
Chapter 15

Quadratic Minimization

Large increasesin costwith questionableincreasesin performance
canbetoleratedonly in racehorsesandwomen.

— Lord Kalvin

This chapter is mostly the discrete-timecounterpartof Chapter10. In
Section15.1,we first notethat thediscrete-timeform of Chapter10 is true,and
thenwe presentsomefurther discrete-timespecificresultson minimizationand
H2 control problems;this correspondsto Sections10.1, 10.2 and 10.4. Most
resultsbecomeassimpleasfor WPLSswith boundedinput andoutputoperators
(themainexceptionis thatS

�� D � JD in general).
Section 15.2 contains the discrete-timevariant of Section 10.3, i.e., the

relationsbetweendifferentclassicalcoercivity assumptions.
In Section15.3, we presentdiscrete-timevariantsof Section10.6, namely

necessaryandsufficient conditionsfor thePopov operator� � J � to beuniformly
positive ( � εI for someε � 0). Section15.4 is the discrete-timecounterpartof
Section10.5,containingextendedgeneralizedformsof TheStrictBounded(Real)
LemmaandThe Strictly Positive (Real)Lemma. In Section15.5,we show that
any strongly stabilizing solution of a positive DARE (or of the corresponding
Riccati inequality)is themaximalone.

Throughoutthis chapter, we assumethat StandingHypotheses14.0.1 and
10.6.6hold (thelatteris satisfiedby, e.g., ��	� � tic).
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836 CHAPTER15. QUADRATIC MINIMIZA TION

15.1 J-critical control and minimization

Everythingtakeslonger, costsmore, andis lessuseful.

— Erwin Tomash

We first statethat thediscrete-timeversionsof Chapter10 hold, andthenwe
give moreelegantdiscrete-time-specificresults. For example,thereis a unique
minimizing exponentiallystabilizingcontrol if f theeDARE hasanexponentially
stabilizingsolutionwith positive signatureoperator, by Corollary15.1.3. Under
suitablecoercivity assumptions,oneneednot checkwhetherthe solutionof the
eDARE is stabilizing;see,e.g.,Corollary15.1.6;thespecialcasefor anLQR is
givenin Corollary15.1.7.Theminimizing statefeedbackoperatoralwayssolves
also the H2 statefeedbackcontrol problem,as shown in Theorem15.1.8. For
finite-dimensionalsystems,all this this is essentiallyknown, andaspecialcaseof
Corollary15.1.7wastreatedin [CZ].

We startby verifying thattheresultsof Chapter10 hold in their discrete-time
formstoo:

Theorem 15.1.1 (Chapter 10 applies) The resultsof Chapter10 hold modulo
thechangesgivenin (13.63).

Standing Hypothesis10.6.6 is satisfied by, e.g., ��	� � tic. Hypothesis
10.6.1(1.)–(6.)are satisfiedby all ��
 tic (whenwe interpret (13.63)so that the
requirement“(S � )X � X � D � JD” is removed).

Recall that CAREs and B�w-CAREs must be replacedby DAREs; e.g.,
the LQR-CARE and the LQR-B�w-CARE becomethe “LQR-DARE” (15.5).
Naturally, this alsoappliesto simplified forms of CAREs(i.e., to CAREsunder
simplifying assumptions);e.g., (10.3) becomes(15.6). Analogously, equations
suchasS � D � JD or S � R � D � QD mustbereplacedby S � D � JD � B��
 B or by
S � R � D � QD � B� 
 B, respectively.

To make thingsclear, we have rewritten mostmainresultsof Chapter10 into
this chapter;due to boundedinput and output operators,most of theseresults
arestrongerandmoreelegantthantheir continuous-timecounterparts.Themain
differencesarethata uniqueminimizing (or J-critical) control is alwaysof state
feedbackform (asin continuoustime in thecaseof boundedB), andthatweneed
no regularity considerations(norcorrespondingassumptions).

This sectioncontainsmost main resultsof Sections10.1 and 10.2, starting
from the most generalones. SeeSection15.2 for the discrete-timeform of
Section10.3, Theorem15.1.8for the H2 problem(Section10.4), Section15.3
for Section10.6,andSection15.4for Section10.5.

Proof of Theorem 15.1.1: Thesameproofsapplymutatismutandis.For
Hypothesis10.6.1(1.)–(6.),recall that (13.63)removesany regularity require-
ments;seetheproof of Lemma10.6.2(c)(8.)for “(6.)” (andrecall that(13.63)
replacestheB�w-CARE by theDARE). �
By combiningTheorem14.1.6andTheorem9.9.1(a2),weobtain:

Theorem 15.1.2 (Unique minimum) Thefollowing areequivalent:
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(i) there is a uniqueminimizingcontrol for each x0 
 H;

(ii) ��� 0 ������� 0, and the eDARE has a [unique] � �� -stabilizing solution with
S � 0;

(iii) there is a uniqueminimizingstatefeedback operator for Σ.

If � 
 � S� K � is as in (ii), then the minimizing state feedback is given by
umin � t � � Kx � t � , the minimal cost is ��� x0 � umin � ��� x0 � 
 x0� , and the cost for
closed-loopinput u��
 cc � N;U � is givenby� x0 � 
 x0� H � � u��� Su� �! 2 " N;U #%$ (15.1)�

(The condition ��� 0 �&�'��� 0 is redundantat leastfor �(�� � � exp, by Theorem
9.9.1(k).SeeTheorem9.9.1for moreon � 
 � S� K � .)

A solutionwith S � 0 would still be minimizing (and 
 , S andK might all
be unique)but the minimizing controlwould no longerbe unique;seeTheorem
9.9.1(f2)for details.

CombineTheorem8.4.2andTheorem9.9.1(k)to theabovetheoremto obtain

Corollary 15.1.3 There is a uniqueminimizingcontrol over � exp for each x0 
 H
iff theeDAREhasanexponentiallystabilizingsolutionwith S � 0. �

If � is positively J-coercive, then the existenceof any allowable control
impliestheexistenceof auniqueminimizing control:

Corollary 15.1.4 (Coercive minimization) Assumethat there is ε � 0 s.t.��� 0 � u�)� ε * u * 2+-,, � u 
.� �� � 0�&� $ (15.2)

Assumethat Zs is reflexive (e.g., that � �� � � out or � �� � � exp). Then the
following areequivalent:

(i) there is a uniqueminimizingcontrol over � �� � x0 � for each x0 
 H;

(ii) � �� � x0 � �� 0 for each x0 
 H;

(iii) theDAREhasa � �� -stabilizingsolution � 
 � S� K � .
If (iii) holds,thenS / 0, K is the uniqueJ-critical statefeedback operator,

andtheminimalcostis givenby ��� x0 � umin � x0 ��� �0� x0 � 
 x0� � x0 
 H � . �
SeeLemma8.4.2 for most common *1�2* +-,, ’s. SeeProposition10.3.1 for

equivalentconditionsfor (15.2)in case� �� � � out.
Proof: By Lemma8.2.3(c2),D is positively J-coercive, henceTheorems

8.2.5 and 8.1.10apply. By Corollary 8.1.8, the uniqueJ-critical control is
strictly minimizing (on �3� x� ). �
A specialcaseof this is thestandardLQR problem;even in somewhatmore

generalLQR setting,the existenceof a solutionbecomesequivalentto positive
J-coercivity:



838 CHAPTER15. QUADRATIC MINIMIZA TION

Corollary 15.1.5 (Standard minimization) Assumethat J � 0 and D � JD / 0.
Thenthefollowing areequivalent:

(i) There is a minimizingu 
4� exp � x0 � for each x0 
 H.

(ii) TheDAREhasa � exp-stabilizingsolution � 
 � S� K � .
(iii) Σ is exponentiallystabilizable, and � is J-coercive(i.e., any(henceall) of

(i)–(iii) of Proposition15.2.2holds).

If (ii) holds, then 
 � 0, S / 0, K is the uniqueJ-critical statefeedback
operator, andtheminimalcostis givenby ��� x0 � umin � x0 �&� �0� x0 � 
 x0� � x0 
 H � .

If weremovetheassumptionsJ � 0 andD � JD / 0, thenwemustassumethat
u is uniquein (i), andS: � D � JD � B� 
 B / 0 in (i) and(ii) above; thenalso(i’)
and(ii’) of Proposition15.2.2becomemerelysufficientin (iii). �

(This follows from Proposition15.2.2(e)&(f1)andTheorem14.2.7.)
SeeProposition15.2.2andthecommentsfollowing it for additionalequivalent

conditions. However, even for � �� � � exp, theremay be a minimizing control
evenwithout J-coercivity, seeExample9.13.3(which caneasilybemodifiedto a
discrete-timeexample).

For thestandardLQR costfunction ��� x0 � u� : � * y1 * 22 �5* u * 22 (i.e., 6 �87:9 1
0 ; ,� � 7=< 1

I ; , J � I ) andothersimilar ones,wehave thefollowing:

Corollary 15.1.6 (Coercive minimization: 
 � and 
-> ) Assumethat J / 0 and
D � JD / 0, andthat there is ε � 0 s.t.��� x0 � u� : �0� 6 x0 �?� u � J �@6 x0 �?� u� �= 2 " N;Y # � ε * u * 22 � x0 
 H � u : N A U � $

(15.3)
Thenthefollowingareequivalent:

(i) theeDAREhasa nonnegativesolution;

(ii) (FCC) � out � x0 � �� /0 (i.e., infu ��� x0 � u�CB ∞) for all x0 
 H,

(iii) ( � out� out� out-min) theeDAREhasa smallestnonnegativesolution � 
-> � S> � K > � ;
S> / 0; andK > is strictly minimizingoverall u : N A ∞ (henceover � out).

Assume(iii). Then

(a) ( � exp� exp� exp-min) Thefollowing areequivalent:

(i’) there is a minimizingcontrol over � exp � x0 � for each x0 
 H;
(ii’) the[e]DAREhasanexponentiallystabilizingsolution.

If (i’)–(ii’) hold, theneDAREhas(a) greatestsolution � 
 � � S� � K � � , S
� �

S> / 0, andK
�

is strictly minimizingover � exp.

(b) If 71D E ; is stronglystable(resp.Σ is exponentiallyq.r.c.-stabilizableor
exponentiallydetectable;e.g.,C � C / 0), then 
-> is theuniquenonnegative
solution of the eDARE, and it is strongly stabilizing (resp.exponentially
q.r.c.-stabilizing).

Thus,thenthis solutionis strictly minimizingover F u : N A U G , � out, � sta

and � str (resp.and � exp).
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Thus, if C � C / 0, then, by (b), any nonnegative solution is the unique
nonnegativesolution,minimizingoverall u : N A U andexponentiallystabilizing.

By Theorem14.1.4(e)&(a),
-> is theunique � out-stabilizingsolutionof the
eDARE (if (iii) holds),and 
 � is theuniquestabilizingsolutionof theeDARE (if
(ii’) holds).

SeeTheorem9.2.10(or Section10.1)for acontinuous-timecounterpart.
Proof: 1H (iii) I (i) I (ii): Obviously, (iii) implies(i). Sinceany nonnegative

solutionof the eDARE is SOS-stabilizing,by Proposition10.7.3(d),we have
“(i) I (ii)”.

2H (ii) I (iii): Assume(ii). Since� is J-coerciveover � out, thereis aunique
minimizing controlover � out � x0 � for eachx0 
 H, by Theorem8.4.3,andthis
control correspondsto the smallestnonnegative solution � 
-> � S> � K > � of the
eDARE, asshown in (theproofof) Theorem9.9.1(a2).SinceS> � D � JD / 0,
condition(iii) holds.

(a) If � 
 � � S� � K � � is an exponentiallystabilizingsolutionof the eDARE
(asin (ii’)), thenK

�
is minimizing over � exp, by Theorem9.8.5andTheorem

9.9.1(a2),S
� � S> / 0 and 
 � is the greatestsolution of the eDARI, by

Theorem15.5.2.
To completeto proofof (a),weassume(i’) andprove(ii’). Theminimizing

controlfor x0
� 0 is obviouslyunique,namelyu � 0. Therefore,theminimizing

controlover � exp � x0 � is uniquefor any x0 
 H, by Lemma8.3.8.Consequently,
thereis a � exp-stabilizingsolutionof theeDARE, by Theorem14.1.6.

(b) 1H Assumethat 7 D E ; is stronglystable. Let 
 � 0 be a solution
of the eDARE with closed-loopsystemΣ � . Then 
 is SOS-stabilizing,by
Proposition10.7.3(d),so that D � � D � EKJ � and E � � EML are strongly
stable,by Theorem6.7.15(d);thus, 
 is stronglystabilizing.Sincethestrongly
stabilizingsolution is unique,by Theorem14.1.4(a), 
 mustbe equalto 
->
(and 
 � ).

2H Assumethat Σ is exponentiallyq.r.c.-stabilizableor exponentiallyde-
tectable.Sinceany nonnegativesolutionis SOS-stabilizing,it is exponentially
q.r.c.-stabilizing,by (b1)or (c1)of Theorem6.7.15,henceunique,henceequal
to 
-> (and 
 � ).

3H Since 
-> is � out-stabilizing,it satisfies(PB) over � out, henceover the
smallerclasses� sta, � str and � exp too. Since 
-> is strongly(resp.exponen-
tially) stabilizing,we have J � x0 
N� str � x0 �POQ� sta� x0 ��OR� out � x0 � (resp.andJ � x0 
S� exp � x0 � ) for all x0 
 H for thecorrespondingJ � , so that 
-> is also� sta-stabilizingand � str-stabilizing(resp.and � exp-stabilizing). �
By substitutionsJ : � 7 Q 0

0 R ; , 6UTA 7 9
0 ; , �VTA 7 <

I ; , weobtainthecostfunction��� x0 � u� : � ∞

∑
kW 0

� � yk � Qyk� Y � � uk � Ruk� U � (15.4)

andhencethefollowing corollary(of Corollary15.1.6):

Corollary 15.1.7 (LQR: ∑∞
j W 0 �X* y j * 2Y �0* u j * 2U � ) Let R� Q / 0. Thenthe follow-

ing areequivalent:
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(i) there is a � y� Qy�Y 2 � � u � Ru�Z 2-minimizingcontrol overall u : N A U for each
x0 
 H;

(ii) for each x0 
 H there is u 
([ 2 � N;U � s.t.y 
\[ 2;

(iii) theDARE ]^_ ^` 
 � A� 
 A � C � QC a K � SK �
S � R � D � QD � B� 
 B �
K � a S

> 1 � D � QC � B� 
 A�X� (15.5)

hasa nonnegativesolution 
 .

If (iii) holds, then the smallestnonnegative solution is minimizingover all
u : N A U.

There is a minimizingcontrol over � exp iff the DAREhasan exponentially
stabilizingsolution 
 � ; such a solutionis strictly minimizingover � exp and the
greatestnonnegativesolutionof theDARE.

If Σ is exponentiallydetectable(e.g., C � C / 0), thenthe DAREhasat most
onenonnegativesolution,and such a solutionis necessarilystrictly minimizing
over � exp. �

(This follows from Corollary 15.1.6. Above, as elsewhere,xn
�

1 : � Axn �
Bun � yn : � Cxn � Dun, and � exp � x0 � � F u 
([ 2 � N;U �Mbb x 
c[ 2 G . Notethatthecost
is finite for u 
.� out � x0 � only.)

Thus, in the LQR problem, we only have to find a maximal or minimal
solution, dependingwhetherwe wish to require the stateto be stableor not.
Then we shall checkwhetherthis condition satisfies(PB) for � out or whether
it is exponentiallystabilizing;seeTheorem10.1.4(b1)&(b2).

If D � 0, then(15.5)reducesto
 � A� 
 A � C � QC a A� 
 B � R � B� 
 B� > 1B� 
 A $ (15.6)

andtheminimizingstatefeedbackreducesto u � ad� R � B� 
 B� > 1B� 
 Ax,
The minimizing state feedbackoperatoralways solves also the H2 state

feedbackandfull-informationcontrolproblems:

Theorem 15.1.8 (H2H2H2 problem) Assumethat there is a minimizingstatefeedback
operator K over � �� . LetB2 
feg�W� H � ,

ThenK solvesthe H2 problem(strictly if K is strictly minimizing), i.e., it
leads to the minimizationof the cost *h� u �i6 B2w0 *  2 " N;Y # ( � � 2π � > 1j 2 *lk� ku �
C � I a zA� > 1B2 * H2 " D;Y # ) (where uk : � Kxk for all k 
 N), for each w0 
 W; see
Figure10.2. �

(This is Theorem10.4.2in its discrete-timeform.) Notefrom Theorem15.1.1
thatalsotherestof Section10.4holdsin its discrete-timeform.

Notes
Finite-dimensionalminimizationproblemshavebeenstudiedextensively, see

e.g.,[LR] for ratherup-to-dateresultsandhistoricalremarks.Seealsothenotes
to thesectionsof Chapter10.
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A classicalarticle on the stableinfinite-dimensionaldiscrete-timeminimiza-
tion problemsis [Helton76b],whereWilliam Heltonusesa spectralfactorization
approachwith the factorsallowed to be noninvertible, so that alsosomesingu-
lar costfunctions(with D � JC � 0) arecovered,at the costof lessdirect results.
Undercertainassumptionson reachabilityandcost,Helton shows that a certain
positive “eDARE” hasa solutionif f thePopov operator� � J � canbewritten asm � m for some

m 
 tic.
A standardLQR resultcanbefoundfrom Exercise6.34of [CZ] (closeto the

LQR caseof Corollary15.1.4).
Thefinite-dimensionaldiscrete-timeH2-problemis explainedandtreatedon

pp.271–274of [IOW].
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15.2 Standard assumptions in discrete time

Theexplanationrequiringthefewestassumptionsis themostlikely to
becorrect.

— William of Occam,(c. 1285– c. 1349)

This is thediscrete-timeequivalentof Section10.3,with essentiallythesame
results.

Positive J-coercivity is the standardcoercivity assumptionin minimization
problems(e.g.,LQR andH2), andit is alsoposedin H∞ problemsonapartof the
system.In this section,we presentseveralequivalent(or sufficient or necessary)
conditionsfor positive J-coercivity over � out or � exp. The former meansthat
theoutputis coercivew.r.t. to theinput ( * y *  2 � ε * u *  2 for someε � 0 whenever
u � y 
\[ 2 (andx0

� 0); seeProposition10.3.1),andthelattermeansthattheoutput
is coercivew.r.t. to boththeinputandthestate( * y *  2 � ε �X* u *  2 �0* x *  2 � for some
ε � 0 wheneveru � x � y 
([ 2 (andx0

� 0); seeProposition15.2.2).
Westartwith thesimplerone,namely � out:

Proposition 15.2.1 ( � out� out� out: y 
([ 2 I u 
([ 2y 
([ 2 I u 
c[ 2y 
c[ 2 I u 
([ 2) Proposition10.3.1holds also in its
discrete-timeform. However, Proposition10.3.2 becomesProposition15.2.2,
sincenowStakestheroleof D � JD.

Proof: (Weonly needto proveProposition10.3.1,sinceProposition15.2.2
is provedbelow.)

(a)&(c)&(d) Theoriginal proofsapply(mutatismutandis).
(b) AssumethatdimU n H n Y B ∞ andthatΣ � 7 A o p9 < ; 
 wpls� U � H � Y � .

Since now k� is rational, so is kq : �sr > 1 k� (by Proposition13.2.5(b3);use
Lemma13.2.6to guaranteethat * kq � ∞ �t*�B ∞ if a 1 is amongthepolesof k� ).
Consequently, kq hasa finite-dimensionalrealization(see,e.g.,Section6.4 of
[LR] or Theorem1.13.2of [IOW]), andwe canapplyProposition10.3.1(b)to
this realizationto obtainthe sameclaims(in their discrete-timeforms) for Σ.�
The casefor � exp is moretricky, thoughyet essentiallysimplerthanthat in

thecontinuoustime:

Proposition 15.2.2 ( � exp� exp� exp: y 
([ 2 I u � x 
c[ 2y 
([ 2 I u � x 
\[ 2y 
([ 2 I u � x 
c[ 2) Let Σ : �u7 Ao p9 < ; 
 wpls� U � H � Y � .
Let J � J ��
veg� Y � , andset

κ � x0 � u0 � : �V� � Cx0 � Du0 �X� J � Cx0 � Du0 � � � ��� 0 � u� : �0� � u � J � u� $ (15.7)

We have the following implications betweenthe conditions(i)–(iii’) given
below:

(a) Each of conditions(i)–(iii’) is invariantunderadmissiblestatefeedback (in

the sensethat if Σ w is the correspondingclosed-loopsystem,then xzy|{ p {9 { < {~}
satisfies(i) (resp.(i’), ...) iff 7 y p9 < ; satisfies(i) (resp.(i’), ...)).
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(b) If Σ is estimatable, then � out
� � exp; hencethen(i) becomesequivalentto

(ai) of Proposition10.3.1.

(c) (i’) I (i) � (i”) � (ii) � (iii) I (iii’); and (ii’) I (ii) (without further assump-
tions).

(d) (dim B ∞B ∞B ∞) AssumethatdimU n H n Y B ∞. Then(iii) � (iii’) � (vii).

Assume, in addition,that Σ is exponentiallystabilizable. Then(i), (i”), (ii),
(iii), (iii’), (v) and (vi) are equivalentto each other (and to (ai) and (bii)–
(biv) of Proposition10.3.1if Σ is exponentiallydetectable).Moreover, in
(ii), (ii’), (iii) and(iv), wemayreplace“z 
 ∂D” by“z 
 E”, whereE O ∂D
is dense.

(e)AssumeΣ is exponentiallystabilizable, D � JD / 0 andJ � 0.

Then (i)–(iii), (v) and (vi) are equivalent, and the word “unique” is
redundantin (v).

(f1) If Σ is exponentially stabilizable, then (i’) � (ii’), and
(i) � (i”) � (ii) � (iii) � (vi) I (iii’)&(v).

(f2) If Σ is exponentiallystabilizableand dimU B ∞, then (i) � (v) (seealso
(f1)).

(i) ��� 0 � u��� ε �~* u * 22 �0* E τu * 22 � for someε � 0 andall u 
4� exp � 0� ;
i.e., � is positivelyJ-coerciveover � exp.

(i’) ��� 0 � u�)� ε * E τu * 22 for someε � 0 andall u 
4� exp � 0� , andD � JD / 0.

(i”) ��� 0 � u�)� ε � * u * 22 �5* E τu * 22 �0*h� u * 22 � for someε � 0 andall u 
�� exp � 0� .
(ii) There is ε � 0 s.t.� z a A� x0

� Bu0
� I κ � x0 � u0 �M� ε ��* x0 * 2H ��* u0 * 2U ��� x0 
 H � u0 
 U � z 
 ∂D � $

(15.8)

(ii’) D � JD / 0 andthere is ε � 0 s.t.� z a A� x0
� Bu0

� I κ � x0 � u0 ��� ε * x0 * 2H � x0 
 H � u0 
 U � z 
 ∂D � $ (15.9)

(iii) Thereis ε � 0 s.t.T �z 7 I 0
0 J ; Tz � εI (z 
 ∂D) onH n U, whereTz : � 7 A > z B

C D ; .
(iii’) T �z 7 I 0

0 J ; Tz � 0 (z 
 ∂D). Equivalently,

z 
 ∂D & 7 0
0 ; ���� x0

u0 � 
 H n U & � z a A� x0
� Bu0

� I κ � x0 � u0 �C� 0 $
(15.10)

(iv) There is ε � 0 s.t. � u0 �hk�d� z� � J k�g� z� u0� � ε � * u0 * 2U �0*�� z> 1 a A� > 1Bu0 * 2H �
for a.e. z 
 ∂D.

(v) There is a uniqueminimizingu 
�� exp � x0 � for each x0 
 H.

(vi) TheDAREhasan exponentiallystabilizingsolutionwith S / 0.

(vii) � C � A� hasno unobservablenodeson ∂D, J � I , D � D � 0 andD � C � 0.
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By Example15.2.3,D � JD / 0 (henceneither(i’) and(ii’)) is not implied by
any of (i)–(vi) except(trivially) by (i’) and(ii’). (Intuitively, this followsfrom the
fact that � z> 1 a A� > 1B � z is boundedaway from zeroon ∂D in theexample;the
samecannothappenfor �z�~a A� > 1B on iR (for WPLSs).)

Example 15.2.3 Let Σ : � � A B
C D � : � � 0 1

1 0 � . ThenΣ 
 wpls� C � C � C � is exponen-
tially stableand � � τ > 1 (notethatyn

� xn
� un > 1 for all n).

Moreover, Σ andJ : � 1 do not satisfy(i’) nor (ii’) (sinceD � JD � 0) but do
satisfytheotherassumptionsof Proposition15.2.2. �

Thus, the “correct” assumptionin (i’) and (ii’) would be “S / 0”, not
“D � JD / 0”, but the former cannotbe formulatedwithout 
 , hencewe prefer
having sufficientconditionsinsteadof necessaryandsufficientconditions.

This important differencemakes several DARE resultseither “weaker” or
morecomplicatedthantheirCAREcounterparts.Tomakethingssimpler, weshall
oftenassumethatD � JD / 0 & J � 0 evenwhenthis conditionis notnecessary.

If J / 0 (equivalently, J � I ), wegetthefollowing equivalentformsof above
conditions:
(i) *h� u * 2 � ε ��* E τu * 2 �0* u * 2 � ;
(ii) � z a A� x0

� Bu0 I * Cx0 � Du0 * Y � ε �X* x0 * H �0* u0 * U � ;
(ii’) D � D / 0, and � z a A� x0

� Bu0 I * Cx0 � Du0 * Y � ε * x0 * H ;
(iii’) Tz : � 7 A > z B

C D ; hasafull columnrank(i.e.,T �z Tz � εI ) onH n U for all z 
 ∂D;

(iv) *tk�g� z� u0 *�� ε �X* u0 *��0*�� z> 1 a A� > 1Bu0 * for a.e.z 
 ∂D andall u0 
 U
(for someε � 0).

Proof of Proposition 15.2.2: Theoriginal proofsapplymutatismutandis
(this requiresslightly morethan(13.63)).

In fact,theproofsbecomemucheasierin mostcases,sincewe do not have
to worry aboutregularity;useLemma13.3.19in placeof Lemma6.3.20.

(Notethatwe would have to replacez by z> 1 outside(iv) and(iv’) to have
all z’s correspondto eachother.)

We havecombinedthemodifiedversionsof (g1)and(g2)with (c).
Thefirst conditionin (vii) meansthatKer� 7 z> A

C ; � � F 0 G for all z 
 ∂D.

In 2 $ 1H of the proof of (f), use the Cayley transformof the function kf
providedby LemmaD.1.24.

The only “new” claim is the redundancy of uniquenessin (e). However,
whenJ � 0 andD � JD / 0, then� y� Jy� L2

�V� Cx � Du � J � Cx � Du� � L2 � � u � D � JDu� � ε * u * 22 � u 
c[ 2 � N;U ���
(15.11)

for someε � 0, wherex : � E τu. Consequently, then ��� 0 �&��� has a unique
minimumatu � 0. It followsLemma8.3.8thattheword“unique” is redundant
in (v). �
(Seethenotesonp. 583.)
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15.3 Positive DAREs

I haveyetto seeanyproblem,howevercomplicated,which, whenyou
lookedat it in theright way, did notbecomestill morecomplicated.

— PoulAnderson

Now we presentdiscrete-timeequivalentsof themainresultsof Section10.6,
namelynecessaryand sufficient conditions, in terms of Riccati equationsand
inequalities,for the Popov operator� � J � to be (stableand)uniformly positive
( � εI for someε � 0). Thereadermayfind theequivalentcondition“ k� � J k��� εI
on ∂D” (in L∞

strong� ∂D; eg� U �&� ) morefamiliar. The proofsareanalogousto their
continuous-timecounterpartsandhenceomitted. SeeSection10.6for additional
remarkstoo.

Wefirst notethatuniformpositivity is equivalentto theexistenceof apositive
spectralfactorization,aswell asto theexistenceof anI/O-stabilizingsolutionof
theDARE:

Lemma 15.3.1 (� � J �S/ 0 �� � J �N/ 0 �� � J �N/ 0 � SpF � � � DARE) Let Σ � 7 y p9 < ; 
 wpls� U � H � Y �
bestronglystableandJ � J � 
veg� Y � . Thenthefollowing areequivalent:

(i) � � J �N/ 0.

(ii) � � J � � m � m for some
m 
.� tic � U � .

(iii) TheDAREhasan I/O-stabilizingsolution 
 � 
 � , with S / 0.

(iv) TheDAREhasa solution 
 � 
 � s.t.S / 0, and kL � z� � I � K � z> 1 a.� A �
BK ��� > 1B is in H∞ � D; eg� U �&� .

Moreover, if a solution 
 of (iii) or (iv) exists, then a stableand strongly
stabilizingsolution 
 of theDAREexistswith S / 0.

If Σ is exponentiallystable, thenwehaveonemoreequivalentcondition:

(v) TheDAREhasa solution 
 � 
 � with S / 0 andσ � A � BK �)O D.

Condition(vi) is sufficientfor � � J ��� 0:

(vi) TheDAREhasa solution 
 � 
 � with S � 0. �
In many applications,we haveC � JC � 0 andΣ 
 SOS,andthis allows us to

dropany stabilityassumptionsandavoid checkingany stabilizationconditions,as
long as(non-uniform)nonnegativity ( � � J ��� 0) is sufficient for us. Indeed,then
thenonnegativity of thePopov operatoris “practicallyequivalent”(cf. Proposition
15.4.2)to theexistenceof a nonpositivesolutionto theRiccati inequality:

Proposition 15.3.2 (� � J ��� 0 �� � J ��� 0 �� � J ��� 0 � DARI) AssumethatC � JC � 0. Thenwehave
(ii) I (iii) I (i) � (iv) for thefollowing conditions:

(i) � t � J � t � 0 for all t � 0.

(ii) There is 
 � 0 s.t.S: � D � JD � B� 
 B / 0 and�
A� 
 A a 
 � C � JC A� 
 B � C � JD � �

B� 
 A � D � JC S � � 0 $ (15.12)
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(iii) There is 
 � 0 s.t.

S: � D � JD � B� 
 B / 0 � and (15.13)� B� 
 A � D � JC� � S> 1 � B� 
 A � D � JC�)� A� 
 A a 
 � C � JC$ (15.14)

(iv) ��
 tic and � � J ��� 0.

Moreover, thefollowing hold:

(a) If ��
 tic, thenwehave(i) � (iv).

(b) If Σ 
 sosand � � J �5/ 0, then(i)–(iv) hold (in fact, wecanhaveequality
in (10.81)).

(c) If �0
 tic and E is stronglystable, thenwecanreplace“ 
 � 0” by 
 � 
��
everywhere in this proposition. �

(UseLemma15.5.1in theproof of “(iii) I (i)”.)
Similarly, uniform positivity ( � � J ��� εI ) with exponentialstability is equiv-

alentto theexistenceof a nonpositive solutionto the uniform Riccati inequality
(still assumingthatC � JC � 0). This timeneitherthesystemnor thesolutionneed
bestabilizing(a priori):

Theorem 15.3.3 (� � J �N/ 0 �� � J �N/ 0 �� � J �N/ 0 � DARI) AssumethatC � JC � 0. Thenthefollow-
ing areequivalent:

(i) Σ is exponentiallystableand � � J �N/ 0.

(ii) There is 
 � 0 s.t.�
A� 
 A a 
 � C � JC A� 
 B � C � JD

B��
 A � D � JC D � JD � B�~
 B� / 0 $ (15.15)

(iii) There is 
 � 0 s.t.S: � D � JD � B� 
 B / 0 and� B� 
 A � D � JC� � S> 1 � B� 
 A � D � JC��� A� 
 A a 
 � C � JC$ (15.16)

Moreover, any solution of (ii) or (iii) satisfies 
 B 0 (and there is an
exponentiallystabilizingsolutionif (i) holds). �

(Seethenotesonp. 595.)
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15.4 Real lemmas

Progressmeansreplacinga theorythat is wrongwith onemoresubtly
wrong.

In this section,we presenttheBoundedRealLemma(in two forms)andthe
Strict PositiveRealLemma;seeSection10.5for anintroductionandcorrespond-
ing continuous-timeresults. The proofsareanalogousto their continuous-time
counterpartsandhenceomitted.

We startwith necessaryandsufficient conditionsfor thenormof theI/O map
to belessthana givenconstant:

Theorem 15.4.1 (Generalized Strict Bounded Real Lemma) Assumethat γ �
0. Thenthefollowingareequivalent:

(i) Σ is exponentiallystableand *h��*�B γ.

(ii) There is 
 � 0 s.t.�
A� 
 A a 
 a C � C A� 
 B a C � D

B� 
 A a D � C γ2I a D � D � B� 
 B� / 0 $ (15.17)

(iii) There is 
 � 0 s.t.S: � γ2I a D � D � B� 
 B / 0 and� B� 
 A a D � C � � S> 1 � B� 
 A a D � C �-� A� 
 A a 
 a C � C $ (15.18)

Moreover, any solution of (ii) or (iii) satisfies 
 B 0 (and there is an
exponentiallystabilizingsolutionif (i) holds). �

As before, *h��* : � *h��* ti : � *h��* tic : � *h��*h� "  2 " Z;U #��  2 " Z;Y #Z# .
For Σ 
 sos, we have an “almost equivalence”that can be usedto find an

estimateof thenormof � :

Proposition 15.4.2 (Nonexp. *h��* tic B γ*h��* tic B γ*h��* tic B γ) Assumeγ � 0.
If (ii) or (iii) holds,then ��
 tic and *h��*�� γ.
Conversely, if Σ 
 sosand *h��*�B γ, then(ii) and(iii) hold (alsowith “ � ” in

placeof “ � ”).
Herewehavereferredto thefollowingconditions:

(ii) There is 
 � 0 s.t.γ2I a D � D � B� 
 B / 0 and�
A� 
 A a 
 a C � C A� 
 B a C � D

B� 
 A a D � C γ2I a D � D � B� 
 B� � 0 $ (15.19)

(iii) There is 
 � 0 s.t.S: � γ2I a D � D � B� 
 B / 0 and� B� 
 A a D � C � � S> 1 � B� 
 A a D � C �C� A� 
 A a 
 a C � C $ (15.20)

Moreover, (ii) and (iii) are equivalent. If E is strongly stable, thenwe can
replace“ 
 � 0” by 
 � 
 � everywhere in this proposition. �
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Theorem 15.4.3 (Generalized Strictly Positive (Real) Lemma) The following
areequivalent:

(i) Σ is exponentiallystableand � is strictly positive(i.e., �c�?� � / 0);

(ii) There is 
 � 0 s.t. �
A�~
 A a 
 A�~
 B � C �
B� 
 A � C D � D � � B� 
 B� / 0 $ (15.21)

(iii) There is 
 � 0 s.t.S: � D � D � � B� 
 B / 0 and� B� 
 A � C � � S> 1 � B� 
 A � C �-� A� 
 A a 
 $ (15.22)

Moreover, any solution of (ii) or (iii) satisfies 
 B 0 (and there is an
exponentiallystabilizingsolutionif (i) holds). �

Notes for Sections 15.3 and 15.4
Therestrictionof Theorem15.4.1to finite-dimensionalsystemsis essentially

containedin Section7.7of [IOW] (multiply theinequalitiesby a 1 andreplace

by a 
 ); that result is the mostgeneraldiscrete-time“real lemma” thatwe have
found in the literature. In particular, alsotheothersarecontainedin our results.
Seealsothenoteson p. 595.
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15.5 Riccati inequalities and the maximal solution

Like a great poet,Nature knowshow to producethe greatesteffects
with themostlimited means.

— HeinrichHeine

In thissection,weextendto infinite-dimensionalsystemsthestandardRiccati
inequalityresult(cf., e.g., [LR], Theorem13.1.1for discretetime andTheorem
9.1.1for continuoustime): if aRiccatiinequalityof astronglystabilizablesystem
hasany solutionwith auniformly positivesignatureoperator, thenit hasagreatest
solution. Moreover, thesolutionsof standardminimizationproblemscorrespond
to thissolution(assumingthatwe requirestrongor exponentialstabilization).

Traditionally, this greatestsolutionhasbeencalledmodestly“maximal solu-
tion”, but we usethemorespecificterm“greatestsolution”. SeeTheorem9.8.13
andCorollary9.2.11for continuous-timeanalogies.

Lemma 15.5.1 (DARI) Wecall � 
 � S� K � a solutionof theextendedDiscrete-time
AlgebraicRiccatiinequality(eDARI) if 
 � 
�� 
�eg� H � , S 
�eg� U � , K 
�eg� H � U �
and ]^_ ^` 
 � A� 
 A � C � JC a K � SK �

S � D � JD � B� 
 B �
SK � ad� D � JC � B� 
 A� $ (15.23)

Such a solutionnecessarilysatisfiesJ t � SJ t � D t � 
 D t a 
 ��6 t � J 6 t and (15.24)m t � Sm t �U� t � J � t � E t � 
 E t $ (15.25)

for all t 
 N. Inequality (15.24) holds even if we drop the assumptionsthat
 � 
�� , S � D � JD � B�X
 B andSK � ad� D � JC � B��
 A� . �
(The proof of Lemma14.2.1applieswith certain“ � ” symbolsreplacedby

“ � ” or “ � ” symbols.Note that the third equationof the IARE is lost dueto its
unsymmetry.)

Theorem 15.5.2 (Greatest solution 
 �
 �
 � of DARE and DARI) Assumethat Σ 

wpls� U � H � Y � is strongly( 7 y p9 < ; -)stabilizable, andthat theeDARIhasa solution� 
 � S� K � s.t.S / 0.

ThentheDAREhasa solution � 
 � � S� � K � � s.t. S
� / 0 and 
 � � 
 for all

solutions
 � 
 ��
feg� H � of theeDARI havingS � 0.
Moreover, if 
 is a strongly 7 y p9 < ; -stabilizingsolutionof the eDARE,then
 � 
 � .

Corollary 15.5.3 (Greatest solution 
 �
 �
 � of the DARE) If the DARE has a
stronglystabilizing(or strongly 7 y p9 < ; -stabilizing)solutions.t. S / 0, thenthis
solutionis thegreatestsolutionof theeDAREhavingS � 0.

In particular, if D � JD / 0 and the DAREhasa strongly 7 y p9 < ; -stabilizing
solution 
 � 0, then 
 � 
�� for anynonnegativesolution 
�� of theeDARE(or the
eDARI). �
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(Thecorollaryfollows from Theorem15.5.2.)
The exampleA � 1, B � 0 � C, D � 1 � J, 
 
 R shows that “strongly” is

not redundantin theabove corollary; modify (or discretize)Example9.13.12(b)
to observe that “strongly” cannot be replacedby “weakly” (in the infinite-
dimensionalcase).

N.B. The numberof all self-adjointsolutionsof a Riccati equationcan be
infinite (the simplestexampleis the two-dimensionalCARE 
 2 � I with self-
adjointsolutions
 � 7 sinθ i cosθ

i cosθ sinθ ; (θ 
 � 0 � 2π � )).
Proof of Theorem 15.5.2:
0H Noteson thetheorem: We have requiredabove a solutionof theeDARI

to be self-adjoint. We have also assumedthe existenceof a solution of the
eDARI thathasS / 0. Still, theoperator
 � neednot be positive (take, e.g.,
J � 7 > I 0

0 I ; ,C � 7 I
0 ; , D � 7 0

I ; , A � a I , sothatS � I and 
 � � av  ∞
0 e> 2t I dt � 0

is theuniquesolutionof theDARE, by Lemma9.12.2(c)).
Note that we have allowed insteadof strong stabilizability the weaker

condition of strong 7 y p9 < ; -stabilizability: there must be a state feedback

operatorK0 for Σ s.t. ¡ A
�

BK0 B
C
�

DK0 D ¢ is stronglystable;the third row (generated

by � K0 0 � ) of thecorrespondingclosed-loopsystemΣ0 neednot bestable
(thesameappliesto the“moreover” claim).

1H Abouttheproof: Thisis Theorem13.1.1of [LR] exceptthat1. it assumes
thatdimU � dimH � dimY B ∞, 2. it requiresΣ to beexponentiallystabilizable,3.
it assumesthatD � JD 
U��eg� U � , 4. its statementsincorrectlydo not (theproof
does)requireS / 0 for solutions
 thatareto beshown to satisfy 
 � 
 � (note
thatwe do assumeS � 0), 5. it alsostatesthat 
 � is “almoststabilizing” (our
10H is formally weaker, but if dimH B ∞, thenthis implies that 
 � is “almost
stabilizing”, i.e., thatρ � A� �)� 1, asnotedin 8H ).

We shallfollow theproof from [LR], mutatismutandis.
It is easyto bypass3. (seebelow); to bypass1., we have to useadditional

tricks for thestability of An (n 
 N) (see4H below); by developingthesetricks
furtherwecanbypass2. too.

The symbolsof [LR] mapto thoseof oursasfollows: Xk TA 
 k, �X TA 
 ,
Lk TA£a Kk, R TA D � JD, Q TA C � JC, C TA D � JC, E TA£a SK.

2H 
 0 � 
 : For eachn 
 N, weshalldenoteby Σn thestronglystableclosed-
loop systemof Σ correspondingto the statefeedbackoperatorKn (specified
below).

Let K0 be stronglystabilizing for Σ (or at leasts.t. ¡ A
�

BK0 B
C
�

DK0 D ¢ becomes

stable).By Lemma9.12.2(c),theoperator
 0 : � 6 �0J 6 0 is theuniquesolution
of theDARE 
 0

� A�0 
 0A0 a C �0JC0. It is straightforwardto verify that� 
 0 a 
 ��a A�0 � 
 0 a 
 � A0
�4¤ � 
 �¥�S� K0 a K � � S� K0 a K �C� 0 (15.26)

for any solution 
 of theeDARI s.t.S � 0,where¤ � 
 � : � A�X
 A a 
 � C � JC a
K � SK � 0. Multiply (15.26)by � A�0 � k to theleft andby Ak

0 to theright, andadd
theresultsfor k � 0 � 1 � $&$&$ � n to obtainthat 
 0 a 
 �V� A�0 � n� 1 � 
 0 a 
 � An

�
1

0 A 0,
asn A¦� ∞, sothat 
 0 � 
 .

3H Induction— 
 n: Let n 
 N � 1. Assume(inductively) that 
 0 � 
 1 �
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 n > 1 s.t. 
 k � 
 (k � n a 1) for all solutions
 of theeDARI having S � 0
(in particular, Sk : � D � JD � B� 
 kB � S / 0, whereS is asin theassumptions)

and x y k p k9 k < k } : � ¡ A
�

BKk B
C
�

DKk D ¢ is stronglystable;thesearethe top two rows of

theclosed-loopsystemΣK correspondingto thestatefeedbackoperator

Kk : � a S
> 1
k > 1 � D � JC � B� 
 k > 1A�§� k � 1� (15.27)

for k � n a 1. DefineKn andΣn asabove.

4H Induction— ¡ An B
Cn D ¢ is stronglystable:Weobtainfor any solution 
 of

theDARI, afterastraightforwardcomputation,that� 
 n > 1 a 
 �¨a A�n � 
 n > 1 a 
 � An� � Kn a Kn > 1 � � Sn > 1 � Kn a Kn > 1 �¥� ¤ � 
 �¥�S� Kn a K � � S� Kn a K � $ (15.28)

Multiply this by � A�n � k to theleft andby Ak
n to theright, andaddtheresults

for k � 0 � 1 � $�$&$ � m to obtainthat� 
 n > 1 a 
 �M�S� A�n � m� 1 � 
 n > 1 a 
 � Am
�

1
n � m

∑
kW 0

� A�n � k � Kn a Kn > 1 � � Sn > 1 � Kn a Kn > 1 � Ak
n

(15.29)
for all m 
 N (recall 
 n > 1 a 
 � 0). Since Sn > 1 / 0, it follows that* TA ©n * � " H � L2 # B ∞, whereT : � Kn a Kn > 1.

Now add � A�n � k � (15.28)� Ak
n ª z ª 2k

�
2 for k � 0 � 1 � $&$&$ � m to obtainthat

m

∑
k W 0

� A�n � kT � Sn > 1TAk
n ª z ª 2k

�
2 (15.30)� m

∑
k W 0

� A�n � k � 
 n > 1 a 
 � Ak
n ª z ª 2k

�
2 a m

∑
k W 0

� A�n � k � 1 � 
 n > 1 a 
 � Ak
�

1
n ª z ª 2k

�
2

(15.31)� � 
 n > 1 a 
 � ª z ª 2 a m

∑
k W 1

� A�n � k � 
 n > 1 a 
 � Ak
n ª z ª 2k � 1 a ª z ª 2 � (15.32)a4� A�n � m� 1 � 
 n > 1 a 
 � Am

�
1

n ª z ª 2m
�

2 (15.33)��� 
 n > 1 a 
 � ª z ª 2 ��� 
 n > 1 a 
 � � ª z ª � 1� $ (15.34)

Let Σn betheclosed-loopsystemfor Σn > 1 correspondingto thestatefeedback
operatorT : � Kn a Kn > 1, i.e.,

Σ �n : � «¬ D n
E

n6 n � n­
n ® n

¯°
: �²±³ An B

Cn D
T 0

´µ
(15.35)

(indeed,from the generatorswe seethat the two top rows of Σ �n areequalto
thoseof Σn; observe also that An

� A � BKn
� An > 1 � BT, Cn

� C � DT).
Below (15.29)we notedthat

­
n
� TA ©n is stable.By Lemma6.6.8,it follows

that D n
� D

n > 1 � E n > 1τ
­

n is stronglystable,
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FromB� � (15.30)� B � B� � 
 n > 1 a 
 � B weobtain(sinceSn > 1 / 0) that* m

∑
k W 0

TAk
nzk
�

1B * � " U # � Mn B ∞ � m 
 N � $ (15.36)

By (13.52),this impliesthat k® n 
 H∞ � D; eg� U �&� , i.e., that ® n 
 tic � U � . Conse-
quently, E n

� E
n > 1 � ® n � I � and � n

� � n > 1 � ® n � I � arestable.Therefore,also6 n
� 6 n > 1 �¶� n > 1

­
n is stable.Now we have shown that two top rows of Σn

arestronglystable.

5H 
 n � 
 : By Lemma9.12.2(c),theoperator
 n : � 6·�nJ 6 n is theunique
solutionof theDARE 
 n

� A�n 
 nAn � C �nJCn. If 
 is a solutionof theeDARI
having S � 0, then(asin 2H )� 
 n a 
 �¨a A�n � 
 n a 
 � An

�4¤ � 
 �¸�S� Kn a K � S� Kn a K �C� 0 � (15.37)

hence 
 n a 
 �R� A�n � m� 1 � 
 n a 
 � Am
�

1
n A 0 (as in 2H ), asm A � ∞, so that
 n � 
 .

6H 
 n > 1 � 
 n: Onecananalogouslyto p. 310of [LR] computethat� 
 n > 1 a 
 n ��a A�n � 
 n > 1 a 
 n � An
� � Kn a Kn > 1 � � Sn > 1 � Kn a Kn > 1 �C� 0 $ (15.38)

As above, we obtain that 
 n > 1 a 
 n �¹� A�n � m� 1 � 
 n > 1 a 
 n � Am
�

1
n A 0, hence
 n > 1 � 
 n.

7H 
 � : Let 
 beasolutionof theeDARI. Then 
 n � 
 n
�

1 � 
 � n 
 N � , so
that thereis a unique 
 � 
ºeg� H � s.t. 
 nx0 A 
 � x0 for all x0 
 H, by Lemma
A.3.1(b5).Since 
 n

� 
 �n � 
 for all n, we have 
 � � 
 �� � 
 .

8H Sn A S
� � S> 1

n A S
> 1� � Kn A K

� � An A A
�

, strongly: SetS
�

: � D � JD �
B� 
 � B � S / 0 (whereS / 0 correspondsto thesolutionin theassumptions),
K
�

: � S
> 1� � D � JC � B� 
 � A� . For all n 
 N, we have Sn � S

� � εI for some
ε � 0, hence0 � S> 1

n � ε > 1I , by LemmaA.3.1(b1),hence* S> 1
n *1� ε > 1j 2 B ∞.

Therefore,S> 1
n A S

> 1� strongly, asn A²� ∞, by LemmaA.3.1(b5). Therefore,
Kn A K

�
strongly(seeLemmaA.3.1(j3)),henceAn A A

�
, Cn A C

�
strongly,

as n A � ∞, whereΣ
�

is the closed-loopsystemcorrespondingto K
�

(i.e.,
A
�

: � A � BK
� � C� : � C � DK

�
).

(Notethatif dimH B ∞, then“strongequalsuniform”, hencethenρ � A� ���
1 (since ρ � An ��� 1 for all n 
 N), but even then we may have A

� � I as
in Example13.2.1of [LR], whereC � 0, A � B � R � I , and hence 
 n

�� 2n
�

1 a 1� > 1I (n 
 N).)

9H 
 � solvestheDARE:By 8H and5H , we have 
 � � A�� 
 � A
� � C �� JC

�
;

combinethis to thedefinitionsof K
�

andS
�

to observe that 
 � is asolutionof
theDARE, by Lemma9.10.1(b4)(iv).

10H 
 � � 
 : Let 
 bea stronglystabilizing(at leastfor thetop two rows)
solutionof theeDARE.Thenwecanchoose
 0 : � 6 �� J 6·� � 
 in 2H . It follows
that 
 � 
 0 � 
 � � 
 , hence
 � 
 � .

11H Remark—exponentiallystableAn: Oneobservesfrom 4H (andLemma
13.3.7(ii))thatif A0 is exponentiallystable,thensois An for all n 
 N. �
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Notes
The classicalresult (e.g.,Theorem13.1.1of [LR]) assumesthat 
 is expo-

nentiallystabilizing,henceour resultseemsto benew (a generalization)alsofor
finite-dimensionalsystems.

In continuous-time,the classicalresult (e.g., Theorem9.1.1 of [LR]) was
extendedto WPLSswith boundedB andC by RuthCurtainandLeibaRodmanin
[CR], whichalsocontainscomparisontheoremsfor thesolutionsof two different
Riccati inequalities(for two differentWPLSs).

LaurenceDumortierhasenhancedsomeof the resultsof [CR] (for WPLSs
having boundedB andC andfinite-dimensionalU andY). In [Dumortier], she
hasshown thatthemaximalsolution 
 � of thestandardLQR CAREstabilizesall
strictly intact polesof A aswell asall observableones,but it leavesthe critical
(meaningσ � A�¼» iR) nonobservablepolesunstable.Thus,at leastin this special
case,
 � is exponentiallystabilizingif f Ker�@6·�¸» σ � A�¥» iR � /0.

Unboundedinput and output operatorsmake the classicalproof virtually
impossible.This is surelythe reasonwhy theredoesnot seemto be any earlier
results for WPLSs having an unboundedinput or output operator. We have
obtainedsuchresults,Corollary 9.2.11andTheorem9.8.13,by reducingthem
to theresultsof this section,usingdiscretization.This way we obtainanalogous
resultsfor the“IARI” in thegeneralcase(replacethefirst equationof theIARE by
aninequality).However, this way we have obtainedresultsfor theCARE (or for
theIARE or for the“IARI”) only, not for thecorrespondinginequality(“CARI”),
sincethe “CARI” (9.217)doesnot leadto the IARI, asexplainedin Proposition
9.11.9.Therefore,a “CARI” resultwould requirea continuous-timeproof.

It seemsthatsucha proof would bepossiblefor boundedB, aswell asfor the
parabolicsystemsof Hypothesis9.5.1,sincein bothof thesecaseswewouldhave
Dom� An � � Dom� A� for eachn in the proof (generalizethe proof of Theorem
9.1.1of [LR]; notethateachKn would becomebounded).Thesemight beworth
of furtherinvestigations.
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