equivalently, D is notJ-coercve over Uexp, by Theorend.2.16.
(Recallfrom Example6.1.14(b)thatZ is minimal andexponentiallystabiliz-
ablebut notdetectable.) <

In the abore example, the cost function is coercve enoughto provide a
minimizing control over Uyut, Usta and Usy, but the existenceof a minimizing
controlover Uep Would requireevenfurthercoercvity.

Notes

Most of Proposition9.13.1(cl)is from [WW, Example 11.5] and Exam-
ple 9.13.8is from [WZ].



9.14 (J,x)-critical factorization (D = NM 1)

There comesa critical momentwhere everythingis reversed, after
which the point becomego undesstandmore and more that there is
somethingvhich cannotbe undeistood.

— SgrerKierkegaard(1813-1855)

In this section,we shall develop an extensionof canonical(H?) factorization
theoryof L*(0D; C™") maps[LS] [GlaGoh]for thecasewhereC™" is replaced
by B(U). Mostof our resultsaregivenin continuougime.

We start by formulating an additional equivalent condition for a unique J-
critical controlto be of statefeedbackorm:

Definition 9.14.1((J, *)-critical factorization) Assume that U = Uy Or
U = Usp. Let M € GTIC,(U) be sit. m [N]mM1[LZ] c L? (and
T BMT M1 [L2] C L2 if U} = Uexp) for somew € R, whee N := DM, and

(NTUM v, IDN) 25, vy =0 (0 € UL(0), ve LE(R;U)). (9.251)
ThenD = NM ! is calleda (J, ¥)-critical factorization(of D) over .

It followsthatmt, [N ] m M1 € B(L2,L?) (andBMtt M1 € B(LZ,C L?)
for Uep), by LemmaA.3.6. Notethatwe mayincreasew, sincel.2,(R_;U) C L2
for wf > w.

Lemma 9.14.2 Make the assumptionsnd usethe notation of Definition9.14.1
[and assumehat U; = Uep]. Then

(@) [§][LA(R;U)] C L? [and BMT[LZ] C L?]; in particular, [BMT,|N,M €
TIC for all y> O.

(b) SetT := Mt M1, S:=1_+T =Mm_M"1. ThenT € B(L2,L?) and
[ BtS, ] T, 7, DS € B(L§,L2).

(c) If Zis stable U} = Uy, andSis one-to-onethenall choicesof (N,M) are
givenby (NE,ME) (E € GB(U)).

Proof: (a) Let vis € L2(R_;U). Thenv:= 1 My € LZ C L2, hence
NV = TNV + TN M~tve L2+ L2 ¢ L2 Thus,NLZ C L2 By Lemma
2.1.13,wehaveN e TIC, for all y > 0. ReplaceN by M [andthenby BMT] to
obtaintheotherclaims.

(b) Now S = m Mt Mt + i, Mt M~ = M. M. henceDS =
Nrt_M~1. By assumption,[r,BtS,] T and ;DS map L2 — L?, hence
[T, BtS, T, 1, DS € B(L2,L?), by LemmaA.3.6.

(c) This follows from Theoren®.14.3andTheorem8.3.13(f) (sinceNM 1
is independenon [£{2]). O

Now we arereadyto shav thata strictly optimal controlis of statefeedback
form iff thereis a J-critical factorization:



Theorem9.14.3(JCF& I3[ K | F ]) Assumethat D has a unique J-critical
control over U; for ead X € H, whee U} = Uoyt OF U; = Uep- Thenthe
following are equivalent:

(i) D hasa (J, *)-critical factorizationover U;;
(ii) thereis a J-critical statefeedbak pair for > over U;;
(iii) thereis a U}-stabilizingsolutionof theel ARE.

Moreover if D = NM ! solves(i), then[ K | F | := | M~ Keyit [| -M™ ]
is a J-critical statefeedbak pair for X over 7. Corversely if [ K | F | solves
(i), thenM := (I —F)~! andN := DM form a (J,*)-critical factorizationover
uz.

A suficient conditionfor (i)—(iii) (and for the elAREbecominga CARE)is
thatanyof (1.)—(4.) of Remarkd.9.14holdsand D*JD € GB(U).

In eithercase, Theorem8.3.13applies. SeeTheorem9.9.1(al)&(e)for the
correspondencef (i) to (iii).

Proof: (In fact,it would suffice to assumehatthereis a J-critical controlin
WPLSform for Z, asoneobsenesfrom the proof of Theorem8.3.13(c2)and
from Propositior9.3.1.)

1° (i)=(i): Let[ K | F ] beJ-critical (asin (ii)), andsetM := (I —F)~1,
N:=DM. Then(r,Nrt )M~! = (Ceit BM)M 1 = Ceit B, hencg(9.251)holds
for any @ > wa. Becausery, Mn_M~1 = KB =: T, the requirementsof
Definition 9.14.1aresatisfiedin casel; = Uyyt. For U; = Uexp, We have on
R+ that

BMtt Mt = Br(r + (M )M 1) (9.252)
= BUre 4 Bt(KerieB)M Mt = A B+ BtK¢ritB = Ay B,
(9.253)

andr A, B mapsL2 — 1, L2, becausé\yi is exponentiallystable.

2° (i)=-(ii): With thenotationof Lemma9.14.2(b)Xassumein addition,that
w> wp), T istheoperatoof TheorenB.3.13(a)andTM = 11, MiTL_, henceii)
holdsand [ M~ Kt || —M ™ | is J-critical, by Theorem8.3.13(c2).

3° (ii) < (ii): SeeTheorem9.9.1(al)&(e).

4° The“moreover” claimswereestablishedn 1°-2°. Thesufficient condi-
tion is obtainedrom Remark9.9.14(d). O

Next we establisha canonicalH?) factorizationasa specialcaseof J-critical
factorization.The mainresultof this section,Theoren9.14.6,is givenin discrete
time, asarethe classicakresults but we startwith two continuougime results.

If afunctionis H® overthe unit circle, thenit is alsoH? over the unit circle.
Thesamedoesnotholdin continuoudime, henceour continuoudimeresultsand
assumptiongliffer someavhat from thoseof Theorem9.14.6. We startwith the
exponentiallystablecase:



Theorem 9.14.4(Exponential H2-SpF) Assume that D - D €

Harond CTes B(U,Y)) for somee > 0, J = J* € B(Y), and m,D*IDm, €
GB(L*(R+V)).

Then there are ¢ > 0 and X € G(B(U) + StrOng(Cﬂ:,, U))), s.t.

~

X*(D*JD)X =D*JD, X =1 andD*JD € GB(U). In particular, X*(D*JD)X =
D*ID oniRU {w}.

Moreover, D = (DX %)X is the unique(J, *)-spectal factorizationof I over
Uout havingX = 1.

NotethatHZ;onC*e; B(x)) C H°°(C+8/2, B(x)), by LemmaF.3.2(al).

By Lemmaz2.2.2(d),we have 1, D" JDm, > 0 iff D*JD > 0, equivalently,
iff D*JD > 0 in LarondiR; B(U)), by Theorem3.1.3(al)&(el). However, in
the indefinite case the invertibility of the Toeplitz operatoris a strictly stronger
condition than the invertibility of D*JD (i.e., of D*JD). This also appliesto
Propositior9.14.5andTheoren®.14.6.

Proof of Theorem 9.14.4. Seethe proof of Theorem9.2.14(c2)(and
(2)2). Theuniquenes$ollows from Lemma9.14.2(c). O

In the positive case we may give up exponentialstability:

Proposition 9.14.5(Positive H2-SpF) Assume that D — D € H® N
Hairond CT5 B(U,Y)), I = J* € B(Y), and 1, D* IDm,. > 0.
Thenthere is X € G(B(U) + H® NHZ,,{C*;B(U))) s.t. X*(D*ID)X

D*JD, X = | andD*JD € GB(U). Moreover D = (DX~ 1)X is theunique(J, *)-
critical factorizationof D over Uyt havingX = 1.

It follows that, (Xup, D*IDXug),, = (Dug, JDuo), a.e.oniR, for any ug € U.

An analogousndefiniteresultalsoholds, exceptthat§§il neednot be stable;
indeed,the continuous-timeequivalentof Theorem9.14.6also holds underthe
assumptiorthat D — D € H® N Hgm (use Theorem9.9.6 insteadof Theorem
14.1.6in the proof, etc.). Notethat D, X € ULR in bothcases.

Proof of Proposition 9.14.5: Take a strongly stablerealizationZ of D
with B boundedseeTheorem6.9.1(a)&(d2)).Now we obtainour claimsfrom
Theorem10.6.3(a)(seealso(d)) (which alsocontainsthe corverse)combined
with Lemma10.6.2(d)(7.) exceptfor the regularity of X; but, by Theorem
6.9.1(a), X — I andX~! — 1 arein H;,,{C*;B(U)). By Theorem9.14.3,
NM~1 is a (J, *)-critical factorization. The uniquenessgollows from Lemma
9.14.2(c).

(NotethatX correspondso a J-critical statefeedbackpair for = over Upyt
andto astronglyr.c.-stabilizingsolutionof the B}, -CARE.) O



Now we establisithe canonicalfactorizationfor Lgn0D; B(U)) functions
of form D*JD, D € H>*(D; B(U)), with aninvertible Toeplitzoperator:

Theorem 9.14.6(Discrete H>-factorization) AssumehatD € tic(U,Y) andJ =
J* € B(Y) ares.t. D IDitt € GB(L?(N;U)).
ThenD hasa unlque(J x)-critical factorizationD = NM 1 over Uyt it
M = I. Moreover, X := M1 € GH(D; B(U)), N = DX~ € H;0ndD; B(U,Y))
and
(Nu,JNV) = (u,S%)  (u,ve £X(Z;U)) (9.254)

for someS= S € GB(U). Furthermoe, M,X()* € Hstmng(D; BU)),
(rttD*IDmt )~ = Mt STIM*F € GB(¢%(N;U)), and all claimsin (al)—(c2)of
Lemmal4.2.8hold. R

If dimU < oo, thenX,M € H2(D; B(U)) NL?D;B(U)), andX € GB(U)
andX*SX = D*JD a.e onaD.

If D is exponentially stable then so are X and X~1, and then we have
N*JN = SandD*JD = X*SX; i.e,,

D*JD=X*SX on aD. (9.255)

(In the abore theorem,we have given up StandingHypothesesn z.) By
usingthe Cayley transform,we obtainthe correspondingontinuous-timefac-
torization”. However, this factorizationneednotbe well-posedsincethe “f actor”
operatorX € GH(CT;B(U)) (for D € TIC(U,Y)) may satisfy X, X! ¢ TIC.,
(i.e., X,X1 ¢ H®(Ck; B(U)) for all w € R), evenwhendimU < o, asshavn
in Example8.4.13(seealsoExamplell.3.7). Thus,thereis no equialentresult
in continuougime (unlesswe have D*JD >> 0 or D is assumedo be sufficiently
regular; cf. theremarkbelon Proposition9.14.5).

By Lemmal4.2.8(d)we have

Jim_ (Xu, Sro Xv) = (Du,JDV) - (u,v € £2(N;U)). (9.256)

However, we cannotwrite “X*SX”, becauset is not evenknown whetherX has
a boundaryfunction. Thus,to obtainX* SX = D*JD, we must,e.g.,assumehat
D is exponentiallystable(D € H*(rD; B(U)) for somer > 1), in which casethe
above factorizationbecomesnexponentialspectrafactorization).

If D*JD > 0,thenS>> 0, asoneobsenesfrom theproofandLemma9.10.3,
hencethenit follows from (9. 256)thatX is in tic, andfrom (9.254)that M is
in tic; in particular thenX = M~ € gGtic (i.e., X=M"1le¢ GH*(D;B(U))), so
thatthis would be analternatve (system-theoretigyroof for the positive spectral
factorizationresultLemmab.2.1(a)(for operatorsof form D*JD, asis the case
with the applicationsof the lemmain this monograph). (Note that we obtain
the correspondingcontinuous-timeresult throughthe Cayley transformin this
positive case.)

Proof of Theorem 9.14.6: Choosea strongly stable realizationz =
[212] € wpls(U,H,Y) of D. By Propositior8.3.10thereis a uniqueJ-critical
controlfor eachxg € H. By Theorend.14.3 thiscorrespondso a (J, *)-critical



factorization(which is unique,by Lemma9.14.2(c))andto a Uyyt-Stabilizing
solution(?, S K) of theDARE (wehave Se GB(U), by Lemma9.10.3).

Let 25, X, M andN beasin Definition 14.1.1,sothatA, Cs andK are
strongly stableby Theorem8.3.9(a3). Now we obtainthe other claimsfrom
Lemmal4.2.8. O

We finish this sectionby a discussioron spectraland other J-critical factor
izationsin continuoudime.

By Example8.4.13,J-coercvity over Uyt doesnotimply the existenceof a
spectrafactorizationn theindefinitecase(seealsoExamplell1.3.7).Insteadwe
needsomeadditionalassumptionsasin Theorems8.4.9and9.2.14.

In discretetime, we alwayshave the “H?-factor” (the (J, ¥)-critical factor) of
Theorem9.14.6,andit suficesfor the purpose®f optimalcontrol(by Theorems
9.14.3and8.4.3).If thel/O mapis exponentiallystable thenthis J-critical factor
is aspectrafactor(cf. Theoreml14.3.2).

For a continuous-time/O map D, the correspondingactor and its inverse
may be non-well-posed(i.e., X*! ¢ TIC,, as in Example 11.3.7), and the
correspondingstatefeedbackpair” maythusbe non-well-posed.

If De H*(Ct; B(U,Y)) isH*(KS B(U,Y)) for somecompacK C C, then
an analogouscondition is satisfiedby X+l (since this condition holds iff the
mapis a Cayley transformof an exponentiallystable(discretetime) map), and
in this casewe do have an exponentiallystablespectralfactorization(wheneer
the Popws Toeplitz operatoris invertible), but this condition is too strong for
our purposes.Unfortunately it doesnot seemthat continuoustime exponential
stability would be a sufficient condition (it seemslikely that both X and X1
mightstill be unboundedearinfinity).

However, if D—D € H”N Hgtrong over C* (for someD € B(U,Y)), thenthe
“H2-spectrafactorization’mentionedabove is, indeed well-posedandULR) in
continuougime too, asnotedbelow Propositior®.14.5;Thenalsothe continuous
time form of Theorem9.14.6andits proofarevalid.

(In the above setting, the discretized(?,S, | K | F |) is a Upur-stabilizing
solution of the discretizedelARE, hencethe original proof of Theorem9.14.6
leadsto correspondingesultson ASD andASX, but thesearenot asstrongasthe
onesobtainedirom the continuoudime version.)

Notesfor Sections9.14and 9.15

Theorem.15.3is abasicresultof classicalgeneralizedyanonicafactoriza-
tion theory andalsovariantsof Lemmas9.15.2and9.15.5arewell known.
__Actually, in theclassicatheory onecanreplaceD*JD by ary tip operatofi.e.,
D*JD by any L®(0D; C"™") function),anddD canbe replacedby ary “standard
contour” (and L2 by LP). Thus, Theorem9.14.60nly extendsthe part of the
factorizationtheorythatis neededor standarctontroltheory

Classicareferencesnthesubjectin Englishinclude[CG81]and[LS], andan
up-to-datebook [BKS] appearediuring the refereeprocesdor this monograph.
Seealsothenoteson p. 148.



9.15 H2factorization whendimU < oo

Divide etimpena!
— Louis Xl

We presenthere somebasic facts on a wealer form of finite-dimensional
canonical(generalizedfactorizationdor later use. We mainly work in discrete
time(i.e.,onD, notC™); in particular we relaxStandingHypothesi€®.0.1(except
in Lemma9.15.4);we still assumehatH andY areHilbert spaces.

Letne N+1,U :=C". SetH?:=H?(D;C"). RecallthatD = {z€ C| |z < 1},
hencedD = {z€ C||7 = 1}. Note that 1o+ S e oUnZ' = S oLnpu" for each
(Un)nez € Nr>0fZ(Z;CM).

Definition 9.15.1(GH?-factorization) LetD € tic(C",Y)andJ=J* € B(Y). We
saythat X*SX is a GH?-factorizationof D*JD if X € GH?(D;C™"), S=S' ¢
GB(C™"M), andX*SX = D*JD a.e onaD.

In standardfactorizationtheory a GH?-factorizationwith the additional
condition*X~17trX is boundedon L2(dD;C")" (cf. Theorem9.15.3)is calleda
“generalizeccanonicalright-)factorizatiorrelatveto L?” (seee.g.,pp.142-143
of [CG81]).

A GH2?-factorizationis uniqueup to an invertible constantmatrix, and one
canalvvaysredefine?i sothatS= J; (i.e.,make Sadiagonalmatrix with diagonal
elementst1):

Lemma 9.15.2(Uniqueness)LetD € tic(C"Y) andJ = J* € B(Y). LetD*JD
havea GH?2-factorizationX* SX.

Thenall GH?-factorizationsof D*JD are givenby (EX)*(E~*SE~ )(EA)
(E € GB(CM), and ther is E € GB(C") st. E*SE ) =J=[)5] €
B(CK x C"K) for somek € {0,1,...,n}.

Moreover, then D*JD = (X 151X *)1 € GLY(OD;C™") and X*! ¢
GC"™"a.e onaD.

Proof: 1° Obviously, ary E € GB(C") definesa GH?-factorization. By
Lemmas2.4.4and2.4.1,we have S= (VE')*J1(VE’) for someV,E’ € B(U)
(setk:=dimH.,).

2° By Theorem3.3.1(e)&(a4), the functionsD € H® ¢ H2, M := X1
GH?, N :=DX € H2 have L2 boundaryfunctionson aD.

By continuity, MX =1 =XM, N=DM and N*JN S a.e.on dD,
henceX, M, N*JN, D*JD € GB(U) a.e.ondD and(D*JD) 1 =X"1S1X* ¢
L1(0D; B(U)), by TheHolderInequality

3° All gHz-factorizations:Corversely let X’éJle bea gHz-factorization
of D*JD. SetX := Xl, ﬁl — N (redefinedsothatS= J).

By TheHolder Inequality E := X; X, € GHY(D; B(U)). Fromequations
J = NiJIN; andN, = N; E, we obtainthatE*J;E = J, henceE = J;'E *J;



a.e.on dD. By LemmaB.3.6, (E hd:= E(Z~* € GHYD;B(U)). Set
E(2) =3, 1E(l/i) *Jy for ze D', sothatE e B(U), by PropositionD.1.20.
But Xl EXZ, asrequired. O

If the Popar Toeplitz operatoris invertible (i.e., D is J-coercie over Ugpyy,
thenD* JD hasa GH?-factorization:

Theorem 9.15.3@3(rttD* Dt )~1 = 3GH2-factorization) LetD e tic(C",Y)
andJ = J* € B(Y). If TrD*IDI € GB(¢3(N;C")), thenD*ID hasa GH?-
factorizationX* SX.

Moreover, X~11t X is boundecbn L2(D;C") andD*JD € GL*(oD; C™").

Naturally, the Toeplitz invertibility conditioncanbewritten asTU D* IDTT €
GB(H*(D;C"),
Proof: The existenceof X and S with X~1107X boundedfollows from
Theoremd.14.6.By Lemma2.2.2(d),D*JD € Gti(U), henceD*JD € GL*, by
Lemmal3.1.5. O

In fact,the coercvity assumptiorcanbereplacedy awealer condition:

Lemma 9.15.4(CT: [ Keit | Ferit | = GH?-factorization) Let = = E a2l e
WPLS(C",H,Y) bes.t. B andD arestable andletJ = J* € B(Y). Let| K | F |
bea J-critigal statgfgedbat;\ pAair for Z over Uoyt.

Then (OX)*S(OX) = (OD)*J(VD) is a GH?-critical factorization, whee
X := 1| —TF andSis thecorrespondingignatue operator. 0

(Thisfollows from Lemma9.12.8(d)andLemmal3.2.1(e2).In fact,ary U}
with & = 0 would do, with the sameproof.)

We shall also needthe following local variant of Proposition5.2.2, which
stateghatif I is holomorphicaroundsomesubaroof D, thensoareX+!:

Lemma 9.15.5(Local holomorphic extension) Assumethat E € L®(iR;C™N)
and that X, Y € H2(D; C™M). LetQ C C beopenandl :=QnNaD # 0. If
=Y*X a.e onaD and]E|r hasan holomorphicextensionto Q, thenX*! and

Yﬂ haveholomorphicextensiongo DUQ andD U {1/ﬂ se Q}, respectively

(Note that Q' := QN {1/57\5 € Q} containsI. Note also that if D €
H*(D; B(C",Y)) andD hasa holomorphicextensionto DU Q, then]lA)"‘J]ﬁ)‘r has
aholomorphicextensionto Q’, sothatthelemmaapplies.)

Proof: 1° Case—1 ¢ Q: SetZ( s) := Y(1/9)* for s€ Cst.1/seD. We
hares=1/s, henceY(s)* = 7Z(s) for all s€ aD. SinceY € H(D;C™"), we
haveZ € H(D®;C™").

ConsequentlyZX = E a.e.ondD, sothat f := X = Z~'E a.e.ondD (note
from Lemma9.15.2thatX,Z € GC"™*"a.e.ondD). By TheorenB.3.1(e)&(a2),
X(r-) — X(-) in L2(dD;C™"), asr — 1—. It follows that the (inverse)



Cayley transforrr@—lfg(r +i-) corvergeslocally in L* asr — 0+; analogously
O-1Z(r +i-) corvergeslocally in L1 asr — 0— (seeLemmal3.2.1(e1)).

We concludefrom PropositionD.1.18 that f : d0DNQ — C™" hasan
holomorphlcexten5|onf Q5 C™stf=XonDNQandf=2Z"1E on
D°NQ. Thus,X hasan holomorphlcextensmnto DuUQ.

N Apply the abore to E* = X*Y in place of_ E to obtain the claim on
Y (equialently, an holomorphic extension of Z‘D no 10 Q). But f~ —
E-1Z e H(Q;C™M), andf -1 =X~ onDN Q, henceX~! hasanholomorphic

extensionto DU Q.

2° CasedD ¢ Q: Rotatethefunctionssothat1® applies.
3° CasedD C Q: Apply 2° to two subset®f Q. O

(Thenotesfor this sectionaregivenonp. 543.)



