Chapter 15

Quadratic Minimization

Large increasesn costwith questionablancreasesn performance
canbetoleratedonlyin racehorsesandwomen.

— Lord Kalvin

This chapteris mostly the discrete-timecounterpartof Chapter10. In
Section15.1, we first notethatthe discrete-timegorm of ChapterlOis true,and
thenwe presentsomefurther discrete-timespecificresultson minimizationand
H2 control problems;this correspondgo Sections10.1, 10.2 and 10.4. Most
resultsbecomeassimpleasfor WPLSswith boundednput andoutputoperators
(themainexceptionis thatS# D*JD in general).

Section 15.2 containsthe discrete-timevariant of Section 10.3, i.e., the
relationsbetweendifferentclassicalcoercvity assumptions.

In Section15.3, we presentdiscrete-timevariantsof Section10.6, namely
necessanandsufficient conditionsfor the Popw operatorD* JD to be uniformly
positive (> €l for somee > 0). Sectionl15.4is the discrete-timecounterparof
Sectionl0.5,containingextendedyeneralizedormsof TheStrictBoundedReal)
LemmaandThe Strictly Positve (Real)Lemma. In Section15.5, we shawv that
ary strongly stabilizing solution of a positve DARE (or of the corresponding
Riccatiinequality)is the maximalone.

Throughoutthis chapter we assumethat StandingHypothesesl4.0.1 and
10.6.6hold (thelatteris satisfiedoy, e.g.,4.. = tic).
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15.1 J-critical control and minimization

Everythingtakeslonger, costsmore, andis lessuseful.
— Erwin Tomash

We first statethatthe discrete-timeversionsof Chapterl0 hold, andthenwe
give more eleggantdiscrete-time-specificesults. For example,thereis a unique
minimizing exponentiallystabilizingcontroliff the eDARE hasanexponentially
stabilizing solutionwith positive signatureoperatoy by Corollary 15.1.3. Under
suitablecoercvity assumptionspne neednot checkwhetherthe solutionof the
eDARE is stabilizing;see,e.g.,Corollary 15.1.6;the specialcasefor anLQR is
givenin Corollary15.1.7.The minimizing statefeedbackoperatoralwayssolves
also the H? statefeedbackcontrol problem,as shovn in Theorem15.1.8. For
finite-dimensionabkystemsall this thisis essentialljknown, anda specialcaseof
Corollary15.1.7wastreatedn [CZ].

We startby verifying thatthe resultsof Chapterl0 holdin their discrete-time
formstoo:

Theorem 15.1.1 (Chapter 10 applies) The resultsof Chapter 10 hold modulo
thechangesgivenin (13.63).

Standing Hypothesis10.6.6 is satisfiedby, eg., 4, = tic. Hypothesis
10.6.1(1.)—(6.)are satisfiedby all D € tic (whenwe interpret (13.63)sothat the
requirement'(S =)X*X = D*JD” isremaoed).

Recall that CAREs and Bj,-CAREs must be replacedby DAREs; e.g.,
the LOQR-CARE and the LQR-B},-CARE becomethe “LQR-DARE” (15.5).
Naturally, this alsoappliesto simplified forms of CAREs(i.e., to CAREsunder
simplifying assumptions)g.g., (10.3) becomeq15.6). Analogously equations
suchasS= D*JD or S= R+ D*QD mustbereplacedoy S= D*JD + B*PB or by
S= R+ D*QD+ B*?PB, respectiely.

To malke thingsclear we have rewritten mostmainresultsof ChapterlOinto
this chapter;due to boundedinput and output operators,most of theseresults
arestrongerandmoreelegantthantheir continuous-timecounterpartsThe main
differencesarethata uniqueminimizing (or J-critical) controlis alwaysof state
feedbackorm (asin continuoudimein the caseof bounded), andthatwe need
no regularity considerationgnor correspondingssumptions).

This sectioncontainsmost main resultsof Sections10.1 and 10.2, starting
from the most generalones. See Section15.2 for the discrete-timeform of
Section10.3, Theorem15.1.8for the H2 problem(Section10.4), Section15.3
for Section10.6,andSection15.4for Section10.5.

Proof of Theorem 15.1.1: The sameproofsapply mutatismutandis.For
Hypothesisl0.6.1(1.)—(6.)recallthat (13.63)removesary regularity require-
ments;seethe proof of Lemmal10.6.2(c)(8.)for “(6.)” (andrecallthat(13.63)
replaceghe B},-CARE by the DARE). O

By combiningTheoreml4.1.6andTheoren9.9.1(a2)we obtain:

Theorem 15.1.2 (Unique minimum) Thefollowing are equivalent:



() thereis a unigueminimizingcontrol for ead xp € H;

(i) 7(0,-) > 0O, and the eDARE has a [unique] U}-stabilizing solution with
S>0;

(i) thereis a unigueminimizingstatefeedba& opemator for Z.

If (?,SK) is asin (i), thenthe minimizing state feedbak is given by
Umin(t) = Kx(t), the minimal costis J(xo,Umin) = (X0, PXo), and the cost for
closed-loognputugs € c:(N;U) is givenby

(%0, o)y + (Uos, Sz - (15.1)
O

(The condition 7(0,-) > 0 is redundantt leastfor U = Uexp, by Theorem
9.9.1(k).SeeTheorem9.9.1for moreon (2, S,K).)

A solutionwith S> 0 would still be minimizing (and?, S andK might all
be unique)but the minimizing controlwould no longerbe unique;seeTheorem
9.9.1(f2)for details.

CombineTheorenB.4.2andTheoren®.9.1(k)to theabove theoremto obtain

Corollary 15.1.3 Theeis a uniqueminimizingcontrol over Uep for eat xo € H
iff theeDAREhasan exponentiallystabilizingsolutionwith S > 0. 0

If D is positively J-coercie, then the existenceof ary allowable control
impliesthe existenceof a uniqueminimizing control:

Corollary 15.1.4 (Coercive minimization) Assumehatthereis e > 0s.t.
JOu >efullz,  (ue U (0)). (15.2)

Assumethat Z® is refleive (e.g., that U = Uyt Or Uy = Uexp). Thenthe
following are equivalent:

(i) thereis a uniqueminimizingcontmol over U; (Xp) for ead g € H;
(i) U (x0) # Ofor eath xp € H;
(iii) theDAREhasa U} -stabilizingsolution(?,S K).

If (iii) holds,thenS>> 0, K is the uniqueJ-critical statefeedbak operator,
andtheminimal costis givenby 7 (Xo, Umin(Xo0)) = (X0, PXo) (X0 € H). 0

SeeLemma8.4.2 for mostcommon|| - ||:’s. SeeProposition10.3.1 for
equialentconditionsfor (15.2)in caseU; = Upyt.
Proof: By Lemma8.2.3(c2),D is positively J-coercve, henceTheorems
8.2.5and 8.1.10apply By Corollary 8.1.8, the unique J-critical control is
strictly minimizing (on U(x)). O

A specialcaseof this is the standard_QR problem;evenin somevhatmore
generalLQR setting,the existenceof a solution becomesquialentto positive
J-coercvity:



Corollary 15.1.5 (Standard minimization) AssumehatJ > 0 and D*JD > 0.
Thenthefollowing are equivalent:

(i) Theris a minimizingu € Uexp(Xo) for eac xg € H.
(i) TheDAREhasa Uep-stabilizingsolution(?, S, K).

(i) X is exponentiallystabilizable andD is J-coercive(i.e., any (henceall) of
(i)—(iii) of Proposition15.2.2holds).

If (i) holds,then? > 0, S>> 0, K is the unique J-critical statefeedba&
opefator, andtheminimal costis givenby 7 (Xo, Umin(Xo0)) = (X0, PXo) (X0 € H).

If weremaretheassumptiond > 0 andD*JD > 0, thenwemustassumehat
uis uniquein (i), andS:= D*JD + B*PB > 0in (i) and (ii) above;thenalso(i’)
and(ii’) of Proposition15.2.2becomanetely suficientin (iii). 0

(Thisfollowsfrom Propositionl5.2.2(e)&(f1)andTheoreml4.2.7.)

SeePropositiorl5.2.2andthecommentdollowing it for additionalequivalent
conditions. However, even for U = Uep, theremay be a minimizing control
evenwithout J-coercvity, seeExample9.13.3(which caneasilybe modifiedto a
discrete-timeaxample).

For the standard.QR costfunction 7 (xo, u) := [|ya||3+ [|u[l3 (i.e.,C =[],
D= [Dl‘l] , J = 1) andothersimilar ones we have thefollowing:

Corollary 15.1.6 (Coercive minimization: 2, and P_) AssumehatJ > 0and
D*JD > 0, andthatthereis € > 0 s.t.

(%0, U) 1= (Cx0 + DU, I(Cxo +DU)) 2 vy > ENlUlZ (X0 € H, uzN—U).
(15.3)
Thenthefollowing are equivalent:

(i) theeDAREhasa nonn@gativesolution;

(i) (FCC) Uout(xo) # 0 (i.e., infy J(Xo,u) < o) for all xo € H,
(iii) (Uour-min) the eDAREhasa smallesthonngativesolution(?_,S_,K_);
S > 0; andK_ is strictly minimizingoverall u: N — oo (henceover Ugyy).

Assumdiii). Then
(a) (Uexp-min) Thefollowing are equivalent:

(") thereis a minimizingcontrol over Uep(Xo) for eadi Xo € H;
(i") the[e]D AREhasan exponentiallystabilizingsolution.

If (i"—(ii") hold, theneDAREhas(a) greatestsolution(?,,S;,K;), Sy >
S_ > 0, andK_ is strictly minimizingover Uexp.

(b)If [ A | B | isstronglystable(resp.Z is exponentiallyg.r.c.-stabilizableor
exponentiallydetectableg.g., C*C > 0), then?_ is theuniquenonngative
solution of the eDARE, and it is strongly stabilizing (resp. exponentially
g.r.c.-stabilizing).

Thus,thenthis solutionis strictly minimizingover {u: N — U}, Uout, Usta
and Usy (resp.and Uexp).



Thus, if C*C > 0, then, by (b), arny nonn@ative solution is the unique
nonngative solution,minimizingoverall u: N — U andexponentiallystabilizing.

By Theoreml14.1.4(e)&(a),P- is the unique Uyyr-stabilizing solutionof the
eDARE (if (iii) holds),and?; is theuniquestabilizingsolutionof theeDARE (if
(ii") holds).

SeeTheoren9.2.10(or Section10.1)for a continuous-timesounterpatrt.

Proof: 1° (iii) = (i)=-(ii): Obviously, (iii) implies(i). Sinceary nonngative
solutionof the eDARE is SOS-stabilizingpy Proposition10.7.3(d),we have
‘(1) =(i)".

2° (i)=(iii): Assumg(ii). SinceD is J-coercveover Uy, thereis aunique
minimizing control over Uyyt(Xo) for eachxg € H, by Theorem8.4.3,andthis
control correspondgo the smallestnonneative solution (P-,S_,K_) of the
eDARE, asshowvn in (theproofof) Theorem9.9.1(a2).SinceS_ > D*JD > 0,
condition(iii) holds.

(@) If (P+,S;,K;) is an exponentiallystabilizing solution of the eDARE
(asin (ii")), thenK, is minimizing over Uep, by Theorem9.8.5andTheorem
9.9.1(a2),S;y > S_ > 0 and P, is the greatestsolution of the eDARI, by
Theoreml5.5.2.

To completeto proofof (a), we assuméi’) andprove (ii"). Theminimizing
controlfor xg = Ois obviously unique namelyu = 0. Thereforetheminimizing
controlover Uep(Xo) is uniquefor ary Xo € H, by Lemma8.3.8.Consequently
thereis a Uexp-stabilizingsolutionof theeDARE, by Theorem14.1.6.

(b) 1° Assumethat | A | B ] is stronglystable. Let > 0 be a solution
of the eDARE with closed-loopsystemZs. Then P is SOS-stabilizing,by
Proposition10.7.3(d),so that A = A+ BKy and By = BM are strongly
stable by Theorem6.7.15(d);thus,? is stronglystabilizing. Sincethe strongly
stabilizing solutionis unique,by Theorem14.1.4(a),? mustbe equalto P
(and?y).

2° Assumethat 2 is exponentiallyg.r.c.-stabilizableor exponentially de-
tectable.Sinceary nonn@ative solutionis SOS-stabilizingit is exponentially
g.r.c.-stabilizing by (b1)or (c1) of Theorem6.7.15,henceunique,henceequal
to P (and?,).

3° SinceP_ is Uyyr-stabilizing, it satisfiesPB) over Uyyt, henceover the
smallerclasseslsta, Ustr and Uexp t00. SinceP_ is strongly (resp.exponen-
tially) stabilizing,we have KsXo € Ust(X0) C Usta(X0) C Uout(Xo) (resp.and
KXo € Uexp(Xo)) for all xg € H for the correspondingl s, sothat 2_ is also
Ustrstabilizingand Usy-stabilizing (resp.and Uexp-stabilizing). O

By substitutions) := [2 2], C— [§], D~ [P], we obtainthe costfunction

[oe]

j(Xo, U) = %«yka ka>Y + <Uk, RW)U) (154)
K=
andhencethefollowing corollary (of Corollary 15.1.6):

Corollary 15.1.7 (LQR: ¥ {0 ([ly; 12 +|ujll3)) LetR Q> 0. Thenthe follow-
ing are equivalent:



(i) thereis a(y, Qy),2 + (u, R .-minimizingcontrol overall u: N — U for ead
Xo € H;

(i) for eadh g € H thereis u € £2(N;U) s.t.y € £2;

(iii) the DARE
P = A"PA+C'QC - K*K,
S=R+D*QD+ B*PB, (15.5)
K =-S1(D*QC+B*PA),

hasa nonngativesolution?.

If (iii) holds, thenthe smallestnonngative solutionis minimizingover all
u:N—U.

Thee is a minimizingcontrol over Uy iff the DARE has an exponentially
stabilizingsolution ?, ; sud a solutionis strictly minimizingover Uep andthe
greatestnonngativesolutionof the DARE.

If Z is exponentiallydetectablgle.g., C*C > 0), thenthe DARE hasat most
one nonngative solution,and sud a solutionis necessarilystrictly minimizing
over Ueyp. 0

(This follows from Corollary 15.1.6. Above, as elsavhere, Xy 1 := AX, +
Bun, Yn := CXn+ DUy, and Ueqp(Xo) = {u € £2(N;U) | x € £2}. Notethatthe cost
is finite for u € Uout(Xo) only.)

Thus, in the LQR problem, we only have to find a maximal or minimal
solution, dependingwhetherwe wish to require the stateto be stableor not.
Then we shall checkwhetherthis condition satisfies(PB) for Uyt or whether
it is exponentiallystabilizing;seeTheorem10.1.4(b1)&(b2).

If D =0, then(15.5)reducego

P = A*PA+C*QC— A*PB(R+B*PB)1B*PA. (15.6)

andthe minimizing statefeedbackeducego u = —(R+ B*PB) ~1B* PAX,
The minimizing state feedbackoperator always solves also the H? state
feedbackandfull-information controlproblems:

Theorem 15.1.8 (H2 problem) Assumehatthere is a minimizingstatefeedbak
opefator K over U;. LetB; € B(W,H),

ThenK solvesthe H2 problem (strictly if K is strictly minimizing), e, it
leadsto the minimizationof the cost || Du + CBaWol| 2Ny (= (2rm)~Y/?|| DG+
C(1 — zA~'Ballizpy)) (Whee uy := Kx for all k € N), for eah wp € W; see
Figure 10.2. 0

(Thisis Theoreml10.4.2in its discrete-timdorm.) Notefrom Theorem15.1.1
thatalsotherestof Section10.4holdsin its discrete-timegorm.

Notes
Finite-dimensionaiminimizationproblemshave beenstudiedextensiely, see

e.g.,[LR] for ratherup-to-dateresultsandhistoricalremarks.Seealsothe notes
to the sectionsof ChapterlO.



A classicalarticle on the stableinfinite-dimensionabiscrete-timeminimiza-
tion problemsis [Helton76b],whereWilliam Heltonusesa spectralfactorization
approachwith the factorsallowed to be noninvertible, so that also somesingu-
lar costfunctions(with D*JC = 0) arecovered,at the costof lessdirectresults.
Undercertainassumption®n reachabilityand cost, Helton shows that a certain
positive “eDARE” hasa solutioniff the Popos operatorD*JD canbe written as
X*X for someX € tic.

A standard_QR resultcanbe foundfrom Exercise6.34 of [CZ] (closeto the
LQR caseof Corollary15.1.4).

The finite-dimensionabliscrete-timeH2-problemis explainedandtreatedon

pp.271-2740f [IOW].



15.2 Standard assumptionsin discretetime

Theexplanationrequiringthefewestassumptionss themostlikely to
becorrect.

— William of Occam,(c. 1285—c. 1349)

Thisis thediscrete-timeequivalentof Section10.3,with essentiallythe same
results.

Positive J-coercvity is the standardcoercvity assumptionin minimization
problems(e.g.,LQR andH?), andit is alsoposedn H® problemson a partof the
system.In this section,we presenseveralequialent(or sufficient or necessary)
conditionsfor positve J-coercvity over Ugyt OF Uep. The former meansthat
the outputis coercive w.r.t. to theinput (||y|| 2 > €||ul|,2 for somee > 0 whenever
u,y € £2 (andxg = 0); seeProposition10.3.1),andthelattermeanghatthe output
is coercize w.r.t. to boththeinputandthestate(||y|| 2 > € (||ul|,2 + ||X||,2) for some
£ > 0wheneveru,x,y € £2 (andxy = 0); seePropositionl5.2.2).

We startwith thesimplerone,namely Upyt:

Proposition 15.2.1 (Uout: Y € £2 = u € £2) Proposition10.3.1holds also in its
discrete-timeform. However, Proposition 10.3.2 becomesProposition 15.2.2,
sincenow Stakestherole of D*JD.

Proof: (We only needto prove Propositionl0.3.1,sincePropositionl5.2.2
is provedbelow.)

(a)&(c)&(d) Theoriginal proofsapply (mutatismutandis).

(b) AssumethatdimU x H x Y < e andthat> = (28] € wpls(U,H,Y).
Sincenow D is rational, sois F := O~1ID (by Proposition13.2.5(b3); use
Lemmal3.2.6to guaranteghat||F(w)|| < o if —1 is amongthe polesof D).
Consequentl,y]@ hasa finite-dimensionatealization(see,e.g., Section6.4 of
[LR] or Theorem1.13.20f [IOW]), andwe canapply Proposition10.3.1(b)to
this realizationto obtainthe sameclaims (in their discrete-timeforms) for 2.

U

The casefor Ueyp is moretricky, thoughyet essentiallysimplerthanthatin
thecontinuoudime:

Proposition 15.2.2 (Uep: Y€ £2=> u,x€ £2) Let 3 := [212] € wpls(U,H,Y).
Letd=J* € B(Y), andset
K(Xo, Up) :={(CXo+ Dup),J(Cxo+ Dup)), J(0,u) := (Du,IDu). (15.7)

We have the following implications betweenthe conditions (i)—(iii’) given
below:

(a) Eadh of conditions(i)—(iii") is invariantunderadmissiblestatefeedbak (in
the sensehat if Z, is the correspondingclosed-loopsystemthen [%H%}

satisfieqi) (resp.(), ...) iff [%%] satisfieqi) (resp.(i), ...)).



(b) If X is estimatablethen Uyyt = Uexp; hencethen(i) becomegquivalento
(ai) of Proposition10.3.1.

(c) (N =()=(i") <(ii)<(ii)=(iii"); and (ii") =(ii) (without further assump-
tions).

(d) (dim< ) AssumehatdimU x H x Y < co. Then(iii) <(iii") <(vii).

Assumein addition,that X is exponentiallystabilizable Then(i), (i), (ii),
(iii), (iii"), (v) and(vi) are equivalentto eat other (andto (ai) and (bii)—
(biv) of Proposition10.3.1if X is exponentiallydetectable).Moreover, in
(i), (i), (i) and(iv), wemayreplace“z € 0D” by“z € E”, wheeE C dD
is dense

(e) Assume is exponentiallystabilizable D*JD > 0 andJ > 0.

Then (i)—(iii), (v) and (vi) are equivalent, and the word “unique” is
redundanin (v).

(fl) If X is exponentially stabilizable then (") <(ii’), and
()= (i) (i) < (vi)=(iii") &(v).

(f2) If Z is exponentiallystabilizableand dimU < o, then (i)<(v) (seealso

(f1)).

(i) 7(0,u) > € (||ul|3+ ||Btul|3) for somee > 0 andall u € Uexp(0);
I.e., D is positivelyJ-coerive over Ueyp.

(") 7(0,u) > €||Brul|3 for somee > 0 andall u € Uexp(0), andD*ID > 0.
(") 7(0,u) > € (||ul|3+ ||Btu||3 + ||Dul|3) for somee > 0 andall u € Uexp(0).
(i) Theeise > 0s.t.

(z—A)xo = Bup => K (X0, Uo) > &(||xolly +[Uoll§) (o €H, €U, z€aD).
(15.8)

(i) D*JD > O0andtherise > 0s.t.
(z—A)xo = Bug = K(Xo, Up) > £||%ol|Z (% €H, upeU, z€ D). (15.9)

(i) Therise > 0s.t.T; [{ 9] T,> €l (zedD)onH xU, wheeT,:= [=%]].
(i) T; [L9] T, >0 (z€ aD). Equivalently

zedD & [J] #[B]€H XU & (z—A)xo=Bup = K(Xo,Up) > 0.
(15.10)

(iv) Thee is € > 0 s.t. {Uo, D(2)*ID(2)uo) > € (||uolld +|(z*—A) B3
fora.e ze oD.

(v) Thee is a uniqgueminimizingu € Uexp(Xo) for eadi xo € H.
(vi) TheDAREhasan exponentiallystabilizingsolutionwith S>> 0.
(vii) (C,A) hasnounobservableodesonoD, J=1, D*D > 0andD*C = 0.



By Examplel5.2.3,D*JD > 0 (henceneither(i’) and(ii")) is notimplied by
ary of (i)—(vi) except(trivially) by (i") and(ii’). (Intuitively, thisfollowsfrom the
factthat(z * — A)~1B = zis boundedaway from zeroon aD in the example;the
samecannothapperfor (- — A)~1B oniR (for WPLSSs).)

Example 15.2.3 Let s := (é}—g) = (%). ThenZ € wpls(C, C, C) is exponen-
tially stableandD = 1! (notethatyn = X, = un_1 for all n).

Moreover, Z andJ := 1 do not satisfy(i’) nor (ii’) (sinceD*JD = 0) but do
satisfythe otherassumptionsf Propositionl5.2.2. N

Thus, the “correct” assumptionin (i) and (ii’) would be “S > 0", not
“D*JD > 07, but the former cannotbe formulatedwithout P, hencewe prefer
having sufficient conditionsinsteadof necessarandsufficient conditions.

This important differencemalkes several DARE resultseither “weaker” or
morecomplicatedhantheir CARE counterpartsTo makethingssimpler weshall
oftenassuméhatD*JD > 0 & J > 0 evenwhenthis conditionis notnecessary

If J>> 0 (equvalently, J = 1), we getthefollowing equivalentformsof above
conditions:

() IDull2 > e([[Brull2 + [Jull2);
(i) (z—A)xo = Buo = [|Cxo+ Duo|ly > £(||XollH + [|uo|lu);
(i") D*D > 0,and(z— A)xg = Bup = ||Cxo + Duplly > €||%ol|H;
(ii") T,:= [Az%E] hasafull columnrank(i.e., T, T, > €l) onH x U for all z€ aD;
(iv) [|D(2)uo|| > £(||uo|| +||(z = A)~1Bug|| for a.e.z€ aD andall up € U
(for somee > 0).
Proof of Proposition 15.2.2: The original proofsapply mutatismutandis
(thisrequiresslightly morethan(13.63)).
In fact,the proofsbecomemucheasienin mostcasessincewe do nothave
to worry aboutregularity; useLemmal3.3.19in placeof Lemma6.3.20.
(Note thatwe would have to replacez by z 1 outside(iv) and(iv’) to have
all Zs correspondo eachother)
We have combinedthe modifiedversionsof (g1) and(g2) with (c).
Thefirst conditionin (vii) meanshatKer([?2*]) = {0} for all z€ dD.
In 2.1° of the proof of (f), usethe Cayley transformof the function f
providedby LemmabD.1.24.

The only “new” claim is the redundang of uniquenessn (e). However,
whenJ > 0 andD*JD > 0, then

(y,Jy), 2 = (Cx+ Du, J(Cx+Du)),_ > > (u,D*IDU) > g||ul|3 (u€ £3(N;U))
(15.11)
for somee > 0, wherex := Btu. Consequentlythen 7(0,-) hasa unique
minimumatu = 0. It follows Lemma8.3.8thattheword “unique” is redundant

in (v). 0

(Seethenotesonp. 583.)



15.3 Positive DARES

| haveyetto seeanyproblem howerer complicatedwhich, whenyou
lookedat it in theright way, did not becomestill more complicated.

— PoulAnderson

Now we presentliscrete-timesquialentsof the mainresultsof Section10.6,
namely necessaryand sufficient conditions, in terms of Riccati equationsand
inequalities for the Popas operatorD*JD to be (stableand) uniformly positve
(> ¢l for somee > 0). Thereademayfind the equivalentcondition“D*JD > &l
on dD” (in Lgong0D; B(U))) morefamiliar. The proofsareanalogougo their
continuous-timecounterpartandhenceomitted. SeeSection10.6for additional
remarkstoo.

We first notethatuniform positwity is equivalentto the existenceof a positive
spectralfactorization,aswell asto the existenceof an1/O-stabilizingsolutionof
the DARE:

Lemma 15.3.1 (D*JD > 0 < SpF <> DARE) Let % = [22] € wpls(U,H,Y)

bestronglystableandJ = J* € B(Y). Thenthefollowing are equivalent:

(i) D*JD > 0.

(i) D*JD = X*X for someX € Gtic(U).

(i) TheDAREhasan I/O-stabilizingsolution? = P*, with S>> 0.

(iv) TheDAREhasa solution? = P* s.t.5>> 0, andM(2) = | +K(z 1 — (A+
BK))~1Bisin H*(D; B(U)).

Moreover, if a solution P of (iii) or (iv) exists, thena stable and strongly
stabilizingsolution? of the DAREexistswith S>> 0.
If < is exponentiallystable thenwe haveonemore equivalenicondition:

(v) TheDAREhasa solution? = P* with S>> 0 ando(A+ BK) C D.
Condition(vi) is suficientfor D*JD > O:
(vi) TheDAREhasa solution®? = P* with S> 0. 0

In mary applicationswe have C*JC < 0 andZ € SOS,andthis allows usto
dropary stability assumptionandavoid checkingary stabilizationconditions as
long as(non-uniform)nonnaativity (D*JD > 0) is sufficientfor us. Indeed then
thenonneatiity of thePopw operatoiis “practically equivalent”(cf. Proposition
15.4.2)to the existenceof a nonpositve solutionto the Riccatiinequality:

Proposition 15.3.2 (D*JD > 0 < DARI) AssuméhatC*JC < 0. Thenwehave
(ii) = (iii) = (i) «<=(iv) for thefollowing conditions:

(i) D**JD* > Oforallt > 0.

(i) Theeis? <0s.t.S:=D*IJD+B*PB > 0and

A*PA—P+C*IC A*PB+C*ID

)*
B*PA+D*JC s > 0. (15.12)



(i) Theeis? <0s.t.
S:=D*JD+B*PB>0, and (15.13)
(B*PA+D*JC)*S 1(B*PA+D*JC) < A*PA—P+C*IC.  (15.14)

(iv) D € ticandD*JD > 0.
Moreover, thefollowing hold:

(@) If D e tic, thenwe have(i)<(iv).
(b) If £ € sosandD*JD > 0, then(i)—(iv) hold (in fact, we can haveequality

in (10.81)).
(c) If D € tic andB is stronglystable thenwe canreplace* ? < 0" by P = P*
everywhee in this proposition. 0

(UseLemmalb5.5.1in the proof of “(iii) =(i)".)

Similarly, uniform positivity (D*JD > €l) with exponentialstability is equiv-
alentto the existenceof a nonpositie solutionto the uniform Riccatiinequality
(still assuminghatC*JC < 0). Thistime neitherthe systernor the solutionneed
be stabilizing(a priori):

Theorem 15.3.3 (D*JD > 0 < DARI) AssumeéhatC*JC < 0. Thenthefollow-
ing are equivalent:

() Z is exponentiallystableand D*JD > 0.
(i) Thereis P < 0s.t.

A*PA—P+C*JC A*PB+C*ID
B*PA+D"JC D*ID+B2B| > ¥ (15.15)
(i) Theeis? <0s.t.S:=D*JD+B*PB> 0and

(B*PA+D*JC)*S 1(B*PA+D*JC) < A*PA—P4+C*JC.  (15.16)

Moreover, any solution of (i) or (iii) satisfies? < 0 (and there is an
exponentiallystabilizingsolutionif (i) holds). 0

(Seethenotesonp. 595.)



154 Real lemmas

Progressmeangeplacinga theorythatis wrongwith onemore subtly
wrong

In this section,we presenthe BoundedRealLemmay(in two forms) andthe
Strict Positve RealLemma;seeSection10.5for anintroductionandcorrespond-
ing continuous-timeesults. The proofs are analogoudo their continuous-time
counterparteandhenceomitted.

We startwith necessargndsufficient conditionsfor the normof thel/O map

to belessthana givenconstant:

Theorem 15.4.1 (Generalized Strict Bounded Real Lemma) Assumethat y >
0. Thenthefollowing are equivalent:

(i) Z is exponentiallystableand ||D|| <.

(i) Thereis P <0s.t.

A*PA—P—-C*C A*PB-C*D

B'PA_D'C VA —DD+B2B| > (15.17)

(iii) Theris ? <0s.t.S: =yl —D*D+B*PB>> 0and
(B*PA—D*C)*S™}(B*PA—D*C) < A*PA— P —C*C. (15.18)

Moreover, any solution of (i) or (iii) satisfies? < 0 (and there is an
exponentiallystabilizingsolutionif (i) holds). 0

As before,||D|| := [[Dl}si = [|Dllic := Dl pe2z:u),e2z:v))-
For ~ € sos we have an “almost equivalence”that can be usedto find an
estimateof the normof D

Proposition 15.4.2 (Nonexp. ||D||ic <Y) Assume/ > 0.

If (ii) or (iii) holds,thenD € tic and||D|| <.

Corversely if X € sosand||D|| <y, then(ii) and(iii) hold (alsowith “ =" in
placeof“ >").

Here we havereferredto thefollowing conditions:

(i) Theris ? < 0s.t.y?l —D*D+B*PB > 0and
A*PA—P—C'C  A*PB—C'D
B'PA_D'C 2 —DD+B?B| =% (15.19)
(iii) Thelis 2 < 0s.t.S:= 2l — D*D+B*PB > 0 and
(B*PA—D'C)*S (B*PA—D'C) < A"PA—P—C'C.  (15.20)

Moreover, (i) and (iii) are equivalent. If B is strongly stable thenwe can
replace” P < 0" by P = P* everywhee in this proposition. m



Theorem 15.4.3 (Generalized Strictly Positive (Real) Lemma) The following
are equivalent:

() Z is exponentiallystableandD is strictly positive(i.e., D+D* > 0);
(i) Thereis P < 0s.t.

A*PA—P  A"PB+C*

B*PA+C D+D*+B2B| > % (15.21)

(iii) Theeis? <0s.t.S:=D+D*+B*PB>> 0and
(B*PA+C)*S 1(B*PA+C) < A*PA—P. (15.22)

Moreover, any solution of (i) or (iii) satisfies? < 0 (and there is an
exponentiallystabilizingsolutionif (i) holds). 0

Notesfor Sections 15.3 and 15.4

Therestrictionof Theoreml5.4.1to finite-dimensionakystemss essentially
containedn Section7.7 of [IOW] (multiply theinequalitiesby —1 andreplace?
by —P); thatresultis the mostgeneraldiscrete-timereal lemma” thatwe have
foundin the literature. In particular alsothe othersare containedn our results.
Seealsothenoteson p. 595.



15.5 Riccati inequalities and the maximal solution

Like a great poet, Nature knowshowto producethe greatesteffects
with the mostlimited means.

— HeinrichHeine

In this sectionwe extendto infinite-dimensionasystemghe standardRiccati
inequalityresult(cf., e.g.,[LR], Theorem13.1.1for discretetime and Theorem
9.1.1for continuougime): if aRiccatiinequalityof a stronglystabilizablesystem
hasary solutionwith auniformly positive signatureoperatoythenit hasagreatest
solution. Moreover, the solutionsof standardninimizationproblemscorrespond
to this solution(assuminghatwe requirestrongor exponentialstabilization).

Traditionally, this greatessolutionhasbeencalled modestly*maximal solu-
tion”, but we usethe morespecificterm“greatestsolution”. SeeTheorem9.8.13
andCorollary9.2.11for continuous-timenalogies.

Lemma 15.5.1 (DARI) Wecall (7, S K) asolutionof theextendedDiscrete-time
AlgebraicRiccatiinequality(eDARI) if ?=P* € B(H), Se B(U),K € B(H,U)
and
P <A PA+C'IC—K*XK,
S=D*JD + B*PB, (15.23)
XK =—(D*IJC+B*PA).
Sud a solutionnecessarilysatisfies
K'SK! < A"PA' — 24+ C*IC!  and (15.24)
X*sxt < DD + B PBE. (15.25)

for all t € N. Inequality (15.24) holds evenif we drop the assumptionghat
P =P*,S=D*ID+B*PBandK = —(D*JC+ B*PA). 0

(The proof of Lemmal4.2.1applieswith certain“=" symbolsreplacedby
“<” or“>" symbols. Note thatthe third equationof the IARE is lost dueto its
unsymmetry)

Theorem 15.5.2 (Greatest solution P4 of DARE and DARI) Assumehat €
wpls(U,H,Y) is strongly([%%] -)stabilizable andthattheeDARI hasa solution
(P,SK)s.t.S>0.

Thenthe DAREhasa solution(?;,S;,Ky) s.t. S; > 0and 2, > P for all
solutions? = P* € B(H) of theeDARI havingS> 0.

Moreover, if P is a strongly [%%]-stabilizing solution of the eDARE, then
=P,

Corollary 15.5.3 (Greatest solution P4 of the DARE) If the DARE has a
strongly stabilizing (or strongly [%%] -stabilizing) solutions.t. S>> 0, thenthis
solutionis thegreatestsolutionof theeDAREhavingS > 0.

In particular, if D*JD > 0 and the DARE hasa strongly [%%]-stabilizing
solution? > 0, then? > P’ for anynonngativesolution?’ of theeDARE(or the
eDARI). 0



(Thecorollaryfollows from Theoreml15.5.2.)

TheexampleA=1,B=0=C,D=1=J, P € R showns that“strongly” is
not redundantn the above corollary; modify (or discretize)Example9.13.12(b)
to obsere that “strongly” cannotbe replacedby “weakly” (in the infinite-
dimensionatase).

N.B. The numberof all self-adjointsolutionsof a Riccati equationcan be
infinite (the simplestexampleis the two-dimensionalCARE P2 = | with self-
adjointsolutions? = [ N9 12097 (g € [0, 2m))).

Proof of Theorem 15.5.2:

0° Noteson the theoem: We have requiredabove a solutionof the eDARI
to be self-adjoint. We have also assumedhe existenceof a solution of the
eDARI thathasS>> 0. Still, the operator?, neednot be positive (take, e.g.,
J=[37?].Cc=[}],D=[?],A=—I,sothatS=1 and?; = — [ e 21dt < 0
is the uniquesolutionof the DARE, by Lemma9.12.2(c)).

Note that we have allowed insteadof strong stabilizability the wealer
condition of strong [%%]-stabilizability: there must be a state feedback

operatorK for < s.t. (%’%) is strongly stable;the third row (generated

by ( Ko | 0)) of the correspondinglosed-loopsystem=, neednot be stable
(thesameappliesto the “moreover” claim).

1° Abouttheproof: Thisis Theoreml3.1.1of [LR] exceptthatl. it assumes
thatdimU,dimH,dimY < o, 2. it requires> to beexponentiallystabilizable 3.
it assumeshatD*ID € GB(U), 4. its statementéncorrectlydo not (the proof
does)equireS>> 0 for solutions? thatareto beshavnto satisfy? < P, (note
thatwe do assumes > 0), 5. it alsostateshat P, is “almoststabilizing” (our
1 is formally wealer, but if dimH < o, thenthis impliesthat 7, is “almost
stabilizing”,i.e.,thatp(A;) < 1, asnotedin 8°).

We shallfollow the proof from [LR], mutatismutandis.

It is easyto bypass3. (seebelaw); to bypassl., we have to useadditional
tricks for the stability of A, (n € N) (see4® below); by developingthesetricks
furtherwe canbypas<. too.

The symbolsof [LR] mapto thoseof oursasfollows: X — B, X — 2,
Lk — —Kg, R— D*JD, Q— C*JC,C+— D*JC, E — —K.

2° Py > P: Foreachn € N, we shalldenoteby %, thestronglystableclosed-
loop systemof Z correspondingo the statefeedbackoperatorK,, (specified
below).

Let Ko be strongly stabilizingfor Z (or at leasts.t. (%’%) becomes

stable).By Lemma9.12.2(c) the operator?y := C;JCo is the uniquesolution
of the DARE Py = AyPoAo — C5J . It is straightforvardto verify that

(Po—P) —A5(Po—P)Ao = R(P) + (Ko—K)*"S(Ko—K) >0  (15.26)
for ary solution? of theeDARI s.t.S> 0, whereg (?) := A*PA— P+C*IC—
K*SK > 0. Multiply (15.26)by (A})* to theleft andby A to theright, andadd
theresultsfor k=0, 1,...,nto obtainthat?y — P > (A5)™ (P — P)ATT! — 0,

asn — +oo, sothat? > P.
3° Induction— P,: Letn € N+ 1. Assume(inductively) that 7y > P, >



<o > Pr1S.LB > P (k< n-1)forall solutions? of theeDARI having S> 0
(in particular § := D*JD + B* BB > S>> 0, whereSis asin theassumptions)

and [%’&] = (%’%) is strongly stable;theseare the top two rows of
theclosed-loopsystem>k correspondingo the statefeedbackoperator

Ki:= -S4 (D*IC+B* A 1A) (k> 1) (15.27)

for k < n— 1. DefineK, andZ, asabove.

4° Induction— (é‘ﬂ%) is strongly stable: We obtainfor any solution?? of
the DARI, aftera straightforward computationthat

(Pr1—P) = A (Pr1—P)An

= (Kn— anl)*SLl(Kn —Kn_ 1)+ R(P)+ (Kn— K)*S(Kn —K). (15.28)

Multiply this by (A%)K to theleft andby AX to theright, andaddtheresults
fork=0,1,...,mto obtainthat
m
(Po1—P) > (A)™H(Ph1— P)ATH + > (A (Kn—Kn-1)*Sh-1(Kn—Kn_1) Ay
K=o

(15.29)
for all me N (recall Z,_1 — P > 0). Since S,_1 > 0, it follows that
I TAG 3(H,L2) < o, whereT := Kn — Kp_1.

Now add (A;)K-(15.28)AK|z/22 for k = 0,1, ..., mto obtainthat

ki(A;)kT*sq_lTAMZFHZ (15.30)
< éO(A;:)k(sPnl — )22 éO(A::)k“(?nl — )AL 202

(15.31)

— (B D)2 S () (1 — DAL 2 (15.32)

Ry 1 DA (15.39)

< (Pro1—P)Z*< (Pra—-P) (7<) (15.34)

Let 2, betheclosed-loopsystemfor %, 1 correspondingo the statefeedback
operatorT := K — K, 1, 1.e.,

Ay | By A, | B
Sh=|1C, D, | =] C,|D (15.35)
T, | Eq T |0

(indeed,from the generatorsve seethat the two top rows of %}, are equalto
thoseof Z,; obsere alsothat A, = A+ BK, = A,_1+ BT, C, = C+ DT).
Below (15.29)we notedthat T, = TA,, is stable.By Lemma6.6.8, it follows
thatA, = Ap_1 +B,_1TT, is stronglystable,



FromB*-(15.30)B < B*(#,_1 — P)B we obtain(sinceS,_1 > 0) that

m
IS TAZ Bl gu) <Mn< e (MEN). (15.36)
k=0

By (13.52) thisimpliesthatE, € H*(D; B(U)), i.e., thatE, € tic(U). Conse-
quently B, = B,_1(Ey +1) andD, = Dy_1(E, +1) arestable. Thereforealso
Cy =C,_ 1 +Dy 1Ty is stable. Now we have shovn thattwo top rows of %,
arestronglystable.

5° P, > P: By Lemma9.12.2(c),the operator?, := C;JC, is the unique
solutionof the DARE P, = A\ PhAn+CJG,. If P is a solutionof the eDARI
having S> 0, then(asin 2°)

(Bh—P) = Ay(Pn — P)An = R (P) + (Kn — K)S(Kn— K) > 0, (15.37)

hence®, — P > (A})™1(®, — P)AT! — 0 (asin 2°), asm — +, so that
Ph > P.

6° Pr—1 > Pnr: Onecananalogousliyto p. 3100f [LR] computethat
(Tn—l - fPn) —A;:(-{Pn—l - -{Pn)An = (Kn - Kn—l)*Sn—l(Kn - Kn—l) Z 0. (15-38)

As above, we obtainthat B, 1 — P, > (A)™ (B, 1 — B)AM! — 0, hence
Pr_1> Dn.

7° P, Let P beasolutionof theeDARI. Then?, > %11 > P (n€ N), so
thatthereis aunique?;. € B(H) s.t. Paxg — Py Xo for all xg € H, by Lemma
A.3.1(b5).Since®, = By > P for alln, we have P, = P} > P.

8 S — S, it — SihKn— Ky, Ay — A, strongly: SetS; := D*JD +
B*P, B > S>> 0 (whereS>> 0 correspondso thesolutionin theassumptions),
K := S;}(D*JC+B*P,A). ForallneN, wehave S, > S, > ¢l for some
£>0,henced < §,1 < £ 11, by LemmaA.3.1(b1),hence||S, || < £ Y2 < o
Therefore §;1 — S;l strongly asn — +o, by LemmaA.3.1(b5). Therefore,
Kn — K4 strongly(seeLemmaA.3.1(j3)), henceA, — A, C, — C, strongly
asn — +oo, whereZ, is the closed-loopsystemcorrespondingo K (i.e.,
A, :=A+BK,, C, :=C+DK,).

(Notethatif dimH < o, then“strongequalsuniform”, hencethenp(A;) <
1 (sincep(An) < 1 for all n € N), but even thenwe may have A, = 1| as
in Example13.2.10of [LR], whereC =0, A=B=R=1, andhence?®, =
(2™ - 1)~ (neN).)

9° P, solvesthe DARE:By 8° and5°, we have P, = A P, A, +C}JCy;
combinethis to the definitionsof K andS; to obserethat?, is asolutionof
theDARE, by Lemma9.10.1(b4)(V).

1 P, = P: Let P beastronglystabilizing(atleastfor thetop two rows)
solutionof theeDARE. Thenwe canchoose?y := CyJC = Pin 2°. It follows
that? = % > P, > P, hence?P = P,.

11° Remark—exponentiallystableA,: Oneobsenesfrom 4° (andLemma
13.3.7(ii))thatif Ag is exponentiallystable thensois A, for all n € N. O



Notes

The classicalresult(e.g., Theorem13.1.10f [LR]) assumeghat P is expo-
nentially stabilizing,henceour resultseemdo be new (a generalizationalsofor
finite-dimensionakystems.

In continuous-time the classicalresult (e.g., Theorem9.1.1 of [LR]) was
extendedo WPLSswith bounded andC by RuthCurtainandLeibaRodmanin
[CR], which alsocontainscomparisortheoremdor the solutionsof two different
Riccatiinequalitie(for two differentWPLSS).

LaurenceDumortier hasenhancedgomeof the resultsof [CR] (for WPLSs
having boundedB andC andfinite-dimensionald andY). In [Dumortier], she
hasshavn thatthe maximalsolution?, of thestandard_QR CARE stabilizesall
strictly intact polesof A aswell asall obsenableones,but it leavesthe critical
(meaningo(A) NiR) nonobserablepolesunstable.Thus, at leastin this special
case/P; is exponentiallystabilizingiff Kern(C) Nno(A)NiR = 0.

Unboundedinput and output operatorsmake the classicalproof virtually
impossible. This is surelythe reasonwhy theredoesnot seemto be ary earlier
resultsfor WPLSs having an unboundedinput or output operator We have
obtainedsuchresults,Corollary 9.2.11and Theorem9.8.13, by reducingthem
to the resultsof this section,usingdiscretization.This way we obtainanalogous
resultsfor the“IARI” in thegeneratasgreplacehefirst equatiorof thelARE by
aninequality). However, this way we have obtainedresultsfor the CARE (or for
thelARE or for the“IARI”) only, notfor thecorrespondingnequality(“CARI”),
sincethe “CARI” (9.217)doesnot leadto the IARI, asexplainedin Proposition
9.11.9.Thereforea“CARI” resultwould requirea continuous-timeproof.

It seemghatsucha proofwould be possiblefor boundedB, aswell asfor the
parabolicsystem®f Hypothesi€.5.1,sincein bothof thesecasesve would have
Dom(An) = Dom(A) for eachn in the proof (generalizethe proof of Theorem
9.1.10f [LR]; notethateachK, would becomebounded).Thesemight be worth
of furtherinvestigations.






