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Chapter 8
Optimal Control (& 7 = 0)

Andif dearlythaterror hathcostme
Andmore that! oncecouldforesee

| havefoundthat, whatever it lostme
It couldnotdeprivemeof thee

— Lord Byron (1788-1824)Stanzado Augusta"

In this chapterwe presentan abstracttheory on optimization and optimal
controlin statefeedbackiorm andthe applicationof this theoryto WPLSswith
guidelinesto moregeneralor time-varyingsystems.

We shall studythe critical pointsof a given costfunctionandthe casewhere
suchcontrol correspondso a stabilizing statefeedbackpair. Suchan “optimal”
statefeedbackpair correspond$o a “stabilizing” solutionof the Riccatiequation,
asshowvnin Chapterd. Thecorrespondingpecialcontrol problemsaresolvedin
Chaptersl0-12.

In Sections8.1 and 8.2 we work in an abstractsetting. The costfunction
J(x,u) is aquadratidunctionof vectorsx andu, andwe wishto find “controls” u
thatarecritical pointsof 7(x, -) for afixed“initial state”x; equivalently, for which
the Fréchetderiative of J(x,-) is zero. Suchcontrolscorrespondo solutions
of optimizationproblems(e.g.,LQR, H* or ary otherquadraticmaximization,
minimizationor minimax problems).In the sequelwe preferthe word “critical”
(or*J-critical”) to “optimal”, sincein generakritical pointsneednotbeoptimums
althoughthe corverseis alwaystrue.

We shaw thatthereis a uniqueJ-critical controlfor eachx iff thereis aunique
J-critical controlfor x = 0 andthe abstractsystemis “stabilizable”. Moreover, if
thisis the casethenthe J-critical controlcanbewrittenin “statefeedbackorm”.

In Section8.2, we defineandstudy* J-coercvity”, whichis a generalization
of thestandardhonsingularityassumptionsf severalcontrolproblemg(including
the “J-coercvity” assumptionglefinedin [S97b]-[S98d],the “Popov Toeplitz
invertibility” assumptionin the stable caseand the “no transmissionzeros”
and “no invariant zeros” assumptionsn the positive case). We show that ary
“stabilizable” J-coercve abstractsystemhasa unique critical control for each
initial state,so that the resultsof Section8.1 canbe applied. We also present
somerelatedresults.
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There are threereasondor the use of this abstractsetting. First, this can
be consideredas a short-handnotationfor WPLSsasto make the optimization
theorysimple,clearandneat. Secondthis theorycanbe appliedmoregenerally
asindicatedin Section8.50ontime-varyingsystemsandin Section8.6 onsystems
whose input operator (“B”) is allowed to be more unboundedthan those of
WPLSs.However, we only give guidelinedor thesesettingssincethey go beyond
the scopeof this book.

The third and most important reasonis that when working with the H®
problemin Sectionl11.7, we have to optimize the control for a fixed stateand
a fixed disturbance;the WPLS framavork doesnot cover such optimization.
Therefore,we solve the H” full-information control problemin the abstract
framework of Section8.1, althoughtheresultswill beappliedto WPLSsonly.

Naturally, in Chapters9-12 we have to work hard on the “raw WPLS
solutions”obtainedascorollariesof the abstractheory beforewe canturn them
into directgeneralizationsf classicalkcontroltheoryresults.

In Sections8.3 and8.4 we apply our abstracioptimizationtheoryto obtaina
very generattheoryon control problemsfor WPLSs. Givena WPLS [%%] and
acostoperatord = J* € B(Y), we studythe costfunction

J(Xo, ) ::/0 (y(t),Jdy(t)y dt, where y:=Cxo+Du (Xp€H, u:R;.—U)

(8.1)
(for suitableC andD this coversall classicalcontrolproblemsmentionedaborve)
andu is requiredto be exponentiallystabilizing, strongly stabilizing, stabilizing
or somethingsimilar, dependingon how stableonewishestheclosed-loomsystem
to be.

Under J-coercvivity and stabilizability assumptionsthere is a unique J-
critical (“optimal”) control for ary initial state,and this optimal control can
be givenin a WPLS form (this generalizeghe correspondingesultin [FLT]).
However, the correspondindeedbackneednot be well-posedwithout additional
assumption®n the system,as illustratedin Examples8.4.13and 11.3.7. This
leadsto someadditionaldifficultiesin the Riccatiequatiortheory(the situationis
thesameevenin the casestudiedin [FLT]).

In Theorem8.4.5, we extend the standardresultthat an optimization prob-
lem over exponentially stabilizing controllerscan be solved by first finding a
preliminary exponentially stabilizing controller and then optimizing over stable
controlsfor the preliminary controlledsystem. We also give correspondinge-
sultsover otherformsof stabilization but for themoneneedsanadditionalquasi-
coprimenesg“g.r.c.-") assumption.Thenwe give further resultson J-coercvity
andrecallits connectiorto spectralandcoprimefactorizationgor mapsin MTIC
classes.

Sections8.1 and 8.2 are written for a the abstractsetting of Hypothesis
8.1.1(seealso Hypothesis8.2.2). Hypothesis8.3.1is assumedhroughoutthis
Sections8.3-8.5,andHypothesisB.6.1is assumedhroughSections3.6.



8.1 Abstract J-critical control (Jyycit L Ay)

Themore control, themore that requirescontrol.

In this sectionwe definetheset U of admissiblecontrolsandthecostfunction
J andstudytheir basicproperties.

Standing Hypothesis8.1.1 Throughoutthis sectionand Section8.2 we shall
assumehat U, X, YS, Z° and are Banad spacesthatY and Z are TVSs,and
that the embeddingy® C Y and Z° C Z, are continuous. e also assumethat
[A12] € B(XxU,ZxY) andJ = J* € B(YS,Y™).

All resultsgiven in thesetwo sectionsare valid whetherwe use linear or
conjugate-lineaduals,i.e., X* := XB or X* := X9: seeRemarkA.3.22for details.
In particular we mayuseHilbert spaceadjointsinsteadof Banachspaceadjoints.

We usesesquilineadualsandadjoints(seeRemarkA.3.22) andthe notation
of LemmaA.3.5(e.g.,"J = J*” meanghatJ*|, s = J), hencetheresultslook asif
thespacesn Standing—|ypothesi§3.1.1were\—|ilbert spaces.

OutsideSections8.1 and 8.2, we shall apply theseresultsonly in the case
whereY?® is a Hilbert space. Therefore,we recommendhe readerto consider
only this Hilbert spacesettingsothatYs* = YS andhencethereis nothingspecial
with innerproductsor self-adjointness.

Remark 8.1.2 In this sectiononemayallow U, X, YS, ZS to bearbitrary F-spaces
(i.e., completemetrizable TVSs, see Theoem 1.24 of [Rud73]), becausethe
ClosedGraph Theoem (Theoem 2.15 of [Rud73]) is the only nongeneal TVS
propertythatweusehere.

Givenaninputu € U andinitial statex € X, wecallz:= Ax+Bu € Z thestate
y:=Cx+ Du €Y theoutputand(y, Jy) thecostof the“system”for u andx s.t.the
stateandoutputarestable i.e., z€ Z% andy € Y* As before,we set||y||ys = +oo
fory ¢ Ys, etc.

We could have droppedA, B, Z° and Z from the theory without reducing
generality(replaceC by [&] andD by [B] etc.), but we have chosenthis more
explicit presentatiorio malke laterapplicationsamoreobvious.

The simplestapplicationof this theory to WPLSsis obtainedby the sub-
stitutionsU — L?(R;;U), YS+—= L2(R,;Y), Y = L3(R.;Y), X — H, Z5,Z —
LZ(RyiH), [£12] — [A1Z] andx — X € H, whereU, H, Y areHilbert spaces,
[412] € WPLS,(U,H,Y) andw € R.

It follows that 7/(x) := {u € U|Cx+ Du € YS, Ax+ Bu € Z%} becomeshe
spaceof stable(unlesswe take U = L2) controlsthat make the outputCx+ Du
stable. Sometimeawve alsorequirethe stateAxy + Btu to be stable,i.e., we set
Z5:=L?(R;H). SeeRemarks.3.4for furtherapplicationso WPLSs.

Now for thegeneraldefinitions:




Definition 8.1.3(J-critical control) For eat x € X, weset

U(X) :={ueU |Cx+DueY® & Ax+Bue 7% (8.2)
7 (x) :={Cx+Du|ue Ux)}, (8.3)
J(x,u) :=(Cx+Du,J(Cx+Du)) (ue U(X)). (8.4)

We call 7 thecostfunction A control u € U(x) (resp.outputCx+Du € 9 (X))
is called J-critical for x (w.r.t. [S}2]) if (Cx+ Du,JDn) = O for all n € U(0).

Notethat 7/(x) C U and9(x) C YSC Y for all x € X.

Givenaninitial statex € X, we often wish to find a stabilizing control (i.e.,
u € U) s.t.theoutputy := Cx+ Du € 9 is optimizesthe cost 7 (x,u) = {y,Jy) in
somesense. Becauseoptimality (in mostreasonablesettings)requiresthat the
Fréchetderivative of the costfunction is zero, or equivalently, that the control
is J-critical (by Lemma8.1.6),we shallconcentraten J-critical controlsin this
section.SeeSections3.2and11.7for applications.

In thefollowing few lemmaswe list simplealgebraicpropertiesof the above
conceptdor futureuse:

Lemma 8.1.4(U(x) and ¥ (X)) ThesetsU(0) c U and 9 (0) C YS are linear
subspaces. Let x € X, u € U(x), y € 9(x). Then U(x) = u+ U(0) and
(X)) =y+9(0).

Moreover, U(axg+ Bx1) = aU(Xo) +BU(x1) andy (axo+Bx1) = a9 (xo) +
BY (x1) (a,B € C\ {0}, X0, X1 € X s.t. U(Xg) # 0). 0

(Thevery easyproofis left to thereader Thelasttwo formulaeneednot hold
for xp, X1 S.t. U(X0) = 0= U(x1).)

The casewhereZ® = Z andYS =Y is called the stablecase,becaussf(f)
U(x) =U for all xe X (i.e.,if(f) all controlsarestabilizing),thenwe canreplace
Z5byZ andY® by Y, w.l.o.g.,by thefollowing lemma:

Lemma 8.1.5(Stablecase) If YS=Y andZ® = Z, thenU(x) =U for all x e X.
We have U(x) = U for all x € X iff C € B(X,Y®), D € B(U,Y®), Ae B(X,Z5,
Be B(U,Z5). 0

(Thisfollows from StandingHypothesis8.1.1andLemmaA.3.6.)

With the standardsubstitutionamentionedabove, the stablecaseis the case
whereeachx andu producea stableoutput,i.e., whereC andD arestable(that
is, Z € SOS; the alternatve substitutionswith Z% +— L2(R,;H) correspondo
exponentiallystable).

The J-critical controlsareexactly the zerosof the derivative of the cost:

Lemma 8.1.6(J-critical & % =0) Letxe X.

A control ugi € U(x) is J-critical for x iff & éﬁ’“)(ucrit) = 0. In particular, if

Ucrit(X) is a local extremalpoint of 7(x,-) (on U(X)), thenugit(X) is J-critical for
X.




Here % is the (real) Fréchet derivative of 7(x,-) on its domain U(X).

Thus,%(ﬂ) . U(0) — R, wheret € U(x), meangheoperator

dj(x,ﬁ-i—tr])(o) —lim J(x,u+tn)—J(x,0) cR.
dt t—0 t

Proof: 1° “If f”: By Lemma8.1.4, U(X) = Ucit + U(0). By linearity and
continuity, W(O) = 2Re(Cx+ Du,JDn). Thisis zerofor all n € 1(0)
iff (Cx+ Du,JDn) = 0for alln € U(0), (applytheright-hand-sideo n andin),
i.e.,iff uqit is J-critical for x.

It is obviousthat 7(x, U+tn) hasanextremumatt = O if Uis anextremum
(or asaddlepoint) of 7(x,-). O

U0)>n~—

(8.5)

Givena critical control ugit, the costfor ugit + n equalsthe critical costplus
thecostfor n:

Lemma 8.1.7(Critical costJ(X,Ugit)) Letx € X and Ugrit € U(X). Setygrit ==
Cx+ Dugit. Thenthefollowing are equivalent:

(1) Ugrit is J-critical for X;
(if) I (X, Uerit +N) = Yerit, Wyeriy +(DNn,IDN) (N € U(0));

(i) (Cx+D(Ucrit+N1),I(CX+D(Uerit +N2))) = Yerit, Werit) + (DN1,IDN2)
(N1,n2 € U(0)).

Notethat(ii) meanghat 7 (X, Uerit +N) = J (X, Ugrit) +7(0,N).
Proof: By a direct computation,(i)=-(iii) =-(ii) ((i) implies thatthe cross
termsof (iii) arezero).
Assume(ii). Then2Re(yeit,JDn) = 0 for all n € U(0). An applicationto
n andin shavsthat(yeit,JDn) = O for all n € U(0), i.e., that(i) holds. O

For positive costfunctions(7(0, -) > 0), “J-critical” is equivalentto “minimiz-
ing”:
Corollary 8.1.8(Minimizing < J-critical & >0) A control u € U(x) mini-
mizedstrictly] 7(x,-) (on U(x)) iff uis J-critical and(Dn,JDn) > 0[> Q] for all
nonzeon € U(0).

Notethat 7(0,n) = (Dn,JDn).
Proof: “If ”. This follows from Lemma8.1.7(ii). “Only if”: This follows
from Lemma8.1.6andLemma8.1.7(ii). O

All critical controlsproducethe samecostandthe samesensitvity of the cost
to adisturbance:

Lemma 8.1.9(U™ and uniqueness) Denote by 7/°t(x) the set of J-critical
contolsfor eahx € X. Then®™(0) isalinear subspacef 7(0). If ue U (x),
x,X € X, then U (x+ X) = u+ U™(x'). Moreover, 7(x,u) = 7(x,v), and
J(x,u+n) = J(x,v+n) foru,ve U(x), n € U(0).

In particular, thereis at mostoneJ-critical contol for ead x € X iff 7°(0) =

{0}.



Proof: 1° U (x+X) = u+ U(X'): Letu e U*™(x). For anarbitrary
U €U, wehaveu+u € UM(x+ X)) iff

(Cx+Du+Cx +Du,JDn)=0 (n e U(0)), (8.6)

equivalently, iff U € U™ (X). Therefore, U™ (x+X) = u+ U ().

2° Obwviously, U°™(0) is asubspacef 1(0).

3° Letu,u+ 0 e U(x), (sothatl € UC™(0), by 1°). By Lemma8.1.7(ii),
we have 7(x,u+0) = J(x,u) +(Du,JDuU) = J(x,u). If n € U(0), then

J(Xu+U+n) = J(x,u+u)+(Dn,IDn) = 7(x u) +(Dn,IDn) = J(X,u+n).

(8.7)
4° Since always 0 € U°™(0), the last claim follows from the identity
U (x+X) = u+ U(X') (with X' = 0). 0

We shall later give several sufficient conditionsfor the existenceof a unique
J-critical control. Sucha controland correspondingtateand outputare always
producedoy akind of anabstracsystem(in “statefeedbackiorm”):

Theorem 8.1.10(Z¢rit) Let there be a uniqueJ-critical control ugit(X) for ead
x € X. Define

Acrit AX+ BUerit(X) Zeiit(X)
Zeiit i= | Corit| 1 X+ | CX+Dugrit(X) | = | Yerit(X) (8.8)
Kerit Ucrit Ugrit (X)

Then Zgit € B(X,Z%x Y3 x U). Moreover, by setting ? := C;JCqrit €
B(X,X*) weobtain

J (% Ucrit(X) +1) = (%, PX)x x+ +7(0,1n) = (Yerit(X), Werit(X))ys + (DN, IDN)ys.
(8.9)
for xe X andn € U(0).

(Stable case)lf A € B(X,Z%) andC € B(X,Y®), or B€ B(U,Z% andD €
B(U,Y?®), thenC € B(X,Y?) and P = C*ICqit = C,;,JC.

Thus,we canconsideK i € B(X,U) asa“statefeedbacloperator” . andit
astheleft columnof the correspondingclosed-loopsystem”.

In Theorem8.3.9 we shall shov that if [é%] is a WPLS, then Z; is a
WPLS. For sufficiently smoothWPLSs (and for all wpls’s), 2. becomeshe
left columnof the closed-loopsystemcorrespondindo a statefeedbackoperator
determinedy the stabilizingsolutionof the correspondingriccatiequation(see,
e.g.,Section9.2).

Proof: 1° “Ceit, Kerit € B”: The map Kerit © X — Ugrit(X) are obviously
linear, henceso are Ceit : X — VYerit(X) and Agrit @ X — Zgit(X), i.€., Zgrit €
Hom(X,Z®x Y3 x U). To shaw thatZ; is boundedwe usethe ClosedGraph
Theorem.

Assumethat x, — 0 in X and ZgitXn — [ﬂ in Z5xYSxU (by Lemma

A.3.4(E1),we only needto show thatz,y,u = 0).



ThenCyitxn — Y € Y5, but Citxn = Cxn + DKqritXn — 0+ Du in Y, hence
y = Du. Analogouslyz = Bu, henceu € U(0). But

(Dn,JDu) = nl_lmoo<DnaJCcritXn> = n'_'}TOOO =0 (8.10)

for all n € U(0), henceu = ugit(0) = O; consequentlyy = Du = 0 and
z=Bu=0. Thus,>q € B.

2° (8.9): Thisfollows from the definitionsof Cgit and 7, andfrom Lemma
8.1.7(ii).

3° CaseA € B(X,Z%),C € B(X,Y%): Letx € X. Obviously, U(x) = U(0).
Moreover, DKitx = CeritX — Cx € Y3, and(DKitX, JCritX) = 0, becausitx €
U(x) = U(0). Therefore,

(Cx, ICitX) = (CeritX, JCeritX) — 0 = (X, PX) (8.11)

Because € X wasarbitrary we have P = C*JCit, henceC;, JC= P* = P.
4° CaseB € B(U,Z%), D € B(U,Y®): Now AX = AgitX — BKqitx € Z5,
Cx = Cgitx — DKgritx € YS, for ary x € X. Therefore, A € B(X,Z5),

C € B(X,Y%), by LemmaA.3.6. Thus,therestfollows from 3°. m

(Seethenotesonp. 362.)



8.2 Abstract J-coercivity (7 — [u Du])

Coerion. Theunpaidonablecrime
— DorothyMiller Richardson(1873-1957)

In this sectionwe aim to give sufficient conditionsto the existenceof a
unique“optimal” (J-critical) control, so that the abstractoptimizationtheory of
Section8.1 canbe applied. The mostimportantof such conditionsis that the
systemis “stabilizable”(i.e., U(x) # 0 for all x € X) andJ-coercie.

In the WPLS framewvork with J = | (a minimization problem), J-coercvity
meansthe condition ||Dul|2 > €||ul|2 or somethingsimilar, dependingon the
desiredsetof admissiblecontrolsu. The concept]-coercvity is ageneralization
of the standarchonsingularityassumptionsf severalcontrolproblems.

Indeed,laterin this sectionandin Section11.7 (andin their WPLS applica-
tionsin Chaptersl0-12) we shallshow thatall optimization(sub)problemsaced
in rathergeneralLQR andH®” settingsare J-coercve. Moreover, in Propositions
10.3.1and10.3.2we shaw that(theextensiongo WPLSsof) all differentclassical
nonsingularityassumption®n LQR settingsareequialent.

At the end of this section, we shall give applicationsto stable systems,
includingthedirectformulafor the optimalcontrolgivenin Lemma8.2.9.Recall
the assumption®f StandingHypothesis8.1.1andnotealsothoseof Hypothesis
8.2.2.

We start by defining J-coercvity. The map D is J-coercve iff J(0,u) —
[u Du] is continuous:

Definition 8.2.1(J-coercive) We call D J-coercve (over U) if thereis € > 0 s.t.
for all nonzeo u € U(0) thereis anonzeov e U(0) s.t.

(Dv,JDU) > €||u||p||V||D- (8.12)

wheee ||u||p := max{]||u||u, ||BUl|zs, ||Dulys}. If, in addition, (Du,JDu) > O for
eadu € U(0), thenD is called positively J-coercie.

By Lemma8.2.3(c2),D is positively J-coercve iff “we cantakev = u", i.e.,
iff (Du, JDU) > €||ul|3 for all u € 7(0) andsomee > 0. Obviously, we canreplace
|- lo by anequivalentnormin (8.12).

Whenapplyingtheresultsof this sectionwe oftentake Z° = Z (or A= 0= B),
so that A and B becomecontinuousand henceinsignifant and can be dropped
from all formulae. In particulay then |jul|p becomesequialentto |Jul|p =
max{||ullu, [|Dullvs}.

We shallusecertaintechniqueshatrequirereflexivity:

Standing Hypothesis8.2.2 Throughoutherestof thissection.exceptin Lemmas
8.2.4,8.2.8and8.2.9,weassumehatU, Z°% andY* are refleive



This hypothesisallows usto fully applyLemmaA.3.5(c2):

Lemma 8.2.3 Equip U(0) with norm|| - ||p. Thenwe havethefollowing:

(a) (Stable case)Let Y°=Y and Zz°=Z. Then U(0) and U are (TVS)
isomorphic,henceD is J-coerive iff D*JD € GB(U,U*). Moreover, D
is positivelyJ-coerciveiff D*JD > 0.

(b) U(0) is areflexiveBanad spaceaHilbert spacef U, Z%andY* are Hilbert
spaces)and [§] | € B(U(0),Z°x Y*).

(c1) D is J-coeciveiff D*ID € GB(U(0)).
(c2) D is positivelyJ-coeriveiff D*ID > 0 on U(0).
(d1) D is positivelyJ-coeriveiff thereis € > 0 s.t.for all u € U(0) wehave

(Du, JDu) > e(||ullg + [[Bul|Zs +[|DullGs)- (8.13)

(d2)LetJ > 0. ThenD is positivelyJ-coeriveiff || Dullys > €' (||u]|lu + ||BU||zs)
for someg’ > 0 andall ue U.

(d3) If D is J-coerive thenD is injectiveonU.

(d4) Let D be J-coecive Then|JDu|lys > €/||u||p for somee’ > 0 and all
ue U(0).

(e) Evenif StandingHypothesis3.2.2 doesnot hold, claims (d1)—(d4)above
hold and J-coecivity impliesthat there is at mostoneJ-critical control for
eah xg € X.

If J>0,YS=Y andZ®=Z, thenD is J-coercieiff (Du, JDu) > g||u]|3 (u€U)
for somee > 0, by (a). TheoperatoD*JD canbeconsidereésthePopw Toeplitz
operator

Proof: (a) Obviously, || - || is now equivalentto || - ||y onU = U(0), hence
theclaimsfollow from (c1)&(c2).

(b) By LemmaA.3.15 (with T := [I* B* D*]"), «(0) is a reflexive
Banachspace(a Hilbert spaceif U, Z° andYS are Hilbert spacesand T €
B(U(0),U x Z5x Y5).

(c1)&(c2) These follow from Lemma A.3.4(N4)(xi) and Lemma
A.3.5(c2)&(d),

(d1) Thisareformulationof (c2) (with anequivalentnorm).

(d2) Now D*JD > 0« D*D > 0 < ||Du|lys > €||ullp (u € U(0)) &
IDu|lys > €'(||ulju + ||BU||zs) (u € U(0)) (notethatthis doesnot hold for all
u €U in general).

(d3) Thisfollowsfrom (cl).

(d4)Letu e U(0). Lete > 0 andv beasin Definition8.2.1.Then

€l|ullo|[Dv| < gfjul[p[|Vllp < (Dv, JDU) < || IDu[[[[Dv]]. (8.14)

Becausdv # 0, by (d3), we have ||IDu||2 > €||u||p. Sinceu wasarbitrary (d4)

holds.
(e) For (d1)—(d4)this is obvious; the uniquenessglaim follows from 2° of
the proof of Theorem8.2.5. O



A coordinatechangein the input spaceaffects J-coercvity and J-critical
controlin the expectedwvay:

Lemma 8.2.4(D vs.DE) LetE € GB(U). Let Upe(x) :={ueU | [&|BE][X] €
Y* x Z°}. Thenwe havethefollowing:

(@) Upe(x) = E~1U(x) for all x € X.
(b) A control u is J-critical for x and [A|B] iff E~1u is J-critical for x and

[61BE-

(c) D is J-coeciveiff DE is J-coercive

Naturally, herethe J-coerciity of DE refersto theset{u € U |DEu € Y5} in
placeof (0) andto the norm ||u||pe := max{||u||, ||BEu||, ||DEu||} in placeof
[[ullo-

Proof: Claims(a) and(b) aretrivial. Choosed > 0is s.t.8||u|| < ||Eu|| <
& Y|u|| (ue V). Thend||ullp < ||Eu|loe < & Y||ullp (u € U), hencethese
two normsareequvalent. Fromthis and(a) we obtain(c) easily O

Trivially, U(x) # 0 is a necessanycontrol for the existenceof a J-critical
controlfor x. For J-coercve systemsthisis alsosufficient:

Theorem 8.2.5(J-coercive = JlJ-critical control) AssumehatD is J-coercive
If x € X is s.t. U(x) # 0, thenthere is a uniqueJ-critical control for x.

Thisfollows from thefactthat J-coercvity allows usto projectanelementof
J(Cx+ DU(x)) continuously However, J-coercvity is not the wealestpossible
assumptiorfor the above theorem:wheneverJ =1, C = 0 andD > 0, thenthere
IS auniqueJ-minimizing controlfor all x € X evenif D 3 0.

Neverthelessevenfor J=1, conditionsthatarenecessargndsufficientdonot
seemto beuseful(e.g.,“for some(henceall) y € 9(x), theorthogonabprojection
of yto RanD) isin RanD)”).

Proof: 1° ExistenceWewrite E .= D|u(0) to clarify the proof. By Lemma
8.2.3(b)&(cl),wehave E € B(U(0),Y®) andE*JE € GB(U(0)).
Let x € X. Choosel' € U(x), andsety :=Cx+Du € YS. Setu’ :=
—(E*JE)~1E*JY € U(0),u:=U +Uu" € U(x). Then
(Cx+Du,IDn)ys = (Y + EU",JEn)ys = (E*IY + E*JEU" ,n)p =0  (8.15)
for all n € U(0), henceu is J-critical for x.
2° Uniqueness:If u is J-critical for x = 0, then (Dv,JDu) = O for all

v € U(0), hencethen||u||p = 0, henceu = 0. Thus,the J-critical controlis
uniquefor arny x € X, by Lemma8.1.9. O

Thus,we have solveda rathergeneraminimizationproblem:



Corollary 8.2.6(Minimization) Assumehat U(x) # 0 for all x € X. If thereis
e>0s.t.

7(0,u) > e([[ull +IBullZs+ IDullgs)  (ue 1(0)), (8.16)

thenthereis a uniqueminimizingcontrol for ead x € X. Thecorrespondingstate
outputandcostare givenby (8.8) and(8.9).

Proof: By Lemma8.2.3(c2),D is positively J-coercve, henceTheorems
8.2.5and 8.1.10apply By Corollary 8.1.8, the unique J-critical control is

strictly minimizing (on U(x)). O
A specialcaseof thisis the standard.QR problem:

Corollary 8.2.7(Standard LQR problem) LetJ > 0 and U(x) # O for all x €

X. Lettherebee > 0 s.t.||Dul|ys > €(||ulju + ||Bu||zs) for all u e U(0).
Thenthere is a uniqueminimizingcontrol for ead x € X. Thecorresponding

state outputandcostare givenby (8.8)and(8.9). 0

(Thisfollowsdirectly from Corollary8.2.6.)

Analogouslyif YS=Y andZ® = Z (thestablecase),) > 0, and||J%/?Dullys >
gl|u|| for all u € U, thenthereis a uniqgueminimizing controlfor eachx € X, and
Theorems8.2.5and8.1.10andLemma8.2.8apply.

The condition® U(x) # 0 for all x € X” is calledthe Finite CostCondition
becausdor J = | this conditionholdsiff for eachx thereis acontrolu € U(x) s.t.
J(x,u) = ||Cx+Dul|Zs < .

The proofandimplicationsof Theorem8.2.5becomeesasyin the stablecase:

Lemma 8.2.8(Stable J-critical control) Assumethat U(x) = U for all x € X.
Assumein addition,thatthe“P opov Toeplitzoperator” T := D*JD beinvertible
(T e GB(U,U")).

Thenthere is a the unique J-critical control for eat x € X, and the system
> crit andJ-critical costoperator P of Theoem8.3.9are givenby

Agit = A—BTID*JC, (8.17)
Ceit = (I-DT 'D*J)C, (8.18)
Kait = —TID*JC, (8.19)

P = C*(3J-JIDT'D*J)C=C*ICqi. (8.20)

TheconditiononT holdsiff D is J-coercve,by Lemma8.2.3(a).
Proof: Now (Cx-+ Du,JDn)=0for alln e U = U(0) iff D*3(Cx+Du) =0
(€ U¥), i.e.,iff u= —T~D*JCx. Theformulaecanbe computedrom (8.8).
d

StandardstableLQR andH* problemsare of the following form andhence
give usthefollowing directformulaefor the solutions:



Lemma 8.2.9(*Stable X with boundedC”) Assumehat 7(x) = U for all x €
X, C € B(Z5Y%), 'y =Cz+Du", i.e, C=CA, D=CB+D, andthat S:=
D*JD € GB(U,U*), D*IC=0, T := D*JD = S+ B*QB € GB(U,U*), whee
Q:=C*JC e B(29).

ThenLemmas.2.8applies Kerit = —S'B*QAcrit and P = A*QAcit.

Thus,Ugrit(X) = —S™1B*Qz;it(X). SeePropositiors.3.10(andequation(8.93))
for aWPLSapplicationof theabove two lemmasandChapterl 0 for furtherLQR
results. Below the propositionwe describetwo methodsfor obtaininga direct
formulafor ugrir and® in theunstablecase.

Proof: NotethatD =D —CB € B(U,Y) andD*JC=B*QA. Multiply (8.19)
by T to theleft to obtain

SKcrit + B*QBKcrit = _B*QA, (8-21)

i.e., —Kerit = B*Q(A+~BKCm) :NB*QA:m, asclaimed.
Moreover, Cgit = CAcrit + DKcrit, hence P = C*JCqit = A"QAcit. A
commonalternatve formulais

P= Cérit‘]ccrit = Aérit QAcrit + K():kritSKcrit- (8.22)
O

Notesfor Sections8.1and 8.2

For stableWPLSs,the ideato useFréchetdifferentiationfor optimal control
(cf. Lemma8.1.6)andthestablePopor Toeplitzoperatormethodof Lemma8.2.8
were first usedin [S97b], which also containsa variant of the stable caseof
Theorem8.1.10for WPLSs. Thesemethodsseemto have beenusedin control
theoryfor severaldecades,

andthe sameholdsfor the alternatie “completingthe square”’method(not
presentedhere)for minimizationproblems;see[Zwart] for a WPLS application.
We have not seenrearlierunstableversionsof Theorem8.2.5in ary framework.

Seethe notesfor Section8.4 for “J-coercvity”. As notedbelov Theorem
8.2.5,0necould prove the existenceof a uniqueJ-critical control underwealer
assumptionshanJ-coercvity. Such"singularcontrolproblems”areusuallyruled
out by the assumptionshecausesuchsettingsarerarely encounteredn practice
andthey cannotbe solvedassatishctorily.

The abstractsettingof thesetwo sectionswould allow for further extension
of control theory(e.g.,feedbackand coprimeness)and one could easily obtain
results analogousto thosein Chapter6 (or to thosein the other chapters).
However, we do not have the needto addressheseconceptsat this abstractevel.

Furthernotesaregivenin Sections8.3 and 8.4, wherethis abstractheoryis
appliedto WPLSs



8.3 J-critical control for WPLSs

To drift with everypassiortill mysoul

Is a stringedlute on which all windscanplay,
Isit for thisthat| havegivenaway

Mine ancientwisdom.andaustee control?

— OscarWilde (1856-1900)

In this sectionwe apply the abstractoptimizationtheoryof Sections3.1 and
8.2to WPLSs.

Standing Hypothesis8.3.1 Throughoutthis Sections8.3-8.5,U, W, H andY
?engtd%ilql;(e\:; space®f arbitrary dimensionsy = [%%] € WPLS(U,H,Y), and
=J'e :

As explainedon pp. 351-352 we considetthe costfunction(8.1).

In the minimization(LQR) problem,oneoftentakesJ = | sothat 7(Xp,u) =
s lly(t)]3 dt, andonewishesto find, for eachinitial statexy € H, a“stabilizing”
controlu: Ry — U s.t.thecostJ (X, u) is minimizedoverall u € U;(Xo), where
U} (xo) denoteghesetof “stabilizing” controlsfor theinitial statexo.

We may choose?’(xo) to be the setof thoseu € L?(R,;U) for which the
outputy := Cxo +Du is in L?; we denotethis setby Uou(Xo). The subsebf u's
for which alsothe statex := Axg + Btu belongsto L2 is denoteddy Uexp(Xo)- We
alsoallow for otherchoicesof U, sothatwe areableto solve control problems
with very differentstability restrictionsdependingon the choice.

In other control problems,one may wish to maximize 7(Xo,-) or to find
a minimax point of 7(xo,-) (as for the H* problem). Therefore,insteadof
minimums, we look for the critical points (the zerosof the Fréchetderivative)
of J(xo,-) over U} (xp); we call thesethe“ J-critical controls” (cf. Lemma8.3.6).
Naturally, all extremumsandothersaddlepointsof J(xo, -) areJ-critical.

In this sectionwe shall study such controls and showv that if thereis a
unique J-critical control for eachinitial statexg € H, thenthis control andthe
correspondingstateand output can be representeds the stateand output of a
WPLS (Theorem8.3.9). This WPLSis obtainedby applyingcertainkind of state
feedbacko the original system put this feedbackneednot be well-posed(unless
the WPLS is sufficiently regular); we study necessarand sufficient conditions
for its well-posednesghe mapsfrom the stateto the outputandJ-critical control
(feedback)are always well-posedbut the sensitvity of the feedbackloop to
externalinput/disturbanceeednot be). Suchconditionsaretreatedrom another
pointof view in Section9.14,andfurthersufficientregularity conditionsaregiven
in othersectionsof ChapterO.

The “J-critical” system (the closed-loopsystemin the well-posed case)
becomesutput stableif we optimize over Uy, and exponentiallystableif we
optimizeover Uep; corversely thecontrolcorrespondingo anoutput-stabilizing
(resp.exponentiallystabilizing)statefeedbacks necessarilyn Ugyt (resp. Uexp)-
Thus, optimizationover Uyt (resp. Uexp) corresponddo optimizationover all



output-(resp.exponentially)stabilizingstatefeedbackpairs(underthe regularity
conditionsmentionedabove).

Sucha J-critical statefeedbackpair correspondgo a unique “stabilizing”
solution of the Riccati equation,seeChapter9 for details. The corresponding
specialcontrolproblemsaresolvedin Chaptersl0-12.

We alsopresensimilar resultsfor the casewherethe critical controlsarenot
unique.

Now it is the time to define U}. Due to generality the definition contains
awfully mary symbols,hencewe recommendhe readerto just note that Uexp
and Uyt areasexplainedabove, obsene the alternatve (equialent)definition of
J-critical points(controls)of the costfunctionandignoretherestof thedefinition
until thereis someneedfor the other U}’s. The generalcasewill becomemore
clearlaterwith theapplications:

Definition 8.3.2(Uy and J-critical control) Assumehat Z° is a Banat space
Z'isaTVSst.Z°C Z%, Qe B(H,Z"),Re B(L%(Ry;U),ZY) and9 € R. Define

Uy g (0) :={ue LER;U)| [GIB] ] €L?x 2%} (0eH);  (8.23)

||u||% R max{|[ull z [[Rul[zs, [ Dul|2} < e (UeL§(Ry;V));
(8.24)

Yxo,u = Axg + Bru (ue L?(Ry;U));
(8.25)

Yxou = CXo +Du (ue L?(Ry;V));
(8.26)
9 (%0) == {Yxou| U € UL (X0)}; (8.27)

](X07 U) = <yXO,U7‘]yXo,U> (U € U::(XO))

(8.28)

WeuseU; = ‘uf‘Q R] whenwe do notwishto specifyQ, R, Z" andZ® and 9.
We are mainly interestedn thefollowing choicesof U} :

Uout(%0) = {u € L*(R1;U) | yxou € L%}, (8.29)
Usta(X0) = {U € Uout(X0) ‘ sup||Xxo,ul| < o}, (8.30)
Ustr(X0) = {U € Uout(X0) | [[X,u(t) || — O @St — +oo}, (8.31)
Uep(X0) = {u€ LA(Ry;U) | Xu € L2} (8.32)
i.e., thenweassuméhatd =0, [Q R|=[ A | Bt |,Z"=L%(R;;H),andZ=

LZ(R+,H) Z5=L"(R;;H), Z°= (o(Ry;H) or 8= L2(R+,H), respectively
whee w:= wa + 1.

We call 7 thecostfunction A control u € U} (Xo) (resp.outputyy, u € 95 (o))
is called J-critical (over Uy) for Xo (and %) if (Drt.n,Jyy,u) 2 = O for all
n € U;(0).

We call anadmissiblestatefeedbak pair [ K | F | (or a correspondingstate
feedbak operator) J-critical (over U for ) if K,Xo := (I — F) 1 Kxg is J-critical
for all xp € H.



Thus,we usuallywrite U insteadof quS‘Q R] (andwe oftenomit “over U}”).

Of coursewesstill assumehatsome[(@ R], ZY, Z% and$ aregiven. Theoptimal
controlsfor mostreasonableontrol problemsareJ-critical over U} where U is
the setover which onewishesto optimize,asexplainedabove.
Notethat|| - ||+ is anormon 77;(0); it will be usedto defineJ-coercity in
the next section.Somesimplificationsof thesenormsaregivenin Lemma8.4.2.
By Lemma6.7.8,we have

Uep(X0) :={u € LZ(R+;U) |XX0,U7yXo,u € Lz}- (8.33)

Thus, Uep(Xo) is, indeed thesetof “exponentiallystabilizingcontrols”(x,y € L2)
describedeforethe Definition 8.3.2. Analogously Usui(Xo) is the setof “output
stabilizingcontrols”(y € L?); Usta(Xo) is the setof “stabilizing controls”(y € L?,
x bounded);and Usy(Xo) is the setof “strongly stabilizing controls” (y € L?, x
stronglystable).

In finite-dimensionaproblems,oneusuallyoptimizesover Uep. In applica-
tions, often physicalquantitiesmay determinea naturalnorm for the state,and
thisnormmight be suchthatonedoesnot wantto requirethe“optimal” controlto
be exponentiallystabilizing. Therefore alsoset Uy, hasoften beenused partic-
ularly for infinite-dimensionaproblemg(seee.g.,[Zwart], [WW], [LTO0a]),and
thereareat leastsomekind of implicit applicationsof Us [Oostveen]and Usia
[S97b]-[S98d].

Coercvity assumptionthatguarante¢heexistenceof auniqueJ-critical con-
trol over Uyt are very natural whereastheir analogiesfor Uep are substan-
tially strongerthoughstill rathercommonlyused(comparePropositionsl0.3.1
to 10.3.2). Neverthelessin the literatureone often usesjust the former assump-
tion andobtainsanoptimalcontrolwhichis optimal over Uep too— how is this
trick possible?The secretis to assumesxponentialdetectability sinceit implies
thatthefour setscoincide:

Lemma 8.3.3(Uexp = Uout) We have Uep(Xo) C Uout(Xo) and Usu(xo) C
Usta(X0) C Uout(Xo) for all xo € H.

If  is estimatableor exponentially g.r.c.-stabilizable(e.g., exponentially
stable),then Uep = Usyr = Usta= Uout, and then X is [positively] J-coercive
over Uqy iff X is [positively] J-coercive over Uexp.

If Zis[strongly] g.r.c.-stabilizablge.g., [strongly] stable) then[ Usy =] Usta=
Uout- If U is J-critical for xg over Uyt and Usy, thenu is J-critical for xg over
Usta

(Sincef? c ¢, we have Uexp C Usyr in discretetime (cf. Theorem13.3.13).)
Thus,whenz is estimatableywe may equialently optimizeover ary of these
setsfor maindomainsfor u, andwe only have to look for J-coercvity over Ugyt
(andoptimizability) to guaranteehe existenceof a uniqueJ-critical control (see
Definition 8.4.1andTheorem8.4.3).
Proof: (By Uout = Usta We meanequalityasfunctionsof xo € H (to L2);
thus,we couldaswell write Uyyt = Usta)
The claims on estimatabilityfollow from Theorem6.7.7. The claimson
g.r.c.-stabilizabilityaregivenin Theorem8.4.5(g2).



Therestis ratherobvious. (In fact, wheneer two of thesefour spacesare
equalfor xg = 0, thenthey have equalnorms,by LemmaA.3.6 (with, e.g.,
[lullx; == llull2+ lI¥ll2+ [IXl|_2), and hence[positive] J-coerciity over them
becomesquvalent,by (c1) and(c2) of Lemma8.2.3.) O

Trivially, the conditionthat 77 (xo) # 0 for all Xo € H is necessaryor the
existenceof a J-critical control for ary initial state,hencefor the solvability
of ary reasonableoptimization problem (over ¥}). This conditionis called
the Finite Cost Condition since,for J > 0, it correspondgo the existenceof
us.t. “J(xo,u) < »". For U; = Uep this conceptobviously coincideswith
optimizability.

After a “translationof notation”, the resultsof previous sectionscanberead
asresultsfor WPLSs:

Remark 8.3.4 We can apply the theory of Sections3.1 and 8.2 by substitutions
X H, U= L(R4;U), Y= L2(R4;Y), Y = LE(R4:Y), Z8 = L§(R4H) x
25 Z— Li(RyH)xZ"and [A [ B | = [§]|E], [C|D ]~ [C|D],
whee B > max{9,wa}.

(Notethat Z andBrt are [3-stable Above onecanequivalentlywrite explicitly
B+— 1, Btr,, D — . D11, )

Thus, the concepts?, “J -critical” and “J -coercive” of thosetwo sections
coincidewith thoseof this section,and U become<!}.

ConsequentlyweobtainLemmads.3.5,8.3.6,8.3.7and8.3.8,andProposition
8.3.10and Theoem8.4.3fromcorrespondingesultsin Sections8.1and8.2 (see
thosesectiondor furtherresults). 0

(By Remark8.1.2, we might also allow completely unstablecontrols by
substitutiond — L2 (R4;U).)
Next we list the “translated”auxiliary lemmasmentionedn theremark:

Lemma 8.3.5(U (%) and 9*(%o)) Thesets;(0) € LZ(R4;U) and 9;*(0) C
L2(R,;Y) are linear subspaces.Let xg € H, u € U (x0), Y € 9*(X0). Then
U (Xo) = u+ U (0) and 97 (xo) = y+ 95°(0).

Moreover, Ul (axo + Bx1) = aUi (%) + BU(x1) and 97 (axo + Px1) =
ady (%o) + B (x1) (a,B € C\ {0}, X0,x1 € H s.t. U (X0) # ). 0

As claimed above, a control ug; is J-critical iff the gradientof the cost
u— (y,Jy) is zeroat Ugit:

Lemma 8.3.6(J-critical @ =0) A control ugit(Xo) € U;(Xo) is J-critical for

xo iff LG (ugi(x0)) =

In partlcular if ucm(xo) is a local extremal point or saddlepoint of 7 (Xo,u)
(over U} (X)), thenug;it(Xo) is J-critical for xo. 0

The expressmnM denoteshe (real) Fréchetderivativeof 7(xo,-) onits
domain; (Xp); seeLemma8.1.6for details.

Saddlepointscorrespondo solutionsof the H” minimaxproblem.



Lemma 8.3.7(Critical costJ(Xo,Ugrit)) Letxo € H and ugit(x0) € U (X0). Set
Yerit(Xo) = Yso,uert(x0)+ T NENthefollowing are equivalent:

(1) Ugrit(Xo) is J-critical for xo;
(ii) 7 (X0, Ucrit(X0) +1N) = (Yerit(X0), Ierit (%)) + (DN, IDn) - (n € U (0));

(i) Vo, ueri(x0) 1 W tricxo)+n2) = Yerit(X0), Ierit(X0)) + (DN, IDN2)
(N1, n2 € U (0)).

g

Notethat(ii) meanshat 7 (Xo, Ucrit(Xo) +1) = J (X0, Uerit(X0)) + 7(0,n). Thus,
givena critical control ugit, the costfor ugit + n equalsthe critical costplusthe
costfor n.

All critical controlsproducethe samecostandthe samesensitvity of the cost
to adisturbance:

Lemma 8.3.8(2*™ and uniqueness)Let 1™ (x;) be the set of J-critical

contols for xp € H. Then 2;°™(0) is a linear subspaceof 72(0). If u e
U™ (x0), then U™ (x0) = u+ 1" (0). Moreover, J(xo,U) = J(Xo,V), and
9 (%o, u+1) = 9 (x0,v+n) for u,ve U (x0), n € U(0). |

In particular, thereis at mostoneJ-critical control for ead x € X iff Z™(0) =
{0}. 0

We shalllater meetseveral sufficient conditionsfor the existenceof a unique
J-critical control. Sucha control and correspondingtateand outputare always
producedy aWPLS:

Theorem 8.3.9(Zqit) Assumethat there is a unique J-critical control ugit(Xo)
over U; for eath xo € H, anddefine

Acrit Xerit(X0) Axg + BtUcrit (Xo) |
2eiit ' = | Ceit X0 | Yerit(Xo) ‘=1 Cxo+Dugit (%) ‘
Kerit Uerit(Xo0) Ucrit(X0)

(8.34)
(Alternatively we may assumethat 2 is any J-critical control in WPLSform
(seeDefinition8.3.15).)
Thenthe following hold exceptthat in (al)—(a5)and (b2) we assumein
addition,thatd = 0 (e.g., that U} € { Uout, Usta, Ustr, Uexp}))-

(al) ThemapsCeit andKeyit are stable and it € WPLS({0},H,Y x U).

(@2) If U = Uexp, thenZi is exponentiallystable;if Uy = Usy, thenZey is
stronglystable;if U = Usia thenZi; is stable

(a3)If [ A | B | is[strongly] stable thenZi is [strongly] stable
(a4)If w>0iss.t.[ A | B | € WPLS,, thenZ¢ii € WPLS,.
(ab) If Z is estimatablethenZ; is exponentiallystable

(@l’) Cgt is stable Kt is 9-stable Q + RKcrit € B(H,Z°%), and Zg it €
WPLS({0},H,Y x U).



(@2 If ‘UI’Cm(xo) C Uexp(Xo) for all xg € H, thenZi; is exponentiallystable
(a4) If w>Jiss.t.| A | B | € WPLS,, thenZeit € WPLS,.
(bl)Wecall P := C, IJC¢it € B(H) theJ-critical costoperator It satisfies

crit

J (X0, Ugrit(Xo) +N) = (X0, PXo)y +7(0,n) (%0 € H, n € U(0)). (8.35)

(b2) (Stablecase)lf 1. U} = Uoy, andC or D is stable;2. U} = Usts and A
andC (or B andD) are stable;3. U} = Usy, and A and C (or B and D)
are strongly stable;or 4. U} = Uep, and A is exponentiallystableor Bt
stable;thenC is stableand

P 1= Clp ICerit = C*ICqit = C; IC. (8.36)

(b2') If C is stableand Q[H] C Z5, or D is stableandR € B(L3(R;;U), Z9),
thenC is stableand(8.36)holds.

The (optimal) control KeitXo equals(Kerit)wx a.e.,wherex := AgitXo is the
stateof 2t with Agrit = A+ BKqit, by Lemma8.3.17(a). Thus, sucha control
correspondso somekind of statefeedback but the feedbackioop neednot be
well-posed(indeed,the“mapskK, F, B,, D,, F, of Definition 6.6.10"neednot be
well posed)seeRemark9.7.7andExamples8.4.13and11.3.7(which alsocover
thestablesettingof Propositior8.3.10below). This meanghatary externalinput
(e.g.,disturbanceor modellingerror) might “explode” the system.

The correspondinggeneralizedRiccati equationsare treatedin Section9.7;
theonein [FLT] is a specialcaseof these.Therestof Section€9.1-9.12reatthe
casewherethe “optimal statefeedback”is well posed,by which we meanthat
>t Is theleft columnof X, for someadmissiblestatefeedbackpair [ K \ F ]
for 2.

In discrete-time a uniqueminimizing control is always of this form, andit
correspondgo the unique Uj-stabilizing solution of the DARE, by Theorem
14.1.6. If X is sufficiently regular, thenthe sameholdsin continuoustime too
(seee.g.,Lemma8.3.18or Remark9.9.14).

Proof of Theorem 8.3.9: (al’) If Zuit is a generalJ-critical control in
WPLS form, thenit is ratherobvious that (al’) holds; therefore,we assume
below thatthereis auniqueJ-critical controlover ;.

Sincethe restfollows from Corollary 8.1.10,we only have to show that
>crit € WPLS

Letxo € H, t > 0. Wefirst shaw thatTt, ' Keit X is J-critical for AL xo, i.e.,
equalto KcritAtcrithi Forn € U (0) wehave1~tn € U} (0), hence

(IT T CrieXo, DN 2 = (ICcritxo, DT ') 2 =0 (N € UL (0)). (8.37)
But

T T CritXo = T4 T (CXo + DK gritXo) = CA'Xo 4+ 11, (Tt + 0 )T KeritXo  (8.38)

= CA'X0 4 D1t 'Kt Xo + CBT KeritXo = CAL X0 + DIt T Krit Xo.
(8.39)



This and(8.37)imply that T, 'Kt Xo is J-critical for Al

crit
T T Kerit X0 = Uerit(AgritX0) = Kerit AgieX0, T T Cerit Xo = Yerit(AgitX0) = Cerit AgyitXo-
(8.40)
By the dynamicprogrammingprinciple, A is a semigroup;a detailedproof of
this factgoesasfollows, using(8.40):

Xo; thus

At Acrit = A (A" + B Kerit) + BrKerit Aty (8.41)
= ASA" + BT T'Keri 4 BUTL T K = ASA + Bro Ko = AL

(8.42)

Obviously, A2, = A% = 1. By Theorem6.2.13(al), AcritXo = Xcrit(Xo) iS

continuoudor eachxg € H. Therefore At is aCp-semigroup.Thisand(8.40)
imply thatZj; isaWPLS.

(al)&(a4)Thesefollow from (al’) and(a4’), respectrely.

(a2) The exponentiallystablecasefollows from (a2); therestis obvious.

(a2’) Now Agitxo € L2 for all xg € H, henceAgit is exponentiallystable by
LemmaA.4.5.

(a3) Seethe proof of Lemma6.6.8(a).

(@4) For ary u e Li(R;U), we have [[T'ull 2 = €¥|lufl 2 hence
Bt ulln < | BJ|€* ||ull 2. Thus,if A, B andKe arew-stable thensois Acit -

(a5) Exponentialstability: Let xg € H. Becauselgit(Xo), Yerit(Xo) € L2, we
have AcritXo = AXg + Bugrit (Xo) € L2, by Theorem6.7.7.By LemmaA 4.5, Agit
is exponentiallystable hencesois 2.

(b1) This follows from Corollary 8.1.10(or directly form the definitionsof
Cerit, J andP).

(b2’) Thisfollows from Theorem8.1.10.

(b2) Thisfollowsfrom (b2’) exceptthatfor Uep wealsousedhefollowing:
if Bt is stableand U} = Ueyp, thenA = At — BtK it is exponentiallystable,
by LemmaA.4.5;if A is exponentiallystable thensois Z.

(N.B. if A or B is exponentiallystable,thensois Bt, by Lemma6.1.10.)

O

Theproofandimplicationsof TheorenB.4.3becomesimplein thestablecase:

Proposition 8.3.10(Stable J-critical control) Assumehat I} (xo) = L?(R,;U)
for all xop € H. Assume in addition, that the Popov Toeplitz operator T =
1, D*IDm, isinvertible(i.e, T € GB(L?(R.;U))).

Thenthere is a the uniqueJ-critical control for ead Xg € H, andthe system
> crit andJ-critical costoperator ? of Theoema8.3.9are givenby

Agit = A— B, T, D*JC, (8.43)
Cerit = (I - D T D*J) C, (8.44)
Kerit = —T 11, D*JC, (8.45)

P=C" (IJ-IDm, T 1y D*J) C = C* ICqit. (8.46)

If, in addition, C € B(H,Y), D*JC =0 and R:= D*JD € GB(U), then



Kerit = —R™L(T BUTL ) *QAcrit, i.€., Ugrit(Xo) = —RTL(TL BT ) * Qxerit (Xo) for all
Xo € H, where Q := C*JC (sothat 7 = (x, QX + (u,RW).

Note that Uyt = L?(R4;U) iff = € SOS Us@a= L?(R;V) iff X is stable,
Usy = L2(R4;U) iff T is strongly stable, and Uep = L2(R4;U) iff T is
exponentiallystable.

Theconditionon T meanghatD is J-coercve, by Lemma8.2.3(a).E.g.,for
J>0,wehave T € GBiff | Dul|2 > €||u||? (u € L?) for somee > 0.

Therearetwo well-known methodsfor obtaininga direct formula (asat the
endof Propositior8.3.10)alsoin theunstablecase Oneis to first solve thefinite-
time problemon [0, T] andthentake alimit of X¢rit(X0), Yerit(X0), Ucrit(Xo) and®Pxo
asT — +o0; wetake aquick glanceatthisin Section8.5.

The othermethodis to derive the correspondindRiccati equationand useit
to obtainmoreinformationon the solution. This works well whenB is bounded
(in particular in the discrete-timecase)or whenZ is otherwiseregular, but the
classicalresultscannotbe completelygeneralizedo the generalcase(only to
the extent of Section9.7), hencewe shall presentpartial resultsfor different
generalitiesn Chapter9.

Proof of Lemma 8.3.10: This follows from Lemmas8.2.8 and 8.2.9.
To apply the latter, we mustsetC := [§], D := [3], and use substitutions
U — L%(Ry;U) andZs~ Z§ in Remark8.3.4,whereZ; is the closureof

Z5:={Axo +IBTU| X €H,ueL?(R;U)} wirt. [X|zs :== max{||x||,_§, ICx||2}
(8.47)

(indeed,Cx = y— Du € L?, wherex := Axg + Btu andy := Cxo + Du, for all
X0 € H andu € L?(R;U), hencel| - |25 is anormon the vectorspacezg). It

follows thatC becomesontinuous, U} is unchangedandthe assumption®f
Lemma8.2.9aresatisfied. O

If X is SOS-stablend U} = Uout (or U} € { Uexp, Ustr, Usta} andZ hasthe
correspondingtability), thenthe existenceof a spectrafactorizationeadsto the
existenceof a stable,optimal statefeedbackpair (the corverseholds underJ-
coercvity, by Corollary9.9.11):

Corollary 8.3.11(SpF = J-critical) Assumethat 3 = [%%] € SOSU,H,Y)
andthat U} (xo) = L2(R4;U) for all xo € H. Assumein addition, that the Popov
operator D* JD hasa spectal factorizationX* SX. Thenits Toeplitzoperator has
theinverseT ! = X 11, S 1X*, hencethenProposition8.3.10applies.

In fact,thenalso(Crit1)—(Crit4) of Theoem9.9.10hold; in particular, (9.140)
definesa stable J-critical statefeedbak pair and(8.43)—(8.46)canbewrittenas
and(9.141)—(9.145). O

(Thisis obvious.)

We now computethe | -critical (minimizing) costoperatorandcontrolfor the
delayline systemof Example6.2.14:

s [T oy T(=1) i
Example 8.3.12 (J and P) TakeagainZ := [f%] (Z is stronglystable)
withU =C=Y,H :=L2%(R,;Y),andJ = . By Propositior8.3.10,we have (note



thatT =113)
P=m (I -1(Ym.1(1)") M =T ), Kerit = —1,.1(1),  (8.48)
Aciit(t) = TG T—To 1) TT10) = (T4 = T1,2))T,  Corit = To 1) (8.49)

Thus, for x9 € H, the control u = —1.1(1)Xp is the unique J-critical (and
minimizing) control (over Uou). Now 7(Xo,u) = ||Xo + T(—1)ul|3, and the J-
critical costis

(X0, Umin(X0)) = |0, 1)%ol|3 = (X0, PXo). (8.50)
Naturally, this is the minimal cost,becausé/ (xo, u) = ||Xo+ T(—1)ul|3 andhence
u cancancelxg on [1,+) only. q

SeeExample9.8.15for the correspondindriccatiequation.

Notethatthecostfunction 7, the J-critical controlandstateuci; andyeyi;, and
the J-critical costoperator? dependn C, D andJ only, whereas,i; depend®n
A andB too.

We sometimesieedthe following usefulformula (with termscorresponding
to T[[O,t)‘J andT[[t,oo)J):

(Dv, IDU), 2 = (D'v, ID'U), 2 +(CB'v+ Dty tv, J(CB'u+ D, thu)) 2 (8.51)
forallt>0,u,ve L (R4;U) s.t.Du,Dv € LZ; (usethefactthat(Dv, Ty .,y JDU) =

(D(my + 1)y, m\llo]ﬁ)(m +10.)TtU)). In particular
7(0,u) = (D'u,JD'U) + 7 (B'u,m,T'u) (t>0, ue L3 (Ry;U), DueL?).
(8.52)
We now give two necessaryand sufficient conditionsfor a unique J-critical
controlto be of statefeedbackform, i.e., for Z.j; to be the left columnof some
closed-loopsystemof Z:

Theorem 8.3.13(Z¢rit = Zs) Lettherebea uniqueld-critical control over 27 (xo)
for eadh xg € H. Assumdhatd = 0. SetT := KitB. LetO <y > wa. Thenthe
following hold:

(8) T € B(LF(R;U)), and, for eah v € LZ(R_;U), Tv is uniquelydefinedby
the conditionsTv € U} (Bv) and(ID(v+ Tv),JDn) = 0 for all n € U (0).

If U = Upy, thenTv is uniquelydefinedby Tv, T, D(v + Tv) € L? and
(D(v+Tv),JIDn) = Ofor all n € Uout(0); in particular, thenT dependonly
onD andJ.

If U = Uexp (resp.Usta Ustr), thenTv is uniquelydefinedoy Tv, Tty D(v+
Tv) € L2, i, Bt(v+TV) € L2 (resp.€ L®, € () and(D(v+Tv),JDn) =0
for all n € U} (0); in particular, thenT depend®nlyonB, D andJ.

(b1) Conditions(i)—(iii) areequivalent:

(i) Thee is an admissiblestate feedbak pair [ K | F | for X s.t. the
correspondinglosed-loopsystent s satisfiedK s = Keyit.
(i) Thee is X € (GTIC,U) st —-XT = mXn e

B(L&(R-;U),LE(R+;U)) for somen, B € R.



(i) Thee is M € (GTIC,(U) st. ™ = mMm €
B(L&(R-;U),L§(R+;U)) for somen, B € R.

(Naturally, it suficesto havethe equalityon L2(R_;U) on (ii) or (iii) if a
and[3 are big enoughto male bothsidescontinuous.)

(b2) If X solves(ii) and U} € { Uout, Ustr, Usta, Uexp }, thenall solutionsof (ii)
aregivenby EX (E € GB(U)).

(cl) Assume(i). ThenArs = Agit and Cs = Cgit. Moreover, X := | — T,
M:=X1=Fs+1 andN := D := DM satisfy (i) and (iii) (for any
o, B> max0,wa)), [N] € TIC, for all > 0and [N ] L2 C L2. Naturally,
K, F and X are w-stablefor any w > wa. If U = Uep, then X is
exponentiallystable

(c2) Corversely if (ii) holds,then[ K | F | := [ XKgit | | —X | satisfieqi).
Moreover, X satisfieq(ii) iff M := X! satisfiegiii).

Assumein addition, that U € { Uout, Ustr, Ustas Uexp}. Thenalso (d)—(f)
hold:

(d) Assume(i). We haveKxo+Muy € U (%) for all us € L2(R4;U). If
U; = Uexp, then

Uexp(%0) = {KyXo+ My, [us € L*(Ry;U)} (o €H).  (8.53)

(e) Assume(i). Thenthere is a uniqueS= S € B(U) s.t. (Nuy,INus) =
(Us,Sue) for all us € LZ(R;;U). Moreover, S is one-to-one
(Dv, IDMu) = (M~1v, Sues) for all v € (0) andu, € L2(R;U), and

(%0, KesXo +Mus) = (X0, PXo) + (Ucs, Suis) (X0 € H, Uy € LA(R4;U)).
(8.54)

) If (7,SK X) satisfies(i) and (e), thenall sud quadruplesare given by
(P,E*SE~L1 EK,EX), E € GB(U).

We shallshav in Theorem9.9.1(al)that(i)—(iii) holdiff the Riccatiequation
(elARE) for ~ andJ hasa “ U} -stabilizing” solution (and that solutionis given
by (P,.S[ K | F ]); cf. (f)). As notedabove, this is alwaysthe casewhenX is
sufficiently regular. Conditions(i)—(iii) aretreatedfrom anotherpoint of view in
Section9.14.

Proof: (a) Both Kt and B are y-stable,hencesois T. SetXxg := By,
u:=Tv = KgitXo, ¥ := Cxo +Du. Thenugit(Xo) is the uniqueu € U} (xo)
satisfying(y,JDn) = 0 for all n € U} (0), andy = Cxg + Du = CBv+ DTv =
T4 D(1 v+ Tv).

By definition, u € Upu(Bv) iff u € L? andy € L?; for Uep We have the
extra conditionthatt, (ABv+ BtTv) = 11, Br(v+Tv) € L2(Ry;U).

(b1)&(c2) If (i) holds,thenT™™ = KB = 1, M in B(L3(R;U)) for
ary a > maxwa,0) (notethatB, M and Ky are a-stable)hencethen (ii)
holds.



If X=M"1 € GTIC»(U), thenTt, Xrt Mt =1, It — 0, X, M. =
—T. X1, Mt . Therefore(iii) implies(ii).

Assume(ii). Let w > max{wa,a,B}. ThenLZ(R ;U) c L3(R_;U) and
X, T,y Xt € B(L2), hencethen—XT = 1, Xrt_ € B(L2). SetF :=1-X
andK := XKit. ThenKB = 1, Frr_, and

KA = XKerit A = XKrit (Al — B Kerit) = X0 T Rerit — XKerit BT Kerit
(8.55)
= TL!—XTLFTIKcrit - X1 T Kerit = mTtmcrit = T[—i—TtK-
(8.56)

Therefore,[%}%} € WPLS,(U,H,U), henceXes € WPLSy(U,H,Y xU) for
ary o > wa. Obviously, 2.t is the left columnof the correspondinglosed-
loop system>+, sinceKy = MK = Kyit.

(b2) Thisfollows from (f).

(c1)Now C5 = C+DK5 = Cyrit, As = A+BUK = Agit. Theformulae
for (i) and(iii) wereshowvn above. BecauseCs andKy arestable,the maps
N andM areasabove, by Lemma6.1.11. The wa claim follows from Lemma
6.1.10,andthefinal claim from Theorem3.3.9(a2).

(d) Now u:=KsXo+Mug € L2 andy := Cxg +Du = CsXo+ Nugs € L2, by
(c1). If U} = Uexp, thenalsox = Axg +Bu= AsXo+Blus € L2, by Lemma
6.1.10. Analogously if U = Usta (resp.= Usy) andugs € L3([0,T);U), then
B 1" Hus = AL BsT' Uy is bounded(resp.goesto zero),ast — +, since
A is stable(resp.stronglystable). Thus,u € U} (xp). Formula(8.53)will be
provedin TheoremB.4.5(e).

(e)Letus € L2(R,;U), ve LZ(R ;U). Thenu:=Mus € U (0), by (d),
hencethen(Nrt_v, JNu:s) = (Cgit Bv, JDU) = 0. Consequentlywe obtainSfrom
Lemma2.3.1.By (8.35),we have

J (X0, Kes X0 +Mugs ) = (Xo, PXo) + 7 (0, Mgy ) = (Xo, PX0) + (Ucs, Us)  (8.57)

forall xo € H, us € L2(R,;U).

Let v € ¢(0) and us € L3(R;U). Because (Dv,JNTL uis) =
(Dv, JCqitBisusy = O, we may assumethat us = 1. Us. ChooseT > 0 s.t.
Uy = Tho 1)U Setvys = M1y, vy = Mg 1yVvs € Ui (0), V2 i=V—Vy €
U;(0). ThenTyg 1)V2 = T 7)MTT7 ) Vs = 0, hence

(DV, INUs) = (Tho 1) Vs, SUcs) + (D2, ICeitBes Ucs) = (o, 1)V, SUes) = Ve, ).
(8.58)

By taking Vs 1= Xjo,1) Vo, Uss := X]o,1)Uo for arbitraryuo, vo € U, we seethatSis
unique.

Let up € U \ {0} be arbitrary Setu := Xjg1)Uo, U= Mus € U (0) \
°(0) (recallthat72;°™(0) = {0}, by uniquenessjencehen(Dv, JDu) # 0
for somev € U (0). Thus,(M~1v,Suss) # 0. In particular Sug # 0. Therefore,
Sisone-to-one.

(f Let (T,QK,X) also satisfy (i) and (e). Claim (e) and the proof of
Lemma9.10.1(c2)shawvs that (9.160) is satisfiedby both X and X, hence



X =EX andS= E—*SE—iforgomeE € GB(U), by Lemma2.3.5(recallthat
Sis one-to-one)By (c2), K = XKt = EXKerit = EK. O

Theabove assumptioron uniquenes thetheoremis mostly superfluougor
acontrolcorrespondingo a statefeedbackpair:

Lemma8.3.14 Let [ K | F | bea J-critical statefeedbak pair over I} for =
andJ. SetT := KB, ¢t := 5.

Then(i)—(iii) and(c1)—(e)of Theoem8.3.13hold exceptthat Sneednotone-
to-onein (e). N

(The sameproof applies.) In particular then Ay = Agit andCy = Cgit, SO
thatZ s producesl-critical state controlandoutput(for zeroinput).

In fact,mostof therestof Theorem8.3.13holdsin thismoregenerakasetoo,
but we shallreturnto thisin Chapte9. SeeTheoren®.9.1(al)&(e2)&(f2)—(h¥or
details.

If [ K | F ] is aJ-critical statefeedbackpair over 71}, thenthe left column
of the correspondinglosed-loopsystemis just lik e the onein (8.34) (exceptthat
it neednot be unique). We shall call sucha columna J-critical controlin WPLS
form in orderto beableto treatboth casesimultaneously:

Definition 8.3.15(J-critical control in WPLS form) We call the control xg —
KeritXo (and Zit) a controlfor ~ in WPLSform if Keyit : H — L%C(RJF;U) iss.t.

A A+ BKeyi
S erit 1= [1%; } = {CJFHSKN; | } € WPLS({0},H,Y xU). (8.59)
rit rit

If KeritXo is J-critical for eadh Xg, thenwe say that Keit (Or Z¢rit) is a J-

critical control in WPLS form and that uqj; can be givenin WPLSform, where
Xerit(X0)
|:ycrit(X0):| = ZitXo-
Uerit(X0)
If [ K | F ] isanadmissiblestatefeedbak pair for = with closed-loopsystem
%,, thenwe call K5 := (I —F)~1K (an the left columnof Z,) a controlin state

feedbackform.

As explainedbelon Theorem8.3.9,a controlin WPLS form neednot be of
statefeedbackform unlessge.g.,B is boundedasshavnin Lemma8.3.18.
We startwith someratherobviousfacts:

Lemma8.3.16
(al) A uniquelJ-critical control canalwaysbe givenin WPLSform.

(a2)If thereis a J-critical statefeedbak pair, thenthe correspondingl-critical
control canbegivenin WPLSform.

(b) A control (“ Z¢it”) in WPLSform hasthe propertiesdescribedn Remark
9.7.7,Theoem8.3.9,and Theoem8.3.13(b1)&(c1)&(c2)&(d).



(c) A control in statefeedbak formis in WPLSform.

Thus,we neednot assumea J-critical controlto be uniquein Theorem8.3.9
aslong asz is a J-critical controlfor Z in WPLSform. Therefore we canand
will usethelatter(wealker) assumptionn severalresultsbelow to treatbothcases
simultaneously

Proof: (al) Thisis containedn Theorem8.3.9.

(a2) In fact,givenary admissiblestatefeedbackpair [ K | F | for Z, then
the control K := (I — F) 1K canbegivenin statefeedbackiorm (let Z;; be
theleft columnof the correspondinglosed-loopsystem).

(b) This is containedin Remark9.7.7, Theorem8.3.9, and the proof of
TheorenB.3.13(b1)&(c1)&(c2)&(d)(notethatin (b1)we only usethefactthat
Kerit BM = 1o, M (or —XKrit B = 11, X1 )).

(c) Thisis obvious. O

The generatorof a controlin WPLS form areanalogougo thoseof a state
feedbacksystem:

Lemma 8.3.17 Let 2t bea control in WPLSform.

(@) We have Aqit = A+ BKgrit and Cerit = Ce + DcKerit on Dom(Agrit), hence
Dom(Aciit) C He, whee [ Al | Clii Kl ]" are the genemtors of i,
and(C¢, D¢) is anycompatiblepair for Z.

(b) LetK. bea compatibleadmissiblestatefeedbak operator for %, andlet %,
bethe correspondinglosed-loopsystem.

ThenK¢ = Kerit on Dom(Agit) iff Ky = Kerit. If Ky = Kerit, thenA, = Agit,
C, = Cgit, and K. is theuniquecompatibleoperator havingK, = Keyit.

Proof: (a) 1° As in the proof of Proposition6.6 of [W94b], we take the
Laplacetransformof the equationAL ; xo — A'xp = Bt' KeitXo (X0 € H, t > 0)
to obtain

(5= Acrit) 1= (5= At = (s— A)IBKgrit(s— Acrit) L € B(H).  (8.60)

Multiply thisby (s— Agrit) € B(Acrit, H) to theright andby s— A € B(H,H_1)
to theleft to obtain

Aciit — A= (s— A) — (5— Acrit) = BKerit € B(Dom(Agrit), H-1). (8.61)

(N.B. by duality, A* = AL;; — K&i;B* onDom(A*).) If Xo € Dom(Agyit), then
AXo + BKqritXo € H, hencethenxg € Hg (seeDefinition 6.1.17).

2° By Laplacetransformingthe equationCgit = C + DKt and using
Theorem6.2.11(c1)L.emma6.3.10(a)and(8.60),we obtainthat

Cerit(S) = Cerit(S— Acrit) L = C(5) + D(8)Kerit () (8.62)
=C(s—A) 1+ DeKerit(S— Acrit) "Ce(s—A) 'BKerit(s— Acrit)
(8.63)

= (Cc+ DeKerit) (5— Acrit) "+ € B(H,Y) (8.64)



for s> max{wa, wa,; }. Becauses— Acit mapsH onto Dom(Agit), we must
have Ceit = Cc + DKyt

(b) 1° If K, = Kgyit, then Ke = Kerit on Dom(Agit), by Proposition
6.6.18(d2) becaus®om(Acit) C Hg, by (c).

2° Assumethat K¢ = Kerit on Dom(Aqit). By Proposition6.6.18(d2),
A, = A+ BK; andK, = K; on Hg andDom(A)) C Hg. But Dom(Agit) C Hp
and Aciit = A+ BK,, by (c), henceA, = Aqit on Dom(Agit). Choosew >
max{wa, ,wa, }- Then

Dom(Aciit) = {Xo € He | (w—Acrit)Xo € H} C {X0 € H| (w—A))x0 € H} = Dom(A,),
(8.65)

henceAgit = A, by LemmaA.4.2(i). ConsequentlyK, = KcA, = KeritAgrit =
Kerit on Dom(Agrit), henceon H, by density In particular K. is J-critical. It
followsthatC, = C+ DK, = Cgit.

3° Uniquenessilf alsoK/ is compatibleandadmissibleandK; = Kerit (i€.,
K¢ = Kerit on Dom(Agiit)), thenKi = KconHg (e, [ K | F |=[ K | F ),
by Proposition6.6.18(g),i.e., K{ = K. (Recallthat we considerK. and K/,
equalwhenK/. = K. on Hg, sincethevaluesof K. outsideHg do not affect Zeyt,
norz,.) O

As statedabove, whenB is boundeda controlin WPLSform corresponds$o
anULR statefeedbacloperator:

Lemma 8.3.18 Let 2t bea contol in WPLSform andlet B bebounded.

ThenZ,; is of statefeedbak form.

Moreover, Dom(Agit) = Hg = Dom(A), Kt is an ULR state feedbak
operator for Z, and Zj; is theleft columnofthecorrespondinglosed-loosystem
2.

Since,in discretetime, B is alwaysbounded,any control in “wpls form” is
necessarilyinducedby statefeedbackto the original system(the proof below
appliesmutatismutandis;n fact,thediscrete-timedorm of the proofis contained
atthebeginningof the proof of Theorem14.1.6).

Proof: (NotethatZj is notassumedo be J-critical.)

Let Agrit, Corit, Kerit bethegeneratorsf S By Lemma6.3.16(b),[ﬁi:t g}

generatean ULR WPLS [ﬁ(ﬁ:; I]Efgg]. BecauseFit = 0 and Frit € ULR, we

havel +Feiit € GTICw, by Propositior6.3.1(c). Therefore,| —Kerit | —Ferit |
is anadmissiblestatefeedbackpair for [ Acrit | Berit |

By (6.145), the correspondingclosed-loopsystem %, is generatedby
[—(K/:m)w B}, henceof form [H] for some[ K | F |, whereF = | —

(1 4 Ferig) L. Indeed Hg,,;, := Dom(Agit) + (s— Agrit) "1BU = Dom(Acit) With
equvalentnorms,by LemmaA.3.6. But

Hg = Dom(A) = {xo € H|Axp € H} = Dom(Acrit) = Hgy, (8.66)

(by the formula Aqit = A+ BKit from Lemma 8.3.17(a))with equialent
norms,by LemmaA.3.6,henceA, := A it — BKrit = A (with samedomains).



Consequently K = (Kcrit)WIDom(A) = Keiit IS an admissibleULR state
feedbackoperatorfor %, and Z.; is the left column of the corresponding
closed-loopsystem(dueto samegenerators). O

As notedin [FLT], optimizability is almostequialentto exponentialstabiliz-

ability:

Proposition 8.3.19 Let Z be optimizable Thenthere is an exponentiallystable

WPLSof form (8.59).

The differenceis that the “exponentially stabilizing statefeedback”of The-
orem8.3.9neednot be well-posedin general;seeTheorem9.2.12for sufficient

conditions.
A B
Proof: DefineZgt := [ } by
Cext | Dext
<C1 D
Cext = (A}, Degt:= (B, J=I (867)
o] ]

to have Jext(Xo, U) = [|ul|3+ [|X||3 + ||y||3, wherex := Axg +Btu, y := Cxo +Du.
BecauseXey; is J-coercve over Uep, We obtain an exponentially stable

Acrit
system(Zext)crit = | Cext + Dext Kerit ] € WPLSU,H,Y x H xU) from The-

Kcrit

C+ DKcrit
orems8.4.3and8.3.9;andCext + Dext Kerit = Acrit , Sothatwe only
Kcrit

have to dropthe secondandthird row from (Zex;)crit to obtainanexponentially
stableWPLS of form (8.59). O

Now we cangive a postponegroof:

Lemma 8.3.20 Theoem®6.7.7holds.

Proof: Let %; := [ Ay | By Hy | be the exponentially stable sys-
tem of Proposition 8.3.19 for 9 (which is optimizable), and set

M = [|A[lp,L2) + [IByTllmic + [HyTl[nic < .  One easily verifies that

X:= AXp +Btu = AyXo+ By Tu— Hy Ty. SinceZ; is stronglystable we have that

X € Go(R4:H). O
Notes

Much of LemmasB.3.5-8.3.&andTheorenB.3.9hasbeenusedfor decadem

somespecialcases;see[Zwart] for the standardunstableLQR (minimization)

problemand [S98c] for the stableindefinite setting of Proposition8.3.10and
Corollary 8.3.11; both articlesonly treat J-coercve WPLSsand only the latter

treatsthe closed-loopsystem.



Section3 of [S98c] essentiallycontainsProposition8.3.10exceptfor its last
paragraphwhoseresultsresemblewhat is a key formulain several articlesby
IrenaLasiecka,RobertoTriggiani and others. They first usesucha stablecase
result(a specialcaseof Lemma8.2.9,asin Section8.5) to solve the finite-time
LQR problemandthen let the length of the time interval approachinfinity to
obtain the solution for the infinite-time problemas the limit of the finite-time
solution (they usea very coercve costfunction to guarantedhe corvergence).
Theirresultsin [FLT] includePropositior.3.19.Seealso[LT00a]-[LT00b] (also
athird partof thetrilogy is supposedo appear) Thisfinite-time methodhasbeen
usedby severalauthorsatleastsinceseventies.

All the articlesmentionedabove optimize over Upyt (= Usta IN [S97b] and
[S98c], and= Uexp in muchof [FLT] and[LTOOa]-[LTOOb], by Lemma8.3.3),
andsodoes,e.g.,[CZ]. Nevertheless ey is the mostcommonlyusedclassfor
finite-dimensionakystemg(see,e.g.,[IOW], [LR], [GL]) and possiblyalso for
infinite-dimensionakystemgsee e.g.,[Keu], [Pandolfiland[WRO0Q]).

For finite-dimensionalkystems strongstability is equivalentto exponential
stability, but in the infinite-dimensionakasethe requiremenif strongstability
(Usty) hasoften beenusedsincethe seventies;see,e.g.,[Slemrod]and [Balakr
ishnan]. This casehasbeenstudiedfor WPLSswith boundednput and output
operators(B andC) by Ruth Curtainand Job Oostweenin several articles (see
[OC98]), andthe monograplOostween]containsa rathermaturetheory further
historicalremarksonthis caseandexampleswvhere Usy is themostnaturalchoice
for ;. Seep. 501for acomparisorof Uexp, Ustr, Usta@Nd Uout.

We give several sufficient conditionsof a unique J-critical control to be of
(regular) statefeedbackform in Remark9.9.14andin the notesto Section9.9.



8.4 J-coercivity and factorizations

A personwho is wise doesnothing againsttheir will, nothingwith
sighingor undercoercion.

— MarcusTullius Cicero(106B.C.-43B.C.)

In this section,we apply J-coercvity to WPLSsandexplore its connection
to optimal (J-critical) control and spectraland inner coprime factorizations.
This conceptgeneralizeseveral generalnonsingularityassumption®f control
problems.

We shall list several equivalent conditionsfor positive J-coercvity in Sec-
tion 10.3, suchasthe popular“no transmissiorzeros” (Uqyt) and“no invariant
zeros”(Uep) conditions. Most of theseequivalentconditionshave beenusedin
classicalminimization problems;we alsoshav therethat several other classical
minimizationassumptionarestrongerthanpositive J-coercvity.

In the stablecase,J-coercvity is equialentto the conditionthat the Popov
Toeplitz operator 1. D*JDrt,. is invertible, by Lemma8.4.11(al). The general
definition below requiresthat “ 1, D*JDr,” is invertible on ¢} (0), by Lemma
8.2.3(c1) hencealsothe generakonditioncanbe considerecsa Popo Toeplitz
invertibility condition.

GeneralJ-coercvity with the minimal stabilizability assumptiontZ; (xo) # 0
(%o € H) will beshown to beasufficientconditionfor the existenceof anoptimal
(i.e., J-critical) controlandfor the existenceof a unique“stabilizing” solutionof
theRiccatiequationundersufficientregularity); in fact,thesethreeareequialent
in somecasegseee.g.,Theoren9.2.16).

At theendof this sectionwe shallshav thatJ-coercvity over Ugyt is implied
by the existenceof an inner coprimefactorization(spectralfactorizationin the
stablecase)of the I/O map, with equivalenceunder sufficient regularity and
stabilizabilityassumptions.

We alsoshow that optimizationover e canbe reducedo the stablecase,
whereasfor Uyut, Usta and Usy, We needquasi-coprimeneskr an analogous
reduction.

In accordanceéo Definition 8.2.1,we generalizel-coercvity asfollows:

Definition 8.4.1(J-coercive) We call D J-coercve (over U}) if thereise > 0 s.t.
for eadh nonzeo u € U} (0) thereisanonzeov € U;(0) s.t.

(Dv, IJDU) > €l|u] ¢z ||Vl 2z - (8.68)

If, in addition, (Du, JDu) > 0 for eac u € U;(0), thenD is called positively J-
coercve (over Uy).

(Note thatfor Uy, [positive] J-coercvity dependson D andJ only, not on
therestof Z.)

If D is a rational matrix-valuedfunction or stable,thenD is positively J-
coercve over Uyt iff D*JD > €l a.e.oniR for somee > 0 (“ID hasafull column
rankon iR U {}"), by Proposition10.3.1(b)&(c),unlessU is unseparablésee

(€)).



By Lemma8.2.3,we have the following whenZ® is a Hilbert space(hereD
standgor D‘ w (0)):

(b) D € B(U:(0),L2(Ry;Y)) and U (0) is aHilbert spacgunderanequivalent
norm);

(c1) D is J-coercveiff D*ID € GB(U(0))

(c2) D is positively J-coercie iff D*JD > 0 on U;(0), i.e., iff (Du,JDu) >
gl|ul|3,. for all u € U;(0) andsomee > 0.

We cansimplify the|| - || ¢, normsasfollows:

Lemma 8.4.2 Thenorm || - || ¢+ is @ normon U;(0). Thefollowing normsare

equIvalento || - {1z - llise |1 | NG| - [0 rESPECtivVEly:
Ul = Mas{lullz, D2}, (8.69)
Ul == e lullz, (DU, [ Brue } = lully (8.70)
ullz,, = max{|ulz, [Brullz)}- (8.71)

0

(For ||U||/uap' this follows from Lemma6.7.8;the otherclaimsareobvious.)
If U} = Uout OF U; = Uexp, thenZ® is a Hilbert space sothatthen(b)—(c2)
above hold andJ-coercvity impliesthe existenceof a uniqueJ-critical control:

Theorem 8.4.3(J-coercive = 3!J-critical control) AssumehatZ® is a reflexive
Banad spaceandD is J-coecive If X € H is s.t. U} (xo) # 0, thenthereis a
uniqueJ-critical control over U for Xo. 0

(This follows from Theorem8.2.5. J-coercvity is not the wealest possible
assumptione.g.,letC=0, D > 0, J =1 (but not D > 0). However, with
reasonabledditionalassumptionsye obtainthe corversefor U = Uep, asin,
e.g.,Theoren9.2.16.)

Since Uyyt and Ueyp arethe mostcommonsetsof admissiblecontrols,and
J-coercvity implies all standardclassical coercvity assumptiongor control
problems(seeSection10.3), the above theoremsuffices for most applications.
However, we oftenobtainresultsfor Usy and Usta from thosefor Uyt by suitable
strongstabilizability assumptionghatmake thesethreeequal.

Theuniguenespartof theabove theoremdoesnot requirereflexivity:

Lemma8.4.4 If D is J-coerive thenthere is at mostone J-critical control for
ead Xp € H. 0

(Thisfollowsfrom Lemma8.2.3.)

If thereis a J-critical statefeedbackpair over Uep, then is exponentially
stabilizable.On the otherhand,if Z is exponentiallystabilizable thenoptimiza-
tion over Uexp canbereducedo optimizationof the correspondingxponentially
stableclosed-loopsystem:



Theorem 8.4.5(Reduce Uzl to Uexp) Let[ K|F ] beadmissibleor , let 3,

bethe correspondinglosedioop systemandsetX ;=1 —F, M := X 1. Set
Ustp(%0) == {ue L3(R4;U) | Ayxo+Bytue L2, (8.72)
W(%0) i= {ue LR ;U)|Cxo+Dytue L?}  (xo€H). (8.73)

Thenthefollowing hold:

(a) Thesystenk, hasa J-critical pair over ué'zp iff Z hasa J-critical pair over
Uexp-
Moreover, if [ Ky | Fy | is J-critical over Ugi, for 5, then[ K | F | :=
[ K +Xh]IN< ‘ I _thg } (hee Xy =1 —Fy) is J-critical over Ueyp for Z.

Corversely if [ K | F | is J-critical over Ueyp for =, then| Ky | Fy | :=
[ K- XK, || — XM } (hereX := | —F) is J-critical over i3}, for 5.
The correspondingclosed-loopsystemscorrespondto ead other as in
Lemmab.7.12.

(b) Kait is a J-critical control over Uep in WPLSform for Z iff Kl =
XKerit — K is a J-critical control over Uy, in WPLSform for .

(cl) Letxg € H. If u, € ‘uékp(xo), thenu := K,Xg + Mu, € Uexp(Xo0) and
u, = —Kxo+ Xu.
Conversely if U € Uep(Xo), thenu, := —Kxo + Xu € Ugp(Xo) and u =
Ky X0+ Mu,.
Thus, Uexp(X0) = KXo+ M Up(¥0)] and Ustp(x0) = —Kxo+ X[ Uexp(%0);

in particular, Uexp(0) :MZ@’p(O). Moreover y:= Cxp+Du = C, X+ D, u,
andx:= Axp + Btu = A, X0+ B, tu, in eithercase

(c2)If u= K, %o +Mu,, thenuiis J-critical over Uexp(Xo) Iff U, is J-critical over
‘Ué?p(XO)-

(c3) If(f) there is a uniqueJ-critical control over Uep(Xo) for Z andfor eadt
Xo € H, then the sameholds for [%H%}] and ‘ué*zp, and Agip = A%,
Cert = €, and P are commonfor < and 5, but Kerit = K, + MK,
Ktém = 3~§]K<:rit - ]K

(c4) If(f) there is a J-critical control over Uep(Xo) for Z andfor all xg € H,

thenthe sameholdsfor [%H]—gﬂ and fuéﬁp, and? is commorfor ¥ andZ,.

(c5) Theris e > 0s.t.€[|u| ¢, < ”ub“u@p < &7 ul| ¢4, Whene@eru € Uep(0)
andu, € ‘Uékp(O) areasin (cl).
(d) ThemapD is [positively] J-coerive over Uep iff D, is [positively] J-

coeriveover ‘llgxp = U



(e)If [ K ‘ F ] is exponentiallystabilizing then

Uep(%0) = {Ky X0 +Mu, |u, € L*(R4;U)} (8.74)
and Uslp(Xo) = UZ(%0) = LA(R4;U), for all xp € H.
u@(p, ‘ugtlt =

(f) Claims(a)—(e)also hold with replacementd ey, — ‘U[Q
R,

‘ZIE’QR]ansz(R+;U) ﬂE/Q, g, (¥0), whee [Q,

Z!:=7"x g, Z8:=Z°x L§ andy > max{wa, wa,, 9}.

R]
= (871 [ ]

(gd)If [ K ‘ F } is g.r.c.-SOS-stabilizinghen(a)—(e)also hold with replace-
mentsUexp — Uout and fu@(p — U= L2(R4;V).

Moreover then[ K | F | (in (a)) is g.r.c.-SOS-stabilizingf | K, | F, | is
g.r.c.-SOS-stabilizin¢equivalentlystableand[r.c.-]SOS-stabilizing).

(92) If [ K |F ] is [[exponentially] strongly] q.r.c.-stabilizing then Uyt =
Ustd= Ust|= Uexp)]-

Thus,if weareoptimizingover Uep, Wweonly needo stabilize> exponentially
andthenfind anJ-critical controlfor %, w.r.t. Uout= Uexp correspondingo ,. If
theoriginal systemis J-coercve, thenwe endup with the situationof Proposition
8.3.10,by (d).

The key to the Theoremis (c1), the fact that u,x € L? < u,,x € L? (this
follows from Lemma6.1.10). As shavn by Example9.13.2 (for U} = Upwy),
ananalogouseductioncannotbe madefor general?}. Indeed,we do not have
asimilarequivalence‘u,y € L2 < u,,y € L2” for Uy unless[ K |F ] is q.r.C.-
SOS-stabilizing(cf. Theorem9.9.10). Fortunately part (f) is helpful in certain
technicalproofs.

Proof of Theorem 8.4.5: (c1) 1° Let u, € Uap(Xo), Xo € H. Then
u,x € L2, by Lemma6.1.10,whereu := Kbxo+Mub K, %o+ F,u, +u, and
X:= Axg +Btu = Ay Xo+ B, tu,. Thus,u € Uep(Xo).

2° By exchanging the roles of Z and [%H%} (note that the pair

—[ K, | F, | is admissible for [%H%ﬂ and £ with the added row
—[ K \ F ] is the correspondinglosed-loopsystem by Lemma6.6.14),we

notethatif u € Uep(Xo), thenu, € ’uez)Ep(xo), whereu, := —Kxg —Fu+1 =

—KXo + Xu.
3° We noted above that “x = X”; the sameholds for y: Cxg + Du =

Cxo + DK, X0+ DMu, = C,Xo+ D, u,.

(c2) Now u, is J-critical over ‘ué‘zp(xo) iff {y,JD, nes) = (y,IDn) = O for all
No € Uep(0), i.e., for all n := Mn € Uexp(X0), i.€., iff u is J-critical over
Uexp(X0)-

(c3) By (c1)—(c2),thereis auniqueJ-critical controlover rué?p(xo) for each
Xo, and(c3) holds. (Exchangeherolesof ~ andZ, for thecorverse.)



(c4) Thefirst claim follows from (c2). By (c1),{y,Jy) (=: (X0, PXq)) is the
samefor Uep and fué*zp, hencesois P.
(c5) Setx := Bru = B, tu, (by (c1), we have u = Mu,). Then ”ub”z@p =

max(||u, |2, [|X][2) < 2M max(|[u]2, [[X]|2) =: [|u]| ¢, (herewe have used(8.71);
for an equivalentnorm we needto divide € by an equivalenceconstant)for
someM = Mys < «, by Lemma6.7.8, whereY’ := [f%—;%]; analogously
max(||ul|2, [|X||2) < 2M" ' max(||u,]|2, [|X||2) for somefixed M’ < «; take € :=
min{(2M)~1, (2m/)~1}.

(a) Thisfollows from Lemma6.7.12(eitherdirectly (sinceC and]D)o are
commonfor bothclosed-loopsystemspr from thefactthat Ky = MKO +K,,
Ko = —K-l—XKQ, asin (c3)).

(b) SetKy; = M—l(Kcm ~K,), Ait 1= A+ BtKegir, and Cerit := C +
DKgrit- Then A, + ]BbTKcnt = Agit and G, + Dchm = Cqrit - By a straight-

forward computationusingthe above formulae(andthe identity XmMTL =
—11, X1t M), one verlfles that K%, AL = m, 'K’ for ary t > 0, so that

[ Aci ‘ Chit K T E WPLS; thus, K., is acontrolin WPLSform.

rit

Now (JCqritXo, D) = 0 for all N € Uexp(0) iff (ICeritXo, D, Ny = O for all
Ny € ‘Zlézp(O) =M1 Uexp(0), hence(b) holds(sincewe caninterchange: and
2, for thecorverse).

(d) (Note that the J-coercvity of D), over ‘ue%?p is equivalentto the J-
coercity of D, over 7/, by Lemmas8.3.3.)

This follows from (c5) and (c1): Let D be J-coercve over Uep, andlet
€ > 0 asin Definition 8.4.1. Givena nonzerou, € rué*zp(O), setu:=Mu, €
Uexp(0) \ {0} (by (c1)), x := Btu = B, tu,. Choosea nonzerov € Uep(0) as
in Definition 8.4.1,andsetv, := Xv € fuébp, X:=Btv. Then(D,v,,JD,u,) =
(Dv,JDU) > €||u]|||vl] > €l|w]||[w]]- Sinceu, wasarbitrary D, is J-coercve.
Exchange andz, for thecornverse.[By (c1),(D-,JD-) > 0< (D,-,JD,-) > 0.]

(e) By Lemma6.1.10,we have Uslp(Xo) = Uy(%0) = L2(R4;U) for all
Xo € H. By (c1),we obtain(8.74).

(f) 1° Thedefinitonof [Q, R,] impliesthat (c1) holds: Indeed,K, X,
K, and M are y-stable,the upperrow of [Qb Rb} correspondgo condition

[Q R][%] € z° andthe lower row to conditionu € L3, sothat ‘UE’Q R, IS

independenony (sinceu := Kyxo+Mu, € L3 = u, = Kxo+ Xu € L3).

2° Therest: The proofs of (a)—(e)above apply with slight changegq(c5)
become=asier).

(g1) By Lemma6.5.6(f)&(al), we have Uyu(0) = ML?(R;U). Since
KyXo € Uout(Xo) for all xo € H, we obtain “ Uyt = {Kbxo—l—l\\]lub\ub €
L2(R4;U)}” (cf. (8.74) from Lemmas.3.5. The proofsof (a)—(d) above ap-
ply with slightchangeguse,e.g.,Lemma8.4.11(b1)¥or J-coercvity). Thelast
claimfollowsfrom Lemma6.7.11(a2andLemma6.6.17(b).

(g2) Now the proofandconlusionof (g1) appliesalsoto Usta[and Usy [and



Uexp]] in placeof Upy. [[Note thatit sufficesthat[ K |F } is exponentially
stabilizingandgq.r.c.-stabilizing.]] O

We will often needthe assumptiorthat J-coercvity implies the existenceof
a spectralfactorization.It is well-known thatthis is true for ary rationaltransfer
function (hencefor ary stablel/O mapof a systemwith dimH < ); in fact, this
is true for any elementof MTICyz, aswe shall shav in Theorem8.4.9. Since
thereis awide variety of classesatisfyingthis assumptionye shallwrite belov
threehypothesesvith differing strengthsandthenusetheseasthe assumptions
of our resultsin optimal control theory to avoid dependencen the currentstate
of spectrafactorizationtheory(or onthe partincludedin this book).

We startby the wealestformulation:

Definition 8.4.6(J-coercive=> SpF) Let D € TIC(U,Y) and J = J* € B(Y).
We write (D,J) € SpFiff either D is not J-coercive or D*JD has a spectal
factorization.

Thus,(D,J) € SpFmeanghatif 1, D*JDrt, is invertible,thenD*JD = X*SX
for someX € GTIC(U) andSe GB(U). This (andthe strongerrequirement
below) is satisfiedby arny of the classesn Theorem8.4.9 (alternatvely, by any
D e TIC if J > 0). Recallfrom Lemma6.4.7(b)thatthe corverseholdsfor ary
D e TIC(U,Y) andJ = J* € B(Y).

However, often we also needto know that D belongsnot only to the class
TIC but alsoto somesubclass'42” whoseevery elementis ULR and hasthe
above property(for eachJd) andwhich is closedw.r.t. spectralfactorization.We
formulatethis asfollows (seeDefinition 6.2.4for “ C "):

Hypothesis8.4.7(ULR classesq(U ) that admit spectral factorization)
(1.)WehaveB C 4 - TICNULR;

(2.) if Y is an arbitrary Hilbert space D € 4(U,Y), J = J* € B(Y), andthe
Popov Toeplitz operator 11, D* JD1t,. is invertible on 11,.L2, thenD*JD =
X*SX for someS=S" € GB(U) andX € GA4(U).

If Hypothesis8.4.7holdsfor 4(U), then,trivially, (D,J) € SpFfor ary Y,
De A4(U,Y) andJ = J* € B(Y) SeeHypothesisl0.6.6andLemmal0.6.7for the
positive case.

A sufficientconditionfor (2.) isthatif E=E* € 4(U) andm.Em, isinvertible
onTt, L2(U), thenE hasaspectrafactorizatiorover 4(U ). However, thewealer
formulationabove hastheadvantageo coveralsoexponentiallystableclassegcf.
TheoremB.4.9)andstill be strongenoughfor applications.

Much of ourtheoryis valid evenwithout the assumptior(1.), but becausall
classedisted in Theorem8.4.9 satisfy (1.), we have assumedt to simplify the
presentation.

Sometimesve alsowishto have D*JD = X*SX (cf. Example6.3.7):

Hypothesis8.4.8(Classes4(U) that admit spectral factorization with D*JD = X*SX)
We require that 4(U) satisfiedHypothesis3.4.7with



(3.) D*JD = X*SX.

By Lemma6.4.5(a),condition(3.) holdsfor someX andS satisfying(2.) iff
(3.) holdsfor all suchX andS (for fixedD andJ). A sufficient conditionis that

A Cc SHPR by Lemma6.3.6(b).
Now we cite the mainresultsof Chapters:

Theorem 8.4.9(Classessatisfying Hypothesis8.4.7) LetU be a Hilbert space
letS=S—-SCR, andlet (a), (B) or (y) hold,where

() 4 is one of the classesMTICL, MTICL“%C, MTICtz, MTICZC,
MTICq7z, andMTICFS,;

(B) dimU < o and A4 is one of the classesMTIC, MTICq4, MTICg, and
MTICqs.

(¥) A(U,Y) = B(U,Y) +{D| D € HZ4ndC: B(U,Y)) for somew < 0} (this
is the setof mapshavingan exponentiallystablerealizationwith a bounded
input opeator).

ThenHypothesis8.4.7holdsfor 4(U) andfor the classAep(U) of exponen-
tially stable(U) maps whese

Aep(U,Y) :=Nrcof{e De™ | D€ 4(U,Y)} (8.75)
Moreover,

(@) If 4 = MTICL', 2 = MTICL"2C€ or (y) holds, thenalso Hypothesis8.4.8
holdsfor 4(U) aswell asfor Aep(U) (for anyHilbert spacel).

(b) WehaveX € GB(U), andwecanchooseX andSs.t. X = 1.
(c) If (a) or (B) holds,then4 = 49. We have4 = 49 alsofor theclass

) AU,Y) = BU,Y) + {D|D,D()* € Hond C&: B(x,%)) for some
w < 0} (thisis thesetof I/O mapshavingan exponentiallystablePS-
realization).

Thus, Hypothesis 8.4.7 holds for A4(U) = MTICtz(U) and 4(U) =
MTIC(C") (andfor their subclassesf exponentiallystablemaps)for any n € N
andary Hilbert spacdJ (we hopethatthe future studywill show thereferenceo
U superfluoudor MTI (andits subclasses),e., that Hypothesis3.4.7 holdsfor
MTI(U) for ary Hilbert spaceJ).

SeeLemma14.3.5for four more classegthe Cayley imagesof discretes?
classes). Also Theorem9.2.14 containsanalogousresults, with requirements
posedon the whole system(e.g.,we may allow for ary D, Bt € SMTICEl8 if C
is boundedandD*JC = 0, to obtain“(1.)—(3.)").

Proof of Theorem 8.4.9: Case(y): Now Hypothesis8.4.8 holds, by
Theorem®.2.14(c2)by its proofwe have X € 4(U)).
(It is nota problemthatwe referhereto laterresults;part(y) of thislemma

is not usedin this monographbefore Chapterl2 exceptin phrasedike “if 4

is ary of the classesof Theorem8.4.9”; in particulay part (y) is not usedin



derivationof ary earlierresultof this monographye justwantto recordit next
to (a) and(pB).) R R

The assumptiormeanshatD : Cf;, — B(U,Y) is s.t. Dug € H2(C;Y) for
all up € U andyp € Y (seeLemmaF.3.2(a));thenumberw < 0 maydependn
D. (Thus,Aeqp = A4.)

Thecorrespondenc® bounded wasshown in Theorem6.9.1.

Case(Y): (Theremarksof case(y) apply The correspondencén PS-
systemavasshavnin Theorem6.9.6.)

We obtaintheresultfrom case(y) (sinceobviously 4 = 49 exceptfor the
factthatX(7)* — X* C Hgtrong(cg; B(U)) for somee < 0, which wasrecorded
in theproof of Theorem9.2.14(c2).

Caseqa) and(pB):

For therestof the proof, we assumehat(a) or (3) holds.

Hypotheses8.4.7(1.)&(2.) (and Hypothesis8.4.8(4.) if 4 = MTICL" or
4 = MTICL"2€) is satisfiedby Theorem?.6.4.

Moreover, if D andJ areasin Hypothesis3.4.7(3.)andwe setE :=D*JD €
4'(U),whered’ := 4+ 4* isthecorrespondingioncausa|MTI) classthenE
hasa spectralfactorizationin 4(U), by Theorem5.2.7(andLemma5.2.1(d)),
hence(3.) holdsfor 4(U).

If, in addition, D € Aep(VU), i.e., D € A,(U) for somew < 0, then
De 4,U)NA_,U) andD* € 4~ N 4/,(U), by Theorem2.6.4(g1)&(g2),
hencethenE :=D*JD € 4’ ;N 4;,(U); thus,thenthe spectrafactorizationof
E is in facta spectraffactorizationin Aep(U), by Theorem5.2.2. Therefore,
(3.) holdsfor Aep(U) too.

(a) Thiswasnotedabove.

(b) Thisfollows from Proposition6.3.1(c). O

Thereasorfor mentioningalsosubclassesf classesnentionedabove is that
in mary theoremsusingHypothesis8.4.7somekind of controllersareconstructed
within the sameclass hencestricterconditionsguaranteesmootheicontrollers.

By [Treil94], the classCTIC(C) doesnot satisfy Hypothesis8.4.7: There

isD= [gﬂ € CTIC(C,C?) s.t. the spectralfactor X € GTIC(C) satisfying

XX =D*D (i.e., |X|2 = |D1|2+ [D2|2 oniR) doesnot belongto CTIC. We can
eventake D; andDy, to have no zeroson C+ U {co}.

Lemma 8.4.10 Let 4(U) satisfyHypothesis8.4.7. ThenA4(U) is inverseclosed
inTIC(U),i.e,XeA(U)NGTIC(U)=Xe GA(U).

(Analogously 4(U,Y) is inverseclosed.)
Proof: Becausehe Toeplitzoperatont, X* X, hastheinverseX—1m X *
on T, L?, we have X*X = Z*SZ for someS= S € GB(U), Z € GA(U), by
(2.). By Lemma6.4.5(a) X =EZ € GA(U) for someE € GB(U). m

In the stableor r.c.-stabilizablecase(seeLemma8.3.3), J-coercvity canbe
easilyverified:



Lemma 8.4.11(3-coercive) Let J = J* € B(Y) and D € TIC,(U,Y). The
following holdsfor U} := Upyt:

(@al) Let D € TIC. ThenD is J-coerive iff the Popov Toeplitz operator
1, D* IDm, is invertibleon L2(R;U).
(a2)LetD € TIC. ThenD is positivelyJ-coerciveiff D*JD > 0.

(b1)LetD = NM~! beaq.r.c.f ThenUyu(0) = ML?(R,;U). Moreover, D is
[positively] J-coeriveiff N is [positively] J-coerive

(b2) Let D = NM ! bea qg.rc.f and S= N*JN. ThenD is [positively] J-
coerciveover Uyt iff Se GB [S > 0].

(c) Thespacelyy(0) is a Hilbert spaceandD € B(Uou(0),L%(R;Y)).

Moreover, D is [positively] J-coerive iff D*JD is invertible [> 0] on
Uout(0).
(d1) D is positivelyJ-coerive iff thereis € > 0 s.t.for all u € L%(R,;U) we
have
(Du,JDu) > g(||u[Z+ |Dull3) (8.76)

(d2) Let J > 0. ThenD is positivelyJ-coecive iff || Du||2 > €||ul|2 for some
g >0andall ue L?(R;U).

(d3) If D is J-coecive thenD is injectiveon L2(R, ;U).

(d4) Let D be J-coecive Then ||JDu||2 > €||u||p for somee > 0 and all
u 6 ﬂout(O)

Recallthat Uou(0) = {u € L?(R4;U) |Du € L?}, andthat the [positive] J-
coercvity of D (over Uy, dependsonly on D andJ. Thus, we can define
the [positive] J-coercvity of N analogously(we usedthis implicitly in (b1)).
ConsequentlyN is [positively] J-coercve iff T N*IN,. € GB [>> 0], by (al)
[(a2)].

Obviously, whenD € TIC(U,Y), thespacellou(0) equalsL?(R;U) with an
equivalentnorm(|| - || «,,,)- Contraryto (b1), we have no controlon zerosof N if
N andM arenotrequiredto beg.r.c. (e.g.,take N(s) = s/(s+1) = M(s), D = I).

The conditionD*JD > 0 in (a2) holdsiff 1, D*JDr, > 0 onL?(R,;U), or
equivalently, iff D*JD > &l a.e.oniR (in Lstrong- SeePropositions10.3.1and
10.3.2for furtherequivalentconditionsfor positive J-coercvity andLemma2.2.2
for theinvertibility of T, D*JDrt, .

Proof of Lemma 8.4.11: Part (bl) follows from Lemma
6.5.6(&(al)&(a2). Part (b2) follows from (al)—(bl), becauser, S, €
GL?(Ry;V) iff S€ GB. Therestfollowsfrom Lemmas.2.3. O

For classessatisfyingHypothesis3.4.7,the existenceof a spectralfactoriza-
tion andthe invertibility of the Popw Toeplitz operator(thatis, the J-coercvity
of D) areequvalent:

Theorem 8.4.12(MTI spectralfactorization) LetA4 C TIC andJ = J* € B(Y).
For D € TIC(U,Y) wehave(iv)=(iii) <(ii) = (i), whee



(i) D is J-coexive over Ugy (i.€.., 1, D* I, is invertibleon L?(R, ;U));
(i) D*JD = X*SX for someX € GTIC(U), Se GB(U);

(i) D*JD = Y*X for someX,Y € GTIC(U);

(iv) D*JD = X*SX for someX € GA(U), Se GB(U).

If D e 4(U,Y) and 4(U) satisfiedHypothesis8.4.7,then(i)—(iv) are equiva-
lentandany spectal factorizationof D*JD is over 4(U).
If D*JID > 0, then(i)< (i) < (iii).

In fact, in discrete-time (i)—(iv) are equialentfor D € 4 := tice (the set
of exponentiallystablediscrete-timemaps),by Theorem14.3.2. Unfortunately
the Cayley imagesof '[I/C;p cover only thosecontinuous-timenapswhich areH®
outsidesomediscin theleft half-plane andthatrequirements ratherstrong.By
Example8.4.13,(i) doesnotimply (ii) for generalD € TIC.

Proof: “(iii) < (ii)” holdsby Lemma6.4.7(a3). “(iv)=-(ii)" is trivial and
“(ii) =(i)” followsfrom mt; X~1S~1X~*m, = (1, X*Sm, X, )~L.

The missingimplication (i) = (iv) is containedin Hypothesis8.4.7,and
thelastsentencefollow from Lemma6.4.5(a)Lemma6.4.7(a). O

The solvability of several control problemsimplies the invertibility of the
corresponding?opos Toeplitz operator(condition (i) above) andis implied by
the existenceof a spectralfactorizationof the Popos operator(condition (ii)
above). Thus, the above equvalencemakes all theseequivalent. Even better
theregularity of 4 (seeHypothesisB.4.7(1.))makesa completeRiccatiequation
theorypossible.

This is why we obtain completesolutionsfor the classesof Theorem8.4.9,
but only sufficient conditions (in terms of spectralfactorizationsand Riccati
equations)in the generalcase(e.g., compareTheorem11.3.3to Proposition
11.3.4(f)). SeeRemark9.9.14for otherclasse®f systemgor which similar (even
better)optimality, factorizationandRiccatiequatiornresultscanbe established.

llya Spitkovsky hasconstructedan exampleshawing thatthe invertibility of
the Toeplitzoperator(i.e., J-coercvity over Uy doesnotimply the existenceof
a (bounded)spectralfactorizationin the indefinite case,as mentionedn [S98c,
Remark4.8]. We give hereanextendedversionof thatexample:

Example 8.4.13 ((minimax) J-coercive # SpF) (We give this example for
discretetime, useCayley transform(seeLemmal3.2.1-Theorem 3.2.3)for the
continuous-timeounterpart.)

(a)Letd:= J$’1 .= diag(1,1, —y?), wherey := /2. By Lemma6.4.7(a) there
is h e GH™(D) s.t.|h| equalsl/2 on the left hemicircleand+/3/2 on the right
hemicircle.Set

ih h
D:= [h(-) h(-)] e H®(D;C*?). Then (8.77)
0 1

B:-5B- ¢ ] eLomic??), 879)



where f € L®(dD;C) assumesxactly two values, fr := 1 —i3 on the right

hemicircleand f| := 3 _ i% ontheleft hemicircle.

Therefore,E;; = 1> 0 and Epy — ]Ezl]ﬁfl Ei, = —1— |f|2 < 0, so that
D is minimax J-coercve, henceJ-coercve over Uout, by Lemmall.4.2. By
Theoren®.15.3andLemma9.15.2 thereis auniqueX € GH2(AD; C2*2) modulo
aconstans.t.X* [ 4] X =E a.e.ondD.

Let E; andE; be the two valuesof E. Sincethe eigervaluesof E;1E, are
not positive (not evenreal), it follows thatX ¢ GH®(D;C?*2); in fact, onecan
shaw thatbothX andX~1 areunboundedBy uniquenesgherecanbeno (GH®)
spectrafactorizationof D* JD.

(b) Furthermore thereis a minimax J-coercve Dy € H(D;C8*4), where

J::J\‘,"Z:: ['454 0 ] s.t.Dg is of form (0150 andﬁa*iﬁazﬁ/&\o*sg\o,where

2952
S:= le,z: ['252 e 2] Xo € GH2(D; C#) andbothX, andXy ! areunbounded
near—1.

Consequentlythe correspondingcontinuous-timeJ-critical “state feedback
controller” over Uyt (the H* full-information minimax controllerover Ugyy) is
non-well-posedalternatvely, unstablepy (c)) in bothits open-loopandclosed-
loop forms,asshowvn in Examplell.3.7.

(c) SetK :=D\ {z| |z+i| < €} for somee > 0. Thenthereis a neighborhood
Q> DofK s.t.D, X, X1 € H®(Q; B(C?, )) in (a). In particular thecorrespond-
ing continuous-timanaps(Cayley inversesreuniformly half-planeregular.

Consequentlyif we drop the rotation from the proof of (b), the mapsDy,
Xo, Xgl becomgwell-posedand)uniformly half-plane-rgular(butXéEl become
unstablealthoughtxz*L2 c L2). <

The above example shows that the J-critical control is not always of state
feedbackform (in continuoustime); cf. Remark9.7.7(a3). (Due to minimax
J-coercvity, the example shows that the problem cannotbe avoided even in
connectiorwith H* problems.)

In discrete-timehat cannothappenput theimplication (i)=-(iii) in Theorem
8.4.12is neverthelesgalsein generaln discrete-timaoo, asshovn by theabove
example (seealso Section9.15 and Example11.3.7)unlessD is exponentially
stable(in discretetime).

Proof of Example 8.4.13: (a) (llya Spitkovsky hasskecthedhe proof; this
is amodifiedversionof thatsketch.)

1° ConstructingD s.t. (8.78) holds: By Theorem3.1.3(al)&(el),ary
F € L*(iR) satisfyingF > € a.e.on iR correspondso someF € TI(C) with
F > ¢l, sothatF = |Z|? for someZ € GTIC(C) (i.e., someZ € H*(C+)), by
Lemma6.4.7(a). Apply Cayley transformto this resultto shav the existence
of h € H*(D) (seethe exampleabove). (This alsoshaws thath is invertible
in H, but we do not needthe invertibility of h.) Oneeasilyverifiesthatthe
eigervaluesof

1 -1 [-1-ffi  f—f

SRSTORRL fi-f —1-ff (8.79)



are given by A := Ret + /(Ret)2—4(|t|2+g?), wheret := —1 — f,f,
s:= f; — f|, hencethesevaluesarenotreal.

2° Theotherclaims: Theotherclaimsareexplainedin the exampleexcept
thefactthatthatX, X! ¢ H(D; C?*?).

If we hadX e GH®, thenthe factorizationwould exist in all LP spaces;
however, it doesnotexist for p= 2/ argA . (sinceA. arenotreal;se€e[LS] for
details).

Choosezy € 0D is s.t. XAor X‘i is unboundedn eachneighborhoodof
Z. (N.B. o :_ii, becaus&X andX~! have holomorphicextensionsaround
eachpoint of D\ {#i}, by Lemma9.15.5. For the samereasonit seemghat

the Cayley inverseof the function 11/)8 constructedelon will not be (weakly)

regular)

Set X4(2) := X(2)* (z € D) (cf. Lemma 13.1.8). Ohviously, X9
GH?(D;C?*?) and

X @)X 2 =X@IWXD) '=E@ '=E@ "t (880
(sinceE(Z) = E(z), becausez — Z mapsthe right and left hemicirclesonto
themseles).

Seta:= ,/8/13,sothata*a= (1+|f|?)~1 = 8/13. Oneeasilyverifiesthat
E-! = a*aE, hence(aX*)J;(aX) = E~1. We concludefrom Lemma6.4.5(a)

thataX = EX~9 = EX(-)~* for someE € GC?*2. ThereforepothX andX—1
areunboundedn D (onenearzy andthe othernearz (atleast)).

(b) 1° ConstructingDa andXa: Setf(2) := D(-2), Z(2) := X(~2) (z€ D),
sothatF*JF = Z*3Z. By (8)2, Xa = [% %] € GH2(D;C***) andits inverse
arebothunboundedt +zy = +i. Obviously, S/g\a* [Jol JOJ S/&\a = ]I/);*J']I/);, where
Ba = [38]. 9= [38). =3 ).

2° Rotationto —1: ReplaceD, by Dy (i-) (andhenceXy by X;(i-)). Then

bothﬁ/i\a and?@l_1 becomeunboundechearl andnear—1. (Recallthat (our)
Cayley transformmaps—1 to o; thisis why this is important.)

3° ConstructingDo, Xo: Set
Do := T'DaT, Xo:=TXaT, where (8.81)

(notethatT- (resp.-T) permutesecondandthird rows (resp.columns)andT’-
(resp.-T') permuteshird andfifth rows (resp.columns)) sothat

eCt®  (8.82)

S:=J3%2:=diag1,1,-1,-1) =T [Jol JOJ T, I=T'JT/, and (8.83)
Do 3o = TDa IDaT = TXx [ 5] KT = X0’ SKo. (8.84)

Thus, X5SX, is a spectralfactorizationof D(’ngo. Moreover, ]]3)5 is of form



[6 |2>':<2} and

[fo_}[ ]], (8.85)

henceDy is obviously minimax J-coercie w.r.t. C2 x C2 (see Definition
11.4.1). SeeExamplel1.3.7for the final claims. For clarity, we write out
Do (hereg:=h(i-), G:=h(-i-)):

Do = (8.86)

)
cocoocoMmMa
cocooMag oo
Or oo M«
RO MOQ OO

(c) 1° ConstructingQ: Since|h|? hasa holomorphicextension(namely1/2
and+/3/2 on two disjoint opensets)to a neighborhoodf K NaD, so hasits
spectrafactor thatis, h (andits inverseh™ 1) by Lemma9.15.5.

ConsequentLy]D) andhencealsoX andX~! have holomorphicextensions
to aneighborhoodf KNaD. Let Q betheunionof thatneighborhoodndD.

2° Therest: Take Cayley transformsto obtainthatfor ary € > 0, thereis a
compactsetk; C C-U{ze C||z+i| < &} s.t. D, X, X1 € H?(KS; B(C?, %)).
In particular thesefunctions are continuousat infinity, henceULR, even
uniformly half-plane-rgular (to be exact, X and/or X~1 is not stable
(at +i) but it is otherwise uniformly half-plane-rgular). Consequently

o~ ~71
Do, Xo € H*(KS; B(C4 %)). O
Next we statethe unstableversionof Theorem8.4.12:

Corollary 8.4.14(MTI (J,9)-innerr.c.f) LetD € TIC,(U,Y), A C TIC, J =
J* € B(Y) and U} = Uput.

(a) If D hasa (J, ¥)-innerg.r.c.f NM~1, thenD andN are J-coecive
Let,in addition,D havea[q.]r.cft D = N'M 1. Thenwe havethefollowing:

(b1) We have(iii) < (i) = (i), whee

() N' is J-coerive (i.e., D is J-coerive);

(i) N*JN hasa spectal factorization;

(i") N*JN hasa spectal factorizationover 4;

(i) D hasa (J,)-inner[q.]r.c.f

(i) D hasa (J,*)-inner[qg.]r.c.f NM~! withN,M € 4.

(b2) If N, M’ € 4, then(ii)) =(iii") = (iii) < (i) = ().



(b3) AssumehatN' ;M € 4, andthat 4(U) satisfieHypothesi8.4.7.

Then(i)—(iii") are equivalent. Moreover, if somefactorizationD = NM 1
satisfiegii) or (iii), thenN,M € 4, D,M~1 € ULR, andwecanchoosehem
sothatM(+w) =1.

(b4) Assumehat Hypothesis8.4.7 holdsfor A4(U), and that (iii’) holds. Set
X : =M. ThenN*JN = SandD*JD = X*SX.

(b5) If 3> 0, then(i) < (ii) < iii).

Theorem9.9.10givesfurther equivalentconditionsin termsof Riccati equa-
tions. Example8.4.13shavs thatimplication (i)=(iii) doesnotholdin general.

Theabove corollarywill be appliedin Chapter® and11 to reduceinner co-
prime factorizationsof unstablemapsto spectrafactorizationof their stabilized
counterparts.

Notethat,by (b3),ary (J,)-innerr.c.f. D = NM lwithN\M € 4 is > actually
ar.c.f.over4 (i.e., aIsz Y € 4 for somestabIeX Y satlsfylngXM YN = ).

If N andM areexponentiallystablediscrete-timemaps(cf. the remarkafter
TheoremB.4.12) then(i)—(iii) areequivalent;seeCorollary14.3.3.

Proof of Corollary 8.4.14: (a) Thisfollows from “(iii) =-(i)" of (b1) (take
N =N, M = M) andLemma8.4.11(b1).

(b1) Wehave (ii") =(ii) =(i) (even(ii’) <(ii) < (i) providedHypothesis8.4.7
is satisfied) by TheoremB.4.12.

“(ii) < (iii)”: If (i) holds,i.e.,U*SU = N*JN for someU € GTIC(U), Se
GB(U), thenN'U 1 is (J,9)-inner;thus,D = (NU1)(M'U1)~Lis asin (iii).

Corversely if D = NM~! is a (J,%)-inner [g.]r.c.f., then, by Lemma
6.4.5(c),N = NU for someU € GTIC, hencethen N*JN = U*N*JNU =
U* U is a spectrafactorizationof N,

(b2) Implication“(ii’) =-(iii")” followsfrom the proofof “(ii) < (iii)". Obvi-
ously, (iii") =(iii); therestfollowsfrom (b1).

(b3) By Theorem8.4.12, we have (i)<(ii’), henceall five claims are
equialent,by (b2). Theorem8.4.12alsoimpliesthatnecessarilyU € G4 in
(i), which providestheN,M € 4 claim, by the proofof “(ii) < (iii)” above.

Becauseq C ULR, wehaveM™1 NM~! € ULR, andM := M(+w) € GB,
by Lemma6.2.5and Proposition6. 3 1(c). Therefore,we cantake M = |, by
Lemma6.4.5(a).

(b4) Thisfollows from Lemma6.3.6(b).

(b5) Thisfollows from (b1) andthelastclaimin Theorem8.4.12. O

Notesfor Section8.4

The Popor Toeplitzinvertibility conditionof Proposition8.3.10andLemma
8.4.11(al)is very commonin the literature of stablecontrol problems[WW]
[S98c]. Our definition of J-coercvity generalizeshis conceptto generalcontrol
problemsfor WPLSs. In a sensejt is the wealestassumptiorthat guarantees
the existenceof a unique solution (with equivalencefor smoothsystemswith
U; = Uexp anddimU < « or D*JD € GB(U)); seeTheorems®.2.16and10.2.11
and Corollaries10.2.3and9.2.19. However thereare singularcountergamples



at leastwhenU is infinite-dimensionale.g.,takeC=0,D > 0,D3% 0,J =1).
Singularcontrolproblemsarerarein practiceandin theliterature, andthey cannot
be solvedassatishctorily; seee.g.,[Stoonogel] for thefinite-dimensionatase.

Propositionsl0.3.1and 10.3.2provide several conditionsthat are equialent
to J-coercvity. Many popularassumptionsn the literatureare specialcasesof
theseassumptionfZDG] [Keu]andmostothersarestronge{FLT]. We have seen
nothingsimilarin theindefiniteunstablecase.

Thename'J-coercvity” is from [S97b]-[S98c]whereit meangheinvertibil-
ity of thePopw Toeplitzoperatoifor a stablesystemandfor ajointly stabilizable
and detectablesystemit meansthe J-coercvity of the correspondingstabilized
subsystem.From Lemma8.4.11(al)—(b1and Theorem6.6.28we obsene that
thesedefinitionsarespecialcaseof thatof ours.

In the stablecasethemethodof TheorenB.4.3(asthefirst partof Proposition
8.3.10)is very old. The sameholdsfor the reductionof unstableep problems
to the stablecase asin Theorem8.4.5;its coprimenessnethodfor stz hasbeen
usedin [S98b] andin [S98c, Section7] for jointly stabilizableand detectable
systems.SeeChapter5 for noteson the spectralfactorizationresultson which
Theorems8.4.9and8.4.12arebased.

Lemma8.4.11(al)—(b1lareessentiallyfrom [S98c]. Part of Example8.4.13
was mentionedin [S98c, Remark4.8], and its original form is due to llya
Spitkovsky in acommunicatiorwith JosepltBall andOlof Stafans.



8.5 Problemson afinite time interval

Lord of thefar horizons,
Giveustheeyesto see
Overtheveme of the sundown
Thebeautythatis to be

— Bliss Carman(1861-1929)

In this section,we swiftly review how the abstractoptimizationof Sections
8.1-8.2canbeappliedto finite-horizonproblems.Thederivationof furtherdetails
anddifferentialRiccatiequationtheoryis analogouso thatin theinfinite-horizon
caseput it requiresalengthytreatmenthencewe omit it.

Throughout this section, the letters U, H, and Y denote (compl&)
Hilbert spacesof arbitrary dimensions,T > 0, J = J* € B(Y) and [%}%} €
WPLSU,H,Y). In finite time interval (finite-horizon)problems.the costto be
optimizedis givenby

.
9000 = [ 0,0 at 8:87)

(asopposedo T = « in othersectionsj.e., in infinite-horizonproblems) where
Xo € H istheinitial state,u € L?([0, T);U) is thecontrolandy := Cxo + Du is the
correspondingutput. Often onewishesto addto 7 anendcost(x(T),GX(T))y,
wherex(T) := A(T )Xo+ Bt(T)uis the (terminal)stateattime T.

Theabstracbptimizationtheorycanbeappliedalsoto finite-horizonproblems
by usingthefollowing substitutions:

Remark 8.5.1(Sections8.1-8.2apply alsoto finite-horizon problems)
StandingHypothesi®8.1.1is satisfiedwith substitutions

U — L?([0,T);V), X — H (8.88)

Y,YS— L2([0,T);Y), Z,75— L2([0,T);H), (8.89)

[#—A 5 } -y | oA | Tor)BTTor) I3, (8.90)
C|D Mo C | Tor) Do)

It followsthat 7 (o, u) :foT ly(t)||2 dt, wheley := Cxo +Dru, for all u € U(xg) =
L2([0,T);U) andxg € H.

To add an end cost (x(T),Gx(T))y, G € B(H), one could substituteC —
[TenC], D[N0, 3 [38],Y,Y5 5 L([0,T);Y) x H.

In particular “the stablecase”applies(in both casesalthoughwe referbelov
to thecaseG = 0). (The substitution?(xg) = L3([0,T);U) above correspondso
‘ Uexp = Ustr = Usta= Uout -

Assumethat“D*JD"= 1o 1) D" JTo 1) D1y 1) IS invertible (this is the caseif,
e.g.,J > 0 andthereis a quadraticcoston u). Thenthe systemis J-coercve,
so that Lemmas.2.8 provides us direct formulaefor Acit 1, Cerit, 7, Kerit, 7, and
“P=C*ICt".



In particular P becomegqwe shall set Pr := P to distinguishbetweencost
operatordor problemson differentintenals,i.e., for differentvaluesof T)

00,200 = [ A(C0)0), (C+DRei o))yt (891

Assume,in addition,thatC € B(H,U), D*JC = 0. Then,asin the proof of
Lemma8.2.9,we have

;
(X1, Prc) = /0 (CAx, ICAL 10),, i, (8.92)

andAcgit = A+ BtKcrit € B(H, C([0, T];H)).
Again by Lemma8.2.9,with the additionalassumptiorthatD*JD € GB(U),
we alsohave

Kerit,rX0 = —(D*JD) ™ (T0.1) Bt 1)) *C*ICACit, T Xo- (8.93)

It seemghatonecanrewrite Section.7 and9.2for finite time; in particular
thatauniqueJ-critical controlis of thestatefeedbackormwheneverD € MTIC(';,l
andC is bounded,or D € B+ L2« (we do not have to poseary requirements
on AB (or Br), sinceon a finite time horizonwe always have “the stablecase”,
asin Hypothesis9.2.2(6.)—(7.)),and that the J-critical statefeedbackoperator
correspondshento a uniquesolutionof thedifferentialRiccatiequation.

At leastwhen 7 (xo,u) = ||y||?, y = [%}], the solutionconvergesstronglyto the
infinite-horizonsolution,asT — 4o (possiblywe haveto restrictT to asequence
cornvemingtoinfinity), and?r — P strongly Thisfollows by standarcaguments
(seeLemma4.2 of [FLT] in the caseof a boundedC; the samearguments
combinedwith LemmaA.3.1(i1)&(i4) alsoapplyto ageneraWPLS).

The situationis analogouslsoin the caseof an extendedlinear system(see
Section8.6).

However, we leave thedetailsto thereaderbecausé& seemghatthisapproach
doesnot provide us with any additionalinformation ? (e.g., we do not know
whether? corvergesin the way that P[H] ¢ Dom(By,) evenfor the specialD’s
mentionedabove). Thisis aninterestingopenproblem.

Notes

It is well-known that, undercertainregularity (see,e.g.,[GL] for the finite-
dimensionaland [Jacob98], [Jacob01], [Jacob99], [FLT] or [LTOOb] for the
infinite-dimensionalcase),1. one can shav that r € B(H,Dom(B,)) and
(Kerit, 7X0) (S) = =By, Pr—sAg; 1X0, 1-€., thatUgrit = —Bj, Pr_sXerit; moreover, Pr
satisfiegdhecorrespondinglifferentialRiccatiequationasafunctionof T > 0); 2.
by letting T — 40, we obtainthat Pr, Ugrit, Xcrit andyerit corverge (for a suitable
costfunction;for our techniqgue®nesufiicient conditionseemgo bethatJ > 0).

Analogously one could apply the abstractoptimizationtheory of Sections
8.1-8.2to time-variant systems. Birgit Jacob[Jacob98]has formulated “tv-
systems”which areanatural(time-variant)generalizatiorof WPLSs,andsolved
the standardoptimal control problemon a finite time interval (the sameis done
for a generalizationof PS-systemsn [JacobOl]and for a generalizationof
WPLSswith boundedinput and output operatorsn [Jacob99];thus, [Jacob98]



is the most generalone). Her solution coincideswith the implications of
Lemma8.2.8 combinedwith an equivalentof Remark8.5.1for tv-systems put
assumingthe equivalent of weak regularity (with D*JC = 0), she obtainsthe
formula (Kerit, 7X0) (t) = —B\XTT—tAtcrit,TXO (where B}, is allowed to be time-
varying). In [Jacob99]Jacobhassolvedthefinite-horizonminimizationproblem
for a nonstandardgeneral)costfunction for time-variantsystemsbut underthe
assumptiorthat the input and outputoperatorsare bounded. For time-invariant
WPLSswith boundedutputoperatorsthe nonstandaraninimizationproblemis
solvedin [BP] in termsof anintegral Riccatiinequality by Francesc@ucciand
LucianoPandolfi.

Historicalremarksonthe LQR problemaregivenin the notesto Chapter6 of
[CZ]; alsofinite-horizonproblemsaretreatedtherein.

Over afinite time horizonwe have * Uep = Uout', becausé_ﬁ,c([o, T;H) =
L2([0,T];H), hencethe minimizationresultsin somethingesemblingmore Uyt
than Uep but having the nicestpropertiesof bothsettings.

In particular if we let T — 4o, we end up with a minimizing (henceJ-
critical) control over Ugyt (N0t over Uep, andthe closed-loopsystemneednot
beexponentiallystable) andthe statefeedbackKormulau = —Bj, Pr cornvergesto
u= —B,? (orto someotheroperatoydenoteddy “—B*P” in [FLT], if wereduce
regularity assumptions)wvhere?P refersto the J-critical costoperatorover Ugyt.
Naturally, this canbefixed by assuminghe systemo beestimatabldseeLemma
8.3.3).

It seemsthat the methodsof this monographcould be generalizedto tv-
systemsThis mightbe aninterestingsubjectfor future studies.



8.6 Extendedlinear systemsELS)

Humanbeliefs, like all other natural growths, eludethe barrier of
systems.

— GeogekEliot (1819-1880)

In this section,we give guidelineson how to extend our optimizationand
Riccati equationresultsfor more generalsystemsthan WPLSs. Most readers
probably wish to skip this section (the resultsare not usedelsavherein this
monograph).

Theoptimizationresultsgivenabove, suchasTheorem8.3.9(oftencombined
with Theorem8.4.3)requirethat U} (xg) # 0 for all xop € H. Whatif this holds
only for all xo € Hy/,, for someHilbert spaceH;,» s.t. Hy CHyp CH? If
“B e B(U,Hy/2_1)", thenwe couldreplaceH by Hy > andgo on— exceptthatB
neednotbewell-posedarymore.

Despite the generality of WPLSSs, there are some interesting PDE-based
systemdor which thereareno known finite costconditionresultsfor any choice
of statespacghatwould make B well-posedasnotedin [LT93]. Thereforejn this
section,we shallgive guidelineson how to relaxthewell-posednessequirement
of B.

For systemanentionedabore, to guarantedhe finite costconditionthe state
spacemustbe choserto bevery small(this causeshe highunboundedness B),
and hencethe outputoperatorbecomesounded;thereforewe assumehis, i.e.,
thatC € B(H,Y), althoughbasicresultsof this sectionhold for generalvell-posed
C too (seeRemark8.6.8).

Thus,we areagainsolvingthe problem“x’ = Ax+ Bu, y = Cx+ Du, x(0) =
Xo”, but this time we do not require B to be well-posed,i.e., to have values
in H (equivalently, to satisfy Bry_ o) € B(L%([-t,0);U),H)). The solution
S = [%%] : 9] = [}] is called an ExtendedLinear System(ELS) underthe
assumptionstatedbelow:

Standing Hypothesis8.6.1 Throughoutthis section, we shall assumethat U,
H andY are Hilbert spacesthat A is a Co-semigoupon H, B € B(U,H_1),
Ce B(H,Y),De B(U,Y),J=J3*€ B(Y) and0O < B > wa.

By Lemma6.3.16,(£) generatd | € WPLS3({0},H,Y) (thisis trivial, with
C=CA:H — C(Ry;U)) and (£2) generatd 212 ] € WPLS3(U,H_1,H_1).
Thus,we canandwill havethis sectionbasecheasily on WPLSresultsandonthe
abstracbptimizationtheorySections8.1and8.2.

Moreover, Bt mapsLj + T, Lig, to C(R;H-1) (becausettu e C(R;L§) and

loc

B e QS(L%; H_1)) andWé’z(R;U) — C(R;H) (by Theorem6.2.13(b1),because

(H-1)s=H).



We now definesomespace®f allowableinputsu with graphnorms:

Definition 8.6.2 For all T € [0, ) we define

Uioc := {u€ Lio(R;U) | Btu € LE(R;H)}, (8.94)
Uep(Xo) = {u€ LA(Ry;U) | Axo +Btu € L3Ry H)} (%o € H), (8.95)
USp(%0) = {u€ LA(Ry;U) | Axo +Btu € L2(R1;H) N C(Ry;H)} (X0 € H),

(8.96)

Ug = {ueL§(R;U) \IBru eLE(RiH)}, (8.97)
Uy :={ueL?([0,T);U)|Bru e L%([0,T);H), Br' ue H}, (8.98)
||UI|U = [|ull3+ |IIBTUI|L2, (8.99)
lu II% o= = [|ullZ+ IIBTUllZ2 1o 1)) + BT Ul (8.100)
Du := (CBt+D)u € L|OC(R;Y) (ue Uype). (8.101)

As for WPLSs,we extendB to B(L2(R;U),H_;) for thosew for whichB is
continuous;notethatLﬁ,(R_;U) C L2 for all of > w. (Thus,u € Uy implies

thattt_u € L2 for somesuchw.)
Ohviously, D is time-irvariantandcausaDom(D) — L2, andw> 2(R U)—

C(R;H), aIthoughL \ Dom(D) may be nonempty(andD ¢ TIC. IS possible;

take,e.g.U=H,C=1,B=As.tD(s)=Br(s) = (s—A)1A=s(s—A)1—1is
unboundedan eachright half-plane(i.e., A mustbenon-analyticseeSection9.4).
Now we list the basicpropertieof ELSs:

Lemma8.6.3 Letxg € HandT € R;. Then
(al) Bt e QS(UB,LE(R; H)), D e @(GB,LE(R;Y)), and Cxo +Du € L2(R,;Y)
for all u € Uep(Xo).
(b1) [2] € WPLS;({0},H,Y) and 445 ] € WPLS3(U,H_1,H_3).
(b2) . DIt = CB onUp.

(cl) Bt € as(w”“z(R U) W2%(R;H)), hence Bt : Wi (R:U) —
C"(R;H), and [|(Bru)™ (t) [ln < Me™||uflyn+2.

(€2)Cxo € C(R4;Y) (€ CX(RL;Y) if xg € Hy := Dom(A¥)).

(d) Bru(s) = (s— A)~1Bi(s), Cxo(s) = C(s— A)~xo, andDu(s) = (D +C(s—
A)~1B)U(s) (if Bru € LY ) forall s C{,, andu e LZ(R4;U), w < Res,

(e) Whenw > Res > wa andup € U, wehave
B, €8 ug = (€8 — A)(s—A)1Bug € C(Ry;H)NL2, (8.102)
D, €% Up = €8 D(s)up— C(s— A) 1By € C(R4;Y)NL2.  (8.103)
In particular T EUg € U[o )
(f) o,y U ( ) C U[o T) C UB C Uioe andU[o T) andUB are Hilbert spaces.



Proof: (al) Obviously, Bt € B; henceD .= CBt+ D € B. Thelastclaimis
alsoobvious.

(b1) Thiswasnotedabove.

(b2) Now (11, Drt_u)(t) = 1, CBt' _u = 11, CA'Bu = (CBuU)(t), by 2. and
3. of Definition6.1.1.

(c1) This follows from Theorem6.2.13(c2)and Lemma6.3.19 (because
now (H_1)g =H, sinceB € B(U,H_1), i.e.,Bis boundedo H_).

(c2) Thisfollows from Theorem6.2.13(c1).

(d) Thisfollows from (b1) andthefactthatD := CBt + D.

(e) Thisfollowsfrom (b1),Lemma6.2.10,andthefactthatD := CBt + D.

(f) Letxg € H andT > 0. Because\xg € CNL2, we have Tho.1) USp(X0) C

G[O,T)- Ob\/iously, GB C U|0C.
Assumethatu € Up 7). Setx(t) := B'u=Btu (t > 0). Then

X(T+t) =Bt t'u=Br'n tTu=A'Bt"u= Ax(T) (t>0). (8.104)
hence||x(T + -)||L§ < M||x(T)||n, whereM := ||A||$(H,L§(R;H)). Therefore,
G[O,T) CC UB. U

The fact that [ A | B ] and [%} are WPLSs offers us a wide range of
additional useful facts. Note that if [é%] generatea WPLS (i.e., B €
B(L%([—¢£,0);U),H), D € B(L%([0,£);U),L%([0,£);Y)) for somee > 0), thenall
above definitionscoincidewith correspondingVPLS definitions.

Remark 8.6.4 SubstitutingX — H, U — Ug, Y5,Z%+— L? Y,Z L and

[&12] — [A1E], (cf. Remark.3.4) weobtainthat 7/ = Uep andthattheresults
of Sections8.1and 8.2 becomeapplicable m

For example, the finite cost condition togetherwith J-coercvity imply the
existenceof a unique J-critical control, and 7(0,-) > 0 implies that a J-critical
controlis minimizing. Also mostof Section8.3andmuchof furtherWPLStheory
remainvalid.

To give someexamples,we mentionexplicitly below two moreresultsfrom
Sections8.1and8.2:

Theorem 8.6.5(LQR) Assumehat Uep(Xo) # 0 for all Xo € H. LetC = [}] €

B(H,HxU),D=1[9],J=[22] € B(HxU),0< Qe B(H),0< Se B(U).
Then,for ead xp € H, there is a uniqueJ-critical control, andthis control is

strictly minimizingover Uexp(Xo). 0

(Thisfollowsfrom Remark8.6.4andCorollary8.2.7.) SeeTheorenB.6.6and
Remark8.6.7for correspondinglosed-loopsystemsandRiccatiequations.

Theassumptionsorrespondo D*JC=0,C*JC=Q>0,D*JD=S>0,and
the correspondingostis givenby 7 (xo,u) = (X, QX 2 +(u, Su), 2. Thus,standard
LQR problemsare covered; for the indefinite caseand H* problemswe need
slightchanges.

The ELS variantof Theorem8.3.9takesthefollowing form:



Theorem 8.6.6(2¢rit) Assumethat there is a unique J-critical control ugit(Xo)
over U; for eath xp € H. Define

Acrit Xerit(X0) | Axg + BTUcrit (Xo) |
2eiit '= | Cerit ‘X0 | Yerit(Xo) ‘ ‘= | Cxo+ Dugrit(%o) ‘ .
Kerit Ucrit(X0) Ucrit(X0)

Thenthefollowing hold:
(@) We have i € WPL%l({O}, H_1,Y xU) and Z¢it € B(H,L2(Ry;H) x
L2(Ry;Y) x L2(Ry;U)).
(b) By setting? := C;. JCqit € B(H) weobtain

crit

J (X0, Uerit(X0) +N) = (X0, PXo)yy +7(0,n) (X0 € H, N € Uexp(0)). (8.1086)

(€) Cerit = CAgrit + DKyt

(d) If Xgrit(X0) € C(R4+;H) (equivalently ueit(Xo) € ‘uecxp(xo)) for all xg € H,
thenZqit € WPLS ¢({0},H,Y x U) for somee > 0, Ayt = A+ BKgit and

A<:ri
Cerit = C+ DKgrit on Dom(Acyit), hencethenDom(Acit) C Hg, whee ET”I]
crit
are thegenertors of ;.

HereWPLS;! is definedasWPLS,, exceptthatthe semigroupA needgo be
stronglycontinuous(i.e.,“Cp") in H_1 normonly, i.e., ||AXo — Xo||n_, — O for all
Xo € H.

However, from thefactthat Agritxo € L?(R;H)N C(R;H_1) onecanusually
derivethefactthatactuallyAitxo € C(R;; H), i.e.,that(d) applies;seeExamples
1.4.1-1.4.%f [LT93] for details.

Pr020f of Theorem 8.6.6: By Corollary8.1.10(andRemark8.6.4),% i €
B(H,L?).

Also therestof the proof goesasthe proof of Theorem8.3.9(useLemma
8.6.3)except(c), which obvious,and(d), whichis givenbelow.

(d) Assumethatxit(Xo) € C(R4;H) for all xo € H, equivalently, that A
is stronglycontinuous.ThenAg; is a Co-semigroup Now the exponentialsta-
bility of At andtherestof (c) followsasin theproofof TheorenB.3.9. O

Having given the above basic theory we make two remarkson natural
extensions:

Remark 8.6.7 It seemshat mostof the Riccatiequationtheory“on Dom(Ag;it)”,
as givenin Section9.7, can be extendedto this more generl setting (The
opemators B! and D' are definedon Ujo,r) and the equationsonly needto hold

on U[O,T) .) Moreover, onecango on to derive“extendedB;,-CAREtheory”, the
ELSextensionof thetheoryof Sectior9.2 undersimilar assumptions.

Finally, by usingRemark8.6.4,onecanwrite ELScounterpartdor several of
the optimizationresultsof Chaptes 10 and 11 (at least). In particular, instead
of the special (standad LQR) costfunction of Theoem 8.6.5, we can useany
J-coercive costfunction,over, e.9., Ugyt t0O. 0



(Theoriginal proofswill do, mutatismutandis.)

Remark 8.6.8(Mor e generalsystemsthan ELSs) Insteadof Hypothesis3.6.1,
the theory of this sectioncan be adaptedfor geneal well-posedC (i.e., s.t.
[2] € WPLS) andfor geneal unbounded (e.g., B € B(U,H_g27)). O

(We omit thedetails;the methodsareroughlythesame.)

Notes

Somespecialcasef the theoryaregivenin [LT93], by IrenalLasieckaand
RobertoTriggiani, who treatsthe standard_QR problemand presentexamples
of physicalELSsthat are not WPLSs. Luciano Pandolfi [Pandolfi] hastreated
minimizationof amoregenerakostfunction,althoughundera specialcoercvity
condition and the assumptionghat A is analytic with the unboundednessf
B beinglessthan 1 (“B > —1") and (A,B) having a boundedexponentially
stabilizingstatefeedbacloperator






