
Chapter 14

Riccati Equations (DARE)

Theinherent vice of capitalismis the unequalsharingof blessings;
theinherentvirtueof socialismis theequalsharingof misery.

— WinstonChurchill (1874–1965)

In this chapter, we shall defineandexplore Discrete-timeAlgebraic Riccati
Equations (DAREs). Thus, this chapter is the discrete-timecounterpartof
Chapter9 (cf. Theorem14.1.3).

In Section14.1, we study the basicpropertiesof DAREs. In Section14.2,
we list certainauxiliary lemmasandfurther results.Section14.3containssome
resultson discrete-timespectralfactorization.

SeeChapter15for moreonpositiveDAREs(thosewith positivecost(for zero
initial state)or S

�
0). Thatchapteralsotreatsminimization(LQR)problems.The

H∞ full-information controlproblemis treatedin Sections11.5and11.6,andthe
H∞ four-block problemin Sections12.2and12.6.

Part of the continuous-timeresultsare proved using this chapter, henceit
is important to rememberthat, logically, one should verify all resultsof this
monographin discrete time (cf. Theorem13.3.13) before verifying them in
continuoustime.

Weshallwork underthediscrete-timecounterpartof Hypothesis9.0.1:

StandingHypothesis14.0.1 Throughoutthis chapter and Chapter15, we as-
sumethat Σ ��� A� �� �	��
 wpls� U 
 H 
 Y � and J � J � 
�� � Y � . The letters U, H
andY denoteHilbert spacesof arbitrary dimensions.

We also assumethat ��� � � , Zu and Zs are as in (discrete-time)Definition

8.3.2, � A � �� ��� 
 wpls� U 
 H 
��Y � for someHilbert space�Y, andthat π � τtz 
 Zs �
z 
 Zs � z 
 Zu 
 t 
 N � .

The readermay againignorethe latter paragraphof the hypothesisandread� �� asany of
�

out 
 � sta
 � str 
 � exp; seethecommentsaroundHypothesis9.0.1for
details.
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818 CHAPTER14. RICCATI EQUATIONS(DARE)

14.1 Discrete-timeRiccati equations(DARE)

Duggan’s Equality: To every Ph.D. there is an equaland opposite
Ph.D.

Traditionally optimal control problemsaresolved by solving corresponding
DAREs. An optimal exponentiallystabilizingstatefeedbackoperatorexists if f
the DARE hasan exponentiallystabilizingsolution, in which casethe operator
andtheoptimalcostoperatorform thesolutionof theDARE. In this section,we
shallextendthis to infinite-dimensionalsystemsandalsogeneralizethis to other
formsof stabilizationthanexponentialstabilization.

We shall introduce the DAREs and their basic properties, including the
uniquenessof a

� �� -stabilizingsolution. In Theorem14.1.5,we show that
� �� -

stabilizing solutionsof the DARE correspondone-to-oneto the optimal state
feedbackoperatorsasin the classicalsetting. In Theorem14.1.6,we show that
whenever thereis a uniqueoptimal control, this control canbe given in a state
feedbackform.

Under the standardcoercivity assumption,an optimal control is necessarily
unique,henceof statefeedbackform, hencetheuniquesolutionof theDARE, by
theabove. Thus,in Corollary14.1.7,we canstatethatthethreeaboveconditions
are equivalent and that they hold if f the systemis stabilizable. In Theorem
14.2.7,we include the “converse” (for

�
exp): the DARE hasan exponentially

stabilizingsolutionif f thestandardcoercivity assumptionholdsandthesystemis
exponentiallystabilizable(for dimU � ∞ athird equivalentconditionis thatthere
is auniqueoptimalcontrol).

We startby definingtheDARE. Our definition is equivalentto thedefinition
of theIARE in thesenseexplainedin Remark14.1.2.

Definition 14.1.1(DARE) We call  (or �� !
 S
 K � ) a solution of the Discrete-
time AlgebraicRiccatiEquation(DARE) (inducedby Σ andJ; wedenotethis by 
 DARE � Σ 
 J � ) iff "#$ #%  &� A�  A ' C � JC ( K � SK 


S � D � JD ' B�  B 

SK �)(*� D � JC ' B�  A�+
 (14.1) &�, -� 
.� � H � , K 
.� � H 
 U � , andS 
0/1� � U � .

A solutionof theDAREis calledstabilizing(resp.r.c.-stabilizing,stable,...) if2
K 0 3 is a stabilizing(resp.r.c.-stabilizing, stable, ...) statefeedback operator

for Σ (seeDefinition6.6.10for further preficesandsuffices).
Weuseprefices“

� �� -”, “P-” and“PB-” asin Definition9.8.1.
The solution  (or �� 4
 S
 K � ) of the extendedDARE (eDARE) is defined

analogouslyexceptthatwedonotrequireS 
5/-� � U � . For solutionsof theeDARE
wedenote 
 eDARE � Σ 
 J � (or �� 4
 S
 K � 
 eDARE � Σ 
 J � ).

We call K the statefeedbackoperatorand S the signature(or sensitivity)
operatorcorrespondingto thesolution.Wedefine ��6 7 � , 81
:9;
=< andΣ > as
in Definitions9.1.3and 9.1.4.
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Note that necessarilyS � S� , and that
2

K 0 3 is an admissiblestate-
feedbackpair for Σ (by Lemma13.3.12).

A solution  of theeDARE determinesSuniquelyandK modulotheaddition
of anoperator∆K 
?� � H 
 Ker� S�@� (henceuniquelyif Sis one-to-one).By Remark
9.8.8,theoperatorsSandK canbeeliminatedfrom theeDARE too.

We have requiredthat “F � 0” in the [e]DARE; this simplificationdoesnot
reducegenerality:

Remark 14.1.2(DARE vs. IARE) If we replace“
2

K 0 3 ” by “
2

K F 3 ”
in thedefinitionof the[e]DARE,where werequire that I ( F 
A/1� � U � , thenthe
solutionsof the[e]DAREbecomeexactlytheadmissiblesolutionsof the[e]IARE.
Moreover, such solutionsare exactly the triples �� !
 X � SX 
 2 X B 1K I ( X 3 � ,
where �� 4
 S
 K � is a (original) solutionof the[e]DAREandX 
�/-� � U � . C

The left columnsof the correspondingclosed-loopsystemsare equal, by
(13.61and (13.62),henceboth solutionscorrespondto sameclosed-loopstate
andoutputs(in theabsenceof aclosed-loopinput). SeealsoTheorem9.8.12(s1).

Theresultsof Chapter9 hold in discretetime too:

Theorem 14.1.3(Chapters8–9apply) Theresultsof Sections8.3,8.4,9.1,9.8–
9.10 (except the “we do not know” part of Lemma9.9.7(d)), Lemma9.11.1,
Section9.12, and Definition 9.14.1–Theorem 9.14.3 hold modulo the changes
givenin (13.63).

(Note that (13.63) makes Hypothesis8.4.8 useless,since it removes any
“S � D � JD” claims. This is becausein discrete time one almost never has
S � D � JD, not evenfor D MTICL1

(becauseEF � 0�HG�IEF �J( 1� in general); seealso
thecommentsaroundExample14.2.9.)

Moreover, in Theorem 9.9.10we haveucrit � x0 �K� t ��� Kx � t � in (f1) and K �
K LM' K N in (g2) if wetakeM LO� I � M (i.e., F LO� 0 � F).

Also almosteverythingof Section9.13caneasilybeadaptedfor [e]DAREs,
andmostof therestcanbeobtaineddirectlyby discretization.Many of theresults
of Chapter9 notmentionedabovehavecounterpartsin this chapter. Also theB�w-
CARE resultsof Section9.2canbewritten in their discrete-timeforms,but since
we lose“S � D � JD”, many of theseresultsbecomeratheruseless.

Recallfrom Theorem9.9.1that thereis a J-critical statefeedbackpair for Σ
if f theeIARE hasa

� �� -stabilizingsolution.
If this is the case,then PH� x0 
 ucrit � x0 �@�Q�IR x0 
S x0T , anducrit is given by the

feedbackK; the cost with closed-loopinput u> 
VU 2 �@W 0 
 t � ;U � (t � ∞) is given
by R x0 
S x0T 'XR u>Y
 Su> T , by Theorem9.9.1(h);hencethe namefor the signature
operatorS.

Lemma14.3.5providesussomeadditionalclassessatisfying(theconverted)
Hypothesis8.4.7.

Proof of Theorem 14.1.3: One can first verify Sections8.3 and 8.4,
then Lemma 14.2.1, then 9.10 (and 9.11.1 from 9.11), then 9.8 (including
Theorem14.1.4)and9.9, thentherestof Chapter9. Onecanavoid references
“backwards”by verifying eachclaim in its discreteandcontinuoustime forms
beforeproceedingto thenext one.
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NotethatK �,( SB 1π Z 0[ <Q� JCA \ 
]� � H 
 U � in Theorem9.9.10(g1). C
Note that

�
out � x0 � : �_^ u 
`U 2 � N;U �:aacb x0 ' F u 
`U 2 � N;Y �ed etc., when we

write (8.29)–(8.32)out (applying(13.63)).
A stronglyinternallystabilizingsolutionof theDARE is unique:

Theorem 14.1.4(    is unique) A solution  `�; 1� 
?� � H � of theeIAREis unique
to thefollowingextent:

(a) If theeDARE(14.1)hasa stronglyinternally stabilizingsolution,thenthat
solutionis uniqueamonginternallystabilizingsolutions.

(b) There is at mostoneinternally P-stabilizingsolutionof theeDARE.

(c) If the eDAREhasan internally r-stabilizingsolutionfor somer � 1, then
anyothersolutionis (internally)at most1f r-stabilizing.

(d) TheeDAREhasat mostoneP-q.r.c.-SOS-stabilizingsolution.

(e)TheeDAREhasat mostone
� �� -stabilizingsolution.

Naturally,  determinesS: � D � JD ' B�  B uniquelyandK modulotheaddition
of anoperator ∆K 
g� � H 
 Ker� S�@� .

Note from Theorem 9.9.1(a1)&(e), that each a
� �� -stabilizing solution�h 4
 S
 K � determinesa J-critical statefeedbackoperatorfor Σ, and vice versa.

ThecorrespondingS is unique;theoperatorK is uniqueif f S is one-to-one.
Thus,if S is notone-to-one.thenthefeedbackoperatorK solvingtheeDARE

with  andS is not unique,but it may be that just oneK is
� �� -stabilizing,i.e.,

that the
� �� -stabilizingsolution triple �� 4
 S
 K � is unique,andthat the J-critical

controlin statefeedbackform ( 6 > x0) is unique(for eachx0) (seeExample9.13.6
for anexample).

Proof of Theorem 14.1.4: The claim on S andK is obvious,sowe only
needto provetheuniquenessof  .

(a) Let  1 
i 2 bea stabilizingsolutions;let  1 bestronglystabilizing. For
k � 1 
 2, let Sk and Kk correspondto  k. By the definition of K andS (see
eDARE), wehave

R : � C � JDK1 ( K �2D � JC ' A�  2BK1 ( K �2B�  1A ' K �2 � B�  2B ( B�  1B� K1

(14.2)�j( K �2S2K1 ' K �2S1K1 ' K �2 � S2 ( S1 � K1 � 0 k (14.3)

Therefore,by theeDARE, wehave 1 (5 2 � A� �� 1 (5 2 � A ' K �2S2K2 ( K �1S1K1 (14.4)� A� �� 1 (5 2 � A ';� C � JD ' A�  1B� K1 ( K �2 � D � JC ' B�  2A� (14.5)�I� A� ' K �2B� �K�� 1 (5 2 �l� A ' BK1 �m' R (14.6)� A�> 2 �� 1 (5 2 � A> 1 k (14.7)

Multiply equation 1 (V 2 � A�> 2 �� 1 (V 2 � A> 1 by � A�> 2 � k to theleft andAk> 1 to
theright, andusetheresultingchainof equationsfor k � 0 
@knk@kJ
 n ( 1 to obtain 1 (5 2 �I� A�> 2 � n �� 1 (5 2 � An> 1 � n 
 N �+k (14.8)
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Because� A�> 2 � n �� 1 (& 2 � is boundedand An> 1x0 o 0 as n o ' ∞, for any
x0 
 H, wehave  1x0 (5 2x0 � 0 for all x0 
 H, hence 1 �, 2.

(b) Now  kAn> kx0 o 0 asn o ' ∞, for all x0 
 H, k � 1 
 2, by (P3), andp
An> k

p
is bounded,sotheresultfollowsasabove.

(c) If M, r q 1 ands q 1f r ares.t.
p
An> 1x0

psr
Mr B n,

p
An> 2x0

psr
MsB n, thent R x0 
M�� 1 (5 2 � x0T tur � p  1

p ' p  2
p � M2 � rs� B n for all n 
 N 
 (14.9)

hencethen
t R x0 
M�� 1 (5 2 � x0T t � 0 (in theproof of (a)).

(e)(resp.(d)) By Proposition9.10.2(c)(resp.(e2)),the
� �� -stabilizing(resp.

P-SOS-r.c.-stabilizing)solutionsof the eIARE correspondone-to-oneto the
J-critical (resp.SOS-r.c.-stabilizingand J-critical over

�
out) statefeedback

operators(seeLemma14.2.1).
TheJ-critical cost R x0 
S x0T over

� �� (resp.over
�

out) is independentof the
J-critical control 6 > x0, by Lemma8.3.8,hence is unique. C
From Theorem9.9.1(a1)one can observe that any J-critical statefeedback

operatorK correspondsto a
� �� -stabilizing solution  of the eIARE, and vice

versa.Dueto boundedinput andoutputoperators(B andC), in discrete-timewe
cango further:

Theorem 14.1.5(J-critical K � DARE) There is a J-critical statefeedback op-
erator K iff theeDAREhasa

� �� -stabilizingsolution �� 4
 S
 K � .
Moreover, suchKsareexactlythoseassociatedwith thesolutions,withSbeing

the correspondingsignature operator and  being the J-critical cost operator
satisfying(9.139)). C

(This follows from the above and Lemma14.2.1.) Also most of Theorem
14.1.6holds,asonecanobservefromTheorem9.9.1.RecallfromTheorem14.1.4
that  is uniquebut K neednot be. Also recall from Remark14.1.2how eachK
correspondsto asetof pairs

2
K F 3 with same .

In moststandardsettings,any J-critical control is unique.Sucha controlcan
alwaysbegivenby somestatefeedbackoperator:

Theorem 14.1.6(Unique J-critical control is of the feedbackform) There is a
uniqueJ-critical control for each x0 
 H iff the eDARE has a

� �� -stabilizing
solution �� 4
 S
 K � with Sone-to-one.

Assumethat this is thecase. Thenthefollowinghold:

(a) The
� �� -stabilizingsolution �� !
 S
 K � is unique.

(b1)TheJ-critical control isdeterminedbyucrit � x0 �v� 6 > x0, i.e., byucrit � x0 � n �
K � A ' BK � nx0 (n 
 N), where Σ > is theclosed-loopsystemcorresponding
to
2

K 0 3 .
(b2)Conversely, Kx0 � ucrit � x0 � 0 and  A� b �> J b > (andS � D � JD ' B�e B).

(c) If Σ is exponentiallystable, thenK is exponentiallyr.c.-stabilizing.

(d) Theorem9.9.1(f1)–(k)apply.
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SeeTheorem9.8.5 for
� �� -stabilizing solutions. Note in particular, that a

solutionis
�

exp-stabilizingif f ρ � A ' BK �Y� 1, by Lemma13.3.7(andTheorem
9.8.5).

Theorem9.9.6containsananalogyof theabove theoremfor WPLSs(i.e., for
continuoustime) with boundedB. For very irregular WPLSs,the “only if ” part
mayfail (at leastwehave to giveupeCAREs;presumablyeveneIAREs).

In general,all J-critical statefeedbackoperatorscorrespondbijectively to
� �� -

stabilizingsolutionsof theeDARE asin theabove theorem,by Proposition9.9.1.
Proof of Theorem 14.1.6: The equivalence follows from Theorem

9.9.1(a1)&(e2),becausea unique(for eachx0) J-critical controlucrit is neces-
sarilyof thefeedbackform: if K is definedby (b2),thenwY>x�0w crit , 6 >x� 6 crit ,
and b >0� b crit , by (13.61).

(a) By Theorem9.9.1(f1),  is unique,hencesoareSandK (becauseS is
one-to-one).

(b2)&(d) Thesefollow from Theorem9.9.1.
(b1)This follows from formulaucrit � x0 �y� 6 critx0 � 6 > x0.
(c) This follows from Theorem8.3.9(a5)(seealso(13.61). C

Thus, if Σ is J-coercive and the finite cost condition is satisfied,then the
optimalcontrolcorrespondsto a (unique)

� �� -stabilizingsolutionof theDARE:

Corollary 14.1.7(JJJ-coercive z z z DARE) Assumethat Σ is J-coercive. Thenthe
following areequivalent:

(i) there is a [unique] J-critical control over
� �� � x0 � for each x0 
 H;

(ii)
� �� � x0 �{G� /0 for each x0 
 H;

(iii) theDAREhasa
� �� -stabilizingsolution. C

(This follows from Theorem14.1.6 and Theorem8.4.3, since necessarily
S 
�/1� � U � , by Lemma9.10.3.)SeealsoTheorem14.2.7.

(Seep. 829for notes.)
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14.2 DARE — further results

Everyonewantsresults,but nooneis willing to dowhatit takesto get
them.

— Dirty Harry

In this section,we presentauxiliary lemmasandfurther resultson DAREs.
Theseincludethe relationsbetweenall (not necessarilystabilizing)solutionsof
theeDARE, symplectic“matrix” pencils,DAREsconnectedto theinternaland/or
outputstability of a system,equivalencebetweenJ-coercivity andthe existence
of auniqueoptimalcontrol,andH2 “spectralfactors”.

In previous section,we usedthe fact that the solutionsof the [e]DARE are
exactly theadmissiblesolutionsof the[e]IARE:

Lemma 14.2.1(eDARE � � � eIARE) Let S 
&� � U � and  |�_ 1� 
;� � H � . Let��6 7 � beanadmissiblestatefeedback pair for Σ, andlet Σ > : �~}+��� � �� � � �� � �+�!� 
wpls� U 
 H 
 Y � U � bethecorrespondingclosed-loopsystem.Set9 : �|� I ( 7 � B 1,< : � F 9 � F > . If equations6 t � S6 t ��w t �  {w t (5 V' b t � J b t (14.10)8 t � S8 t � F t � J F t 'x� t �  Y� t 
 (14.11)8 t � S6 t �j( 2 F t � J b t 'x� t �  {w t 3yk (14.12)

hold for t � 1, thenthey hold for each t 
 N.
Thus,by(13.62), �� 4
 X � SX 
 X B 1K � (hereX : � I ( F) is a [stabilizing] solution

the eDARE iff �� 4
 S
 �s6 7 � � is an admissible[stabilizing] solution of the
eIARE.All preficesandsufficesapply.

If �� 4
 S
��s6 7 � � is an admissiblesolution of the eIARE with closed-
loop systemΣ > , thenthe closed-loopsystemcorrespondingto

2
X B 1K 0 3 is} A� B� X

C� D � X
K � 0 � , by (13.61)and(13.62).

Proof: We assumethat(14.10)–(14.12)aresatisfiedfor t � 1 (i.e., thatthe
eDARE is satisfied).

1� (14.10):Let x 
 H. Apply (14.10)with t � 1 to Akx (k 
 N) to obtainR Ak� 1x 
S Ak� 1xT (VR Akx 
S AkxT '`RCAkx 
 JCAkxT ��R KAkx 
 SKAkxT k (14.13)

But, by (13.38),we have � b x� k � CAkx and � 6 x� k � KAkx, hencewe canadd
(14.13)for k � 0 
 1 
 2 
nk�k�k�
 t ( 1 to get(14.10).

2� (14.11): Let 0 G� u 
 cc � N;U � . Set x : �I� τu to obtain that x j � 1 �
Axj ' Buj and � F u� j � Cx j ' Du j ( j 
 N), by Lemma13.3.3(c). Similarly,8 u � u ( Kx. Thus,by (14.12)with t � 1, wehave(heretheinnerproductsare
takenonU or H, andthesubscriptj refersto “time”, i.e., to theargumentof x
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andu):R�8 u 
 S8 uT j ��R u 
 SuT j (VR u 
 SKxT j (VR SKx 
 uT j '`R Kx 
 SKxT j (14.14)��R u 
 SuT j '`R u 
M� D � JC ' B�  A� xT j '`RS� D � JC ' B�  A� x 
 uT j (14.15)'`R x 
 A�  AxT j (VR x 
i xT j '`R x 
 C � JCxT � g j ' h j (14.16)

on Z, where

g j : ��R u 
 D � JDuT j '`R u 
 D � JCxT j '`R D � JCx 
 uT j '`R x 
 C � JCxT j ��R F u 
 J F uT j 

(14.17)

h j : ��R u 
M� S ( D � JD � uT j '`R u 
 B�  AxT j '`R B�  Ax
 uT j '`R x 
 A�  AxT j (VR x 
S xT j
(14.18)��R Ax ' Bu
i �� Ax
 Bu� T j (VR x j 
S x j T ��R x j � 1 
S x j � 1T (VR x j 
S x j T k (14.19)

Therefore,

j

∑
0
R�8 u 
 S8 uT j ( j

∑
0
R F u 
 J F uT j � j

∑
0
R�8 u 
 S8 uT j ( j

∑
0

g j � j

∑
0

h j ��R x j � 1 
S x j � 1T k
(14.20)

But this is (14.11)for t � j ' 1 appliedto u (becausex : ��� τ j u). Becauseu
and j werearbitrary, equation(14.11)holds,by densityandcontinuity.

3� (14.12): For t 
 N, we set � t : � 8 t � Sπ � 0 � t � 6 '
π � 0 � t � 2 F � Jπ � 0 � t � b ' τt � �  At 3 
A� � H 
 U 2 �nW 0 
 t � ;U �@� , as in Lemma9.11.6. We
mustprove that �`� 0, henceit is enoughto show that

ft : � ft � u 
 x0 � : ��R u 
�� t x0T�� 2 � 0 (14.21)

for arbitraryt 
 N, u 
�U 2 �@� 0 
 t � ;U � andx0 
 H. Let u 
 x0 beasabove,andset

xt : � Atx0 
 zt : �;� τt u (14.22)

to obtainxt � 1 � Axt 
 zt � 1 � Azt ' But , ��8 u� t � ut ( Kzt , � F u� t � Dut ' Czt,� b x0 � t � Cxt , � 6 x0 � t � Kxt (seeLemma13.3.3). Thus, for t 
 N, we have
(recallthat < v � F u)

ft � 1 � t

∑
0
RS��8 u� n 
 S� 6 x0 � nT U ' t

∑
0
Ri� F u� n 
 J � b x0 � nT Y dt '`R zt � 1 
i xt � 1T H k

(14.23)

Therefore,(wesethere f B 1 � 0 sothatthis holdsfor t �)( 1 too)

ft � 1 ( ft ��R ut ( Kzt 
 SKxt T '`R Dut ' Czt 
 JCxnT '`R Azt ' But 
S Axt T (VR zt 
S xt T � 0 

(14.24)

by (14.10)–(14.12)with t � 1. Consequently, f � 0 and �`� 0.

4� eIARE� eDARE:Obviously, theeIAREwith t � 1 is exactlytheeDARE.C
The “K” of a

� �� -stabilizing solution of the eDARE is the optimal state
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feedbackoperator. Conversely, given a uniqueoptimal control, we obtain the
correspondingsolutionof theeDARE asfollows:

Lemma 14.2.2 Let there bea uniqueJ-critical control ucrit � x0 � for each x0, and
let Σcrit beasin Theorem8.3.9.

SetKx0 : � ucrit � x0 � 0 (x0 
 H). ThenΣcrit is the left columnof the closed-
loop systemcorrespondingto the state feedback pair

2
K 0 3 for Σ. Thus, : � b �crit J b crit , S : � D � JD ' B�  B and K constitutethe unique

� �� -stabilizing
solutionof theeDARE.

Proof: By (13.39),thegeneratorsof 6 crit , b crit and w crit areK, C ' DK and
A ' BK, respectively; hencethefirst claim follows from (13.62)(with M � I ).
By Proposition9.10.2(c),�� 4
 S
 K � is

� �� -stabilizing. C
From Lemma 9.12.3 (which also containsfurther results) we obtain the

connectionbetweentheDAREsfor theopen-andclosed-loopsystems(notethat
no stabilizationis requiredhere):

Lemma 14.2.3 Let
2

K L F LQ3 be admissiblefor Σ, i.e., � M L�� B 1 : � I ( F L 
/1� � U � , andlet Σ � bethecorrespondingclosed-loopsystem
Then �� 4
 S
 K � 
 eDARE � Σ 
 J � � �� 4
 M L � SM L�
 M L B 1K ( K L�� 


eDARE ��� A� B�
C� D �@� 
 J � . C

In particular, eDARE � Σ 
 J � � eDARE � Σ1� 
 J � andDARE � Σ 
 J � � DARE � Σ1� 
 J �
(seeDefinition14.1.1for thenotation),where(seeLemma13.3.12)

Σ1� : � � A� B�
C� D �n� : � � A� BK� BM ¡

C � DK � DM ¡ � 
 K � � M L K L k (14.25)

By settingF L¢� 0 we see,that if we perturbateΣ by a feedbackK L andthe
resultingsystemcanbe optimizedby feedbackK N , thenthe original systemcan
beoptimizedby feedbackK � K L ' K N .

From Lemma9.12.5we obtainthat differencebetweentwo solutionsof the
eDARE solvestheeDARE for thecorresponding8 system(still no stabilization
assumed):

Lemma 14.2.4 Let �h 1 
 S1 
 K1 � 
 eDARE � Σ 
 J � .
Then �� 2 
 S2 
 K2 � 
 eDARE � Σ 
 J � � �� 2 (  1 
 S2 
 K2 � 


eDARE � � A BB K1 I � 
 S1 � . C
Thus, for �h 4
 S
 K � 
 eDARE � Σ 
 J � we have eDARE � Σ 
 J �;�  £'

eDARE ��� A BB K I � 
 S� . Notethat � A BB K I � is a realizationof “ 8 ”.

Matrix pencilscansometimesbeusedto simplify certaincomputations.The
following lemmarelateseDAREsto socalledextendedsymplecticmatrixpencils:

Lemma 14.2.5(SymplecticPencil) Let  ¤�¥ -� 
¦� � H � , K 
�� � H 
 U � , and

A> 
�� � H � . Set S : � D � JD ' B�e B, V : � � IH§
K
� . Then the following are

equivalent:
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(i) TheeDAREfor Σ andJ hasthesolution �� !
 S
 K � , andA>V� A ' BK.

(ii) WehaveMΣ � JVA>x� NΣ � JV, where

MΣ � J : �©¨ª IH 0 0
0 ( A� 0
0 ( B� 0

«¬ 
 NΣ � J : �©¨ª A 0 B
C � JC ( IH C � JD
D � JC 0 D � JD

«¬ 
­� � H � H � U �+k
(14.26)

(iii) SomeZ 
A/-� � H � andV LO�®� Z�� � 
x� � H 
 H � H � U � satisfyMΣ � JV L AL > �
NΣ � JV L , andV � V L Z B 1 andA>V� ZAL > Z B 1.

Thus,wehavethreeequivalentproblems;thesecondonewill beour tool in in
Section12.6for theproof of theH∞ Four-Block Problem.

Proof: 1� “(i) � (ii)”: Write MΣ � JVA>¯� NΣ � JV out to obtainthe equation
A>V� A ' BK andasystemwhichbecomestheeDARE afterthis substitution.

2� “(ii) � (iii)”: This is obvious. C
Next we presentthe discrete-timecounterpartof Lemma 9.12.2, i.e., the

connectionbetweenthe internal and/or output stability of a systemand the
solvability of certainRiccati equations(the solutionsneednot be stabilizing a
priori):

Lemma 14.2.6(w°f bwYf bw°f b is stable � � � DARE)

(a) Assumethat J ± 0. Then b is stableiff there is  
.� � H � s.t.  � 0 and � A�  A ' C � JCk (14.27)

(b) Assumethat b is stable. Then ¯� b � J b is a solutionof  ¯� A�+ A ' C � JC,
and � �  for any � � 0 that solves(14.27).

In particular, if J
�

0, then  ;� b � J b is thesmallestnonnegativesolution
of (14.27).

(c)Assume, that w is stronglystableand b stable. Then ¯� b � J b is theunique
solution(in � � H � ) of  &� A�  A ' C � JC.

(d) The map w is exponentiallystable iff  j± A�+ A for somenonnegative 
.� � H � (andanysuch  necessarilysatisfies ;± 0). C
(Theproof is analogousto thatof Lemma9.12.2(usealsoLemma15.5.1)and

henceomitted.) Naturally, we canagainuseduality to getcorrespondingresults
for � A 
 B� .

We cannow show thatfor
�

exp, J-coercivity is equivalentto theexistenceof
a uniqueoptimalcontrol(if, e.g.,dimU � ∞):

Theorem 14.2.7(
�

exp
�

exp
�

exp: Unique optimum � DARE � J-coercive) Conditions
(i)–(iii) areequivalent.

(i) There is a uniqueJ-critical control over
�

exp � x0 � for each x0 
 H, and
S: � D � JD ' B�e B 
0/1� � U � .
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(ii) TheDAREhasanexponentiallystabilizingsolution.

(iii)
F

is J-coerciveover
�

exp, andΣ is exponentiallystabilizable.

If dimU � ∞, or D � JD ± 0 and J
�

0, then the condition S 
�/1� � U � is
redundantin (i).

If Sis asin (i) (or (ii)), thenS ± 0 iff
F

is positivelyJ-coerciveover
�

exp (iff
theJ-critical control is minimizing).

Naturally,  : � b �critJ b crit in (i) ( � b �> J b > in (ii)). See,e.g.,Theorem14.1.6
for furtherdetails.

Proof: 1� Equivalence“(i) � (ii)” follows from Theorem14.1.6,andimpli-
cation“(iii) z (i)” from Theorems8.4.3and14.1.6andLemma9.10.3.

2� (ii) z (iii): Assume(ii). Trivially, thenΣ is exponentiallystabilizable,so
thatweonly have to prove that

F
is J-coerciveover

�
exp.

By Theorem9.9.1(k),we have 9 U 2 � N;U �=� �
exp � 0� . ChooseεS q 0 s.t.p

Su0
p � εS

p
u0
p

for all u0 
 U . By Lemma6.1.10,wehave

M : � max̂
p 9 p tic 
 p �²> τ

p´³yµ � 2 �H � d1� ∞ k (14.28)

Assumethat 0 G� u 
 � exp � 0� , and set u> : �¤9 B 1u 
¶U 2 � N;U � . Set
v> : � Su>sf p Su> p 2 
VU 2 � N;U � , v : ��9 v> 
 � exp � 0� , so that

p
v> p 2 r 1 andR v>Y
 Su> T � εS

p
u> p 2.

Then
p
v
p L ·

exp
: � max̂

p
v
p
2 
 p � τv

p
2 d r M (since � τv �¸�=> τv> ) andp

u
p L ·

exp

r
M
p
u> p 2 (seeLemma8.4.2).SinceR F v
 J F uT ��R F > v>Y
 J F > u> T ��R v>°
 Su> T � εS

p
u> p 2 � εSM B 2 p u p L ·

exp

p
v
p L ·

exp



(14.29)
andu wasarbitrary, we have shown that

F
is J-coercive over

�
exp, by Lemma

8.4.2.
3� Redundancy:If P � 0 (e.g.,J

�
0), thennecessarily � 0, hencethen

D � JD ± 0 impliesthatS ± 0.
If thereis auniqueJ-critical controlover

�
exp � x0 � for eachx0 
 H, thenSis

one-to-one,by Theorem14.1.6,sothatdimU � ∞ makesconditionS 
¹/1� � U �
redundant.

4� S ± 0: This follows from Theorem9.9.1(k)andLemma10.2.2. C
Now we statethe discrete-timecounterpartof Lemma9.12.8. This corre-

spondsto the fact that, in the indefinitecase,the “spectralfactors”maybecome
unstable( E8 
 H2 º H∞ � D; � � U �@� for dimU � ∞).

Lemma 14.2.8(��
 F��
 F��
 F stable z F � J F ��8°� S8 & E8 
�/ H2z F � J F �¶8{� S8 & E8 
�/ H2z F � J F �¶8°� S8 & E8 
0/ H2) Assumethat � andF
are stable, ϑ � 1, and �� !
 S
��s6 7 � � is a

� �� -stabilizing solution of the

eIARE.Set9 B 1 : �¶8 : � I ( 7 , < : � F 9 , E8 d : � E8»� ¼̄½�@� . Then

(a1) <{
�9¾
�8 
 ticr � U 
J¿À� for all r q 1.

(a2) E<4
 E9¾
 E8 d 
 H2
strong� D; � � U 
J¿À�n� ; in particular, E8 
�/ H � D; � � U �@� .

(b1) <H
�9¾
c8!� 
g� � U 1 � Z;U �+
 U 2 � Z; ¿À�@� , <Q��
�90�Á
c8 
g� � U 2 � Z; ¿À�e
 U ∞ � Z;U �@� , and8°� π Â 90�O
�9 π � B T � t � 
�8°� π � B T � t � 
.� � U 2 � Z;U �n� for all T 
 t 
 N.
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(b2) 9 π � 81
 π � B T � t � 8 
g� � U 1 � Z;U �+
 U 2 � Z;U �@�ÁÃ � � U 2r � Z;U �@�ÄÃ � � U 2 � N;U �@� for
each r q 1, and 9 π � 8 and π � B T � t � 8 have a continuousextensionsto� � U 2 � Z;U �@� .

(c1) R�< u 
 J < vT ��R u 
 SvT for all u 
 v 
ÅU 1 � Z;U � .
(c2) 8°� π � B T � t � S8 u o F � J F u in U 2 � Z;U � , ast 
 T o ' ∞, if � is stronglystable

andu 
?U 2 � Z;U � .
(d) (dimU � ∞ z E8°� SE8¶�|EF � J EFdimU � ∞ z E8 � SE8 � EF � J EFdimU � ∞ z E8{� SE8;�|EF � J EF ) If dimU � ∞, then E8�
�E9 
 H2 � D; � � U �@�ÄÃ

L2 � ∂D; � � U �@� , and E8 
�/-� � U � and E8°� SE8;�jEF � J EF a.e. on ∂D.

(e) ( � π � F � J F π � �MB 1 �A9 π � SB 19 �� π � F � J F π � � B 1 �;9 π � SB 190�� π � F � J F π � �MB 1 �;9 π � SB 19 � ) If � : � π � F � J F π � is invertible onU 2 � N;U � and � is strongly stable, then S 
~/1� � U � and � B 1 �9 π � SB 1 9X� 
�/1� � U 2 � N;U �n� .
(f) If Σ is exponentiallystable, then 8 
5/ ticr � U � for somer � 1, and < � J <0� S

and
F � J F ��8°� S8 , i.e., EF � J EF �|E8 � SE8 on ∂D k (14.30)

Recall that ϑ � 1 for
�

out,
�

sta,
�

str and
�

exp, andthat U 2 � N;U ��Æ U 2r andU 2
r ¡ � N;U �²Æ U 2 for r L r 1

r
r. SeealsoProposition9.12.7(b).

Proof: (a1)&(a2)&(b1)Thesefollow from Lemma13.3.8(b3),since 6 >
(dueto ϑ � 1), b > and � d arestable,exceptthatwehaveto show that 8°� π Â 90�
arestable:9 π � 8¶�&9 π � 8!� π � ' π B �y� Iπ � 'V9 6 ��� π � ' 6 >��Q
 (14.31)

which is stable,hencethemap 8 � π � 9 � 
.� � U 2 
 U 2r � (notethatπ � U ∞ Æ
c
U 2r ) has

its rangein U 2, hence8°� π � 90� 
¯� � U 2 � , by LemmaA.3.6. We observe that8°� π B 90�°� I (g8°� π � 9�� is alsostable.
(b2) This follows from (b1) (notethat U 2 � N;U �=Æ U 2r andthat 8 itself is not

necessarilydefinedon U 2 � Z B ;U � ).
(c1) By Lemma9.10.1(c2),we have R�< u 
 J < vT �IR u 
 SvT for all u 
 v 
 cc,

hencefor all u 
 v 
�U 1, by density.
(c2) This is Proposition9.12.7(b).
(d) By Theorem3.3.1(e)&(a4),E8*
OE9 
 H2 � D; � � U �@�ÇÃ L2 � ∂D; � � U �n� . By

continuity, E8¹E9�� I �ÈE9)E8 and E<��ÉEF E9 a.e.on ∂D (sincethesehold on ∂D);
in particular, E8 
�/1� � U � a.e.on ∂D.

Since R u0e0 
 Sv0e0T�� 2 � R�< u0e0 
 J < v0e0T�� 2, i.e., R u0 
 Sv0T L2
µ
∂D;U � �R E< u0 
 J E< v0T L2

µ
∂D;U � for all u0 
 v0 
 U , we must have E< � J E<|� S a.e.on ∂D,

i.e., E8°� SE8¶�jEF � J EF a.e.on ∂D.
(e) By Lemma9.9.7(c5),S 
¶/-� � U � . Set Ê : � F � J F . Let u 
VU 1 � Z;U � .

Since9&
�8!� 
g� � U 1 
 U 2 � , by Lemma14.2.8,weobtainfrom (c2) thatÊ:9 u � lim
T � t Ë � ∞

8 � π � 0 � t � S8s9 u � lim
T � t Ë � ∞

8 � π � 0 � t � Su ��8 � Su 
 (14.32)

hence Êy9 �_8°� S 
¦� � U 1 
 U 2 � . Consequently, 90�lÊ|� S8 
�� � U 2 
 U ∞ � , by
LemmaB.4.15.
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Let r q 1. Since SB 190�KÊÌ�¥8 , we have π � SB 19X�u�¤� π �y8 π � 
� � U 2 � N;U �+
 U ∞ � N;U �@�vÃ � � U 2r � N;U �n� . But π � 9 π �	8 π ��� π � on U 2r , hence
π �:9 π � SB 19X���¤� π � on U 2r . The invertibility of � B 1 on U 2 � N;U �?ÆU 2r � N;U � impliesthat 9 π � SB 190� u ��� B 1u for all u 
­U 2 � N;U � ; in particular,9 π � SB 190� 
0/-� � U 2 � N;U �@� .

Remarks: We have 9 �ÍÊ B 1 8{� S 
)� � U 1 
 U 2 � ; in particular, 9 π �Î�� B 1 8{� S 
.� � U 1 
 U 2 � .
If
� �� � L2 (e.g.,Σ 
 sosand

� �� � � out) then � 
`/1� � L2 � R � ;U �@� implies
thattheeIAREa solution,by Proposition8.3.10andTheorem14.1.6.

(f) The exponentialstability of A (i.e., of Σ) implies that of
F

and 8 .
By Theorem9.9.1(d)&(g2),Σ > is exponentiallystable(henceso are < and9~�;8 B 1) and < � J <&� S, hence

F � J F �&8 � S8 . This implies(14.30)(by, e.g.,
(thediscrete-timeversionof) Theorem3.1.3(a1)). C
In thefinite-dimensionalCARE theory, onealwayshas“S � D � JD”, but for

DAREsthis is virtually never true. In Section9.2, theequality“S � D � JD” was
extendedto all WPLSswith a boundedB and beyond; for

�
exp an alternative

condition was that w B 
 Cw w-
 Cw w B 
 L1
loc (seeTheorem9.2.18; seeRemark

9.9.14(b)for furthersufficient conditions).Noneof theseholdsfor discrete-time
systems:

Example 14.2.9 [S G� D � JDS G� D � JDS G� D � JD] Let A � 0, B � I , C �¸� I0 � , D �¸� 0I � , J � I (so thatEF � z�Ï�IW zI Ð or
F �¥� τ Ñ 1

I
�Y
 ticexp Æ U 1 ¿ ). Thenthe[e]DARE becomes

S � 1 'X 4
 SK � 0 
Ò(! .' 1 � K � SK 
 (14.33)

with the uniquesolution  )� I , S � 2, K � 0, hence 8|� I � X. Therefore,
D � JD � I G� 2I � S( � X � SX). Ó

In particular, we have no equivalentfor theB�w-CARE theoryof Section9.2.
Moreover, we have no decentequivalent for the MTICL1

(or MTITZ) theory;
indeed,theredoesnot seemto exist any usefuldiscrete-timeclassesthat would
satisfy Hypothesis8.4.8 (after (13.63)),as notedaroundLemma14.3.5. Note
that even if we use D �Ô for �Ô : � MTICL1

or somethingsimilar, we only know
that EF �J( 1�n� J EF �J( 1�	� S (sinceφCayley �h' ∞ ���¤( 1), which doesnot imply that

D � JD � EF � 0� � J EF � 0�Ï� S.

Notesfor Sections14.1–14.2
Historical remarksandreferencesfor DAREs for finite-dimensionalsystems

canbe found from, e.g., [LR]. We have recentlybecomeawareof the fact that
alsothe eDARE for finite-dimensionalsystemshasbeenstudiedextensively, by
V. Popov, V. Ionescu,C.Oar̆aandM. Weiss[Popov] [IW] [IOW] andothers,under
the nameDTARS. See[IOW] alsofor symplecticpencilsfor finite-dimensional
systemsand [HI] for a Popov function approachto time-varying discrete-time
linearsystems.

Notesfor infinite-dimensionalpositiveDARE resultscanbefoundon p. 840.
In the indefinite case,JarmoMalinen [Mal97] (alternatively, see[Mal00]) has
shown theequivalenceof theexistenceof aspectralfactorizationandtheexistence



830 CHAPTER14. RICCATI EQUATIONS(DARE)

of aP-I/O-stabilizingsolutionof theDARE (seeCorollary9.9.11andProposition
9.8.11 for a strongerresult) for stable reachablesystems;at the sametime
we publishedthe correspondingcontinuous-timeresult in [Mik97b] (without
reachabilityassumptions,for generalregularWPLSs).

In Section4.6 of [Mal00], Malinen shows that the partial orderingof the
differentP-stablesolutionsof theDARE by “

r
” matcheswith thepartialordering

of the rangespacesof the corresponding“pseudospectralfactors”by “ Æ ”. He
assumesthat the systemis stableand hasa uniformly positive Popov operator
(i.e.,

F � J F ± 0), theinputoperatorB is aHilbert–Schmidtoperator, andU andY
areseparable.Malinenalsoestablishesa connectionto invariantsubspacesof A�
(Chapter5, underessentiallythesameassumptions).

Lemma 14.2.4 is from [Mal00], and the proof of Theorem14.1.4(a)–(c)
follows theclassicalapproach(see,e.g.,Proposition13.5.1of [LR]).
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14.3 Spectral and coprime factorizations

Molecule, n.:
Theultimate, indivisible unit of matter. It is distinguishedfrom the
corpuscle, also the ultimate, indivisible unit of matter, by a closer
resemblanceto theatom,alsotheultimate, indivisibleunit of matter
... Theion differs from the molecule, the corpuscleand the atomin
that it is an ion ...

— AmbroseBierce(1842–1914),"The Devil’ sDictionary"

Spectralandcoprimefactorizationhave beentreatedin Sections6.4 and8.4
andin Chapter5 (recall Theorem13.3.13). In this section,we shall supplement
thoseresultsby somediscrete-time-specificadditionalresults.

A spectral factorization of Ê 
 ti � U � is an equationof form ÊI�£Õ{�+8 ,
where 81
�Õ 
&/ tic � U � . Throughthe Ö -transform,this meanswriting someÊ 

L∞

strong� ∂D; � � U �n� (i.e., somestrongly bounded,strongly measurableoperator-

valuedfunction on the unit circle) as EÕ{�OE8 , where E8*
@EÕ 
¦/ H∞ � D; � � U �@� (i.e.,EÕ and E8 are(the nontangentiallimits at the circle of) operator-valuedbounded,
boundedlyinvertibleholomorphicfunctionsontheunit disc).(If U isunseparable,
thentheadjoint EÕ � cannotbetakenpointwisefor anarbitraryrepresentativeof the
boundaryfunction;seeDefinition3.1.1for details.)

Given a stablesystem � A � �� �	� (or and I/O map
F

) and a cost operatorJ
correspondingto someoptimalcontrolproblem(suchasLQR or H∞), a spectral
factorizationof the Popov operator

F � J F leads to formulae for the optimal
controller and cost, as shown in Corollary 8.3.11. Under certainassumptions,
alsounstableproblemscanbereducedto stableones,hencespectralfactorizations
havebecomeanimportanttool in solvingcontrolproblems.

For finite-dimensionalexponentiallystablesystems,theexistenceof aspectral
factorizationis equivalentto theinvertibility of thecorrespondingPopov Toeplitz
operator(aka.J-coercivity). In Theorems14.3.2and14.3.4weextendthis factto
infinite-dimensionalsystemsandweaken theexponentialstability assumptionto
the requirementthat theconvolution kernelin U 1 (i.e., absolutelysummable).In
Corollary14.3.3,weextendthecorrespondingunstableresult.

We start this sectionby listing the basicpropertiesof spectralfactorization.
By using Theorem13.2.3 (and reformulatingthe proof of (c)), we obtain the
following from Lemma5.2.1:

Lemma 14.3.1(SpF) Let Ê 
 ti � U � .
(a) Then Ê�± 0 iff Ê has the spectral factorization Ê��|8°�K8 for some8 
/ tic � U � .

If this is thecase, thenall spectral factorizationsof form ÊX�¶× � × aregiven
by Ê0�j� L 8{�n�Ä� L 8°� , where L 
0/1� � U � is unitary.

Assumenow that Ê 
 ti � U � hasa spectral factorization Ê��)Õ{�l8 for some8Ø
cÕ 
0/ tic � U � . Thenwehavethefollowing:
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(b) TheToeplitzoperator π � Ê π � is invertibleon π � U 2, and π � 8 B 1π � Õ B � π �
is its inverse.

(c) If Ê 
 tir Ã ti1Ù r for somer � 1, then ÕØ
�8 
&/ tic1 B ε � U 
 Y �ÇÃ ticr � U 
 Y � for
someε q 0; in particular, then 8 Â 1 and Õ Â 1 areexponentiallystable.

(d) If Ê¯�¶Ê=� , then Õ¶��8°� Sfor someS � S� 
0/1� � U � ; thus,then ÊX�¶8{� S8 .

If, in addition, Ê 
 tiω � U � for someω G� 0, then 8 
¶/ tic B ε � U � for some
ε q 0.

(e) The map Ê d : � RÊ R
 TI � U � has the co-spectralfactorization Ê d �8 d ��Õ d �n� ( 8 d 
�Õ d 
X/ tic � U � ).
(f) All spectral factorizationsof Ê are given by Ê)�¸� L B � Õ{� � � L 8°� , where

L 
�/1� � U � . C
For exponentially stablediscrete-timeI/O maps,we have the equivalence

(without any �Ô assumptions)betweenthe invertibility of the Popov Toeplitz
operatorandtheexistenceof aspectralfactorization:

Theorem 14.3.2(tic B εtic B εtic B ε: Popov� � � SpF) Let
F 
 ticexp � U 
 Y � . Thenπ � F � J F π � is

invertibleiff
F � J F �¶8°� S8 for some8 
�/ ticexp � U � andS 
0/1� � U � .

This doesnot hold with tic in placeof ticexp, by Example8.4.13(themap 8
maybecomeslightly unstable;seeLemma14.2.8for details)).

Proof: (We give a system-theoreticproof to obtaina constructive formula
for 8 andS in termsof anarbitraryrealization(or of a solutionof theDARE).
CombineLemma13.3.8(a2),Theorem14.3.4andLemma14.3.1(d)to obtain
analternativeproof.)

1� Theequivalence:Thenecessity(“if ”) followsfrom Lemma14.3.1(b),so
assumethatT : � π � F � J F π � is invertiblein � � π � L2 � . Thenthereis a unique
critical control,by Proposition8.3.10.

Let Σ : � 2
A B
C D 3 beanexponentiallystablerealizationof A (seeDefinition

13.3.4).By Theorem14.1.6,theeDARE for Σ andJ hasa uniquePB-output-
stabilizing solution �� 4
 S
 K � , S is one-to-one,and Σcrit is the left columnof
Σ > correspondingto

2
K 0 3 . In particularK is exponentiallystabilizing.

Consequently, 8 and 8 B 1 areexponentiallystable,henceK is exponentially
r.c.-stabilizing,by Lemma13.3.16,and 8 � S8 is a spectralfactorization,by
Theorem9.9.10(a1).

2� Remark:If we usetheshift realizationfrom Definition 13.3.4,thenthe
formulafor E8Ú� z�y� I ( K � zB 1 ( A� B 1B becomesE8Ú� z� u0 � I ' K

∞

∑
kÛ 0

zk� 1π � τk� 1 F u0e0 (14.34)

(by (13.49)),whereK �|�@� π � F J
F

π � � B 1π � F � J b � 0, by (8.45)(and(13.39)).
(Of course,K �É( S�u� D � JC ' B�e A� , whereS � D � JD ' B�e B and  is

givenby (8.46).) C
This leadsto thefollowing corollaryin theunstablecase:
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Corollary 14.3.3(JJJ-coercive� � � inner r.c.f.) Let
F

havean exponential[q.]r .c.f.
Then

F
is J-coerciveiff

F
hasanexponential � J 
J¿À� -inner [q.]r .c.f.

Proof: Necessity follows from Corollary 8.4.14(a). Conversely, ifF �Ì<Ò9 B 1 is an exponential [q.]r.c.f. and
F

is J-coercive, then < is J-
coercive, by Lemma8.4.11(b1),henceπ �y<Q� J < π � is invertible, hence<Q� J <
has an exponentialspectralfactorization 8°� S8 , by Theorem14.3.2, henceF

hasthe (exponentiallystable) � J 
S¿À� -inner r.c.f. �c<s8 B 1 �K��9¹8 B 1 � B 1, by the
proof of Lemma6.4.8(b). C
In discretetime, U 1 takestheroleof MTIC asthefamily of I/O mapsthatadmit

spectralfactorization(thoughwithout the“D � JD � X � SX” property):

Theorem 14.3.4(U 1U 1U 1 admits SpF) Leteither
Ô � U 1 ¿ and �Ô � U 1� ¿ , or

Ô � U 1³vÜ ¿
and �Ô � U 1³ÝÜ � � ¿ .

Let Ê 
 Ô � U � . TheToeplitzoperator π � Ê π � 
]� � π � U 2 � is invertibleiff Ê has
a spectral factorization Ê0�¶Õ � 8Ø
 where 8Ø
�Õ 
0/ �Ô k (14.35)

If, in addition,r � 1 and Ê 
 Ô r Ã Ô 1Ù r , then ÕÞ
�8 
0/ �Ô 1 B ε � U 
 Y �ÄÃ �Ô r � U 
 Y �
for someε q 0.

In particular, if Ê���Ê=� 
ÅU 1 is “exponentiallyU 1”, i.e., Ê 
ÅU 1r for somer � 1
too, thenits (possible)spectralfactorsare“exponentially U 1”. The“in addition”
claim also holds for

Ô � ti and �Ô � tic (sincetiexp � N; ¿À�{Æ U 1 � N; ¿À� ; usealso
Lemma14.3.1(d)).

Proof: The factorizationequivalencefollows from Theorem5.1.3. The
proof of theadditionalclaim is analogousto thatof Proposition5.2.2. C
Since Hypothesis 8.4.7 (converted as in (13.63)) often appearsin our

continuous-timeresults,weshalllist threediscrete-timeclassessatisfyingthishy-
pothesis(we alsonotethatalsotheCayley transformsof continuous-timeclasses
satisfyingtheoriginal hypothesiswill do):

Lemma 14.3.5(Hypothesis8.4.7) Let
Ô � U 1� ,

Ô � U 1³vÜ � � or
Ô � ticexp. Then

(unconverted) Hypothesis8.4.7 holds for D B 1Ô � U � as well as for the classD B 1Ô
exp � U � , where

Ô
exp � U � is theclassÔ

exp � U � : ��Ã r ß 0
Ô

r �¦Ã r à 1 ^ r B \ F r \ aa F 
 Ô � U �ed (14.36)

of exponentiallystable
Ô � U � maps.

Finally, both
Ô � U � and

Ô
exp � U � satisfy Hypothesis8.4.7 (converted as

in (13.63)); and so does DÅW �Ô � U � Ð whenever �Ô � U � satisfiesthe unconverted
Hypothesis8.4.7.

(Note D B 1 W Ô exp � U 
 Y � Ð Æ TICexp � U 
 Y � .) The(first) claim on theunconverted
hypothesisis not asimportant,it is neededonly whenonewantsto useTheorem
13.2.3to obtaindiscrete-timeresultsfrom (stable)continuous-timeresults.
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By taking
F � τ B 1 
 ticexp � U ��Æ U 1 � N; � � U �@�M¿ , we obtainthat

F � I F � I �
I � I I (i.e., 8�� I � X, S � I ) althoughD � 0; thusweobservethatnonof theabove
classessatisfiesinverseCayley transformedHypothesis8.4.8(however, sincein
(13.63)we ignoreany simplificationsof form S � D � JD, this is not a problem).
SeealsotheremarksaroundExample14.2.9.

Recallfrom Remark13.3.9that á r U 1 � r \ U 1r B \â� U 1r .
We note(but do not need)the fact that the feedthroughoperatorof D B 1 F 
D*B 1 W U 1 Ð Æ UHPR Æ TIC is ã ä{�hD*B 1 F �K�h' ∞ �Ú� EF �S( 1�-� ∑∞

kÛ 0 �J( 1� kAk 
�� ifEF � z�y� ∑∞
k Û 0Akzk 
�U 1.

Proof of Lemma 14.3.5: Condition(2.) of Hypothesis8.4.7follows from
Theorem5.1.3for

Ô
, andfrom Theorem14.3.2for ticexp. Conversion(13.63)

makescondition(1.) trivially true. This provesthe latter (“converted”) claim
(useTheorem13.2.3for D�W �Ô � U � Ð ).

To prove the former claim it remainsto establishuniform half-plane-
regularity of D B 1 F for any

F 
 Ô � U 
 Y � , by Theorem 13.2.3. ButEF Æ¤åÞ� D; � � U 
 Y �n� , hence D?EF is uniformly half-plane-regular, by Lemma
2.6.2,for any

F 
 Ô � U 
 Y � . C
(Seethenotesonpp.829,141and148.)


