Chapter 14
Riccati Equations (DARE)

Theinherent vice of capitalismis the unequalsharing of blessings;
theinherentvirtue of socialismis the equalsharingof misery

— WinstonChurchill (1874-1965)

In this chaptey we shall defineand explore Discrete-timeAlgebraic Riccati
Equations (DAREs) Thus, this chapteris the discrete-timecounterpartof
Chapter (cf. Theorem14.1.3).

In Section14.1, we study the basic propertiesof DARESs. In Section14.2,
we list certainauxiliary lemmasandfurtherresults. Section14.3 containssome
resultson discrete-timespectrafactorization.

SeeChapterl5for moreon positive DAREs(thosewith positive cost(for zero
initial state)or S> 0). Thatchaptemlsotreatsminimization(LQR) problems.The
H® full-information control problemis treatedin Sectionsl1.5and11.6,andthe
H® four-block problemin Sectionsl2.2and12.6.

Part of the continuous-timeresultsare proved using this chapter henceit
is importantto rememberthat, logically, one should verify all resultsof this
monographin discretetime (cf. Theorem13.3.13) before verifying them in
continuougime.

We shallwork underthe discrete-timecounterparbf Hypothesis9.0.1.:

Standing Hypothesis14.0.1 Throughoutthis chapter and Chapter 15, we as-
sumethat ¥ = [212] € wpIs(U,H,Y) and J = J* € B(Y). Theletters U, H
andY denoteHilbert spacesf arbitrary dimensions.

We also assumethat [Q R], Z“ and Z° are asin (discrete-time)Definition
8.3.2, [A%’%} e wpls(U,H,Y) for someHilbert spaceY, andthat i, 1'ze 75 <
ze€Z° (zeZ", teN).

The reademay againignorethe latter paragraplof the hypothesisandread
U; asary of Upyt, Usta, Ustr, Uexp; S€EthecommentsaroundHypothesiH.0.1for
details.
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14.1 Discrete-timeRiccati equations(DARE)

Duggan’s Equality: To every Ph.D. there is an equaland opposite
Ph.D.

Traditionally optimal control problemsare solved by solving corresponding
DAREs. An optimal exponentiallystabilizing statefeedbackoperatorexists iff
the DARE hasan exponentiallystabilizing solution, in which casethe operator
andthe optimal costoperatorform the solutionof the DARE. In this section,we
shallextendthis to infinite-dimensionakystemsandalsogeneralizehis to other
formsof stabilizationthanexponentialstabilization.

We shall introduce the DARESs and their basic properties, including the
uniquenes®f a U} -stabilizingsolution. In Theorem14.1.5,we show that U} -
stabilizing solutionsof the DARE correspondone-to-oneto the optimal state
feedbackoperatorsasin the classicalsetting. In Theorem14.1.6,we show that
whenever thereis a uniqueoptimal control, this control canbe givenin a state
feedbackorm.

Underthe standardcoercvity assumptionan optimal control is necessarily
unique,henceof statefeedbackorm, hencethe uniquesolutionof the DARE, by
theabove. Thus,in Corollary14.1.7 we canstatethatthe threeabove conditions
are equialent and that they hold iff the systemis stabilizable. In Theorem
14.2.7,we include the “converse” (for Uep): the DARE hasan exponentially
stabilizingsolutioniff the standardcoercvity assumptiorholdsandthe systemis
exponentiallystabilizable(for dimU < o athird equivalentconditionis thatthere
is auniqueoptimal control).

We startby definingthe DARE. Our definitionis equivalentto the definition
of the|ARE in thesenseaxplainedin Remark14.1.2.

Definition 14.1.1(DARE) We call ? (or (©,SK)) a solution of the Discrete-
time AlgebraicRiccati Equation(DARE) (inducedby 2 and J; we denotethis by
P € DARE(Z, J)) iff

P = A*PA+C*IC—K*K,
S=D*JD+B*PB, (14.1)
K = —(D*JC+B*PA),

P=P" € BH),KeB(H,U),andSe GB(U).

A solutionof the DARE: s called stabilizing(resp.r.c.-stabilizing stable,...) if
( K | 0)isastabilizing(respvr.c.-stabilizing stable ...) statefeedbak operator
for Z (seeDefinition6.6.10for further preficesandsufices).

We useprefices' U;-", “P-" and“PB-" asin Definition9.8.1.

The solution ? (or (?,SK)) of the extendedDARE (eDARE) is defined
analogouslyexceptthatwedonotrequire Se G‘B(U ). For solutionsoftheeDARE
wedenote? € eDARE(Z,J) (or (?,SK) € eDARE(Z, J)).

We call K the statefeedbackoperatorand S the signature(or sensitvity)
operatorcorrespondingo thesolution.We define[ K | F |, X, M, N andZs as
in Definitions9.1.3and 9.1.4.



Note that necessarilyS= S, andthat ( K | 0 ) is an admissiblestate-
feedbackpairfor Z (by Lemmal3.3.12).

A solution? of theeDARE determiness uniquelyandK modulothe addition
of anoperatoAK € B(H,Ker(S)) (henceuniquelyif Sis one-to-one)By Remark
9.8.8,theoperatorsSandK canbe eliminatedfrom the eDARE too.

We have requiredthat“F = 0” in the [e]DARE; this simplificationdoesnot
reducegenerality:

Remark 14.1.2(DARE vs.lARE) If wereplace*( K | 0)” by“( K | F )"
in the definitionof the [e]D ARE,whee werequire thatl —F € GB(U), thenthe
solutionsof the [e]D AREbecomesxactlytheadmissiblesolutionsof the[e]IARE.
Moreover, such solutionsare exactly the triples (2, X*SX, ( X71K | 1 =X )),
wheee (P, S K) is a (original) solutionof the[e] DAREandX € GB(U). 0

The left columnsof the correspondingclosed-loopsystemsare equal, by
(13.61and (13.62), henceboth solutionscorrespondo sameclosed-loopstate
andoutputs(in theabsencef a closed-loopnput). SeealsoTheoren9.8.12(s1).

Theresultsof Chapter hold in discretetime too:

Theorem 14.1.3(Chapters 8—9apply) Theresultsof Sections8.3,8.4,9.1,9.8—
9.10 (exceptthe “we do not know” part of Lemma9.9.7(d)), Lemma9.11.1,
Section9.12, and Definition 9.14.1-Theam 9.14.3 hold modulo the changes
givenin (13.63).

(Note that (13.63) makes Hypothesis8.4.8 useless,since it remwes any
“S = D*JD” claims. This is becausein discrete time one almostnever has
S= D*JD, notevenfor YMTICH" (becauseéd(0) # D(—1) in geneal); seealso
thecommentsroundExamplel4.2.9.)

Moreover, in Theoem 9.9.10we have ugit(Xo)(t) = Kx(t) in (f1) and K =
K'+ Ky in (g2)if wetakeM’' =1 =M (i.e., F' =0=F).

Also almosteverythingof Section9.13 caneasilybe adaptedor [e]DAREsS,
andmostof therestcanbeobtaineddirectly by discretization Many of theresults
of Chapter9 not mentionedabove have counterpartsn this chapter Also the B, -
CARE resultsof Section9.2 canbewritten in their discrete-timdorms, but since
welose“S= D*JD”, mary of theseresultsbecomeatheruseless.

Recallfrom Theorem9.9.1thatthereis a J-critical statefeedbackpair for =
iff theelARE hasa U -stabilizingsolution.

If this is the case,then 7 (Xo, Ucrit(X0)) = (X0, PXo), and ugit is given by the
feedbackK; the costwith closed-loopinput u € £2([0,t);U) (t < «) is given
by (X0, PXo) + (U, SUcs), by Theorem9.9.1(h); hencethe namefor the signature
operatorS.

Lemmal4.3.5providesus someadditionalclassesatisfying(the converted)
Hypothesis3.4.7.

Proof of Theorem 14.1.3: One can first verify Sections8.3 and 8.4,
then Lemma14.2.1,then 9.10 (and 9.11.1 from 9.11), then 9.8 (including
Theoreml4.1.4)and9.9, thentherestof Chapter9. Onecanavoid references
“backwards” by verifying eachclaimin its discreteandcontinuougime forms
beforeproceedingo the next one.



NotethatK = —S~1mq, N*JCA € B(H,U) in Theoren®.9.10(g1). [

Note that Uou(Xo) = {u € £2(N;U) |Cxo + Du € £%(N;Y)} etc., whenwe
write (8.29)—(8.32)ut (applying(13.63)).
A stronglyinternally stabilizingsolutionof the DARE is unique:

Theorem 14.1.4(P is unique) Asolution? = P* € B(H) oftheel AREis unique
to thefollowing extent:

(a) If theeDARE(14.1)hasa stronglyinternally stabilizingsolution,thenthat
solutionis uniqueamonginternally stabilizingsolutions.

(b) Theris at mostoneinternally P-stabilizingsolutionof the e DARE.

(c) If the eDARE hasan internally r-stabilizing solutionfor somer < 1, then
anyothersolutionis (internally) at most1/r-stabilizing

(d) TheeDAREhasat mostoneP-q.r.c.-SOS-stabilizingolution.
(e) TheeDAREhasat mostone U} -stabilizingsolution.

Naturally, ¢ determinesS:= D*JD + B*PB uniquelyand K modulothe addition
of anoperator AK € B(H,Ker(9)).

Note from Theorem 9.9.1(al)&(e), that each a U}-stabilizing solution
(?,S K) determinesa J-critical statefeedbackoperatorfor Z, and vice versa.
Thecorrespondingis unique;theoperatoK is uniqueiff Sis one-to-one.

Thus,if Sis notone-to-onethenthefeedbacloperatoiK solvingtheeDARE
with ¢ andSis not unique,but it may be thatjust oneK is U}-stabilizing,i.e.,
that the U} -stabilizing solutiontriple (7, S K) is unique,andthat the J-critical
controlin statefeedbackorm (K xp) is unique(for eachxg) (seeExample9.13.6
for anexample).

Proof of Theorem 14.1.4: The claim on SandK is obvious, sowe only
needto prove theuniquenessf P.

(a) Let P, P beastabilizingsolutions;let P, be stronglystabilizing. For
k=12, let Sc andKy correspondo #. By the definition of K and S (see
eDARE), we have

R:=C*JDK; — KiD*JC+ A* ?,BK; — KiB* PLA+ K3 (B* 7B — B* 1 B)K;

(14.2)

= -K39K1 + K35 K1 + K3 (S - 5)Ky = 0. (14.3)
Thereforepy theeDARE, we have

P — P = A (PL— Po)A+ K5SKo — KIS Ky (14.4)

=A" (P — P)A+ (C'ID+A"PB)K; — K5 (D*IJC+B*PA) (14.5)

= (A"+K;B")(P1— P)(A+BKj) +R (14.6)

= Al (PL— Po)Acs1. (14.7)

Multiply equationPy — P, = A, (Py — o) A1 by (A%,)* to theleft andAK , to
theright, andusetheresultingchainof equationgor k= 0,...,n— 1 to obtain

P — P = (Nsp)" (P P)Ay (NEN). (14.8)



Because(A,)"(PL — P) is boundedand Aly;xo — 0 asn — +oo, for ary
Xo € H, we have Pixo — Poxg = Ofor all Xg € H, henceP, = P.

(b) Now AAL X0 — 0 asn — +oo, for all o € H, k= 1,2, by (P3), and
|A || is boundedsotheresultfollows asabove.

(©)If M, r > 1ands> 1/r ares.t.||Aly %ol < Mr~", [|Al%o]| <Ms™", then

(X0, (PL — P2)x0)| < (|| P1]| + || 22| )M?(rs)™" forall ne N, (14.9)

hencethen|(Xo, (P1 — P2)xo)| = 0 (in the proof of (a)).

(e)(resp.(d)) By PropositiorD.10.2(c)resp.(e2)),the U} -stabilizing(resp.
P-SOS-rc.-stabilizing) solutionsof the elARE correspondone-to-oneto the
J-critical (resp. SOS-rc.-stabilizingand J-critical over U,y statefeedback
operator§seeLemmal4.2.1).

The J-critical cost(Xo, Pxo) over U} (resp.over Uy is independenof the
J-critical control KXo, by Lemma8.3.8,henceP is unique. O

From Theorem9.9.1(al)one can obsene that arny J-critical statefeedback
operatorK correspondgo a U}-stabilizing solution 2 of the elARE, and vice
versa.Dueto boundednput andoutputoperatordB andC), in discrete-timewe
cango further:

Theorem 14.1.5(J-critical K < DARE) Theris a J-critical statefeedba& op-
erator K iff theeDAREhasa U} -stabilizingsolution (2, S,K).

Moreover, sud Ksare exactlythoseassociatedvith thesolutionswith Sbeing
the correspondingsignatue operator and P being the J-critical costopetator
satisfying(9.139)). 0

(This follows from the above and Lemma14.2.1.) Also mostof Theorem
14.1.6holds,asonecanobserefrom Theoren®.9.1.Recallfrom Theoreml4.1.4
that P is uniquebut K neednot be. Also recallfrom Remark14.1.2how eachK
correspondso asetof pairs( K | F ) with same?.

In moststandardsettingsarny J-critical controlis unique. Sucha control can
alwaysbe givenby somestatefeedbackoperator:

Theorem 14.1.6(Unique J-critical control is of the feedbackform) Theris a
unique J-critical control for ead xg € H iff the eDARE hasa U;}-stabilizing
solution(?, S K) with Sone-to-one

Assumehatthisis the case Thenthefollowing hold:

(a) The U;-stabilizingsolution (P, S K) is unique

(b1) TheJ-critical control is determinedy ugit(Xo) = Ky Xo, i.€., bY Ugrit (Xo)n =
K(A+BK)"g (n € N), whee Z is the closed-loopsystencorresponding
to( K|0).

(b2) Corversely Kxg = Ugrit(X0)o and P = C% JCs (andS= D*JD + B*PB).

(c) If Z is exponentiallystable thenK is exponentiallyr.c.-stabilizing

(d) Theoem9.9.1(f1)—(k)apply.



SeeTheorem9.8.5 for U}-stabilizing solutions. Note in particular that a
solutionis Uexp-stabilizingiff p(A+BK) < 1, by Lemmal3.3.7(and Theorem
9.8.5).

Theorem9.9.6containsan analogyof the above theoremfor WPLSs(i.e., for
continuoustime) with boundedB. For very irregular WPLSs,the “only if” part
mayfail (atleastwe have to give up eCARESs;presumablyevenelARES).

In generalall J-critical statefeedbacloperatorsorrespondijectively to ;-
stabilizingsolutionsof theeDARE asin theabove theorempy Propositior9.9.1.

Proof of Theorem 14.1.6: The equvalencefollows from Theorem
9.9.1(al)&(e2)pecausea unique(for eachxg) J-critical control ugi; is heces-
sarily of thefeedbacKorm: if K isdefinedby (b2),thenA- = Agit, Ky = Kerit
andC = Cgit, by (13.61).

(a) By Theorem9.9.1(f1), is unique,hencesoareSandK (becauseis
one-to-one).

(b2)&(d) Thesefollow from Theorem9.9.1.

(b1) Thisfollows from formulaugit(X0) = KeritXo = Kes Xo.

(c) Thisfollowsfrom Theorem8.3.9(a5)seealso(13.61). O

Thus, if ¥ is J-coercve and the finite cost condition is satisfied,then the
optimalcontrolcorrespond$o a (unique)U;-stabilizingsolutionof the DARE:

Corollary 14.1.7(J-coercive= DARE) Assumehat 2 is J-coerccive Thenthe
following are equivalent:

(i) thereis a [unique] J-critical control over U (x) for eat xp € H;

(i) Ui (x0) # 0 for eath Xp € H;

(iii) the DAREhasa U;-stabilizingsolution. O
(This follows from Theorem14.1.6 and Theorem8.4.3, since necessarily

Se GB(U), by Lemma9.10.3.)SeealsoTheorem14.2.7.
(Seep. 829for notes.)



14.2 DARE — further results

Everyonewvantsresults but nooneis willing to dowhatit takesto get
them.

— Dirty Harry

In this section,we presentauxiliary lemmasand further resultson DARES.
Theseincludethe relationsbetweenall (not necessarilystabilizing) solutionsof
theeDARE, symplectic‘'matrix” pencils,DAREsconnectedo theinternaland/or
outputstability of a system,equialencebetween]-coercvity andthe existence
of auniqueoptimalcontrol,andH? “spectralfactors”.

In previous section,we usedthe fact that the solutionsof the [e]DARE are
exactly theadmissiblesolutionsof the [e]IARE:

Lemma14.2.1(eDARE & elARE) Let Se B(U) and ? = P* € B(H). Let

[ K | F ] beanadmissiblestatefeedbak pair for =, andlet 2 := [ﬁ%@o 1%)@] €
O

wpls(U,H,Y x U) bethecorresponding:losed-loogsystemSetM := (I —F) 1,
N:=DM = Dys. If equations

K SK = A" PA — 2 4 CHICt (14.10)
xt*sxt = DV IDt + B PR (14.11)
X'"SK' = — (DHIC + B PAY). (14.12)
holdfor t = 1, thenthey hold for each t € N.
Thus by (13.62),(?,X*SX,X 1K) (here X := | —F) is a[stabilizing] solution

the eDAREiff (2,5 [ K | F ]) is an admissible[stabilizing] solution of the
elARE.All preficesand suficesapply.

If (2,S[K |F ]) is an admissiblesolution of the elARE with closed-
loop systemz s, thenthe closed-loopsystemcorrespondindo ( XK \ 0 ) is

[%%%é] , by (13.61)and(13.62).
Ko

Proof: We assumehat(14.10)—(14.12presatisfiedfor t = 1 (i.e., thatthe
eDARE is satisfied).
1° (14.10):Letx € H. Apply (14.10)with t = 1 to AKx (k € N) to obtain

(AL, PARFLY) — (AKX, PARX) + (CAKX, JCAKX) = (KAKX, SKAKY).  (14.13)

But, by (13.38),we have (Cx)x = CA*x and (Kx)x = KAKx, hencewe canadd
(14.13)fork=0,1,2,...,t — 1 to get(14.10).

2° (14.11): Let 0 # u € c¢(N;U). Setx:= Bru to obtain that Xj+1 =
AX; + Buj and (Du); = Cx; + Duj (j € N), by Lemma13.3.3(c). Similarly,
Xu = u—Kx. Thus,by (14.12)with t = 1, we have (heretheinnerproductsare
takenonU or H, andthe subscriptj refersto “time”, i.e., to theargumentof x



andu):

(Xu, SXu) ; = (u, Su)j — (u, SKxX)j — (SKX, U)j + (KX, SKX); (14.14)
= (U, SU); +(u, (D*IC+B*PA)X); +((D*IC+ B*PA)X,U); (14.15)
+ (X, A*PAX) | — (X, PX); + (x,C*ICX) = gj + h; (14.16)
onZ, where
g := (u,D*IDU); +(u,D*ICK); + (D*ICx, U); + (x,C*ICX); = (Du, IDU);,
(14.17)
hj :=(u,(S—=D"ID)u); +(u,B*PAXY  + (B* PAX U); + (X, A"PAX)j — (X, PX);
(14.18)

= (AX+ BU, P(AX BU)); — (X}, PXj) = (Xj+1, PXj+1) — (X}, PX;). (14.19)
Therefore,
j j j
%(Xu,SXu)j —% (Du, JDu); % (Xu, SXu); %g, %h, (Xj+1, PXj+1)-
(14.20)
But this is (14.11)for t = j + 1 appliedto u (becausex := Btlu). Becauseu
and j werearbitrary equation(14.11)holds,by densityandcontinuity.
3 (14.12): For t € N, we set Ty := X'"SmoyK +

Tioy) (D" Iy C+ T'B* PA') € B(H,£2([0,t);U)), asin Lemma9.11.6. We
mustprovethatT = 0, henceit is enoughto shaw that

fi 1= ft(U,%o0) := (u, TtXg);2 = O (14.21)
for arbitraryt € N, u € £2((0,t);U) andxo € H. Letu,x beasabore, andset
% =A%, 7 :=Bttu (14.22)

to obtainx. 1 = A%, z+1 = Az + Bu, (Xu); = uy — Kz, (Du); = Dy +Cz,
(Cxo)t = Cx, (Kxp)t = Kx (seeLemmal3.3.3). Thus,for t € N, we have
(recallthatNv = Du)

t

fr1 = %((XU)n,S(KXo +% ((DU)n, I(Cxo)n)y dt +(Z 41, PXe+1)y-
(14.23)

Therefore (we setheref_; = 0 sothatthis holdsfor t = —1 too)

firr — fr = (U — Kz, KX) + (DU + Cz, ICxn) + (Az + B, PAX) — (z, PX) =0,
(14.24)

by (14.10)—(14.12ith t = 1. Consequentlyf = 0 andT = 0.

4° el ARE=eDARE:Obviously, theel AREwith t = 1is exactlytheeDARE.
O

The “K” of a U;}-stabilizing solution of the eDARE is the optimal state



feedbackoperator Cornversely given a unique optimal control, we obtain the
correspondingolutionof the eDARE asfollows:

Lemma 14.2.2 Let there be a uniqueJ-critical contol ugit(Xo) for ead xp, and
let 2.t beasin Theoem8.3.9.

SetKXp := Ugit(X0)o (X0 € H). ThenZ is the left columnof the closed-
loop systemcorrespondingto the state feedbak pair ( K | 0 ) for £. Thus,
P = C;; ICerit, S:= D*ID + B*PB and K constitutethe unique U -stabilizing
solutionof theeDARE.

Proof: By (13.39),thegenerator®f Kgit, Cerit andAgir areK, C+ DK and
A+ BK, respectiely; hencethefirst claim follows from (13.62) (with M = 1).
By Proposition9.10.2(c),(?, S K) is U;-stabilizing. O

From Lemma 9.12.3 (which also containsfurther results) we obtain the
connectiorbetweernthe DAREsfor the open-andclosed-loopsystemgnotethat
no stabilizationis requiredhere):

Lemma14.2.3Let ( K’ | F' ) be admissiblefor £, i.e, (M)t :=1-F'¢
GB(U), andlet Z, bethecorresponding-losed-loopsystem
Then (?,SK) € eDARE(Z,J) < (Z,M*SM MK — K) €

eDARE((212:) 9). O

In particula eDARE(Z, J) = eDARE(Z},J) andDARE(Z,J) = DARE(Z},J)
(seeDefinition 14.1.1for thenotation),where(seeLemmal3.3.12)

1._ B, ._ ([ A+B BM' _
1= (q Db) - (Wfﬂw) K, = M'K". (14.25)

By settingF’ = 0 we see,thatif we perturbateZ by a feedbackk’ andthe
resultingsystemcan be optimizedby feedbackk, thenthe original systemcan
be optimizedby feedbackk = K’ +Kj.

From Lemma9.12.5we obtainthat differencebetweentwo solutionsof the
eDARE solvesthe eDARE for the correspondingk system(still no stabilization
assumed):

Lemma14.2.4 Let (P, S,K1) € eDARE(Z, J).
Then (2, 9,K2) € eDARE(ZJ) <& (B - P,$9Ky) €

eDARE(( A1) . S0. B

Thus, for (P,SK) € eDARE(%,J) we have eDARE(Z,J) = P +

eDARE((%{%) ,9). Notethat(%f—?) is arealizationof “X.

Matrix pencilscansometimese usedto simplify certaincomputations.The
following lemmarelatese DARESsto socalledextendedsymplectianatrix pencils

Lemma 14.2.5(SymplecticPencil) Let ? = P* € B(H), K € B(H,U), and
IH

As € B(H). SetS:=D*JD+B*PB, V = [%7] Then the following are
equivalent:



(i) TheeDAREfor X andJ hasthesolution(?, S,K), andAs = A+ BK.
(i) WehaveMs ;VA5 = Ns ;V, whee

Iy O O A 0 B
Mz,\] =10 —-A* O , N273 = [C*IC —ly C*ID| e ﬂ(H x H x U).
0 -B* 0 D*JC 0 D*JD

(14.26)
(i) SomeZ € GB(H) andV’ = [Z] € B(H,H x H x U) satisfyMs jV/Al, =
Ny V', andV =V'z-t andAs = ZA,Z71.

Thus,we havethreeequivalentproblemsthesecondnewill beourtoolinin
Section12.6for the proof of theH* Four-Block Problem.
Proof: 1° “(i) & (ii)": Write Ms j3VAs = Ns ;V out to obtainthe equation
A = A+ BK anda systemwhich becomegdhe e DARE afterthis substitution.
2° “(ii) < (iii)": Thisis obvious. O

Next we presentthe discrete-timecounterpartof Lemma9.12.2,i.e., the
connectionbetweenthe internal and/or output stability of a systemand the
solvability of certainRiccati equations(the solutionsneednot be stabilizing a
priori):

Lemma 14.2.6(A/C is stable<> DARE)
(a) AssumehatJ > 0. ThenC is stableiff thereis P € B(H) s.t.? > 0 and
P > A*PA+C*JIC. (14.27)

(b) AssumehatC is stable Then? = C*JC is a solutionof Z = A*PA+C*JC,
and? > P for any? > 0 thatsolves(14.27).

In particular, if J > 0, then? = C*JC is the smallesthonngative solution
of (14.27).

(c) AssumethatA is stronglystableandC stable Then®? = C*JC istheunique
solution(in B(H)) of ? = A*PA+C*JC.

(d) The map A is exponentiallystableiff 2 > A*PA for somenonngative
P € B(H) (andanysud P necessarilysatisfiesP > 0). O

(Theproofis analogougo thatof Lemma9.12.2(usealsoLemmal5.5.1)and
henceomitted.) Naturally, we canagainuseduality to get correspondingesults
for (A, B).

We cannow show thatfor Uep, J-coercvity is equivalentto the existenceof
aunigueoptimalcontrol(if, e.g.,dimU < o):

Theorem 14.2.7(Uep: Unique optimum<«<DARE < J-coercive) Conditions
(i)—(iii) are equivalent.

() Thee is a unique J-critical control over Uep(Xo) for ead xo € H, and
S:=D*JD+B*PB e GB(U).



(i) TheDAREhasan exponentiallystabilizingsolution.
(iii) D is J-coeriveover Uexp, andZ is exponentiallystabilizable

If dimU < o, or D*JD > 0 and J > 0, thenthe conditonSe GB(U) is
redundanin (i).

If Sis asin (i) (or (ii)), thenS>> 0iff I is positivelyJ-coercive over Ueyp (iff
the J-critical control is minimizing).

Naturally, ? := C;;JCqrit in (i) (= C;xJC in (ii)). Seee.g.,Theoreml4.1.6
for furtherdetails.

Proof: 1° Equivalencé‘(i) < (ii)” followsfrom Theoreml4.1.6,andimpli-
cation“(iii) =(i)” from Theorems3.4.3and14.1.6andLemma9.10.3.

2° (i)=(iii): Assume(ii). Trivially, thenX is exponentiallystabilizable so
thatwe only have to prove thatD is J-coercve over Uexp.

By Theorem9.9.1(k), we have M¢?(N;U) = Uexp(0). Choosees > 0 s.t.
I|Suo|| > €| uol| for all up € U. By Lemma6.1.10,we have

M = max{[[Mlltic, [| By Tl| (2,m } < . (14.28)

Assumethat 0 # U € Uep(0), and setus := M~tu € £2(N;U). Set
Vi = Qs /|| SUss||2 € £2(N;U), vi= Mvs € Uexp(0), sothat ||vs|l2 < 1 and
{Ves, Sls) > gs]|ugs |2

Then ||V||’uap = max{||v||2,||Btv|]2} < M (since Btv = Bi1v;s) and
Ul %, < M|ucs||2 (seeLemma8.4.2). Since

(D, IDU) = (D5 Voo, I Us) = (Ves, Slhs) > ez > EsM ™ 2[ul g [V
(14.29)
andu wasarbitrary we have shovn thatD is J-coercie over Ueyp, by Lemma
8.4.2.

3° Redundancyif 7 > 0 (e.g.,J > 0), thennecessarily? > 0, hencethen
D*JD > 0 impliesthatS>> 0.

If thereis auniqueJ-critical controlover Uep(Xo) for eachxy € H, thenSis
one-to-oneby Theoreml4.1.6,sothatdimU < o« makesconditionSe GB(U)
redundant.

4° S>> 0: Thisfollowsfrom Theorem9.9.1(k)andLemmal0.2.2. O

Now we statethe discrete-timecounterpartof Lemma9.12.8. This corre-
spondsto the factthat, in the indefinite case the “spectralfactors"may become
unstablgX € H2\ H*(D; B(U)) for dimU < ).

Lemma 14.2.8(B,D stable=D*JD=X*SX & Xe gHZ) Assumehat B and
D are stable 8 =1, and (?,S,[ K | F ]) is a U;-stabilizing solution of the
elARE.SetM ! :=X:=1—F, N:=DM, X¢ := X(*. Then

(@l)N,M, X e tic, (U, ) forall r > 1.

(@2) N, M, X9 € HZ;0nd D; B(U, )); in particular, X € GH(D; B(U)).

(b1)N,M,X* € B(£1(Z;U),03(Z;)), N*,M*,X € B(£?(Z;*),£*(Z;U)), and
X TEMY M 1), X1y € B(£3(Z;U)) for all T,t € N.



(b2)MmT X, m_7 X € B(£1(Z;U),£3(Z;U)) N B(E(Z;U)) N B(#3(N;U)) for
eadh r > 1, and Mrr* X and T_1X have a continuousextensionsto
B(L2(Z;V)).

(c1)(Nu,JNv) = (u, Sv) for all u,v € £2(Z;U).

(c2)X*1y_7+)SXu — D*JDu in (2(Z;U), ast,T — —+oo, if B is strongly stable
andu € £%(Z;V).

(d) (dimU < o = X*SX =D*ID) If dimU < o, thenX, M € HZ(D; B(U)) N
L2(0D; B(U)), andX € GB(U) andX*SX = D*JD a.e onaD.

(e) (M'D*JIDrct )L =Mt S IM*)  If T := " D*JIDit™ is invertible on
f2(N;U) and B is strongly stable then S e GB(U) and T-! =
Mt SIM* € GB(£2(N;U)).

(f) If Z is exponentiallystable thenX € Gtic, (U ) for somer < 1, andN*JN =S
andD*JD = X*SX; i.e.,

D*JD=X*SX on aD. (14.30)

Recallthat® = 1 for Uout, Usta Ustr and Uexp, andthat £2(N;U) C ¢2 and
£2(N;U) C £2for r' < 1 < r. SeealsoProposition9.12.7(b).
Proof: (al)&(a2)&(bl) Thesefollow from Lemmal3.3.8(b3),sincekKs
(dueto 9 = 1), Cs andBY arestable exceptthatwe have to show thatX* Te-M*
arestable:

Mt X = Mt X(rt +10) = It + MKB = 11" + K 5 B, (14.31)

which is stable hencethemapX*M* € B(¢2,£) (notethatTt, £ C ¢7) has
its rangein £2, henceX*T"M* € B(¢?), by LemmaA.3.6. We obsene that
X*TTM* = | — X*t"M* is alsostable.

(b2) This follows from (b1) (notethat#?(N;U) C ¢2 andthatX itself is not
necessarilgefinedon ¢2(Z_;U)).

(c1) By Lemma9.10.1(c2),we have (Nu,JNv) = (u,Sv) for all u,v € c,
hencefor all u,v € ¢, by density

(c2) Thisis Propositior9.12. 7(b)

(d) By Theorem3.3. 1(e)&(a4),X M € H?(D; B(U)) NL?(0D;B(U)). By
continuity, XM =| = MX andN = DM a.e.on dD (sincethesehold on dD);
in particularX € GB(U) a.e.ondD.

Since (upep, Svoep)z = (Nupep,JNVpep)p2, i.€., (uo,S/o)Lz(aD;U) =
(Nuo,Jﬁv@Lz(aD;U) for all ug,vo € U, we must have N*JN = S a.e.on aD,
i.e., X*SX = D*JD a.e.ondD.

(e) By Lemma9.9.7(c5),S€ GB(U). SetE :=D*JD. Letue £1(Z;U).
SinceM, X* € B(¢%,4?), by Lemmal4.2.8 we obtainfrom (c2) that

EMu=_lim X'Tjo)SXMu=_lim Xro;Su=X"Su, (14.32)
henceEM = X*S ¢ B(/1,¢?). ConsequentyM*E = SX € B(¢2,£°), by
LemmaB.4.15.



Let r > 1. Since S'M'E = X, we have T, S IM'T = i, Xm, €
B(L2(N;U),£2(N;U)) N B(£2(N;U)). But i, Mrt, X, = 11, on £2, hence
M, S IM*T = 1, on ¢2. The invertibility of T-1 on ¢?(N;U) C
/2(N;U) impliesthatMrt, S IM*u = T 1ufor all u € £2(N;U); in particular
Mrt, S IM* € GB(£2(N;U)).

Remarks: We have M = E~1X*S € B(¢1,/?); in particular Mrm, =
T-1X*Se B(¢£1,42).

If U} =L?(e.9.,% € sosand U} = Uoyy) thenT € GB(L(R4;U)) implies
thattheelARE a solution,by Proposition8.3.10andTheorem14.1.6.

(f) The exponentialstability of A (i.e., of %) implies that of D and X.
By Theorem9.9.1(d)&(g2), % is exponentially stable(henceso are N and
M = X"1) andN*JN = S, henceD*JD = X*SX. Thisimplies(14.30)(by, e.g.,
(thediscrete-timeversionof) Theorem3.1.3(al)). O

In the finite-dimensionalCARE theory onealwayshas“S= D*JD”, but for
DAREsthis is virtually never true. In Section9.2, the equality“S= D*JD” was
extendedto all WPLSswith a boundedB and beyond; for e, an alternatve
condition was that AB,C,A,Cy,AB € L|1oc (see Theorem9.2.18; see Remark
9.9.14(b)for further sufficient conditions).Noneof theseholdsfor discrete-time

systems:

Example 14.2.9[S#D*JD] LetA=0,B=1,C= [[],D=[¢], J=1 (sothat
D(2) = [f] orD = [7,*] € tice C £*%). Thenthe[e]DARE becomes

S=1+P, K=0, —P+1=K*X, (14.33)
with the uniquesolution? =1, S= 2, K = 0, henceX = | = X. Therefore,
D*ID =1 # 2l = S(= X*SX). <

In particular we have no equivalentfor the B},-CARE theoryof Section9.2.

Moreover, we have no decentequvalentfor the MTICL" (or MTI1z) theory;
indeed,theredoesnot seemto exist ary useful discrete-timeclasseghat would
satisfy Hypothesis8.4.8 (after (13.63)), as notedaroundLemma14.3.5. Note
that evenif we useQ4 for 4 := MTICL or somethingsimilar, we only know
that D(—1)*JD(—1) = S (Since @cayig(+) = —1), which doesnot imply that
D*JD = D(0)*JD(0) = S

Notesfor Sections14.1-14.2

Historical remarksandreferencegor DARESs for finite-dimensionakystems
canbe found from, e.g.,[LR]. We have recentlybecomeaware of the fact that
alsothe eDARE for finite-dimensionakystemshasbeenstudiedextensiely, by
V. Popw, V. lonescuC. OaaandM. Weiss[Popov] [IW] [IOW] andothersunder
the nameDTARS. See[lOW] alsofor symplecticpencilsfor finite-dimensional
systemsand [HI] for a Popw function approachto time-varying discrete-time
linearsystems.

Notesfor infinite-dimensionapositive DARE resultscanbe foundon p. 840.
In the indefinite case,JarmoMalinen [Mal97] (alternatvely, see[Mal00]) has
shavntheequivalenceof theexistenceof aspectrafactorizatiorandtheexistence



of a P-1/0-stabilizingsolutionof the DARE (seeCorollary9.9.11andProposition
9.8.11 for a strongerresult) for stable reachablesystems;at the sametime
we publishedthe correspondingcontinuous-timeresult in [Mik97b] (without
reachabilityassumptionspr generakegular WPLSS).

In Section4.6 of [Mal00], Malinen shaws that the partial ordering of the
differentP-stablesolutionsof the DARE by “ <” matcheswith the partialordering
of the rangespacesf the correspondingpseudospectraflactors’by “C”. He
assumeghat the systemis stableand hasa uniformly positve Popos operator
(i.e.,D*JD > 0), theinput operatoB is a Hilbert—SchmidibperatorandU andY
areseparableMalinenalsoestablishes connectiorto invariantsubspacesf A*
(Chapters, underessentiallythe sameassumptions).

Lemma 14.2.4is from [Mal00], and the proof of Theorem14.1.4(a)—(c)
followstheclassicalapproach(see.e.g.,Propositionl3.5.10f [LR]).



14.3 Spectraland coprime factorizations

Molecule n.:

Theultimate indivisible unit of matter It is distinguishedromthe
corpuscle also the ultimate indivisible unit of matter by a closer
resemblancéo the atom,also the ultimate indivisible unit of matter
... Theion differs from the molecule the corpuscleand the atomin
thatit isanion ...

— AmbroseBierce(1842-1914)The Devil’ s Dictionary"

Spectraland coprimefactorizationhave beentreatedin Sections6.4 and8.4
andin Chapter5 (recall Theorem13.3.13). In this section,we shall supplement
thoseresultsby somediscrete-time-specifiadditionalresults.

A spectal factorizationof E € ti(U) is an equationof form E = Y*X,
whereX)Y € Gtic(U). Throughthe Z-transform,this meanswriting someE €
LStrong0D; B(U)) (i.e., somestrongly bounded,strongly measurableoperator
valuedfunction on the unit circle) as Y*X, whereX,Y € GH*(D; B(U)) (i.e.,
¥ andX are (the nontangentialimits at the circle of) operatofvaluedbounded,
boundedlyinvertibleholomorphidunctionsontheunitdisc). (If U is unseparable,
thentheadjointY* cannotbetakenpointwisefor anarbitraryrepresentate of the
boundaryfunction; seeDefinition 3.1.1for details.)

Given a stable system [%%] (or and I/O map D) and a cost operatorJ
correspondingo someoptimal control problem(suchasLQR or H”), a spectral
factorizationof the Popos operatorD*JD leadsto formulae for the optimal
controller and cost, as shavn in Corollary 8.3.11. Under certainassumptions,
alsounstablgroblemscanbereducedo stableones hencespectrafactorizations
have becomeanimportanttool in solving control problems.

For finite-dimensionaéxponentiallystablesystemstheexistenceof aspectral
factorizations equialentto theinvertibility of thecorrespondindg?opw Toeplitz
operator(aka.J-coercvity). In Theoremsl4.3.2and14.3.4we extendthis factto
infinite-dimensionabystemsandwealen the exponentialstability assumptiorio
the requirementhatthe corvolution kernelin ¢2 (i.e., absolutelysummable).In
Corollary14.3.3,we extendthe correspondinginstableresult.

We startthis sectionby listing the basicpropertiesof spectralfactorization.
By using Theorem13.2.3 (and reformulatingthe proof of (c)), we obtain the
following from Lemma5.2.1:

Lemma 14.3.1(SpF) LetE € ti(U).

(&) ThenE > 0 iff E hasthe spectal factorizationE = X*X for someX €
Gtic(U).
If thisis the case thenall spectal factorizationsof formE = Z*Z are given
byE = (LX)* (LX), whee L € GB(U) is unitary.

Assumenowthat E € ti(U) hasa spectal factorizationE = Y*X for some
X,Y € Gtic(U). Thenwehavethefollowing:



(b) The Toeplitzopemtor Tt"Ert™ is invertible on 1t ¢2, and ot X~ 1reh Y—* et
is its inverse

(c) If E e tir Ntiyy, for somer < 1, thenY,X € Gticy (U, Y) Ntic,(U,Y) for
somee > 0; in particular, thenX*! and Y*! are exponentiallystable

(d) If E=E*, thenY = X*Sfor someS= S* € GB(U); thus,thenE = X*SX.

If, in addition, E € ti,(U) for somew # 0O, thenX € Gtic_¢(U) for some
€>0.

(e) The map EY := AEA € TI(U) has the co-spectralfactorization B4 =
X9 (Yh* (x4, Y9 € Gtic(U)).

(f) All spectal factorizationsof E are given by E = (L7*Y)*(LX), whee
Le GB(U). 0O

For exponentially stable discrete-timel/O maps, we have the equivalence
(without ary 4 assumptionspetweenthe invertibility of the Popw Toeplitz
operatorandthe existenceof a spectrafactorization:

Theorem 14.3.2(tic_¢: Popov<>SpF) LetD € ticep(U,Y). Thent, D*JIDr, is
invertibleiff D*JD = X*SX for someX € Gticep(U) andSe GB(U).

This doesnot hold with tic in placeof ticep, by Example8.4.13(the mapX
may becomeslightly unstableseeLemmal4.2.8for details)).

Proof: (We give a system-theoretiproof to obtaina constructve formula
for X andSin termsof anarbitraryrealization(or of a solutionof the DARE).
CombineLemmal3.3.8(a2),Theorem14.3.4andLemmal4.3.1(d)to obtain
analternatve proof.)

1° TheequivalenceThenecessity“if ") followsfrom Lemmal4.3.1(b)so
assumehat T := 11, D* D, is invertiblein B(1, L?). Thenthereis a unique
critical control,by Proposition8.3.10.

Lets = (%}—g) be anexponentiallystablerealizationof A (seeDefinition
13.3.4).By Theorem14.1.6,the eDARE for Z andJ hasa uniquePB-output-
stabilizing solution (?, S K), Sis one-to-oneand Z;; is the left column of
> correspondingo ( K \ 0 ) In particularK is exponentially stabilizing.
ConsequentlyX andX 1 are exponentiallystable,henceK is exponentially
r.c.-stabilizing,by Lemma13.3.16,and X*SX is a spectralfactorization,by
Theorem9.9.10(al).

2° Remark:If we usethe shift realizationfrom Definition 13.3.4,thenthe
formulafor X(z) = | — K(z 1 — A) !B becomes

X(ZQuo=1+K %zk“mr"“]l)uoeo (14.34)
K=
(by (13.49)),whereK = ((rt"DID1t" )~ D* JC)o, by (8.45)(and(13.39)).
(Of course,K = —S*(D*JC+ B*PA), whereS= D*JD + B*PB and P is
givenby (8.46).) O

This leadsto thefollowing corollaryin the unstablecase:



Corollary 14.3.3(J-coercive&inner r.c.f.) Let D havean exponential[g.]r.c.f.
ThenD is J-coeriveiff D hasan exponential(J, x)-inner[qg.]r.c.f.

Proof: Necessity follows from Corollary 8.4.14(a). Corversely if
D = NM~1! is an exponential[g.]r.c.f. and D is J-coercve, thenN is J-
coercve, by Lemma8.4.11(b1),hencert, N* N, is invertible, henceN*JN
has an exponential spectralfactorizationX* SX, by Theorem14.3.2, hence
D hasthe (exponentiallystable)(J, )-innerr.c.f. (NX~1)(MxX 1)1, by the
proof of Lemma6.4.8(b). O

In discretetime, ¢* takestherole of MTIC asthefamily of I/O mapsthatadmit
spectrafactorizationthoughwithoutthe“D*JD = X*SX” property):

Theorem 14.3.4(¢ admits SpF) Leteither 4 = ¢+ and 4 = ¢%+, or 4= £} =
and A =45 *.

LetE € 4(U). TheToeplitzoperator "Bt € B(1r¢?) is invertibleiff E has
a spectal factorization

E =Y*X, wheeX,Y € G4. (14.35)

If, in addition,r < 1andE € 4, N4y, thenY,X € G431 ¢(U,Y) N4, (U,Y)
for somee > 0.

In particulay if E=E* € ¢ is “exponentially/!”, i.e.,E € ¢} for somer < 1
too, thenits (possible)spectralffactorsare“exponentially/1”. The“in addition”
claim also holdsfor 4 = ti and 4 = tic (sincetiexp(N;*) C £1(N;*); usealso
Lemmal4.3.1(d)).

Proof: The factorizationequialencefollows from Theorem5.1.3. The
proof of theadditionalclaim is analogougo thatof Propositions.2.2. O

Since Hypothesis 8.4.7 (corverted as in (13.63)) often appearsin our
continuous-timeesultswe shalllist threediscrete-timeclassesatisfyingthis hy-
pothesigwe alsonotethatalsothe Cayley transformsof continuous-timeclasses
satisfyingthe original hypothesiswill do):

Lemma 14.3.5(Hypothesis8.4.7) Let 4 = £}, 4 = {3, . . or A = ticep. Then
(uncorverted) Hypothesis8.4.7 holds for ©~14(U) as well as for the class

O 12p(U), whee Zep(U) is theclass
Aep(U) = Nr<odr = Ne>2{r Dr ‘D € AU)} (14.36)

of exponentiallystable4(U ) maps.

Finally, both 4(U) and Aep(U) satisfy Hypothesis8.4.7 (corverted as
in (13.63)); and so doesV[4(U)] wheneer 4(U) satisfiesthe uncorverted
Hypothesis.4.7.

(NoteQ [ Zep(U,Y)] C TICep(U,Y).) The(first) claim on theuncorverted
hypothesigs notasimportant,it is needednly whenonewantsto useTheorem
13.2.3to obtaindiscrete-timaesultsfrom (stable)continuous-timeesults.



By takingD = 17 € ticep(U) € £1(N; B(U))*, we obtainthatD*ID = | =
I*11 (i.,e., X =1 =X, S=1) althoughD = 0; thuswe obsene thatnonof theabove
classesatisfiesnverseCayley transformedHypothesis3.4.8 (however, sincein
(13.63)we ignoreary simplificationsof form S= D*JD, this is not a problem).
SeealsotheremarksaroundExamplel4.2.9.

Recallfrom Remark13.3.9that 7,1 = r'¢*r— = ¢},

We note (but do not need)the fact that the feedthroughoperatorof O-D e
O1¢Y c UHPRC TIC is £(07ID)(+w) = D(=1) = S o(—D)KA« € B if
D(2) = T2 oAz € 1L,

Proof of Lemma 14.3.5: Condition(2.) of HypothesisB.4.7follows from
Theorem5.1.3for 4, andfrom Theorem14.3.2for ticep. Corversion(13.63)
makescondition(1.) trivially true. This provesthe latter (“converted”) claim
(useTheorem13.2.3for O[4(U))).

To prove the former claim it remainsto establishuniform half-plane-
regularity of D for ary D € 4(U,Y), by Theorem 13.2.3. But
Dc C(D; B(U,Y)), hence¥D is uniformly half-plane-rgular by Lemma
2.6.2,forary D € 4(U,Y). O

(Seethenotesonpp.829,141and148.)



