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Chapter 13

Discrete-Time Maps and Systems(ti
& wpls)

At anygivenmoment,an arrowmustbeeitherwhere it is or where it
is not. But obviouslyit cannotbewhere it is not. Andif it is where it
is, that is equivalentto sayingthat it is at rest.

— Zeno’s (335–262B.C.) paradoxof themoving (still?) arrow

In thischapter, wepresentherebriefly somefactson thediscretecounterparts
of WPLSs,which we call discrete-timewell-posedlinear systems(wpls’s). They
arethesystemsgovernedby differenceequations�

x j � 1 � Axj � Buj �
y j � Cx j � Du j � j � Z � (13.1)

for A � B � C � D ��� ; seeDefinition13.3.1andLemma13.3.3for definitions.
We show that almost all our continuous-timeresults have discrete-time

analogies(seeTheorem13.3.13),andalsomany further resultshold dueto the
boundednessof thegeneratingoperators(A � B � C � D). Roughlyspeaking,wewrite
continuous-timeresults (and definitions) in lower case(e.g., L2 �	 
 2), as in
(13.63).

In Section13.1, we study boundedlinear time-invariant maps 
 2r � Z;U � 	
 2
r � Z;Y � (“ti r � U � Y � ”, where 
 u 
 2� 2

r � Z;U � : � ∑k 
 r � kuk 
 2U ), andthe corresponding
transferfunctions(thiscorrespondsto Chapters2 and3). TheCayley transformis
treatedin Section13.2.

In Section13.3,westudywpls’s(thiscorrespondsto Chapter6, alsoChapters
4, 7 and8 aretreatedin Theorem13.3.13).TheI/O mapsof wpls’sareexactly the
causalmapsin � r � 0tir (see(13.46)).

In Section13.4,weshow how to obtainwpls’sfrom WPLSs,by discretization.
This allows us to reduceseveral WPLS problemsto wpls problems,which are
often substantiallysimpler due to boundedinput and output operators. (This
differs from the Cayley transformof Lemma 13.2.1 and from the methodof
Lemma13.1.4.)

Discrete-timeRiccatiequations(DAREs)andspectralfactorizationaretreated
in Chapter14 (this correspondsto Chapters9 and5) andminimizationproblems
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780 CHAPTER13. DISCRETE-TIMEMAPSAND SYSTEMS(ti & wpls)

in Chapter15 (this correspondsto Chapter10). Discrete-timeH∞ (andNehari)
problemsaretreatedin Sections11.5and12.2.

Also in this chapter, U , W, H, Y and Z denoteHilbert spacesof arbitrary
dimensionsandB denotesaBanachspace.
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13.1 Discrete-timeI/O maps(tic)

ThePriest’sgrey nimbusin a nichewherehedresseddiscreetly. I will
not sleephere tonight. Homealso I cannotgo. A voice, sweetened
andsustained,calledto himfromthesea.Turningthecurvehewaved
his hand. A sleekbrownhead,a seal’s, far out on thewater, round.
Usurper.

— JamesJoyce(1882–1941),"Ulysses"

In thisandthefollowing section,wepresentresultscorrespondingto Chapters
2 and 3; in particular, we extend the discrete-timeFourier multiplier and H∞

boundaryfunction theoremsto I/O mapsover unseparableHilbert spaces,in
Lemmas13.1.5and13.1.6.Our third mainresultis LemmalticConvol(d), which
treatstime-invariantcausaloperators(ticloc) thatare“almost r-stable”(thatmap
functionswith finite supportinto 
 2r ). We alsodefineti andtic and treatetheir
basicpropertiesincludingadjoints,inverses,convolutionformsand � -transforms.
FurtherresultsareobtainedthroughTheorem13.3.13.

We startby presentingour notation.Let S � Z, p ��� 1 � ∞ � andr � 0. Recall
thatx : S 	 B (equivalently, x � BS) meansthatx is a functionfrom S to B, i.e.,a
B-valuedsequenceon S. We set 
�� x j � j � S 
 � ∞r � S;B� : � supj � S 
 r � jx j 
 B, 
 ∞ : � 
 ∞1 .
Wealsodefine
 p

r � S;B� : � � x : S 	 B �� 
 x 
 p� pr : � ∑
j � S 
 r � jx j 
 pB � ∞ � (13.2)

and
 p : � 
 p
1. Wehave 
 x 
 � q

r � 
 x 
 � pr � ∞ (x : S 	 B � ∞  q  p  1 � r � 0) (proof:
assumew.l.o.g. that 
 x 
 � p

r � 1, ...). For S � N we have (useLemmaB.3.13for
p � q) 
 x 
 � p

s � S;B� � Mr ! s" p " q 
 x 
 � qr � S;B� � ∞ � s � r � 0 � p � q �#� 1 � ∞ $%�'& (13.3)

By �)( � U � Y � wedenotecompactlinearoperatorsU 	 Y, and
 1*,+ � S; � � U � Y �-� : � � T � 
 1 � S; � � U � Y �.�/�� Tj ���)( � U � Y � for all j 0� 0 �1� (13.4)
 12 : � � T � 
 1 �� Tj � 0 for all 3 j � 0 �1� (13.5)
 1*,+ " 2 : � � T � 
 1*4+ �� Tj � 0 for all 3 j � 0 � & (13.6)

Note that the vectorsek : � χ 5 k 6 (k � S) form the standardorthonormalbase
of theHilbert space
 2 � S� , and � xαek �� α �87 � k � S� is anorthonormalbasefor
 2 � S;H � whenever, � xα � α �:9 is anorthonormalbasefor H. Obviously,

cc � S;B� : � � � x j � j � S �� x j � 0 for j not in somefinite subsetof S� (13.7)

is densein 
 p
r � S;B� . By LemmaB.4.15, 
 p

r � S;H �-; � 
 q1! r � S;H � when1 � p � ∞
andp � 1 � q � 1 � 1.

Theconvolution � a j � j � Z < � bk � k � Z : �>= ∑
j

a jbn � j ? n � Z (13.8)
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is bilinearandbounded
 1r � Z;B�A@ 
 p
r � Z;BBC� 	D
 p

r � Z;BBEBF� whenever B @ BB 	 BBEB
is bilinearandbounded(e.g.,B � � � U � Y � , BB � � � Y� Z � andBBGB � � � U � Z � ); see
LemmaD.1.7. By theFubini theorem,we have � a < � ; � � Ra; � < in thesensethatH
a < b � cI � H b � � Ra; � < cI when, e.g., a � 
 1, b � 
 p and c � 
 q. We definethe

isometricisomorphism(multiplicationoperator)r JK�L� � 
 p
s � 
 p

rs� by

r J � �-� x j � j � S �	 � r jx j � j � S� (13.9)

Obviously, � r J a� < b � r J � a < r �MJ b� , hence(cf. Remark13.3.9)N
r � a < � : � r J � a < � r �MJ � � r J a� < (13.10)

definesan isometricisomorphism
N

r : 
 1s < �	O
 1
rs < (we identify 
 1s < with 
 1s asa

Banachspace).We identify S 	 B with � x : Z 	 B �� x j � 0 for all j � Z P S� .
The left shift τ � τ1 is definedby � τx� i : � xi � 1 for x : Z 	 B. We set

N : � � 0 � 1 � 2 � &-&-& � , Z � : � Z P N � �1Q 1 � Q 2 � Q 3 � &-&-& � , so that π � : � πN maps� Z 	 U � 	 � N 	 U � andπ � � π � � I , whereπ � : � πZ R (recallthatπNu : � χNu
for all sequencesu andsetsN). We setPku : � uk (k � Z). The reflection Ris
definedasin continuoustime: � Rx� i : � x� i , hence

τ R� Rτ � 1 � Rτ � τ � 1 R� Rπ � R� τ � 1π � τ � Rπ � R� τ � 1π � τ & (13.11)

However, the canonicaldiscrete-timereflectionis the one satisfying R� 1π � �
π � R� 1, namelytheonedefinedby � R� 1x� i : � x� 1 � i (cf. Proposition13.3.5).We
have

τ � 1 R� 1 � R� R� 1τ � R� 1π � � π � R� 1 � τ R� 1 � R� 1τ � 1 & (13.12)

Moreover, R; � Rand R; � 1 � R� 1 on
HTS � S I � 2

r " � 21U r , R� 1 � R, R� 1� 1 � R� 1, and
 τx 
 � p
r � r 
 x 
 � p

r � 
 Rx 
 � p
r � 
 x 
 � p1U r � 
 R� 1x 
 � p

r � r 
 x 
 � p
1U r � x : Z 	 B � r � 0�'&

(13.13)

We definethe Z-transform Vu : � � u of u : Z 	 U by Vu � z� : � ∑ j � Z zju j for
thosez for which thesumconverges(oneoftenusesz� 1 insteadof z to make the
formulaemoreakin to their continuous-timecounterpartsat thecostof having to
studyfunctionsholomorphicat infinity).

One easily verifies that the Z-transform maps 
 2r � N;U � onto the Hardy
spaceH2

r R 1 : � H2 � r � 1D;U � throughan isometrictimes W 2π isomorphism(i.e.,
XVu 
 H2
1U r � W 2π 
 u 
 � 2

r
; useLemmaD.1.15andscaling),and 
 1r � N;U � into H∞

1! r : �
H∞ � D1! r ;U � linearlyand1-1,with 
XVu 
 H∞

1U r � 
 u 
 � 1r (notetheexceptionalmeaning

of H∞
r (insteadof H∞ � C �r ;U � ) in thissection;recallthatDr : � rD � � z � C ��'Y z Y �

r � and 
XVu 
 L2 � r∂D;U � : �[Z 2π
0 
XVu � reit �\
 2U dt, hence
 1 
 2 � W 2π). It follows that]

Ru � z� � Vu � 1̂ z� � Vτu � z� 1 Vu � u : Z 	 U �'& (13.14)

We startby definingthediscrete-timecounterpartsof TI andTIC (cf. Defini-
tions2.1.1and2.1.4):
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Definition 13.1.1(tititi and tictictic) Let r � 0. We definetir � U � Y � to be the (closed)
subspaceof operators _`�[� � 
 2r � Z;U � � 
 2r � Z;Y �-� that are time-invariant, i.e.,
τ1 _ � _ τ1.

Wedefineticr � U � Y � to bethe(closed)subspaceof operators ab� tir � U � Y � that
arecausal, i.e., π �ca π � � 0.

Finally, ticloc � U � Y � is the setof linear maps a � : UN 	 YN that are time-
invariant (τ � 1 a � � a � τ � 1) andcausal(π 5 06 a � π 5 1 " 2 " 3 "EdEdEd 6 � 0).

Maps in ti : � ti1 are called stable; maps in tiexp : � � r e 1tir are called
exponentiallystable, andmapsin ti∞ P ti arecalledunstable, where ti∞ : � � r � 0tir .
Wesettic : � tic1, ticexp : � tic f tiexp, tic∞ : � tic f ti∞.

If _g� tir � U � Y � , then its (noncausal)adjoint _ ; is the ti1! r � Y� U � map that
satisfies

∑
n � Z H � _ u� � n� � y � n�hI dt � ∑

n � Z H u � n� � � _ ; y� � n�hI dt � u � 
 2r � Z;U � � y � 
 21! r � Z;Y �.� �
(13.15)

and its causaladjoint is _ d : � R_ ; R� R� 1 _ ; R� 1 � tir � Y� U � , where � Rx� i : �
x � i .

(In theliterature,“exponentiallystable”is oftencalled“powerstable”,but we
preferthis analogyto continuoustime.)

By Lemma2.1.10(seeTheorem13.3.13),we have tic � tic∞ f ti, ticexp �� r e 1ticr , tic∞ � � r � 0ticr .
Let _[� tir , r � 0. Oneeasilyverifiesthat _ d � tir is causal( � ticr ) if f _ is.

Obviously, τn _ � _ τn. for all n � Z (andπ 5 dEdEdi" n � 2 " n � 1 " n6 _ π 5 n� 1 " n� 2 " n� 3 "EdEdEdj6 � 0 if f_k� tic∞).
If a mapis causalandanti-causal,thenit takesthe form of a multiplication

operator:

Lemma 13.1.2(Static a ) Let a � al;m� tic∞. Then an�o� . Moreover, the imbed-
ding � �	 TIC is isometric,preservesnorms,andcommuteswith algebraic oper-
ations. p

(Theproof of Lemma2.1.7appliesheretoo;seeRemark13.3.9for astability
shift.)

If aq� tic∞ � U � Y � , then,obviously, π � a π � � ticloc � U � Y � andthemaptic∞
�	

ticloc is injective, hencewe can andwill identify a and π � a π � . Thus, ticr �
tics � tic∞ � ticloc when0 � r � s � ∞.

On theotherhand,if a � � ticloc � U � Y � , then,obviously, τ � n a � � a � τ � n and
π 5 0 " 1 "EdEdEdi" n6 a � π 5 n� 1 " n� 2 " n� 3 "EdEdGdi6 � 0 for all n � N. Oneeasilyverifiesthatticloc maps
correspondone-to-oneto linear, causal(π � a π � � 0), time-invariant(τn a � a τn

for all n � Z) mapsbetweensequencesZ 	 U andZ 	 Y whosesupportsare
boundedfrom the left. Obviously, sucha mapbelongsto tic∞ if f it is bounded
undersome 
 2r norm; we give anothernecessaryandsufficient condition in (b)
below:
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Lemma 13.1.3(tic mapsareconvolutions)

(a) The set ticloc � U � Y � is exactly the set maps a : UN 	 YN that have a
(necessarilyunique)representationof theforma � ∑

j � NTjτ � j � i.e., � a u� k � ∑
j � NTjuk � j � u : N 	 U � k � Z � � (13.16)

equivalently, a � � Tj � j � N < , where Tj �L� � U � Y � for all j � N.

(b) Assume(13.16). Then Tj � P5 i 6 a P;5 06 for all j, and the following are
equivalent:

(i) aq� ticr � U � Y � for somer � 0;

(ii) 
 Tj 
 � Msj for all j � N andsomes � 0.

(c1) If (i) holds, then Va � z� � ∑ j � N Tjzj � H∞ � Dr ; � � U � Y �-� and (ii) holds for
s � r andM � 
ram
 ticr .

(c2)Conversely, if (ii) holds,then(i) holdsfor anyr � s(and 
ras
 ticr � M Br ! sM).

(c3) If at� ticr , then au� 
 1s � N; � � U � Y �-� < for all s � r.

(d) Assumethat av� ticloc and r � 0 are s.t. a u0e0 � 
 2r for all u0 � U
(equivalently, Vaw� H2

strong� D1! r ; � � U � Y �-� ). Let 0 � s � r � t � ∞. Thenaq� tict , al� 
 2s � N;U � � cc $4� 
 2r , Vat� H2
strong� r � 1D; � � U � Y �.� and
ras
 tic t � M Bt ! r 
ra π 5 0 6 
 � ∞ � (13.17)
ra u 
 � 2

r � 
ra π 5 06 
x
 u 
 � 1r � M BEBr ! s 
ra π 5 06 
x
 u 
 � 2s � u � 
 2s � N;U �-�'& (13.18)

In particular, a>�y� � 
 1r � Z;U � � 
 2r � Z;U �-� , az;8�{� � 
 21! r � Z;U � � 
 ∞1! r � Z;U �-� ,
and a π | 0 " t � u 	 a u and a t u 	 a u in 
 2r for all u � 
 2s � N;U � � cc.

Thus,ticloc is the setof convolution operatorshaving N 	 � � U � Y � kernels,
andticr is its subsetof mapsthatarebounded
 2r 	}
 2

r . If a[� ticloc � U � Y � satisfiesal� cc $~� 
 2r , then at� ticr � for all r B�� r, by (d).
As we will seefrom Definitions13.3.1and13.3.4,(i) holdsif f a hasa wpls

realization;henceall (linear, causalandtime-invariant)mapssatisfying(ii) have
a wpls realization.

Proof of Lemma 13.1.3: (a)For all u � N 	 U , wehave� a u� k � k

∑
j � 0
� a πk � j u� k � k

∑
j � 0
� πk a πk � j u� k (13.19)

� k

∑
j � 0
� τ � � k � j � π j a π0τk � ju� k � k

∑
j � 0

Pj a P;0 uk � j � (13.20)

i.e., (13.16)holdsfor this u. Theconverseis obvious.
(b) This follows from (c1)&(c2).
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(c1) Conversely, assume(i). The claim on Va is obviously true. Let
 u 
 U � 1, sothat 
 ue0 
 � 2r � 1, wheree0 : � χ0. Then,for any j � N,
ra)
 ptic r
 �
ra ue0 
 p�

p
r

: � ∑
k


 r � k � a ue0 � k 
 pY  g
 r � j � a ue0 � j 
 pY � 
 r � jTju 
 p
Y �

(13.21)
hence
 Tju 
 Y � r j 
ram
 ticr . Becauseu wasanarbitraryunit vector, (ii) holdsfor
s � r.

(c2) If (ii) holdsandr � s, then(seeLemmaD.1.7)
 � Tj � j � Z < 
 ticr � 
 � Tj � j � Z 
 � 1r � M Br ! sM � (13.22)

whereM Br ! s : � ∑k � N � r ^ s��� k � ∞. (Note that (i) doesnot have to hold r � s
(e.g.,takeTj � 1 for all j).)

(c3) By (c1) (and(ii)) and(13.3), aq� 
 ∞r � N; � � U � Y �-� < � 
 1s � N; � � U � Y �-� <
for any s � r.

(d) 1� Va{� H2
strong: Obviously, a P;0 �U $�� 
 2r if f � Tju0 � j � N � L2 for all u0 � U ,

i.e., if f Vau� H2
strong� D1! r ; � � U � Y �.� . Thus,wehave theequivalence.

2� Now M : � 
ra P;0 
 � 
ra π 5 06 
 � ∞, by LemmaA.3.6 (with, e.g.,X3 : �
 2
loc � � Z 	 B� ). Therefore, 
 Tj 
 � Mr j for all j � N, by (13.21). The first

inequalityfollows from this.
3� Givenu � 
 1r � N;U � , wehave
ra ukek 
 � 2r � 
 τ � k a uke0 
 � 2r � Mr � k 
 uk 
 U � (13.23)

by (13.13),hence 
ra u 
 � 2
r � M ∑k r � k 
 uk 
 U � M 
 u 
 � 1

r � M BEB 
 u 
 � 2
s
, by (13.3).

If u � cc, thenτ � nu � 
 1r � N;U � for somen � N, hencethen a u � 
 2r .
4� Since a � � � 
 1r � Z;U � � 
 2r � Z;U �-� , by 3� , we have az;��� � 
 21! r � Z;U � � 
 ∞1! r � Z;U �-� , by LemmaB.4.15(andLemmaA.3.24).
5� Thelastclaimholds,because
ra u QLa t u 
 � 2

r � 
ra u Q π | 0 " t � a u 
 � 2
r � 
 π | 0 " t � � a u Q�a π | 0 " t � u�\
 � 2r 	 0 � (13.24)

ast 	 ∞, for any u � 
 2s � N;U � , since a���� � 
 2s � N;U � � 
 2r � . (For u � cc, this is
eveneasier.) p
We sometimesusethe following lemmato derive discrete-timefrequency-

domainresultsfrom continuous-timeones:

Lemma 13.1.4 Let 1 � p � ∞. Define VT and VT � 1 by� VT Vf � � e� s� : � Vf � s� � s �o� 0 ��� ∞ � � i �CQ π � π �-� � (13.25)� VT � 1 Vg� � s� : � Vg � e� s� � s � C � �'& (13.26)

Then VT maps Lp � iR;B� onto Lp � ∂D;B� , Lp
strong� iR; � � U � Y �-� onto

Lp
strong� ∂D; � � U � Y �-� , and Hp � C � ;B� onto Hp � D;B� with norm � 1, but none

of thesemapsis one-to-one.
Moreover, VT VT � 1 � I , and VT � 1 mapsL∞ � ∂D; � � U � Y �-� into L∞ � iR; � � U � Y �-�

andL∞
strong� ∂D; � � U � Y �-� into L∞

strong� iR; � � U � Y �-� andH∞ � C � ;B� into H∞ � D;B� ,
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isometrically.
Furthermore, VT � f S g� � � VT f � S � VTg� and VT � 1 � f S g� � � VT � 1 f � S � VT � 1g� for all

f andg.
Finally, Lemmas13.1.5and13.1.6will showthat T ��� � L2 � J;U � � 
 2 � N;U �-� ,

T �o� � TI � U � Y � � ti � U � Y �-� and T �#� � TIC � U � Y � � tic � U � Y �-� are onto, with norm� 1, and T � 1 �#� � 
 2 � N;U � � L2 � J;U �-� , T � 1 �#� � ti � U � Y � � TI � U � Y �-� and T � 1 �� � tic � U � Y � � TIC � U � Y �.� are isometries;whereTu is definedby
]
Tu � VT Vu, etc.and

eitherJ � R � & N � N or J � R & N � Z. NotethatT � _ T � 1u� � � T _A� u etc.

Wealsousetwo othermethodsto establishconnectionsbetweendiscrete-and
continuous-timemaps;seeLemma13.2.1,Theorem13.2.3andSection13.4for
details.

Proof: Note that 
 VT Vf 
 Lp � ∂D;B� � 
 Vf 
 Lp � i | � π " π � ;B� and 
 VT Vf 
 Lp � ∂Dr ;B� �
 Vf 
 Lp � i | � π " π � � logr;B� ; theHp claim follows from these,andtherestis obvious,
becauses �	 e� s maps �CQ π � π � 	 ∂D and � 0 ��� ∞ � � i �CQ π � π � 	 D, one-to-one
andonto. p
The ti mapshave L∞

strong� ∂D; < � transferfunctionsin the sameway asthe TI
mapshaveL∞

strong� iR; < � transferfunctions:

Lemma 13.1.5(Vtir � L∞
strong� r � 1∂D ��< �Vtir � L∞
strong� r � 1∂D ��< �Vtir � L∞
strong� r � 1∂D ��< � ) Let _y� tir � U � Y � . Thenthere is a unique

transferfunction V_ � z��� L∞
strong� ∂D1! r ; � � U � Y �-� s.t.

]_ u � V_�Vu for all u � 
 2r � Z;U � .
Moreover, themapping_ �	 V_ is an isometricisomorphismof tir ontoL∞

strong
and it commuteswith adjointsandcompositions;in particular, it is an isometric
B; -algebra isomorphismwhenU � Y andr � 1.

SeeSection3.1or SectionF.1 for L∞
strong.

Proof: We take r � 1 to simplify the notation. Let V� �� � 
 2 � ∂D;U � � 
 2 � ∂D;Y �-� betheoperatordefinedby V� Vu : � ]_ u.
FromTheoremF.1.7(b)we obtaineasilythelemmaexceptfor thefact that

eachti � U � Y � maphasa transferfunction;hencewestudythis claimonly.
This claim is known in thecaseof separableU andY � U (e.g.,Theorem

1 of [FS]), hencein the caseof separableU and an arbitrary Y (because
there is a separablesubspaceY0 � Y s.t. _g� ti � U � Y0 � , i.e., _ f � L2 � Z � Y0 �
for all f � L2 � Z;U � , by LemmasA.3.1(a3)andB.3.16). We could prove the
unseparableresultby themethodsof Theorem3.1.3(a1),but wehavechosento
combinethelatterwith theseparablecaseto obtainashorterproof.

By the resultsmentionedabove, for eachclosed,separablesubspaceV �
U there is a transferfunction V_ V � L∞

strong� ∂D; � � U � Y �-� , and for each �v�
TI � U � Y � a transferfunction V��� L∞

strong� iR; � � U � Y �-� .
Let _�� ti � U � Y � . Then ��� : f �	�� � � 1 VT � 1 ��_��s� 1 VT � � f is obviouslyin linear

and 
�� � 
 * � L2 � � 1.

To prove that ���n� TI � U � Y � , take arbitrary f � L2 � R;U � and t � R.
Choosea closedseparablesubspaceV � U s.t. f � L2 � R;V � . Let FV : �
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strong� i �FQ π � π � ; � � V � Y �-� (herewe usedtheseparableresult),sothat� � � � � f � � VT � 1 � V_ V VT Vf � � FV Vf .

But FVe� t J Vf � e� t J FV Vf , hence� � τ � t � f � τ � t �.� � f , for all t � R. Therefore,� � � TI � U � Y � , henceV� � � L∞
strong� iR; � � U � Y �.� . EquationV� � Vf � VT � 1 � V_ V VT Vf �

impliesthat � VT V� � � � VT Vf � � V_ V VT Vf � � � _�� � 1 VT Vf � for all f � V & (13.27)

Consequently, V_ : � VT V� � � L∞
strong� ∂D; � � U � Y �.� is thetransferfunctionof _ .

The“Moreover” claimsareeasyto prove,cf. theendof theproof of Theo-
rem3.1.3(a1). p

Lemma 13.1.6( Vticr � H∞
1! rVticr � H∞
1! rVticr � H∞
1! r ) Let a�� ticr � U � Y � . Thenthere is a unique Va � z�z�

H∞ � D1! r ; � � U � Y �-� s.t.
]a u � Va�Vu for all u � 
 2r � N;U � , namelythe onedefinedin

Lemma13.1.3(c1).Moreover, themappinga �	 Va is anisometricBanachalgebra
isomorphismof ticr ontoH∞

1! r .
In particular, ticr � ticr � for 0 � r � r B .
Furthermore, Va has the (nontangential) boundary function Va �

L∞
strong� ∂D1! r ; � � U � Y �-� in thesenseof Theorem3.3.1(c)&(e)&(f)

Wecall D : � Va � 0�A��� � U � Y � thefeedthroughoperator of a .
Becauseof the last claim of the lemma,we maysafelyidentify Vag� H∞ andVaq� L∞

strong (via anisometricBanachalgebraisomorphism)andcall bothof them
thetransferfunctionof a .

Analogouslyto the continuouscase,we also identify a�� ticr and a�� ticr �
if they (equivalently, their transferfunctions)areextensionsof a singletic (H∞)
map.Consequently, ticr � ticr � for r � r B .

Proof of Lemma 13.1.6: Obviously, VasVu � ]a u onD1! r for all Vu � U , hence
for all u � 
 2r , by time-invarianceandcontinuity(alternatively, by [RR,Theorem
1.15B] and scaling). For r � 1, the isomorphismfrom LemmaD.1.15; the
generalcasefollowsby scaling.

Thus,ticr � ticr � follows from H∞
1! r � H∞

1! r � .
By (c) and(e) of Theorem3.3.1, Va hasa boundaryfunction(L∞

strongequiv-
alenceclass,to be exact); that function is obviously equalto theonegiven in
Lemma13.1.5. p
Invertibility in tic∞ is equivalentto invertibility of thefeedthroughoperator:

Lemma 13.1.7(� � 1��� 1� � 1) Let �t� tic∞ : � � r � 0 ticr . Then�t��� tic∞   X : � V� � 0�A��¡� . p
This follows from the fact V� is (boundedly)invertible on a neighborhood

of 0 if f X �t�¡� (seeLemmaA.3.3(A2)). Obviously, V� � 1 � 0� � X � 1, because� V� V¢ � � 0� � XZ for any �u� tic∞ � U � Y � , ¢ � tic∞ � Y� Z � .
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Lemma 13.1.8(a da da d) Let u � 
 2 � Z;U � and _u� ti � U � Y � . Then
]

Ru � z� � Vu � z̄� for

z � ∂D. Moreover,
]_ ; � z� � V_ � z� ; , £ R_ R� z� � V_ � z̄� and

]_ d � z� � V_ � z̄� ; for z � ∂D.

If ak� ticr � U � Y � , r � 0, then
]a d � z� � Va � z̄� ; for z � Dr , i.e.,

]a d � s� � ∑∞
n� 0D ;nzn,

where Va � s� � ∑∞
n� 0Dnzn is theTaylor seriesof Va (with Dn ��� � U � Y � for n � N).p

(The proof is almost identical to that of Lemma3.3.8 (with replacements
(13.63))andhenceomitted.) SeeDefinition 3.1.1 for V_A; on ∂D (andTheorem
3.1.3(d),which is applicableon ∂D too, by Theorem13.2.3). Note that V_ ; need
not be the pointwiseadjoint of an arbitraryrepresentative of V_ , which might be
unboundedandnonmeasurable,by Example3.1.4.Notealsothat z̄ � 1̂ z on ∂D.

Notes
Much of the convolution and Z-transformtheory at the beginning of this

sectionis probablywell known, and so is Lemma13.1.6except the boundary
function claim (in the unseparablecase). Also Lemma 13.1.2 and Lemma
13.1.3(a)are well known (see,e.g., [Mal00] or [Sbook]). Further resultson
ti∞ mapsaregiven in Theorem13.3.13;seethe correspondingcontinuous-time
chaptersfor furthernotes.
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13.2 The Cayley transform ( ¤ , ¥ )

Andthusin anguishBerenpaid
for thatgreatdoomuponhim laid,
thedeathlessloveof Lúthien,
too fair for loveof mortalMen;
andin hisdoomwasLúthiensnared,
thedeathlessin hisdyingshared;
andFatethemforgeda bindingchain
of living loveandmortalpain.

— J.R.R.Tolkien (1892–1973):"The Lay of Leithian"

In thissection,wepresentstandardandfurtherresultsontheCayley transform
of functionsandparticularlyon thatof (stable)tic operators.

We will often usecompositionwith the Cayley function to map H∞ � D;B�
one-to-oneonto H∞ � C � ;B� , ( � ∂D;B� one-to-oneonto ( � iR �k� ∞ � ;B� , or
L∞

strong� ∂D;B� one-to-oneontoL∞
strong� iR;B� :

Lemma 13.2.1(Cayley function) WedefinetheCayley functionby

φCayley : s �	 1 Q s
1 � s

(13.28)

(a) Wehaveφ � 1
Cayley � φCayley andφCayley � s� � Q φCayley � 1̂ s� (s 0� 0 � Q 1).

(b) φCayley mapsC ��	 D, iR ��� ∞ � 	 ∂D, and C � ��� ∞ � 	 D one-to-one
andonto(andcontinuouslyin bothdirections,i.e., it is a homeomorphism)
(but C �ω 0	 Dr for any ω 0� 0 or r 0� 1). Moreover, the positivedirection
on iR ( � i∞ to Q i∞) is mappedto the negative direction on ∂D, and
f � 3 ∞ � � Q 1 � f � 3 i∞ � .

(c) If it � φCayley � eiθ � (i.e., eiθ � φCayley � it � ), thendθ
dt � Q 2 � 1 � t2 ��� 1.

(d) We have Z 2π
0 � f ¦ φ � 1

Cayley � � ei J§� dm � Z R 2 � 1 � t2 ��� 1 f � it � dt for measurable

f : iR 	 � 0 ��� ∞ $ andfor f � L1 � iR;B� , where B is a Banach space.

(e1) f �	 f ¦ φCayley mapsH � D;B� one-to-oneontoH � C � ;B� , H∞ � D;B� one-to-
oneonto H∞ � C � ;B� , ( � ∂D;B� one-to-oneonto ( � iR �¨� ∞ � ;B� , Lp � iR;B�
one-to-oneinto Lp � ∂D;B� , and X � ∂D;B� one-to-oneonto X � iR;B� , where
X � L∞, X � L∞

strong, X � L∞
weakor X � Lp

loc (1 � p � ∞).

Moreover, thismappreservesthe 
 S 
 ∞ normontheboundary, thesupremum
norm,andnontangentialangles(exceptat Q 1 � ∂D).

(e2) Let f � H � C � ;B� and g � H � D;B� . Then f � Hp � C � ;B� iff � z �	� 1 � z� 2! p f � 1 � z
1� z �-�¡� Hp � D;B� . Analogously, g � Hp � D;B� iff � s �	 � 1 �

s��� 2! pg � 1 � s
1� s �-�©� Hp � C � ;B� .

(f) If f � L1
loc � iR;B� , thenir � Leb� f � iff φ � 1

Cayley � ir �A� Leb� f ¦ φCayley � .
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(Thereareseveral differentCayley functionsin the literature,but they only
differ by someadditionalconstantsin theabove formulae.Theadvantageof our
functionis thatit is theinverseof itself. SeealsoLemma13.2.6.)

Proof: (a)–(c)Theseareobvious.
(d) (Note that if either side convergesabsolutely, then so doesthe other

(replacef by 
 f 
 B).) This follows from (c) andLemmaB.4.10.
(e1)1� BecauseφCayley andφ � 1

Cayley areholomorphic,they preservecontinu-
ousandholomorphicfunctions,by LemmaD.1.2(b4).Trivially, thesupremum
normis alsopreserved(∂D 	 iR �¨� ∞ � or D 	 C � ), soH � H∞ � ( arealready
covered(notethat∂D andiR �8� ∞ � arecompact).

2� By LemmaB.4.10(appliedto φCayley � Q S � ; cf. (c)), alsothe 
 S 
 ∞-norm
is preservedandcasesX � L∞ andX � Lp

loc arecovered.If B � � � U � Y � , then
thecasesX � L∞

strong, X � L∞
weak follow from thecaseX � L∞.

3� Lp: This followsfrom thetheoremonp. 130of [Hoffman](whoseproof
appliesalsoto vector-valuedfunctions).

4� Nontangential angles: (Seep. 967 for nontangentiallimits.) Because
φCayley is conformalC PA�1Q 1 � �	 C PA�1Q 1 � , theimagesof (small)nontangential
conesarecontainedin nontangentialcones,in bothdirections.

(e2)The(scalarcase,with adifferentCayley transform)proof theTheorem
on p. 130of [Hoffman]appliesmutatismutandis.

(f) This follows from LemmaB.5.5. (Here we have identified ∂D with�FQ π � π � (via eit �	 t); identification with � 0 � 2π � would affect the point
φ � 1

Cayley � i0� � 1, unlesswe would usethe periodicextensionof f ¦ φ � 1
Cayley ¦ ei J

on R.) p
Thereferencesof Theorem5.1.6will usethefollowing fact (asthedefinition

of
]
π � ): Theoperator

]
π � hasthestandardsingularintegralpresentation� ]π � Vf � � z� � Vf � z�

2 � 1
2πi ª ∂D

Vf � s�
s Q z

ds� (13.29)

for Vf � L2 � ∂D;H � ; this follows by applying scalarcase(from, e.g., [Garnett])
to Λ f for eachΛ � H ; (becauseΛ

]
π � � ]

π � Λ). One gets the corresponding
presentationfor

]
π � analogously.

Next we shall constructan isomorphism « : TI 	 ti that can be usedto
transformresultsfrom continuoustime to discretetimeandviceversa.

Definition 13.2.2(TI ¬ tiTI ¬ tiTI ¬ ti) We define the (signal) Cayley transform ­ :
L2 � R;U � 	®
 2 � Z;U � by V­ Vf : � γ

S � Vf ¦ φ � 1
Cayley � , i.e.,� V­ Vf � � z� : � γ � z� � Vf ¦ φ � 1

Cayley � � z� � f � L2 � R;U �-� � (13.30)

where γ � z� � W 2̂ � 1 � z� .
The (map)Cayley transform « is definedby «�_ : � ­ Y _©­ � 1

U : 
 2 � Z;U � 	
 2 � Z;Y � for _ : L2 � R;U � 	 L2 � R;Y � .
(Seetheproof of Theorem13.2.3(a)for details.)
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Next we show that themap ­ is unitary ((a)), that V« � S ¦ φ � 1
Cayley ((b3)), and

that Vti ¦ φCayley � VTI ((b2)):

Theorem 13.2.3(« : TI ¬ ti« : TI ¬ ti« : TI ¬ ti)

(a) Themap ­ is an isometricisomorphismof L2 � R;U � onto 
 2 � Z;U � andof
L2 � R � ;U � onto 
 2 � N;U �-� .
Indeed,for u : Z 	 U wehave
 u 
 22 : � ∑

n

 un 
 2U � � 2π � � 1 ª 2π

0

XVu � eiθ �\
 2U dθ (13.31)

� � 2π � � 1 ª � ∞� ∞

 � V­ � 1 Vu� � it �\
 2U dt � ª � ∞� ∞


 � ­ � 1u� � t �\
 2U dt (13.32)

Moreover, for u � L2 � R � ;U � theformula(13.30)holdsonD too.

(b1) The map « is an isometric isomorphismof � � L2 � R;U � � L2 � R;Y �.� onto� � 
 2 � Z;U � � 
 2 � Z;Y �-� . Moreover, « commuteswith adjoints and valid
compositionsof operators. Thus,« � _ � � � � «l_©� � « � � � «�_ � 1 � � «l_A� � 1 � «l_ ; � � «�_A� ; � (13.33)

for _k�L� � L2 � R;U � � L2 � R;Y �.� and
� ��� � L2 � R;Y � � L2 � R;H �.� .

(b2)Themap « is an isometricisomorphismof TI ontoti andof TIC ontotic.

(b3) Let _[� TI,
�

: � «l_ . Then V� � V_L¦ φ � 1
Cayley in L∞

strong, i.e., on ∂D (and in
H∞, i.e., on D, if _k� TIC).

(c1) ­ π 2 � π
2 ­ � « π 2 � π

2 « , ­ R� R� 1 ­ � τ R­ , « R� R� 1 � τ R.

(c2) τ̄k ­ � V­ � φCayley � k S , Vτk � V« � φCayley � k S , £­ τ � t � � et 1 R z
1° z
S V­ , £« τ � t � � et 1 R z

1° z
S
.

(c3) « L � L for L ��� � U � Y � .
(c4) «l_ d � � «�_A� d for _y� TI.

(d) Let _b��� � L2 � R;U �-� . Thenπ 2 _ π 2 is invertibleon π 2 L2 iff π
2 � «�_©� π 2 is

invertibleon π
2 
 2.

(e)Let _ � P �L� � L2 � R;U �-� . Then«�_{ 0 [ ± 0] on � « P� 
 2 iff _² 0 [ ± 0] on
PL2.

Notethattheseresultsdonothold in theunstablecase(seeLemma13.2.1(b)).
However, Section13.4treatsanotherway to relateTI andti, discretization, that
handlesalsotheunstablecase.

Proof: (a) By Lemma13.2.1(d),wehave

ª 2π

0

 � V­³Vu� � eiθ �\
 2dθ � ª R

2 � 1 Y1 � it Y 2 
XVu � it �\
 2 dθ
dt

dt � ª R

XVu � it �\
 2dt (13.34)

for measurablef : iR 	 U .
This provesthefirst “ � ” sign in (13.31);the two following “ � ” signsare

from LemmaD.1.15.
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It follows that ­ is an isometric isomorphismof L2 onto 
 2. The fact
thatπ � ­ � ­ π � follows from thescalarcase(givenon, e.g.,pp. 104–106of
[Hoffman]). (Indeed,our φCayley usesanextra z �	 Q z on ∂D comparedto that
of [Hoffman], hencethis transformstheascendingorder(positive orientation)
of ∂D to theascendingorderon Q ∞ &-&-& � ∞), because,obviously, Λ ­ U � ­ CΛ
for Λ � U ; . Notethatif u � L2 � R;U � , thenu � L2 � R � ;U �   Λu � L2 � R � ;C �
for all Λ � U ; , andthatananalogousclaimholdsfor 
 2.)

(b1) This follows from (a) exceptfor «�_ ; � � «l_©� ; , which is obtainedas
follows:H _ ; u � vI � H u � _ vI � H ­ u � «l_©­ vI � H ­ � 1 � «l_©� ; ­ u � vI´& (13.35)

(b2)This follows from (b1)and(b3).
(b3)Let _y� TI � U � Y � . ThenV­ V_�Vu : � γ �-� V_�Vu�µ¦ φ � 1

Cayley � � � V_8¦ φ � 1
Cayley � γ � Vu ¦ φ � 1

Cayley � � � V_¶¦ φ � 1
Cayley � V­³Vu (13.36)

for all u � L2 � R;U � . Therefore,V­ V_ V­·� 1 � V_8¦ φ � 1
Cayley (cf. alsoLemma13.1.6).

(c1) The first identity on π 2 wasproved in the proof of (a1); the second
identity follows from thefirst.. By Lemma13.1.8,¯ R­ u � z� � ]­ u � 1̂ z� � γ � 1̂ z�-Vu � 1 Q 1̂ z

1 � 1̂ z
� � zγ � z�rVu � Q 1 Q z

1 � z
� � z ¯­ Ru � z� (13.37)

for z � ∂D. BecauseVτ � zand R� 1 � τ R, weobtainthethird identity; thefourth
identity follows from thethird.

(c2)Because� φCayley � k ¦ φCayley � zk � Vτk, wehave V­ �.� φCayley � k Vu� � zk V­³Vu,

i.e., the first (and hencethe second)identity holds. Moreover, £τ � t � u � est Vu,

hence £­ τ � t � � etφCayley � z� V­ .
(c3) This is obvious.
(c4) This follows from (c1)andtheformula «l_ ; � � «l_A� ; from (b1).
(d) By (b), � π � _ π � � π � � π � _ π � � for some �®�u� � π 2 L2 � (we

may identify � with π � � π � ��� � L2 � ) if f � «s�l� π � � «l_©� π � � π � �
π � � «l_A� π � � «m�¡� .

(e) Now
H «�_A« P­ f � « P­ f Iz 0 for all ­ f � 
 2 if f

H _ Pf � Pf I¸ 0 for all
f � L2. By replacing_ by _¹Q εI wegetthe“ ± 0” claim. p
Weremarkthatlosslessness(Definition2.5.1)is « -invariant:

Corollary 13.2.4 LetJ � J ;º�8� � Y � andS � S;��8� � U � . Let _�� TIC,
�

: � «l_��
tic.

Then
�

is � J � S� -losslessiff _ is � J � S� -lossless.

Proof: This follows from (13.33)andTheorem13.2.3(e). p
It hasbeenshown in Chapter11of [Sbook]thatfor everyΣ ��»T¼ ½¾ ¿ÁÀ � wpls1

with Â contractive and Â � I one-to-one,there is Σ B � »Ã¼ ½¾ ¿ À B � WPLS0 s.t.aÁB � «Ä� 1 a (andconversely).
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We now partextendDefinition 13.2.2for unstablea for lateruse(alsomuch
moreis true):

Proposition 13.2.5(« « « : unstable a a a ) If Ω � C � is openand Vat� H � Ω; � � U � Y �-� ,
thenweset a u : � � � � 1 Va)Vu, for all u � L2 � R � ;U � s.t. VasVu � H2 � C � ;U � . Moreover,
weset «)a : � ­ Y az­ � 1

U .

Analogously, if Ω Bc� D is openand V� � H � Ω B ; � � U � Y �-� , thenwe set
�
u : �� � 1 V� Vu for all u � 
 2 � N;U � s.t. V� Vu � H2 � D;U � .

Thefollowingholds:

(b1) If a is asabove, then ¯ «�a � Va�¦ φ � 1
Cayley.

(b2) « � a¡ÅaÄ� � � «�a�� � «¹ÅaÄ� for Åau� H � Ω; � � H � U �-� .
(b3) ( VaÄ�H2 $4� H2 Æ Vau� H∞VaÄ�H2 $~� H2 Æ Vau� H∞VaÄ�H2 $4� H2 Æ Vau� H∞) If Va is definedon wholeL2 � R � ;U � , then Va`�

TIC � U � Y � and «�a coincideswith thatof Definition13.2.2.

Proof: (Note that Va)Vu � H2 meansthat Va)Vu has a (unique, by Lemma
D.1.2(e))extensionto C � , andthatthisextensionis in H2.)

(b1)If u � a u � L2, then Ç� «)az�-­ u � � Va¨¦ φ � 1
Cayley � ]­ u, by (13.36).Conversely,

if � Va�¦ φ � 1
Cayley � ]­ u � H2 for someu � L2 � R � ;U � , then VasVu � H2, by (13.36)and

Theorem13.2.3(a).
(b2)This is obviousfrom thedefinition.
(b3) Fix andopenΩ B,� Ω s.t. /0 0� Ω B � Ω, so that Vag� H∞ � Ω B ; � � U � Y �-� .

Now VaÈ�y� � H2 � H∞ � Ω B ;Y �-� , H2 �
c

H∞ � Ω B ;Y � (by LemmaF.3.2(a)&(b)) andVaÉ�H2 $4� H2, henceVau��� � H2 � H2 � , i.e., au�L� � L2 � R � ;U � � L2 � R � ;Y �-� .
Since Va eJ t � eJ t Va for all t � R, a commuteswith translations,i.e., a`�

TIC � U � Y � .
Obviously, the map «�a of this definition is equal to the restriction to
 2 � N;U � of themap «�a of Definition13.2.2. p

Sometimeswewish to map∞ to someotherpoint of ∂D thanto Q 1. Thenwe
cancombinetheCayley transformwith a rotation:

Lemma 13.2.6(Different Cayley) Proposition13.2.5 and Theorem 13.2.3 ex-
ceptpossiblythe claimson R, τ and � � d (in (c1), (c2) and (c4)) hold evenif we
replaceφCayley by φCayley ¦ VRα for someα � ∂D, where � VRVu� � z� : � Vu � αz� (equiva-
lently, Ruk : � αkuk (k � Z)) for all z andu.

Proof: Obviously,
]
Ru� z� � ∑kzkαkuk � � VRVu� � z� for all z and u, R is an

isometricisomorphismon 
 2, Rπ � � π � R etc. Part of the propositionandof
thetheoremfollows directly from this andtherest(with theaboveexceptions)
caneasilybeverified. p
Notes
Theorem13.2.3(a)is essentiallygiven in [RR], whereone can find further

informationon this transform(alternatively, seeSection11.4of [Sbook]).
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13.3 Discrete-timesystems(wplsÊ U Ë H Ë Y Ì )
Do youthink whentwo representativesholdingdiametricallyoppos-
ing views get togetherand shake hands,the contradictionsbetween
our systemswill simplymeltaway?Whatkindof a daydreamis that?

— Nikita Khrushchev (1894–1971)

In this sectionwe presentwpls’s, the discretecounterpartsof WPLSs. We
will presentthe main definitionsandresultsof the continuous-timepart of this
monographconvertedto the discrete-timeform; this sectioncoversmainly the
theory of Chapters2–7. Thus,generators,� -transformsof maps,stability and
feedback. Lessstraight-forward results(on stabilizability) are presentedat the
endof this section,andmostof main resultsarecontainedin Theorem13.3.13,
whichcoversthediscretecounterpartsof almostall continuous-timeresultsin this
monographs(seetheotherchaptersfor details).

Westartwith thedefinition:

Definition 13.3.1(wpls) Let r � 0. An r-stablediscrete-timewell-posedlinear
system(r-stablewpls)on � U � H � Y � is a quadruple » A Í ½¾ ¿ÁÀ of operators for which

(1.) A �L� � H � , andsupk � N 
 r � kAk 
 � ∞;

(2.) Î{��� � 
 2r � Z � ;U � � H � satisfiesÎ τπ � � AÎ ;

(3.) Ï[��� � H � 
 2r � N;Y �.� satisfiesÏ A � π � τ Ï ;

(4.) au� ticr � U � Y � andπ � a π � � ÏAÎ ;

wewrite » AÍ ½¾ ¿ÁÀ � wplsr � U � H � Y � to expressthis,andwesetwpls: � � r � 0wplsr .

If » A Í ½¾ ¿ÁÀ � wpls, and (3.) and (4.) hold for r � 1, then » A Í ½¾ ¿ÁÀ is a stable-

outputsystem( » A Í ½¾ ¿ À � sos).

If [ » A Í ½¾ ¿ÁÀ � wplsr and] r � jA jx 	 0 strongly (resp.weakly)as j 	 ∞ for

all x � H, then[ » A Í ½¾ ¿ÁÀ and] A is strongly(resp.weakly) r-stableand » A Í ½¾ ¿ÁÀ is
strongly(resp.weakly)internallyr-stable.

Wecall A thestatemap, Î thereachabilitymap, Ï theobservability mapanda the I/O mapof » A Í ½¾ ¿ÁÀ ; themapA (resp.Î , Ï , a ) is r-stableif (1.) (resp.(2.),
(3.), (4.)) holds.

The prefix “ 1-” is often omitted, e.g., systemsin wpls1 are called stable.
Systemsin wplsr for somer � 1 are calledexponentiallystable; similarly, if (1.)
holdsfor somer � 1, wecall A exponentiallystable.

Exponentiallystableoperatorsareoften calledpower stable,but we wish to
have our terminologycompatiblewith the continuous-timenotation; hencewe
sometimesalsowrite Â � t � : � Â t : � At .

WeshalloftenusethebasicidentitiesÎ τkπ � � Ak Î , Ï Ak � π � τk Ï .
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Lemma 13.3.2(wplsr � wplsr �wplsr � wplsr �wplsr � wplsr � ) Let » A Í ½¾ ¿ À � wplsr for some r � 0. Then» A Í ½¾ ¿ À � wplsr � for all r B � r. p
(Theproof is analogousto thatof Lemma6.1.2andomitted.) In fact, if A is

r-stable,then » A Í ½¾ ¿ À is r B stablefor all r B � r, by Lemma13.3.8.
Oneusuallydefinesdiscretesystemsby (13.40)below. This is not aproblem,

becausewpls’scorrespond1-1 to thesolutionsof (13.40):

Lemma 13.3.3(Generatorsof a wpls)

(a) For each Σ : �Ð» A Í ½¾ ¿ÁÀ � wpls, there is a uniquequadrupleof operators» A B
C D

À �o� � H @ U � H @ Y � , called the generatorsof » AÍ ½¾ ¿ À , s.t. for x � H
andu � cc � N;U � wehaveÎ u � ∞

∑
j � 0

A jBu� j � 1 � � 1

∑
k� � ∞

A � k � 1Buk �� Ï x� k � CAkx � k � N � �� a u� k � ∞

∑
j � 0

CA jBuk � j � 1 � Duk � k � 1

∑
j � � ∞

� τ � j � 1 Ï Buj � � k � � Duk � k � Z �'&
(13.38)

Moreover, (13.38)hold for anyu � 
 2loc � � n ��� ∞ � ;U � � 
 2r � Z;U � , n � Z andr
is s.t.Σ � wplsr . Wealsohave(here ek : � χk � k � Z � )
Bu � Î � ue� 1 �-� � Cx � � Ï x� 0 � Du � � a � ue0 �-� 0 � Va � 0� for u � U � x � H &

(13.39)

Moreover, theuniquesolution(on N) of thedifferenceequationpair�
x j � 1 � Axj � Buj �

y j � Cx j � Du j � (13.40)

with initial valuex0 � H andinput u � cc � N;U � is givenbyÑ
x j

y Ò � Ñ
A j Î τ jÏ a>Ò Ñ x0

u Ò � j � 1 � 2 � &.&-&§� (13.41)

(formula (13.41)determines» A Í ½¾ ¿ À uniquelyon H @ cc � N;U � , henceasa
wpls).

(b) Conversely, for each » A B
C D

À �#� � H @ U � H @ Y � , the operators definedby
(13.38)are theuniquesolutionof (13.40)(and(13.41)),andthey extendto
a (unique)wpls.Theresultingwplsis r-stable(and ab� 
 1r ) for anyr � ρ � A�
(andfor no r � ρ � A� ). We call this wplsthewpls generatedby » A B

C D
À , and

wewrite = A B
C D ? : � » AÍ ½¾ ¿ÁÀ .

(c) Let = A B
C D ? � » A Í ½¾ ¿ À � wplsr � U � H � Y � . Then (13.41) is the solution of

(13.40)for anyx0 � H andu � N 	 U (the initial valuesetting). Similarly,
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x j � Î τ j u, y � a u is a solutionof (13.40)for any u � 
 2r � Z;U � (the time-
invariantsettingsatisfyingx j

	 0 as j 	 Q ∞. Moreover, wehaveÎ t u : � Î τt π � u � t � 1

∑
k� 0

AkBut � 1 � k � t � 1

∑
k� 0

At � 1 � kBuk � u : Z 	 U � �
(13.42)a � D � CÎ τ (13.43)� a ; u� k � ∞

∑
j � 0

B; � A; � jA; un� j � 1 � D ; uk (13.44)� u � 
 2� r � Z;U � or u : � Q ∞ � n� 	 U � n � Z �'& (13.45)

Note that (b) shows that the whole wpls is exponentiallystableif f A is (cf.
Lemma6.1.10);equivalently, if f ρ � A� � 1, i.e., if f σ � A�A� D (seeLemma13.3.7).

As above, we will denotethegeneratorsof operatorsandfeedthroughopera-
torsof tic∞ operatorsby corresponding(ordinary)letters.

Proof: (a)&(b) Exceptfor theclaimsprovedbelow, thestablecaseof this
follows from Section4 of [S99], see[Mal00] for proofs,andthegeneralcase
follows by scaling(seeRemark13.3.9);alsothe readercaneasilyverify the
results.

TheequationVa � 0� � D followseasilyfrom (13.38).
Equations(13.41)defineawplsuniquely, becausecc is densein 
 2.
Theconditionr � ρ � A� impliesthat 
 r � kAk 
 � 1 for big k, hence
 r � kAk 


is then bounded(similarly, it is unboundedfor r � ρ � A� ). Replacingr by
r BÓ� � ρ � A� � r � above,weseefrom (13.38)that Î � Ï � a arer-stableand au� 
 1r .

(c) Obviously, (13.41)solves (13.40) in both cases. On the other hand,Î τ j u � Î π � τ ju, andπ � τ ju 	 0 as j 	 Q ∞. The formulaefor Î t , a and a ;
arestraightforward. p
Any tic∞ maphasa realization:

Definition 13.3.4(Realization) Let ay� ticr � U � Y � . If » A Í ½¾ ¿ À � wpls� U � H � Y � for

someHilbert spaceH, thenwecall » A Í ½¾ ¿ À (togetherwith H) a realizationof a .

Wecall the(stronglyr-stable)systemÑ
π � τ π � a π �

I a Ò �ÕÔ π � τ1 π � � a S e� 1 �
π 5 06 D Ö � wplsr � U � 
 2r � N;Y � � Y � (13.46)

theexactlyobservablerealizationof a .

Wenow statethediscreteversionof dualsystems.Thisrequires(13.12),hence
we have to use R� 1 insteadof R(recall that � R� 1x� k : � x � 1 � k). Fortunately,

R� 1 a ; R� 1 � Rτ � 1 a ; τ R� Ra ; R� : a d; but for the duals of Î and Ï the
differencebetween Rand R� 1 is meaningful:
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Proposition 13.3.5(Dual system) Let » A Í ½¾ ¿ À �×= A B
C D ? � wplsr , r � 0. Thenits

(causal)dualsystem(or (causal)adjoint system)Ñ
A J ÎÏ a Ò d

: �ÙØ � Ad ��J Ï dÎ d a d Ú : � Ñ � A; ��J Ï ; R� 1

R� 1 Î ; R� 1 a ; R� 1 Ò (13.47)

is alsoin wplsr . Moreover, = » AÍ ½¾ ¿ À d ? d � » AÍ ½¾ ¿ À and » A Í ½¾ ¿ À d �×= AÛ C Û
BÛ D Û ? .

Heretheadjointsaretakenwith respectto the 
 2 innerproduct(i.e.,withouta
weightfunction),e.g.,for Ïy�8� � H � 
 2r � N;Y �-� wehavethat Ï ; �8� � 
 21! r � N;Y � � H �
and

H Ï x � yI � H x � Ï ; yI for x � H � y � 
 21! r � N;Y � .
Notethat 
 21! r is thedualof 
 2r with respectto the(weightless)
 2 innerproduct.

Proof of Proposition 13.3.5: Using (13.12)and (13.11)onecan verify
that (1.)–(4.) of Definition 13.3.1hold (e.g., Ï ; R� 1 �o� � 
 2r � Z � ;Y � � H � , and
equationA;rÏ¸; R� 1 � � π � τ ÏÜ�.; R� 1 � S-S-S � Ï¸; R� 1τπ � is easilyverified).

Theclaimon generatorsfollowseasilyfrom (13.38). p
Next wewrite out thesymbols(“Z-transforms”)of thecomponentsof awpls:

Lemma 13.3.6 Let = A B
C D ?s�Ù» A Í ½¾ ¿ À � wplsr � U � H � Y � , r � 0. Then, for Y z Y �

1̂ ρ � A� andu0 � U, wehaveVÂ � z� � � I Q zA� � 1 � ∞

∑
k� 0

Akzk � (13.48)VÎ � z� � z� I Q zA� � 1B � � z� 1 Q A� � 1B � ∞

∑
k � 0

Akzk � 1B � (13.49)VÏ � z� � C � I Q zA� � 1 � ∞

∑
k � 0

CAkzk � (13.50)Va � z� � D � Cz� I Q zA� � 1B � D � C � z� 1 Q A� � 1B (13.51)� D � ∞

∑
k� 0

CAkBzk� 1 � D � VÏ � z� Bz � D � C VÎ � z� (13.52)VÎ � z� u0 � Î � z�cJ u0 � � a z�MJ u0 � z�MJ Va � z� u0 & (13.53)

in thesensethat ¯Â x0 � VÂ x0, ¯Î τu � VÎ�Vu, ¯Ï x0 � VÏ x0 and
]a u � Va)Vu on D1! r for all

x0 � H andu � 
 2r � N;U � .
Thus, Ï is stableif f VÏw� H2

strong, i.e., if f C � I Q zA� � 1x0 � H2 � D;Y � for all
x0 � H. Analogously, Î is stableif f B; � I Q zA;�� � 1x0 � H2 � D;U � for all x0 � H.

Proof: Theequationsfor VÂ � VÎ � VÏ � Va arestraightforward.
Setthenu : � z�cJ u0, sothatu � 
 2r � Z;U � � 
 2loc � N;U � . Obviously, VÎ � z� u0 �Î � z�cJ u0 � , hence Va � z� u0 � Du0 � CÎ u � � a u� 0 & (13.54)

Sinceτku � z� ku, wehave � a u� k � � a τku� � 0� � z� k Va � z� u0 (k � Z). p
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Lemma 13.3.7(Exp. stable) Thefollowingareequivalentfor A �L� � H � :
(i) A is exponentiallystable, i.e., sup 
 r � kAk 
 � ∞ for somer � 1.

(ii) A J x0 � L2 � R � ;H � for all x0 � H;

(ii’) � s �	 � I Q sA��� 1x0 �A� H2 � D; � � H �-� for all x0 � H;

(iii) 
 ∑∞
0 Akφk 
 H � M 
 φ 
 2 for all φ � cc � N;H � ;

(iv) ρ � A� � 1, whereρ � A� : � limk Ý ∞ 
 Ak 
 1! k � infk Ý ∞ 
 Ak 
 1! k � max Yσ � A� Y �
 A 
 ;
(v) σ � A��� D.

Thevalueρ � A� is calledthespectral radiusof A (seeLemmaA.3.3).
Proof: By Lemma A.3.3(r1)&(s1), we have (iv)   (v). Equivalence

“(i)   (iv)” is almosttrivial. Weobtain“(ii)   (ii’)” from (13.48)and“(ii)   (i)”
from [W89d] (whichshowsthattheweakform of (ii) is sufficient). Implication
“(i)   (iii)” followsasin theproof of LemmaA.4.5. p

Lemma 13.3.8(Stability) Let Σ � » A Í ½¾ ¿ÁÀ � wpls� U � H � Y � and0 � r � r B � ∞.
Then

(a1) Σ is exponentiallystableiff A is exponentiallystable.

(a2) If A is r-stable (or ρ � A� � r), then Σ � wplsr � , Î τ � ticr � � U � H � , andaq� 
 1r � � N; � � U � Y �-� < .
(b1) If Î is r-stable, then Î τ and a is r B -stable.

(b2) If Î τ is r-stable, then Î and a are r-stable.

(b3) If Ï is r-stable, then a�� ticr � fÞ� � 
 1r � 
 2r � , az;���� � 
 21! r � Z;U � � 
 ∞1! r � Z;U �-� ,Vaq� H2
strong� r � 1D; � � U � Y �-� andLemma13.1.3(d)applies.

Thus,Σ is r-stablefor all r � ρ � A� .
Proof: (a1)If Σ is exponentiallystable,thensois A, by definition.Assume

that A is exponentiallystable,i.e., that 
 Ak 
 � Mrk for all k � N for some
M � ∞, r � 1. By usingLemma13.3.3(b),oneeasilyverifiesthat 
rÂ x0 
 2 �
M � 1 Q r2 ��� 1 
 x0 
 2 and » A Í ½¾ ¿ À � wpls is exponentiallystable.

(a2)By Remark13.3.9,wecanw.l.o.g.assumethatr B � 1, henceweobtain
this from (a1) for Σ (seeLemma13.3.7(iv)&(i) for ρ � A� ). By applying (a1)
with C � I andD � 0, weget Î τ � ” a ” � tic � U � H � .

Finally, chooses � � r � 1� to obtain aß� tics� (by (a1)). Then aà�
 1
t � N; � � U � Y �-� for any t � s, particularlyfor t � 1, by Lemma13.1.3(c3).

(b2)This follows from (13.43)for a ; takeC � I � D � 0 to get Î τ � a .
(b3)Assumethat Ï is r-stable.By (13.38),a u0e0 � Du0e0 � τ � 1 Ï Bu0e0 �
 2

r for eachu0 � U , hencewegettheclaimsfrom Lemma13.1.3(d).
(b1) If Î is r-stable,thenso is Î d andhencethen a d and a arer B -stable,

by (b3);applicationwith C � I andD � 0 showsthatalsoÎ τ is r B -stable. p
Now weareabletopresentthediscretecounterpartof Remark6.1.9(see(13.9)

for r J : � x j � �	 � r jx j � ):
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Remark 13.3.9(Stability shift) Let = A B
C D ? � » AÍ ½¾ ¿ À � wplss � U � H � Y � . Thenthe

stability shift (or scalingoperator)
N

r : = A B
C D ? �	 = rA rB

C D ? satisfiesN
r

Ñ
A J ÎÏ a Ò �âá rA rB

C D ã � Ñ � rA��J Î r �MJ
r J§Ï r JEa r �MJ Ò � wplsrs � U � H � Y ��& (13.55)

Thus,
N

r : wplss
�	 wplsrs is a bijection.

Moreover,
N

r : _ �	 r Ji_ r �MJ is an isometricisomorphismtir � U � Y � 	 tirs � U � Y �
aswell as 
 1s � Z; � � U � Y �-� < 	ß
 1

rs � Z; � � U � Y �-� < . p
(We leave thesimpleproof to thereader(cf. (13.10)).)
We let

N
r also denoteits components(note that this is in accordancewithN

r _ : � r Ji_ r �MJ for _ � at� tic).
In Sections6.6–6.7and Chapter7, we reducedall kinds of feedbacksto

static output feedbackfor WPLSs. Next we shall do the samefor wpls’s. As
in Section6.6, we replacethe input u by uL � Ly, whereuL is an external input
andL ��� � Y� U � is astaticfeedbackoperator(seeFigure6.2) to obtainequations�

x j � 1 � Axj � B � Ly j � � uL � j � �
y j � Cx j � D � Ly j � � uL � j � � j � Z & (13.56)

Thesearealgebraicallythe sameas(6.123)–(6.124),in particular, they have
a uniquesolution(i.e., they arewell-posed)if f I Q DL is invertible. If that is the
case,we call thefeedbackadmissible:

Definition 13.3.10(Admissiblestatic output feedback) Let = A B
C D ? � » A Í ½¾ ¿ À �

wpls� U � H � Y � . An operator L �ä� � Y� U � is called an admissible(static)output
feedbackoperatorfor » AÍ ½¾ ¿ À if I Q L aq��� tic∞ � U � .

Wecall L r-stabilizingif ΣL � wplsr etc.,asin Definition6.6.4.

By LemmasA.1.1(f6) and13.1.7,eachof theconditions“ I Q LD ���¡� � U � ”,
“ I Q DL ���¡� � Y � ”, andI QLa L ��� tic∞ � Y � is equivalentto I Q L aq�²� tic∞ � U � .

Thecorrespondingclosed-loopsystemis givenbelow:

Lemma 13.3.11 Let = A B
C D ? � » A Í ½¾ ¿ À � wplss � U � H � Y � and I Q LD �u�¡� � U � .

Thená AL BL

CL DL ã : � Ô A � BL � I Q DL � � 1C B � I Q LD � � 1� I Q DL ��� 1C � I Q DL ��� 1D Ö (13.57)

� Ñ
AL Î LÏ L a L Ò : � Ø A � BL � I Q DL � � 1C Î � I Q L a�� � 1� I Q�a L ��� 1 Ï � I Q�a L �r� 1 a Ú � wpls� U � H � Y �'&

(13.58)

Moreover, A j
L Q A j � Î τ j L Ï L � Î τ j L � I Q�a�å��r� 1 Ï � Î LLτ j Ï for j  0.

Proof: By solving (13.56),we obtain (13.57). By Lemma13.3.3(b),the
operators(13.57)generateawpls,whosestatemapis necessarilyAL, andwhose
reachability, observability, andI/O mapsÎ�BL � ÏABL � aÁBL canbefoundby solvingÑ

x j

y Ò � Ñ � AL � j ÎæBLτ jÏABL aÁBL Ò Ñ x0

u Ò � j � 1 � 2 � &-&-&§�'& (13.59)
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But from (13.59)and“u � uL � Ly” weobtainÑ
x j

y Ò � Ñ
A j � Î τ j L Ï L Î Lτ jÏ L a L Ò Ñ x0

u Ò � j � 1 � 2 � &-&-&§�'& (13.60)

Thus,Î BL � Î L , Ï BL � Ï L and a BL � a , andA j
L Q A j � Î τ j L Ï L ; thelastequation

followsLemmaA.1.1(f6). p
Thus,theformulafor statefeedback,definedasin Definition6.6.10,takesthe

following form:

Lemma 13.3.12 A state feedback pair = K F ? is admissiblefor » ¼ ½¾ ¿ À �= A B
C D ? � wpls iff I Q F �y�¡� . If this is the case, thenthe resultingclosed-loop

systemis givenby (hereM : � � I Q F � � 1)

Σ ç : � èé A J � Î τ � S ��êyë Î/êÏ � a�êìë a©êê#ë ê>Q I íî �ðïñ A � BMK BM

C � DMK DM
MK M Q I òó & (13.61)p

The pair = MK 0 ? , whereM : � � I Q F ��� 1, is equivalentto = K F ? in
the sensethat it is admissibleor stabilizing if f = K F ? is, and the resulting
closed-loopsystemis

èé A � BMK B

C � DMK D
MK 0 íî & (13.62)

We identify K �y� � H � U � as a state feedback operator to the (admissible)
statefeedbackpair » K 0 À . Thus, K �²� � H � U � is exponentiallystabilizing
if f A � BK is exponentiallystable,etc.SeealsoLemma13.3.16.

Also otherdefinitionsof Section6.6canbeconvertedto thediscretetimecase
analogously;theresultscanbeconvertedin asimilar way:

Theorem 13.3.13(WPLS resultshold for wpls’s) If we make the following
replacements(hereCT refers to continuousandDT to discretetime):
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WPLS �	 wpls� SOS�	 sos� TI �	 ti � WR � SR� ULR � TIC �	 tic

MTIC ;; �	 « MTIC ;; � L2 �	ß
 2 � ( ∞
c
�	 cc � π � �	 π � � π � �	 π � � R�	 R� 1;

R �	 Z � R � �	 N � R � �	 Z � � iR �	 ∂D P¸�1Q 1 �1� iR �8� ∞ � �	 ∂D � C � �	 D � C � �8� ∞ � �	 D;� t1 � t2$ �	 � t1 � t2 Q 1$ � ª t2

t1

�	 t2 � 1

∑
t1

;Â �	 A J � Â � t � �	 At � τ � t � �	 τt ; Cw � Cs � CL "w � CL " s � Cc
�	 C etc.;

anyregularity assumption/statementon a mapor system �	 a true assumption/statement

(thesameappliesto theboundednessof input andoutputoperators) ;

Dom� A� � HB � H ;C " K � H 2 1 � H ;2 1
�	 H;

“[e]IARE”, ”[e]CARE”,”[e]B ;w-CARE” �	 “[e]D ARE” �
[e]IARE,[e]CARE(theequations) �	 [e]DARE(thecorrespondingDT equation);

S � D ; JD �	 S � D ; JD � B;�ô B (similarly for anythingbasedon equationS � D ; JD);� s Q A� � 1 �	 � I Q sA� � 1 � � s Q A� � 1B �	 s� I Q sA� � 1;� ô � S�1» ë � À � �	 � ô � S� K � (for solutionsof theeIARE) �
Stability indicesω andLaplace/Z-transformargumentss:

“ω  0BGB �	 “ω  1BEB � “ω � 0 �	 “ω � 1BEB �
“ω � 0BGB �	 “ω � 1BEB � “ω 0� 0BEB �	 “ω � � 0 � ∞ �ÓP¸� 1 � BEB ;
“ Res � ω BEB �	 BEB s � D BEB1! ω � 0-stabilizing �	 1-stabilizing; s � � ∞ �	 s � 0

e
2

ωt �	 ω
2

t � e
2

ω J �	 ω
2 J � ω � α �	 αω � s Q α �	 αs� ir �	 eir

(13.63)
(naturally, theabovechangesapplyalsoanyotherstability index (resp.transform
argument,elementof iR, time value) in place of ω (resp.s, ir , t), any other
systemin placeof Σ etc.), thenthe following definitionsare still applicableand
thefollowing results(amongothers) still hold:

LemmaA.4.2(h1),PropositionE.1.8; Sections2.1 (note that Lemma2.1.15
now saysthat � a � sJ u0 �-� � k � � sk Va � s� u0 for all aÈ� ticr � U � Y � , k � Z, s � rD,
u0 � U), 2.2,2.4and2.5.

Chapter4 exceptpossiblyLemmas4.1.3and4.1.5.
Sections6.4and6.5exceptLemma6.5.10(c)andpossiblytheclaimson p.r.c.

(probablyalso they are true); Section6.6 and 6.7 exceptProposition6.6.18(in
fact,even6.6.18it is trueexceptfor its partsthataremeaninglessin thediscrete-
timecase)andExample6.6.23.

SeeTheorems14.1.3,15.1.1,11.5.2and12.2.2for Chapters8–12; (mainly)
Section14.3for Chapter5 andLemma13.3.19for Lemma6.3.20.

Of course,alsothe(non-italic)text betweensubsectionsis almostcompletely
applicabletoo (althoughthe regularity problemsdisappearin this discrete-time
case).

Moreover, mostMTIC resultscanalsoberewrittenfor discretetimefor classes
 1� < , ticexp etc.(seeLemma14.3.5)in placeof MTIC classes(but the“S 0� D ; JD”
requirementof Hypothesis8.4.8is not satisfiedby theseclasses).Therearesome
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CARE resultsthat implicitly or explicitly have D ; JD in placeof S. As explained
above, theCAREsmustbereplacedby DAREs,hencethis termmustalwaysbe
replacedby S : � D ; JD � B; ô B while writing the resultsin their discrete-time
forms (thus,most“D ; JD” termsandtheir simplified forms mustbe replacedby
“D ; JD � B; ô B”, whereasany limsÝ)� ∞ B;w ô � s Q A��� 1B termsmayberemoved;
this makesresultssuchasTheorem10.2.9andProposition9.9.12(c)(3.) much
lessuseful in their discrete-timeforms (sincethey arebasedon “S � D ; JD”)).
Most of thetime thereaderneednot beconcernedaboutthis sincethis hasbeen
explicitly written into theresultsfollowing thetheoremslistedabove.

As notedaroundExample14.2.9,thereis no discreteequivalentfor the B;w-
CARE theoryof Section9.2 (in particular, we almostalwayshave S 0� D ; JD);
thesameholdslargely for theDom� Acrit � -CAREtheoryof Section9.7(sincenow
Dom� Acrit � � H � Dom� A� ; notethatmostof thetheoryholdswith S in placeof
D ; JD).

Proof of Theorem 13.3.13: All proofshold in discretetime too, mutatis
mutandis, usually the discrete time versionsbecomesimpler. Thus, the
referencesfrom discretetime to continuoustime are always non-essential.
However, someresultsareprovedin discretetimeonly, andtheresultsarethen
transferredto continuoustime by discretization. Therefore,if onewishesto
verify theproofslinearly, oneshouldverify theentiremonographin its discrete
time form beforeverifying thecontinuoustime forms(alternatively, onecould
readboth settingssimultaneouslybut go somewhat further in discretetime in
suchplaces).

Thereis a shortcut: by usingTheorem13.2.3,onecanconvert the results
correspondingto TIC mapsonly. Someotherresultsare implied by Remark
6.5.11(mainly the onesconcerningTIC∞ mapsonly). By discretization,one
canconvert uniquenessresultsfrom discretetime andexistenceresultsfrom
continuoustime.

For therest,onemustmakethecorrespondingchangesin proofstoo. Some
proofscontainreferenceswhicheithercanbereplacedby thediscreteresultsof
this monographor whoseproofsmustbeverifiedin thesameway;wemention
thatwe haveverifiedfor thediscretecase[S97b,Lemma21], all of [S98a]and
[S98c] (including thepartsof [S98b] thatarecontainedin [S98c] (andmore),
in particular, Subsections1–3.4,3.9(i), 4.1–4.7,and Chapter5 apply) (with
replacements(13.63),bothwith Remark6.1.15andwithout it.

All this is quite straightforward (the explicit resultsabove containall the
nonstraightforwardparts).Wesketchbelow thehardestproofs:

Theproof of Lemma2.2.7doesnot needthereferenceto LemmaD.1.8 in
this (discrete)case.

TheCoronaTheoremfor 7 � ti follows directly (useTheorem13.2.3(b1)
for (iv)); case7 � 
 1 follows asshown in the proof of case7 � MTId (take7 � «·� 1 Å7 , prove thetheorem,thenmake thereplacements).

Proposition4.1.7:“(iii)   (iv)   (iv’)   (iv”)” followsfrom Theorem13.2.3,
therestby transformingtheoriginal proof.

Lemma4.1.8: If ag� tic � U � Y � and a ; aõ0 εI for any ε � 0, thenwe can
constructVu � H2

1 P H2 asin theproof, but for
�

: � T � 1 a , with Y r1 Y � π ^ 2 (see
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Lemma13.1.4).

Thenv : � Tu satisfiesVv � H � D;U � , hencev � H2 � rD;U � for all r � 1, but
�Vv 
 2 � 
XVu 
 L2 � | � π " π � ;U � � ∞. However, a v � T � � u�¡� L2. Thus,then a is not
quasi-left-invertible. This shows (a); the restcanbe shown asin the original
proof.

Theorem 6.7.10(d): 1� (ii) Æ (i): Assume that s� I Q sA� � 1B �
H∞ � D; � � U � H �-� (i.e., Î τ � tic) and that Σ is optimizable,henceexponen-
tially stabilizable,by Proposition13.3.14. Thus, there is K �k� � H � U � s.t.ÂÜö : � Â � Î τ ë³ö is exponentiallystable,hence� I Q sA� � 1 � � I Q sAö�� � 1 Q s� I Q sA� � 1BK � I Q sAö�� � 1 � H∞ � D; � � H �-�'& (13.64)

Thus, A is exponentiallystable,by Lemma13.3.7(ii’). 2� (viii) Æ (v): This
follows from Proposition13.3.14. (The restof the proof of Theorem6.7.10
doesnot requireclarification.)

TheDT versionof partof Chapter9 is verifiedin Theorem14.1.3.

We recommendreading“ � t1 � t2 $ ” as “ � t1 � t2 � ” (i.e., � t1 � t2 Q 1� ), so that it
holdsin bothdiscrete-timeandcontinuous-timecases. p
SinceB andC arealwaysboundedin discrete-time,severalaspectsof system

theorybecomeassimpleasfor finite-dimensionalsystems:

Proposition 13.3.14(Opt.   exp.stab.) A wpls is optimizableiff it is exponen-
tially stabilizable. Thus,a wplsis estimatableiff it is exponentiallydetectable.

Proof: AssumethatΣ � wpls� U � H � Y � is optimizable.By Exercise6.34(i)
of [CZ] (with C � I ), thereis K �o� � H � U � s.t. A � BK is stable(useLemma
13.3.7(ii) andthe fact that � A � BK ��J x0 � 
 2 for all x0 � H). The converseis
obvious,andthedualclaim follows,by duality. p
Wehaveu � y � 
 2 Æ x � 
 2 for estimatablesystems:

Theorem 13.3.15(u � y � 
 2 Æ x � 
 2u � y � 
 2 Æ x � 
 2u � y � 
 2 Æ x � 
 2) Let Σ � » AÍ ½¾ ¿ À � wpls� U � H � Y � be esti-
matable. Thenthere is M � ∞ s.t. if u � 
 2 � R � ;U � and x0 � H are s.t. y : �Ï x0 � a u � 
 2, thenx : � Â x0 � Î τu � 
 2 and 
 x 
 2 � M � 
 x0 
 H � 
 u 
 2 � 
 y 
 2 � .

Proof: BecauseΣ is exponentially detectable,we have Â x0 � Î τu �ÂÜ÷ x0 � Î�÷ τu Q[ø¡÷ τy, where Σ ÷ is the closed-loop system (6.168) corre-
spondingto an exponentially stabilizing output injection pair »�ù ú À , hence
M : � 
rÂz÷\
 * � H " � 2 � � 
-Î�÷ τ 
 tic � 
rø�÷ τ 
 tic � ∞, by Lemma13.3.8. p
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It is easyto identify a stabilizingstatefeedbackoperatorto anexponentially
stablesystem:

Lemma 13.3.16(KKK) LetΣ � » A Í ½¾ ¿ÁÀ � wpls� U � H � Y � beexponentiallystableand
K ��� � H � U � . Thenthefollowing areequivalent:

(i) K is I/O-stabilizing;

(i’) K is output-stabilizing;

(i”) K is input-stabilizing;

(ii) K is exponentiallyr.c.-stabilizing;

(iii) σ � A � BK �A� D, i.e., ρ � A � BK � � 1;

(iv) I Q Kz� I Q zA� � 1B ���¡� � U � for z � D.

Proof: Obviously, (i’) û (ii) Æ (iii) Æ (i). By Lemma6.7.9,(i’) implies(i).
Since Â is exponentiallystable,so are a and

�
. Therefore,(i) holds if f� I Q � � � 1 � tic; or equivalently, if f I Q � �{� tic. But I Q � �{� tic impliesthat

theclosed-loopsystemis exponentiallystable,i.e.,that(iii) holds,by Corollary
6.6.9.Ontheotherhand,condition � I Q � ��� 1 � tic is equivalentto (iv), because
theboundednessof V��� 1 follows from thecompactnessof D (seealsoLemma
D.1.2(b2)).

If (iii) holds,thenI Q � �{� ticexp, hencethen(ii) holds. If (i”) holds,then
(iii) holds,by Lemma6.6.8(c). p

Lemma 13.3.17(Jointly stabilizing K & HK & HK & H) Let Σ � wpls� U � H � Y � . Then the
following holds:

(a) Any admissiblestatefeedback and output injection pairs for Σ are jointly
admissible.

(b) Anyoutput-stabilizingandexponentiallydetectingpairs for Σ areexponen-
tially jointly r.c.- andl.c.-stabilizing.

In particular, thefollowingareequivalent:

(i) Σ is exponentiallyjointly r.c.-stabilizableandl.c.-detectable;
(ii) Σ is optimizableandestimatable;
(iii) Σ is output-stabilizableandestimatable;
(iv) Σ is optimizableandinput-detectable.

(c) Let Σ be estimatable. Then any I/O-stabilizing pair for Σ is r.c.-I/O-
stabilizing.

Recallthatin classicalarticles(thosewith dimH � ∞, i.e.,with rationaltrans-
fer functions)the word “stabilizing” meansusually “exponentiallystabilizing”,
hencefor themoneusuallymakestheprefix “r.c.-” (etc.) redundantby assuming
the systemto be “detectable”(thenany exponentiallystabilizingstatefeedback
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pair is exponentiallyr.c.-stabilizing,by, e.g.,Lemma6.6.26and(shifted)Theo-
rem6.6.28).

Proof: (a) Assumethat = K F ? and = HG ? are admissible. Then Σ B : �ü
A H B
C G D
K 0 F ý � wpls, by Lemma13.3.3,hence = K F ? and = HG ? are jointly

admissible.
(b) By Proposition13.3.14,we have (i) Æ (ii) Æ (iii); by duality, (iii)   (iv),

sothatonly (iii) Æ (i) remainsto beproved.
Let » K F À and » HG À be as in (iii). By Lemma 6.7.9, » K F À is

exponentiallystabilizing. Thus,the (closed-loop)statemapsAç : � A � B � I Q
F ��� 1K andA � H � I Q G��� 1C areexponentiallystable,hencesoaretheclosed-
loopsystemsof Σ B correspondingto L � » 0 0

0 I
À andL � » I 0

0 0
À , by Lemma13.3.7.

Therefore,(i) holds (the coprimenessfollows from the exponentiallystable
discreteform (cf. Remark13.3.9andTheorem13.3.13)of Theorem6.6.28.

(c) Let = K F ? and = HG ? becorrespondingpairs;by (a), they arejointly

admissible.Thus,if we define Å� � Åþ � � � þ by (6.172),then Å� and Åþ areexpo-
nentiallystableand Å��êÈQìÅþ·ÿ � I (becauseΣ ÷ is exponentiallystable). p

Lemma 13.3.18(u � x � 
 2 Æ y � 
 2u � x � 
 2 Æ y � 
 2u � x � 
 2 Æ y � 
 2) Let »�¼ ½¾ ¿ÁÀ � wpls� U � H � Y � . If u � x � π � 
 2,
then y � π � 
 2 and 
 y 
 2 � M � 
 u 
 2 � 
 x 
 2 � , where x0 � H is arbitrary, � xy $ : �»�¼ ½ τ¾ ¿ À � x0

u $ , andM : � max�~
 C 
 � 
 D 
 � . p
(This follows from equationy � Cx � Du, (equation(13.40)).)
Thediscrete-timeversionof Lemma6.3.20is obvious,but we shall recordit

for futureuse:

Lemma 13.3.19 Let »T¼ ½¾ ¿ À � wpls� U � H � Y � . Assumethat r � 0, u � 
 2r � N;U � ,
andx : � Î τu � 
 2r � N;H � . Then � z� 1 Q A�´Vx � z� � BVu � z��� H for a.e. z � r � 1∂D.

Assume, in addition,that y : � a u � 
 2r . ThenVy � CVx � D Vu � Y a.e. on r � 1∂D.
In particular, for r � 1 andJ �L� � Y � wehaveH a u � J a uI � 2 � Z;Y � � � 2π � � 1 H Ñ VxVuÒ � κ Ñ VxVuÒ I L2 � ∂D;Y � � (13.65)

where κ : � »C D À ; J »C D À . p
(Theproof is amuchsimplerversionof theproofof Lemma6.3.20,andhence

omitted.)

Notes
In the form (13.40),thewpls’s in have beenstudiedfor severaldecades;two

of the cornerstonesbeing [KFA] and[Fuhrmann81];whoseSectionsIII.1–III.5
containa furtherstudyon their realizationstheory.

Olof Staffans[S99] hasformulatedstablewpls’s essentiallyasin Definition
13.3.1. JarmoMalinen [Mal00] hasdefinedwpls’s with different domainand
rangespacesandpresenteda theoryon them;his resultsincludepartof Lemma
13.3.3andLemma13.3.12.



806 CHAPTER13. DISCRETE-TIMEMAPSAND SYSTEMS(ti & wpls)

The monographs[SF], [RR], [Nikolsky] and [FF] contain rather general
operatortheoryandharmonicanalysis,but many of their resultsareapplicablefor
wpls’s. Thearticle[S01] andChapter11 of [Sbook]containapplicationsof [SF]
to bothcontinuous-timesystem(especiallyfor oneswith contractivesemigroups)
anddiscrete-timesystems.In Chapter11 of [Sbook] Staffansshows how to use
theCayley transformto convertacompleteWPLSto awplsor viceversa,whereas
we haveonly treatedtheCayley transformof theI/O map(Theorem13.2.3);that
chapterwaswritten two yearsafterthis one.

Observe that Theorem13.3.13(and the theoremsmentionedright below it)
containsthediscrete-timevariantsof mostcontinuous-timeresultsof this mono-
graph.Also for mostothercontinuous-timeresultsthediscrete-timevariantsare
trueandrathereasilyverified(usuallythesameproofsapply, mutatismutandis).
Much of our theoryis well known in thefinite-dimensionalcase(see,e.g.,[LR]
or [IOW]).



13.4. TIME DISCRETIZATION (∆S : WPLS WPLS) 807

13.4 Time discretization (∆S : WPLS � wpls)

Our problemis within ourselves.We havefoundthe meansto blow
theworld physicallyapart. Spiritually, wehaveyetto find themeans
to put theworld’s piecesback togetheragain.

— ThomasE. Dewey (1902–1971)US lawyer, politician

In this section,we shall presentdiscretization, a methodto convert a WPLS
to a wpls (Theorem13.4.4). In other chaptersof this book, we often use
discretizationto deducepropertiesof WPLSsfrom thoseof wpls’s, becausethe
latter oneshave boundedgeneratorsand can hencebe more easily explored.
Note thatdiscretizationdiffers from themethodsof Theorem13.2.3(theCayley
transform)andof Lemma13.1.4.

Theprinciple is well-known, andit hasbeenused(implicitly) to deducethat
any semigroupcontrolsystem(asdefinedin [Sal89])is aWPLS(i.e.,thatalocally
L2-boundedsystemis actuallyboundedw.r.t. L2

ω for someω � R).
Theorem13.4.4 describesthe preservation of propertiesof systemsand

Theorem13.4.5of thoseof I/O maps.
As mentionedabove, U , W, H, Y andZ denoteHilbert spacesof arbitrary

dimensions.

Definition 13.4.1 For u � L2
loc � R;U � we define its discretization∆

�
2
u : Z 	

L2 � � 0 � 1� ;U � by � ∆ � 2u� n : � π | 0 " 1� τ � n� u � n � Z � .
Notethatthisdiscretizationis completelydifferentfrom theCayley transform« : TIC ¬ tic of Theorem13.2.3.
The map ∆

�
2

is obviously a linear map of L2
loc one-to-oneand onto

“ 
 2loc � Z;L2 � � 0 � 1� ;U �-� ”, the spaceof all sequencesZ 	 L2 � � 0 � 1� ;U � . We iden-

tify ∆
�
2

with its restrictions(to, e.g.,L2
ω � R;U � 	Ù
 2

eω � Z;U � or to L2
ω � R � ;U � 	
 2

eω � N;U � for someω � R).
It will beshown in Theorem13.4.5thatfor ω � R, r : � eω andu � L2

loc � R;U �
we have u � L2

ω   ∆
�
2
u � 
 2r , and that ∆

�
2

is an isomorphismof L2
ω onto 
 2r ,

i.e., ∆
�
2 �y�¡� � L2

ω � 
 2r � . Beforegoing into further technicaldetailswe definethe
discretizationof systems:

Definition 13.4.2 For Σ � »T¼ ½¾ ¿ÁÀ � WPLS� U � H � Y � wedefineits discretization

∆SΣ : � Ø ∆SÂ ∆SÎ
∆SÏ ∆Sa Ú : � Ø Â � 1� J Î � ∆ � 2 � � 1

∆
�
2 Ï ∆

�
2 a � ∆ � 2 �r� 1 Ú � wpls� U∆ � H � Y∆ � �

(13.66)
whereU∆ : � L2 � � 0 � 1� ;U � � Y∆ : � L2 � � 0 � 1� ;Y � .
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If Σ � WPLS, then∆SΣ � wpls; the converseis not true without additional
assumptions:

Proposition 13.4.3 Let ω � R, r : � eω. If Σ � WPLSω � U � H � Y � , then ∆SΣ �
wplsr � U∆ � H � Y∆ � .

Conversely, assumethat = A B
C D ? � wplsr � U∆ � H � Y∆ � . Then Σ : � »T¼ ½¾ ¿ÁÀ : �

∆S � 1 = A B
C D ? � WPLS� U � H � Y � iff A � Â � 1� for someC0-semigroup Â , andÂ t Î � Î τt � Ï�Â t � π � τt Ï � τt a � a τt � t � � 0 � 1�.�'& (13.67)

If this is thecase, thenΣ � WPLSω.

However, ∆S does not map WPLS onto wpls; in fact, none of the four
Tauberianconditionsabove is redundant:

We have = A B
C D ? � wpls but ∆S = A B

C D ? 0� WPLSwhen,e.g.,1) A is s.t. it does
not have a squareroot “ Â � 1̂ 2� ” or 2) D is s.t. it is not “causal” on π | 0 " 1� L2

(seealsoTheorem13.4.5(f)),or 3) H � L2 � R � � , Â � π � τ, Cx0 : � x0 � 1 Q S ���� � H � L2 � � 0 � 1�.�-� (usethedualof “3)” for the Î -condition; we cantake B � 0 �
D � C in 1), A � 0 � B � C in 2) or B � 0 � D in 3) to guaranteethatonly one
conditionis violated).

Proof of Proposition 13.4.3: The otherclaimsareobvious, so we only
sketchtheproof of theconverseclaim.

By Theorem13.4.5,wehave Îy�L� � L2
ω � H � , Ï[��� � H � L2

ω � , π � a π � � ÏAÎ ,
π � a π � � 0, τt a � a τt and Ï©Â t x0 � π � τt Ï x0 for t � Z. Combinethis with
the assumptionsto the get the axiomsof Definition 6.1.1 satisfied(by den-
sity andcontinuity, theaxiomsholdfor ω if f they holdfor someω B � R). p
AboveweusedthefactthatΣ � WPLSω � U � H � Y �   ∆SΣ � wplseω � U∆ � H � Y∆ �

(whenΣ is known to beaWPLS):

Theorem 13.4.4 Let Σ � »Ã¼ ½¾ ¿ À � WPLS� U � H � Y � , ω � R, r : � eω. Thenthe
following holds:

(a1) The equations
�
x � t �
y � � � ¼ � t � x0 � ½ τ � t � u¾

x0 � ¿ u � becomeequivalent to » x j
y À �» A j ½ τ j¾D¿ À � x0

u $ (i.e., to � x j ° 1 � Axj � Buj
y j � Cx j � Du j

), and
�
x � t �
y � � � ½ τ � t � u¿

u � becomeequiv-

alent to
�

xn� y Í � � � �
∆S½ τn � uÍ �
∆S¿ � uÍ � � , where thediscreteandcontinuoustime input,

stateandoutputcorrespondto each otherthrough

un � π | 0 " 1� τ � n� u � xn � x � n� � yn � π | 0 " 1� τ � n� y� (13.68)

(for all n), i.e., � u J � � ∆
�
2
u, xJ : � x � S � , � y J � � ∆

�
2
y.

(In bothsettings,wemusthaveu � L2
loc � R;U � ; in theinitial valuesettingwe

assumethatπ � u � 0 andx0 � H, in thetime-invariantsettingwemusthave
π � u � L2

α (equivalently, π � ∆Su � 
 2er ), where α is s.t. Î and a are α-stable.
Also(a2)and(a3)usethesameassumptions.)
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(a2) In bothsettingsdescribedin (a1),wehave

u � L2
ω �   ∆Su � 
 2r � � y � L2

ω �   ∆Sy � 
 2r � � x � u � L2
ω �   x � ∆Su � 
 2r �

(13.69)
for any ω BÁ� R � r B : � eω � . (Here “x � 
 2r � ” meansthat the restriction� x � n�-� n � Z of x to Z (that is, “the discretizedstate”) belongsto 
 2r � .)

(a3) Let ω B � R � r B : � eω � . Thenthere is M � Mω � � � 0 � ∞ � s.t. in bothsettings
describedin (a1),wehave
 x 
 L2

ω � � J;H � � 
 u 
 L2
ω � � J;U � � M � 
 x 
 � 2

r � � N;H � � 
 ∆Su 
 � 2
r � � N;U � � (13.70)
 x 
 � 2

r � � N � 1;H � � 
 ∆Su 
 � 2
r � � N;U � � M � 
 x 
 L2

ω � � J;H � � 
 u 
 L2
ω � � J;U � ��& (13.71)

Here we musttake J � R � , N � N in the initial valuesettingand J � R,
N � Z in thetime-invariantsetting(thereis noboundfor 
 x0 
 H in theinitial
valuesetting, hencethe“N � 1”).

(b1)Thegeneratorsof ∆SΣ aregivenbyá A B

C D ã : � Ô Â � 1� Î τ � 1� π | 0 " 1�
π | 0 " 1� Ï π | 0 " 1� a π | 0 " 1� Ö �Þ� � H @ U∆ � H @ Y∆ ��& (13.72)

(b2)WehaveD ���¡�   at��� TIC∞.

(c) Thediscretization∆S commuteswith valid compositionsand inversionsof
operators.

(SeealsoTheorem13.4.5.Notethat∆
�
2 � 1 Î d is not valid for Î d �¨� � 
 2r � H � ,

henceneitheris ∆S � 1 � Î dτ � ; ontheotherhand, � ∆SÎ©� τ � � u �	 Î τ∆
�
2 � 1

u� �
∆S � Î τ �l� tic∞. Notealso that the discretizationof » A B

I 0
À � »T¼ ½¼ ½ τ

À is not= Ad Bd
I 0 ? in general, where = Ad Bd ? � ∆S » Â Î À ).)

(d1)WehaveΣ � WPLSω � U � H � Y �   ∆SΣ � wplsr � U∆ � H � Y∆ � .
(d2) Σ and ∆SΣ havethe samestability properties(seeDefinitions6.1.3and

13.3.1).

To be exact, a componentof Σ is [exponentially/strongly/weakly]ω-stable
iff the correspondingcomponentof ∆SΣ is [exponentially/strongly/weakly]
r-stable

(e1)An outputfeedback operator L ��� � Y� U � is admissible[stabilizing] for Σ
iff L is admissible[stabilizing] for ∆SΣ. If L is admissible, then � ∆SΣ � L �
∆SΣL.

Ananalogousresultholdsfor otherformsof feedback for Σ (but notfor those
for ∆SΣ, becausethediscretization∆S : WPLS 	 wpls is notonto):

Any dynamic feedback (resp. state feedback, output injection) for Σ is
admissible[stabilizing] for Σ iff its discretizationis admissible[stabilizing]
for ∆SΣ.

The prefices “I/O-”, “SOS-”, “weakly”, “strongly”, “exponentially”,
“q.r.c.-” and“q.l.c.-” apply(whereas“r .c.-”, “l.c.-”, “d.c.-” and“jointly”
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possiblydonot).

(e2)∆SΣ hasall thestabilizabilitypropertiesof Σ.

(e3) ∆SΣ is optimizable(resp.estimatable)iff Σ is optimizable(resp.estimat-
able).

(f1) (JJJ-critical control over � � � ) Let x0 � H and J � J ;k��� � Y � .
Then � ∆SΣ

out � x0 � � ∆
�
2 � Σ

out � x0 � , � ∆SΣ
exp � x0 � � ∆

�
2 � Σ

exp � x0 � , � ∆SΣ
sta � x0 ���

∆
�
2 � Σ

sta� x0 � , � ∆SΣ
str � x0 ��� ∆

�
2 � Σ

str � x0 � , where thesuperindex correspondsto
theunderlyingsystem.

Thesameequalitiesand inclusionsalso hold for the subsetsof the corre-
spondingJ-critical controls. Thusif such controls exist for Σ and for each
x0 � H, thencorrespondingJ-critical cost operators are equal for Σ and
∆SΣ.

In particular, if » ë � À is J-critical for Σ and J over � out (resp.� sta� � str � � exp), then ∆S » ë � À is J-critical for Σ and J over � out

(resp. � sta� � str � � exp).

(f2) (JJJ-critical control over � ϑ|
	���
� ϑ|
	���
� ϑ|�	���
 ) Let � ϑ|
	���
 beas in Definition8.3.2and

let J � J ;¸��� � Y � . Then

∆
�
2 � ϑ|
	���
 � x0 � � � eϑ " ∆SΣ� 	�� � ∆ � 2 � R 1 $ � x0 � � x0 � H � ; (13.73)

the sameholdsfor correspondingsubsetsof J-critical controls. Moreover,
this maps � Σ

out
�	 � ∆SΣ

out and � Σ
exp
�	 � ∆SΣ

exp .

(g) Themap a is [positively] J-coerciveover � Σ
exp (resp. � Σ

out, � ϑ|�	���
 ) iff ∆Sa
is [positively] J-coercive over � ∆SΣ

exp (resp. � ∆SΣ
out , � eϑ " ∆SΣ� 	�� � ∆ � 2 � R 1 $ ) (cf. (f1)–

(f2)).

If a is [positively] J-coerciveover � Σ
str (resp. � Σ

sta), then∆Sa is [positively]
J-coerciveover � ∆SΣ

str (resp. � ∆SΣ
sta ).

Because∆S mapsWPLS into wpls (but not onto), we canusethe theorem
to obtain continuous-timeanalogiesof uniquenessresults (including equality
of formulaeandstability of operators)only, not of existenceresults(including
words“jointly”, “r.c.”, ...). E.g., theinteractionoperatorandcoprimemultipliers
providedby Lemma13.3.17neednotbeimagesof any continuous-timeoperators
(their preimagesneednotbetime-invariant).Cf. theproofof (e1).

By (13.83),we couldhave made∆
�
2

(andhence∆S ��� � TICω � ticr � too) iso-
metricL2

ω
	ß
 2

r by usingL2
ω � � 0 � 1� ;U � -valuedsequencesinsteadof L2 � � 0 � 1� ;U � -

valuedones.However, we have chosenthe latter onesin orderto make the dis-
cretizationindependentof ω (cf. Lemma13.3.2).

Proof of Theorem 13.4.4: (a1)Theseclaimsarequiteobvious.
(a2) The claimson u andy follow from Theorem13.4.5(a1);the last one

follows from (a3).
(a3) (As obvious from the proof, in fact any u � L2

loc � R � ;U � will do. On
the otherhand,to seethatwe cannotgeta boundfor 
 x0 
 in the initial value
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setting,let H � 
 2 � N � and Â t en � e� nten (n � N), sothat 
rÂ en � Î 0 
 2L2 � 1̂ 2n
eventhough 
 en 
 � 2 � 1.)

By isomorphismclaim of Theorem13.4.5(a1),we have 
 u 
 L2
ω � � J;U � �

M BEBT
 ∆Su 
 � 2
r � � N;U � and 
 ∆Su 
 � 2

r � � N;U � � M BEBT
 u 
 L2
ω � � J;U � for someM BEB � ∞ andall

u � L2
ω � . Therefore,weonly needupperboundsfor thenormsof x.

Set M B : � max0 � t � 1 �~
rÂ � t �\
 * � H � � 
-Î t 
 * � L2 "H � � . Let x0, u and x be as in
(eithersettingof) (a1) (in the initial valuesettingwe extendthemby zeroon
R � andZ � ).

1� Assumethatx � ∆Su � 
 2r � , sothatu � L2
ω � . Then,by (6.9),
 x � n � t �\
 � 
rÂ t x � n�\
 � 
-Î t τnu 
 � M B = 
 x � n�\
 � 
 π | n " n� 1� u 
 2 ?x� (13.74)

hence
 π | n " n� 1� x 
 2 � M B = 
 x � n�\
 � 
 π | n " n� 1� u 
 ? , for any n � N. Consequently,
 ∆Sx 
 � 2
r � � M B = 
 x 
 � 2

r � � 
 ∆Su 
 � 2
r � ? & (13.75)

Thus,M : � W 2M BM BEB � M BEB will do for the first inequality (note that 2 � a2 �
b2 �� � a � b� 2; theaddition � M BEB is for u).

2� Let x � u � L2
ω � , sothat∆Su � 
 2r � . Then
 x � n � 1�:
 � min
0 � t � 1


rÂ t x � n � 1 Q t �\
 � max
0 � t � 1


-Î t τn� 1 � tu 
 ? (13.76)� M B = 
 π | n " n� 1� x 
 2 � 
 π | n " n� 1� u 
 2 ?x� (13.77)

(becausemin0 � t � 1 
 x � n � 1 Q t �\
 � 
 π | n " n� 1� x 
 2). Therefore, 
 x 
 � 2
r � � N � 1;H � �

M B 
 ∆Sx 
 � 2
r � � N;H � � 
 ∆Sx 
 � 2

r � � N;U � . Thus,M will do for thesecondinequalitytoo.

(b1)This follows from (a) (alternatively, from (13.39)).
(b2) This follows from Lemma13.1.7(which saysthatD �{���   ∆San�� tic∞) and(c) (whichsaysthat au��� TIC∞   ∆Sau�²� tic∞).
(c) This is obviousfrom thedefinition(e.g., � ∆SÏÁ� � ∆S Î©� � ∆S � Ï�Î�� ); note

thatto Â � t � this appliesfor t � Z only.
(d1)This follows from (d2) (recallthatwehaveassumedthatΣ � WPLS).
(d2) 1� Ï and a : Obviously, ∆SÏ¡�H $�� 
 2r   Ï��H $�� L2

ω, and∆Sa�� 
 2r $c�
 2
r   al� L2

ω $,� L2
ω, sothatthestability of Ï (resp.a ) equalsthatof ∆SÏ (resp.

∆Sa ) (seeLemma6.1.12).
2� ∆SÂ and ∆SÎ are at least as stableas Â and Î : If e� ωt Â t x0 (resp.

e� ωt Î τt u) is boundedor convergesto zerostronglyor weakly, ast 	 � ∞, then
sodoesr � n Â nx0 (resp.r � n Î τnu), asN � n 	 � ∞. Thus,weonly haveto show
that∆SÂ (resp.∆SÎ ) cannotbemorestablethan Â (resp.Î ).

3� ∆SÂ is asstableas Â : If 
 r � n Â n 
 � M for all n, then
 e� ω � n� h� Â n� h 
 � 
 r � n Â ne� ωh Â h 
 � M max
h � | 0 " 1
 
 e� ωh Â h 
:& (13.78)

Thus,the r-stability of A implies the ω-stability of Â . From (13.78)onealso
observesthatif r � nAnx0

	 0 strongly, thene� ωt Â � t � x0
	 0 strongly.

AssumethenthatA is weaklyr-stable,i.e., that 
 r � nAn 
 � M for all n andH
z0 � r � nAnx0I 	 0 for x0 � z0 � H.
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Let x0 � z0 � H bearbitrary. SetK : � � e� ωh Â � h� x0 �� h ��� 0 � 1$ � , andTnx : �H
z0 � r � nAnxI (thus,Tn � H ; ). It followsthatTnx 	 0 uniformly onK, by Lemma

A.3.4(H2),hence
H
z0 � e� ωt Â � t � x0 I 	 0,ast 	 � ∞. Thus,Â is weaklyω-stable.

4� ∆SÎ is asstableas Î : If Î � ∆ � 2 ��� 1 �¨� � 
 2r ;H � , then Î²�¨� � L2
ω;H � , since

∆
�
2 ����� � L2

ω � 
 2r � . Thus,∆SÎ is r-stableif f Î is ω-stable.

Assumethat Î � ∆ � 2 � � 1 is strongly r-stable. Let u � L2
ω � R;U � . Since

K : � � e� ωhτhu �� h ��� 0 � 1$ � � L2
ω is compactande� ωn Î τnv 	 0, asN � n 	 ∞,

for all v � K (in fact, for all v � L2
ω), this convergenceis uniform on K, hence
 e� ω � n� h� Î τ � n � h� u 
 � ε for all n � Nε andh �k� 0 � 1$ , so that Î is strongly

ω-stable.
The map Î is weakly ω-stablewhenever Î � ∆ � 2 � � 1 is weakly r-stable,as

oneobservesby addinganarbitraryΛ � H ; beforeÎ in theaboveproof.
(e1) This follows from (c), (d2) and Theorem13.4.5(g)(it is enoughto

verify this for static output feedback,becauseother forms of feedbackand
injectioncanbereducedto staticoutputfeedback,asin Summary6.7.1.

(Notethatprefices“r.c.”, “l.c.”, “d.c.” and“jointly” wouldrequireexistence
of certainkinds of TIC or tic operators. Because∆S�È� tic∞ 0Æ � � TIC∞
(cf. Theorem13.4.5),existenceresultsfor ∆SΣ do not necessarilytell anything
aboutΣ. If » ë � À and »Ãù ú À admissiblefor Σ, thensoare∆S » ë � À and
∆S »Tù ú À , they areevenjointly admissible,by Lemma13.3.17(a),but we do not
know whether » ë � À and »Tù ú À are then jointly admissible. Even if they
were jointly admissiblewith some _�� TIC∞, and ∆S » ë � À and ∆S »Tù ú À
were jointly stabilizing,we do not know whether » ë � À and » ù ú À would
then be jointly stabilizing (unless∆S » ë � À and ∆S »�ù ú À are known to be
jointly stabilizingwith some∆S_ B , where_ B � TIC∞).)

(e2)This follows easilyfrom (e1)and(d2). (Note that theconverseholds
(at least)for staticfeedback.)

(e3)For optimizability this follows from (f). For estimatability, onecould
very carefully verify this directly, but the easiestway is to notethat the final
stateestimationproblems(FSEPs)for Σ and∆SΣ areobviouslyequivalent.(By
Theorem5.3of [WR00], theFSEPfor Σ hasasolutionif f Σ is estimatable;it is
eveneasierto verify this in discretetime.)

(f1)&(f2) The equalitiesand inclusionsfollow from (a2); also the restof
(f) followseasilyfrom (a)–(d1)andTheorem13.4.5(a1)&(a2).(Notethat∆

�
2
x

maybeboundedevenif x is unbounded,hencewecanstatemereinclusionsfor� sta and � str in both(f1) and(f2).)
(g) This follows from the facts that the norms 
 S 
�� ϑ� 	���� and
 ∆ � 2 S 
 � eϑ � ∆SΣ� 	�� � ∆� 2 � R 1 $ are obviously equivalent (use Theorem 13.4.5(a1))

(they are equal if ϑ � 0), and that, similarly, 
 S 
rB �
exp � 
 ∆ � 2 S 
rB �

exp
,
 S 
rB �

out � 
 ∆ � 2 S 
rB �
out

, 
 S 
rB �
sta
 �
 ∆ � 2 S 
rB �

sta
and 
 S 
rB �

str
 â
 ∆ � 2 S 
rB �

str
(see

Lemma8.4.2for thenorms) p
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We endthis sectionby listing thebasicpropertiesof thediscretizationof I/O
maps:

Theorem 13.4.5(L2
ω � R;U ���� 
 2eω � Z;L2 � � 0 � 1� ;U �-�L2
ω � R;U � �� 
 2eω � Z;L2 � � 0 � 1� ;U �-�L2
ω � R;U ���� 
 2eω � Z;L2 � � 0 � 1� ;U �-� ) Let ω � R, and set r : � eω.

Thenthefollowingholds:

(a1)Letu � L2
loc � R;U � . Thenu � L2

ω   ∆
�
2
u � 
 2r , andu � L2

c   ∆
�
2
u � cc.

Moreover, ∆
�
2

is an isomorphismof L2
ω onto 
 2r (i.e., ∆

�
2 �#�¡� � L2

ω � 
 2r � ). For
ω � 0 this isomorphismis an isometry.

(a2)Wehave
H
∆
�
2
f � ∆ � 2gI � H f � gI for f � L2

ω � R;U � , g � L2� ω � R;U � .
(b1) Themap∆S

U Ý Y : _ �	 ∆
�
2

Y _ � ∆ � 2U � � 1 is an isomorphismof � � L2
ω � L2

ω � onto� � 
 2r � 
 2r � . For ω � 0 this isomorphismis an isometry.

(b2)Moreover, ∆S commuteswith (anticausal)adjointsandvalid compositions
of operators. Thus,

∆S_ ; � � ∆S_�� ; � ∆S � _ � � � � ∆S_©� � ∆S � � � ∆S_ � 1 � � ∆S_©� � 1 (13.79)

for _>�q� � L2
ω � R;U � � L2

ω � R;Y �-� and
� �u� � L2

ω � R;Y � � L2
ω � R;H �-� . (But

∆S_ d 0� � ∆S_A� d in general.)

(b3)Themap∆S is an isomorphismof TI into ti andof TIC into tic.

(c) ∆
�
2π 2 � π

2
∆
�
2 � ∆Sπ 2 � π

2 � ∆
�
2τ � n� � τn∆

�
2 � ∆Sτ � n� � τn.

(d) Let _²��� � L2
ω � R;U �-� . Thenπ 2 _ π 2 is invertibleonπ 2 L2

ω iff π
2 � ∆S_A� π 2 is

invertibleon π
2 
 2

r .

(e) Let _ � P ��� � L2 � R;U �-� . Then∆S_b 0 [ ± 0] on � ∆SP� 
 2 iff _b 0 [ ± 0]
on PL2.

(f) ∆S is an isomorphismof TIω � U � Y � into tir � L2 � � 0 � 1� ;U � � L2 � � 0 � 1� ;Y �-� .
Moreover, if _k� TIω � � U � Y � for someω B � R, then_k� TIω � U � Y �   ∆S_k� tir � _y�²� TIω   ∆S_y��� tir � (13.80)_k� TICω   ∆S_y� ticr � _y�²� TICω   ∆S_y��� ticr � (13.81)_k��� � U � Y �   ∆S_k�L� � U∆ � Y∆ �'& (13.82)

However, thetime-invariance(resp.staticity)of ∆S Å_ doesnot imply that ofÅ_ for general Å_k��� � L2 � L2 � .
(g) Operators

ÿ � TIC � U � Y � and êO� TIC � U � are q.r.c. iff ∆Sÿ and∆Sê are
q.r.c.

(h1) Let ag� TI � U � Y � , J � J ; ��� � Y � . Then a is minimaxJ-coercive iff ∆Sa
minimaxJ-coercive.

(h2)Let at� TIC � U � Y � , J � J ;Á�L� � Y � . Thena is [positively] J-coerciveover� out iff ∆Sa [positively] J-coerciveover � out.

(m) (MTICd
	®
 1)(MTICd
	ß
 1)(MTICd
	®
 1) Let T � 0. Let _ : � ∑ j A jδ jT < �{� � L2 � R;U � � L2 � R;Y �-�

and
�

: � ∑ j A jej < �b� � 
 2 � 
 2 � , where A j �b� � U � Y � , ∑ j 
 A j 
 � ∞, and
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ej � χ 5 j 6 � 
 1 � Z � (i.e., � ej < g� k � g � k Q j � for all g � 
 2 � Z;U∆ � ). Redefine

∆
�
2

U u : � � τ � nT � π | nT " nT � 1� u� .
Then ∆S_ � � , and V_ � Q it ^ T � � V� � eit � for t � R; in particular, V_ � ir �
i2π ^ T � � V� � e� iTr � for all r � R. If A j � 0 for j � 0, thenwe also haveV_ � s� � V_ � s � i2π ^ T � � V� � e� Ts� for all s � C � �8� ∞ � .

Theresultsholdalsowhenweuse � 0 � T � for arbitrary T � 0 insteadof T � 1
(this is illustratedin (m)); exceptfor (e), (a2) andtheadjoint formulaof (b2),we
canevenlet U andY bearbitrary Banach spaces.

However, R� 1∆S 0� ∆S R0� R∆S and∆S_ d 0� � ∆S_©� d in general.
Becauseof the (algebraicandtopologic) isomorphism,thingssuchasexpo-

nentialstability andcoprimenessarepreserved underthe discretization(in both
ways).

Theformulas �	 e� sT in (m) mapsany stripof C � �¹� ∞ � of height2π ^ T one-
to-oneandontoD. However, for generalau� TIC, theconnectionbetweenVa and

∆̄Sa seemsto berathercomplicated.
Notealsothedifferencesto Theorem13.2.3: thetransform∆

�
2

(or ∆S) treats
alsotheunstablecaseandcommuteswith time-shifts,but it doesnotmapTI onto
ti, it doesnot commutewith time reflection,andU andY aredifferentfrom U∆
andY∆.

Thus,theCayley transformis usuallybetterfor transferringstableI/O results,
whereasthediscretizationcanbeusedto transformuniquenessresults(including
equalityresults)from discretetimeto continuoustime(andexistenceresultsin the
otherdirection),includingtheunstableresultsandthoseconcerningmorethanjust
theI/O mapsof systems.

Also systems(not merely I/O maps)canbe mappedto eachotherby using
the Cayley transform(see,e.g., p. 212–213and 331–332of [CZ]). However,

the transformof
ü

Ad Bd
Cd Dd ý requiresthat I � Ad �q�¡� , and we only know the

preservation of I/O-stability and exponential stability, not, e.g., internal [P-
]stability. Moreover, this does not apply to continuous-timesystemswith
unboundedgenerators.

Proof of Theorem 13.4.5: (a1) Clearly u �	 � ∆ � 2U u� k � L2 � � 0 � 1� ;U � is

linear, continuousandonto.Obviously, u � L2
c   ∆

�
2
u � cc. For u � L2

loc � R;U �
wehave
 ∆ � 2u 
 2� 2

r
� ∑

n � Z 
 rnπ | 0 " 1� τ � n� u 
 22 � ∑
n � Z ª n� 1

n

 e� ωnu � t �\
 2dt � (13.83)
 u 
 2

L2
ω
� ∑n � Z Z n� 1

n 
 e� ωtu � t �\
 2dt, andthe quotiente� ωt ^ e� ωn � e� ω � t � n� is

between1 ande� ω � r � 1. Therefore,(a1)holds. (Notethat thereareno norm
equivalenceconstantsthatwouldsuit for everyω � R.)

(a2)Now
H
∆
�
2
f � ∆ � 2gI � 2

r " � 2R r
: � ∑n Z n� 1

n

H
f � gI U dt � H f � gI L2

ω " L2R ω
(cf. (13.83)).

(b1) This follows from (a1) and (a2): ∆S has the inverse� � 
 2 � Z;Y∆ � � 
 2 � Z;U∆ �.���[_ �	 � ∆ � 2U �r� 1 _ ∆
�
2

Y ��� � L2 � L2 � and it is isomet-
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ric by the equation 
 ∆S� ∆
�
2

U f 
 � 
 ∆ � 2U
�

f 
 � 
 � f 
 , valid for f � L2 � R;U � ,� ��� � L2 � L2 � .
(b2) This is obvious from the definition except for ∆S_ ; � � ∆S_A� ; ,

which holds because the equation
H _ f � gI � H

f � _ ; gI is equivalent toH � ∆S_A� ∆ � 2 f � ∆ � 2gI � H ∆ � 2 f � � ∆S_ ; � ∆ � 2gI , by (a2).

(b3)This follows from (b1)and(g).

(c) The∆
�
2

U formulaeareobvious,the∆S formulaefollow. It is obviousthat

∆
�
2

doesnotcommutewith time reflection.

(d) By (b), � π � _ π � � π � � π � _ π � � for some �ß��� � π 2 L2
ω � (we

may identify � with π � � π � �È� � L2
ω � ) if f � ∆S��� π � � ∆S_A� π � � π � �

π � � ∆S_A� π � � ∆S�¡� .
(e)Now

H
∆S_ ∆SP∆

�
2
f � ∆SP∆

�
2
f I, 0 for all ∆

�
2
f � 
 2 if f

H _ Pf � Pf I� 0 for
all f � L2. By replacing_ by _¹Q εI wegetthe“ ± 0” claim.

(f) By (c), ∆S preserves time-invariance,hence(see (b) too) ∆S is an
isomorphism(into).

Becauseof (b), the“ Æ ” partsof (13.80)andthefirst “ û ” aretrivial. The
second“ û ” follows from the first, because_Á� 1 �b�¡� � L2 � inheritsthe time-
invarianceof _ (sinceτ �²�¡� ).

Because∆Sπ � _ π � � π � � ∆S_©� π � (by (b)), the next two equivalences
follow.

By theabove results,_[� TIC f TIC ;   _ì� tic f tic ; . By Lemmas2.1.7
and13.1.2,TIC f TIC ; � � andtic f tic ; � � .

Thecounter-exampleis obtainedby choosinga static∆S_ so that it is not
“time-invariantonπ | 0 " 1� L2”, e.g.,takeE � π | 0 " 1� τ1! 2π | 0 " 1� ��� � U∆ � , � _ u� � t � : �
Eu � t � (t � Z).

(g) This follows from (a1).

(h1)This follows from (a1),(e),andDefinition11.4.1.

(h2)This follows from (a1),(e) andLemma8.4.11(a1)&(a2).

(m) Wehave� ∆S � A jδ jT < �´$ ∆ � 2U f � ∆
�
2

U A jδ jT < f � ∆
�
2

U A jτ � Q jT � f� � τ �.� k Q j � T � π | � k � j � T " � k � j � 1� T � A j f � k � Z� A j �-� ∆ � 2U f � k � j � k � Z � A jej < ∆
�
2

U f �
for eachf � L2 � R;U � , i.e., for each∆

�
2

U f � 
 2 � Z;U∆ � . Therefore∆S_ � � .

We have � � � δ jT � � s� � e� jTs � � e� Ts� j � � � ej � � e� Ts� for each j � Z
and s � iR (or for each s � C � �b� ∞ � if A j � 0 for j � 0), hence� � � _A� � s� � � � � � � e� T s� for suchs; in particular � � � _A� � Q it ^ T � � � � � � � e� it � for
all t � R (sets : � Q it ^ T). p
Just to simplify the notation, we have used T � 1 above, although the

discretizationcouldbewritten for ageneral� 0 � T � :
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Remark 13.4.6(Discretization over � 0 � T � ) As obviousfrom the proofs,all re-
sultsof this sectioncouldbeformulatedfor discretizationover � 0 � T � (T � 0) in-
steadof � 0 � 1� (e.g., � ∆ � 2u� n : � π | 0 " T � τ � nT � u � n � Z � , hence∆

�
2

mapsL2
loc � R;U � 	
 2

loc � Z;L2 � � 0 � T � ;U �-� ). p
(An alternativeproofwouldbeto compresstime;theoperator

N
T � � L2

ω � L2
ω ! T �

definedby � N Tu� � t � : � u � Tt � is an isomorphismwith inverse
N

1! T ; see[Sbook]
for details.)

Notes
Time discretizationhas more or less implicitly beenused in [Sal89] and

[W94a]. Somebasicfactsaregiven in Section2.4 of [Sbook], but mostof this
sectionseemsto benew.


