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Chapter 8

Optimal Control ( d
du ? 0)

Andif dearlythaterror hathcostme,
Andmore that I oncecouldforesee,
I havefoundthat,whatever it lost me,
It couldnotdeprivemeof thee.

— Lord Byron (1788–1824),"Stanzasto Augusta"

In this chapterwe presentan abstracttheory on optimizationand optimal
control in statefeedbackform andtheapplicationof this theoryto WPLSswith
guidelinesto moregeneralor time-varyingsystems.

We shall studythecritical pointsof a givencostfunctionandthecasewhere
suchcontrol correspondsto a stabilizingstatefeedbackpair. Suchan“optimal”
statefeedbackpair correspondsto a“stabilizing” solutionof theRiccatiequation,
asshown in Chapter9. Thecorrespondingspecialcontrolproblemsaresolvedin
Chapters10–12.

In Sections8.1 and 8.2 we work in an abstractsetting. The cost function	�
 x � u� is aquadraticfunctionof vectorsx andu, andwewish to find “controls” u
thatarecritical pointsof 	�
 x �@�� for afixed“initial state”x; equivalently, for which
the Fréchetderivative of 	�
 x �@A� is zero. Suchcontrolscorrespondto solutions
of optimizationproblems(e.g.,LQR, H∞ or any otherquadraticmaximization,
minimizationor minimaxproblems).In thesequel,we prefertheword “critical”
(or “J-critical”) to “optimal”, sincein generalcritical pointsneednotbeoptimums
althoughtheconverseis alwaystrue.

Weshow thatthereis auniqueJ-critical controlfor eachx if f thereis aunique
J-critical control for x

�
0 andtheabstractsystemis “stabilizable”. Moreover, if

this is thecase,thentheJ-critical controlcanbewritten in “statefeedbackform”.
In Section8.2, we defineandstudy“J-coercivity”, which is a generalization

of thestandardnonsingularityassumptionsof severalcontrolproblems(including
the “J-coercivity” assumptionsdefinedin [S97b]–[S98d],the “Popov Toeplitz
invertibility” assumptionin the stable caseand the “no transmissionzeros”
and “no invariant zeros” assumptionsin the positive case). We show that any
“stabilizable” J-coercive abstractsystemhasa uniquecritical control for each
initial state,so that the resultsof Section8.1 canbe applied. We also present
somerelatedresults.
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du 0)

Thereare threereasonsfor the useof this abstractsetting. First, this can
be consideredasa short-handnotationfor WPLSsasto make the optimization
theorysimple,clearandneat.Second,this theorycanbeappliedmoregenerally,
asindicatedin Section8.5ontime-varyingsystemsandin Section8.6onsystems
whose input operator(“B”) is allowed to be more unboundedthan thoseof
WPLSs.However, weonly giveguidelinesfor thesesettingssincethey gobeyond
thescopeof this book.

The third and most important reasonis that when working with the H∞

problemin Section11.7, we have to optimize the control for a fixed stateand
a fixed disturbance;the WPLS framework doesnot cover such optimization.
Therefore,we solve the H∞ full-information control problem in the abstract
framework of Section8.1,althoughtheresultswill beappliedto WPLSsonly.

Naturally, in Chapters9–12 we have to work hard on the “raw WPLS
solutions”obtainedascorollariesof theabstracttheory, beforewe canturn them
into directgeneralizationsof classicalcontroltheoryresults.

In Sections8.3 and8.4 we applyour abstractoptimizationtheoryto obtaina
very generaltheoryon controlproblemsfor WPLSs.Givena WPLS

*CB DE F - and
a costoperatorJ

�
J
� 2HG�
 Y � , westudythecostfunction	�
 x0 � u� :

�JI ∞

0 K y 
 t �L� Jy 
 t �CM Y dt � where y :
�ON

x0 / � u 
 x0 2 H � u : R PQ� U �
(8.1)

(for suitable
N

and
�

this coversall classicalcontrolproblemsmentionedabove)
andu is requiredto be exponentiallystabilizing,stronglystabilizing,stabilizing
or somethingsimilar, dependingonhow stableonewishestheclosed-loopsystem
to be.

Under J-coercivivity and stabilizability assumptions,there is a unique J-
critical (“optimal”) control for any initial state, and this optimal control can
be given in a WPLS form (this generalizesthe correspondingresult in [FLT]).
However, thecorrespondingfeedbackneednot bewell-posedwithout additional
assumptionson the system,as illustratedin Examples8.4.13and11.3.7. This
leadsto someadditionaldifficultiesin theRiccatiequationtheory(thesituationis
thesameevenin thecasestudiedin [FLT]).

In Theorem8.4.5,we extend the standardresult that an optimizationprob-
lem over exponentiallystabilizing controllerscan be solved by first finding a
preliminaryexponentiallystabilizingcontrollerandthenoptimizing over stable
controlsfor the preliminarycontrolledsystem. We alsogive correspondingre-
sultsoverotherformsof stabilization,but for themoneneedsanadditionalquasi-
coprimeness(“q.r.c.-”) assumption.Thenwe give further resultson J-coercivity
andrecall its connectionto spectralandcoprimefactorizationsfor mapsin MTIC
classes.

Sections8.1 and 8.2 are written for a the abstractsetting of Hypothesis
8.1.1 (seealsoHypothesis8.2.2). Hypothesis8.3.1 is assumedthroughoutthis
Sections8.3–8.5,andHypothesis8.6.1is assumedthroughSections8.6.
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8.1 Abstract J-critical control (Jyycrit R ∆y)

Themorecontrol, themore that requirescontrol.

In thissectionwedefinetheset S of admissiblecontrolsandthecostfunction	 andstudytheirbasicproperties.

StandingHypothesis8.1.1 Throughout this sectionand Section8.2 we shall
assumethat U, X, Ys, Zs and are Banach spaces,that Y and Z are TVSs,and
that the embeddingsYs T Y and Zs T Z, are continuous.We also assumethat* A B

C D - 2UG�
 X V U � Z V Y � andJ
�

J
� 2UG�
 Ys � Ys� � .

All resultsgiven in thesetwo sectionsare valid whetherwe use linear or
conjugate-linearduals,i.e.,X

�
:
�

XB or X
�

:
�

Xd; seeRemarkA.3.22for details.
In particular, wemayuseHilbert spaceadjointsinsteadof Banachspaceadjoints.

We usesesquilineardualsandadjoints(seeRemarkA.3.22)andthenotation
of LemmaA.3.5 (e.g.,“J

�
J
�
” meansthatJ

�XW
Ys
�

J), hencetheresultslook asif
thespacesin StandingHypothesis8.1.1wereHilbert spaces.

OutsideSections8.1 and 8.2, we shall apply theseresultsonly in the case
whereYs is a Hilbert space. Therefore,we recommendthe readerto consider
only this Hilbert spacesettingsothatYs � � Ys andhencethereis nothingspecial
with innerproductsor self-adjointness.

Remark 8.1.2 In thissectiononemayallowU � X � Ys � Zs to bearbitrary F-spaces
(i.e., completemetrizableTVSs,seeTheorem 1.24 of [Rud73]), becausethe
ClosedGraph Theorem(Theorem2.15 of [Rud73]) is the only nongeneral TVS
propertythatweusehere.

Givenaninputu 2 U andinitial statex 2 X, wecall z:
�

Ax / Bu 2 Z thestate,
y :
�

Cx / Du 2 Y theoutputand K y� JyM thecostof the“system”for u andx s.t.the
stateandoutputarestable, i.e., z 2 Zs andy 2 Ys As before,we set � y � Ys

� / ∞
for y Y2 Ys, etc.

We could have droppedA � B � Zs and Z from the theory without reducing
generality(replaceC by

* A
C - andD by

* B
D - etc.),but we have chosenthis more

explicit presentationto make laterapplicationsmoreobvious.
The simplestapplicationof this theory to WPLSs is obtainedby the sub-

stitutionsU �� L2 
 R P ;U � , Ys �� L2 
 R P ;Y � , Y �� L2
ω 
 R P ;Y � , X �� H, Zs � Z ��

L2
ω 
 R P ;H � , * A B

C D - �� *�B D τE F - andx �� x0 2 H, whereU � H � Y areHilbert spaces,*ZB DE F - 2 WPLSω 
 U � H � Y � andω 2 R.

It follows that S[
 x� :
�]\

u 2 U ^^ Cx / Du 2 Ys � Ax / Bu 2 Zs _ becomesthe
spaceof stable(unlesswe take U

�
L2

ω) controlsthat make the outputCx / Du
stable. Sometimeswe alsorequirethe state ` x0 /ba τu to be stable,i.e., we set
Zs :
�

L2 
 R P ;H � . SeeRemark8.3.4for furtherapplicationsto WPLSs.
Now for thegeneraldefinitions:
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Definition 8.1.3(JJJ-critical control) For each x 2 X, wesetS[
 x� :
�c\

u 2 U ^^ Cx / Du 2 Ys & Ax / Bu 2 Zs _ (8.2)d 
 x� :
�c\

Cx / Du ^^ u 2eS[
 x� _ � (8.3)	�
 x � u� :
� K Cx / Du � J 
 Cx / Du�CM 
 u 2fS[
 x�@�hg (8.4)

Wecall 	 thecostfunction. A control u 2iS[
 x� (resp.outputCx / Du 2 d 
 x� )
is calledJ-critical for x (w.r.t.

* A B
C D - ) if K Cx / Du � JDηM � 0 for all η 2fSH
 0� .

Notethat SH
 x� T U and
d 
 x� T Ys T Y for all x 2 X.

Givenan initial statex 2 X, we often wish to find a stabilizingcontrol (i.e.,
u 2jS ) s.t. theoutputy :

�
Cx / Du 2 d is optimizesthecost 	�
 x � u� � K y� JyM in

somesense.Becauseoptimality (in most reasonablesettings)requiresthat the
Fréchetderivative of the cost function is zero, or equivalently, that the control
is J-critical (by Lemma8.1.6),we shall concentrateon J-critical controlsin this
section.SeeSections8.2and11.7for applications.

In thefollowing few lemmaswe list simplealgebraicpropertiesof theabove
conceptsfor futureuse:

Lemma 8.1.4( S[
 x�S[
 x�S[
 x� and
d 
 x�d 
 x�d 
 x� ) The sets SH
 0� T U and

d 
 0� T Ys are linear
subspaces. Let x 2 X, u 2kS[
 x� , y 2 d 
 x� . Then S[
 x� � u /lS[
 0� andd 
 x� � y / d 
 0� .

Moreover, S[
 αx0 / βx1 � � α S[
 x0 �m/ β S[
 x1 � and
d 
 αx0 / βx1 � � α

d 
 x0 �m/
β
d 
 x1 � (α � β 2 C n \ 0 _ , x0 � x1 2 X s.t. SH
 x0 �oY� /0). p

(Theveryeasyproof is left to thereader. Thelasttwo formulaeneednothold
for x0 � x1 s.t. S[
 x0 � � /0 � S[
 x1 � .)

The casewhereZs � Z andYs � Y is called the stablecase,becauseif(f)SH
 x� � U for all x 2 X (i.e., if(f) all controlsarestabilizing),thenwecanreplace
Zs by Z andYs byY, w.l.o.g.,by thefollowing lemma:

Lemma 8.1.5(Stablecase) If Ys � Y andZs � Z, then S[
 x� � U for all x 2 X.
We have S[
 x� � U for all x 2 X iff C 2iG�
 X � Ys � , D 2iG�
 U � Ys � , A 2qG�
 X � Zs � ,
B 2[G�
 U � Zs� . p

(This follows from StandingHypothesis8.1.1andLemmaA.3.6.)
With the standardsubstitutionsmentionedabove, the stablecaseis the case

whereeachx andu producea stableoutput,i.e., where
N

and
�

arestable(that
is, Σ 2 SOS; the alternative substitutionswith Zs �� L2 
 R P ;H � correspondto
exponentiallystableΣ).

TheJ-critical controlsareexactly thezerosof thederivativeof thecost:

Lemma 8.1.6(JJJ-critical r ds
du
�

0r ds
du
�

0r ds
du
�

0) Letx 2 X.

A control ucrit 2tS[
 x� is J-critical for x iff dsvu x 9 uw
du 
 ucrit � � 0. In particular, if

ucrit 
 x� is a local extremalpoint of 	�
 x �@A� (on S[
 x� ), thenucrit 
 x� is J-critical for
x.
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Here dsvu x 9 uw
du is the (real) Fréchet derivativeof 	�
 x ���� on its domain S[
 x� .

Thus,dsxu x 9 uw
du 
Zyu� : S[
 0�4� R, where yu 2zS[
 x� , meanstheoperatorS[
 0��{ η �� d	�
 x �"yu / tη �

dt

 0� � lim

t | 0

	�
 x �#yu / tη �~}�	�
 x �"yu�
t

2 R g (8.5)

Proof: 1� “If f ”: By Lemma8.1.4, SH
 x� � ucrit /�S[
 0� . By linearity and

continuity, dsvu x 9 ucrit P tη w
dt 
 0� � 2ReK Cx / Du � JDηM . This is zerofor all η 2zSH
 0�

if f KCx / Du � JDηM � 0 for all η 2iS[
 0� , (applytheright-hand-sideto η andiη),
i.e., if f ucrit is J-critical for x.

It is obviousthat 	�
 x �"yu / tη � hasanextremumat t
�

0 if yu is anextremum
(or asaddlepoint)of 	�
 x �@A� . p
Givena critical controlucrit, thecostfor ucrit / η equalsthecritical costplus

thecostfor η:

Lemma 8.1.7(Critical cost 	�
 x � ucrit �	�
 x � ucrit �	�
 x � ucrit � ) Let x 2 X and ucrit 2OS[
 x� . Setycrit :
�

Cx / Ducrit. Thenthefollowingareequivalent:

(i) ucrit is J-critical for x;

(ii) 	�
 x � ucrit / η � � K ycrit � Jycrit M�/ K Dη � JDηM (η 2eSH
 0� );
(iii) K Cx / D 
 ucrit / η1 �h� J 
 Cx / D 
 ucrit / η2 ���CM � K ycrit � Jycrit M>/ K Dη1 � JDη2M

(η1 � η2 2fS[
 0� ).
Notethat(ii) meansthat 	�
 x � ucrit / η � � 	�
 x � ucrit ��/U	�
 0 � η � .

Proof: By a direct computation,(i) � (iii) � (ii) ((i) implies that the cross
termsof (iii) arezero).

Assume(ii). Then2ReK ycrit � JDηM � 0 for all η 2�S[
 0� . An applicationto
η andiη showsthat K ycrit � JDηM � 0 for all η 2eSH
 0� , i.e., that(i) holds. p
For positivecostfunctions(	�
 0 �@A��� 0), “J-critical” is equivalentto “minimiz-

ing”:

Corollary 8.1.8(Minimizing r Jr Jr J-critical & � 0� 0� 0) A control u 2+S[
 x� mini-
mizes[strictly] 	�
 x �@�� (on S[
 x� ) iff u is J-critical and K Dη � JDηM�� 0 [ � 0] for all
nonzero η 2eSH
 0� .

Notethat 	�
 0 � η � � K Dη � JDηM .
Proof: “If ”: This follows from Lemma8.1.7(ii). “Only if ”: This follows

from Lemma8.1.6andLemma8.1.7(ii). p
All critical controlsproducethesamecostandthesamesensitivity of thecost

to adisturbance:

Lemma 8.1.9( S critS critS crit and uniqueness)Denote by S crit 
 x� the set of J-critical
controlsfor eachx 2 X. Then S crit 
 0� isa linearsubspaceof S[
 0� . If u 2�S crit 
 x� ,
x � x6�2 X, then S crit 
 x / x6�� � u /�S crit 
 x6�� . Moreover, 	�
 x � u� � 	�
 x � v� , and	�
 x � u / η � � 	�
 x � v / η � for u � v 2eS crit 
 x�L� η 2zS[
 0� .

In particular, thereisat mostoneJ-critical control for eachx 2 X iff S crit 
 0� �\
0 _ .
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Proof: 1��S crit 
 x / x6�� � u /cS crit 
 x6�� : Let u 2�S crit 
 x� . For an arbitrary
u6�2 U , wehaveu / u6)2fS crit 
 x / x6�� if fK Cx / Du / Cx6 / Du6 � JDηM � 0 
 η 2eS[
 0�@�h� (8.6)

equivalently, if f u6 2fS crit 
 x6 � . Therefore,S crit 
 x / x6 � � u /OS crit 
 x6 � .
2� Obviously, S crit 
 0� is asubspaceof S[
 0� .
3� Let u � u /byu 2zS crit 
 x� , (sothat yu 2bS crit 
 0� , by 1� ). By Lemma8.1.7(ii),

wehave 	�
 x � u /byu� � 	�
 x � u��/ K D yu � JD yuM � 	�
 x � u� . If η 2eSH
 0� , then	�
 x � u /zyu / η � � 	�
 x � u /zyu��/ K Dη � JDηM � 	�
 x � u��/ K Dη � JDηM � 	�
 x � u / η �hg
(8.7)

4� Since always 0 2�S crit 
 0� , the last claim follows from the identityS crit 
 x / x6 � � u /OS crit 
 x6 � (with x6 � 0). p
We shall latergive several sufficient conditionsfor theexistenceof a unique

J-critical control. Sucha control andcorrespondingstateandoutputarealways
producedby akind of anabstractsystem(in “statefeedbackform”):

Theorem 8.1.10(ΣcritΣcritΣcrit) Let there be a uniqueJ-critical control ucrit 
 x� for each
x 2 X. Define

Σcrit :
� �� Acrit

Ccrit
Kcrit

��
: x �� �� Ax / Bucrit 
 x�

Cx / Ducrit 
 x�
ucrit

�� �
:
�� zcrit 
 x�
ycrit 
 x�
ucrit 
 x�

�� g (8.8)

Then Σcrit 2=G�
 X � Zs V Ys V U � . Moreover, by setting ! :
�

C
�
critJCcrit 2G�
 X � X � � weobtain	�
 x � ucrit 
 x��/ η � � K x �"! xMC� X 9 X ��� /U	�
 0 � η � � K ycrit 
 x�h� Jycrit 
 x�CM Ys / K Dη � JDηM Ys g

(8.9)
for x 2 X andη 2fS[
 0� .

(Stable case)If A 2zG�
 X � Zs� andC 2zG�
 X � Ys � , or B 2eG�
 U � Zs� and D 2G�
 U � Ys� , thenC 2HG�
 X � Ys � and ! � C
�
JCcrit

�
C
�
critJC.

Thus,wecanconsiderKcrit 2QG�
 X � U � asa“statefeedbackoperator”,andΣcrit

astheleft columnof thecorresponding“closed-loopsystem”.
In Theorem8.3.9 we shall show that if

* A B
C D - is a WPLS, then Σcrit is a

WPLS. For sufficiently smoothWPLSs(and for all wpls’s), Σcrit becomesthe
left columnof theclosed-loopsystemcorrespondingto a statefeedbackoperator
determinedby thestabilizingsolutionof thecorrespondingRiccatiequation(see,
e.g.,Section9.2).

Proof: 1� “Ccrit � Kcrit 2�G ”: The map Kcrit : x � ucrit 
 x� are obviously
linear, henceso are Ccrit : x � ycrit 
 x� and Acrit : x � zcrit 
 x� , i.e., Σcrit 2
Hom
 X � Zs V Ys V U � . To show thatΣcrit is bounded,we usetheClosedGraph
Theorem.

Assumethat xn � 0 in X and Σcritxn � & zy
u ' in Zs V Ys V U (by Lemma

A.3.4(E1),weonly needto show thatz� y� u � 0).
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ThenCcritxn � y 2 Ys, but Ccritxn
�

Cxn / DKcritxn � 0 / Du in Y, hence
y
�

Du. Analogously, z
�

Bu, henceu 2eS[
 0� . ButK Dη � JDuM � lim
n| P ∞ K Dη � JCcritxnM � lim

n| P ∞
0
�

0 (8.10)

for all η 2�S[
 0� , henceu
�

ucrit 
 0� � 0; consequently, y
�

Du
�

0 and
z
�

Bu
�

0. Thus,Σcrit 2HG .
2� (8.9): This follows from thedefinitionsof Ccrit and 	 , andfrom Lemma

8.1.7(ii).
3� CaseA 2[G�
 X � Zs � , C 2HG�
 X � Ys� : Let x 2 X. Obviously, S[
 x� � SH
 0� .

Moreover, DKcritx
�

Ccritx } Cx 2 Ys, and K DKcritx � JCcritxM � 0,becauseKcritx 2S[
 x� � SH
 0� . Therefore,K Cx � JCcritxM � KCcritx � JCcritxM�} 0
� K x �#! xM (8.11)

Becausex 2 X wasarbitrary, wehave ! � C
�
JCcrit, henceC

�
critJC

� ! ��� ! .
4� CaseB 2�G�
 U � Zs� , D 2�G�
 U � Ys� : Now Ax

�
Acritx } BKcritx 2 Zs,

Cx
�

Ccritx } DKcritx 2 Ys, for any x 2 X. Therefore, A 2]G�
 X � Zs� ,
C 2HG�
 X � Ys� , by LemmaA.3.6. Thus,therestfollows from 3� . p
(Seethenoteson p. 362.)
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8.2 Abstract J-coercivity ( �� � u Du� )
Coercion. Theunpardonablecrime.

— DorothyMiller Richardson(1873–1957)

In this sectionwe aim to give sufficient conditionsto the existenceof a
unique“optimal” (J-critical) control, so that the abstractoptimizationtheoryof
Section8.1 can be applied. The most importantof suchconditionsis that the
systemis “stabilizable”(i.e., SH
 x�oY� /0 for all x 2 X) andJ-coercive.

In the WPLS framework with J
�

I (a minimizationproblem),J-coercivity
meansthe condition � � u � 2 � ε � u � 2 or somethingsimilar, dependingon the
desiredsetof admissiblecontrolsu. TheconceptJ-coercivity is a generalization
of thestandardnonsingularityassumptionsof severalcontrolproblems.

Indeed,later in this sectionandin Section11.7(andin their WPLSapplica-
tionsin Chapters10–12),weshallshow thatall optimization(sub)problemsfaced
in rathergeneralLQR andH∞ settingsareJ-coercive. Moreover, in Propositions
10.3.1and10.3.2weshow that(theextensionsto WPLSsof) all differentclassical
nonsingularityassumptionsonLQR settingsareequivalent.

At the end of this section, we shall give applicationsto stable systems,
includingthedirectformulafor theoptimalcontrolgivenin Lemma8.2.9.Recall
theassumptionsof StandingHypothesis8.1.1andnotealsothoseof Hypothesis
8.2.2.

We start by defining J-coercivity. The map D is J-coercive if f 	�
 0 � u����*
u Du- is continuous:

Definition 8.2.1(JJJ-coercive) We call D J-coercive (over S ) if there is ε � 0 s.t.
for all nonzero u 2eS[
 0� there is a nonzero v 2eS[
 0� s.t.K Dv� JDuM~� ε � u � D � v � D g (8.12)

where � u � D :
�

max
\ � u � U ��� Bu � Zs ��� Du � Ys _ . If, in addition, K Du � JDuM�� 0 for

each u 2eS[
 0� , thenD is calledpositively J-coercive.

By Lemma8.2.3(c2),
�

is positively J-coercive if f “we cantake v
�

u”, i.e.,
if f K Du � JDuM�� ε � u � 2D for all u 2qS[
 0� andsomeε � 0. Obviously, wecanreplace� �� D by anequivalentnormin (8.12).

Whenapplyingtheresultsof thissection,weoftentakeZs � Z (or A
�

0
�

B),
so that A and B becomecontinuousand henceinsignifant and can be dropped
from all formulae. In particular, then � u � D becomesequivalent to � u �¡6D :

�
max

\ � u � U ��� Du � Ys _ .
Weshallusecertaintechniquesthatrequirereflexivity:

StandingHypothesis8.2.2 Throughouttherestof thissection,exceptin Lemmas
8.2.4,8.2.8and8.2.9,weassumethatU, Zs andYs are reflexive.
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Thishypothesisallowsusto fully applyLemmaA.3.5(c2):

Lemma 8.2.3 Equip S[
 0� with norm �4�� D. Thenwehavethefollowing:

(a) (Stable case)Let Ys � Y and Zs � Z. Then S[
 0� and U are (TVS)
isomorphic,henceD is J-coercive iff D

�
JD 2�¢£G�
 U � U � � . Moreover, D

is positivelyJ-coerciveiff D
�
JD ¤ 0.

(b) S[
 0� is a reflexiveBanachspace(a Hilbert spaceif U, Zs andYs areHilbert
spaces),and

* B
D - WA¥ u 0w 2UG�
LS[
 0�h� Zs V Ys � .

(c1)D is J-coerciveiff D
�
JD 2f¢¦G�
LSH
 0�@� .

(c2)D is positivelyJ-coerciveiff D
�
JD ¤ 0 on S[
 0� .

(d1)
�

is positivelyJ-coerciveiff there is ε � 0 s.t.for all u 2fSH
 0� wehaveK Du � JDuM~� ε 
§� u � 2U /J� Bu � 2Zs /O� Du � 2Ys �Lg (8.13)

(d2)LetJ ¤ 0. ThenD is positivelyJ-coerciveiff � Du � Ys � ε 68
L� u � U /�� Bu � Zs �
for someε 6�� 0 andall u 2fS .

(d3) If D is J-coercive, thenD is injectiveonU.

(d4) Let D be J-coercive. Then � JDu � Ys� � ε 6C� u � D for someε 6v� 0 and all
u 2fS[
 0� .

(e) Evenif StandingHypothesis8.2.2doesnot hold, claims (d1)–(d4)above
hold andJ-coercivity impliesthat there is at mostoneJ-critical control for
each x0 2 X.

If J � 0,Ys � Y andZs � Z, thenD is J-coerciveif f K Du � JDuMm� ε � u � 2U (u 2 U )
for someε � 0,by (a). TheoperatorD

�
JD canbeconsideredasthePopov Toeplitz

operator.
Proof: (a)Obviously, � ¨� D is now equivalentto �x�� U onU

� S[
 0� , hence
theclaimsfollow from (c1)&(c2).

(b) By Lemma A.3.15 (with T :
� *

I
�

B
�

D
� - � ), S[
 0� is a reflexive

Banachspace(a Hilbert spaceif U , Zs andYs are Hilbert spaces)and T 2G�
LS[
 0�L� U V Zs V Ys � .
(c1)&(c2) These follow from Lemma A.3.4(N4)(xi) and Lemma

A.3.5(c2)&(d),
(d1)Thisa reformulationof (c2) (with anequivalentnorm).
(d2) Now D

�
JD ¤ 0 r D

�
D ¤ 0 r � Du � Ys � ε 6 � u � D 
 u 2©SH
 0�@��r� Du � Ys � ε 6 
L� u � U /c� Bu � Zs �ª
 u 2�S[
 0�@� (notethat this doesnot hold for all

u 2 U in general).
(d3)This follows from (c1).
(d4)Let u 2zS[
 0� . Let ε � 0 andv beasin Definition8.2.1.Then

ε � u � D � Dv ��« ε � u � D � v � D « K Dv� JDuMv«©� JDu ��� Dv ��g (8.14)

BecauseDv Y� 0, by (d3),wehave � JDu � 2 � ε � u � D. Sinceu wasarbitrary, (d4)
holds.

(e) For (d1)–(d4)this is obvious; theuniquenessclaim follows from 2� of
theproof of Theorem8.2.5. p
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A coordinatechangein the input spaceaffects J-coercivity and J-critical
control in theexpectedway:

Lemma 8.2.4(DDD vs.DEDEDE) Let E 2e¢¦G�
 U � . Let S DE 
 x� :
�c\

u 2 U ^^ . A BE
C DE 0�. xu 0¬2

Ys V Zs _ . Thenwehavethefollowing:

(a) S DE 
 x� � E ( 1 S[
 x� for all x 2 X.

(b) A control u is J-critical for x and . A B
C D 0 iff E ( 1u is J-critical for x and. A BE

C DE 0 .
(c) D is J-coerciveiff DE is J-coercive.

Naturally, heretheJ-coercivity of DE refersto theset
\
u 2 U ^^ DEu 2 Ys _ in

placeof S[
 0� andto the norm � u � DE :
�

max
\ � u ����� BEu ����� DEu � _ in placeof� u � D.

Proof: Claims(a) and(b) aretrivial. Chooseδ � 0 is s.t. δ � u �o«�� Eu �o«
δ ( 1 � u � (u 2 U ). Thenδ � u � D «l� E ( 1u � DE « δ ( 1 � u � D 
 u 2 U ), hencethese
two normsareequivalent.Fromthisand(a) weobtain(c) easily. p
Trivially, S[
 x��Y� /0 is a necessarycontrol for the existenceof a J-critical

controlfor x. For J-coercivesystems,this is alsosufficient:

Theorem 8.2.5(J-coercive �® !J-critical control) AssumethatD is J-coercive.
If x 2 X is s.t. S[
 x�oY� /0, thenthere is a uniqueJ-critical control for x.

This follows from thefact thatJ-coercivity allows usto projectanelementof
J 
 Cx / D S[
 x�@� continuously. However, J-coercivity is not theweakestpossible
assumptionfor theabove theorem:whenever J

�
I , C

�
0 andD � 0, thenthere

is aunique	 -minimizing controlfor all x 2 X evenif D Y¤ 0.
Nevertheless,evenfor J

�
I , conditionsthatarenecessaryandsufficientdonot

seemto beuseful(e.g.,“for some(henceall) y 2 d 
 x� , theorthogonalprojection
of y to Ran
 D � is in Ran
 D � ”).

Proof: 1� Existence:Wewrite E :
�

D
W ¥ u 0w to clarify theproof. By Lemma

8.2.3(b)&(c1),wehaveE 2[G�
LS[
 0�L� Ys� andE
�
JE 2f¢¦G�
LSH
 0�@� .

Let x 2 X. Chooseu6 2�SH
 x� , and set y6 :
�

Cx / Du6 2 Ys. Set u6¯6 : �}°
 E � JE � ( 1E
�
Jy6 2zS[
 0� , u :

�
u6 / u6¯6 2zS[
 x� . ThenK Cx / Du � JDηM Ys

� K y6 / Eu6¯6 � JEηM Ys
� K E � Jy6 / E

�
JEu6¯6 � ηM D � 0 (8.15)

for all η 2eS[
 0� , henceu is J-critical for x.
2� Uniqueness: If u is J-critical for x

�
0, then K Dv� JDuM � 0 for all

v 2�SH
 0� , hencethen � u � D � 0, henceu
�

0. Thus, the J-critical control is
uniquefor any x 2 X, by Lemma8.1.9. p
Thus,wehavesolveda rathergeneralminimizationproblem:
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Corollary 8.2.6(Minimization) Assumethat S[
 x�£Y� /0 for all x 2 X. If there is
ε � 0 s.t. 	�
 0 � u��� ε 
L� u � 2U /J� Bu � 2Zs /J� Du � 2Ys � 
 u 2fS[
 0�@�h� (8.16)

thenthereis a uniqueminimizingcontrol for each x 2 X. Thecorrespondingstate,
outputandcostaregivenby (8.8)and(8.9).

Proof: By Lemma8.2.3(c2),D is positively J-coercive, henceTheorems
8.2.5 and 8.1.10apply. By Corollary 8.1.8, the uniqueJ-critical control is
strictly minimizing (on S[
 x� ). p
A specialcaseof this is thestandardLQR problem:

Corollary 8.2.7(Standard LQR problem) Let J ¤ 0 and S[
 x�¦Y� /0 for all x 2
X. Let therebeε � 0 s.t. � Du � Ys � ε 
L� u � U /J� Bu � Zs � for all u 2eS[
 0� .

Thenthere is a uniqueminimizingcontrol for each x 2 X. Thecorresponding
state, outputandcostaregivenby (8.8)and(8.9). p

(This followsdirectly from Corollary8.2.6.)
Analogously, if Ys � Y andZs � Z (thestablecase),J � 0, and � J1± 2Du � Ys �

ε � u � for all u 2 U , thenthereis a uniqueminimizing control for eachx 2 X, and
Theorems8.2.5and8.1.10andLemma8.2.8apply.

The condition“ S[
 x� Y� /0 for all x 2 X” is calledthe Finite CostCondition,
becausefor J

�
I thisconditionholdsif f for eachx thereis acontrolu 2zS[
 x� s.t.	�
 x � u� � � Cx / Du � 2Ys � ∞.

Theproof andimplicationsof Theorem8.2.5becomeeasyin thestablecase:

Lemma 8.2.8(StableJ-critical control) Assumethat SH
 x� � U for all x 2 X.
Assume, in addition,that the“Popov Toeplitzoperator” T :

�
D
�
JD beinvertible

(T 2e¢£G�
 U � U � � ).
Thenthere is a the uniqueJ-critical control for each x 2 X, and the system

Σcrit andJ-critical costoperator ! of Theorem8.3.9aregivenby

Acrit
�

A } BT ( 1D
�
JC� (8.17)

Ccrit
� ²

I } DT ( 1D
�
J ³ C � (8.18)

Kcrit
� } T ( 1D

�
JC� (8.19)! �

C
� ²

J } JDT ( 1D
�
J ³ C � C

�
JCcrit g (8.20)

TheconditiononT holdsif f D is J-coercive,by Lemma8.2.3(a).
Proof: Now K Cx / Du � JDηM � 0 for all η 2 U

� SH
 0� if f D
�
J 
 Cx / Du� � 0

( 2 U
�
), i.e., if f u

� } T ( 1D
�
JCx. The formulaecanbe computedfrom (8.8).p

StandardstableLQR andH∞ problemsareof the following form andhence
giveusthefollowing directformulaefor thesolutions:
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Lemma 8.2.9(“Stable Σ with boundedC”) Assumethat S[
 x� � U for all x 2
X, yC 2�G�
 Zs � Ys� , “y

� yCz / yDu”, i.e., C
� yCA, D

� yCB / yD, and that S :
�yD � J yD 2J¢¦G�
 U � U � � , yD � J yC �

0, T :
�

D
�
JD

�
S / B

�
QB 2J¢¦G�
 U � U � � , where

Q :
� yC � J yC 2HG�
 Zs � .
ThenLemma8.2.8applies,Kcrit

� } S( 1B
�
QAcrit and ! � A

�
QAcrit.

Thus,ucrit 
 x� � } S( 1B
�
Qzcrit 
 x� . SeeProposition8.3.10(andequation(8.93))

for aWPLSapplicationof theabovetwo lemmasandChapter10 for furtherLQR
results. Below the propositionwe describetwo methodsfor obtaininga direct
formulafor ucrit and ! in theunstablecase.

Proof: Notethat yD � D } yCB 2´G�
 U � Y � andD
�
JC
�

B
�
QA. Multiply (8.19)

by T to theleft to obtain

SKcrit / B
�
QBKcrit

� } B
�
QA� (8.21)

i.e., } SKcrit
�

B
�
Q 
 A / BKcrit � � B

�
QAcrit, asclaimed.

Moreover, Ccrit
� yCAcrit / yDKcrit, hence ! � C

�
JCcrit

�
A
�
QAcrit. A

commonalternative formulais! � C
�
critJCcrit

� ` �critQ̀ crit / K
�
critSKcrit g (8.22)p

Notesfor Sections8.1and 8.2
For stableWPLSs,the ideato useFréchetdifferentiationfor optimalcontrol

(cf. Lemma8.1.6)andthestablePopov Toeplitzoperatormethodof Lemma8.2.8
were first usedin [S97b], which also containsa variant of the stablecaseof
Theorem8.1.10for WPLSs. Thesemethodsseemto have beenusedin control
theoryfor severaldecades,

andthe sameholds for the alternative “completingthe square”method(not
presentedhere)for minimizationproblems;see[Zwart] for a WPLSapplication.
We havenotseenearlierunstableversionsof Theorem8.2.5in any framework.

Seethe notesfor Section8.4 for “J-coercivity”. As notedbelow Theorem
8.2.5,onecould prove the existenceof a uniqueJ-critical control underweaker
assumptionsthanJ-coercivity. Such“singularcontrolproblems”areusuallyruled
out by theassumptions,becausesuchsettingsarerarely encounteredin practice
andthey cannotbesolvedassatisfactorily.

The abstractsettingof thesetwo sectionswould allow for further extension
of control theory(e.g., feedbackandcoprimeness),andonecould easilyobtain
results analogousto those in Chapter6 (or to those in the other chapters).
However, wedo nothave theneedto addresstheseconceptsat this abstractlevel.

Furthernotesaregivenin Sections8.3 and8.4, wherethis abstracttheoryis
appliedto WPLSs
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8.3 J-critical control for WPLSs

To drift with everypassiontill mysoul
Is a stringedluteon which all windscanplay,
Is it for this that I havegivenaway
Mine ancientwisdom,andausterecontrol?

— OscarWilde (1856–1900)

In this sectionwe apply theabstractoptimizationtheoryof Sections8.1 and
8.2 to WPLSs.

StandingHypothesis8.3.1 Throughoutthis Sections8.3–8.5,U � W� H and Y
denoteHilbert spacesof arbitrarydimensions,Σ �µ*CB DE F - 2 WPLS
 U � H � Y � , and
J
�

J
� 2[G�
 Y � .

As explainedonpp.351-352,weconsiderthecostfunction(8.1).
In theminimization(LQR) problem,oneoftentakesJ

�
I so that 	�
 x0 � u� �3 ∞

0 � y 
 t ��� 2H dt, andonewishesto find, for eachinitial statex0 2 H, a “stabilizing”
controlu : R PH� U s.t. thecost 	�
 x0 � u� is minimizedoverall u 2eS �� 
 x0 � , whereS �� 
 x0 � denotesthesetof “stabilizing” controlsfor theinitial statex0.

We may choose S �� 
 x0 � to be the setof thoseu 2 L2 
 R P ;U � for which the
outputy :

�=N
x0 / � u is in L2; we denotethis setby S out 
 x0 � . Thesubsetof u’s

for whichalsothestatex :
� ` x0 /[a τu belongsto L2 is denotedby S exp 
 x0 � . We

alsoallow for otherchoicesof S �� , so thatwe areableto solve controlproblems
with verydifferentstability restrictionsdependingon thechoice.

In other control problems,one may wish to maximize 	�
 x0 ���� or to find
a minimax point of 	�
 x0 �@�� (as for the H∞ problem). Therefore, insteadof
minimums,we look for the critical points (the zerosof the Fréchetderivative)
of 	�
 x0 �@A� over S �� 
 x0 � ; we call thesethe“J-critical controls”(cf. Lemma8.3.6).
Naturally, all extremumsandothersaddlepointsof 	�
 x0 �@A� areJ-critical.

In this section we shall study such controls and show that if there is a
uniqueJ-critical control for eachinitial statex0 2 H, then this control and the
correspondingstateand output can be representedas the stateand output of a
WPLS(Theorem8.3.9).ThisWPLSis obtainedby applyingcertainkind of state
feedbackto theoriginal system,but this feedbackneednot bewell-posed(unless
the WPLS is sufficiently regular); we studynecessaryandsufficient conditions
for its well-posedness(themapsfrom thestateto theoutputandJ-critical control
(feedback)are always well-posedbut the sensitivity of the feedbackloop to
externalinput/disturbanceneednot be).Suchconditionsaretreatedfrom another
pointof view in Section9.14,andfurthersufficientregularityconditionsaregiven
in othersectionsof Chapter9.

The “J-critical” system (the closed-loopsystem in the well-posedcase)
becomesoutputstableif we optimize over S out andexponentiallystableif we
optimizeover S exp; conversely, thecontrolcorrespondingto anoutput-stabilizing
(resp.exponentiallystabilizing)statefeedbackis necessarilyin S out (resp. S exp).
Thus, optimizationover S out (resp. S exp) correspondsto optimizationover all
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output-(resp.exponentially)stabilizingstatefeedbackpairs(undertheregularity
conditionsmentionedabove).

Sucha J-critical statefeedbackpair correspondsto a unique “stabilizing”
solution of the Riccati equation,seeChapter9 for details. The corresponding
specialcontrolproblemsaresolvedin Chapters10–12.

We alsopresentsimilar resultsfor thecasewherethecritical controlsarenot
unique.

Now it is the time to define S �� . Due to generality, the definition contains
awfully many symbols,hencewe recommendthe readerto just note that S exp

and S out areasexplainedabove,observe thealternative(equivalent)definitionof
J-critical points(controls)of thecostfunctionandignoretherestof thedefinition
until thereis someneedfor theother S �� ’s. Thegeneralcasewill becomemore
clearlaterwith theapplications:

Definition 8.3.2( S ��S ��S �� and J-critical control) Assumethat Zs is a Banach space,
Zu is a TVSs.t.Zs T

c
Zu, �¶27G�
 H � Zu � , ·�2QG�
 L2 
 R P ;U �h� Zu � andϑ 2 R. DefineS ϑ̧º¹Q»�¼ 
 x0 � :

�c\
u 2 L2

ϑ 
 R P ;U � ^^ * E F¹ » - . x0
u 0�2 L2 V Zs _ 
 x0 2 H � ; (8.23)� u � ¥ ϑ½ ¹7»¿¾ : � max

\ � u � L2
ϑ
���¡· u � Zs �h� � u � 2 _ « ∞ 
 u 2 L2

ϑ 
 R P ;U �@� ;
(8.24)

xx0 9 u :
� ` x0 /Àa τu 
 u 2 L2 
 R P ;U ��� ;

(8.25)

yx0 9 u :
�JN

x0 / � u 
 u 2 L2 
 R P ;U ��� ;
(8.26)d �� 
 x0 � :

�c\
yx0 9 u ^^ u 2fS �� 
 x0 � _ ; (8.27)	�
 x0 � u� :

� K yx0 9 u � Jyx0 9 uM 
 u 2zS �� 
 x0 �@�hg
(8.28)

Weuse S �� :
� S ϑ̧¹Q» ¼ whenwedo not wishto specify� , · , Zu andZs andϑ.

Wearemainlyinterestedin thefollowingchoicesof S �� :S out 
 x0 � :
�c\

u 2 L2 
 R P ;U � ^^ yx0 9 u 2 L2 _ � (8.29)S sta
 x0 � :
�c\

u 2eS out 
 x0 � ^^ sup � xx0 9 u ��� ∞ _ � (8.30)S str 
 x0 � :
�c\

u 2eS out 
 x0 � ^^ � xx0 9 u 
 t ��� H � 0 ast �Á/ ∞ _ � (8.31)S exp 
 x0 � :
�c\

u 2 L2 
 R P ;U � ^^ xx0 9 u 2 L2 _ ; (8.32)

i.e., thenweassumethatϑ � 0,
* � · - �Â* ` a τ - , Zu � L2

ω 
 R P ;H � , andZs �
L2

ω 
 R P ;H � , Zs � L∞ 
 R P ;H � , Zs �©Ã
0 
 R P ;H � or Zs � L2 
 R P ;H � , respectively,

where ω :
� ωA / 1.

Wecall 	 thecostfunction. A control u 2qS �� 
 x0 � (resp.outputyx0 9 u 2 d �� 
 x0 � )
is called J-critical (over S �� ) for x0 (and Σ) if K � π P η � Jyx0 9 uM L2

�
0 for all

η 2eS �� 
 0� .
Wecall anadmissiblestatefeedback pair

*ÅÄ Æ - (or a correspondingstate
feedback operator) J-critical (over S �� for Σ) if

Ä¦Ç
x0 :
� 
 I } Æ � ( 1 Ä x0 is J-critical

for all x0 2 H.
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Thus,we usuallywrite S �� insteadof S ϑ̧¹Q» ¼ (andwe oftenomit “over S �� ”).
Of course,westill assumethatsome

* � · - , Zu, Zs andϑ aregiven.Theoptimal
controlsfor mostreasonablecontrolproblemsareJ-critical over S �� where S �� is
thesetoverwhich onewishesto optimize,asexplainedabove.

Notethat ��È� ¥ �� is a normon S �� 
 0� ; it will beusedto defineJ-coercivity in
thenext section.Somesimplificationsof thesenormsaregivenin Lemma8.4.2.

By Lemma6.7.8,wehaveS exp 
 x0 � :
�¶\

u 2 L2 
 R P ;U � ^^ xx0 9 u � yx0 9 u 2 L2 _ g (8.33)

Thus, S exp 
 x0 � is, indeed,thesetof “exponentiallystabilizingcontrols”(x � y 2 L2)
describedbeforetheDefinition 8.3.2.Analogously, S out 
 x0 � is thesetof “output
stabilizingcontrols”(y 2 L2); S sta
 x0 � is thesetof “stabilizingcontrols”(y 2 L2,
x bounded);and S str 
 x0 � is the setof “strongly stabilizingcontrols” (y 2 L2, x
stronglystable).

In finite-dimensionalproblems,oneusuallyoptimizesover S exp. In applica-
tions, often physicalquantitiesmay determinea naturalnorm for the state,and
thisnormmightbesuchthatonedoesnotwantto requirethe“optimal” controlto
beexponentiallystabilizing.Therefore,alsoset S out hasoftenbeenused,partic-
ularly for infinite-dimensionalproblems(see,e.g.,[Zwart], [WW], [LT00a]),and
thereareat leastsomekind of implicit applicationsof S str [Oostveen]and S sta

[S97b]–[S98d].
Coercivity assumptionsthatguaranteetheexistenceof auniqueJ-critical con-

trol over S out are very natural whereastheir analogiesfor S exp are substan-
tially strongerthoughstill rathercommonlyused(comparePropositions10.3.1
to 10.3.2). Nevertheless,in the literatureoneoftenusesjust the formerassump-
tion andobtainsanoptimalcontrolwhich is optimalover S exp too — how is this
trick possible?Thesecretis to assumeexponentialdetectability, sinceit implies
thatthefour setscoincide:

Lemma 8.3.3( S exp
� S outS exp
� S outS exp
� S out) We have S exp 
 x0 � T S out 
 x0 � and S str 
 x0 � TS sta
 x0 � T S out 
 x0 � for all x0 2 H.

If Σ is estimatableor exponentially q.r.c.-stabilizable(e.g., exponentially
stable), then S exp

� S str
� S sta

� S out, and then Σ is [positively] J-coercive
over S out iff Σ is [positively] J-coerciveover S exp.

If Σ is [strongly]q.r.c.-stabilizable(e.g., [strongly]stable),then .1S str
� 0�S sta

�S out. If u is J-critical for x0 over S out and S str, thenu is J-critical for x0 overS sta.

(SinceÉ 2 T c0, wehave S exp
T S str in discretetime (cf. Theorem13.3.13).)

Thus,whenΣ is estimatable,we mayequivalentlyoptimizeover any of these
setsfor maindomainsfor u, andwe only have to look for J-coercivity over S out

(andoptimizability) to guaranteetheexistenceof a uniqueJ-critical control (see
Definition8.4.1andTheorem8.4.3).

Proof: (By S out
� S sta we meanequalityasfunctionsof x0 2 H (to L2);

thus,wecouldaswell write S out Ê S sta.)
The claimson estimatabilityfollow from Theorem6.7.7. The claimson

q.r.c.-stabilizabilityaregivenin Theorem8.4.5(g2).
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The restis ratherobvious. (In fact,whenever two of thesefour spacesare
equal for x0

�
0, then they have equalnorms,by LemmaA.3.6 (with, e.g.,� u � X3 :

� � u � 2 /�� y � 2 /�� x � L2
1
), and hence[positive] J-coercivity over them

becomeequivalent,by (c1) and(c2) of Lemma8.2.3.) p
Trivially, the condition that S �� 
 x0 �ªY� /0 for all x0 2 H is necessaryfor the

existenceof a J-critical control for any initial state,hencefor the solvability
of any reasonableoptimization problem (over S �� ). This condition is called
the Finite Cost Condition, since,for J ¤ 0, it correspondsto the existenceof
u s.t. “ 	�
 x0 � u�Ë� ∞”. For S �� � S exp this conceptobviously coincideswith
optimizability.

After a “translationof notation”, the resultsof previoussectionscanberead
asresultsfor WPLSs:

Remark 8.3.4 We can apply the theoryof Sections8.1 and 8.2 by substitutions
X �� H, U �� L2

ϑ 
 R P ;U � , Ys �� L2 
 R P ;Y � , Y �� L2
β 
 R P ;Y � , Zs �� L2

β 
 R P ;H ��V
Zs, Z �� L2

β 
 R P ;H ��V Zu and
*

A B - �� * B D τ¹ » - , * C D - �� * N � - ,
where β � max

\ ϑ � ωA
_ .

(Notethat Σ and a τ are β-stable. Above, onecanequivalentlywrite explicitly
B �� π P a τπ P , D �� π P � π P .)

Thus, the concepts	 , “J -critical” and “J -coercive” of thosetwo sections
coincidewith thoseof this section,and S becomesS �� .

Consequently, weobtainLemmas8.3.5,8.3.6,8.3.7and8.3.8,andProposition
8.3.10andTheorem8.4.3fromcorrespondingresultsin Sections8.1and8.2(see
thosesectionsfor further results). p

(By Remark8.1.2, we might also allow completelyunstablecontrols by
substitutionU �� L2

loc 
 R P ;U � .)
Next we list the“translated”auxiliary lemmasmentionedin theremark:

Lemma 8.3.5( S �� 
 x0 �S �� 
 x0 �S �� 
 x0 � and
d �� 
 x0 �d �� 
 x0 �d �� 
 x0 � ) Thesets S �� 
 0� T L2

ϑ 
 R P ;U � and
d �� 
 0� T

L2 
 R P ;Y � are linear subspaces.Let x0 2 H, u 2=S �� 
 x0 � , y 2 d �� 
 x0 � . ThenS �� 
 x0 � � u /OS �� 
 0� and
d �� 
 x0 � � y / d �� 
 0� .

Moreover, S �� 
 αx0 / βx1 � � α S �� 
 x0 �>/ β S �� 
 x1 � and
d �� 
 αx0 / βx1 � �

α
d �� 
 x0 ��/ β

d �� 
 x1 � (α � β 2 C n \ 0 _ , x0 � x1 2 H s.t. S �� 
 x0 ��Y� /0). p
As claimed above, a control ucrit is J-critical if f the gradientof the cost

u �� K y� JyM is zeroatucrit:

Lemma 8.3.6(JJJ-critical r ds
du
�

0r ds
du
�

0r ds
du
�

0) A control ucrit 
 x0 �Ì2fS �� 
 x0 � is J-critical for

x0 iff dsxu x0 9 uw
du 
 ucrit 
 x0 �@� � 0.

In particular, if ucrit 
 x0 � is a local extremalpoint or saddlepoint of 	�
 x0 � u�
(over S �� 
 x0 � ), thenucrit 
 x0 � is J-critical for x0. p

Theexpressiondsvu x0 9 uw
du denotesthe(real)Fréchetderivativeof 	�
 x0 �@A� on its

domain S �� 
 x0 � ; seeLemma8.1.6for details.
Saddlepointscorrespondto solutionsof theH∞ minimaxproblem.
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Lemma 8.3.7(Critical cost 	�
 x0 � ucrit �	�
 x0 � ucrit �	�
 x0 � ucrit � ) Let x0 2 H and ucrit 
 x0 ��2�S �� 
 x0 � . Set
ycrit 
 x0 � :

�
yx0 9 ucrit u x0 w . Thenthefollowingareequivalent:

(i) ucrit 
 x0 � is J-critical for x0;

(ii) 	�
 x0 � ucrit 
 x0 ��/ η � � K ycrit 
 x0 �h� Jycrit 
 x0 �CM�/ K � η � J � ηM (η 2fS �� 
 0� );
(iii) K yx0 9 ucrit u x0 w P η1

� Jyx0 9 ucrit u x0 w P η2
M � K ycrit 
 x0 �L� Jycrit 
 x0 �CMH/ K � η1 � J � η2 M

(η1 � η2 2fS �� 
 0� ). p
Notethat(ii) meansthat 	�
 x0 � ucrit 
 x0 �m/ η � � 	�
 x0 � ucrit 
 x0 �@�m/7	�
 0 � η � . Thus,

givena critical controlucrit, thecostfor ucrit / η equalsthecritical costplus the
costfor η.

All critical controlsproducethesamecostandthesamesensitivity of thecost
to adisturbance:

Lemma 8.3.8( S � 9 crit�S � 9 crit�S � 9 crit� and uniqueness)Let S � 9 crit� 
 x0 � be the set of J-critical
controls for x0 2 H. Then S � 9 crit� 
 0� is a linear subspaceof S �� 
 0� . If u 2S � 9 crit� 
 x0 � , then S � 9 crit� 
 x0 � � u /cS � 9 crit� 
 0� . Moreover, 	�
 x0 � u� � 	�
 x0 � v� , and	�
 x0 � u / η � � 	�
 x0 � v / η � for u � v 2eS � 9 crit� 
 x0 �h� η 2eS �� 
 0� .

In particular, thereisat mostoneJ-critical control for eachx 2 X iff S crit 
 0� �\
0 _ . p

We shall latermeetseveralsufficient conditionsfor theexistenceof a unique
J-critical control. Sucha control andcorrespondingstateandoutputarealways
producedby a WPLS:

Theorem 8.3.9(ΣcritΣcritΣcrit) Assumethat there is a uniqueJ-critical control ucrit 
 x0 �
over S �� for each x0 2 H, anddefine

Σcrit :
� �� ` critN

critÄ
crit

��
: x0 �� �� xcrit 
 x0 �

ycrit 
 x0 �
ucrit 
 x0 �

��
:
� �� ` x0 /�a τucrit 
 x0 �N

x0 / � ucrit 
 x0 �
ucrit 
 x0 �

�� g
(8.34)

(Alternatively, we mayassumethat Σcrit is any J-critical control in WPLSform
(seeDefinition8.3.15).)

Then the following hold except that in (a1)–(a5) and (b2) we assume, in
addition,that ϑ � 0 (e.g., that S �� 2 \ S out ��S sta�hS str �hS exp

_ )).
(a1)Themaps

N
crit and

Ä
crit arestable, andΣcrit 2 WPLS
 \ 0 _ � H � Y V U � .

(a2) If S �� � S exp, thenΣcrit is exponentiallystable;if S �� � S str, thenΣcrit is
stronglystable;if S �� � S sta, thenΣcrit is stable.

(a3) If
* ` a - is [strongly] stable, thenΣcrit is [strongly] stable.

(a4) If ω � 0 is s.t.
* ` a - 2 WPLSω, thenΣcrit 2 WPLSω.

(a5) If Σ is estimatable, thenΣcrit is exponentiallystable.

(a1’)
N

crit is stable,
Ä

crit is ϑ-stable, �c/j· Ä crit 2JG�
 H � Zs� , and Σcrit 2
WPLS
 \ 0 _ � H � Y V U � .
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(a2’) If S � 9 crit� 
 x0 � T S exp 
 x0 � for all x0 2 H, thenΣcrit is exponentiallystable.

(a4’) If ω � ϑ is s.t.
* ` a - 2 WPLSω, thenΣcrit 2 WPLSω.

(b1)Wecall ! :
�JNÍ�

critJ
N

crit 2[G�
 H � theJ-critical costoperator. It satisfies	�
 x0 � ucrit 
 x0 ��/ η � � K x0 �"! x0M H /U	�
 0 � η ��
 x0 2 H � η 2fS �� 
 0���hg (8.35)

(b2) (Stablecase)If 1. S �� � S out, and
N

or
�

is stable;2. S �� � S sta, and `
and

N
(or a and

�
) are stable;3. S �� � S str, and ` and

N
(or a and

�
)

are stronglystable;or 4. S �� � S exp, and ` is exponentiallystableor a τ
stable;then

N
is stableand! :

�JN �
critJ

N
crit
�ON �

J
N

crit
�ON �

critJ
N g (8.36)

(b2’) If
N

is stableand �°.H 0 T Zs, or
�

is stableand ·¶2qG�
 L2
ϑ 
 R P ;U �L� Zs� ,

then
N

is stableand(8.36)holds.

The (optimal) control
Ä

crit x0 equals 
 Kcrit � wx a.e.,wherex :
� ` critx0 is the

stateof Σcrit with Acrit
�

A / BKcrit, by Lemma8.3.17(a).Thus,sucha control
correspondsto somekind of statefeedback,but the feedbackloop neednot be
well-posed(indeed,the“maps Ä , Æ , a Ç , � Ç , Æ Ç of Definition 6.6.10”neednot be
well posed);seeRemark9.7.7andExamples8.4.13and11.3.7(which alsocover
thestablesettingof Proposition8.3.10below). Thismeansthatany externalinput
(e.g.,disturbanceor modellingerror)might “explode” thesystem.

The correspondinggeneralizedRiccati equationsare treatedin Section9.7;
theonein [FLT] is a specialcaseof these.Therestof Sections9.1–9.12treatthe
casewherethe “optimal statefeedback”is well posed,by which we meanthat
Σcrit is the left columnof Σ Ç for someadmissiblestatefeedbackpair

* Ä Æ -
for Σ.

In discrete-time,a uniqueminimizing control is alwaysof this form, and it
correspondsto the unique S �� -stabilizing solution of the DARE, by Theorem
14.1.6. If Σ is sufficiently regular, then the sameholds in continuoustime too
(see,e.g.,Lemma8.3.18or Remark9.9.14).

Proof of Theorem 8.3.9: (a1’) If Σcrit is a generalJ-critical control in
WPLS form, then it is ratherobvious that (a1’) holds; therefore,we assume
below thatthereis auniqueJ-critical controlover S �� .

Sincethe rest follows from Corollary 8.1.10,we only have to show that
Σcrit 2 WPLS.

Let x0 2 H, t � 0. Wefirst show thatπ P τt Ä
crit x0 is J-critical for ` t

critx0, i.e.,
equalto

Ä
crit ` t

crit x0: For η 2fS �� 
 0� wehave τ ( tη 2eS �� 
 0� , henceK Jπ P τt N
crit x0 � � ηM L2

� K J N critx0 � � τ ( t ηM L2
�

0 
 η 2fS �� 
 0���hg (8.37)

But

π P τt N
critx0

� π P τt 
 N x0 / � Ä critx0 � �ON ` t x0 / π P � 
 π P�/ π ( � τt Ä
critx0 (8.38)�JN ` t x0 / � π P τt Ä

crit x0 / N a τt Ä
critx0

�ON ` t
critx0 / � π P τt Ä

critx0 g
(8.39)
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Thisand(8.37)imply thatπ P τt Ä
critx0 is J-critical for ` t

critx0; thus

π P τt Ä
crit x0

�
ucrit 
Î` t

critx0 � � Ä crit ` t
critx0 � π P τt N

crit x0
�

ycrit 
Î` t
critx0 � �fN crit ` t

critx0 g
(8.40)

By thedynamicprogrammingprinciple, ` is a semigroup;a detailedproof of
this factgoesasfollows,using(8.40):` s
crit ` t

crit
� ` s 
Ï` t /�a τt Ä

crit ��/�a τs Ä
crit ` t

crit (8.41)� ` s ` t /Àa τsπ ( τt Ä
crit /�a τsπ P τt Ä

crit
� ` s ` t /�a τsP t Ä

crit
� ` t P s

crit g
(8.42)

Obviously, ` 0
crit

� ` 0 � I . By Theorem6.2.13(a1), ` critx0
�

xcrit 
 x0 � is
continuousfor eachx0 2 H. Therefore,̀ crit is aC0-semigroup.Thisand(8.40)
imply thatΣcrit is aWPLS.

(a1)&(a4)Thesefollow from (a1’) and(a4’), respectively.
(a2)Theexponentiallystablecasefollows from (a2’); therestis obvious.
(a2’) Now ` critx0 2 L2 for all x0 2 H, hencè crit is exponentiallystable,by

LemmaA.4.5.
(a3)Seetheproof of Lemma6.6.8(a).
(a4’) For any u 2 L2

ω 
 R P ;U � , we have � τtu � L2
ω

�
eωt � u � L2

ω
hence�@a τt u � H «��@a�� eωt � u � L2

ω
. Thus,if `¦��a and

Ä
crit areω-stable,thensois ` crit .

(a5)Exponentialstability: Let x0 2 H. Becauseucrit 
 x0 �h� ycrit 
 x0 �Å2 L2, we
have ` critx0

� ` x0 /Ua ucrit 
 x0 �42 L2, by Theorem6.7.7.By LemmaA.4.5, ` crit
is exponentiallystable,hencesois Σcrit.

(b1) This follows from Corollary8.1.10(or directly form thedefinitionsofN
crit , 	 and ! ).

(b2’) This follows from Theorem8.1.10.
(b2)Thisfollowsfrom(b2’) exceptthatfor S exp wealsousedthefollowing:

if a τ is stableand S �� � S exp, then ` � ` crit }Qa τ Ä crit is exponentiallystable,
by LemmaA.4.5; if ` is exponentiallystable,thensois Σ.

(N.B. if ` or a is exponentiallystable,thenso is a τ, by Lemma6.1.10.)p
Theproofandimplicationsof Theorem8.4.3becomesimplein thestablecase:

Proposition 8.3.10(StableJ-critical control) Assumethat S �� 
 x0 � � L2 
 R P ;U �
for all x0 2 H. Assume, in addition, that the Popov Toeplitz operator T :

�
π P ��� J � π P is invertible(i.e., T 2e¢¦G�
 L2 
 R P ;U �@� ).

Thenthere is a theuniqueJ-critical control for each x0 2 H, and thesystem
Σcrit andJ-critical costoperator ! of Theorem8.3.9aregivenby` crit

� `H}Qa τπ P T ( 1π P � � J N � (8.43)N
crit
� ²

I } � π P T ( 1π P � � J ³ N � (8.44)Ä
crit
� } T ( 1π P � � J N � (8.45)! �JN � ² J } J

� π P T ( 1π P � � J ³ Nt�JN � J N crit g (8.46)

If, in addition, C 2�G�
 H � Y � , D
�
JC

�
0 and R :

�
D
�
JD 2�¢¦G�
 U � , then
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crit
� } R( 1 
 π P a τπ P�� � Q̀ crit , i.e., ucrit 
 x0 � � } R( 1 
 π Pxa τπ P�� � Qxcrit 
 x0 � for all

x0 2 H, whereQ :
�

C
�
JC (sothat 	 � K x � QxM�/ K u � RuM ).

Note that S out Ê L2 
 R P ;U � if f Σ 2 SOS, S sta Ê L2 
 R P ;U � if f Σ is stable,S str Ê L2 
 R P ;U � if f Σ is strongly stable, and S exp Ê L2 
 R P ;U � if f Σ is
exponentiallystable.

Theconditionon T meansthat
�

is J-coercive,by Lemma8.2.3(a).E.g.,for
J ¤ 0, wehaveT 2e¢¦G if f � � u � 2 � ε � u � 2 (u 2 L2) for someε � 0.

Therearetwo well-known methodsfor obtaininga direct formula (asat the
endof Proposition8.3.10)alsoin theunstablecase.Oneis to first solvethefinite-
timeproblemon . 0 � T 0 andthentakealimit of xcrit 
 x0 �L� ycrit 
 x0 �h� ucrit 
 x0 � and ! x0

asT �®/ ∞; we takeaquick glanceat this in Section8.5.
The othermethodis to derive the correspondingRiccati equationanduseit

to obtainmoreinformationon thesolution. This workswell whenB is bounded
(in particular, in the discrete-timecase)or whenΣ is otherwiseregular, but the
classicalresultscannotbe completelygeneralizedto the generalcase(only to
the extent of Section9.7), hencewe shall presentpartial resultsfor different
generalitiesin Chapter9.

Proof of Lemma 8.3.10: This follows from Lemmas8.2.8 and 8.2.9.
To apply the latter, we must set yC :

�®* C
0 - , yD :

�®* D
0 - , and usesubstitutions

U �� L2 
 R P ;U � andZs �� Zs
2 in Remark8.3.4,whereZs

2 is theclosureof

Zs
0 :
�=\ ` x0 /Ha τu ^^ x0 2 H � u 2 L2 
 R P ;U � _ w.r.t. � x � Zs

2
:
�

max
\ � x � L2

β
��� Cx � 2 _

(8.47)
(indeed,Cx

�
y } Du 2 L2, wherex :

� ` x0 /ia τu andy :
��N

x0 / � u, for all
x0 2 H andu 2 L2 
 R P ;U � , hence �¿Ð� Zs

2
is a normon thevectorspaceZs

0). It

follows that yC becomescontinuous,S �� is unchanged,andtheassumptionsof
Lemma8.2.9aresatisfied. p
If Σ is SOS-stableand S �� � S out (or S �� 2 \ S exp ��S str ��S sta

_ andΣ hasthe
correspondingstability), thentheexistenceof a spectralfactorizationleadsto the
existenceof a stable,optimal statefeedbackpair (the converseholds underJ-
coercivity, by Corollary9.9.11):

Corollary 8.3.11(SpF � J-critical) Assumethat Σ �Ñ*�B DE F - 2 SOS
 U � H � Y �
andthat S �� 
 x0 � � L2 
 R P ;U � for all x0 2 H. Assume, in addition,that thePopov
operator

���
J
�

hasa spectral factorization
���

S
�

. Thenits Toeplitzoperator has
theinverseT ( 1 �j� ( 1π P S( 1 � ( � , hencethenProposition8.3.10applies.

In fact,thenalso(Crit1)–(Crit4) of Theorem9.9.10hold; in particular, (9.140)
definesa stable, J-critical statefeedback pair and(8.43)–(8.46)canbewrittenas
and(9.141)–(9.145). p

(This is obvious.)
We now computethe I -critical (minimizing) costoperatorandcontrol for the

delayline systemof Example6.2.14:

Example 8.3.12 (	 and ! ) TakeagainΣ :
� & π Ò τ π ½ 0 Ó 1Ô τ u ( 1w

π Ò τ u ( 1w ' (Σ is stronglystable)

with U
�

C
�

Y, H :
�

L2 
 R P ;Y � , andJ
�

I . By Proposition8.3.10,wehave(note
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thatT
� π P )! � π P�
 I } τ 
 1� π P τ 
 1� � � π P � π ¸ 0 9 1w � Ä

crit
� } π P τ 
 1�h� (8.48)` crit 
 t � � π P τ } π ¸ 0 9 1w τπ ¸ 1 9∞ w � 
 π P�} π ¸ 1 ( t 9 1w � τ � N

crit
� π ¸ 0 9 1w g (8.49)

Thus, for x0 2 H, the control u
� } π P τ 
 1� x0 is the unique J-critical (and

minimizing) control (over S out). Now 	�
 x0 � u� � � x0 / τ 
Õ} 1� u � 22, and the J-
critical costis 	�
 x0 � umin 
 x0 �@� � � π ¸ 0 9 1w x0 � 22 � K x0 �"! x0M#g (8.50)

Naturally, this is theminimal cost,because	�
 x0 � u� � � x0 / τ 
Õ} 1� u � 22 andhence
u cancancelx0 on . 1 �#/ ∞ � only. Ö

SeeExample9.8.15for thecorrespondingRiccatiequation.
Notethatthecostfunction 	 , theJ-critical controlandstateucrit andycrit, and

theJ-critical costoperator! dependon
N

,
�

andJ only, whereasxcrit dependson` and a too.
We sometimesneedthe following usefulformula (with termscorresponding

to π ¸ 0 9 t w J andπ ¸ t 9∞ w J):K � v� J � uM L2
� K � t v� J � t uM L2 / K N a t v / � π P τtv� J 
 N a t u / � π P τtu�CM L2 (8.51)

for all t � 0,u � v 2 L2
loc 
 R P ;U � s.t.

�
u � � v 2 L2; (usethefactthat K � v� π ¸ t 9∞ w J � uM �K � 
 π P�/ π ( � τtv� π P J

� 
 π P7/ π ( � τtuM ). In particular,	�
 0 � u� � K � t u � J � t uM�/U	�
Ïa t u � π P τtu��
 t � 0 � u 2 L2
loc 
 R P ;U �h� � u 2 L2 �hg

(8.52)
We now give two necessaryandsufficient conditionsfor a uniqueJ-critical

control to be of statefeedbackform, i.e., for Σcrit to be the left columnof some
closed-loopsystemof Σ:

Theorem 8.3.13(Σcrit
� Σ ×Σcrit
� Σ ×Σcrit
� Σ × ) Lettherebea uniqueJ-critical control over S �� 
 x0 �

for each x0 2 H. Assumethat ϑ � 0. Set Ø :
� Ä

crit a . Let 0 « γ � ωA. Thenthe
following hold:

(a) Ø�2ÀG�
 L2
γ 
 R;U ��� , and, for each v 2 L2

γ 
 R ( ;U � , Ø v is uniquelydefinedby
theconditionsØ v 2eS �� 
1a v� and K � 
 v /qØ v�h� J � ηM � 0 for all η 2fS �� 
 0� .
If S �� � S out, then Ø v is uniquelydefinedby Ø v� π P � 
 v /jØ v�ª2 L2 andK � 
 v /qØ v�h� J � ηM � 0 for all η 2iS out 
 0� ; in particular, then Ø dependsonly
on
�

andJ.

If S �� � S exp (resp. S sta��S str), then Ø v is uniquelydefinedby Ø v� π P � 
 v /Ø v��2 L2, π Pxa τ 
 v /qØ v��2 L2 (resp. 2 L∞ ��2 Ã 0) and K � 
 v /qØ v�h� J � ηM � 0
for all η 2zS �� 
 0� ; in particular, then Ø dependsonlyon a ,

�
andJ.

(b1)Conditions(i)–(iii) areequivalent:

(i) There is an admissiblestate feedback pair
*ÅÄ Æ - for Σ s.t. the

correspondingclosed-loopsystemΣ × satisfies
Ä × � Ä crit .

(ii) There is
� 2 ¢ TIC∞ 
 U � s.t. } � Ø � π P � π ( 2G�
 L2

α 
 R ( ;U �h� L2
β 
 R P ;U �@� for someα � β 2 R.
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(iii) There is Ù 2 ¢ TIC∞ 
 U � s.t. Ø�Ù � π P Ù π ( 2G�
 L2
α 
 R ( ;U �h� L2

β 
 R P ;U ��� for someα � β 2 R.

(Naturally, it sufficesto havetheequalityon L2
c 
 R ( ;U � on (ii) or (iii) if α

andβ arebig enoughto makebothsidescontinuous.)

(b2) If
�

solves(ii) and S �� 2 \ S out ��S str ��S sta��S exp
_ , thenall solutionsof (ii)

aregivenbyE
�

(E 2e¢£G�
 U � ).
(c1) Assume(i). Then `�× � ` crit and

N × �]N crit . Moreover,
�

:
�

I } Æ ,Ù :
��� ( 1 � Æ ×b/ I and Ú :

�]� × :
��� Ù satisfy (ii) and (iii) (for any

α � β � max
 0 � ωA � ), *�ÛÜ - 2 TICω for all ω � 0 and
*hÛÜ - L2

c
T L2. Naturally,Ä

,
Æ

and
�

are ω-stable for any ω � ωA. If S �� � S exp, then Σ × is
exponentiallystable.

(c2)Conversely, if (ii) holds,then
* Ä Æ - :

� * � Ä
crit I } � - satisfies(i).

Moreover,
�

satisfies(ii) iff Ù :
��� ( 1 satisfies(iii).

Assume, in addition, that S �� 2 \ S out ��S str ��S sta��S exp
_ . Then also (d)–(f)

hold:

(d) Assume(i). We have
Ä × x0 /bÙ u×¶2�S �� 
 x0 � for all u×t2 L2

c 
 R P ;U � . IfS �� � S exp, thenS exp 
 x0 � ��\ Ä × x0 /[Ù u
Ç ^^ u×i2 L2 
 R P ;U � _ 
 x0 2 H �Lg (8.53)

(e) Assume(i). Then there is a uniqueS
�

S
� 2�G�
 U � s.t. K Ú u×Ë� J Ú u×ÌM �K u×�� Su×xM for all u×Á2 L2

c 
 R P ;U � . Moreover, S is one-to-one,K � v� J � Ù u×ÌM � K Ù ( 1v� Su×vM for all v 2zS �� 
 0� andu×q2 L2
c 
 R;U � , and	�
 x0 � Ä × x0 /�Ù u×�� � K x0 �"! x0M�/ K u×�� Su×vMÝ
 x0 2 H � u×i2 L2

c 
 R P ;U �@�hg
(8.54)

(f) If 
Z!ª� S� Ä � � � satisfies(i) and (e), then all such quadruplesare givenby
Z!ª� E ( � SE ( 1 � E Ä � E � � , E 2f¢¦G�
 U � .
We shallshow in Theorem9.9.1(a1)that(i)–(iii) hold if f theRiccatiequation

(eIARE) for Σ andJ hasa “ S �� -stabilizing” solution(andthat solutionis given
by 
�!ª� S� * Ä Æ - � ; cf. (f)). As notedabove, this is alwaysthecasewhenΣ is
sufficiently regular. Conditions(i)–(iii) aretreatedfrom anotherpoint of view in
Section9.14.

Proof: (a) Both
Ä

crit and a are γ-stable,henceso is Ø . Set x0 :
� a v,

u :
� Ø v

� Ä
crit x0, y :

�]N
x0 / � u. Then ucrit 
 x0 � is the uniqueu 2�S �� 
 x0 �

satisfying K y� J � ηM � 0 for all η 2tS �� 
 0� , andy
��N

x0 / � u
��N a v / � Ø v

�
π P � 
 π ( v /qØ v� .

By definition, u 2JS out 
1a v� if f u 2 L2 andy 2 L2; for S exp we have the
extra conditionthatπ P�
Ï`Åa v /qa τ Ø v� � π P4a τ 
 v /qØ v�o2 L2 
 R P ;U � .

(b1)&(c2) If (i) holds, then Ø�Ù � Ä ×�a�× � π PxÙ π ( in G�
 L2
α 
 R;U �@� for

any α � max
 ωA � 0� (note that a , Ù and
Ä × are α-stable)hencethen (iii)

holds.
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If
��� Ù ( 1 2�¢ TIC∞ 
 U � , thenπ P � π ( Ù π ( � π P Iπ ( } π P � π PÌÙ π ( �} π P � π PÌÙ π ( . Therefore,(iii) implies(ii).

Assume(ii). Let ω � max
\ ωA � α � β _ . ThenL2

ω 
 R ( ;U � T L2
α 
 R ( ;U � and� �CØo� π P � π ( 2qG�
 L2

ω � , hencethen } � Ø � π P � π ( 2qG�
 L2
ω � . Set

Æ
:
�

I } �
and

Ä
:
��� Ä

crit . Then
Ä a � π P Æ π ( , andÄ ` t ��� Ä

crit ` t ��� Ä
crit 
Î` t

crit }Qa t Ä
crit � ��� π P τt Ä

crit } � Ä crit a τt Ä
crit

(8.55)� π P � π P τt Ä
crit } π P � π ( τt Ä

crit
� π P τt � Ä

crit
� π P τt Ä g

(8.56)

Therefore,
*"B DÞ ß - 2 WPLSω 
 U � H � U � , henceΣext 2 WPLSω à 
 U � H � Y V U � for

any ω 6¬� ωA. Obviously, Σcrit is the left columnof thecorrespondingclosed-
loopsystemΣ × , since

Ä × � Ù Ä � Ä crit .
(b2)This follows from (f).
(c1) Now

N × �=N / � Ä × �=N crit , `�× � `7/Àa t Ä × � ` crit . Theformulae
for (ii) and(iii) wereshown above. Because

N × and Ä × arestable,themapsÚ and Ù areasabove,by Lemma6.1.11.TheωA claim follows from Lemma
6.1.10,andthefinal claim from Theorem8.3.9(a2).

(d) Now u :
� Ä × x0 /�Ù u×z2 L2 andy :

��N
x0 / � u

��N × x0 /UÚ u×b2 L2, by
(c1). If S �� � S exp, thenalsox :

� ` x0 /Ha t u
� `�× x0 /Ha t× u×q2 L2, by Lemma

6.1.10.Analogously, if S �� � S sta (resp.
� S str) andu×e2 L2 
�. 0 � T � ;U � , thena�× τT P tu× � ` t× a�× τTu× is bounded(resp.goesto zero),as t � / ∞, since`�× is stable(resp.stronglystable).Thus,u 2�S �� 
 x0 � . Formula(8.53)will be

provedin Theorem8.4.5(e).
(e) Let u×z2 L2

c 
 R P ;U � , v 2 L2
c 
 R ( ;U � . Thenu :

� Ù u×J2�S �� 
 0� , by (d),
hencethen K Ú π ( v� J Ú u×>M � K N crit a v� J � uM � 0. Consequently, weobtainSfrom
Lemma2.3.1.By (8.35),wehave	�
 x0 � Ä × x0 /[Ù u×�� � K x0 �#! x0M�/U	�
 0 �ÎÙ u×�� � K x0 �#! x0M�/ K u×Í� Su×xM (8.57)

for all x0 2 H � u×i2 L2
c 
 R P ;U � .

Let v 2 S �� 
 0� and u×á2 L2
c 
 R;U � . Because K � v� J Ú π ( u× M �K � v� J N crit a�× u×xM � 0, we may assumethat u× � π P u× . ChooseT � 0 s.t.

u× � π ¸ 0 9 T w u× . Set v× :
� Ù ( 1v, v1 :

� Ù π ¸ 0 9 T w v×J2=S �� 
 0� , v2 :
�

v } v1 2S �� 
 0� . Thenπ ¸ 0 9 T w v2
� π ¸ 0 9 T w Ù π ¸T 9∞ w v× � 0, henceK � v� J Ú u×>M � K π ¸ 0 9 T w v×�� Su×vM�/ K � v2 � J N crit a�× u×xM � K π ¸ 0 9 T w v×�� Su×xM � K v×�� Su×vM"g

(8.58)

By takingv× :
� χ ¸ 0 9 1w v0, u× :

� χ ¸ 0 9 1w u0 for arbitraryu0 � v0 2 U , weseethatS is
unique.

Let u0 2 U n \ 0 _ be arbitrary. Set u× :
� χ ¸ 0 9 1w u0, u :

� Ù u×�2�S �� 
 0�vnS � 9 crit� 
 0� (recallthat S � 9 crit� 
 0� ��\ 0 _ , byuniqueness),hencethen K � v� J � uMÌY� 0
for somev 2fS �� 
 0� . Thus, K Ù ( 1v� Su×xM�Y� 0. In particular, Su0 Y� 0. Therefore,
S is one-to-one.

(f) Let 
�!ª� yS� yÄ � y� � also satisfy (i) and (e). Claim (e) and the proof of
Lemma 9.10.1(c2)shows that (9.160) is satisfiedby both

�
and y� , hence
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�
and yS � E ( � SE ( 1 for someE 2f¢¦G�
 U � , by Lemma2.3.5(recall that

S is one-to-one).By (c2), yÄ � y� Ä crit
�

E
� Ä

crit
�

E
Ä . p

Theaboveassumptiononuniquenessin thetheoremis mostlysuperfluousfor
a controlcorrespondingto astatefeedbackpair:

Lemma 8.3.14 Let
*ÍÄ Æ - be a J-critical statefeedback pair over S �� for Σ

andJ. SetØ :
� Ä ×�a , Σcrit :

� Σ × .
Then(i)–(iii) and(c1)–(e)of Theorem8.3.13holdexceptthatSneednotone-

to-onein (e). p
(The sameproof applies.) In particular, then `�× � ` crit and

N × �¶N crit , so
thatΣ × producesJ-critical state,controlandoutput(for zeroinput).

In fact,mostof therestof Theorem8.3.13holdsin thismoregeneralcasetoo,
but weshallreturnto this in Chapter9. SeeTheorem9.9.1(a1)&(e2)&(f2)–(h)for
details.

If
* Ä Æ - is a J-critical statefeedbackpair over S �� , thenthe left column

of thecorrespondingclosed-loopsystemis just like theonein (8.34)(exceptthat
it neednot beunique).We shallcall sucha columna J-critical control in WPLS
form in orderto beableto treatbothcasessimultaneously:

Definition 8.3.15(J-critical control in WPLS form) We call the control x0 ��Ä
critx0 (andΣcrit) a controlfor Σ in WPLSform if

Ä
crit : H � L2

loc 
 R P ;U � is s.t.

Σcrit :
� �� ` critN

critÄ
crit

��
:
� �� `�/Àa Ä critN / � Ä critÄ

crit

�� 2 WPLS
 \ 0 _ � H � Y V U �hg (8.59)

If
Ä

critx0 is J-critical for each x0, then we say that
Ä

crit (or Σcrit) is a J-
critical control in WPLS form and that ucrit can be givenin WPLSform, whereâ

xcrit u x0 w
ycrit u x0 w
ucrit u x0 wÕã :

� Σcritx0.

If
*ÍÄ Æ - is anadmissiblestatefeedback pair for Σ with closed-loopsystem

Σ Ç , thenwe call
Ä × :

� 
 I } Æ � ( 1 Ä (an the left columnof Σ Ç ) a control in state
feedbackform.

As explainedbelow Theorem8.3.9,a control in WPLS form neednot be of
statefeedbackform unless,e.g.,B is bounded,asshown in Lemma8.3.18.

Westartwith someratherobviousfacts:

Lemma 8.3.16

(a1)A uniqueJ-critical control canalwaysbegivenin WPLSform.

(a2) If there is a J-critical statefeedback pair, thenthecorrespondingJ-critical
control canbegivenin WPLSform.

(b) A control (“ Σcrit”) in WPLSform hasthe propertiesdescribedin Remark
9.7.7,Theorem8.3.9,andTheorem8.3.13(b1)&(c1)&(c2)&(d).
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(c) A control in statefeedback form is in WPLSform.

Thus,we neednot assumea J-critical control to beuniquein Theorem8.3.9
aslong asΣcrit is a J-critical controlfor Σ in WPLSform. Therefore,we canand
will usethelatter(weaker) assumptionin severalresultsbelow to treatbothcases
simultaneously.

Proof: (a1)This is containedin Theorem8.3.9.
(a2)In fact,givenany admissiblestatefeedbackpair

* Ä Æ - for Σ, then
thecontrol

Ä × :
� 
 I } Æ � ( 1 Ä canbegivenin statefeedbackform (let Σcrit be

theleft columnof thecorrespondingclosed-loopsystem).
(b) This is containedin Remark9.7.7, Theorem8.3.9, and the proof of

Theorem8.3.13(b1)&(c1)&(c2)&(d)(notethatin (b1)weonly usethefactthatÄ
crit a�Ù � π PxÙ π ( (or } � Ä crit a � π P � π ( )).

(c) This is obvious. p
The generatorsof a control in WPLS form areanalogousto thoseof a state

feedbacksystem:

Lemma 8.3.17 Let Σcrit bea control in WPLSform.

(a) We haveAcrit
�

A / BKcrit andCcrit
�

Cc / DcKcrit on Dom
 Acrit � , hence

Dom
 Acrit � T HB, where
*

AT
crit CT

crit KT
crit - T are thegenerators of Σcrit,

and 
 Cc � Dc � is anycompatiblepair for Σ.

(b) Let Kc bea compatibleadmissiblestatefeedback operator for Σ, andlet Σ Ç
bethecorrespondingclosed-loopsystem.

ThenKc
�

Kcrit on Dom
 Acrit � iff
Ä¦Ç � Ä

crit . If
Ä¦Ç � Ä

crit , then ` Ç � ` crit ,N Ç �ON
crit , andKc is theuniquecompatibleoperator having

Ä£Ç � Ä
crit .

Proof: (a) 1� As in the proof of Proposition6.6 of [W94b], we take the
Laplacetransformof theequatioǹ t

critx0 }�` t x0
� a τt Ä

crit x0 (x0 2 H, t � 0)
to obtain
 s } Acrit � ( 1 }e
 s } A� ( 1 � 
 s } A� ( 1BKcrit 
 s } Acrit � ( 1 2HG�
 H �Lg (8.60)

Multiply this by 
 s } Acrit �Ì2[G�
 Acrit � H � to theright andby s } A 2[G�
 H � H ( 1 �
to theleft to obtain

Acrit } A
� 
 s } A�¬}e
 s } Acrit � � BKcrit 2HG�
 Dom
 Acrit �h� H ( 1 �hg (8.61)

(N.B. by duality, A
� �

A
�
crit } K

�
critB

�
onDom
 A� � .) If x0 2 Dom
 Acrit � , then

Ax0 / BKcritx0 2 H, hencethenx0 2 HB (seeDefinition6.1.17).
2� By Laplace transformingthe equation

N
crit
�äN / � Ä crit and using

Theorem6.2.11(c1),Lemma6.3.10(a)and(8.60),weobtainthatåN
crit 
 s� � Ccrit 
 s } Acrit � ( 1 � <N 
 s��/ <� 
 s� åÄ crit 
 s� (8.62)�

C 
 s } A� ( 1 / DcKcrit 
 s } Acrit � ( 1Cc 
 s } A� ( 1BKcrit 
 s } Acrit � ( 1

(8.63)� 
 Cc / DcKcrit ��
 s } Acrit � ( 1 2UG�
 H � Y � (8.64)
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for s � max
\ ωA � ωAcrit

_ . Becauses } Acrit mapsH onto Dom
 Acrit � , we must
haveCcrit

�
Cc / DcKcrit.

(b) 1� If
Ä Ç � Ä

crit , then Kc
�

Kcrit on Dom
 Acrit � , by Proposition
6.6.18(d2),becauseDom
 Acrit � T HB, by (c).

2� Assumethat Kc
�

Kcrit on Dom
 Acrit � . By Proposition6.6.18(d2),
A
Ç �

A / BKc andK
Ç �

Kc on HB andDom
 AÇ � T HB. But Dom
 Acrit � T HB

and Acrit
�

A / BKc, by (c), henceA
Ç �

Acrit on Dom
 Acrit � . Chooseω �
max

\ ωAæ � ωAcrit
_ . Then

Dom
 Acrit � �c\ x0 2 HB ^^ 
 ω } Acrit � x0 2 H _¦T \ x0 2 H ^^ 
 ω } A
Ç � x0 2 H _ � Dom
 AÇ �L�

(8.65)

hencè crit
� ` Ç , by LemmaA.4.2(i). Consequently,

Ä Ç �
Kc ` Ç � Kcrit ` crit

�Ä
crit on Dom
 Acrit � , henceon H, by density. In particular, Kc is J-critical. It

follows that
N Ç �ON / � Ä Ç �ON crit .

3� Uniqueness:If alsoK 6c is compatibleandadmissibleand Ä 6 Ç � Ä crit (i.e.,
K 6c � Kcrit on Dom
 Acrit � ), thenK 6c � Kc onHB (i.e.,

* Ä 6 Æ 6 - �+* Ä Æ - ),
by Proposition6.6.18(g),i.e., K 6c � Kc. (Recall that we considerKc and K 6c
equalwhenK 6c � Kc onHB, sincethevaluesof Kc outsideHB donotaffectΣext,
nor Σ Ç .) p
As statedabove,whenB is bounded,a control in WPLSform correspondsto

anULR statefeedbackoperator:

Lemma 8.3.18 Let Σcrit bea control in WPLSformandlet B bebounded.
ThenΣcrit is of statefeedback form.
Moreover, Dom
 Acrit � � HB

�
Dom
 A� , Kcrit is an ULR state feedback

operator for Σ, andΣcrit is theleft columnof thecorrespondingclosed-loopsystem
Σ × .

Since,in discretetime, B is alwaysbounded,any control in “wpls form” is
necessarilyinducedby statefeedbackto the original system(the proof below
appliesmutatismutandis;in fact,thediscrete-timeform of theproof is contained
at thebeginningof theproof of Theorem14.1.6).

Proof: (NotethatΣcrit is notassumedto beJ-critical.)

Let Acrit � Ccrit � Kcrit bethegeneratorsof Σcrit. By Lemma6.3.16(b), & Acrit B
Kcrit 0 '

generatean ULR WPLS & B crit D critÞ
crit

ß
crit ' . BecauseFcrit

�
0 and

Æ
crit 2 ULR, we

have I / Æ crit 2q¢ TIC∞, by Proposition6.3.1(c).Therefore,
* } Ä crit } Æ crit -

is anadmissiblestatefeedbackpair for
* ` crit a crit - ,

By (6.145), the correspondingclosed-loopsystem Σ Ç is generatedby& A B( u Kcrit w w 0 ' , henceof form & B D( Þ ( ß ' for some
*ÍÄ Æ - , where

Æ �
I }
 I / Æ crit � ( 1. Indeed,HBcrit :

�
Dom
 Acrit �)/t
 s } Acrit � ( 1BU

�
Dom
 Acrit � with

equivalentnorms,by LemmaA.3.6. But

HB
�

Dom
 A� ��\ x0 2 H ^^ Ax0 2 H _ � Dom
 Acrit � � HBcrit � (8.66)

(by the formula Acrit
�

A / BKcrit from Lemma 8.3.17(a))with equivalent
norms,by LemmaA.3.6,henceA

Ç
:
�

Acrit } BKcrit
�

A (with samedomains).
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Consequently, K
� 
 Kcrit � w W Domu Aw � Kcrit is an admissibleULR state

feedbackoperatorfor Σ, and Σcrit is the left column of the corresponding
closed-loopsystem(dueto samegenerators). p
As notedin [FLT], optimizability is almostequivalentto exponentialstabiliz-

ability:

Proposition 8.3.19 Let Σ be optimizable. Thenthere is an exponentiallystable
WPLSof form(8.59).

The differenceis that the “exponentiallystabilizingstatefeedback”of The-
orem8.3.9neednot bewell-posedin general;seeTheorem9.2.12for sufficient
conditions.

Proof: DefineΣext :
� â ` aN

ext
�

ext ã by

N
ext :

� �� N`
0

�� � � ext :
� �� � a

I

�� � J
�

I (8.67)

to have 	 ext 
 x0 � u� � � u � 22 /j� x � 22 /t� y � 22, wherex :
� ` x0 /Qa τu, y :

�tN
x0 / � u.

BecauseΣext is J-coercive over S exp, we obtain an exponentiallystable

system
 Σext � crit
� �� ` critN

ext / � ext
Ä

critÄ
crit

�� 2 WPLS
 U � H � Y V H V U � from The-

orems8.4.3and8.3.9;and
N

ext / � extKcrit
� �� N / � Ä crit` critÄ

crit

��
, sothatwe only

have to dropthesecondandthird row from 
 Σext � crit to obtainanexponentially
stableWPLSof form (8.59). p
Now wecangivea postponedproof:

Lemma 8.3.20 Theorem6.7.7holds.

Proof: Let Σ ç :
� * `�ç a�çéèËç - be the exponentially stable sys-

tem of Proposition 8.3.19 for Σd (which is optimizable), and set
M :

� �¡`ÍçÐ�¡ê u H 9 L2 w /Â�@a�ç τ � TIC /ë�¡è ç τ � TIC � ∞. One easily verifies that
x :
� ` x0 /Ha τu

� ` ç x0 /Ha ç τu }7è ç τy. SinceΣ ç is stronglystable,wehavethat
x 2 Ã 0 
 R P ;H � . p
Notes
Muchof Lemmas8.3.5–8.3.8andTheorem8.3.9hasbeenusedfor decadesin

somespecialcases;see[Zwart] for the standardunstableLQR (minimization)
problemand [S98c] for the stableindefinite settingof Proposition8.3.10and
Corollary 8.3.11;both articlesonly treatJ-coercive WPLSsandonly the latter
treatstheclosed-loopsystem.
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Section3 of [S98c]essentiallycontainsProposition8.3.10exceptfor its last
paragraph,whoseresultsresemblewhat is a key formula in several articlesby
IrenaLasiecka,RobertoTriggiani andothers. They first usesucha stablecase
result(a specialcaseof Lemma8.2.9,asin Section8.5) to solve the finite-time
LQR problemand then let the length of the time interval approachinfinity to
obtain the solution for the infinite-time problemas the limit of the finite-time
solution (they usea very coercive cost function to guaranteethe convergence).
Their resultsin [FLT] includeProposition8.3.19.Seealso[LT00a]–[LT00b](also
a third partof thetrilogy is supposedto appear).Thisfinite-timemethodhasbeen
usedby severalauthorsat leastsinceseventies.

All the articlesmentionedabove optimizeover S out (
� S sta in [S97b] and

[S98c], and
� S exp in muchof [FLT] and[LT00a]–[LT00b], by Lemma8.3.3),

andsodoes,e.g.,[CZ]. Nevertheless,S exp is themostcommonlyusedclassfor
finite-dimensionalsystems(see,e.g., [IOW], [LR], [GL]) andpossiblyalso for
infinite-dimensionalsystems(see,e.g.,[Keu], [Pandolfi] and[WR00]).

For finite-dimensionalsystems,strongstability is equivalent to exponential
stability, but in the infinite-dimensionalcasethe requirementof strongstability
( S str) hasoften beenusedsincethe seventies;see,e.g.,[Slemrod]and[Balakr-
ishnan]. This casehasbeenstudiedfor WPLSswith boundedinput andoutput
operators(B andC) by Ruth Curtainand Job Oostveenin several articles(see
[OC98]), andthemonograph[Oostveen]containsa rathermaturetheory, further
historicalremarksonthiscaseandexampleswhere S str is themostnaturalchoice
for S �� . Seep. 501for acomparisonof S exp, S str, S sta and S out.

We give several sufficient conditionsof a uniqueJ-critical control to be of
(regular)statefeedbackform in Remark9.9.14andin thenotesto Section9.9.
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8.4 J-coercivity and factorizations

A personwho is wisedoesnothingagainst their will, nothingwith
sighingor undercoercion.

— MarcusTullius Cicero(106B.C. – 43 B.C.)

In this section,we apply J-coercivity to WPLSsandexplore its connection
to optimal (J-critical) control and spectraland inner coprime factorizations.
This conceptgeneralizesseveral generalnonsingularityassumptionsof control
problems.

We shall list several equivalent conditionsfor positive J-coercivity in Sec-
tion 10.3, suchasthe popular“no transmissionzeros” ( S out) and“no invariant
zeros”( S exp) conditions.Most of theseequivalentconditionshave beenusedin
classicalminimizationproblems;we alsoshow therethat severalotherclassical
minimizationassumptionsarestrongerthanpositiveJ-coercivity.

In the stablecase,J-coercivity is equivalentto the conditionthat the Popov
Toeplitz operator π P ��� J � π P is invertible, by Lemma8.4.11(a1). The general
definition below requiresthat “π P � � J � π P ” is invertible on S �� 
 0� , by Lemma
8.2.3(c1),hencealsothegeneralconditioncanbeconsideredasa Popov Toeplitz
invertibility condition.

GeneralJ-coercivity with theminimal stabilizabilityassumptionS �� 
 x0 �¦Y� 0
 x0 2 H � will beshown to beasufficientconditionfor theexistenceof anoptimal
(i.e., J-critical) controlandfor theexistenceof a unique“stabilizing” solutionof
theRiccatiequation(undersufficientregularity); in fact,thesethreeareequivalent
in somecases(see,e.g.,Theorem9.2.16).

At theendof thissection,weshallshow thatJ-coercivity over S out is implied
by the existenceof an inner coprimefactorization(spectralfactorizationin the
stablecase)of the I/O map, with equivalenceunder sufficient regularity and
stabilizabilityassumptions.

We alsoshow thatoptimizationover S exp canbe reducedto thestablecase,
whereasfor S out, S sta and S str, we needquasi-coprimenessfor an analogous
reduction.

In accordanceto Definition8.2.1,wegeneralizeJ-coercivity asfollows:

Definition 8.4.1(JJJ-coercive) Wecall
�

J-coercive (over S �� ) if there is ε � 0 s.t.
for each nonzero u 2fS �� 
 0� there is a nonzero v 2zS �� 
 0� s.t.K � v� J � uM>� ε � u � ¥ �� � v � ¥ �� g (8.68)

If, in addition, K � u � J � uM�� 0 for each u 2jS �� 
 0� , then
�

is calledpositively J-
coercive (over S �� ).

(Note that for S out, [positive] J-coercivity dependson
�

andJ only, not on
therestof Σ.)

If
<�

is a rational matrix-valuedfunction or stable,then
�

is positively J-
coerciveover S out if f

<���
J
<� � εI a.e.on iR for someε � 0 (“

<�
hasa full column

rank on iR ì \ ∞ _ ”), by Proposition10.3.1(b)&(c),unlessU is unseparable(see
(c)).
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By Lemma8.2.3,we have the following whenZs is a Hilbert space(here
�

standsfor
� W ¥ �� u 0w ):

(b)
� 2�G�
LS �� 
 0�h� L2 
 R P ;Y �@� and S �� 
 0� is aHilbert space(underanequivalent
norm);

(c1)
�

is J-coercive if f
���

J
� 2z¢¦G�
LS �� 
 0�@�

(c2)
�

is positively J-coercive if f
���

J
� ¤ 0 on S �� 
 0� , i.e., if f K � u � J � uM��

ε � u � 2¥ �� for all u 2eS �� 
 0� andsomeε � 0.

Wecansimplify the �4�� ¥ �� normsasfollows:

Lemma 8.4.2 Thenorm ��X� ¥ �� is a norm on S �� 
 0� . Thefollowing normsare
equivalentto �4�� ¥ out ���4�� ¥ sta �Í�4�� ¥ str and �4�� ¥ exp, respectively:� u � 6 ¥

out
:
�

max
\ � u � 2 ��� � u � 2 _ � (8.69)� u � 6 ¥

str
:
�

max
\ � u � 2 ��� � u � 2 ���@a τu � ∞ _ � : � u � 6 ¥

sta
� (8.70)� u � 6 ¥

exp
:
�

max
\ � u � 2 ���@a τu � 2 _ g (8.71)p

(For � u � 6 ¥
exp

, this follows from Lemma6.7.8;theotherclaimsareobvious.)
If S �� � S out or S �� � S exp, thenZs is a Hilbert space,so that then(b)–(c2)

aboveholdandJ-coercivity impliestheexistenceof auniqueJ-critical control:

Theorem 8.4.3(J-coercive �® !J-critical control) AssumethatZs is a reflexive
Banach spaceand

�
is J-coercive. If x0 2 H is s.t. S �� 
 x0 � Y� /0, thenthere is a

uniqueJ-critical control over S �� for x0. p
(This follows from Theorem8.2.5. J-coercivity is not the weakestpossible

assumption,e.g., let C
�

0, D � 0, J
�

I (but not D ¤ 0). However, with
reasonableadditionalassumptions,we obtaintheconversefor S �� � S exp, asin,
e.g.,Theorem9.2.16.)

Since S out and S exp are the mostcommonsetsof admissiblecontrols,and
J-coercivity implies all standardclassicalcoercivity assumptionsfor control
problems(seeSection10.3), the above theoremsuffices for most applications.
However, weoftenobtainresultsfor S str and S sta from thosefor S out by suitable
strongstabilizabilityassumptionsthatmake thesethreeequal.

Theuniquenesspartof theabovetheoremdoesnot requirereflexivity:

Lemma 8.4.4 If
�

is J-coercive, thenthere is at mostoneJ-critical control for
each x0 2 H. p

(This follows from Lemma8.2.3.)
If thereis a J-critical statefeedbackpair over S exp, thenΣ is exponentially

stabilizable.On theotherhand,if Σ is exponentiallystabilizable,thenoptimiza-
tion over S exp canbereducedto optimizationof thecorrespondingexponentially
stableclosed-loopsystem:
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Theorem 8.4.5(Reduce S Σ æ
expS Σ æ
expS Σ æ
exp to S expS expS exp) Let & yÄ yÆ ' beadmissiblefor Σ, let Σ Ç

bethecorrespondingclosedloopsystem,andset y� :
�

I } yÆ , yÙ :
� y� ( 1. SetS Σ æ

exp 
 x0 � :
�¶\

u 2 L2 
 R P ;U � ^^ ` Ç x0 /�a Ç τu 2 L2 _ � (8.72)S Σ æ
out 
 x0 � :

�¶\
u 2 L2 
 R P ;U � ^^ N Ç x0 / � Ç τu 2 L2 _ 
 x0 2 H �hg (8.73)

Thenthefollowinghold:

(a) ThesystemΣ Ç hasa J-critical pair over S Σ æ
exp iff Σ hasa J-critical pair overS exp.

Moreover, if
*ÅÄ í Æ4í - is J-critical over S Σ æ

exp for Σ Ç , then
*ÅÄ Æ - :

�& Ä í / � í yÄ I } � í y� ' (here
� í

:
�

I } Æ í ) is J-critical over S exp for Σ.

Conversely, if
* Ä Æ - is J-critical over S exp for Σ, then

* Ä í Æ í - :
�& Ä } � Ä Ç ^^ I } � yÙ ' (here

�
:
�

I } Æ ) is J-critical over S Σ æ
exp for Σ Ç .

The correspondingclosed-loopsystemscorrespondto each other as in
Lemma6.7.12.

(b)
Ä

crit is a J-critical control over S exp in WPLSform for Σ iff
Ä Ç

crit :
�y� Ä

crit } yÄ is a J-critical control over S exp in WPLSform for Σ Ç .
(c1) Let x0 2 H. If u

Ç 2©S Σ æ
exp 
 x0 � , then u :

� Ä£Ç
x0 / yÙ u

Ç 2©S exp 
 x0 � and

u
Ç � } yÄ x0 / y� u.

Conversely, if u 2cS exp 
 x0 � , then u
Ç

:
� } yÄ x0 / y� u 2=S Σ æ

exp 
 x0 � and u
�Ä¦Ç

x0 / yÙ u
Ç
.

Thus, S exp 
 x0 � � Ä£Ç x0 / yÙ©.1S Σ æ
exp 
 x0 �"0 and S Σ æ

exp 
 x0 � � } yÄ x0 / y� .1S exp 
 x0 �"0 ;
in particular, S exp 
 0� � yÙ�S Σ æ

exp 
 0� . Moreover, y :
��N

x0 / � u
�tN Ç

x0 / � Ç uÇ
andx :

� ` x0 /�a τu
� ` Ç x0 /�a Ç τu

Ç
in eithercase.

(c2) If u
� Ä Ç

x0 / yÙ u
Ç
, thenu is J-critical over S exp 
 x0 � iff u

Ç
is J-critical overS Σ æ

exp 
 x0 � .
(c3) If(f) there is a uniqueJ-critical control over S exp 
 x0 � for Σ and for each

x0 2 H, then the sameholds for & B æ D æE æ F æ ' and S Σ æ
exp, and ` crit

� ` Çcrit ,N
crit
�lN Ç

crit and ! are commonfor Σ and Σ Ç , but
Ä

crit
� Ä£Ç / yÙ Ä Çcrit ,Ä Ç

crit
� y� Ä crit } yÄ .

(c4) If(f) there is a J-critical control over S exp 
 x0 � for Σ and for all x0 2 H,

thenthesameholdsfor & B æ D æE æ F æ ' and S Σ æ
exp, and ! is commonfor Σ andΣ Ç .

(c5)There is ε � 0 s.t.ε � u � ¥ exp «=� uÇ � ¥ Σ æ
exp
« ε ( 1 � u � ¥ exp wheneveru 2qS exp 
 0�

andu
Ç 2eS Σ æ

exp 
 0� areasin (c1).

(d) The map
�

is [positively] J-coercive over S exp iff
� Ç

is [positively] J-

coerciveover S Σ æ
exp
� S Σ æ

out.



382 CHAPTER8. OPTIMAL CONTROL ( d
du 0)

(e) If & yÄ yÆ ' is exponentiallystabilizing, thenS exp 
 x0 � �¶\ Ä£Ç x0 / yÙ u
Ç ^^ uÇ 2 L2 
 R P ;U � _ (8.74)

and S Σ æ
exp 
 x0 � � S Σ æ

out 
 x0 � � L2 
 R P ;U � , for all x0 2 H.

(f) Claims(a)–(e)also hold with replacementsS exp �� S ϑ̧¹Q» ¼ , S Σ æ
exp ��S Σ æ

out ��S γ 9 Σ æ¸ ¹ æ » æ ¼ andL2 
 R P ;U �~�� S γ 9 Σ æ¸ ¹ æ » æ ¼ 
 x0 � , where
* � Ç · Ç - :

�ä* ¹Q»
0 I - & I 0Þ æ¦îÜ ' ,

ZuÇ :
�

Zu V L2
γ , ZsÇ :

�
Zs V L2

ϑ andγ � max
\ ωA � ωAæ � ϑ _ .

(g1) If & yÄ yÆ ' is q.r.c.-SOS-stabilizing, then(a)–(e)alsohold with replace-

mentsS exp �� S out and S Σ æ
exp �� S Σ æ

out
�

L2 
 R P ;U � .
Moreover, then

* Ä Æ - (in (a)) is q.r.c.-SOS-stabilizingiff
* Ä í Æ í - is

q.r.c.-SOS-stabilizing(equivalently, stableand[r.c.-]SOS-stabilizing).

(g2) If & yÄ yÆ ' is [[exponentially]strongly] q.r.c.-stabilizing, then S out
�S sta. � S str . � S exp 0�0 .

Thus,if weareoptimizingover S exp, weonly needto stabilizeΣ exponentially
andthenfind anJ-critical controlfor Σ Ç w.r.t. S out

� S exp correspondingto Σ Ç . If
theoriginalsystemis J-coercive,thenweendupwith thesituationof Proposition
8.3.10,by (d).

The key to the Theoremis (c1), the fact that u � x 2 L2 r u
Ç � x 2 L2 (this

follows from Lemma6.1.10). As shown by Example9.13.2(for S �� � S out),
ananalogousreductioncannotbemadefor general S �� . Indeed,we do not have

asimilar equivalence“u � y 2 L2 r u
Ç � y 2 L2” for S out unless & yÄ yÆ ' is q.r.c.-

SOS-stabilizing(cf. Theorem9.9.10). Fortunately, part (f) is helpful in certain
technicalproofs.

Proof of Theorem 8.4.5: (c1) 1� Let u
Ç 2�S Σ æ

exp 
 x0 � , x0 2 H. Then
u � x 2 L2, by Lemma6.1.10,whereu :

� Ä Ç
x0 / yÙ u

Ç � Ä Ç
x0 / Æ Ç uÇ / u

Ç
and

x :
� ` x0 /�a τu

� ` Ç x0 /�a Ç τu
Ç
. Thus,u 2fS exp 
 x0 � .

2� By exchanging the roles of Σ and & B æ D æE æ F æ ' (note that the pair} * Ä Ç Æ Ç - is admissible for & B æ D æE æ F æ ' , and Σ with the added row} *�Ä Æ - is the correspondingclosed-loopsystem,by Lemma6.6.14),we

note that if u 2JS exp 
 x0 � , thenu
Ç 2�S Σ æ

exp 
 x0 � , whereu
Ç :
� } Ä x0 } Æ u / I

�} Ä x0 / � u.
3� We noted above that “x

�
x”; the sameholds for y:

N
x0 / � u

�N
x0 / � Ä°Ç x0 / � yÙ u

Ç �ON Ç
x0 / � Ç uÇ .

(c2) Now u
Ç

is J-critical over S Σ æ
exp 
 x0 � if f K y� J � Ç η ×xM � K y� J � ηM � 0 for all

η ×j2�S exp 
 0� , i.e., for all η :
� yÙ η ×j2JS exp 
 x0 � , i.e., if f u is J-critical overS exp 
 x0 � .

(c3)By (c1)–(c2),thereis auniqueJ-critical controlover S Σ æ
exp 
 x0 � for each

x0, and(c3) holds.(Exchangetherolesof Σ andΣ Ç for theconverse.)
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(c4) Thefirst claim follows from (c2). By (c1), K y� JyM (
�

: K x0 �"! x0M ) is the
samefor S exp and S Σ æ

exp, hencesois ! .

(c5) Setx :
� a τu

� a Ç τu
Ç

(by (c1), we have u
� yÙ u

Ç
). Then � uÇ � ¥ Σ æ

exp
:
�

max
L� uÇ � 2 ��� x � 2 ��« 2M max
L� u � 2 �h� x � 2 � � : � u � ¥ exp (herewehaveused(8.71);
for an equivalent norm we needto divide ε by an equivalenceconstant)for

someM :
�

MΣ à � ∞, by Lemma6.7.8, whereΣ 6 : � & B D( îÞ îï ' ; analogously,

max
L� u � 2 ��� x � 2 �Ë« 2M 6 max
§� uÇ � 2 ��� x � 2 � for somefixed M 6�� ∞; take ε :
�

min
\ 
 2M � ( 1 �§
 2M 6ð� ( 1 _ .
(a) This follows from Lemma6.7.12(eitherdirectly (since

N × and
� × are

commonfor bothclosed-loopsystems)or from thefactthat
Ä × � yÙ Ä Ç× / Ä¦Ç ,Ä Ç× � } yÄ / y� Ä × , asin (c3)).

(b) Set
Ä Ç

crit :
� yÙ ( 1 
 Ä crit } Ä Ç � , ` crit :

� `f/fa τ Ä crit , and
N

crit :
��N /� Ä

crit . Then ` Ç /fa Ç τ Ä Çcrit
� ` crit and

N Ç / � ÇÕÄ Çcrit
��N

crit . By a straight-
forward computationusingthe above formulae(andthe identity y� π P yÙ π ( �} π P y� π ( yÙ ), one verifies that

Ä Ç
crit ` t

crit
� π P τt Ä Ç

crit for any t � 0, so that& ` T
crit

N T
crit

Ä Ç
crit

T ' T 2 WPLS; thus,
Ä Ç

crit is acontrolin WPLSform.

Now K J N critx0 � � ηM � 0 for all η 2�S exp 
 0� if f K J N critx0 � � Ç η Ç à M � 0 for all

η Ç à 2bS Σ æ
exp 
 0� � yÙ ( 1 S exp 
 0� , hence(b) holds(sincewecaninterchangeΣ and

Σ Ç for theconverse).

(d) (Note that the J-coercivity of
� Ç over S Σ æ

exp is equivalent to the J-

coercivity of
� Ç

over S Σ æ
out, by Lemma8.3.3.)

This follows from (c5) and (c1): Let
�

be J-coercive over S exp, and let

ε � 0 as in Definition 8.4.1. Given a nonzerou
Ç 2JS Σ æ

exp 
 0� , setu :
� yÙ u

Ç 2S exp 
 0��n \ 0 _ (by (c1)), x :
� a τu

� a Ç τu
Ç
. Choosea nonzerov 2tS exp 
 0� as

in Definition 8.4.1,andsetv
Ç

:
� y� v 2�S Σ æ

exp, yx :
� a τv. Then K � Ç vÇ � J � Ç uÇ M �K � v� J � uMo� ε � u ��� v �Ë� ε 6C� uÇ ��� vÇ � . Sinceu

Ç wasarbitrary,
� Ç is J-coercive.

ExchangeΣ andΣ Ç for theconverse.[By (c1), K � �� J �  M�� 0 r K � Ç �� J � Ç  M~� 0.]

(e) By Lemma6.1.10,we have S Σ æ
exp 
 x0 � � S Σ æ

out 
 x0 � � L2 
 R P ;U � for all
x0 2 H. By (c1),weobtain(8.74).

(f) 1� The definition of
* � Ç · Ç - implies that (c1) holds: Indeed, yÄ , y� ,Ä£Ç

and yÙ are γ-stable,the upperrow of
* � Ç · Ç - correspondsto condition* � · - . x0

u 0¿2 Zs and the lower row to conditionu 2 L2
ϑ, so that S γ 9 Σ æ¸ ¹ æ » æ ¼ is

independenton γ (sinceu :
� Ä¦Ç

x0 / yÙ u
Ç 2 L2

ϑ � u
Ç � Ä

x0 / y� u 2 L2
γ ).

2� Therest: The proofsof (a)–(e)above apply with slight changes((c5)
becomeseasier).

(g1) By Lemma6.5.6(f)&(a1), we have S out 
 0� � Ù L2 
 R P ;U � . SinceÄ Ç
x0 2µS out 
 x0 � for all x0 2 H, we obtain “ S out

�ñ\ Ä Ç
x0 / yÙ u

Ç ^^ uÇ 2
L2 
 R P ;U � _ ” (cf. (8.74) from Lemma8.3.5. The proofsof (a)–(d)above ap-
ply with slight changes(use,e.g.,Lemma8.4.11(b1)for J-coercivity). Thelast
claim follows from Lemma6.7.11(a2)andLemma6.6.17(b).

(g2)Now theproofandconlusionof (g1)appliesalsoto S sta [and S str [and
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stabilizingandq.r.c.-stabilizing.]] p
We will often needthe assumptionthatJ-coercivity implies the existenceof

a spectralfactorization.It is well-known that this is truefor any rationaltransfer
function(hencefor any stableI/O mapof a systemwith dimH � ∞); in fact,this
is true for any elementof MTICTZ , aswe shall show in Theorem8.4.9. Since
thereis a wide varietyof classessatisfyingthis assumption,we shallwrite below
threehypotheseswith differing strengths,andthenusetheseasthe assumptions
of our resultsin optimalcontrol theory, to avoid dependenceon thecurrentstate
of spectralfactorizationtheory(or on thepartincludedin this book).

Westartby theweakestformulation:

Definition 8.4.6(JJJ-coercive � � � SpF) Let
� 2 TIC 
 U � Y � and J

�
J
� 2OG�
 Y � .

We write 
 � � J �ò2 SpF iff either
�

is not J-coercive or
���

J
�

has a spectral
factorization.

Thus, 
 � � J ��2 SpFmeansthatif π P � � J � π P is invertible,then
� �

J
�t��� �

S
�

for some
� 2=¢ TIC 
 U � and S 2=¢¦G�
 U � . This (and the strongerrequirement

below) is satisfiedby any of the classesin Theorem8.4.9(alternatively, by any� 2 TIC if J ¤ 0). Recallfrom Lemma6.4.7(b)that theconverseholdsfor any� 2 TIC 
 U � Y � andJ
�

J
� 2[G�
 Y � .

However, often we also needto know that
�

belongsnot only to the class
TIC but also to somesubclass“ ó ” whoseevery elementis ULR and has the
above property(for eachJ) andwhich is closedw.r.t. spectralfactorization.We
formulatethis asfollows (seeDefinition6.2.4for “ T

a
”):

Hypothesis8.4.7(ULR classesóÀ
 U � that admit spectral factorization)
(1.) Wehave G T ó T

a
TIC ô ULR;

(2.) if Y is an arbitrary Hilbert space,
� 27óÀ
 U � Y � , J

�
J
� 2bG�
 Y � , and the

Popov Toeplitz operator π P ��� J � π P is invertible on π P L2, then
���

J
�©�� �

S
�

for someS
�

S
� 2e¢¦G�
 U � and

� 2e¢ÅóÀ
 U � .
If Hypothesis8.4.7holds for óq
 U � , then, trivially, 
 � � J �ª2 SpFfor any Y,� 2õóq
 U � Y � andJ

�
J
� 27G�
 Y � SeeHypothesis10.6.6andLemma10.6.7for the

positivecase.
A sufficientconditionfor (2.) is thatif ö � ö � 2Ëóq
 U � andπ P ö π P is invertible

on π P L2 
 U � , then ö hasaspectralfactorizationover óÀ
 U � . However, theweaker
formulationabovehastheadvantageto coveralsoexponentiallystableclasses(cf.
Theorem8.4.9)andstill bestrongenoughfor applications.

Much of our theoryis valid evenwithout theassumption(1.), but becauseall
classeslisted in Theorem8.4.9satisfy (1.), we have assumedit to simplify the
presentation.

Sometimeswealsowish to haveD
�
JD
�

X
�
SX (cf. Example6.3.7):

Hypothesis8.4.8(Classesóq
 U � that admit spectral factorization with D
�
JD
�

X
�
SX)

Werequire that óq
 U � satisfiesHypothesis8.4.7with
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(3.) D
�
JD
�

X
�
SX.

By Lemma6.4.5(a),condition(3.) holdsfor some
�

andSsatisfying(2.) if f
(3.) holdsfor all such

�
andS (for fixed

�
andJ). A sufficient conditionis tható T SHPR, by Lemma6.3.6(b).

Now wecite themainresultsof Chapter5:

Theorem 8.4.9(ClassessatisfyingHypothesis8.4.7) LetU bea Hilbert space,
let S � S } S T R, andlet (α), (β) or (γ) hold,where

(α) ó is one of the classesMTICL1
, MTICL1 9 ê¬÷ , MTICTZ , MTIC

ê¬÷
TZ ,

MTICd 9 TZ , andMTIC
ê¬÷
d 9 TZ ;

(β) dimU � ∞ and ó is one of the classesMTIC, MTICd, MTICS, and
MTICd 9 S.

(γ) óq
 U � Y � � G�
 U � Y ��/ \¨� ^^ <� 2 H2
strong
 C Pω ; G�
 U � Y ��� for someω � 0 _ (this

is thesetof mapshavinganexponentiallystablerealizationwith a bounded
input operator).

ThenHypothesis8.4.7holdsfor óÀ
 U � andfor theclassó exp 
 U � of exponen-
tially stableóÀ
 U � maps, whereó exp 
 U � Y � :

� ô r ø 0
\
er ù � e( r ù ^^ � 2�óÀ
 U � Y � _ (8.75)

Moreover,

(a) If ó � MTICL1
, ó � MTICL1 9 ê~÷ or (γ) holds,thenalso Hypothesis8.4.8

holdsfor óq
 U � aswell asfor ó exp 
 U � (for anyHilbert spaceU).

(b) WehaveX 2f¢£G�
 U � , andwecanchoose
�

andSs.t.X
�

I .

(c) If (α) or (β) holds,then ó � ó d. Wehaveó � ó d alsofor theclass

(γ 6 ) óq
 U � Y � � G�
 U � Y �x/ \¨� ^^ <� � <� 
 ̄A� � 2 H2
strong
 C Pω ; G�
#ú)�ÕúÐ�@� for some

ω � 0 _ (this is thesetof I/O mapshavingan exponentiallystablePS-
realization).

Thus, Hypothesis 8.4.7 holds for óÀ
 U � � MTICTZ 
 U � and óq
 U � �
MTIC 
 Cn � (andfor their subclassesof exponentiallystablemaps)for any n 2 N
andany Hilbert spaceU (wehopethatthefuturestudywill show thereferenceto
U superfluousfor MTI (andits subclasses),i.e., that Hypothesis8.4.7holdsfor
MTI 
 U � for any Hilbert spaceU ).

SeeLemma14.3.5for four more classes(the Cayley imagesof discreteÉ 1
classes). Also Theorem9.2.14 containsanalogousresults,with requirements
posedon the whole system(e.g.,we may allow for any

� �8a τ 2 SMTICL1( ε if C
is boundedandD

�
JC
�

0, to obtain“(1.)–(3.)”).
Proof of Theorem 8.4.9: Case(γ): Now Hypothesis8.4.8 holds, by

Theorem9.2.14(c2)(by its proofwehave
� 2�óq
 U � ).

(It is notaproblemthatwe referhereto laterresults;part(γ) of this lemma
is not usedin this monographbeforeChapter12 except in phraseslike “if ó
is any of the classesof Theorem8.4.9”; in particular, part (γ) is not usedin
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derivationof any earlierresultof thismonograph,wejustwantto recordit next
to (α) and(β).)

Theassumptionmeansthat
<�

: C Pω �ûG�
 U � Y � is s.t.
<�

u0 2 H2
ω 
 C P ;Y � for

all u0 2 U andy0 2 Y (seeLemmaF.3.2(a));thenumberω � 0 maydependon�
. (Thus,ó exp

� ó .)
Thecorrespondenceto boundedB wasshown in Theorem6.9.1.
Case(γ 6 ): (The remarksof case(γ) apply. The correspondenceto PS-

systemswasshown in Theorem6.9.6.)
We obtaintheresultfrom case(γ) (sinceobviously ó � ó d) exceptfor the

fact that
<� 
 ̄A� � } X

� T H2
strong
 C Pε ; G�
 U ��� for someε � 0, which wasrecorded

in theproof of Theorem9.2.14(c2).
Cases(α) and(β):
For therestof theproof,weassumethat(α) or (β) holds.
Hypotheses8.4.7(1.)&(2.) (and Hypothesis8.4.8(4.) if ó �

MTICL1
oró � MTICL1 9 ê~÷ ) is satisfiedby Theorem2.6.4.

Moreover, if
�

andJ areasin Hypothesis8.4.7(3.)andweset ö :
�f� �

J
� 2ó 6 
 U � , whereó 6 : � ó�/´ó � is thecorrespondingnoncausal(MTI) class,thenö

hasa spectralfactorizationin óq
 U � , by Theorem5.2.7(andLemma5.2.1(d)),
hence(3.) holdsfor óÀ
 U � .

If, in addition,
� 2eó exp 
 U � , i.e.,

� 2fó ω 
 U � for some ω � 0, then� 2Uó ω 
 U �üô°ó ( ω 
 U � and
� � 27ó 6( ω ô°ó 6ω 
 U � , by Theorem2.6.4(g1)&(g2),

hencethen ö :
�����

J
� 2�ó�6( ω ô ó´6ω 
 U � ; thus,thenthespectralfactorizationofö is in fact a spectralfactorizationin ó exp 
 U � , by Theorem5.2.2. Therefore,

(3.) holdsfor ó exp 
 U � too.
(a) Thiswasnotedabove.
(b) This follows from Proposition6.3.1(c). p

Thereasonfor mentioningalsosubclassesof classesmentionedabove is that
in many theoremsusingHypothesis8.4.7somekind of controllersareconstructed
within thesameclass,hencestricterconditionsguaranteesmoothercontrollers.

By [Treil94], the classCTIC 
 C � doesnot satisfy Hypothesis8.4.7: There

is
�l� & F 1F

2 ' 2 CTIC 
 C � C2 � s.t. the spectralfactor
� 2�¢ TIC 
 C � satisfying� � �O�O� � �

(i.e.,
W <� W 2 � W <�

1
W
2 / W <� 2

W
2 on iR) doesnot belongto CTIC. We can

eventake
<�

1 and
<�

2 to havenozeroson C P ì \ ∞ _ .
Lemma 8.4.10 Let óÀ
 U � satisfyHypothesis8.4.7. ThenóÀ
 U � is inverseclosed
in TIC 
 U � , i.e.,

� 2°óq
 U ��ô�¢ TIC 
 U � � � 2f¢>óq
 U � .
(Analogously, óq
 U � Y � is inverseclosed.)

Proof: BecausetheToeplitzoperatorπ P � � � π P hastheinverse
� ( 1π P � ( �on π P L2, we have

���¨�O�¶ý��
S
ý

for someS
�

S
� 2�¢£G�
 U � , ý 2�¢>óq
 U � , by

(2.). By Lemma6.4.5(a),
���

E
ý 2f¢ÅóÀ
 U � for someE 2f¢¦G�
 U � . p

In the stableor r.c.-stabilizablecase(seeLemma8.3.3),J-coercivity canbe
easilyverified:
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Lemma 8.4.11(JJJ-coercive) Let J
�

J
� 2¶G�
 Y � and

� 2 TIC∞ 
 U � Y � . The
following holdsfor S �� :

� S out:

(a1) Let
� 2 TIC. Then

�
is J-coercive iff the Popov Toeplitz operator

π P � � J � π P is invertibleon L2 
 R P ;U � .
(a2)Let

� 2 TIC. Then
�

is positivelyJ-coerciveiff
���

J
� ¤ 0.

(b1) Let
��� Ú�Ù ( 1 bea q.r.c.f. Then S out 
 0� � Ù L2 
 R P ;U � . Moreover,

�
is

[positively] J-coerciveiff Ú is [positively] J-coercive.

(b2) Let
��� Ú�Ù ( 1 be a q.r.c.f. and S

� Ú � J Ú . Then
�

is [positively] J-
coerciveover S out iff S 2f¢¦G [S ¤ 0].

(c) ThespaceS out 
 0� is a Hilbert space, and
� 2UG�
LS out 
 0�L� L2 
 R P ;Y �@� .

Moreover,
�

is [positively] J-coercive iff
���

J
�

is invertible [ ¤ 0] onS out 
 0� .
(d1)

�
is positivelyJ-coercive iff there is ε � 0 s.t. for all u 2 L2 
 R P ;U � we

have K � u � J � uMÌ� ε 
L� u � 22 /J� � u � 22 � (8.76)

(d2) Let J ¤ 0. Then
�

is positivelyJ-coercive iff � � u � 2 � ε � u � 2 for some
ε � 0 andall u 2 L2 
 R P ;U � .

(d3) If
�

is J-coercive, then
�

is injectiveon L2 
 R P ;U � .
(d4) Let

�
be J-coercive. Then � J � u � 2 � ε � u � F for someε � 0 and all

u 2fS out 
 0� .
Recall that S out 
 0� �k\ u 2 L2 
 R P ;U � ^^ � u 2 L2 _ , and that the [positive] J-

coercivity of
�

(over S out) dependsonly on
�

and J. Thus, we can define
the [positive] J-coercivity of Ú analogously(we usedthis implicitly in (b1)).
Consequently, Ú is [positively] J-coercive if f π P�Ú � J Ú π PJ2�¢¦G [ ¤ 0], by (a1)
[(a2)].

Obviously, when
� 2 TIC 
 U � Y � , thespaceS out 
 0� equalsL2 
 R P ;U � with an

equivalentnorm( ���� ¥ out). Contraryto (b1), we have no controlon zerosof
<Ú ifÚ and Ù arenot requiredto beq.r.c. (e.g.,take

<Ú�
 s� � sþ�
 s / 1� � <Ù¶
 s�h� �j� I ).
Thecondition

���
J
� ¤ 0 in (a2)holdsif f π P ��� J � π Pz¤ 0 on L2 
 R P ;U � , or

equivalently, if f
<� �

J
<� � εI a.e.on iR (in L∞

strong). SeePropositions10.3.1and
10.3.2for furtherequivalentconditionsfor positiveJ-coercivity andLemma2.2.2
for theinvertibility of π P ��� J � π P .

Proof of Lemma 8.4.11: Part (b1) follows from Lemma
6.5.6(f)&(a1)&(a2). Part (b2) follows from (a1)–(b1), becauseπ P Sπ P¶2¢ L2 
 R P ;U � if f S 2e¢¦G . Therestfollows from Lemma8.2.3. p
For classessatisfyingHypothesis8.4.7,the existenceof a spectralfactoriza-

tion andthe invertibility of thePopov Toeplitzoperator(that is, theJ-coercivity
of
�

) areequivalent:

Theorem 8.4.12(MTI spectral factorization) Let ó T TIC andJ
�

J
� 2UG�
 Y � .

For
� 2 TIC 
 U � Y � wehave(iv) � (iii) r (ii) � (i), where
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(i)
�

is J-coerciveover S out (i.e.., π P ��� J � π P is invertibleon L2 
 R P ;U � );
(ii)

� �
J
����� �

S
�

for some
� 2f¢ TIC 
 U � , S 2e¢£G�
 U � ;

(iii)
���

J
���jÿ����

for some
� � ÿ 2e¢ TIC 
 U � ;

(iv)
� �

J
�j��� �

S
�

for some
� 2e¢ÅóÀ
 U � , S 2z¢¦G�
 U � .

If
� 2´óÀ
 U � Y � and óq
 U � satisfiesHypothesis8.4.7,then(i)–(iv) are equiva-

lent andanyspectral factorizationof
���

J
�

is over óÀ
 U � .
If
� �

J
� � 0, then(i) r (ii) r (iii).

In fact, in discrete-time,(i)–(iv) are equivalent for
� 2Hó :

�
ticexp (the set

of exponentiallystablediscrete-timemaps),by Theorem14.3.2. Unfortunately,
theCayley imagesof �ticexp coveronly thosecontinuous-timemapswhichareH∞

outsidesomediscin theleft half-plane,andthatrequirementis ratherstrong.By
Example8.4.13,(i) doesnot imply (ii) for general

� 2 TIC.
Proof: “(iii) r (ii)” holds by Lemma6.4.7(a3). “(i v) � (ii)” is trivial and

“(ii) � (i)” follows from π P � ( 1S( 1 � ( � π P � 
 π P � � Sπ P � π P�� ( 1.
The missingimplication (i)

� � (iv) is containedin Hypothesis8.4.7,and
thelastsentencesfollow from Lemma6.4.5(a)Lemma6.4.7(a). p
The solvability of several control problemsimplies the invertibility of the

correspondingPopov Toeplitz operator(condition (i) above) and is implied by
the existenceof a spectralfactorizationof the Popov operator(condition (ii)
above). Thus, the above equivalencemakes all theseequivalent. Even better,
theregularity of ó (seeHypothesis8.4.7(1.))makesa completeRiccatiequation
theorypossible.

This is why we obtaincompletesolutionsfor the classesof Theorem8.4.9,
but only sufficient conditions (in terms of spectralfactorizationsand Riccati
equations)in the generalcase(e.g., compareTheorem11.3.3 to Proposition
11.3.4(f)).SeeRemark9.9.14for otherclassesof systemsfor whichsimilar (even
better)optimality, factorizationandRiccatiequationresultscanbeestablished.

Ilya Spitkovsky hasconstructedan exampleshowing that the invertibility of
theToeplitzoperator(i.e.,J-coercivity over S out) doesnot imply theexistenceof
a (bounded)spectralfactorizationin the indefinitecase,asmentionedin [S98c,
Remark4.8]. We givehereanextendedversionof thatexample:

Example 8.4.13 ((minimax) JJJ-coercive Y� Y� Y� SpF) (We give this example for
discretetime, useCayley transform(seeLemma13.2.1–Theorem13.2.3)for the
continuous-timecounterpart.)

(a)Let J :
�

J2 9 1
γ :

�
diag
 1 � 1 �@} γ2 � , whereγ :

���
2. By Lemma6.4.7(a),there

is h 2�¢ H∞ 
 D � s.t.
W
h
W
equals1þ 2 on the left hemicircleand

�
3þ 2 on the right

hemicircle.Set <�
:
� �� ih h

h 
Õ}õ�� h 
Õ}õ��
0 1

�� 2 H∞ 
 D;C3 � 2 �hg Then (8.77)<ö :
� <� �

J
<��� â

1 f
f̄ } 1ã 2 L∞ 
 ∂D;C2 � 2 �L� (8.78)
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where f 2 L∞ 
 ∂D;C � assumesexactly two values, fr :
� 1

4 } i 3
4 on the right

hemicircleand fl :
� 3

4 } i 1
4 on theleft hemicircle.

Therefore,
<ö 11

�
1 ¤ 0 and

<ö 22 } <ö 21
<ö ( 1

11

<ö 12
� } 1 } W f W 2 � 0, so that�

is minimax J-coercive, henceJ-coercive over S out, by Lemma11.4.2. By
Theorem9.15.3andLemma9.15.2,thereis aunique

<� 2À¢ H2 
 ∂D;C2 � 2 � modulo
aconstants.t.

<� � * I 0
0 ( I - <��� <ö a.e.on ∂D.

Let Er andEl be the two valuesof
<ö . Sincethe eigenvaluesof E ( 1

r El are
not positive (not even real), it follows that

<� Y2j¢ H∞ 
 D;C2 � 2 � ; in fact, onecan
show thatboth

<�
and

<� ( 1 areunbounded.By uniqueness,therecanbeno( ¢ H∞)
spectralfactorizationof

� �
J
�

.
(b) Furthermore,there is a minimax yJ-coercive �� 0 2 H∞ 
 D;C6 � 4 � , whereyJ :
�

J4 9 2
γ :

� & I4 � 4 0
0 ( 2I2 � 2 ' , s.t. �� 0 is of form

* �µ�
0 I2 � 2 - , and �� 0

� yJ �� 0
� �� 0

�
S�� 0, where

S:
�

J2 9 2
1
� & I2 � 2 0

0 ( I2 � 2 ' , �� 0 2f¢ H2 
 D;C4 � andboth �� 0 and �� 0 ( 1
areunbounded

near } 1.
Consequently, the correspondingcontinuous-time yJ-critical “state feedback

controller” over S out (the H∞ full-information minimax controllerover S out) is
non-well-posed(alternatively, unstable,by (c)) in both its open-loopandclosed-
loop forms,asshown in Example11.3.7.

(c) SetK :
� D n \ z ^^ W z � i

W � ε _ for someε � 0. Thenthereis a neighborhood

Ω � D of K s.t.
<� � <� � <� ( 1 2 H∞ 
 Ω; G�
 C2 �ÕúÐ�@� in (a). In particular, thecorrespond-

ing continuous-timemaps(Cayley inverses)areuniformly half-planeregular.
Consequently, if we drop the rotation from the proof of (b), the maps

�
0,�

0,
� ( 1

0 become(well-posedand)uniformly half-plane-regular(but
�	� 1

0 become
unstable,althought

� � 1
0 L2

c
T L2). Ö

The above exampleshows that the J-critical control is not always of state
feedbackform (in continuoustime); cf. Remark9.7.7(a3). (Due to minimax
J-coercivity, the example shows that the problem cannotbe avoided even in
connectionwith H∞ problems.)

In discrete-timethatcannothappen,but theimplication(i) � (iii) in Theorem
8.4.12is neverthelessfalsein generalin discrete-timetoo,asshown by theabove
example(seealso Section9.15 andExample11.3.7)unless

�
is exponentially

stable(in discretetime).
Proof of Example8.4.13: (a) (Ilya Spitkovsky hasskecthedtheproof; this

is amodifiedversionof thatsketch.)
1� Constructing

�
s.t. (8.78) holds: By Theorem3.1.3(a1)&(e1),any<Æ 2 L∞ 
 iR � satisfying
<Æ � ε a.e.on iR correspondsto some

Æ 2 TI 
 C � withÆ � εI , so that
Æ � W ý W 2 for some

ý 2�¢ TIC 
 C � (i.e., some
<ý 2 H∞ 
 C P � ), by

Lemma6.4.7(a). Apply Cayley transformto this result to show the existence
of h 2 H∞ 
 D � (seethe exampleabove). (This alsoshows that h is invertible
in H∞, but we do not needthe invertibility of h.) Oneeasilyverifiesthat the
eigenvaluesof

E ( 1
r El

� } 1
1 / W fr W 2 â } 1 } fr f̄l fr } fl

f̄l } f̄r } 1 } f̄r fl ã (8.79)
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are given by λ � :
�

Ret ��
 
 Ret � 2 } 4 
 W t W 2 / W s W 2 � , where t :
� } 1 } fr f̄l ,

s :
�

fr } fl , hencethesevaluesarenot real.

2� Theotherclaims: Theotherclaimsareexplainedin theexampleexcept
thefactthatthat

<� � <� ( 1 Y2 H∞ 
 D;C2 � 2 � .
If we had

<� 2J¢ H∞, then the factorizationwould exist in all Lp spaces;
however, it doesnotexist for p

�
2π þ argλ � (sinceλ � arenot real;see[LS] for

details).

Choosez0 2 ∂D is s.t.
<�

or
<� ( 1 is unboundedin eachneighborhoodof

z0. (N.B. z0
� � i, because

<�
and

<� ( 1 have holomorphicextensionsaround
eachpoint of D n \ � i _ , by Lemma9.15.5. For the samereasonit seemsthat
the Cayley inverseof the function �� 0 constructedbelow will not be (weakly)
regular.)

Set
<� d 
 z� :

� <� 
 z̄� � (z 2 D) (cf. Lemma 13.1.8). Obviously,
<� d 2¢ H2 
 D;C2 � 2 � and
 <� ( d 
 z�@� � J ( 1

1

<� ( d 
 z� � 
 <� 
 z̄� � J1
<� 
 z̄�@� ( 1 � <ö 
 z̄� ( 1 � <ö 
 z� ( 1 (8.80)

(since
<ö 
 z̄� � <ö 
 z� , becausez �� z̄ mapsthe right and left hemicirclesonto

themselves).

Seta :
� 
 8þ 13,sothata

�
a
� 
 1 / W f W 2 � ( 1 � 8þ 13. Oneeasilyverifiesthat<ö ( 1 � a

�
a
<ö , hence 
 a <��� � J1 
 a <� � � <ö ( 1. We concludefrom Lemma6.4.5(a)

thata
<�j�

E
<� ( d � E

<� 
 ̄A� ( � for someE 2f¢ C2 � 2. Therefore,both
<�

and
<� ( 1

areunboundedon D (onenearz0 andtheothernearz0 (at least)).

(b) 1� Constructing�� a and �� a: Set
<Æ 
 z� :

� <� 
Õ} z� , <ý 
 z� :
� <� 
Õ} z� (z 2 D),

sothat
<Æ �

J
<Æ � <ý �

J1
<ý

. By (a)2� , �� a
� &�ï 0

0 �� ' 2�¢ H2 
 D;C4 � 4 � andits inverse

arebothunboundedat � z0
� � i. Obviously, �� a

� & J1 0
0 J1 ' �� a

� �� a

�
J 6��� a, where�� a :

�+* F 0
0
ß - , J 6 : �+* J 0

0 J - , J1 :
�+* 1 0

0 ( 1 - .
2� Rotationto } 1: Replace�� a by �� a 
 i A� (andhence�� a by �� a 
 i A� ). Then

both �� a and �� a ( 1
becomeunboundednear1 andnear } 1. (Recallthat (our)

Cayley transformmaps} 1 to ∞; this is why this is important.)

3� Constructing�� 0 ���� 0: Set�� 0 :
�

T 6 �� aT ���� 0 :
�

T �� aT � where (8.81)

T :
� â

I 0 0 0
0 0 I 0
0 I 0 0
0 0 0 I ã � T

� �
T ( 1 2 C4 � 4 � T 6 : ��� I 0 0 0 0 0

0 I 0 0 0 0
0 0 0 0 I 0
0 0 0 I 0 0
0 0 I 0 0 0
0 0 0 0 0 I � 2 C6 � 6 (8.82)

(notethatT  (resp.  T) permutessecondandthird rows(resp.columns)andT 6Ï
(resp.  T 6 ) permutesthird andfifth rows (resp.columns)),sothat

S:
�

J2 9 2
1 :

�
diag
 1 � 1 �@} 1 ��} 1� � T & J1 0

0 J1 ' T � yJ � T 6 J 6 T 6 � and (8.83)�� 0

� yJ �� 0
�

T �� a

�
J 6 �� aT

�
T �� a

� & J1 0
0 J1 ' �� aT

� �� 0

�
S�� 0 g (8.84)

Thus,
�o�

0S
�

0 is a spectralfactorizationof
���

0
yJ � 0. Moreover, �� 0 is of form



8.4. J-COERCIVITY AND FACTORIZATIONS 391* �µ�
0 I2 � 2 - and �� 0

� yJ �� 0
� �� * 1 0

0 1 - & f 0
0 f '& f̄ 0

0 f̄ ' * ( 1 0
0 ( 1 -

�� � (8.85)

hence
�

0 is obviously minimax yJ-coercive w.r.t. C2 V C2 (see Definition
11.4.1). SeeExample11.3.7for the final claims. For clarity, we write out�� 0 (hereg :

�
h 
 i ��L� G :

�
h 
Õ} i A� ):
�� 0
� ��������

ig 0 g 0
G 0 G 0
0 ig 0 g
0 G 0 G
0 0 1 0
0 0 0 1

��������� g (8.86)

(c) 1� ConstructingΩ: Since
W
h
W
2 hasaholomorphicextension(namely1þ 2

and
�

3þ 2 on two disjoint opensets)to a neighborhoodof K ô ∂D, so hasits
spectralfactor, thatis, h (andits inverseh ( 1), by Lemma9.15.5.

Consequently,
<�

andhencealso
<�

and
<� ( 1 have holomorphicextensions

to aneighborhoodof K ô ∂D. Let Ω betheunionof thatneighborhoodandD.
2� Therest: Take Cayley transformsto obtainthat for any ε � 0, thereis a

compactsetK2
T C ( ì \ z 2 C ^^ W z � i

W � ε _ s.t.
<� � <� � <� ( 1 2 H∞ 
 Kc

2; G�
 C2 �"úÐ�@� .
In particular, thesefunctions are continuousat infinity, henceULR, even
uniformly half-plane-regular (to be exact,

�
and/or

� ( 1 is not stable
(at � i) but it is otherwise uniformly half-plane-regular). Consequently,�� 0 ���� 0

� 1 2 H∞ 
 Kc
2; G�
 C4 �ÕúÐ�@� . p

Next westatetheunstableversionof Theorem8.4.12:

Corollary 8.4.14(MTI 
 J � S� -inner r.c.f.) Let
� 2 TIC∞ 
 U � Y � , ó T TIC, J

�
J
� 2UG�
 Y � and S �� � S out.

(a) If
�

hasa 
 J �ÕúÐ� -innerq.r.c.f. Ú�Ù ( 1, then
�

and Ú areJ-coercive.

Let, in addition,
�

havea [q.]r .c.f.
��� ÚÅ6 Ùq6 ( 1. Thenwehavethefollowing:

(b1)Wehave(iii) r (ii) � (i), where

(i) Ú>6 is J-coercive(i.e.,
�

is J-coercive);

(ii) Ú>6 � J Ú>6 hasa spectral factorization;

(ii’) Ú 6 � J Ú 6 hasa spectral factorizationover ó ;

(iii)
�

hasa 
 J �ÕúÐ� -inner [q.]r .c.f.

(iii’)
�

hasa 
 J �"úÐ� -inner [q.]r .c.f. ÚÌÙ ( 1 with Ú��ÎÙ 2òó .

(b2) If Ú>6Õ�ÏÙi6 2°ó , then(ii’) � (iii’) � (iii) r (ii) � (i).
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(b3)Assumethat ÚÅ6"�ÎÙÀ6 2�ó , andthat óÀ
 U � satisfiesHypothesis8.4.7.

Then(i)–(iii’) are equivalent.Moreover, if somefactorization
�=� Ú�Ù ( 1

satisfies(ii) or (iii), then Ú��ÎÙû2ªó ,
� �ÎÙ ( 1 2 ULR, andwecanchoosethem

sothat
<Ù©
�/ ∞ � � I .

(b4) Assumethat Hypothesis8.4.7holds for óq
 U � , and that (iii’) holds. Set�
:
� Ù ( 1. ThenN

�
JN
�

SandD
�
JD
�

X
�
SX.

(b5) If J � 0, then(i) r (ii) r (iii).

Theorem9.9.10givesfurtherequivalentconditionsin termsof Riccati equa-
tions.Example8.4.13shows thatimplication(i) � (iii) doesnothold in general.

Theabove corollarywill beappliedin Chapters9 and11 to reduceinnerco-
primefactorizationsof unstablemapsto spectralfactorizationsof their stabilized
counterparts.

Notethat,by (b3),any 
 J �"úÐ� -innerr.c.f.
��� Ú�Ù ( 1 with Ú��ÎÙ 2 ó is actually

a r.c.f. over ó (i.e.,also y� � yÿ 2�ó for somestabley� � yÿ satisfying y� Ùl} yÿ Ú � I ).
If Ú and Ù areexponentiallystablediscrete-timemaps(cf. the remarkafter

Theorem8.4.12),then(i)–(iii) areequivalent;seeCorollary14.3.3.
Proof of Corollary 8.4.14: (a) This follows from “(iii) � (i)” of (b1) (takeÚ 6 � Ú , Ù 6 � Ù ) andLemma8.4.11(b1).
(b1)Wehave(ii’) � (ii) � (i) (even(ii’) r (ii) r (i) providedHypothesis8.4.7

is satisfied),by Theorem8.4.12.
“(ii) r (iii)”: If (ii) holds,i.e., � � S� � Ú>6 � J ÚÅ6 for some�J2z¢ TIC 
 U �h� S 2¢£G�
 U � , then Ú>6�� ( 1 is 
 J � S� -inner;thus,

��� 
ÎÚÌ6�� ( 1 ��
 Ùi6�� ( 1 � ( 1 is asin (iii).
Conversely, if

�Â� Ú�Ù ( 1 is a 
 J �"úÐ� -inner [q.]r.c.f., then, by Lemma
6.4.5(c), Ú>6 � Ú�� for some �k2=¢ TIC, hencethen ÚÌ6 � J Ú>6 � � � Ú � J Ú�� �� � S� is a spectralfactorizationof Ú>6 .

(b2) Implication“(ii’) � (iii’)” followsfrom theproofof “(ii) r (iii)”. Obvi-
ously, (iii’) � (iii); therestfollows from (b1).

(b3) By Theorem8.4.12, we have (i) r (ii’), henceall five claims are
equivalent,by (b2). Theorem8.4.12alsoimplies that necessarily�©2j¢Åó in
(ii), whichprovidesthe Ú��ÎÙ 2�ó claim,by theproofof “(ii) r (iii)” above.

Becauseó T ULR, wehave Ù ( 1 �CÚÌÙ ( 1 2 ULR, andM :
� <Ù©
�/ ∞ ��2i¢¦G ,

by Lemma6.2.5andProposition6.3.1(c). Therefore,we cantake M
�

I , by
Lemma6.4.5(a).

(b4)This follows from Lemma6.3.6(b).
(b5)This follows from (b1)andthelastclaim in Theorem8.4.12. p

Notesfor Section8.4
The Popov Toeplitz invertibility conditionof Proposition8.3.10andLemma

8.4.11(a1)is very commonin the literatureof stablecontrol problems[WW]
[S98c]. Our definitionof J-coercivity generalizesthis conceptto generalcontrol
problemsfor WPLSs. In a sense,it is the weakestassumptionthat guarantees
the existenceof a uniquesolution (with equivalencefor smoothsystemswithS �� � S exp anddimU � ∞ or D

�
JD 2b¢£G�
 U � ); seeTheorems9.2.16and10.2.11

andCorollaries10.2.3and9.2.19. However therearesingularcounterexamples
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at leastwhenU is infinite-dimensional(e.g.,take C
�

0, D � 0, D Y¤ 0, J
�

I ).
Singularcontrolproblemsarerarein practiceandin theliterature,andthey cannot
besolvedassatisfactorily; see,e.g.,[Stoorvogel] for thefinite-dimensionalcase.

Propositions10.3.1and10.3.2provide severalconditionsthatareequivalent
to J-coercivity. Many popularassumptionsin the literaturearespecialcasesof
theseassumptions[ZDG] [Keu]andmostothersarestronger[FLT]. Wehaveseen
nothingsimilar in theindefiniteunstablecase.

Thename“J-coercivity” is from [S97b]–[S98c],whereit meanstheinvertibil-
ity of thePopov Toeplitzoperatorfor astablesystem,andfor a jointly stabilizable
anddetectablesystemit meansthe J-coercivity of the correspondingstabilized
subsystem.From Lemma8.4.11(a1)–(b1)andTheorem6.6.28we observe that
thesedefinitionsarespecialcasesof thatof ours.

In thestablecase,themethodof Theorem8.4.3(asthefirst partof Proposition
8.3.10)is very old. Thesameholdsfor the reductionof unstableS exp problems
to thestablecase,asin Theorem8.4.5;its coprimenessmethodfor S sta hasbeen
usedin [S98b] and in [S98c, Section7] for jointly stabilizableand detectable
systems.SeeChapter5 for noteson the spectralfactorizationresultson which
Theorems8.4.9and8.4.12arebased.

Lemma8.4.11(a1)–(b1)areessentiallyfrom [S98c]. Part of Example8.4.13
was mentionedin [S98c, Remark 4.8], and its original form is due to Ilya
Spitkovsky in acommunicationwith JosephBall andOlof Staffans.
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8.5 Problemson a finite time interval

Lord of thefar horizons,
Giveustheeyesto see
Overtheverge of thesundown
Thebeautythat is to be.

— BlissCarman(1861–1929)

In this section,we swiftly review how the abstractoptimizationof Sections
8.1–8.2canbeappliedto finite-horizonproblems.Thederivationof furtherdetails
anddifferentialRiccatiequationtheoryis analogousto thatin theinfinite-horizon
case,but it requiresa lengthytreatment,henceweomit it.

Throughout this section, the letters U � H, and Y denote (complex)
Hilbert spacesof arbitrary dimensions,T � 0, J

�
J
� 2�G�
 Y � and

*�B DE F - 2
WPLS
 U � H � Y � . In finite time interval (finite-horizon)problems,the cost to be
optimizedis givenby 	�
 x0 � u� �OI T

0 K y 
 t �h� Jy 
 t �8M Y dt � (8.87)

(asopposedto T
� ∞ in othersections,i.e., in infinite-horizonproblems),where

x0 2 H is theinitial state,u 2 L2 
@. 0 � T � ;U � is thecontrolandy :
��N

x0 / � u is the
correspondingoutput. Oftenonewishesto addto 	 anendcost K x 
 T �h� Gx
 T �8M H ,
wherex 
 T � :

� `Ë
 T � x0 /�a τ 
 T � u is the(terminal)stateat timeT.
Theabstractoptimizationtheorycanbeappliedalsoto finite-horizonproblems

by usingthefollowing substitutions:

Remark 8.5.1(Sections8.1–8.2apply alsoto finite-horizon problems)
StandingHypothesis8.1.1is satisfiedwith substitutions

U �� L2 
@. 0 � T � ;U �h� X �� H (8.88)

Y� Ys �� L2 
@. 0 � T � ;Y �h� Z � Zs �� L2 
@. 0 � T � ;H �h� (8.89)â
A B

C D ã �� � π ¸ 0 9 T w ` π ¸ 0 9 T w a τπ ¸ 0 9 T w
π ¸ 0 9 T w N π ¸ 0 9 T w � π ¸ 0 9 T w � J �� J g (8.90)

It followsthat 	�
 x0 � u� � 3 T
0 � y 
 t ��� 2Y dt, wherey :

��N
x0 / � τu, for all u 2ÀS[
 x0 � �

L2 
@. 0 � T � ;U � andx0 2 H.
To add an end cost K x 
 T �h� Gx
 T �CM H , G 2fG�
 H � , one could substituteC ��& π ½ 0 Ó T Ô EB T ' � D �� & π ½ 0 Ó T Ô F π ½ 0 Ó T ÔD T ' , J �� * J 0

0 G - , Y� Ys �� L2 
@. 0 � T � ;Y ��V H.

In particular, “the stablecase”applies(in bothcases,althoughwereferbelow
to thecaseG

�
0). (ThesubstitutionSH
 x0 � � L2 
�. 0 � T � ;U � abovecorrespondsto

“ S exp
� S str

� S sta
� S out”.)

Assumethat“D
�
JD”

� π ¸ 0 9 T w ��� Jπ ¸ 0 9 T w � π ¸ 0 9 T w is invertible(this is thecaseif,
e.g., J � 0 and thereis a quadraticcoston u). Then the systemis J-coercive,
so that Lemma8.2.8providesus direct formulaefor ` crit 9 T ,

N
crit 9 T ,

Ä
crit 9 T , and

“ ! � C
�
JCcrit”.
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In particular, ! becomes(we shall set ! T :
� ! to distinguishbetweencost

operatorsfor problemsondifferentintervals,i.e., for differentvaluesof T)K x1 �"! Tx0M � I T

0 K J 
 N x1 ��
 t �L�§
@
 N / � Ä crit 9 T � x0 ��
 t �8M H dt g (8.91)

Assume,in addition,thatC 2iG�
 H � U � , D
�
JC
�

0. Then,asin the proof of
Lemma8.2.9,wehaveK x1 �"! Tx0M � I T

0 K C̀ t x1 � JC̀ t
crit 9 Tx0M H dt � (8.92)

and ` crit
� `�/qa τ Ä crit 2UG�
 H � Ã 
�. 0 � T 0 ;H �@� .

Again by Lemma8.2.9,with theadditionalassumptionthatD
�
JD 2f¢¦G�
 U � ,

wealsohave Ä
crit 9 Tx0

� }°
 D � JD � ( 1 
 π ¸ 0 9 T w a τπ ¸ 0 9 T w � � C � JC̀ crit 9 Tx0 g (8.93)

It seemsthatonecanrewrite Sections9.7and9.2for finite time; in particular,
thatauniqueJ-critical controlis of thestatefeedbackformwhenever

� 2 MTICL1

∞
andC is bounded,or

� 2eGe/ L2
∞ ú (we do not have to poseany requirements

on ` B (or a τ), sinceon a finite time horizonwe alwayshave “the stablecase”,
as in Hypothesis9.2.2(6.)–(7.)),and that the J-critical statefeedbackoperator
correspondsthento a uniquesolutionof thedifferentialRiccatiequation.

At leastwhen 	�
 x0 � u� � � y � 2, y
� . y1

u 0 , thesolutionconvergesstronglyto the
infinite-horizonsolution,asT � / ∞ (possiblywehaveto restrictT to asequence
convergingto infinity), and ! T � ! strongly. This followsby standardarguments
(seeLemma 4.2 of [FLT] in the caseof a boundedC; the samearguments
combinedwith LemmaA.3.1(i1)&(i4) alsoapplyto ageneralWPLS).

Thesituationis analogousalsoin thecaseof anextendedlinearsystem(see
Section8.6).

However, weleavethedetailsto thereader, becauseit seemsthatthisapproach
doesnot provide us with any additional information ! (e.g., we do not know
whether ! convergesin the way that !õ.H 0 T Dom
 B�w � even for the special

�
’s

mentionedabove). This is aninterestingopenproblem.

Notes
It is well-known that, undercertainregularity (see,e.g., [GL] for the finite-

dimensionaland [Jacob98], [Jacob01], [Jacob99], [FLT] or [LT00b] for the
infinite-dimensionalcase),1. one can show that ! T 2�G�
 H � Dom
 B�w �@� and
 Ä crit 9 Tx0 ��
 s� � } B

�
w ! T ( s̀

s
crit 9 Tx0, i.e., thatucrit

� } B
�
w ! T ( sxcrit; moreover, ! T

satisfiesthecorrespondingdifferentialRiccatiequation(asafunctionof T � 0); 2.
by letting T �®/ ∞, we obtainthat ! T , ucrit, xcrit andycrit converge(for a suitable
costfunction;for our techniquesonesufficientconditionseemsto bethatJ � 0).

Analogously, one could apply the abstractoptimization theory of Sections
8.1–8.2 to time-variant systems. Birgit Jacob[Jacob98]has formulated“tv-
systems”,whichareanatural(time-variant)generalizationof WPLSs,andsolved
the standardoptimal control problemon a finite time interval (the sameis done
for a generalizationof PS-systemsin [Jacob01]and for a generalizationof
WPLSswith boundedinput andoutputoperatorsin [Jacob99];thus, [Jacob98]
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is the most generalone). Her solution coincideswith the implications of
Lemma8.2.8combinedwith an equivalentof Remark8.5.1 for tv-systems,but
assumingthe equivalent of weak regularity (with D

�
JC
�

0), she obtainsthe
formula 
 Ä crit 9 Tx0 ��
 t � � } B

�
w ! T ( t ` t

crit 9 Tx0 (where B
�
w is allowed to be time-

varying). In [Jacob99],Jacobhassolvedthefinite-horizonminimizationproblem
for a nonstandard(general)costfunction for time-variantsystemsbut underthe
assumptionthat the input andoutputoperatorsarebounded.For time-invariant
WPLSswith boundedoutputoperators,thenonstandardminimizationproblemis
solvedin [BP] in termsof an integral Riccati inequality, by FrancescaBucci and
LucianoPandolfi.

Historicalremarkson theLQR problemaregivenin thenotesto Chapter6 of
[CZ]; alsofinite-horizonproblemsaretreatedtherein.

Over a finite time horizonwe have “ S exp
� S out”, becauseL2

loc 
�. 0 � T 0 ;H � �
L2 
@. 0 � T 0 ;H � , hencetheminimizationresultsin somethingresemblingmore S out

than S exp but having thenicestpropertiesof bothsettings.
In particular, if we let T � / ∞, we end up with a minimizing (henceJ-

critical) control over S out (not over S exp, andthe closed-loopsystemneednot
beexponentiallystable),andthestatefeedbackformulau

� } B
�
w ! T convergesto

u
� } B

�
w ! (or to someotheroperator, denotedby “ } B

� ! ” in [FLT], if wereduce
regularity assumptions),where ! refersto theJ-critical costoperatorover S out.
Naturally, thiscanbefixedby assumingthesystemto beestimatable(seeLemma
8.3.3).

It seemsthat the methodsof this monographcould be generalizedto tv-
systems.Thismightbeaninterestingsubjectfor futurestudies.
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8.6 Extendedlinear systems(ELS)

Humanbeliefs, like all other natural growths,eludethe barrier of
systems.

— GeorgeEliot (1819–1880)

In this section,we give guidelineson how to extend our optimizationand
Riccati equationresultsfor more generalsystemsthan WPLSs. Most readers
probably wish to skip this section(the resultsare not usedelsewhere in this
monograph).

Theoptimizationresultsgivenabove,suchasTheorem8.3.9(oftencombined
with Theorem8.4.3)requirethat S �� 
 x0 � Y� /0 for all x0 2 H. What if this holds
only for all x0 2 H1± 2, for someHilbert spaceH1± 2 s.t. H1

T
c

H1± 2 Tc H? If
“B 2HG�
 U � H1± 2 ( 1 � ”, thenwecouldreplaceH by H1± 2 andgoon— exceptthat a
neednotbewell-posedanymore.

Despite the generality of WPLSs, there are some interestingPDE-based
systemsfor which thereareno known finite costconditionresultsfor any choice
of statespacethatwouldmake a well-posed,asnotedin [LT93]. Therefore,in this
section,we shallgiveguidelineson how to relaxthewell-posednessrequirement
of a .

For systemsmentionedabove, to guaranteethefinite costconditionthestate
spacemustbechosento beverysmall(this causesthehighunboundednessof B),
andhencethe outputoperatorbecomesbounded;thereforewe assumethis, i.e.,
thatC 2´G�
 H � Y � , althoughbasicresultsof thissectionholdfor generalwell-posed
C too (seeRemark8.6.8).

Thus,we areagainsolving theproblem“x6 � Ax / Bu, y
�

Cx / Du, x 
 0� �
x0”, but this time we do not require a to be well-posed,i.e., to have values
in H (equivalently, to satisfy a π ¸ ( t 9 0w 2JG�
 L2 
@.ð} t � 0� ;U �h� H � ). The solution
Σ :
� *CB DE F - : . x0

u 0��� . xy 0 is called an ExtendedLinear System(ELS) underthe
assumptionsstatedbelow:

StandingHypothesis8.6.1 Throughoutthis section,we shall assumethat U,
H and Y are Hilbert spaces,that ` is a C0-semigroup on H, B 2fG�
 U � H ( 1 � ,
C 2[G�
 H � Y � , D 2UG�
 U � Y � , J

�
J
� 2[G�
 Y � and0 « β � ωA.

By Lemma6.3.16,
² A
C ³ generate

* B E - 2 WPLSβ 
 \ 0 _ � H � Y � (this is trivial, withN��
C̀ : H � Ã 
 R P ;U � ) and

² A B
I 0 ³ generate

*CB DB D τ - 2 WPLSβ 
 U � H ( 1 � H ( 1 � .
Thus,wecanandwill havethissectionbasedheavily onWPLSresultsandonthe
abstractoptimizationtheorySections8.1and8.2.

Moreover, a τ mapsL2
β / π P L2

loc to
Ã 
 R;H ( 1 � (becauseπ ( τu 2 Ã 
 R;L2

β � anda�2zG�
 L2
β;H ( 1 � ) andW1 9 2

β 
 R;U �>� Ã 
 R;H � (by Theorem6.2.13(b1),because
 H ( 1 � B � H).
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Wenow definesomespacesof allowableinputsu with graphnorms:

Definition 8.6.2 For all T 2b. 0 � ∞ � wedefineyUloc :
�¶\

u 2 L2
loc 
 R;U � ^^ a τu 2 L2

loc 
 R;H � _ � (8.94)S exp 
 x0 � :
�¶\

u 2 L2 
 R P ;U � ^^ ` x0 /�a τu 2 L2 
 R P ;H � _ 
 x0 2 H �h� (8.95)S ÷exp 
 x0 � :
�¶\

u 2 L2 
 R P ;U � ^^ ` x0 /�a τu 2 L2 
 R P ;H ��ô Ã 
 R P ;H � _ 
 x0 2 H �L�
(8.96)yUβ :

�¶\
u 2 L2

β 
 R;U � ^^ a τu 2 L2
β 
 R;H � _ � (8.97)yU ¸ 0 9 T w : �¶\ u 2 L2 
@. 0 � T � ;U � ^^ a τu 2 L2 
�. 0 � T � ;H �h�~a τT u 2 H _ � (8.98)� u � 2îUβ

:
� � u � 22 /J�@a τu � 2L2

β
� (8.99)� u � 2îU ½ 0 Ó T Ô : � � u � 22 /J�@a τu � 2L2 u ¸ 0 9 T w ;H w /J�@a τT u � 2H � (8.100)�

u :
� 
 Ca τ / D � u 2 L2

loc 
 R;Y � 
 u 2 yUloc �hg (8.101)

As for WPLSs,we extend a to G�
 L2
ω 
 R;U �h� H ( 1 � for thoseω for which a is

continuous;note that L2
ω à 
 R ( ;U � T

c
L2

ω for all ω 6 � ω. (Thus,u 2 yUloc implies

thatπ ( u 2 L2
ω for somesuchω.)

Obviously,
�

is time-invariantandcausalDom
 � �Ì� L2
loc, andW1 9 2

β 
 R;U �~�Ã 
 R;H � , althoughL2
β n Dom
 � � may be nonempty(and

� Y2 TIC∞ is possible;

take,e.g.,U
�

H, C
�

I , B
�

A s.t.
<� 
 s� � �a τ 
 s� � 
 s } A� ( 1A

�
s
 s } A� ( 1 } I is

unboundedoneachright half-plane(i.e.,A mustbenon-analytic;seeSection9.4).
Now we list thebasicpropertiesof ELSs:

Lemma 8.6.3 Letx0 2 H andT 2 R P . Then

(a1) a τ 2ÀG�
 yUβ � L2
β 
 R;H �@� , � 2�G�
 yUβ � L2

β 
 R;Y ��� , and
N

x0 / � u 2 L2 
 R P ;Y �
for all u 2eS exp 
 x0 � .

(b1)
*CB E - 2 WPLSβ 
 \ 0 _ � H � Y � and

* B DB D τ - 2 WPLSβ 
 U � H ( 1 � H ( 1 � .
(b2) π P � π ( �JN a on yUβ.

(c1) a τ 2ñG�
 WnP 1 9 2
ω 
 R;U �h� Wn 9 2

ω 
 R;H �@� , hence a τ : WnP 1 9 2
ω 
 R;U �f�Ã n 
 R;H � , and �È
Ïa τu� u nw 
 t ��� H « Meωt � u � WnÒ 1 Ó 2.

(c2)
N

x0 2 Ã 
 R P ;Y � ( 2 Ã k 
 R P ;Y � if x0 2 Hk :
�

Dom
 Ak �@� .
(d)
åa τu 
 s� � 
 s } A� ( 1B

<
u 
 s� , åN x0 
 s� � C 
 s } A� ( 1x0, and �� u 
 s� � 
 D / C 
 s }

A� ( 1B� <u 
 s� (if a τu 2 L2
loc) for all s 2 C PωA

, andu 2 L2
ω 
 R P ;U � , ω � Res.

(e)Whenω � Res � ωA andu0 2 U, wehavea τπ P esù u0
� 
 esù }U`���
 s } A� ( 1Bu0 2 Ã 
 R P ;H ��ô L2

ω � (8.102)� π P esù u0
�

esù <� 
 s� u0 } N 
 s } A� ( 1Bu0 2 Ã 
 R P ;Y ��ô L2
ω g (8.103)

In particular, π P esù u0 2 yU ¸ 0 9 T w .
(f) π ¸ 0 9 T w S ÷exp 
 x0 � T yU ¸ 0 9 T w Tc yUβ

T yUloc and yU ¸ 0 9 T w and yUβ areHilbert spaces.
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Proof: (a1)Obviously, a τ 2UG ; hence
�

:
�

Ca τ / D 2UG . Thelastclaim is
alsoobvious.

(b1)Thiswasnotedabove.
(b2)Now 
 π P � π ( u��
 t � � π P Ca τt π ( u

� π P C̀ t a u
� 
 N a u��
 t � , by 2. and

3. of Definition6.1.1.
(c1) This follows from Theorem6.2.13(c2)and Lemma6.3.19(because

now 
 H ( 1 � B � H, sinceB 2UG�
 U � H ( 1 � , i.e.,B is boundedto H ( 1).
(c2)This follows from Theorem6.2.13(c1).
(d) This follows from (b1)andthefactthat

�
:
�

Ca τ / D.
(e) This follows from (b1),Lemma6.2.10,andthefactthat

�
:
�

Ca τ / D.
(f) Let x0 2 H andT � 0. Becausè x0 2 Ã ô L2

β, wehaveπ ¸ 0 9 T w S ÷exp 
 x0 � TyU ¸ 0 9 T w . Obviously, yUβ
T yUloc.

Assumethatu 2 yU ¸ 0 9 T w . Setx 
 t � :
� a t u

� a t u (t � 0). Then

x 
 T / t � � a τT P tu
� a τt π ( τTu

� ` t a τT u
� ` x 
 T ��
 t � 0�hg (8.104)

hence � x 
 T /=���� L2
β
« M � x 
 T ��� H , whereM :

� �¡`ª� ê u H 9 L2
β u R;H w�w . Therefore,yU ¸ 0 9 T w Tc yUβ. p

The fact that
* ` a - and

* B E - are WPLSs offers us a wide range of
additional useful facts. Note that if

* A B
C D - generatea WPLS (i.e., a+2G�
 L2 
�.ð} ε � 0� ;U �h� H � , � 2[G�
 L2 
@. 0 � ε � ;U �h� L2 
@. 0 � ε � ;Y ��� for someε � 0), thenall

abovedefinitionscoincidewith correspondingWPLSdefinitions.

Remark 8.6.4 SubstitutingX �� H, U �� yUβ, Ys � Zs �� L2, Y� Z �� L2
β and* A B

C D - �� * B D τE F - , (cf. Remark8.3.4),weobtainthat S � S exp andthattheresults
of Sections8.1and8.2becomeapplicable. p

For example, the finite cost condition togetherwith J-coercivity imply the
existenceof a uniqueJ-critical control, and 	�
 0 �@A��� 0 implies that a J-critical
controlis minimizing. Also mostof Section8.3andmuchof furtherWPLStheory
remainvalid.

To give someexamples,we mentionexplicitly below two moreresultsfrom
Sections8.1and8.2:

Theorem 8.6.5(LQR) Assumethat S exp 
 x0 �¦Y� 0 for all x0 2 H. LetC
� * I

0 - 2G�
 H � H V U � , D
�+* 0

I - , J
� * Q 0

0 S - 2HG�
 H V U � , 0
�

Q 2UG�
 H � , 0
�

S 2[G�
 U � .
Then,for each x0 2 H, there is a uniqueJ-critical control, andthis control is

strictly minimizingover S exp 
 x0 � . p
(Thisfollowsfrom Remark8.6.4andCorollary8.2.7.)SeeTheorem8.6.6and

Remark8.6.7for correspondingclosed-loopsystemsandRiccatiequations.
Theassumptionscorrespondto D

�
JC
�

0,C
�
JC
�

Q ¤ 0,D
�
JD
�

S ¤ 0,and
thecorrespondingcostis givenby 	�
 x0 � u� � K x � QxM L2 / K u � SuM L2. Thus,standard
LQR problemsare covered; for the indefinite caseand H∞ problemswe need
slight changes.

TheELSvariantof Theorem8.3.9takesthefollowing form:
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Theorem 8.6.6(ΣcritΣcritΣcrit) Assumethat there is a uniqueJ-critical control ucrit 
 x0 �
over S �� for each x0 2 H. Define

Σcrit :
� �� ` critN

critÄ
crit

��
: x0 �� �� xcrit 
 x0 �

ycrit 
 x0 �
ucrit 
 x0 �

��
:
� �� ` x0 /�a τucrit 
 x0 �N

x0 / � ucrit 
 x0 �
ucrit 
 x0 �

�� g
(8.105)

Thenthefollowing hold:

(a) We haveΣcrit 2 WPLS( 1
0 
 \ 0 _ � H ( 1 � Y V U � and Σcrit 2bG�
 H � L2 
 R P ;H �ÌV

L2 
 R P ;Y �¿V L2 
 R P ;U �@� .
(b) Bysetting ! :

�JNÍ�
crit J

N
crit 2UG�
 H � weobtain	�
 x0 � ucrit 
 x0 �È/ η � � K x0 �"! x0M H /´	�
 0 � η �©
 x0 2 H � η 2ÀS exp 
 0�@�hg (8.106)

(c)
N

crit
�

C̀ crit / D
Ä

crit .

(d) If xcrit 
 x0 ��2 Ã 
 R P ;H � (equivalently, ucrit 
 x0 ��2JS ÷exp 
 x0 � ) for all x0 2 H,
thenΣcrit 2 WPLS( ε 
 \ 0 _ � H � Y V U � for someε � 0, Acrit

�
A / BKcrit and

Ccrit
�

C / DKcrit onDom
 Acrit � , hencethenDom
 Acrit � T HB, where

â
Acrit
Ccrit
Kcrit ã

are thegeneratorsof Σcrit.

HereWPLS( 1
ω is definedasWPLSω, exceptthatthesemigroup̀ needsto be

stronglycontinuous(i.e., “C0”) in H ( 1 normonly, i.e., �¡` x0 } x0 � H , 1 � 0 for all
x0 2 H.

However, from thefactthat ` critx0 2 L2 
 R P ;H �Èô Ã 
 R P ;H ( 1 � onecanusually
derivethefactthatactually ` critx0 2 Ã 
 RP ;H � , i.e.,that(d) applies;seeExamples
1.4.1–1.4.4of [LT93] for details.

Proof of Theorem 8.6.6: By Corollary8.1.10(andRemark8.6.4),Σcrit 2G�
 H � L2 � .
Also therestof theproof goesastheproof of Theorem8.3.9(useLemma

8.6.3)except(c), which obvious,and(d), which is givenbelow.
(d) Assumethatxcrit 
 x0 �Å2 Ã 
 R P ;H � for all x0 2 H, equivalently, that ` crit

is stronglycontinuous.Then ` crit is aC0-semigroup.Now theexponentialsta-
bility of ` crit andtherestof (c) followsasin theproofof Theorem8.3.9. p
Having given the above basic theory, we make two remarkson natural

extensions:

Remark 8.6.7 It seemsthatmostof theRiccatiequationtheory“on Dom
 Acrit � ”,
as given in Section9.7, can be extendedto this more general setting. (The
operators a t and

� t are definedon yU ¸ 0 9 T w and the equationsonly needto hold

on yU ¸ 0 9 T w .) Moreover, onecango on to derive“extendedB
�
w-CAREtheory”, the

ELSextensionof thetheoryof Section9.2undersimilar assumptions.
Finally, byusingRemark8.6.4,onecanwrite ELScounterpartsfor several of

the optimizationresultsof Chapters 10 and 11 (at least). In particular, instead
of the special(standard LQR) cost function of Theorem 8.6.5, we can useany
J-coercivecostfunction,over, e.g., S out too. p
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(Theoriginalproofswill do,mutatismutandis.)

Remark 8.6.8(Mor egeneralsystemsthan ELSs) Insteadof Hypothesis8.6.1,
the theory of this sectioncan be adaptedfor general well-posed

N
(i.e., s.t.*ZB E - 2 WPLS) andfor general unboundedB (e.g., B 2[G�
 U � H ( 827� ). p

(Weomit thedetails;themethodsareroughlythesame.)

Notes
Somespecialcasesof the theoryaregiven in [LT93], by IrenaLasieckaand

RobertoTriggiani, who treatsthe standardLQR problemandpresentexamples
of physicalELSs that are not WPLSs. LucianoPandolfi [Pandolfi] hastreated
minimizationof amoregeneralcostfunction,althoughunderaspecialcoercivity
condition and the assumptionsthat ` is analytic with the unboundednessof
B being less than 1 (“β �Ý} 1”) and 
 A � B� having a boundedexponentially
stabilizingstatefeedbackoperator.
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