Chapter 11

H> Full-Inf ormation Control
Problem (||w— Z|| <)

Of all mens miseriesthe bitterestis this: to knowsomud andhave
control over nothing

— Herodotos

In this chapter we shall solve the H* Full-Information Control Problem
(FICP),whichis describedn p. 33.

Our main resultsare presentedn Section11.1; applicationsto parabolic
(analyticsemigroup)systemsaregivenin Corollary 9.5.11. Furtherresultsand
proofsaregivenin Section11.2 (including the extensionof the (Jy, J1)-lossless
factorizationsolution of [Green]and [CG97] to an MTIC setting,in Theorem
11.2.7), and the stablecasein Section11.3. Section11.4 treatsminimax J-
coercvity, a property of the Popw operatoy equivalentto the existenceof a
nonsingulasolutionto the H* minimaxproblem.

Thediscrete-timeH™ full-information controlproblem(ficp) is treatedn Sec-
tion 11.5,andcorrespondingroofsaregivenin Section11.6. The reademight
wishto readfirst thesetwo sectionsn orderto obsere the basiccharacteristicef
theH® FICPin asimplesettingbeforegoinginto thetechnicaldetailsrequiredby
theunboundedness theinputandoutputoperatorsn continuoudime. A reader
interestednly in the mainresultsshouldreadonly theintroductionon p. 33 and
Sectionsl1.5and11.1,in thatorder

The necessitypart of our proofsis basedon the solution of the abstractH®
FICP(i.e.,the FICPin thesettingof Section8.1),whichis givenin Section11.7.

Themethodwusedfor thestableH” FICPalsoapplyto the (one-block)Nehari
problem,whereonewishesto estimated(D, TIC*) or theHankel norm ||, Drt_ ||
of someD € TIC. Thereforewe take a brief look atthis problemin Section11.8.

Standing Hypothesis11.0.1 Throughoutthis chapter (exceptin Section11.7;
seeHypotbesiSLl.?.l)we assumehatH,U,W,Y, Z are Hilbert spacesandthat
thespace4(U x W) satisfieHypothesis3.4.7.

(Cf. TheoremB.4.9(a)andDefinition 6.2.4.)Note alsothatHypothesisl1.1.1
is assumedhrough Sections11.1-11.3,11.5 and 11.6, Hypothesis11.8.1is
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assumedhrough that Sections11.8-11.9,and that Hypothesesl1.2.1,11.3.1
11.6.1and11.7.1lareassumedhroughcorrespondingections.

Thus, we can usethe equivalenceof Theorem8.4.12whene&er we assume
thatD € 4(U x W,Y), for ary Hilbert spaceY. (Note thatthis doesnot put ary
restrictionson U andW whenonetakes 4 to be oneof the classesn Theorem
8.4.9(1.). As notedin Lemma14.3.5,classes (U x W) and ticep(U x W)
satisfythediscrete-timeversionof Hypothesis3.4.7.)

As in previouschaptersye denoteby . theclosed-loopsystemcorrespond-
ing to the solutionof the Riccatiequation.By 2, we denotethe corresponding
“semi-closed-loopsystem”(whereonly the statefeedbacKoop correspondingo
the controlu is closedbut the secondnput, the disturbancev is unafected);see
Sectionll.1for details. The sub-or superscripts) and.«~ arealsousedfor the
componentandsignalsin thosesystems.



11.1 The H* Full-Inf o Control Problem (FICP)

Thegoal of scienceis to build bettermousetaps. Thegoal of nature
is to build bettermice

We stronglyrecommendhe readerto readthe introductionto the H* FICP
problem (p. 33) and possiblyalso have a glanceat the discrete-timeresultsof
Section11.5 beforegoing into the technicaldetailsof this section. The results
of this sectionlook like more complicatedforms of Theorem11.5.1,dueto the
possiblyunboundednput andoutputoperators.

In this sectionwe give necessargndsufficientconditionsfor the existenceof
a y-suboptimalfull-information or state-feedbackontrollersin termsof Riccati
equations. For solutionsin termsof losslessfactorizations see,e.g., Theorem
11.2.70r Theoreml1.1.5(b).

In Theoremsl1.1.3and11.1.4,we treatesuboptimalexponentiallystabiliz-
ing controllers (or “H®-Fl-pairs”) assuming“B;,-CARE” type regularity or a
smoothingsemigroup,respectrely. In Theorem11.1.6, we treatesuboptimal
output-stabilizingcontrollersassumingstrongernonsingularity(e.g., a copy of
input containedin the output) and “B;,-CARE” type regularity. In Theorem
11.1.5, we treatesuboptimalstrongly stabilizing controllersassumingthat the
systemis strongly g.r.c.-stabilizablewith MTIC closed-loopsystem(the above
threeresultsdo not assumeary stabilizability). In all above results,we prac-
tically give sufficient and necessarygonditionsfor a suboptimalstate-feedback
(andfull-information) controllersto exist, in termsof a Riccati equationandthe
correspondingignaturecondition.In Remarkl11.1.11we treatethedual problem
(theFull ControlProblem).

As describecbn p. 33,in theH™ FICR we have asystem| {2 | € WPL(U x
W, H,Z), andwe wish to find, for eachdisturbancev € L2(R, ;W), a “subopti-
mal” controlu € L2(R,;U), i.e., onethatis stabilizingand makes the (closed-
loop) norm |w — Z|| lessthana given constanty, wherez is the outputof the
systemunderinput [ 4] (andunderinitial statexo = 0). Oneoftenalsorequires
thatthecontrolis givenby somestatefeedbaclkpair (with or withoutfeedthrough).

We have ||wrs 2Z| 2_, 2 < y iff the(cost)function||z||3 — y?||w||3 is uniformly
negative w.r.t. w, i.e., iff ||Z||3 — y?||wl|3 < —¢||w]||3 for somee > 0. Moreover,
theJ-critical controlfor this costfunctionandthe correspondindriccatiequation
leadto the solutionof theH* FICP, aswill beshavnin following sections.

Therefore we usuallyaugment= by theextratherow [ 0 | O | ] to make
the outputequalto y := [Z] (theinputis [%] € L?(Ry;U x W); seeFigure11.1
withoutthefeedbackow andloop),sothatwe canmake thecost’ := (y, Jy) equal

to 213~ V?|Iwi3 by settingd = &y == [ {2 ]:

Standing Hypothesis11.1.1(H* Full-Inf ormation Control Problem (FICP))
ThroughoutSectionsl1.1-11.3we male the following assumptions:

N A|B B
s _ — | C; Dy Do | € WPLSU xW,H,ZxW). (11.1)
CID ol o |




Thecorrespondingliscrete-timeassumptiongsee(13.63))are madein Sections
11.5and11.6.

If thegeneratorsf A, B, C andD of £ areboundedi.e., [A B] € B(H xU x
W, H x Z x W), thenthis correspondso thedynamics

{x’ = Ax+ Biu+ Bow,

(11.2)
Zz=Cix+D11u+ Dpow

(andw = Iw) with initial statex(0) = xp € H. In the caseof a generalweakly
regular systemz, equationg11.2) hold in the strongsenseseeTheorem6.2.13
for details.NotethatC = [¢], D = [Pt Pz2].

As mentionedabove, the suboptimalcontrol is requiredto be “stabilizing”.
In the literature,this sometimesneanghatfor ary giveninitial statexo € H and
disturbancav € L?(R,;W), the statefeedbackpair (or amoregenerakontrollaw
Xo,W — U) mustproducea controlu € L2(R, ;U) s.t.the outputz (equivalently,
y:=[w]) becomestablej.e.,s.t.[w] € Uout(Xo)-

Often one also requiresthat x € L?(R;;H), i.e., that [j] € Uep(X0) (see
Lemma8.3.3). In eithercasewe denotethe setof correspondingontrolsby 74,
(in this sectionwe set U; = Uexp Or U; = Uout, dependingon the application):

Definition 11.1.2(Suboptimal H*-Fl-pair) Throughoutthis sectionwe usethe
following notation:

Uep(X0) = {[W] € LA(R4;U x W) | Axo + Bt [ ] € L2}; (11.3)

Uout(%0) = {[¥] € LA(R4;U x W) |Cxo + D[ ] € L?}; (11.4)
Uy(xo,W) :={ueL®(Ry;U) | [§] € UWi(x0)} (%0 €H, we L2(R;W)),

(11.5)

Yo = sup inf ||Dyau—+ Diowl|2. (11.6)

WEL2(R4 W), ||w||=1 UE Uu(O,w)

An admissiblestate feedbak pair of form [ K | F | = [ |Ey Eg2] (resp.
admissibleWR statefeedbak opemtor K = ['¢]) for = is called a H™-FI-pair

(resp.H*-SF-opeator) if

X0
0

w

[ KD | FO+1 ] € U (xo) forallxgeHandwe L2(R;W), (11.7)

whee 2 is thecorrespondinglosed-loopsysten(seeFigure 11.1andequation
(11.8); weusepreficesandsuficesasin Definition6.6.10).

By vm (resp. ysg) we denote the infimum of the norm |w —
Z| 2R, w)—L2(R,;z) OVer all H*-Fl-pairs (resp.all H*-SF-opeators). Given
y> 0, a H”-Fl-pair or H*-SF-opeator is called suboptimalf || D73 ||tic < V.

By equation(11.8), we have |w — Z|| = ||Df3||tic. Thereforethe H* FICP
meandinding[ K™ | F° | s.t.|D3||ltic < Y. Asoneobsenesfrom Figure11.1,

the map [ K™ | I | maps[lj(v%] — ["5°], i.e., from the initial stateand
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Figurell.1l:A WPLScontrolledby a H*-FI-pair

externalinputsto the feedbacksignal, so that we mustadd [ ] to obtainthe
effective input [ ] (the situationis the sameasin Definition 6.6.10).

Notealsothatthe controller(feedback)s only allowedto affectu. Therefore,
the existenceof a H”-Fl-pair for Z can be describedas “Z is exponentially
stabilizablethroughB;” (cf. (11.11)and Figure 11.1). SeeLemma1l1.1.8for
details.

The standard'state-feedbacksettingof Figure6.3 hasbecomehe settingof
Figurell.1,becausehefeedbacKoop doesnotaffectw (hencewe have omitted
the second,zerorow of [ K | F ]) and becausethe secondrow of [ C | D |
equals| 0 | 0 | |, sothatthe lower elementof the output“y = [%]” equalsw.
Recallfrom Definition 6.6.10,thatour statefeedbackallows a feedforward term,
henceit is actuallya “full-information feedback”.The correspondinglosed-loop



X0 X
system=": [us| — | [&] | isgivenby (cf. (6.134))
" [ufouo
A" | B BY A | B B
1 | Dy Di; Ci1 | D11 Dio Il | O 0
= 0| 0 I |={0| 0 I XiiKy | Xt —Xi X2
T L Ky | F11 Fa2 0 0 I
0 0 0 0 0 0
(11.8)
[ A+BITXEK | BiXGE B —BiXiiXas
C1+DiiX Ky | DXyl Dip— DX Xao
= 0 0 I (11.9)
1 1 1
i 0 0 0 _
[ Ao — Bso™,, Kz | Bop —BopMy; Mo;  BopM,, ]
Ces1 — Ni2M; Keop Ni1— NoMyaiMpr  NppM,,»
= 0 0 | (11.10)
Ko — M1oM,3 Kesp | Mgp — MioMy3 Mg — | MMy
i 0 0 I
[ A+BTK” | BX '
=| c+DK” | DX * |, (11.11)
kY [ XM
and>" € WPLSU xW,H,ZxW xU xW) (hereX:=1 —-F, M:=X"!, N:=

DM, X = [Xn%12] = (1 +F") % for (11.10)we usedthefactthatM = XM,

whereM := [y, a8, . by (A.9)).

If U = Uep, then condition (11.7) holdsiff [ K | F | is exponentially
stabilizing (see Remark 11.2.5for more on (11.7)). Most existing literature
for finite-dimensionalcontrol theory is written for U} = Uep, Whereasalso
U = Uout is popularin theinfinite-dimensionatase.

As obvious from the above definition, we areinterestedn the infimal value
Yo of ||w +— z|| over all “stabilizing” controls(the norm of w — ||D11Umin(W) +
D1ow]|2), in theinfimal valueyr of |w— z|| overall “stabilizing” full information
controllers,andin the infimal valueysg of ||w— Z|| over all “stabilizing” pure
statefeedbackcontrollers(thus,for ysg, we posethe additionalconditionthatthe
feedthroughoperatorF of [ K \ F } exists andis equalto zero (F € WR and
F11 = 0= F12); recallfrom Definition 6.6.10thata statefeedbackpair is allowed
to have ary admissibleeedthrougherm). Sinceinf @ = +o0, we obviously have

0< Yo <Y < YsF< +oo. (11.12)

Thus, yo < y corresponddgo the existenceof a suboptimalcontrol law (for
Xo = 0 only), yr < y to the existenceof a causalcontrol law andysg < y to the



existenceof astrictly causaktontrollaw (nofeedforwardterm),with theadditional
restrictionthatyg andysg requirethe controllaw to be of statefeedbackorm. If

> is somavhatregular, then,underthe standardassumptionshatD, 4 is coercive
andD12 = 0, we have yo = Yr = Ysg < o for systemsexponentiallystabilizable
throughB;, asillustratedin thefollowing theoremslif D € WR and||D12|| > Ve,

thenwe necessarilhave ysg > yr (if for D € SR, sincethen

ID2llmic = [P 12]|we > [[D13llaw,z) = [ID12llsw,z) > YA, (11.13)

by Proposition6.6.18(d4)(to be exact; this requiresthat we restrictoursehesto
SR H”-SF-operatorswhendimU < o or X is sufficiently regular, this is not a
restriction,seee.g.,Theoreml1.1.3(a)). Examplell.1.9illustratesthis.

Now we arereadyto presenpur results.SeePropositionl0.3.2andTheorem
9.2.3for thetwo assumptions.

Theorem 11.1.3(Uexp : H” FICP < By,-CARE) Assumghaty > 0andthat(1.)
and(2.) hold.

(1.) (Nonsingularity) AssuméD];D11>> 0, andthatthereise; > 0s.t.

(ir —A)Xo = Bup = ||C1x0+D11Up||z > €1||%o||n (X0 €H, ug €U, r € R).
(11.14)

(2.) (Regularity) Assumehat > andJy satisfyHypothesi®.2.1
andthat g 1)AB € L1([0,1); B(U x W,H)) or D*JD € GB(U xW).

Then(i)—(iii) are equivalent:
() y> Yo andX is exponentiallystabilizablethroughBy;
(i) y> Y, i.e., there is a suboptimaH®*-Fl-pair for Z;
(iii)y D},D12— D%,D11(D},D11) ~1D%;D12 < Y?I, and (the B},-CARE)

(B\‘j\,fP—i- B4 c1> (D*JyD)_1<B(',‘V£P+ 4 cl) — AP+ PA+CIC,
(11.15)

has a solution ? € B(H,Dom(Bj,)) s.t. # > 0 and A+ BK, gener
atesan exponentiallystablesemigoup, whee Ky, := —(D*J,D)~ (B, P +

D*
[o2] ©w)-
Moreover, thefollowing hold:
(a) Assumehat (7, S K) satisfieqiii) (here S:=D*J,D). Then

—(D3,D11)1(D%,C1 + (Bf)w®P) | 0 —(Dj;D11)~'D};D12
0 0 0

genertea ULR (exponentiallystabilizing)suboptimaH®*-FI-pair.

(11.16)

Ther s a suboptimaH”-SF-opeator iff | D12|| < ; if thisis thecase then

Ki:=[l 0]K=—(S11~S128,,%1) "(D11C1+(BYw?P —S125; (D1 L1+ (B3)w?))
(11.17)

is a ULR (exponentially stabilizing) suboptimalH”-SF-opeator, whee

S:=D*J,D.



(b) If (i)—(iii) hold,thentheassumptionsf Proposition11.2.8(includingthose
of (al)) are satisfiedand (F11)—(F15) hold.

Applicationsto parabolicsystemsof this theoremand the onesto follow
are given in Corollary 9.5.11. Recall that J, := [(') _Szl], henceD*J,D =

[DLDM D14D12
Di,D11 DDV ] N
Underthenormalizingconditions

D12=0, Di;[Ci Dii]=[0 I], (11.18)

condition(iii) canbewritten asfollows:
BHwP)* (BDw?P? — Y 2((B5)wP)*(Bh)wP = A*P+ PA+CiC;  (11.19)
1 1 2 2 1

with the requirementshat ? € B(H,Dom(B,)), P > 0, andA+ (y2Ba(Bj)w —

B1(B})w)?P is exponentiallystable.Now S= J, := [, | andK = [\;2(2351);“1;,] €
2 )W

B(H,U xW)), andif(f) (i) holds,thenK; = —(B])w? € B(H,U) isasuboptimal

H*-SF-operatorfor Z; this implies that the correspondingclosed-loopstateis

controlledby the equation
X = (A—B1(B})wP)x+Bw a.e. (11.20)

Notethatequationg6.3.5)of [GL], (20.2.5)of [LR], (16.1)0of [ZDG], and(4.11)
of [Keu] arespecialcasesf (11.19).
If B is boundedthen(11.19)takestheclassicalform

P(B1B} — y 2B,B)) P = AP + PA+CiCy, (11.21)
hence K = | 3" | € B(H,U x W) € B(H,U xW), Ki = -Bj? €
2)w

B(H,U). Recall from Definition 9.8.1, that the CARE is given on
B(Dom(A),Dom(A*)*) =: B(H1,H*,); e.g.,(11.19)holdsiff

((BDwPxo, (B )wPx1) =Y %((B3)wPXo, (BS)wPx1)
= <AX0’ fPX1> + <TX03 AX1> + <C1X03 C1X1>

for all Xp, X1 € Dom(A) (we cantake x; = xg w..0.g.,by LemmaA.3.5(a)).

All CAREsof this sectionandthe next two sectionequalthe CARE for Z and
Jy (undercorrespondingegularity assumptionshatis, someof the CAREshave
beensimplified).

Obviously, the K in (iii) is bounded(and henceK, = K) iff [B%] Cie
B(H,U); analogouslywhenD},C; € B(H,U), we may restrictus to bounded
H>-Fl-pairs (with generators| K | F |, K = [%¢] € B(H,U), F = [fg Fg?] €
B(U xW)), i.e., if thereis a suboptimaH®-FI-pair, thenthereis a boundedH*-
Fl-pair (by (a)).

Recall from Proposition9.2.7 that any K of the form in (iii) (with P €
B(H,Dom(B;,))) is admissibl€in particular A+ BK,, generateaCo-semigroup).
If B€ B(U,H), then(2.) is satisfiedthe stabilizabilityassumptionn (i) holdsiff

(11.22)



(A, B1) is exponentiallystabilizable(or optimizable),andDom(By,) = H.

Theequialence(ii) < (iii) is (anextensionof) the standardesultthatthereis
a suboptimal(exponentiallystabilizing) statefeedbackcontroller throughB; iff
the Riccati equationhasan exponentially stabilizing solution and the signature
conditionson D*J,D are satisfied. Condition (i) meansroughly that thereis a
suboptimalexponentiallystabilizing)controllaw xo, w — u; thus®(i) < (ii)” says
thatsuchalaw canalwaysberealizedby a statefeedbackcontroller

If = is exponentiallystable,then A, C, K5 and P are given by (8.43)—
(8.46),by (b) andPropositionl1.3.4(g) wheneer (i)—(iii) hold.

Oneoften has 7 (o, u,w) = ||x||3 + €||ul|3 — y?||w||3 or somethingsimilar, so
that(1.) is satisfied(seeProposition10.3.2(e1)and0.2°; the coston x shouldbe
coercie atleastfor xg = 0 to satisfy(1.)); in fact,for this costthe nonsingularity
assumptionf all resultsin this sectionand the following one are satisfied.
The theoremdoesnot hold without this assumptionthat is, for “singular H*
problems”,andsuchproblemsarerarelytreatedn theliterature;see[Stoornogel]
for anexception(for finite-dimensionakystems).

Proof of Theorem 11.1.3: We have tacitly assumedhat U = Ueyp (also
in (2.)). SeeDefinition 9.2.6for the B,-CARE.

0.1° Remark: Exponentiallystabilizability through B;: By this we mean
the existenceof a H*-Fl-pair (over Uep), i.€., of anexponentiallystabilizing

statefeedbackpair thatdoesnot affect w (i.e., which is of form [ K | F } =

[Ki | Fu By |, sothatthefeedbackoop goesthroughB; only).

If T,1)AB1Up € L*([0,1);H) for all up € U (this follows from the middle
assumptionin (2.)), then this assumptionholds iff (A,B;) is optimizable
(equivalently, exponentially stabilizable),by Lemma11.1.8(seethat lemma
for furtherremarks).

0.2° Remark: Assumptior(1.): Assumption(1.) implies that [é%%] is
positively I-coercve, by Proposition10.3.2(g1)&(c). The corverseholds if
D3;D11>> 0o0r AB € L ., by Proposition10.3.2(e1)&(e2).

0.3° Remark: (D*JVD)*l: SetS:= D*JyD. Then$; = Dj;D11>> 0, by
(1.), andthefirst conditionin (iii) is equalto S — anllslz < 0. By Lemma
11.3.13(i)&(viii), thesetwo togetheimply thatSe GB(U x W), sothat(11.15)
is well defined.

1° The equivalenceof (i)—(iii): Now (2.) or (3.) of Remark9.9.14is
satisfiedhencewe obtaintheequivalencefrom Propositionl1.2.6,since(iii) is
eguvalentto (iii’), by which we denote“(iii)” of the proposition,asshavn in
2° and3° below. (NotethatHypothesisl1.2.1is satisfiedpy Lemmall.2.2.)

2° “(iii) =(iii")":  Assume(jii). SinceS:=D*J,D € GB(U xW), by 0.3,
P is asolutionof the B},-CARE, henceanadmissibleandULR solutionof the
CARE, by Proposition9.2.7,and A s is generatedy A+ BKy, by (6.145),so
thatK is exponentiallystabilizing.

Thus,(FI5) of Theoreml1.2.7is satisfied.By Propositionl1.2.9,it follows
that(FI2) holds,i.e., (i) holds.

3° “(iii") =-(iii)”: This follows from Theorem9.2.9(iii)&(iv) (asnotedin
2°, theclaimon A+ BK,, holdsiff K is exponentiallystabilizing).



(b) This follows from Proposition11.2.6 (whose assumptionsare now
satisfiedasnotedin 1° above).
(a) Thisfollowsfrom Proposition11.2.8(al). O

We now presenta CARE variantunderassumptionshatarewealerin certain
sense:

Theorem 11.1.4(Uep : H” FICP & CARE: CaseAB € Lﬁ,c) Assumd1.) and
(2.):

(1.) (Nonsingularity) Assuméd};D11>> 0, andthattherise; > 0s.t.

(ir — A)Xo = Bup = ||Cix0+ D11Uo||z > €1]|%ol|H (X0 € H, up €U, r € R).
(11.23)
(2.) (Regularity) Assumehat i, 1) AB € L1([0,1); B(U x W, H)),
Tio.1)(C1)wA € L*([0,1); B(H,Z)), and T 1)(C1)wAB € L*([0,1); B(U x
W,2)).

Then(i)—(iii) are equivalentfor anyy > O:

(i) y> Yo, and (A, B1) is exponentiallystabilizable;
(i) y> Vr, i.e., thereis a suboptimaH®-Fl-pair for Z;
(iii) D},D12— D%,D11(D%;D11)"1D%;D12 < Y?I, andthe CARE

e oo [Pi]e ) (b ap-1[ B o [Di ‘ .
(Bwsp+ [Dg}cl) (D)D) 1(%% o] Cl) = AP+ PA+CICy
(11.24)

has an exponentially stabilizing solution ? € B(H) s.t. 2 > 0 and
lims 1B}, P(s—A)"1B=0.

In particular, yr = Yo if (A,B1) is exponentiallystabilizable (equivalently
optimizable) Moreover, Theoem11.1.3(a)&(b)hold.

Most of theremarksmadebelov Theoreml1.1.3applyheretoo.
Proof: Condition(2.) impliesthatD € MTICL (U x W,Z x W) C ULR, by
Lemma6.8.5.
0.1° Remark: assumption(11.23) < Dy; is |-coercive: By Proposition
10.3.2(e2)(11.23)holdsiff Dy; is I-coercve (andalso conditions(i)—(iii) of
Proposition10.3.2(with J +— 1, Z — [%1%]) areequvalentto (11.23)).

0.2° Remark:“ (A,B1) exponentiallystabilizable”: By (2.) and Theorem
9.2.12,this holdsiff (A,Bs) is optimizable equialently, iff ~ hasanexponen-

tially stabilizing(bounded)statefeedbacloperatoK = ['%1} € B(H,U xW).

Seealso0.3° of theproofof Theorem11.1.3.

1° The equivalenceof (i)—(iii): Denote condition (iii) of Proposition
11.2.6by “(iii-Prop)”. Now Remark9.9.14(5.) applies,hencewe obtainthe
equialencefrom Proposition11.2.6,becausecondition (iii) is equivalentto
(iii-Prop), asshavn in 2° belov. (Note that Hypothesisl1.2.1lis satisfied by
Lemmall.2.2.)



2° “(iii) < (ii-Prop)”: Condition (iii) saysthat (iii-Prop) holds,F is UR
(by Lemma9.11.5(e))and S= D*J,D. Corwversely if (iii-Prop) holds, then
S=D*J,D andF is UR, by Remark9.9.14(b)&(a).

(2)&(b) The original proofsof Theorem11.1.3(a)&(b)apply mutatismu-
tandis. O

The caseU; = Uyyt is much more complicatedthan the case U} = Uexp
andhencevery rarely treatedin the literature. (We have not found ary existing
researchof the H* problemstruely over Uyt in the unstablecase. Recall,
however, that Uyt = Uexp for estimatablesystemshencemary historicalresults
areapplicablefor suchsystemsthoughnonebeforefor WPLSs.)We give amore
thoroughtreatmentof this casein Section11.2, underwealer assumptionsbut
herewe shov thatif X is strongly g.r.c.-stabilizablethrough B; with a rather
regularclosed-loopsystemthenwe have the standarcequivalence:

Theorem 11.1.5(%, Uout= Ustr: H® FICP & CARE) Let Uf := Uour As-
sume(1l.) and(2.):

(2.) (Stabilizability) Thee is a strongly g.r.c.-stabilizingUR statefeedbak
opeiator K = [*Bl] for =, andD), € 4.

(1.) (Nonsingularity) Theeis €1 > 0s.t.|[D,1qu]|2 > €1]|ul]2 (u€ L?(Ry;U)).

Then(i)—(iii) are equivalentfor eacty > O:

() v> vo;
(ii) y> yr; i.e., thereis a suboptimaH®*-Fl-pair for Z;
(iii) the CARE

K*SK = A*P + PA+CiCy,

_ [PiP11  Di;Di2 ; * a1
5= [D’ian Dilezfvzl}Jrs'iTooBWT (S=ATB. 115

K = —gl(B\vaP—i— E c1>.

hasa qg.r.c.-stabilizingsolution (?,SK), and ? > 0, S;1 > 0 and S —
$1S1'S12 < 0.

In particular, yo = yr. Moreover, thefollowing hold:
(a) Assumehat (P, S K) satisfiediii). ThenK is URand

—%%Dilcéﬂs’;)wf) ‘ 0 —qgslz } (11.26)

genertea UR stronglyq.r.c.-stabilizingsuboptimaH®-FI-pair.

Thee is a suboptimalH*-SF-opeator iff S, < 0; if thisis the case then
(11.17)is a UR stronglyq.r.c.-stabilizingsuboptimaH®-SF-opeator.



(b) Each of conditions(FI1)—(FI7) of Theoem 11.2.7is equivalentto (i). If
any of theseholds,thentheassumptionsf Proposition11.2.8and Theoem
11.2.7are satisfied.

(c) If (1.) of Theoem11.1.6holds, and the CAREhas a UR solution with
Ay, Cy andK stronglystable theny > yr = Yo.

SeeTheoreml1.2.7andCorollary11.2.11for analogousesultsfor Uexp, Usta
and Uyt underslightly differentassumptions.

Someof theremarksmadebelov Theoreml1.1.3apply here,too, with some
minor modificationsjn particular alsoherewe have yp = yr| (= Ysg if D12 = 0).

An importantspecialcaseof “(2.)" is the casewherez is stronglystableand
D € 4 (take K = 0). By Examplel1.3.7(c),evenfor stronglystableX, condition
“D € 4” cannotbe wealenedto e.g.,“ID € ULR” without makingcondition i)
is strictly strongerthan (i)—(ii) (indeed,the IARE correspondingo (iii) hasa
irregular (i.e., non-WR)q.r.c.-stabilizingsolutionleadingto the minimax control
andto a suboptimalrregular H”-FI-pair (therearealsoregular H*-Fl-pairs,e.g.,
[K|F]=]0]0]), butthe CARE doesnothave astabilizingsolution).

As notedbelov Theorem11.1.6,the “almostequialence”of (c) sufficesfor
the binary searchfor yg|, hencewe canusethe simplerstabilizationconditionof
(c) (insteadof q.r.c.-stabilization)n this strictly nonsingulaicase.

Since U} = Uy, Mmeansrequiring the (effective) input ([]) and output
(y = [2]) to be stable(€ L?), we now musthave u,z € L?, for all xo € H and
we L2(R+;W). Becausellyy: = Usy (by Lemma8.3.3),it followsthatthenalso
the statebecomestronglystable(||x(t) ||y — O ast — +).

Therefore,a H*-Fl-pair is now an admissiblestate feedbackpair of form
[K|F]=[%|FFe] stuzel?forall xo€H andw € L2(R;W) in
Figurell.l(seealso(11.8)—(11.11andRemarkl1.2.5).By theabove, it follows
that||x(t)||n — 0, ast — +oo, for suchxg, w. Neverthelessfor u # 0 thesignals
u andz (andXx) are not requiredto be stable,hencethe middle row of D may
be unstable althoughwe do have u,z € L? andx vanishingfor ary compactly
supportedis € L2, by (6.9).

Thus, for the solutionsmentionedin (c), we do not know whetherthe H*-
Fl-pair definedby (11.26)is stabilizing. Therefore,if one hasused(c) to find
an estimateon yg; = Yo, one might wish to either 1. verify directly whether
the corresponding(strongly internally and output-stabilizing)K is (strongly)
stabilizing or 2. increasey slightly to guaranteehaty > yr andthenfind a
internallystabilizingsolutionof the CARE (i.e.,onewith stableA ), becaus¢hen
suchasolutionis necessarilyhestronglyq.r.c.-stabilizingone by uniquenesésee
Theorem9.8.12(a)).

Proof of Theorem 11.1.5: (Notefrom the proofbelow thatwe canreplace
“UR” by “ULR” throughouthistheorem.)

0.1° Remark: Assumptiong1.)—(2.): Here %, is the closed-loopsystem
correspondingo K (cf. Definition 6.6.10). Recallfrom Theorem6.6.28that
if K and someoutputinjection pair are jointly strongly stabilizing and (1/O-
)detectingfor Z, thenK is stronglyq.r.c.-stabilizing.

If 2 is stronglystableandD, € 4, thenwe cantake K = 0iin (2.).



0.2° Remark:Dy; is I-coercive Assumption(1.) is equivalentto the (pos-
itive) I-coercvity of D11 (equivalently, of Dy1; in particulay it is independent
of K), by Lemma8.4.11(b1).

1° Theequivalencef (i)—(iii), (a) and(b): Exceptfor (c), all claimsin the
lemmafollow from Theoreml11.2.7andCorollary 11.2.11(usethefactthata
solutionof (11.25)is necessarilyJR, by Lemma9.11.5(e)notethatHypothesis
11.2.1is satisfied by 0.2°).

(c) By Theorem9.8.5and Theorem9.9.1(c3),P is Usy-stabilizing, hence
Uour-stabilizing. By Lemmal1.2.14(4.)&(b)&(a2)(with s = +), it follows
that (11.48)is a H*-Fl-pair satisfying | D{3|| <y (in fact, | Dj5ull2 < y|jull2
for all u € L2(Ry;U), by the remarkin the proof of (a2)). Thus,theny > vyg,.

]

For Uexp, onecanobtaintheequivalence'(ii) < (iii)” directlyfrom Proposition
11.2.19andLemmal1.2.13(or Lemmall.2.14),provided thatX is sufficiently
regular(e.g.,if Hypothesis9.2.1holds).

For ary other 7} than Uep, thereseemdo be a gapbetweerthe proposition
andthelemma:it seemghat>=" neednot be stableenough.In Theorem11.1.5,
we usedthe g.r.c.-propertyto reducethe problemto the stablecase,and the
(stable) spectralfactorizationpropertiesof 4 to guaranteethe existenceof a
stronglystabilizingsolutionin casethaty > yo.

In practice, the cost function is often of form J(xo,u,w) := ||z1]|3 +
IRU|3 — v?[|w||3, whereR*R > 0. Thisis the casewhen[ C; | D11 Do | =
(%2 | P2 Pga] and B(U) > R'R > €% 1 for somee,. > 0; obviously, condition
(11.27)is thensatisfied.Sucha costfunctionforcesu to be stable(for stableout-
puts,i.e., for afinite cost)andmakesit possibleto fill the gapmentionedabove
(asnotedin (c) above):

Theorem 11.1.6(Uoyt: H® FICP < Bj-CARE) Assumehaty > 0 and U} =
Uout, andthat (1.) and(2.) hold.

(1.) (Strict nonsingularity) We haveD?,D11 > 0, andtheris e, > 0s.t.

IC1x0+D1au+Diowl2 > &4 [Jull2 (ueLE, (Ry;U), we L?(Ry;W), o€ H).
(11.27)

(2.) (Regularity) Assumethat > and J, satisfy Hypothesis9.2.1, and that
D*JD € GB(U xW) or Be B(U,H).

If condition (iii) belowholds,thenthere is a H*-Fl-pair s.t. |[w— Z|| <.
Corversely if thereis a H*-Fl-pair s.t.||w+— Z|| <, then(iii) holds.

(III) D*]<_2D12_ D*]<_2D11(D>']<_1D11)71D*]<_1D12 < y2I ,and (the B{';V-CARE)
B, + | pit|C (o) Y (Byp s [Bi]ci) =A e+ PA+CiC
Dj,| 1 D, 1) = 1~1

(11.28)
hasa nonn@ative Uyt-stabilizingsolution? € B(H,Dom(B},)).



Moreover, thefollowing hold:

(al) If (?,SK) satisfies(iii), then (11.16)generte a ULR H*-Fl-pair s.t.
w2z = [[D3] <.

(a2) If there is a suboptimalH”-SF-opeator, then||D12|| < y. Corversely if
ID12]| < y and (ii) hasa solution (?,S K), thenK; =(11.17)is a ULR
H®-SF-opeator s.t.|w— z|| = ||Df3|| <.

Theabove“almostequivalence’is in practiceasgoodasanequialenceif we
wishto find a statefeedbaclcontrollers.t.||w+— Z|| is (approximately)minimized,
thenwe canusea binarysearchovery (solve (iii) above for differentvaluesof y).
Seealsotheremarksbelov Theorem11.1.3.

See the remarksbelov Theorem11.1.5 for Uyt and for how stableis
closed-loopsystem(in Figure 11.1) correspondinghe H”-SF-operatordefined
by (11.17). SeeDefinition 9.8.1 for “ Uyy-stabilizing” (which is equialentto
“‘one with stableA., Cs andK” if Z is stronglyqg.r.c.-stabilizable).

Notefrom Theorem6.7.15(c2)thatif Z is estimatablethen(iii) is equivalent
to (i)—(iii) of Theoreml1.1.3(whose(a) and(b) thenapply).

Proof of Theorem 11.1.6: (SeeDefinition 9.2.6for the B},,-CARE.)

0.1° Remarkon (2.): Condition D*3,D € GB(U x W) can be omit-
ted if B € B(U,H) (use Remark 9.9.14(1.)&(b) in 2°) or Dj,Dis —
D},D11(D};D11) ~1D};D12 < V2l (cf. 0.3° of the proof of Theorem11.1.3).

0.2° Remark:Dy1 is I-coercive This follows from (1.). Thus, Hypothesis
11.2.1is satisfied.

1° (iii) = “almost H*-Fl-pair”: SinceS:=D*J,D € GB(U xW), by 0.3°
of the proof of Theorem11.1.3,? is a solution of the B},-CARE, hencean
admissibleandULR solutionof the CARE, by Proposition9.2.7.

By Lemmall.2.14(4.)&(b)&(a2)(with s = +), it follows that (11.48)
is a H”-Fl-pair satisfying ||D13|| <y (in fact, ||[Dful|> < Vy||ul|2 for all u €
L2(R,;U), by theremarkin the proof of (a2)).

2° H”-Fl-pair=-(iii): (We give the proof for the caseD*JD € GB(U x
W); usefirst Remark9.9.14(1.)&(b) underthe alternatve assumptions8 €
B(U,H).)

By Propositiori1.2.19(alpndTheoren®.2.9(i)&(iv)&(a2), theB;,-CARE
(and hencethe CARE andthe IARE) hasan ULR Ugy-stabilizing solution
(P, S, K) with S= D*J,D. By Proposition11.2.19(d1) S» — 521q11812 < 0.

(al)Seel”.

(a2)DropLemmall.2.14(bYrom 1° andreplace(d1) by (d2)in 2°. O

In [IOW], the signatureconditionon Sis formulatedby usingthe following
equialence:

Lemma 11.1.7 Insteadof StandingHypothesid 1.1.1,assumenlythat [%%] €
WPLS(U x W, H,Y) isWR,J = J* € B(Y) andy > 0.

(Even) then the CARE has a U}-stabilizing solution (?,SK) s.t. S;1 >
0 and S, — Sﬂqllslz < 0 iff the IARE has a WR U}-stabilizing solution



(2,3, [ K|F }) s.t. X11,X02 € GB, X21 = 0, whee X := | —F. All prefices
andsuficesapply (seeDefinition9.8.1).

Indeed,this latter formulationis equivalentto a Kalman—Pope—Yakubwich
systemformulationin termsof [IOW]. Notethatif U or W is finite-dimensional,
thenanequialentconditionis thattheIARE hasWR U -stabilizingsolutionwith
X21 = 0 (i.e.,with nofeedforward from u to w).

Proof: (HereY is anarbitrary Hilbert space.) Let (?,S K) be asabove.
By Lemmal1.3.13(i)&(iii"), thereis X asabove s.t. X*JVX S. By Theorem
9.8.12(s1),the latter condition is satisfied. The corverseis obtainedanalo-
gously Thelastclaim canbe obsened from the Zsg of Theorem9.8.12(s1).

]
Thefollowing lemmaclarifiesour basicconcepts:

Lemma 11.1.8(FCC & optimizable) Let U = Uep. Then Uy(Xo,w) # 0 for
all xo € H andall w € L?(R, ;W) iff (A, By) is optimizable

If there is a H”-Fl-pair, then (A,B;) is exponentially stabilizable (hence
optimizable).Corversely if (A, Bs) is exponentiallystabilizable(or optimizable)
and g 1yAB1 Up € L1([0,1);H) for all ug € U thenthere is a H-FI-pair.

Thus,if thereis a“stabilizingu” for eachxp (andw = 0), then,actually there
is a“stabilizingu” for eachxg andwo:

Proof: 1° The equivalencefollows from “(i) < (ii)” of Lemmal1.6.4,by
discretizationnotethat“(i) <(ii)” is trivial).

21f [ K| Fy F, |isaH>-Fl-pair (equivalently, anexponentiallystabi-
lizing pair for = with secondrow equalto zero),then| K | Fy | is obviously
anexponentiallystabilizingpairfor [ A | By ].

3° Assumethat (A, B;) is exponentially stabilizable(or optimizable)and
Tho,1)AB1Uo € L1([0,1);H) for all up € U. Thenthereis an exponentially
stabilizing Ky € B(H,U) for [é‘%%}, hence[%l] is a H”-SF-operatoifor
2 (by Lemma6.6.11,it is admissiblefor Z; obviously the two closed-loop
semigroupsA, := A + B (I — Fy1)"'K;.) are equal, hence exponentially
stable).

(This corverseholdsalsoundermuchwealer conditions: The exponential
stabilizability of (A,B1) meansthe existenceof an admissiblestatefeedback
pair [ Ky | Fia ] for [ A | By |; we just have to know thatK; and B, “fit”

to the sameWPLS, i.e., that (6.100)is satisfiedundersubstitutionsC — Kj,
B — By, sincethenwe obtain an admissiblestatefeedbackpair with same
(exponentiallystable)closed-loopsemigroupd, , asabove.) O

Next we give anexample , wherethe signatureconditionSy, — 521SIfSlg <0
is satisfiedbut the strongerconditionSy, <« 0 is not, sothatthereis a suboptimal
H%-FI-pair but no suboptimaH®*-SF-operatorgfor y < 1):



Example11.1.9 (yse>¥r) LetD=D=[}|],J=J,B=0=C,A=—I and
U=W=2 ThenD*3}D =} ;| | =D"3D = Se G, sothatthe CARE
—2P = —K*X, K = 0 hasthe uniquesolution ? = 0 (which is exponentially
stabilizing).

By Theorem11.1.3(iii)&(a), the pair (11.16)= (8«}%) is a suboptimalH>-
Fl-pairfor Z (indeed,it leadsto D73 = 0, by (11.8),henceto |[w— Z|| = ||Df3|| =
0 < y). Sincethis holdsfor any y > 0, we have yr = 0.

However, eachH*-SF-operator(X}) € B(H1,U x W) leadsto u= 0 (or
D3 =Dy =1, sinceX =1 =M, becausd = 0), henceto the cost

122 := || Drau+ Diow||2 = [|w||2, (11.29)

sothatany H”-SF-operators suboptimaiff y> 1. Thus,ysp= 1, whereasr =0
(in accordanceo Theoreml1.1.3(iii)&(a), sinceSy2 — $1S;7-S12 = —Y? < 0 for
ally>0but S, =1—y < 0iff y> 1). <

The proofs of our H* FICP resultsare basedon the “H® minimax game”
(11.58)(not “maximin”, sincetraditionallythe cost— 7 hasbeenused).

Thisgameis oftenconsideredsa Staclelbeg gamewherew, thedisturbance
(or evil player nature,uncertaintiesmodelingerrors,sensomoise,dark side of
theforce,...) triesto maximizethe cost,whereaau, the control (or goodplayer
controlengineerour hero)bravely defendghe stability of the systemby trying to
minimizethe cost.Lucky for thegoodones thegoodplayeris allowedto actlast
(althoughnotin anoncausaWway; i.e., it hasno knowledgeon futuredisturbance,
just pastandpresent).

If yo <y, then,obviously, [] = [3] is the uniquesolution of the gamefor
xo = 0; if y > yo, thentherecanbeno solution(i.e., max, miny 7 (Xo, [w]) = o for
all o, sincethe quadratidermdominateghe costfor afixedxg).

Naturally, U (Xo) # 0 is anecessargonditionfor eachxg € H; by Proposition
11.2.19(a)jt is alsosufficientfor yp < y. Thus,this gameis intimately connected
totheH” FICP

For ary Xp € H, the solution [}}], being a saddlepoint of the (J-coercie)
costfunction, constitutethe uniqueJ-critical control. This leadsto the existence
of a unique U;-stabilizing solution of the Riccati equation(11.15), with the
saddlepoint (“minimax”, worst disturbanceand bestcontrol) input [] being
the correspondingstatefeedbackfor eachinitial statexg € H, by the resultsof
Section9.9. SeePropositionl1.2.19for the proofs.

Corversely givena U} -stabilizingsolution (P, S K) of the Riccatiequation
(11.15)satisfyingthe signatureconditionabove the equation we choosea mod-
ified 7/*-stabilizingsolution (?,S [ K|F }) of the equations.t. S= [S(l)l éz)z]’
§11>> 0,§22<< 0. It followsthatevenwhenwe dropthebottomrow of K ‘ F

(to obtaina H™-FI-pair), the statefeedbackremainssuboptimal,becauseaf the
disturbance“the evil player”) daresto deviate from the saddlepoint value, it is
punishedby the negative cost(ws, Sows) < 0 (asin (9.139)),wherew;s is the
deviation. This leadsto the suboptimalH*-FI-pair (11.16). SeeLemmall.2.14
for theproofs.



As mentionedabove, thesefactsleadto the proofsof our results.In addition,
this shavs thatfor eachxo € H andw € L2(R,;H), the cost||z||3 — y?||w||3 is at
most(11.58).Thus,althoughthe suboptimalityrequirementvasposedor xo = 0
only, our suboptimakontroller(11.16)(or (11.48)actuallymakes||z||> smallalso
for xg # O (for the “worstw for agiven||w||2", the controllerminimizesthe cost,
hencealso||z||2, andfor the otherw’s with samenorm,thevalueof ||Z|2 becomes
lessthoughnot necessarilyninimal). For the samereasonsthe sameholdsto the
H”-SF-operatof11.17).We emphasizehis obsenation:

Remark 11.1.10 The controllers (11.16)and (11.17)are “wor st-case-optimal”
in certainsenseaalsofor xg # 0. ]

(By Theorem9.9.1(h),thereferenceo (9.139)is allowedalsofor U; # Uexp
(for xo € H, us = 0, Wi € L?(R,;W)), becauseCs mustbe stablefor a ;-

stabilizingsolution,andalso [Dlﬁ ] is stable by Lemmall.2.14(a).)
We finish this sectionby aremarkon the dualof the FICP:

Remark 11.1.11(Full Control Problem = FICPd) Thedual problemof the H*
FICP is theH* Full ControlProblem whele onelooksfor a (suitably)stabilizing
outputinjection pair of form

Hl_ |5 11.30
[F}_[S&i] (11.30)

A0
for someX = {%1 6%2} € WPLS(Z x W,H,Z xY) (i.e., we mayinject only the
2 2

lower output,the “measuement”),s.t. ||Dy .|| <y (seeDefinition6.6.21).

By duality, we obtain a solution for this problem from any of the above
solutionsfor H* FICP,

For example if U} = Usgp, DI, is |-coecive AB, € LL , CyA € LE,, and

loc?

CwAB; € L,loc, thenthere is an exponentiallystabilizing outputinjection pair of

form (11.30)for Z s.t. ||y, .|| < yiff thefollowing hold:
D22D3;>> 0, D12D},— D12D3)(D22D35)  'D22D3, < VA1, (11.31)

and there is a nonn@ative exponentiallystabilizing solution 7 € B(H) of the
Riccatiequation

HSH* = AP + PA* + B,B,
S= [Déz Dﬁz} *‘JV [Déz Dﬁz} ’ (1132)
v ——st([&], 2+ [Bz]es)

stlims, 2] P(s-A)tc Cf] =0
w
(Apply Theoem11.1.4to thesystenty :=(12.85)for the proof.) n

The H* FCPis also called the H* filter problem, sinceit meansthaty >
1Dy 1, llmic = || D12 + Mi2Doo||tic, whereM = (1 — G) 1, i.e., that—Mioy is an



estimateof z:= D1ow, wherey := Doow, W € L2(R+;W), with errorof normless
thany||w||2.

Notes

The H*” problemswereintroducedby G. Zames[Zames]. Thefirst solutions
to the problemusedfrequeng-domain methods;their history can be found in
[Francis]. Our stable casesolution (Section11.3) is partially basedon such
methods.The statespacesolutionof this sectionwasgivenby J. Doyle etal. in
[DGKF], for finite-dimensionakystemsaunderseveral simplifying assumptions,
andthat article alsocontainsthe early history of state-spacenethods.All these
works provide solutionsto the H” 4BR, seethe noteson p. 706 for moreon that
problem,whosespecialcasethe FICPis.

Theformulation(11.1)of theH” FICPhasbeenusedin severalearlierresults.
The equialenceof (ii) and (iii) in Theorem11.1.3is an extensionof [DGKF,
p. 836], [ZDG, Sectionl16.4] and[GL, Section6.3]. [ZDG] and [DGKF] also
provide an“all suboptimalcontrollers”formula, whoseextensionis containedn
Theoreml12.1.8.

The SF-variantof (ii)—(iii) (of, e.g., Theorem11.1.3(a))is an extensionof
[Keu, Theorem4.4], [IOW, Theorem10.9.1]and[LR, Theorem20.2.1]. The
resultsin [Keu] alsocontainthe equivalencewith (i).

Exceptfor [Keu], which treats Pritchard—Salamosystems(and henceas-
sumesthat B € B(U,H)), all of the above resultsassumehatU, W, H andZ
arefinite-dimensionalbut otherwisglOW] hasasgenerabssumptionsswe do.
(UseProposition10.3.2to obsene thatthe assumption®f the above resultsare
strongerthanthoseof ours. Note alsothat sinceall resultsmentionedabove as-
sumeabounded, Hypothesi®.2.1is satisfied.)

In the generalcase(see,e.g., (11.25),(11.17) and (11.26)), the formulae
becomesimilar to their discrete-timecounterpartye.g., S # D*JD), givenin
Sectionll.5andin, e.g.,[GL, (B.2.31),p.487]andin [GL, RemarkB.2.1,p. 488].

For parabolic(analytic) systemsthe equivalenceof (i) and (iii) is givenin
[MT94a] (repeatedn [LTOOa]), for a settingthat allows the input and output
operatorsto be more unboundedthan we do (in Theorem9.5.11; they take
y = 0 but allow for ary 3 < 1). The costfunctionin [MT94a] is ratherspecific
(namelyC = [R], D = [¥], Re B(H,Y), sothatthesignatureconditionbecomes
redundant;condition (iii) is also otherwisemodified due to differentregularity
assumptionsandthe systemis assumedo be estimatablemorewer, condition
(i) is nottreated.

Almost the sameresultis givenin [MT94b], for all estimatableNVPLSsthat
have C, D, R asabove (in particular C mustbe bounded hencethesesystems
are ULR) with the additionalrequirementghat B, is boundedand Z is exactly
reachabldn finite time (but A neednot be analytic). In this result,the CARE
is treatedasin Section9.7; in particular non-well-posedsolutionsare allowed.
Thus, Proposition11.2.19and Theorem9.7.3 extend the necessitypart of this
resultto arbitrary regular WPLSs. However, the corverseis not true without
suitablesignatureconditions asillustratedin Examplel1.2.17.

The nonsingularityassumption®f all above resultsarethe sameor stronger
thanthoseof ours. For singularfinite-dimensionasystemstheH* problemshave



beensolvedin [Stoonogel].

In Theoremsll.1.3and Theorem11.1.6,we have not statedthat yo = Yri;
however, this follows from the theoremsf (2.) holdsindependentiyof vy, e.g.,if
Hypothesi®.2.2is satisfied.

The state-spaceesultsmentionedabove treatthe case U = Uep. In the
frequeng-domain setting, one usually works with stablerational H* transfer
functions, in which casethereis no differencebetween” Uep and Uy, but
thereare also more generalsolutions,involving only the I/O maps(or transfer
functions),suchasin, e.qg.,[FF].

Seethe noteson p. 652 for solutionsof the H* FICP in termsof spectraland
“J-lossless’factorizationsHistoricalremarkson thestableH” FICParegivenon
p. 669.



11.2 The H* FICP: proofs

Thuchanteda songof wizardry,

of piercing, opening of treadery,
revealing uncovering betraying
ThensuddenFelagundthere swaying
sangin answera songof staying
resisting battling againstpower

of secetskept, strengthlike a tower
andtrustunbroken,freedomescape;
of changingandof shiftingshape

of snareseluded brokentraps,

the prisonopening the chainthat snaps.

— J.R.R.Tolkien (1892—-1973);The Lay of Leithian"

In this section,we shall prove the resultsof the previous sectionand present
somenew, moretechnicalones. In Theorem11.2.7we solve the H” FICP in
termsof J-losslesdactorizationsassumingy.r.c.-stabilizabilitywith MTIC. The
assumptionsrethenwealenedin Proposition11.2.8. Most otherresultsof this
sectionarerathertechnicalgeneralizationspartsof proofs,or counterexamples
againsturtherreductionof assumptions.

In additionto StandingHypothese4.1.0.1and11.1.1,we assumehefollow-
ing:

Standing Hypothesis11.2.1(H* Full-Inf ormation Control Problem (FICP))
Throughoutthis section,we male the following assumptions:Hypothesis9.0.1
is satisfied(with U — U xW andY — Z xW), y> 0 andtheris €, > 0 s.t.
[D1aull2 > &4 || [o] ] for all ue Uu(0,0).

Thefirst assumptiorsaysthat U is somethingeasonabl€andit is satisfied
if, e.g., U} € {Uout, Usta Ustr, Uexp}). The third assumptionis the standard
nonsingularityassumption:

Lemma 11.2.2(D11 I-coercive) (Drop StandingHypothesisll1.2.1for the mo-
ment).

If U} = Uexp (resp.Uout, Ustr, Usta) andy > 0, thenHypothesisl 1.2.1holds
iff Dy is |-coeriveover Uep (resp. Uout, Ustr, Usta)-

Thus,we obtainseveralequivalentassumptionfrom Propositionl0.3.2(resp.
Proposition10.3.1, the two propositionsand Lemma8.3.3, -"-). Recall from
Definition 8.4.1that I-coercvity is equialentto positive I-coercvity. It is up
to the readerto choose}, i.e., to decidewhich controlsshall be allowed (cf.
(11.6)and(11.7)).

Proof of Lemma 11.2.2: (By I-coercvity, we referto realizationZ;1 :=

[é‘%%} of Dy1.)

Thelemmafollowsdirectly from thedefinitions.Indeed we obviously have

I[85, = llUll 5, forall ue 2(0,0) = UZ(0); (11.33)



thesameholdswith Ugyt, Ustr OF Ustain placeof Uexp. O

In additionto Definition 11.1.2 , we needsomeextra notation:

Definition 11.2.3 Throughoutthis chapter we usealsothe following notation:

Dy = |:]D)61:| D, — [D|12], Yi=ZxW, J:=J:= [(') —SZI] (11.34)

Thecostfunctionis givenby
950, U,W) 1= 750, [4]) 1= . 3¥) 2(r, ) Whery = Cxo+ D[]  (11.35)

(for xo € H, [&] € U (o).

Thus,D = [D; Dy] € B(U x W,Y); this short-hand-notatiomakes mary
formulaesimpler

Lemma11.2.4\We havey > y iff there is € > 0 s.t. infcq,0m) 7 (0, u,W) <
—¢||w]|3 for all w e L2(R,;W).
A H”-Fl-pair (or H*-SF-opeator) is suboptimafor X iff D5**J, D5 < O.

Thus, a H*-Fl-pair is suboptimalif it makes 7 uniformly negative w.r.t. w.
H%-Fl-pairsandH”-SF-operatorand=" aredefinedasin Definition11.1.2.
Proof: 1° Casey > yo: Given [{j] € L2(R;;U x W), we have (y,Jyy) =
1215 — y?|[wl|3, where[Z] :=y := D[{], hencethe costfunction J becomes
uniformly negative w.r.t. w (7(0, uy, W) < —||w||3 for all w andsomee > 0)
iff the control law w — u, makesthe norm ||w — Zz|| lessthany, i.e., iff
1213~ VAIIwl3 < e]|wi3 for somee > 0.

2° Suboptimality:SinceD5® = [Dlﬁ] (see(11.8)), we have D *J D5 =
(DD)*D — Y2l < 0,iff | D3| <y, by LemmaA.3.1(e2). 0

A H”-Fl-pair is a statefeedback(throughu only) pair for which the (con-
trolled) input [ ] isin ¢} for all Xo € H andw € L2(R.;W):

Remark 11.2.5Let [ K | F | = [% |Fg B2 | be an admissiblestate feedbak
pair for =. Then[ K | F | is a H*-Fl-pair iff the closed-loopcontol u :=
K™%0 + F3w producedby [ K | F | is in y(xo,w) for each xo € H and
w € L?(R4;W). In particular, C™ and D5 mustbe stable

Thus,if U} = Ue (resp.U; = Uow), then[ K | F | is a H*-Fl-pair iff the
controller malesthecontrol, stateandoutput(resp.control and output)stablefor
all xo andw; equivalentlyiff > is exponentiallystable(resp.iff C{*, K", Df;
andF{; arestable).

Proof: The first equialenceis trivial. Assumethat U} = Uep (the case
U = Uoyt is analogousandhenceomitted). By definition, [w] € Uexp(Xo) iff
[w],%y € L?. By LemmaA.4.5, theclosed-loopsystemis exponentiallystable
iff x:= A" X € L2 for all Xg € H; conversely if this is the case thenalsothe

y
output [u] is stablesothat| K | F | is aH”-Fl-pair. N
w



The Uep-resultsof Sectionl1.1arebasednthefollowing:

Proposition 11.2.6(Uexp: (i)—(ii})) Supposehat U = Uep and that someof
(1.)—(6.)of Remark9.9.14hold. Then(i)—(ii)) are equivalent:

() y> Yo, andthere is an exponentiallystabilizingH-FI-pair for Z;

(>i) Y> VFi, I.e., thereis a suboptimaH®-Fl-pair for Z;

(i) TheCAREhasa UR exponentiallystabilizingsolution(?,SK) s.t. 2 > 0,
Si1> 0and Sy — $151S11 < 0.

Moreover, if (i) holds,thentheassumptionsf Proposition11.2.8(alsothose
of (al)and(a2)) are satisfied(FI1)—(F15) hold, andthe solutionof (iii) is unique
andULR.

Notethat“thereis a H*-Fl-pair for Z” meanghatZ is exponentiallystabiliz-
ablethroughB;. Cf. alsoLemmall.1.8.

Proof: 0° Wealening the assumptions:In fact, it sufficesthat (%,J,) €
coercveCARE over U} = Uep exceptthat we have to requirean UR state
feedbackoperatorinsteadof a SR one (implications (i) = (i)=-(iii) are true
evenwithoutthis extrarequirement)in particular also(7.) and(8.) or Remark
9.9.14with “UR” in placeof “SR” aresufficient.

1° (ii)=-(ii)):  This follows from Proposition 11.2.9 (implication
(FI5)=(FI2)).

2° (i)=(i): Thisfollowsfrom (11.12).

3° (i)=-(iii) and Proposition 11.2.8: Assume (i). By Proposition
11.2.19(alpndRemark9.9.14(a)the CARE hasan ULR Uep-stabilizingso-
lution (?,S K) (andD € ULR). SinceD, JD = 1*Sl, by Theoremd.9.1(g2),
alsotheclosed-loopg/O mapD, correspondindo ary exponentiallystabilizing
H®-Fl-pair hasa spectralfactorization,by Lemma6.7.13. Therefore we can
applyPropositionl1.2.8(al)to obsenethatS;1 > 0 andSy, — anllslz < 0,
sothat(iii) and(FI1)—(F15)hold. O

If ¥ is smoothly exponentially stabilizable through u, then we have the
classicalequialence(for U = Uep, We alsogive herea variantof this result
fOI’ ﬂ: == uout):

Theorem 11.2.7(A: FICP) AssumeéhatK = [%1] is a UR statefeedbak opera-

tor for £ with closed-loopsystent, s.t. D, € 4. Assumelsothat U} = Uep and
K is exponentiallystabilizing(resp. U} = Uyt andK is [g.]r.c.-SOS-stabilizing).
Then(FI1)—(FI5) are equivalent:

(F11) y> Yo; i-e., infyc 4400, T (O, U,-) < O;
(FI12) y > VFi; i.e., thereis a suboptimaH®-Fl-pair for Z;
(FI3) Dy JyD, = XEIX, wheeX;,X;1; € GTIC;



(FI4) the IARE has an exponentially stabilizing (resp. P- [q Jr.c.-SOS-
stabilizing)solution(, S[ K \ F ]),and®? >0, andS:= (X*SX)(sp) sat-

|sf|e5511 > 0and 522 — Squl Slz < 0 for some(equivalentlyall) s € C
with Res > max{0, wa}.

(F15) the CARE (11.36) has a UR exponentially stabilizing (resp.a UR P-
[g.]r.c.-SOS-stabilizingdolution (?,S K), and? > 0, $1 > 0 and S —
215112 < 0.

Moreover, thefollowing hold:

(a) Theris a suboptimaH”-SF-opeator iff (FI5) hasa solutionwith S, < 0;
if this is the case thenK; =(11.40)is a UR exponentially(resp.[qg.]r.c.-
SOS-)stabilizingsuboptimaH”-SF-opeator.

(b) For any solutionsof (FI3)—(FI5) (resp. (FI3)—(FI7)) we haveX; € 4,
Xj11 € GA(U), Mz € GAW), D, F, Doy, Fis, N, M, X3, D, € UR,

Moreover, if there is a suboptimalH®-FI-pair, then(11.39)generate a UR
suboptimalexponentially(resp.[q.]r.c.-SOS-¥tabilizingH”-FI-pair.
(c) If any of (FI1)—(FI5) havesolutions,thenthe assumption®f Proposition

11.2.8 are satisfied(also thoseof (al)&(a2); in particular, (?,SK) is
unique).

(d) If [ K |F ] is g.r.c.-SOS-stabilizingthen (FI1)—(FI7) (and (FI8) if K is
ULR; and(FI19) if dimU < o or dimW < ) are equivalent:

(F16) D hasa (Jy,Ji)-inner[q.]r.c.f D = NM 1 with My, € GTIC(W);
(FI7) D hasa (Jy, J1)-losslesgq.]r.c.f D =NM~1 s.t. My, € GTICa(W);
(FI8) D hasa (Jy,J1)-losslesgq.Jr.c.f. D = NM~1 s.t. My € GB(W);
(F19) D hasa (Jy,J1)-losslesgq.Jr.c.f D=NM~1.

(e) Thistheoemalsoholdswith“ TICNULR” in placeof* 4” if anyof Remark
9.9.14(1.)—(6.)holds. Moreover, this theoemalwaysholdswith “ULR” in
placeof “UR”.

Naturally X :=1—TF in (FI4). Note from (11.58)that the statefeedbackkK
of (FI5) (or [ K | F | of (FI4)) produceshe unique“minimax” control. In this
theoremthe CARE canalsobewritten as(11.25),by Lemma9.11.5(e).
Recallfrom Definition 6.4.4thatD = NM~? is a (3, J1)-inner[q.]r.c.f. iff N
andM are[q.]r.c.,M € GTIC., andN*J,N = J; (andD = NM1).

By Examplel1.2.16,condition(FI9) is not sufficientin general(by 11.2.15,
11.2.17and11.1.9,alsothe conditionson X;; andSarenotsuperfluous).

Proof of Theorem 11.2.7: 1° D,X*! € UR, D, € ULR: By the assump-
tions,D,X := | — F € UR. By Proposition6.3.1(b1),alsoM := X1 is UR.
SinceD, € 4 C ULR, it followsthatD = D, X is UR.

2° (FI1)—(FI7)=SpF: By Proposition11.2.9andLemmal1.2.10,ary of
(F13)—(F15) (resp. (FI3)—(F17)) implies that (FI3) holds, in particular that
Dy D, hasa spectrafactorizationX; S X, (with S = J;).



If (FI1) or (FI2) holds, then (FI1) holds, by (11.12),hencethenD is J,-
coercve, by Proposition11.2.19,hencesois D,, by Theorem8.4.5(d)&(g1),
henceNiD;Jy]D)D hasaspectrafactorizatiorX: S,X, with X, € G4 (U x W) (since
D, € 4).

3° Theequivalencef (FI11)—(F17): By 1°&2°, theassumptionsf Proposi-
tion 11.2.8(a2)and(al))aresatisfied(sinceD,, X, € 4 C ULR c UR) when-
ever ary of (FI1)—(FI5) (resp.(FI1)—(FI7))is satisfied. Thus,theseconditions
areequvalent,by Proposition11.2.8(d).

(c) Thiswasestablishedbove.

(d) Thiswasshavn in 3° above for (FI6) and(F17). Therestfollows from
Lemmall.2.10,whoseproof showns thatMy, = (X[l)zz (henceMy; € ULR,

becausmecessarilyjX; ! € 4 c ULR).

(a) This follows from Proposition11.2.8(a2)see3” above).

(b) b.1° (FI3)&(FI6)—(FI9): By 1°&3° above, D,X,M € UR and
D,,X;,X, € 4 C ULR (from the proof of Lemma11.2.10,we obsere that
this holdsfor solutionsof (FI8) and(FI9), exceptthatX,;; andMj, might be
noninvertibleif theadditionalassumptiong (d) arenotmet).

ThereforeXy11 € G4, hencéMy, = (Xh_l)zz € G4 (andMpy; = (Xh_l)m €
4(U,W)) if M is asin (FI6), by the proof of Proposition11.2.8(d);notethat
thenalsoM = N’ZIXh_l is UR.

b.2° (FI4)&(FI5): (Here| K | F | refersto a pair solving (FI4) or (FI5),
X:=1-F M:=X"1=Fy+I,N:=Dgs := DM, asin Definition9.8.1.)

By Proposition 11.2.8 (and b.1°), F = | — E’X,X € UR, hence
X,M,Fy,N,Dis € UR.

b.3° SuboptimaH®-FI-pairs: Thisfollowsfrom Propositionl1.2.8(al)its
assumptionsold by (c), sincenow we have assumedFI2)).

(e) In fact, thistheoremalsoholdswith “TIC NUR” in placeof “ 2” if either
D, is not J-coercve or D, hasan UR spectralfactorization(exceptthat (FI8)
might becomestrictly strongerthanthe other conditions;this is not the case
whenthefactoris ULR), asshovn below.

1° 4: Indeedtheproofonly usesrom*“D), € 4" thefactsthatD, is UR and
thatif ), is Jy-coercve, thenD, hasa UR spectrafactorization(if we replace
4 by TICNUR in (a)). The only exceptionis thatthe necessityof (FI8) was
showvn above assuminghatX;, € ULR (sothatevenit is truein 2° below).

2° ULR: Indeed,if K is ULR, thensoareall the otheroperatorslaimedto
be UR in thistheoremcf. the proof of (b).

(Even“SR” would be otherwiseacceptabldut it might leadto problems
with (FI5) unlessve make someadditionalassumptionn (FI5) (cf. Proposition
2.2.5)or we assumeéhatdimW < o.) O

In most classicalresults,one assumeshat U = Uep (Or exponentialde-
tectability, which implies that Uout = Uexp), thatZ is exponentiallystabilizable
andthatB is boundedthis includes[K eu]). By Theorem9.2.12 thisimpliesthat
we cantake a boundedexponentiallystabilizingK andchoosethe 4 of Theorem
8.4.9¢), sothattheassumptionsef Theoreml1.2.7aresatisfied.



However, without sufficient regularity assumptionsthe above equvalence
doesnot hold, at leastin caseU; = Uy By Example11.3.7(b),(FI1) does
notimply ary of (FI3)—(FI5) in general(not even for strongly stableuniformly
half-plane-rgular systemgsothatonecantake K = 0); in this example,the U} -
stabilizingsolutionthe CARE is notl/O-stabilizing;in Examplell.3.7(a)thereis
no U;-stabilizingsolutionof the CARE, nor of the IARE). Althoughthis counter
exampleonly treatsthe casesUpyt, Usta and Usyy, it is believed thatan example
similarto Examplel1.3.7(a)couldbeconstructedor ey too; seethecomments
below theexample.

To avoid this problem,we madethe 4-assumptiorabove, andin the general
WPLS resultbelonv we have to make a wealer spectralfactorizationassumption
(whichis necessaryor (FI3), hencefor (FI4) and(FI5) too, by Propositionl1.2.9
andLemmall.2.10):

Proposition 11.2.8(FICP) Assumethat [ K ‘ F ] = []%1 ‘ﬁél ﬁZ} is a state
feedbak pair for Z with closed-loopsystent,, and that Dj J,D, = X{S,X,, for
someX, € GTIC(U xW) andS, € GB(U xW). Assumalsothat U = Uep

and [ K|F } is exponentiallystabilizing (resp. U* = Uy and [ K|F } is
[9.]r.c.-SOS-stabilizing).

Then(FI1)—(F14) of Theoem11.2.7are equivalento ead otherandimplied
by (FI5). Alsothefollowing hold:

(al) (CARE) AssumehatD is WRandthe CARE

K*SK = A*P? + PA+C;Cy,
_ [D1P11 D13D12 i R* a1
S= D1Du1 D’ilez*VZ'} +\év—>|—l&-r°g BuP(s—A"B, (11.36)
— 1/p* D;
K=-s(B2+[p|C).
hasa UR exponentially(resp.P-[g.]r.c.-SOS-)stabilizingolution(?, S K).
Then?, SandK are unique

Moreover, (FI1) holds iff ;1> 0 and S — $:1S;{S12 < O; if this is
the case then (11.39) geneiate a UR exponentially (resp.[q.]r.c.-SOS-)
stabilizingsuboptimaH®-Fl-pair and(FI5) holds.

Theeis a suboptimaH®-SF-opeator iff S;; > 0and$, <« O; if thisis the
casethenK; =(11.40)is aURexponentially(resp.[qg.]r.c.-SOS-¥tabilizing
suboptimaH*-SF-opeator.

(a2) Assumehat D is WR,F and X, are UR and F = 0. Then(FI1)—(FI5)
are equivalentandthe CAREhasa UR exponentially(resp.P-[g.]r.c.-SOS-
)stabilizingsolution(?, S K).

(b1) TheconditiononSin (F14) isindependendnthechoiceof Sand [ K | F |
(andsp € CT), and © is unique ConditionXy1; € GTIC(U) in (FI3) is
independenonX; (by (c1)).

(b2) Anexponentially(resp.P-[qg.]r.c.-SOS-)stabilizingolutionof the CAREis
unique



(b3) A solutionof (FI3) or (FI4) is uniguemoduloan invertible constant.

(c1)1f (FI1) holds, D} JI), = X; 11 X; andX € GTIC, thenXy; € GTIC(U) and
1X21 X1 7 [l7ic < 1.

(c2) Anysolution? of (FI5) is unigueanda solutionof (F14).

(c3) If X, andF are asin (FI3) and (FI4), respectivelythenX, := EX, and
(I —=F) = E’X, (1 — F) for someE,E’ € GB(U x W).

(d) If [ K |F } is g.r.c.-SOS-stabilizingthen (FI1)—(F14) are equivalentto
(F16) andto (FI7) (andto (FI9) if dimU < oo or dimW < o).
(e) AnyUR solutionof (FI3) canberedefined.t. X = [Xél ﬁ;ﬂ , X11,X22€ GB.

(f) Evenwithout the above spectal factorizationassumptior(that of X, and
S), wehave(FI5)=(Fl4)<(FI3)=-(FI2)=-(FI1), part (d) is true with (FI3)
in placeof (FI1), andpart (al) s still true (wheneer (P, S K) exists).

By Proposition11.2.9,(FI5) and (FI4) are sufficient for (al) andfor (FI1)—
(F14) without ary further assumptions.Unfortunately (FI1) implies neitherof
(F14) and (FI5) in general. By Example11.3.7(c), condition (FI5) is strictly
strongerthan(FI1)—(F14).

Proof: (Notefrom Lemma6.7.13thatthe existenceof X,, andsS, (if ary) is

independentn [ K|F }.) WesetX := | —F, M := X~1. By (FI1s)—(FI5s),

we referto the conditionsof Theorem11.3.3for [éﬂ%] .
1° (FI1)<(FI2)<(FI3)<(FI1s)—(Fl4s): By Lemma11.2.22, condition

(FI1s) of Proposition11.3.4for 3! := [%H%] is equvalentto (FI1), and

(F12s)for Zbl to (FI12). By Proposition11.3.4,(FI1s)—(Fl4s)areequivalent(for
U; = Uexp this follows from the factthat fa@p = ‘ugﬁt, by Theorem3.4.5(¢e)).
Condition(FI3) is trivially (FI3s)for =1.

2° (FI4)<(Fl4s): By Lemma9.12.3(d1)&(d2)anduniqueness)he solu-

tionsof (FI4) and(Fl4s)correspondo eachotherasin (9.224).

Indeed,thenX; = XM, by (9.224),henceS := X; SX, = M SM where
S:= X*X (at somesy € C*). Thus, the claim follows from Lemma
11.3.13(1)&(ii") (the “(hence all)” claim), becauseM = [ |] (note that if
w > wa, thenX = [67] € H*(CS; B(U x W)), by Lemma6.1.10and Theo-
rem6.2.1).

3° (FI5)=(FI1): Thisis givenin Proposition11.2.9.

(al) If (FI1) holds,thenso does(F12), by 1°. Since? is Uj-stabilizing
(see3’ above), the signatureconditionsS;1 > 0 and S, — qullslz < 0are
necessaryby Proposition11.2.19(d1)&(d2). The restfollows from Lemma
11.2.13.

(a2)a2.T (P,SK) exists:Now M is UR andM = X1 = |, by Proposition
6.3.1(a3),henceD, = DM is WR. By Corollary 9.9.11,the IARE for %, has
a UR exponentially(resp.stableand P-[qg.]r.c.-SOS-)stabilizingsolution with
zerofeedthrough(useLemma6.7.15(c2)in case?; = Uep), henceso does
thatfor Z, by Lemma9.12.3(d1)&(d2)Xanduniqueness).



a2.2 (FI1)—(FI5) are equivalent:We have alreadyshavn above that (FI1)—
(F14) areequialentandthat (F15) implies (FI4). By a2.T and(al),asolution
of (F14) is necessarila solutionof (FI5).

Remark: In this case (FI1)—(FI5) are equivalent to (FI1s)—(FI5s)(see
Proposition11.3.4(a)).Now P andSarethe samein (FI5) and(FI5s) (if either
(henceboth) holds),andK = K + K’, whereK correspondso (FI5) andK’ to
(FI5s),by (9.226).

(b1)—(c3)&(e)Most of thesefollow easilyfrom the above andProposition
11.3.4;therestfollow asin its proof.

(d) Thisfollows form Lemmal1.2.10.

Remark: We necessariljhave M(l —F) € GTIC(U x W) for solutionsM
of (F16) andF of (FI4), by the proofof Lemmal1.2.10.

(H 1° (FI5)=(FI4)=(FI3)=(FI2)=-(FI1): If (FI3) holds, then so do
(F11)—(F14) (sincewe cantake X, := X), by this proposition. Implications
(F15)=(F14)=(FI3) follow from Lemmal1.2.9.

2° (al)&(d): Theassumptiorthat(F15) holdsis morethansufficientfor the
proofof (al). Themodifiedpart(d) still followsfrom Lemmal1.2.10. O

As explainedabove, theequvalenceof (FI11)—(Fl4)doesnotholdunderamere
stabilizabilityassumptionHowever, we still havethefollowing sufficiency results
of propositionandlemmabelow:

Proposition 11.2.9(FICP: CARE = H*-SF-operator) Assumehat I} = Uyt
or U; = Uexp. If (FI4) or (FI5) holds,then(FI1)—(FI4) holdandtheassumptions
of Lemmall.2.10and Proposition11.2.8are satisfied.

Thus,if (FI5) holds,thenwe canapply Proposition11.2.8(al).

Proof: 1° (FI4)=(FI1)—(FI3): Assume(Fl4). RedefineSand|[ K | F ]
by (11.52),sothatS;3 > 0> S». By Lemmall.2.14(a),| K | F | :=isa
suboptimaH®-Fl-pairandMs; € TIC.

If U = Uep, then [ K | F | is exponentially stabilizing, by Remark
11.2.5. If U = Uy, thenwe obsenre from (11.10)that [ K | F | is stable
andSOS-stabilizingandfrom (11.11)thata|sz_1 =MM andD" = DsM™!
are[q].r.c., whereM := [, f,] € GTIC, by Lemma6.4.5(c), hencealso
[ K | F ] is[q].r.c.-SOS-stabilizing,

In eithercase we have shavn thatthe assumption®f Lemmall.2.10are

satisfiedhence(FI1)—(Fl4) hold andthe assumptionsf Propositionl1.2.8are
satisfied.

2° (FI5)=-(FI1)—(FI4): The proofis analogoudo thatof 1° (seeLemma
11.2.13and3° of theproofof Lemmall.2.10). O



Lemma 11.2.10(FICP: SpF/IARE = H®-Fl-pair) Assumethat [ K|F ] =
K: |Fu Fio | is a statefeedbak pair for = with closed-loopsystent,. Assume
K |y E feedbak pair for = with closed-| ms,. A

alsothat U} = Uexp and[ K ‘ F ] is exponentiallystabilizing(resp. U} = Uout

and[ K |F ] is [g.]r.c.-SOS-stabilizing).
Either of (FI3) and (FI4) impliesthat (FI1)—(FI4) and the assumptionf
Proposition11.2.8are satisfied.If [ K|F } is g.r.c.-SOS-stabilizinghen(FI3)

is equivalentto (FI6) andto (FI7) (andto (FI8) if My, € ULR andto (FI9) if
dimU < o or dimW < ).

Proof: 1° (FI3): For (FI3) thisis obvious:take X, (=X, S, ;= J;.

2° (F16): By Lemma6.4.8(b),the solutionsof (FI3) and(FI6) correspond
to eachotherthroughM = MX;l (if we neglectX;;; andMyy), henceMy, =
(X, )22 (becauseMl = [§ {1). But (X, )22 € GTIC(W) iff Xy11 € GTIC(U),
by LemmaA.1.1(cl),hence(FI3) and(F16) areequialent.

3° (FI7), (FI8) and (FI9): We obtain“(FI6)«<(FI7)” from Corollary 2.5.5
(since N = DM, so that Np» = My, becauseD = [§7]), “(FI6)<(FI9)”
from Proposition2.5.4 (if dimU < o or dimW < o; not in general!),and
“(FI7)<(FI8)” from Proposition6.3.1(c)(if My, € ULR).

4° (FI4): Assume(Fl4). Let Z5 bethe closed-loopsystemcorresponding
to(?,S[ K | F ]). ThenDJDs = S=1*9, by Theorem9.9.10(a2)&(al).
Thus, also I yD, has a spectralfactorization,by Lemma6.7.13 (in case
of Uep) or Lemma6.4.5(c)(in caseof Uy, sincethenD, = DU, hence
D; D, = U*SU, for someU € GTIC). Therefore the (preliminary)assump-
tionsof Propositionl1.2.8aresatisfied hencealso(FI1)—(FI3)hold. O

Theaboveresultsalsoholdfor Usy or Ustain placeof Uyyt, Mutatismutandis:

Corollary 11.2.11(FICP for Usy and Usta) Assume  that [ K|F } is
[strongly] g.r.c.-stabilizing Thenthe following hold for Theoem11.2.7,Propo-
sitions11.2.8and11.2.9andLemmall.2.10:

We have Uout = Ustd = Usy], and “SOS-" can be omitted[or replacedby
strongly; moreover, “P-SOS-" canbereplacedoy strongly].

Proof: By Theorem 8.4.5(92), Uout = Ustd= Usy]. By Theorem
6.7.15(al)[(a2)], prefices “g.r.c.-SOS-stabilizing” and “g.r.c.-stabilizing”,
[and “strongly g.r.c.-stabilizing”] are equivalentfor admissiblepairsfor Z or

[%H%] [Obviously, that “strongly” implies “P-".] For [%H]—%ﬂ “g.r.c.-
SOS-stabilizing"and“stable and SOS-stabilizing"are equivalent,by Lemma

6.6.17(b). 0

In the setting of Proposition11.2.8,all suboptimal(i.e., s.t. |[w— Z|| < y)
stablecausakime-invariantcontrollaws U : w — u canbeformulatedasfollows:



Lemma 11.2.12(All suboptimal TIC controllers) Assume that [ K ‘ F ] =

[1%1 ‘ ﬁél Fi2] is a g.r.c.-SOS-stabilizingtatefeedbak pair for = with closed-loop
systent,.
Thenall U € TIC(W,U) s.t.|| D11 U+ D12||1ic < y are givenby

{My1Ust+Miz | Ust € TIC(W,U) is s.t. || Ny Use + Nao || <y} (11.37)

Givena solutionfor (FI3), we obtainthe parametrizatiorof all such(closed-
loop suboptimalTIC controllaws) Us; from Theorem11.3.6.

Recallfrom Theorem6.7.15(c2) thatif Z is estimatablethenarny exponen-
tially stabilizingstatefeedbaclpairis exponentiallyg.r.c.-stabilizinghencey.r.c.-
SOS-stabilizing).

If we droptheg.r.c.-condition,then®“Us; € TIC” mustbe replacedby “Us; €
TIC & M;1Ust+Mjo € TIC.

The existenceof a solutionU to the I/O mapproblem(or frequeng-domain
problem) formulated above obviously implies thaty > yp. Recall that if the
assumptionof, e.g., Theorem11.3.6 hold, thenyy = yr, hencethen alsothe
converseholds(sincethis problemobviously lies betweerthosecorrespondingo
Vo andyg), sothat (FI3) is applicablefor the above parametrizatiowhenerer a
solutionexists.

Proof of Lemma 11.2.12: (N.B. We obsenre from the proof that the
theoremalsoholdswith “< y" in placeof “< y".) As elsavhere,we have set

M:=(-F)"t=[§i]eTIC N:=DM =[}}]eTIC. (11.38)

1° Ust = U (suficiency):Let Us; € TIC(W,U). SetU := MllUst-i—Mlg €
TIC(W,U), sothat [V] = M [U]. ThenN[Ust] = DM [Ust] = D[V], hence
N11Ust + N1o = D1, U+ D12, sothatU is suboptimafor D iff Ug; is suboptimal
for N.

2° U = Ust (necessity)LetU € TIC(W,U) bes.t.||D11U+D12||tic < Y.
SetUs := [I O|M~![V]. SinceD[V] € TIC and [V] € TIC, we have
MM Y] € TIC, by Lemma6.5.6(b),i.e., Us; € TIC. Thus,we have the
settingof 1°. O

In the next two lemmaswe list someimplicationsof the Riccatiequationand
formulatea sufficient conditionfor suboptimality(seeLemmall.2.14(a)):

Lemma 11.2.13(General U;: CARE = FICP) Assumethat CAREhasa UR
U;-stabilizing solution (?,SK) s.t. 2 > 0, S;1>> 0 and S — 521q11512 < 0.
Thentheassumptionsf Lemmall.2.14are satisfiedincluding (4.)).

In particular, if U = Uexp (O U = Usyrand (I —F) 1 € TIC), then(11.48)
is a suboptimaH®-Fl-pair for Z, with genertors

_qll(D*ilcéHB’{)wT) ‘ 8 —Sélsﬁ ]; (11.39)



if, in addition, S <« 0, then

Kii=[l 0K =—(S11~S125,%1) " (D11C1+ (BDw?P — S1253 (D1 L1+ (B3 w?))
(11.40)
is a UR suboptimaH*-SF-opeator for 2.

Proof: (By Theorem9.8.12(s4)&(s3)®, SandK areunique.)

1° All claims exceptthe formulae (11.39) and (11.40): By Proposition
9.8.10,(?,S,[ K | F ]) is a UR U}-stabilizingsolutionof the IARE. Obvi-
ously, (4.) is satisfiedor sp = +-0. TheclaimonKj followsfrom (a) of Lemma
11.2.14thaton (11.48)from (b) and(a) (with S=S).

Thus,it only remaingto establis(11.39)and(11.40).

2° The geneators of (11.48)are givenby (11.39): If (?,SK) is a UR
solution of the CARE (i.e., 5o = + and S= 9), thenF = 0, henceF =

o5

(K)1=Ki+SiSKo=—[| S18,] SHD*IC+B;,P) (11.41)
= sdsal [y %[5 O] [p Y] oacme

(11.42)

=—[s 0] (D*}C+ByP) = —S; (D} iC1+ (B)w?). (11.43)

3° We haveK; =(11.40): By LemmaA.1.1(cl)(substituteA — ),
GBWU) > (SH1f =Suu—S12S, 1 =: 9. (11.44)
SetL := D*J,C+ByP. Then
Ki=—[I 0SL=-[ 0 [—Slzlszl (I)] [(gl(l))_l Sozl} [(') —Sll.ZSzl] L

(11.45)

= (S M1 —SSH]L= (S L - SS;le) (11.46)

=(11.17). -

Our sufiiciency resultsare basedin the following lemma (all three casesof
(a2)areusedin Section11.1):

Lemma 11.2.14(General U;: IARE = FICP) Assumethat IARE has a U}-
stabilizingsolution(?,S [ K | F |) s.t.2 > 0. Assumein addition, thatat least
oneof (1.)—(4.)holds:

(1.) min(dimU,dimW) < oo;

(2.)X11 € GTIC,(U);

(3.) X11(S0) € GB(U) for somesy € CF;

4. S:= X(so)*SX(so) safisfiesS;; > 0 and S, — §21§1_11§12 < 0 for some
s eCY.



(In (3.) and(4.), weallow for anya > max{0,9} s.t.F € TICq; for F € UR
wealsoallow for s = 4. In (2.) and(3.), wecanallow right-invertibility (being
onto)insteadof invertibility.)

Thenthefollowing s true:

(al) If S <« 0, then [K|F ] satisfies Xi1,Mz» € GTICa,
D, M52, Xo1 X7, My My; € TIC and [D5|ric <.

(a2) Assumehat 1. U; = Uexp, OF that2. U; = Uyt andM € TIC, or that 3.
U; = Uoytandthereis e > 0s.t.

|Cexo+D11u+Diow|2 > g]|ull2 (ue L2(R;U), we L?(Ry;W), Xg e H).
(11.47)
If 2 <0,then[ K | F | := [%+| By F2] is a H*-Fl-pair; in casesl. and
2. it is suboptimaland || Df3 || <y alsoin case3.).
(b) If (4.) holds,thenthe 7z} -stabilizingsolution(?,S, [ K' | ' ]) definecby
(11.52)satisfieghe assumptionsf (a) (i.e., 7 > 0, S,, < 0 and(4.) holds
for X' (s0)SX (s0)); the correspondingpair [ K | F |” isgivenby

K1+ S[S12Ko | Fua + S[ESioF21 Fio+ SiSia(F22 — 1) (11.48)
0 0 0 '
In (a), we have usedthe standarchotationX := | —F, M := X!, N:= DM,

Df} := NipM,5'; cf. Definition 9.8.4and(11.8).
Notethatwe canchooseg.g.,a = max{0, 3, wa+ 1}. Recallthatfor Uy, and
Uexp ONerequireshatthecontrolis stable,i.e., & = 0.

Proof of Lemma 11.2.14: Remarkl: This lemmaalsoholdswithout the
assumptioron the existenceof €, (seeStandingHypothesisl1.2.1);indeed,
this proof doesnot useit evenimplicitly. The sameremarkappliesalsoto
Lemmall.2.13.

Remark2: By Theorerr19.8.12(s4)§(and1’) is independenon the choice
of a 7 -stabilizing (?,S | K | F |). However, conditions(2.) and(3.) may
dependon [ K | F |: if D*}D = Ji, S= —Jy andX = [{}], thenS= J; and
(4.) (and(1.) if we chooseso) hold although(2.) and(3.) arefalsefor this
solution(but not for all solutions,by (b)); this problemdid not occurwith the
CARE (seeLemmall.2.13).

(al)By Theoren®.9.1(al)&(el)Z isady-critical controlin statefeedback
form. By Theorem8.3.9(al’),C is stableand K is J-stable. By Lemma
6.1.11(andRemark6.1.9) M =T + 1 € TIC,(U x W) for all w > 3.

1° My, satisfiessomeof (1)—(5) of Proposition2.2.5: If any of (1.)—(3.)
holds,thenX;; satisfiessomeof Proposition2.2.5(1)—(5) henceso doesMy,
by LemmaA.1.1(cl)(if dimU < o, thenMy, satisfieg4), which is obsered
by exchangingthe columnsandrows of M).

If (4.) holds,thenwe canapplyLemmal1.3.13(b2)}o S:= X(so)*sg(so)
to obsere thatBA{(so)ll € GB(U), equialently, thatM(so)zz € GB(W), sothat
(5) holds.



2° IM, € TIC: Since® > 0andNy, = My, (becaus® = [} {]), weobtain
from the(2,2)-blockof (9.157)that

Vo (M) M, — (Np2)*Npp > —TionS2 > €21 (> 0). (11.49)

It follows from Corollary2.2.6,1° and(11.49)thatMy, € GTIC(W) and

[Ma2|ITic < Y/e.
3 |D |lmic < v: From (M,4)*-(11.49)M,,} we obtainthat

Yl > (DY) D5 +e?(My; ) "My, (11.50)
hence|| D73 ||tic <Y, by Lemma2.1.14.
Remark: Givenw € L2(R;W), we have [|Dw||3 < y? — €| M, w]|3,
hence||Dow||2 < Y. If U = Uep, thenZ s is exponentiallystable hencethen
M, € TIC, hencethen||D5|| < (Y2 —€2/||M22||?)Y? < .

4° Xp1X({ € TIC: Since(D})* 3D} = (DY,)*D}, > 0and? > 0, we obtain
from the(1,1)-blockof (9.160)that

t 1% t
[%ﬂ s[%ﬂ >0 (t>0). (11.51)
Apply Lemma A.3.1(g) to obtain that thereis & > 0 s.t. (X{,)*X{; >
3(X,,)*X,, ie, 871 > (V)*Wt, for all t > O, henceV € TIC, by Lemma
2.1.14,whereV := X1 X;{ = —M,)Mp; (by the(2,1)-blockof MX = ).

(@2) 1° Uexp: Suboptimality: Since P is Uexp-Stabilizing, Z (and BT,
by Lemma6.1.10) is exponentially stable. From (11.10) we obsenre that
A" Xg € L2 for all xp € H, henceZ” is exponentiallystable by LemmaA.4.5.
Thus, [ K | F | is a H*-Fl-pair, by Remark11.2.5. By the remarkin 3°,
IDGITic < y(sinceM =Fis +1 € TIC), i.e.,,[ K | F ] is suboptimal.

2° Uoyt SuboptimalitywhenMio, My, € TIC: Becausg K | F | is Uour
stabilizing, it is output-stabilizingpy Theorem9.8.5. This andthe stability of
My (by theassumption)D§3 = NioM,; andMs; (by 1°&2°), imply thatC",
K", D andFy; arestable(see(11.10)). Thus,| K | F | is aH”-Fl-pair, by
Remark11.2.5. By the remarkin 2°, |D{3||tic <Y (sinceMp, € TIC), i.e.,
[ K | F | issuboptimal.

3° Case||Cixg+D11u+D1ow||2 > €]|ufl2: (Recallfrom (al)that||D3 || <Y,
hence[ K \ F ] is also here“almost suboptimal”.) SinceCs and K are
outputstable(by Theorem9.8.5),we have D, F € TIC, for all w > 0, by
Lemma6.1.11.This, (al)Z and(11.10)imply thatC", D, K™ andF" are
w-stablefor all w > 0.

By (al), Dy} is stable. ConsequentlyL? > D3w = Dipw + Dy F3w, by
(11.9),henceF3w € L2, by (11.47),for all w € L2(R4;W). Thus,F{3 € TIC,
by Lemma6.1.12.

By (11.10),C) = Cis1 — DKo is stable,hencel? > CPxg = Cixo+
D11 KXo, henceKi™Xo € L2, for all xg € H, sothatK?{" is stable.

Thestabilityof C{, D3, K™ andF{3 imply that[ K | F | isaH>-Fl-pair,
by (11.8)andRemark11.2.5.

(b) By Lemma 9.8.12(s1),also (?,S,[ K' | F' ]) is a U;-stabilizing



solutionof thelARE, where

[K'\F]::[EK\EJFH—E],s::[sglSZ : (11.52)
E = [('ﬁfliz] € GBU xW), E = EX(so)" € GB, and Sy, == S0 —
S$1S1S12 < 0, becauseS = E*SE-t = E*SE~L. SinceS,, < 0 (and S
remainsinvariant),theassumptionsf (a) aresatisfiecby (?,S,[ K | F' |).

( 520)1/2] to obtain S = J; above
22

(thiswould slightly alter(11.48)). O

~ /2
Remark: We could replaceE by [%1

Next we notethatXy11 € GTIC(U) is not superfluousn (FI3) (evenX11 €
GTIC«(U) is notsufficient):

Example 11.2.15 (X1 € GTIC(U) is not superfluous) Let D := [R7] €
MTIC4(U xU) C TIC(U xU), whereR:= 1! (hereU maybeary Hilbert space;
wehavetakenZ =W =U andU; = Uyyy). ThenD]; D11 =1 > 0, henceStanding
Hypothesed1.1.1and11.2.1aresatisfied Moreover, D* J1D = X*J1 X, where

AR+1 2

X= [§ 3 } € GMTICq4 C GTIC. (11.53)
sR+5 1

However, (11.106)= 31 1) — M1 .0) K 0, henceD is not minimax J-coercive

(alternatvely, thisfollowsfrom Lemmall.4.3(b) sinceXj1 ¢ GTIC(U), because

X(log4+Ti) = 0).

This also shaws that condition? > 0 is not superfluousn Lemmasl11.2.14
and 11.3.9(a). (Note that ? can be computedfrom (8.46), oncewe choosea
realization> € SOSof D (e.g.,theshiftrealization(6.11);sinceD is exponentially
stable thisrealizationcanbechoserto beexponentiallystable sothat? becomes
exponentiallystabilizingand Ugyt = Uexp).) <

If bothU andW areinfinite-dimensionalthenthe dimensionof positve and
negative eigenspacesf J; € B(U x W) do not determinethoseof D*JD unless
we requireMy, to beinvertiblesomevhere:

Example 11.2.16 (M2 € GTIC»(W) is not superfluousin (FI7)) Let R bethe
right shift T2 on2(N) =:U =W =:Z, L :==R*, Pp:=| —RL, Q:=RL Set
D:=D:= [g‘[lzPO} to obtainD*JiD = [ 50 1] = [0 py o) = X*J1X, where
X:=X:=[}] € GBU xW).

ThenDi;D1; = | > 0, so that StandingHypothesesl1.1.1and11.2.1are
satisfied, and so are the assumptionsof Propositions11.2.8 and 11.3.4 (set

[ K|F|=[0]0])
SetM :=X"1= [k 2], N:=DM = [QJF;,?PO g] to obtaina (J;, J;)-lossless

r.c.f. of D, sothat(FI9) is satisfied.ThenNy2 = R¢ GB(W), hence(F16)—(FI8)
do not hold (hencenoneof (FI1)—(FI8) holds). <



Theexistenceof a U} -stabilizingsolutionis notasufficientcondition;we have
to know signaturepropertieshat guaranteghatthe solutionis really a minimax
control:

Example11.2.17 (Sp2— &181‘11812 < 0Ois necessary)lo obsene thatthe condi-
tionson Sarenotsuperfluousn (FI5) (orin Theoreml1.1.3),set

1

A=-1B:=0,C:=0,D:= [[8] [%}} € B(CxC,C2xC). (11.54)

Thenthe CARE —2 = K*SK, S= [é 4—0v2] , SK = 0 hasauniquesolution? =0,
whichis exponentiallystabilizing(unlessy = 2, in which casethereis no solution
of the CARE, and the solutionsof the eCARE are given by (2, [§5],[&])).

Since
[ Drau+ D1owl|3 = [|ul|5+ 4| w3, (11.55)

the optimal H”-FI-pair for = is givenby [ K | F | =[ 0| 0 ], andyo = yr =
Yse= 2. Indeed,Theoreml1.1.3(a)onfirmsthis, sinceS, — SZlqllSlg =Sy=

4—\? < 0iff y> 2. Fory < 2, the J-critical control is obviously a “min-min”
control. <

The following lemmawill be neededfor the Riccati equationform of the
solutionof the H” 4BP:

Lemma 11.2.18Mgz2 € GTIC => H”-Fl-pair) Assumethat (?,.S[K | F |)
is an exponentiallystabilizing solution of the IARE and U; = Uep (resp.that
(?,S [ K | F ])isaq.r.c.-SOS-stabilizingolutionof the IAREand 7 = Uowy.

If S, < 0andMy; € GTIC, then[ K | F | := [K1 |yt Fg2] is a suboptimal
H®-FI-pair and? > 0.

If Fis UR, then(11.48)generateanothersuboptimapair (usethelemmaand
Proposition11.2.19(d1))but thesepairsneednotbeequalin generaltheoperator
M above neednotbeequalto I).

Proof: (Here,aselsavhere X :=| —TF, M :=X"1)

1°[ K| F | :=[%|F B2] isaH®-Fl-pair: Since? is Uep-stabilizing,
the closed-loopsystem2 s (and BT, by Lemma6.1.10) is exponentially
stable. From (11.10)we obsere that A xy € L? for all X € H, henceZ"
is exponentiallystable,by LemmaA.4.5. (For U} = Uy, We obsene from
(11.10)that=" € SOS) Thus,[ K | F | is aH-FI-pair, by Remark11.2.5.

2° [ K | F ] issuboptimal:By (11.11),we have

DO =D [Xoll Xllz} -1_ ]D)X_]-M_]', (11.56)

where M = [y, ng,). M = X71, by Schur decomposition (Lemma
A.1.1(d1)(A.9)).Thereforefrom (DX~1)*3,DX~! = S we obtainthat

(D3)"{D3" = [0 1]D7"3D7 m =[0 I]M'sM m = M, SpoMi,

(11.57)



hence(D5)* D5 < 0, becauseéMy, € GTIC, by LemmaA.1.1(c1). By
Lemmall.2.4,it followsthat[ K | F ] is suboptimal.

3° P > 0: This follows from Proposition11.2.19(b2)sincey > yr > Yo,
by 2°).

Remark: Parts1°-2° hold alsofor the eFICPof Theorem11.3.6(i.e., for
ary ¥ € WPLS(U x W,H,Y); we do not need StandingHypothesis11.1.1
nor11.2.1).

If we do assumeStandingHypothesisl1.1.1,then StandingHypothesis
11.2.1becomegedundant: Since StandingHypothesisl1.2.1is not usedin
1°-2°, as notedabove, we obtain StandingHypothesis11.2.1from Lemma
11.2.22(a)with [ K| F ] = [ K | F ]). Indeed,by (d1) (resp.(c)) Lemma
9.12.3, P is an exponentially (resp. g.r.c.-SOS-)stabilizingsolution for the
CAREfor Z, andJy, hencel), hasaspectrafactorizationpy Corollary9.9.11.

O

Next we presentarathergenerahecessityesultthatwasusedin the proofsof
our maintheorems:

Proposition 11.2.19(General U}: Necessaryconditions) Assumethat y > Yo
andthatZ® isreflexive ThenD is J,-coeccive Assumeén additionthat 7/} (xo) # 0
for eadh xp € H. Thenthefollowing hold:

(al) Theeis a uniquedy-critical input [V‘f;:r';((xxz))] for eadh xp € H, andthisinput

corresponddo the (unique)argumentsf

max min 7 (Xo, U, w). (11.58)
WELZ(R W) U€E Uy(Xo,W)

(@2)If (2,J) € coercveCARE(seeRemark9.9.14) thenthereis a (SR)unique
U;-stabilizing solution (P, S K) of the CARE; the correspondingclosed-

loop control equals[\‘fvi:‘i‘t((f(’;))} for each Xo € H (with no externalinput).

(b1) The Jy-critical input (called the minimax contro) can be givenin state
feedbak formiff the[e]IARE hasa U} -stabilizingsolution.

(b2) Assumethat a 7I;-stabilizing solution (?,S, [ K | F |) of the (e)IARE
exists. Then? > 0, S€ GB(U x W) and (X' *SX!)1; > 2 e~ 2Max03}| for
allt>0.

If, in addition,8 <0, then(X!*SX!);; > €21 for all t > 0, andwecanchoose
Sand[ K | F | sothatS= [{ 2 ], whee dy = &, = 3y* € GBW).

(b3) If a 7;-stabilizingsolution(?,S,[ K | F ]) existss.t. F € MTIC, then

the CAREhasa unique U} -stabilizingsolution(?,S K), and S;; > sil .

If, in addition, there is a suboptimalMTIC.,, H*-Fl-pair (resp.H”-SF-
opertor), thenS; — $1S1S12 < 0 (resp.S2 < 0).

(c) Assumethat a 7} -stabilizing solution (?,S, [ K | F ]) exists, there is a
suboptimalH*-FI-pair, and & < 0. Then(X!*SX!);; > €2 for all t > 0,



andS = X*SX satisfies
S11> €21 and Syp—S287iS12< 0 onCy, (11.59)

for any w > 0 s.t. X € TIC,. Moreover, there there is a U;}-stabilizing
solution(?,J, [ K | F |) of thelAREs .t %41 € GTICa, [Xif|lnc <&,
and || X21 X 1 [lmic < 1.

Assumethat the CAREhas a SR U -stabilizing solution (2, S K) and that
9 <0. ThenS;1 > s?rl andthefollowing hold:

(d1) (Sp2— 8218511812 < 0) If there is a suboptimal SR H*-Fl-pair, then
S2— 5151812 < 0.
(d2) (S92 < 0) If there is a suboptimalSRH”-SF-opeator, then$y, <« 0.

(e) If [Ty D1aull2 > €4 [[Toyyull2 for all ue L?(Ry;U) andt > 0, thenthe
assumptiorf 3 < 0" canberemaoedeverywhee in thistheoem.

(f) In (b3), (c), (d1) and (d2), the existenceof a suboptimalH*-FI-pair (resp.
H>*-SF-opeator) is not neededf there is U € TIC,(W,U) (resp.SRU €
TICw(W,U) havingU(+e) = 0) s.t. | D11U+ D1||1ic < Y (in (b3) wemust
alsorequire thatU € MTIC(W,U); in (c) thatU € TIC,,, andin (d1) that
Uis SR).

See,e.g.,Lemmall.2.14for the corverses. Note that Uep and Ugyt have
Zs reflexive (and & = 0, hencee™?? = 1in (b2)). If (,S|[K |F |) is as
in (b2), then is uniqueandSand [ K | F | areuniquemoduloan invertible
constantsin (9.114),by Theoren9.9.1(al)&(f1)&(f2). SeeExamplell.1.9for
thedifferencebetween(dl) and(d2).

Underthe assumption®f Theorem9.9.1(k),we canmake Jy equalto —I in
(b2); this factwasusedin Propositionl1.2.8.However, we do not know whether
Sreflectsall signaturepropertiesof the problemfor general?Z, hencewe cannot
improve (b2) in thegenerakase;seethenoteson p. 481 for this problem.

Proof: By Theorem11.7.2(b)(and Remark8.3.4; note that Hypothesis
11.7.1requiresthereflexivity assumption)D is J,-coercve.

(al)By Theoreml1.7.2(c),(11.58)existsandequalsthe J,-critical input.

(a2) Combine(al)with the definition of coercveCARE. (Note thatunder
(4.) or (5.) of Remark9.9.14,we have F € MTICL', sothat(b3) applies.Under
ary of (1.)—(6.) of Remark9.9.14 the solutionis ULR, henceSR, sothatthen
(d) applies.)

(b1) This follows from by Theorem9.9.1(al)(the elARE is equivalentto
thelARE, by (b2)).

(b2)1° By Lemma9.10.3wehave Se GB(U xW). By Theoremd.9.1(f1),
we have P = C;; J,Cerit - But J(Xo,u,0) > 0 for eachxo andu, hence(11.58)>
0,i.e.,C;;JCerit > 0. Thus,? > 0.

Lett > 0 andu € L2([0,t);U) begiven. Setx := Bytlu, U:= U + 1y,
whereu € U} (%) is to bedefinedlater By Lemma9.7.9,u € U;(0). Wefirst



computethat

Yu = CB U+Diu= 1, Dy (10, +710)t'0= 11, Dy T'0 (11.60)
=DTU—Ty (o DU U=DyT'U-T'DjU. (11.61)
Consequently(11.58)impliesthat
Biu, PBiUY= max min  7(B{u,u,w) > min 7(BiJ,u,0
B, 1) weLZ(R+;U)ueuu(xw)]( 1 )2 ueuu(xo)j( )
(11.62)
= mi = mi “tyy, Tt 11.63
ue%'&o)WUaJy)’u)Lz wcmin 0)<T Yoo U 92 ( )
+
= min (D0, 3Dy 0) — (Di U, J,DiU)) (11.64)
ue Uy(x,0)
= min (DT, D10 — (U, (D})* D u') (11.65)
ue Uy(x,0)

(t: hereboth crosstermsare negative, hencethe minus sign though positive
quadraticterms). But X'*SX! = D'*J,D* + B! *PB!, by the elARE, henceit
follows from theabove andStandingHypothesisl1.2.1that

(', (XS ) ) = uergino)(ﬂ)lu ,D10) > €2 | [8] 113, (11.66)

ulX,

> & [[U)7, > €3 U7, > ede 2O U)E (11.67)

Thus, (X*SXt) 14 > €2 e 2maX09} for all t > 0.

2° Cased < 0: Sincee 2M¥03} = 1 we now have (X1*SX!)q; > €21 for
allt > 0.

Forarny w > wp, wehaveX € TIC,,; if alsow > 0, then(X* SX)H > sil on
Cg;, by Lemma2.2.4.Choosesy € C§. Then, T := (X*SX)11(s0) > €21.

By Lemma1l1.3.14,thereis Eg € GB(U xW) s.t. T = E{;gEo, where
S=[6 2], =3y =JIy" SetE :=EX(s0)"t € GBU x W). By Theorem
9.9.1(f2), also (P, S [ K ‘ F|) } is a U;-stabilizing solution of the IARE,
whereS:= E~*SE~1 = E;*TE, !, K= EK and(l — F) = E(I — F).

Remark: It seemsthat we could get S= [} 9] (i.e., Jv =) at least
whenbothU andW are unseparablehy usingLemmaB.3.16; however, we
have not beenable to establishthis for generalU andW (and henceobtain
“(FI1)=-(FIn)” for n € {2,3,4,5}) without reductionto the stablecase(under
theassumptionsf Theoreml1.2.7or Propositionl1.2.8) whereit is ultimately
reducedo Lemmall.4.3(a)&(c).

(b3) (Notein particularthatthe MTIC, assumptiorallows usto avoid the
“9 < 0” assumption.)

1° The CARE: We have MTIC, C ULR, by Theorem2.6.4(f), hencewe
canredefineX to | sothatwe obtaina solution of the CARE, by Corollary
9.9.8(still with F € MTIC ).

2° Claim Sy1 > €3: Letup € U. Setu =t Y2mgup. Lett — O+ in



(11.66)to obtain(by simplecomputationsisingTheorem?2.6.4(i3))that

X['81,SX[§ Dy = 2% uoll- (11.68)

Sinceup € U wasarbitrary this saysthat(X*SX)11 > sil . By Lemmal1.3.14,
we canredefine[ K | F | andSsothatS= [{ £ | (cf. (b2)2).

3° Thesuboptimalkase:We obtainthis from (11.78)asin 2° above (cf. the
proofsof (d1)—(d2)).

Remark: In fact, (b3) holds even if we replaceMTIC, by SMTIC, N
SR or by B(U,L)(R.;Y))NSK for somew € R (since we only need
that lim¢_,o, (FXg, Uo)(t) exists andF4 € SR, andthatX[}] alsohassame
propertieswhere(the suboptimal)U (if any) is asin the proof of (c)).

(Indeed thenF,F9 € SR,henceX € GB, by Proposition6.2.8(a2) andwe
canwork asabove.)

(c)1° Let [ K ‘ F ] beaH”-FI-pairfor = with closed-loopsysten>" (we

still denoteby %+ the closed-loopsystemcorrespondindo K). SetU := ﬁ‘ﬁ
sothatDs =D[Y] € TIC(W,Y) (seeRemark11.2.5).

Lett > 0. LetTig,w € L%([0,t); W) bearbitraryandsetx, :=Bt' [{'] w. Set
Tt )W =T~ 'Kes2% € L([t, 0);W), sothat(usethefactthat [\tjvi:i((i))] =Ks%)

(%, T T'UW, Tt T'W) > min 7 (X, U, KespX ) = maxmin 7 (X, U, W) = (X, Px).
ue Uy W uely

(11.69)
We have
T TP W = T4 1D [ ] w =1 D(rr, +70)T [V w=Dr, ' [V w+Cx,
(11.70)

andD3 = T ;D5 + D5, hence
(DS W, yD5* W) — (D5 W, D5 W) = (T o) D5 W, TG ) DS'W)  (11.71)

= (U7 0) D5 W, YT T o) JyD3 W) (11.72)
= (Cx + D, T [V w3y (Cx 4+ Drr T [T w)) (11.73)
= 7 (%, T T Uw, T, T'w) (11.74)
> (%, Px)) = ([ ] w. BB [7]w), (11.75)
by (11.69).Fromthis and(9.160)we obtainthat
(D5 w3DF W) > (X [[]w X [T] w. (11.76)

If [ K|F } is suboptimal thenthereis € > 0 s.t. (D5 w, D5 W) < —¢||w||3

for all w € L2(R, ;W). Sincet > 0 and ToyW € L2 werearbitrary we obtain
from (11.76)that

([ ]w S [§]w < —elwl (>0, wel?([0:wW),  (11.77)
i.e., that (X[V])H)*SX[V])! < —el for all t > 0. By Lemma2.2.4(a),this



impliesthat

X m PR m < el (11.78)
onCg, forany w> 0s.t.X, U € TIC,,.

2° Implication*“9 < 0= S = J;" etc.: Assumethatd < 0. Choosew > 0
s.t.X € TIC, (notethatU := IF‘{} e TIC C TIC,, becaus@®w e L2 c L2 for all
w € L?(R;;W), by (11.7)). Sincewe assumedhatd < 0, we have S11> s I
on C{, by (b2). This and(11.78)imply that S:= S(so) satisfies(i’) (hence
(|) (V|)) of Lemmal1.3.13for ary o € C{;. Consequently(11.59)holdsand
S= X*J;X for someX = [0:] € GB (with X11,X22 > 0), henceS= E*}E,
whereE := XX(s0) 1€ GB.

By usingthis E, we obtain(?, J;, [ K|F }) asin (b2)2 above. Moreover,
thenX(sp) = EX(sp) = X. By (b2), we have
21 < (X' IX)11 = X§1 X1 — X5, X01 (11.79)

onC,. Thisandtheinvertibility ofSN{(so)ll: X11, imply thatill € GTIC,(U),
by Proposition2.2.5(5).Therestfollows from Lemmall. 2 21.

(d) By (b2),we have ((X!)*SXt)11 > €2 Iy, hence(X*SX)11 > €21y onC,
for w big enoughpy Lemma2.2.4. Thereforefor arny up € U, we have

&3 luoll® < (X(9) ['§],SX(9) [ Dy =[] S[CDysws  (11.80)

ass — +oo, by strongregularity. Thus Sll > 82
(d1)In (b2)2 we shonvedthat (X* )11(r) > s+| for bigr; letr — 4o to
obtainthatS;1 > £+I (S|nceX(+oo) =1). Analogouslyfrom (11.78)we obtain

that (I [ ]) Sl [ }) < —¢l, whereU := U(+w). By Lemma11.3.13(i")&(i),

thismeanshatS; — $151S12 < —¢l.

(d2) Now we have U = 0 in theproofof (d1), henceSy, < —el .

Remark: In (d1) and (d2), we canuseary € > 0 s.t. (DLW, JDIHwW) <
—¢||wl|3 for all w € L2(R,;W) (whereZ" is the closed-loopsystemcorre-
spondingto the suboptimalpair or operatoyrasin the proof of (c)).

Remark: In (d)—(d2), the assumptioron the CARE may be replacedby
the wealer assumptiorthat the IARE hasa SRsolution(?,S,[ K | F |) s.t
F=0.

(By Proposition9.8.10, the only differenceis that D neednot be WR;
obviously, theregularity of D is notneededn theabove proofs.)

(e) (The assumptiorof (e) is rathercommon,sinceoneusuallyhas” 7 =
|ul3 ” or somethingsimilar.)

The assumptiorthat 9 < 0 wasonly usedin (b2)2 (and later to justify
referationgo (b2)),to shaw that (X!*SX!)11 > €2 |; undertheassumptiorof (e)
thisinequalityfollows directly from (11.66).

(f) In the proofsof (b3), (c), (d1) and(d2), we did not needK or F, justa




U with the propertiesmentionedn (f). (Notethat(f) and(e) arecompatible.)
U

From the above proposition,one can concludethat the existenceof a well-
posedsolution of the FICP in the I/O sense(i.e., of a suboptimalwell-posed
control law) implies a solution in the usual senseif the finite cost condition
(U; # 0)is satisfiedand X is smoothenoughto guaranteghatuniqueJy-critical
control (of a J,-coercive system)correspond¢o a WR statefeedbackoperator
(i.e.,to aCARE):

Lemma 11.2.20(1/O FICP = FICP) Assumethat there is U € TIC, s.t.
D11 U+ D1|| < yand [T][L3(R4;W)] C Uep(0). Assumealso that X is op-
timizableand (Z,J) € coercveCARE(cf. Remark.9.14).

Thenthereis a uniqueexponentiallystabilizingsolution(?, S K) of the CARE.
Moreover, P > 0, S;1 > €41, So— 52151_11512 < 0, and (11.39)generte a SR
suboptimaH®-FI-pair (here Ky := [I 0]K).

(Thislemmawill beusedfor theH® 4BPR)

Proof: (As one obseresfrom the proof, we could allow for gy instead
of Uep if wewould require(11.47)for somee > 0 andreplace‘exponentially
stabilizing” by * Uyy-stabilizing”.)

The assumptiond V] [L2(R4;W)] C ¢z (0) and ||D11U+ D1p|| <y imply
thaty > ||D11U+ D12|| > yo (we couldreplace’ [V][L2(R4;W)] C U} (0)” by
“y>yo” in theassumptions).

By Proposition11.2.19(a2Yhe CARE for = andJ, hasa (unique)SR ;-
stabilizingsolution(?, S K).

By Proposition11.2.19(b2)&(f)&(c), we have that ¢ > 0 and (11.59)
holds (the condition“U € TIC,," is redundansinceU € TIC(W,U) (because
U[L2(R4;W)] C Uep(0) C L2; usealso(2.13))).

Consequenthlemmall.2.14(4.)&(b)&(a2)kanbe appliedto obtaina SR
(since[ K | F | is SR) suboptimalstatefeedbackpair [ K | F | asabove.
The existenceof sucha pairimpliesthat$S;; > €1 andSy — qullslz < 0,
by Proposition11.2.19(d1).

Thefollowing lemmawasusedabove:

Lemmall.2.21Letwe R, X e GTIC,(U xW), Xll(so) € GB(U) for somesy €
CS and (Xt 31X 11 > €l (onL?([0,t);U)) for all t > 0. ThenXy; € GTIC,(U),
X1 e < &2 and [[X21X5 7 mic < 1.

Proof: By Lemmaz2.2.4(a)we have
el < (X0 X)11 = X5, Xp1 — X5 X (11.81)
onCg, henceXi; € GTIC,,, by Proposition2.2.5(5).But
el < (XX 11 =X1X 1 - X5X (11.82)



impliesthat

eXt 1y X7 + X XXXy < 1L (11.83)
By Lemma2.1.14,it follows that X;i", X21X;{ € TIC, | X1]l < e7Y/2, and
||X21X1_11” <1 0

The proofsof Theoreml11.2.7andPropositionl1.2.8werebasedon the fact
that undertheir assumptionsye are able to reducethe problemto the (SOS-
)stablecase:

Lemma11.2.22(Z < Z,) Assumehat [ K|F ] = [& | Py Fpe] is an admissi-
ble statefeedbak pair for > with closed-loopsystent;,, andthat U = Uexp (Or
that 70* = TUout and[ K |F } is q.r.c.-SOS-stabilizing).

(a) (Drop StandingHypothesisl1.2.1for part (a).)
ThenDj,, Dy, > 0 iff Hypothesisl1.2.1holds. A suficient conditionfor
thisis thatD; J,D, hasa spectal factorization.

(b) We have y > v iff

y>  sup inf D, [w] ll2/[1wil2- (11.84)
weL2(Ry W)\ {0} UELZ(R+:U)

(c) Theris a suboptimaH®-FI-pair for Z iff there is a suboptimaH”-FI-pair
for [%—%ﬂ (the sameholdsfor WRsuboptimaH”-SF-opeatorsif Fis SR
andF =0).

Recallfrom Theorem8.4.5(g2)thatif [ K |F } is [[exponentially]strongly]
g.r.c.-stabilizing then Uout = Ustd= Ustr|= Uexp)]-

Proof: (a) 1° TheequivalencecaseU; = Uep (resp. U; = Uouy): From

(11.10) (and (6.133)), we easily obsenre that [ Ky ‘ F11 ] is an admissible

state feedbackpair for 211 := [é %ﬂ, with closed loop systemz,;; :=

[%‘%ﬂ , which is exponentially(resp.SOS-)stablebecaussois =,.

By Lemmall.2.2,Hypothesisl1.2.1is satisfiediff 211 is I-coercve. By
Theorem8.4.5(d)(resp.and(gl)), ¥11 is | -coercve iff %,,4 is |-coercve, i.e.,
iff D,11 > 0 (by Lemma8.4.11(b1)).

2° Thelatterclaimfollowsfrom Lemmal1.3.12.

(b)&(c) | CaseU; = Uexp:

1.1° “Yo = Y, o™ SetM = (I —F)~! = [N’%ﬂ 1@}12] € TICx(U x W).
By Theorem8.4.5(e)&(cl), ‘uéﬁp(xo) = L%(R;;U x W) for all xo € H and
Uexp(0) = M[Usp(0)]. Thus, if [%] € LA(R;U x W) Uip(0)), thenu =
(M1 Mio| [%] € Uu(Ow) and||DI ] | = D, [%]]]



Therefore, f(w) := minye g, 0w J (0, U, W) < minubeufb(o\/v) 5, (0,u,w) =
f,(w). Sincew wasarbitrary f < 0if f, < 0. Exchangahé rolesof X and
>, to obtainthecorverse.

1.2° SuboptimalH*-Fl-pairs: If [ Ky | F; | is a suboptimalH®-FI-pair
for &, (i.e., it is exponentiallystabilizingandits secondrow equalszero, by
Remark11.2.5),thenalso (6.193)is exponentiallystabilizingand hasa zero
secondow. SinceD” is the samefor thesetwo pairs,(6.193)is a suboptimal
H*-Fl-pairfor . Exchangeherolesof > andZ, to obtainthecorverse.

[.3° SuboptimaH”-SF-opeators: The proof of 2° appliesexceptthatwe

have to use Proposition6.6.18(f) (which shawvs that ary WR [< 1 } for &,

correspondso theWR statefeedbacloperator[ 1} = ['%1] + [(K“)l] for 2).

Il CaseU} = Uou:: The proof3|s analogousto thatabove. In particular
|.1° appliessinceagain Uou(0) = M| Out( )] =L2(R;;U x W) (seeTheorem
8.4.5(gl)andits proof).

11.1° SuboptimaH®-FI-pairs — %, = %: Assumethenthat | K, | F, ] is
a suboptimalH®-Fl-pair for Z,. Define[ K' | F' | andZ{, by (6.193). Let
X0 € H andw € L2(R;W).

By Theorem8.4.5(g1)&(€), MyKyXo + M; [2] € UZ(%) = L2, hence
Kbxo+M[“b] € Uout(Xo), whereM, =1 — T, andM := | — F. But K,xo+

M[%] =Kisxo+ M [§]; because andw werearbitrary [ K | F' | isaH>-
Fl-pair for Z. Sincey is the samefor both pairs,by Theorem8.4.5(g1)&(c1),
thepair [ K' | F' | is suboptimalfor .

[1.2° SuboptimalH*-Fl-pair — X~ = Z,: For the corverse,assumethat
[ K \ F ] isasuboptimaH”-FI-pairfor Z with closed-loosystent s. Define
[ Ky | F, ] by (6.180)andsetM, := (I —F;) 1, M := (I —F) 1. By (6.183),
we have for ary xg € H andw € L?(R ;W) that

] = e, ) [§] = [Ro - ] [§] = Roo X1%),
(11.85)

where[U] i= KXo+ M[0] € Uou(Xo), S0 that [%0] € 12 (x0) = L2, by
Theorem8.4.5(g1)&(c1). As in 11.1°, we seethat [ K; | F; | is suboptimal
for Z,.

[1.3° Suboptimalilyy+SFpairs: This goesasin 1.3°. 0

Notes

The “short-hand-notation”or “extended FICP” formulation of Definition
11.2.3andLemmall.2.4wasgivenin [S98d]for the stablecase.The principle
to reducethe Uep problemto the stablecase(Lemmal1.2.22)is old. Lemma
11.2.18andits proofarecloseto [S98d, Theorem?.2].

Condition(FI9) wasusedby Michael Green[Green]to solve a problemclose
to the FICP; theresultsof [Green]wereextendedto MTIC(';ip(C”,Cm) I/0O maps
in [CG97]. Hidenori Kimura and othershave producedanalogousresultsfor



(possiblynonlinear)finite-dimensionakystemdsy usingthe conjugationmethod
[KK]. Seealsothenoteson pp.628and669.

Naturally, if we strengther{FI1) by requiringthatthe “minimax” controlcan
be givenin [regular] statefeedbackform, then (FI1) becomesequialentto the
IARE [and CARE] having a U -stabilizingsolution(seeProposition11.2.19and
Theorem9.9.1).

Thereductionthestablecaseandthecoverageof severalequialentconditions
hasmadethe proofs“unnecessaril}complex”. The mainresultscanbe obtained
muchmoredirectly, asexplainedbelow.

The sufficiengy of (FI5) (for (FI2)) is showvn in Lemma11.2.13(and in
Lemmall.2.14;seeProposition11.2.9for final details). This proof is direct
andconstructve: we openthedisturbancdeedbackirom the closed-loopsystem
correspondingo the CARE, and it appearghat the resulting pair is a H*-FI-
pair (i.e., it stabilizesthe systemin the desiredway (dependingon 7)) and
suboptimal.

The necessityof (FIS) is shovn in Proposition11.2.19(a2)&(d1)Xassuming
that (%,J) € coercveCARE; note that this is always the casein discretetime
for Uexp; thisis the casein continuoustime too if we make the assumption®f
Theoreml1.2.7or Propositionl1.2.8(a2)sothatary uniqueJ,-critical controlis
necessarilypf SR statefeedbackorm).

Also thisnecessityroofis directandconstructve: wefirst shav thatif y > vyp,
thenD is Jy-coercve over Uy, sothatthe CARE hasa U -stabilizingsolution?;
we alsoshaw thatthe correspondinglosed-loognputis the minimaxinput, from
whichwededucedhat? > 0. Thenwe assumeheexistenceof acausasuboptimal
controllaw w+ u (e.g.,0f asuboptimaH®-FI-pair)andusetheminimaxproperty
to show thatthisimpliesthesignatureconditionS;1 > 0 andSy, — qullslz <0
of (FI5).

However, in the proofs of our main results(seethe proof of Proposition
11.2.8),we have reducedbur solutionto the stablecasefor two reasons:

1. thisway we wereableto extendthe equivalenceto (FI1), i.e., we wereableto
shaw thatif therearearny suboptimalcontrolsfor eachxy andw, thenthereis a
(causal!)suboptimaktatefeedbackcontroller(H*-FI-pair) (cf. alsotheremarkin
the proof of Proposition11.2.19(b2));

2. this allowed usto usethe techniquesf [S98d]to provide the formulafor all
solutions;this formulawill be neededor theH* 4BP.

The resultsl. and 2. were establishedn [S98d] for stable WPLSs over
separabléilbert spacegfor U} = Uyyy), andwe useessentiallthesamemethods
exceptfor the treatmenbf the unseparablease;seethe next sectionfor details.
Theoremll.1.5illustratesa casewhereit wasnot possibleto usethis reduction
to the stablecasethis explainsthe missing“(i)” (or “(FI1)").

The resultsof this sectionand Section11.3 alsocontain[partial] sufficiency
resultsunderfurtheralternatve conditions someof which areneededor the H*
4BP



11.3 The H® FICP: stablecase

All theworld’s a stage, And all the menand womenmetely players.
They havetheir exits and their entrances,And onemanin his time
playsmanyparts, His actsbeingsevenages.

— William Shalespear€1564—1616);As YouLike It"

In this section,we shall solve the H” FICP in the stablecase,parameterize
all solutions,and presentsomeadditionalresults. The stablecaseis interested
in its own right, but it is also useful for the H* 4BP andfor the proofs of the
resultsin previoussectionsalthoughwe wereableto prove partof them(e.g.,the
equialenceof (FI2)—(F15))directly in theunstablecase.

In additionto StandingHypothesesl1.0.1and11.1.1,we shall assumehe
following:

Standing Hypothesis11.3.1(Stable case) Throughoutthis section,we assume
thaty > 0, Z~ € SOS U} = Uyt andDj; D11 > 0.

(It followsthatd = 0 andZ? is reflexive, by Definition 8.3.2.)
Recallfrom Lemma8.3.3,thatif Z is [[exponentially]strongly] stable,then

[[ﬂ@(p :] ‘ustr :] rasta: ‘uout-

SinceD is stable,the norm || - ||, iS equialentto || - ||2. Consequently
StandingHypothesisl1.3.1is equivalentto Hypothesisl1.2.1with the additional
conditionsX € SOSand U} = Uyyt. In particular Hypothesisl1.2.1holds.

Lemma 11.3.2 Anadmissiblestatefeedbak pair [ K | F | = [% | Ft Bz ] isa
H®-Fl-pair iff K™ andF;j, are stable

However, in thetheoremandpropositionbelow, we shallmake suchassump-
tionsthatthe existenceof a H*-FI-pairimpliesthe existenceof stableH”-FI-pair.
Proof: This follows from Definition 11.1.2, becausenow Uyui(Xo) =
L2(R;;U x W) for all xp € H (notethatF™ =[§ 7). O

Now we statethe mainresultof this section thestablecounterparbf Theorem
11.2.7:

Theorem 11.3.3(4: Stable FICP) AssumehatD € 4. Thenthe following are
equivalent:

(FI1s)y > Yo; i.e., infycg4,0,9 I (O, U, -) K O

(FI13s) |D11U+ D12|| < yfor someU € TIC(W,U);

(FI2S)y > VFy; i.e., thereis a suboptimaH®-FI-pair for Z;

(F13s)D* 3,D = X* %X whee X, Xy; € GTIC;

(FI4s)theIAREhasastabIe P-SOS-stabilizingolution(, S,[ K \ F ]),and

?>0,andS:= (X* )(so) safisfiesS;; > 0 and S — Sglql Si» < O for
some(equivalentlyall) sp € C™.



(FI5s) the CAREhas a UR stable P-SOS-stabilizingolution (?,S K), and
P >0, S>> 0andSp2— $15,1S12 < 0.

Moreover, (a)—(f) of Proposition11.3.4apply, and any solutions(X or F) of
(F13)—(FI5) belongto 4.

In particular, thenthere is a suboptimaH”-FI-pair (resp.H”-SF-opeator) iff
the CAREhasa (necessarilyunique)stable P-SOS-stabilizingolution(?, S K),
andS;; > 0andS), — szﬁllslz < 0(resp.S11> 0and S « 0).

If thisis thecase then(11.39)genertes(resp.K; =(11.40)is) a ULR stable
r.c.-SOS-stabilizinguboptimaH>-FI-pair (resp.H*-SF-opeator).

Note from (d1) that “stable, P-SOS-stabilizing’means‘exponentially stabi-
lizing” whenZ is exponentiallystable.Naturally, X := | —F in (FI4s).
Condition (Fll%s) can be consideredas the “frequeng-domain stable H”
FICP”. Without the requirementU € TIC, (Fll%s) would always be equivalent
to (FI1s),by Lemmall.3.10.
We concludefrom thetheorenmthatD € 4 impliesthatyp = Vi.
Proof of Theorem 11.3.3: Assumethat someof (FI1s)—(FI5s)holds.
As obvious from the proof of Proposition11.3.4, this implies that (FI1s)
holds,henceD is J,-coercve, by Lemmal1.3.10,henceD* J,> hasa spectral
factorizationX} S, X, with X, € 4 (becaus® € 4). Thus,theassumptionsf
the propositionaresatisfied.
SinceX, € 4 ¢ ULR, the assumptionf (a) are satisfiedand thus we
obtainthe otherclaims(with F = | — EX,, € 4 for someE € GB(U x W)); in
particular K andF arenecessarilyjJLR. O

Since(FI1s) doesnot imply ary of (FI3s)—(FI5s)for generalstrongly stable
WPLSs,by Example11.3.7(a),we madethe 4 assumptiorabove, andwe shall
make awealer spectrafactorizationassumptiornn thefollowing stablevariantof
Propositionl1.2.8(this assumptiorns necessaryor (FI3s)—(FI5s)):

Proposition 11.3.4(Stable FICP) AssumehatD € TIC and D*J,D = X;S.X,
for someX, € GTIC(U xW) andS, € GB(U xW).

Then(Fl1s)—(Fl4s)are equivalentand implied by (FI5s). Alsothe following
hold:

(a) AssumehatD is WRandX, is UR. Then(FI1s)—(FI5s)are equivalentand
the CAREhasa uniquestable P-SOS-stabilizingolution(?, S, K).

Theee is a suboptimalH”-Fl-pair (resp.H”-SF-opeator) iff S;; > 0 and
S — qullslz < 0 (resp.S;1 > 0 and S, < 0); if thisis the case then
(11.39) generte (resp.K; =(11.40)is) a UR stable r.c.-SOS-stabilizing
suboptimaH®*-Fl-pair (resp.H”-SF-opeator).

(b1) The condition on Sin (F14s) is independenton the choice of S and
[K|F ] (andsp € C*), and 2 is unique ConditionX;11 € GTIC(U)
in (FI3) isindependentnX; (by (c1)).

(b2) A stable P-SOS-stabilizingolutionof the CAREis unique



(b3) A solutionof (FI3s) or (FI4s) is uniguemoduloan invertible constant.

(c1)If (FI1s) holds,D* J,D = X*J; X andX € GTIC, thenX;;, € GTIC(U) and
X21 X7 lmic < 1.

(c2) Anysolutionof (FI5s) is uniqueanda solutionof (FI4s).

(c3) If X andF are asin (FI3s) and(Fl4s), respectivelythenX := E(l —F) =
E'X,, for someE,E' € GB(U xW).

(d1) Assumehat Z is exponentiallystable Then“stable, P-SOS-stabilizing”
hasthe following equivalentforms: “e xponentiallystabilizing” and “l/O-,
input-, output-or internally stabilizing”.

(d2) Assumethat X is strongly stable Then“stable, P-SOS-stabilizing’has
the following equivalentforms: “stable, strongly stabilizing”, “internally
stabilizing(i.e., A-stabilizing)”.

(e) Any UR solution of (FI3s) can be redefineds.t. X = [Xél 22] , X11,X22 €
GB.

() Even without the above spectal factorization assumption(on X,
and S,), we have(Fl5s):>(FI4s)(:)(FI3s):>(FI23):>(FI1%5):>(FI13), and
(FInsk=(FIn) forn=1,2,3,4,5.

(g9) If (FI1s) holds,thenAs, Cy, Ky and P are givenby (8.43)—(8.46).

By Examplel1.2.16,conditionX;1 € GTIC(U) is notredundanin general;
i.e.,D*JD =X*IX andX € GTIC(U xW) donotimply ary of (FI1s)—(FI5s)).

Recallfrom Lemmab.2.1(d)thatthe spectralfactorizationassumptiorcould
be formulated by “D*J,D = Y*X, for someY,X, € GTIC(U x W)” (since
necessarilyy¥ = SX,, for someS=S' € GB(U x W)). By Proposition11.2.8(d),
underthis assumptioralsoconditions(FI1)—(Fl4), (FI6) and(F17) areequivalent
to ary of (FI1s)—(Fl4s)naturally this refersto the Uy formsof (FI1)—(FI7)(not
to Uep formsunlesss is exponentiallystable)).

Evenif the above spectralfactorizationassumptiorn(on X, andS,) doesnot
hold, we have (FInsk=(FIn) for n = 1,2, 3,4,5, asoneobsenesfrom Corollary
9.9.11(andLemmall1.3.9(b)).

Proof of Proposition 11.3.4: 1° (FI3s)=(FI2s)&(Fl4s): By Corollary
9.9.11,the pair (9.140)definesa stableand P-r.c.-SOS-stabilizingsolution of
the IARE. By Lemma11.2.18,2 > 0 and [ K | F | is a suboptimalH®-FI-
pair, hence(FI12s) holds;from Propositionl1.2.19(c)we obtain(FI4s).

2° (FI2s)=(FI13s): By (11.8)—(11.9)we cantake U := F}.

3 (Fll%s):>(Flls): Thisfollowsfrom Lemmal1.3.10.

4° (FI1s)=(FI3s): By Lemmal1.3.10,(FI1s) holdsiff I is minimax J,-
coercive. By Lemmall.4.3(a)&(c) the latteris equialentto (FI3s) (andary
Ji-spectrafactorX of D* J,D satisfiesXy; € GTIC(U) and||X21XIll||T| <1).

5° (FI4s)=(FI2s): Thisis containedn Lemmal1.3.9.

6° (FI5s)=(Fl4s): Thisis givenin the proof of Lemmal1.3.8.

(@) 1° Unigueness: A solution of (FI5s) (if ary) is U;-stabilizing (by
Proposition9.8.11(iii)&(ii)), henceunique.



2° The CARE: By Corollary 9.9.11 (and Theorem9.9.10(al1)—(b)),the
spectralfactorizationD* J,D = X;S,X,, definesa UR J,-critical stable,r.c.-P-
SOS-stabilizingand ¢} -stabilizingsolution(?,S,, [ K, | F, ]) of thelARE.

All stable,P-SOS-stabilizingsolutionsof the IARE aregivenby (9.114).
Oneof them,say (P, S K), is a solutionof the CARE, sincel — F, € GB, by
Proposition6.3.1(b1)(notethatF, =1 — X, F =1 — EX,, andK = EK, for
someE € G B, henceK inheritsthe uniformregularity of X,,).

3° (FI2s)=(FI5s): Thisfollowsfrom Proposition11.2.19(d1).

A° 4 £ S1> 0> S0 “Only if” followsfrom Propositionl1.2.19(d2);if ”
followsfrom Lemmal1.3.8.

(b1) Thisfollowsfrom (b3).

(b2) Thisis Theorem9.8.12(d)&(s3)with Proposition9.8.11).

(b3) For (Fl4s), this follows from Theorem9.8.12(d)&(s1)(with Proposi-
tion 9.8.11)(i.e., all triplesaregivenby (9.114)).

If X*3X = X*J;1X andX, X € GTIC, thenX = EX for someE € GB s.t.
E*J1E = J; (sonotall invertibleE’swill do).

(c1l) This follows from Lemma 11.4.3(b) (note also that X21XIf =
—M521M21).

(c2)(Here| K | F | refersto thepairgeneratetby K.) Uniquenes$ollows
from Theorem9.8.12(e)&(s1)therestfollows from (11.59).

(c3) Theclaimon X,, follows from Lemma6.4.5(a).If [ K | F | is asin
(Fl4s),thenX :=E(I -F) € GTIC satisfiesX* J;X = D*JyD for someE € GB,
by Lemma 11.3.13(i)&(iii), henceX satisfies(FI3s), by (c1). Therefore,
E:=X(1 —F)~! € GB, by (b3). (Remark:thepair [ K | F | is necessarily
stableandr.c.-SOS-stabilizing.)

(d1)&(d2) Thesefollow from Proposition9.8.11(d2)&(d3)(and (a)2).
(Note that“ Uq-stabilizing”, “ Ustgstabilizing” and “stable and stronglyr.c.-
stabilizing” arealsoequialentformsin (d1) and(d2); sois also“exponentially
stableandexponentiallyr.c.-stabilizing”in (d1).)

(e) SetS:= X*J1X. By Proposition6.3.1(b1),we have X, X1 € GB.
followsfrom (c1)andLemmall.3.13(vi)&(iii") thatS= X*J1X, whereX is as
in (e). ReplaceX by XX ~1X to completethe proof.

(f) In the above proofs of implications (FI5s)=(Fl4sx=(FI3s)=(FI2s)=
(FI1%s):>(Flls)we did notusethe spectrafactorizationassumption.

The claim “(FInsk=(FIn)” is trivial for n = 1,2, 3; for n = 4,5 we obtain
this from Corollary9.9.11(andLemmal1.3.9(b)). (Herewe referredto Uyt
forms of (FI1)—(FI5); they areequialentto Ueyp formsif Z is exponentially
stable).

(9) By Lemmal1.3.10(Fl1s)impliesthatD is minimaxJy-coercve, hence
Jy-coercve,i.e.,theToeplitzoperatormt, D* J,Dr, isinvertible. By (a)1°, apair
[ K | F ] correspondingo (Fl4s) or (FI5s)is Jy-critical. Thus, Proposition
8.3.10appliesto 25 andP. O

We have shavn above that the spectralfactorization condition (FI3s) is
sufficient (andnecessaryvhenD € 4) for the existenceof a suboptimalcontrol
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law, and that sucha law can be realizedas a statefeedbackcontroller For
the solution of the H® four-block problem (seeChapterl2), we shall needthe
following standardbarametrizatiomf all suboptimalTIC controllers:

Corollary 11.3.5(All suboptimal controllers) If D*J,D = X*J;X for someX €
TIC(U xW) s.t. X311 € GTIC(U), thenall solutionsU € TIC(W,U) for | D11 U+
D12]||TiIc < y are givenby Theoem11.3.6below

Theproblem”|| D11 U+ D12|| <Y’ isillustratedin Figure11.2andits solution
in Figure11.3 (recallthaty = [%]). Indeed,from Figure 11.3 we obsere that

[Eﬂ wo = X[ ], i.e., [8;] W = [4], henceu = Uw (whenU is invertible, and
this is the casethen ||U|| < 1). Thus,eachsuboptimalcontrollercanbe realized

asastatefeedbaclplusa subunitarydynamicparameter

Proof of Corollary 11.3.5: (Recallour hypothesighatD}; D13 > 0, hence
D7 J/D; > 0, asrequiredin Theorem11.3.6.)

Indeedwe have
DY) HD[T]) = MuU+D12)*(D11U+D12) — Y1 < 0 (11.86)
iff || D11 U+ D12|| <y, by LemmaA.3.1(d). 0

The formulae in the actual proof becomesimpler for the more general
extendedFICP below:

Theorem 11.3.6(All suboptimal controllers) AssumehatJ = J* € B(Y), and
that D := [D1 Dy] € TIC(U x W,Y) has a (spectal) factorization D*JD =
X*J1X s.t.X,X11 € GTIC, andD};JD; >> 0. SetM ;=X 1.



Thenall solutionsU € TIC(W,U) to (D[V])*ID[V] <« 0 (equivalently to
(w— 7(0,Uw,w)) < 0) are givenby

U:=1U,", [&] :Mm, (UeTICW,U), [Ulnc<1)  (11.87)

(by ||U||7ic < 1 wegetall solutionsto (D [V])* J]D)[ ] <0).
Two alternativeformulationsof (11. 87)are givenby (all thesethreeformulae
producethe sameU for anygivenU € TIC(W,U) s.t.||U|| < 1 (or ||U|| < 1)):

2)U=0Q'Qu [@ -@]=I -T|x
(3.) U = %(T,U), whee

I 0
T:=
[X21 X22

-1

X171 X2 71_
0 | B

M1 My | 0
0 | My1 Moo
(11.88)

Moreover, we havethefollowing:

U= (My1U+Mip)(Mo1U+Map) L = (Xp1 — UXo1) H(—Xi2+ UXa2),

(11.89)

U= (My1 — UMp1) }(=Mg2 + UMp) = (X11U+ X12) (Xo1U+ Xp2) 2,
(11.90)
Uyt i = (Xo1U+Xz2) ™' = Uz = M1 U+ My, € GTIC, (11.91)
Q1= (Xq1—UXp1) 1 =My; — UMy € GTIC, (11.92)
U=[ 0 [Xél Xllz] 1 [mljz_ 1} . (11.93)

IfDe 33[~ thenX € 4, hencethenU € 4 < U € 4 (thisalsoholdswith TICexp
in placeof 4).

As shavn in [S98d], much (but not all) of Proposition11.3.4also holds for
theabove moregeneral‘extended’H” FICP (“eFICP”) in the stablecase.

We shall meetthe abore moregeneral‘extended’H* FICP (“eFICP”) again
in connectiorwith the H* four-block problem(this correspondso the (dual of)
(Factor2Z)partof Theorem12.3.7).However, we shallthenreducethatproblem
to aFICP (seeLemmal2.4.8). It seemghatthisis the easiesway to shaw that
the hypothese®f eFICPtheoryare satisfied,hencewe have no usefor a direct
eFICPtheoryandwill nottreatit further.

Proof of Theorem 11.3.6: (Thetheoremandthis proof hold evenwithout
StandingHypothesed 1.1.1and11.2.1.)

We prove the parametrizatiorof all controllersandobtainthe otherformu-
laeontheway. N

1° Suficiency: Let U,U1,U,, U be asin the statementbf thetheorem.The
(2,1)-block of equationMX = | impliesthatMp; X711 + M22X51 = 0, i.e., that
M, My = —Xp1 X[ (we have M, € GTIC, by LemmaA.1.1(cl)).



But [|X21X;{|| < 1, by Lemma 11.4.3(c), hence ||M2’21M21I[~J|| <
MMy || < 1, henceMz‘le21ﬁ+l € GTIC(W), equialently, GTIC(W) 3
M1 U + My =: Up.

From[0 1]X|[2| = [0 1]xM | §| weobtainthatl = Xp1Us +Xz2Uz =
(X21U+ X22)Us, hence(11.91)holds.

Now D1 U+D, =D[¥] =D| 3| U;* = DM | §] U;%, hence

(D1U+D,)*I(DyU+Dy) = Uy* m N m Uyt = U [U'U-1U; !
is< 0[< 0] iff ||I[~J|| < 1[< 1] (seeLemmaA.3.1(b)&(d)).
2° Restof theformulae: Assume(11.87).
(3.) TheformulaU = %,(T,U) cannow beverifiedby adirectcomputation
usingtheformulaMX = [} ?]. We notefrom LemmaA.3.1(d1)that

T— [ Xy o XX ] _ [Mll —MaMp; May MizM; ]
X01 X071 Xoo — X1 X 7 X120 —M55 M1 M5
(11.94)
in particular T11,T22 € GTIC.

(2.) From [I —fj] XM [Tﬂ = 0 we get that (X171 — UXo1)1(Xpo —

UXz2) = —(M11U + Mi2) (Ma1U + Mz2) ™t (clearly Xy3 — UXo1 = (I —
UX21X;7)Xq1 € GTIC), which is equalto —U. Formulation(11.89)follows
from thisand(11.87),andfrom (11.89)we get(2.). But (2.) impliesthat

Q[ -UM=[e-a]M=[ -U], (11.95)

henceQ,(M;; — UMy;) = |, sothat(11.92)holds. Theformula(11.90)canbe
obtainedn a similarway.

By applyingM = [%1 Xlﬂ]_l [ My, 14, (from (A.9)) to U = U1 U, * one
obtains(11.93).

Theclaim“U € 4 < U € A" follows from (11.89),(11.90),andLemma
8.4.10.

3° NecessityassumirlghatXmU-i—ng € GTIC: Let(D1U+D7)*I(D1 U+
D,) < 0[< 0]. Define [gl] =X[V], sothatU, = XU+ Xy,. Assumethat
2

Uz € GTIC.
Then
T — U5l = | 2| 3y |2 = [U} XX [U} (11.96)
97 U, | I
ul* . [U .
= H D JDH = (D1U+D2)*I(D1U+D,) < 0 [<0],
(11.97)

hencethenormof U := U1 U, * (ar.c.f.)is < 1[< 1].
Moreover, [gﬂ = M[lﬂ —M [gﬂ Uy = [V] Ty, hencelh Uyt = U,



soU is of theform claimedabove.

4° Necessitgompletedlet Y bethesetof all solutionsU € TIC(W,U) for
which (w— 7(0,TUw,w)) < 0, andYp thoseof U € Y for which X31U+ X €
GTIC (asin 3°). We shallshaw thatYp = Y; this togethemwith 3° impliesthe
necessityf (11.87).

Let U € Y bearbitrary SetUp := M1,M,;" € Yo, s:= inf[0,1] \ Eo, where
Eo:={t€[0,1]| U :=Up+t(U-Upo) € Yo}. Assumings < o, wewill derive
acontradictionthusshaving thatEg = [0, 1], hence(U =)U; € Yo.

If 7(0,u,w) <0andy(0,u,w) <0,andf(r):= J(0,u+r(U—u),w), then
f(r) = 2(0— u, (D} JDy1)U—u) > Ofor all r € [0,1], hencef hasno maximum
on (0,1), sothat f < 0. This corvexity leadsusto concludethatU; € Y for all
te[0,1].

For eacht € Egp, define I[th as in 3°, so that ||I[~Jt|| < 1. We have
(Xo1Ut + X22) ™1 = My Ut + My € GTIC(W) for all t € Eg, by 1°, hence
for all t < s. Since||M21U; +Maz|| < ||Ma1| + ||Mz2z|| for all t € Eo, we have
Xo1Ut 4+ Xp2 € GTIC(W) for t = s too, by LemmaA.3.3(A3). On the other
hand,GTIC is open,hences cannotbetheinfimum of Eg, QED. O

Minimax J-coercvity doesnot guaranteehat the J-critical (i.e., minimax)
controlwould be givenby a statefeedbackcontroller:

Example 11.3.7 (Minimax J-coercive 3[ K | F ], 3X*SX)

(@) @[ K | F ], 4 CARE) Lety> 0. Thereis a stronglystablesystems =
[A12] € WPLS(C2 x C?,L%(R;CF),C* x C?) s.t. Dy D11 >0, D =[5 {],
Y > Yo (i.e., D is minimax J,-coercve, hencelJ,-coercve) but the unique
Jy-critical (“minimax”) controlfor X over Ugyt= Usta= Ustr is notof (well-

posed)statefeedbackorm; it isill-posedin bothopen-loopandclosed-loop
forms.

Condition(FI1s)of Theoreml1.3.3holdsbut (FI3s)—(FI5s)do not; in fact,
D*J,> doesnot have a spectralfactorization.Analogously condition(FI1)
of Theorem11.2.7holds but (FI3)—(FI5) do not (this correspondgo case
U: = Uout= Usta= Ustr).

(b) (Unstable [ K | F ]) Let y > 0. Thereis a strongly stable UHPR
systems = [£12] € WPLS(C? x C2, L2(R;C®),C* x C?) s.t.D}; D11 >
0,D=[57], Y> Yo (i.e., D is minimax J,-coercve, hencel,-coercve) but
the unique J,-critical control for = over Uyyt = Usta= Usyr COrresponds
to an unstablestate feedbackpair [ K | F |, whose closed-loopform

[ Ko | Fs s alsounstablesinceX, X ! areunboundedit +i.
Asin (a),conditions(FI1) and(FI1s)hold but (FI3)—(FI5)and(FI3s)—(FI5s)
do not, sinceD* J,D doesnot have a spectralfactorization.However, in this

casethe CARE andthe IARE have a (uniqueand UHPR) Ugt-stabilizing
solution? > 0 (whichis neitherstablenor SOS-stabilizing).

NeverthelessD andX*! are holomorhicat infinity, henceuniformly half-
plane-rgular.



(c) @[ K | F ], 7 CARE, althoughD € ULR) Lety > 0. Thereis astrongly
stableULR systemZ = [42] € WPLS(C x C,L2(R;C?),C x C) sit.
D;;, D11 >0, D = [P %], y> v (hence D is minimax J,-coercive, hence

Jy-coercve).

Moreover, conditions(FI1s)—(Fl4s)of Theoreml1.3.3hold but (FI5s)does
not, sincethe spectraffactorof D*J,D is not WR; in particulay the CARE
doesnot have a stabilizing solution. Analogously conditions(FI11)—(F14)
of Theorem11.2.7 hold but (FI5) doesnot. (This correspondgdo case
‘U: = Uout = Usta= Ustr-)

<

(Note that Z satisfies(Standing)Hypothesesl1.1.1,11.2.1and 11.3.1 (for
Uout, Ustaand Usyy).)

Theanomaliesn (a) and(c) cannothappenn discretetime, sincein discrete
time auniquelJy-critical controlis alwaysof statefeedbackorm andcorresponds
to a DARE, by Theorem 14.1.6 (recall that discrete-timemaps are always
“regular” due to boundedinput and output operators). However, the anomaly
in (b) happensn discretetime too, mutatismutandis(with X, X * € H?(D; B) \
H*(D; B)) unlessge.g.,D is exponentiallystable.

In the above examples,we have U} € { Uout, Usta, Ustr}- AN experton the
areaconsiderst almostsurethatthe |/O mapof Example8.4.13canbe modified
sothatit is exponentiallystable(sothatwe canlet = be an exponentiallystable
realizationof D); if thisis thecasethentheanomalitief (a) and(c) (but notthat
in (b)) alsoexist in caseU; = Uexp. As mentionedabore with Uep in discrete
time (but the Cayley transformof TICep coversmuchmorethanticeyp).

Proof of Example 11.3.7: (a) (We assumehere that y = v/2 as in

Example8.4.13. For generaly > 0, onehasto replaceD by [(V/\O/?)' ﬂ D and

X by (v/V2)X))

LetVD := Dy anddy:=J = [(') 782| } , whereDy andJ arethe mapsfrom of
Example8.4.13(b) sothatD € TIC(C? x C2,C* x C2) is minimaxJ,-coercie
(equvalently, y > yo, by Lemma11.3.10),and®lﬁ) hasa GH?-factorization(see
Definition 9.15.1)(0X)*J (OX) s.t. Xt € H(CH; B(U)) \ H*(CS; B(U)) for
all w € R, asnotedin Example8.4.13.

Let 2 bethestronglystable(shift) realization(13.46)of D. Dueto minimax
Jy-coercvity, thereis a uniqueJy-critical (i.e., minimax)input for eachxp € H
over Uyyt. By Lemma8.3.3, Usy = Usta= Uout-

If [ K| F ] isary J-critical statefeedbackpair for =, thenl —F = EX
for someE € GB(U)), by Lemma9.15.4 (and Lemma9.15.2); but then
F,F+ ¢ TIC, i.e., the correspondingcontroller” is non-well-posedn both
its open-loopandclosed-loogforms!

By Corollary9.9.11,D*J, D doesnot have aspectrafactorization(although
it is Jy-coercve), since otherwisethe Jy-critical control could be given state
feedbackorm. We do notknow whether(FI2s) (equialently, (F12)) holds.



However, by Theorem8.3.9(seealsoSection9.7; Remark9.7.7in partic-
ular), this Jy-critical control canbe written in WPLS form, i.e., asnon-well-
posedstatefeedbackwherethereareno well-posedmapsbetweeranexternal
(closed-loop)nput*“us” andtheinternal(open-loop)control“u”).

(By Theorem11.4.11(i)of [Sbook], onecanapply Cayley transformto X
to obtaina stronglystablewpls “©%” (whosesemigroupgs a contraction).The
above GH?-factorizationdefinesthe unique(moduloE) Jy-critical (well-posed
andadmissiblestatefeedbackpair“© [ K | F |” for OZ, but, asnotedabove,
its continuous-timeequialentis notwell-posed.)

(b) The proof of (a) appliesmutatismutandis just use(c) insteadof (b) of
Example8.4.13.

(c) 1° Theproof: (We shallassumehaty = 1. For generaly > 0, onehasto
replaceD by [¥ 9] D andX by yX.)

Let D1 (resp.X11) betheelementD (resp.X;1) of Proposition9.13.1(c1).
ThenX := [Xoll ﬂ satisfiesX* 31X = D*J,D andX, X113 € GTIC (in particular
(FI3s)holds),butD € ULR (sinceDq; € ULR) andX*! ¢ WR.

Let X be the shift realization(6.11). Then(c) is satisfied,by Proposition
11.3.4 (indeed, by Theorem9.9.1(c)&(e2)&(f1), the elARE has a unique
output-stabilizingsolutionandthis solutionis not WR (becauséF = | — X is
not WR), henceit is not a solutionof the[e] CARE).

2° Remark: If the readeris not happy with the fact that D2 # 0 (which
meanghat| K | F | =[ 0 | 0 ] isasuboptimaH®-FI-pair, sothatthe FICP

is trivial), (s)hemaytake first somerational(or MTIC'—l) Dy s.t. Dy is minimax
Jy-coercie, sothatX3J1Xg = DjJ, Do for somerational(or MTICLl) Xo, and

thenuse[]D%1 ]D?o] in placeof D, sothatX is replacedby [XO“ 530} (whenJ, is

replacedby [(') Joy]); hereDy; refersto theoriginal D11, sothatthe dimension
of Z isincreasedy one.

This way the FICP becomesontrivial but (c) is unchangeakxceptfor the
dimensionsandthefactthatDy, # O. O

Themain partof this sectionendshere;therestconsistson auxiliary lemmas
thatwereusedabove; someof thelemmasalsohave furtherusein Chapterl2.
From a solution of the CARE we obtain a suboptimalpair or operatoras

follows:

Lemma 11.3.8(CARE = H”-Fl-pair) Assumehatthe CAREhasa UR stable
P-SOS-stabilizingolution(?, S K) s.t.2 > 0, S;1 > 0 and S — $15,1S12 < 0
(resp.and S, < 0).

Then(11.39)generte a UR suboptimalH*-FI-pair (resp.K; =(11.40)is a
UR suboptimaH”-SF-opeator), which is stableandr.c.-SOS-stabilizing

(By Proposition9.8.11(iii)&(ii), a stable,P-SOS-stabilizingsolution of the
CARE s U;}-stabilizing,hence?, SandK areunique.)

Proof: By Proposition9.8.10,the assumption®f Lemmall.3.9(a)(resp.
and(b)) aresatisfiedfor sy = 4. O



Lemmall.3.8canbeextendedio coverthe IARE (thuswe neednot assume
ary regularity):

Lemma 11.3.9(IARE = H”-Fl-pair) Assumethat the IARE has a stable P-
SOS-stabilizingolution(?,S, [ K | F |) s.t.2 > 0. Then

(@) If S2 <« 0 andanyof (1.)—(4.) of Lemmall.2.14holds(for a = 0), then
(K1 | Byt By ] is a stableandr.c.-SOS-stabilizinguboptimaH®-FI-pair, and
X1 € GT|C(U).

(b) If S:= (X*SX)(s0) safisfiesS;s > 0 and S — $:151S12 < 0 for some
(equivalently all) sy € CT (s9 = + can be allowed for X € UR), then
(11.48)is a stableandr.c.-SOS-stabilizinguboptimaH®-FI-pair.

Here,aselsavhere X := | —T.

Proof: (By Theorem9.8.12(s4)andProposition9.8.11(iii)&(ii), §(andfP)
isindependentnthechoiceof astable P-SOS-stabilizingolution,andsucha
solutionis U} -stabilizingandr.c.-SOS-stabilizing.)

(2)By Lemmal11.3.15] K | F | := [%} | 4 Fa?] is astableandr.c.-SOS-
stabilizing H*-Fl-pair. By Proposition9.8.11(iii)&(ii), P is Ugyr-Stabilizing.
By Lemmall.2.14(a)[ K | F | is suboptima(recallthatM =F +1 € TIC)
andM, € TIC(W); sinced = 0 andF € TIC, we cantake a = 0. By Lemma
A.1.1(cl),it followsthatXj1 € GTIC(U).

(b) 1° “Somesy € C™” sufices: Thisfollows from Lemmal1l.2.14(b)&(a)
(seetheproof of (a) above).

2° “Equivalently, all sp € C™": This follows from (11.59), since
Y > Vr > Yo, and? is U}-stabilizing(andd = 0). O

Lemma 11.3.10 Thefollowing are equivalent:

() y> vo.

(i) D is minimaxJy-coecive.

(|||) ||D]__‘]_U + ]D)lz||$(L2(R+;W),L2(R+;Z)) < y fOI’ some U €
B(L2(R4+;W),L*(R4;U)).

See Definition 11.4.1for minimax Jy-coercvity. The above result allows
us to usethis propertyin the proof of implication (FI1s)=(FI3s) (seeLemma
11.4.3(a)).

Proof: 1° (i)&(i)): SetT := DDyt > 0 (onL2(R;;U); seeStand-
ing Hypothesisl1.3.1).By Fréchedifferentiation(or by completingthesquare
or by applying(8.19)suitably),we seethatun, := —']I‘*lmD’{JyDzer:: Uw
minimizes 7(0,[y]), for ary w € L?(R, ;W) (we have addedredundantrt,’s



above andbelow to make the computationgasier).Combinethis with Lemma
11.2.4to obsenethaty > yp iff
min  7(0,u,w) = (D1t [V]w, 3Dy [V]w) < —¢ljw]|3 (11.98)

ue Uy (0,w)

for somee > 0, i.e., iff
Ul U )
0> [I] T, D" J D1ty [I] = =1 D5(1 —P) Doy (11.99)

(the equality follows by a straightforward computation(asin Lemma2.6 of
[S98d])), where Py := i, Dy T-1D§ ity = P2, But (11.99) holds iff D is
minimaxJ,-coercve, by (11.106)andDefinition 11.4.1.

2° (i)<(ii): For a given U € B, condition (iii) holds iff (D11 U +
D12)*(D11U + D12) <« 0 (by Lemma A.3.1(d)), i.e., iff (11.98) holds for
thisU. Thisimpliesthat(11.98)holdsfor the minimizing U; take the minimiz-
ing U to obtainthe cornverse. d

Lemma 11.3.11((FI3s) = X1 =0) Assumehat (FI3s) is satisfiedoy someSR
Xwith X € GB(U x W). ThenwecanchooseX s.t.X;1,X22 € GB and Xz = 0.

Proof: By Propositionl 1.3.4(f),(Fl4s)hasasolution(?, S [ K |F }) and

(FI12s) holds. By Theorem9.8.12(s1)we canhave F = 0. But thenS;; > 0
and Sy, — 821SIf812 < 0, by Proposition11.2.19(d1)it wasremarledin the
proof how we mayusethelARE insteadof the CARE).

By Lemma 11.3.13(i)&(iii’), we can make redefine [ K|F ] s.t.

X11,X22 € GB, X1 = 0 and S= J;, whereX := | —F. SetX:=1-F ¢
GTIC(U xW). By theproofof Propositionl1.3.4(f),we have X* J; X = D* JD.
By Proposition11.3.4(c1),X1; € GTIC(U), hencealsothis newv X satisfies
(F13s). 0

Lemma 11.3.12(SpF=> D43 I-coercive) (Drop Standinghypothesisl1.2.1for
the moment). If D*J,D hasa spectal factorization,thenD,; is I-coecive (as
requiredin Hypothese41.2.1and11.2.1).

Proof: Let D*JyD = X*SX, X € GTIC(U xW), Se GB(U xW). Set
e:=|X"1sIX*D*J)||~* > 0. Then

V]2 = [IX71STIXT*D* ,Dv||» < €7DV 2, (11.100)
i.e., |[Dv]2 > ey||v|2, for all v e L?(Ry;B(U x W)). Consequently
ID1auflz = D[] ll2 > &+[|ul2 for all u € L*(R+; B(U)). O

We have alreadyusedthefollowing lemmaseveraltimes:

Lemma 11.3.13(Sy1 > 0and Sy — $1S;1S12< 0) Let S= S € B(U x W)
andy > 0. Thenthefollowing are equivalent:



(i) S11> 0 and Sy — $1S5,1S12 < 0.

(") Sii>>0and[§]"S[F] <« Ofor someF € B(W,U).

(i) S11>> 0and S — $157;'S12 < 0 for some(henceall) F € B(W,U), whee
S=[4F]"S[6f].

(i) S;1=S11> 0 and S < 0 for someF € B(W,U), whee S :=
[6F]"S[bF]-

(i") S11>> 0 and S — $1S1S12 < 0 for some(henceall) Z := [231 %g] €
GB(U xW) s.t.Z11 € GB(U), whee S:= Z*SZ.

(i) S=X"3yX for someX = | %41 32] € GBU x W) st Xa1 € GB.

(i) 5= [%1%2] 9y ["§ 32], whee 41> 0, %2> 0.

(iv) S=X*J X for someX € GB(U xW) s.t.X11€ GB(U)and[H []X[}]=
0 for someH € B(U,W) s.t.||H| <y .

(V) Si1>> 0 andS= X*J X for someX € GB(U x W) s.t.X;1 € GB(U).

(vi) S= X*JX, where X, X113 € GB and || X1 X <y L.

(Vi) M*SM = J,, whee M, Mgz € GB and |[Mx-Maq|| <y L.

(vii) Sp1>> 0and S — $:151S12 < 0, whee S:= diag(ly, S, —lw) € B((U' x
U) x (W x W")), for some(henceall) Hilbert spacesV’ andU’.

(viil) S11>> 0, Se GB(U xW) and (S 1)z, < 0.

Moreover,

(@) If dimU < 0, then one more equivalentconditionis that S;; > 0 and
S=X*JyX for someX € GB.

(b1)If (i) holdsand S= X*J X for someX € GB(U x W), thenX is asin (vi).

(b2) If (i) holds,S= X*TX, X € GB(U xW), T11 > 0 and T2 < 0, then
X11 € GB(U).

(b3) If (i) holdsand S= X*J X for someX € GB(U x W) s.t. Xo1 = 0, then
X]_l, X22 € g@.

(c) If (i) holds,thenanyF € B(W,U) is asin (ii).
(d)1f S11> €2, € >0, S2— $1S1S12 < 0, S= X*J X andX € GB(U x W),
thenXy1 € GB(U) and || X3} <& L
(€)1f S11>> 0, S < 0, X € GB(U xW) andS= X*J,X, thenXy1,Xp2 € GB,
XXl <yt and M M2l = [[X12X55 ]| < v, whee M := X%,
(f) If X andSareasin (jii), thenX3,Xo2 =y 2(S{,S[1S12— $2).
We notethat“S = X*J X, X,X11 € GB” is not sufiicient for (i)—(vi): take
X =[], sothatX,Xi1 € GB(U x W) but Sj3 := (X*J,X)12=03% 0. By
Examplell.2.16(take S= X*J1X), condition“dimU < «” is not superfluousn
(a)andcondition®X;1 € GB” is notsuperfluousn (i), norin (v).



Proof: 1° (iii") =(iii) =(i): Ob\/lously, (iii") =(iii). If (iii) holds, then
S11= X} X11 > 0andSy, — $151S12 = —yPX3,X00 < 0.
2° ()=(i")&(iii’): Assume(i). Set

Xa11=S1)7 3> 0, Xap1= X(;'S12, X2 1=V 1 ($15,1 612~ $2)1/2 > 0. (11.101)
Then

S= [(') qlllslz]* [Slol 3(2)2} [(') qlllsﬂ] = X*J X, (11.102)

where S}, = S — $151S12 < 0, X = [ X2] € GBU x W), X1 > 0,
X22> 0. Thus,(ii") and(iii’) hold.
3 (i) <("): Condition(i") is areformulationof (i), becausephviously,
Si1=S1andSy = [T]*S[ﬂ in (ii").

4 (i) =(ii): Assume(ii). Since S =S, and S > 0, we have
~$15[}S12 < 0, henc(ii) holds.

5° (iiy=(iii): Assume(ii). By 1°, we have S= X*J,X for someX =
41%2] € 8. Take X := X [ ] " to obtain(ii).

6° (iii) < (iv): Trivially (iii) =(iv) (take H = 0). Assume(iv). SetX’:=
[09] X, H' := yH, sothatX"* 31X’ = S, ||H|| < Land [H’ 1]X'[}] =y0=0.
Apply Lemmal2.4.11to obtainZ’ = [231 Zﬂ € GBSLS=7"QZ =737,
whereZ := [ 9] Z'.

7° (iii) =(vi)=(iv): Trivially, (i) implies (vi). If (vi) holds,thenH :=
—Xp1X{7 satisfiegiv).

8 (V)& (vi): SinceSyy = X (I — YPX{3 X3 Xo1X1H) Xaa, (V) is areformula-
tion of (vi), by LemmaA.3.1(e2).

9° (vi)e(vi'): Condition(vi’) is areformulationof (vi) (throughM = X1,
note that X11 € GB(U) < M2z € GB(W), andthatin either casewe have
Xo1X{7t = —Mz1Myg, by LemmaA.3.1(cl)).

10° (ii): “(henceall)” Assumeii) for someF. LetS := [LF']"S[}F'].
ThenS= [, F{F']"S [{ F1F'], henceS); > 0 andS,, — $,(S))) ~'Siz << 0,
by “(i) < (ii)".

17° (ii") < (i) and*“(henceall)” By “(i) < (iii))", we have S= X*JX for
someX = [Xél 22] € GBs.t.X11 € GB. ConsequentlyS= (XZ7H)* 31Xz,
hencealso S satisfiesthe conditionin (iii) (sincealsoXZ~! is of the required
form, by LemmaA.1.1(b)). Thecorverseis analogous.

12° (vii)<(i): Obviously, Si1 > 0« Si1 > 0 (we have madethe partition
sothatSy; € B(U’ x U)). But

Sy 1= S~ $151'S12 = diag(Syy, —lw), (11.103)

whereS,, = S — szlqllslz, hence@z < 0&S,x0.
13 (i) (viii): If (i) holds,thenSe GB and(S 1),5 = S2— 5151 S12 <
0, by LemmaA.1.1(d1). If (viii) holds,then (S, — qullslz)*l < 0, hence



thenSy, — qullslg < 0,by LemmaA.1.1(i) holds,by LemmaA.3.1(bl).

(a) By (i) and (iii), the condition of (a) is necessaryregardlessof U).
Conversely if SandX areasin (a), then0 < S1 = X{;X11 — X5;X01, hence
X{1X11> 0, henceXy1 € GB(U) (if dimU < ), sothat(v) holds.

(b1)By (b2),X11 € GB(U). Sinced < Sy1 = X{;X11— V2 X3 %21, We obtain
XX <yt asin 8°.

(b2) (Remark:We cannotreplaceTz, < 0 by Top— To1 T Tio = 1-2 < 0;
setT = [22], X =[?{] to obtaina counterexample. On the other hand, if
dimU < o or dimW < o, then T,z < 0 would suffice, by LemmaA.1.1(c1)
(andthefactthatX{;X11 > 0 asshavn below).)

Apply LemmaA.3.1(q) to the (1,1)-block of S= X*TX to obtain that
X{1X11> 0.

By Lemma A.1.1(cl), ST € GBU x W) and (S = (S22 —
$15[7S12) %, hence(S 1),z < 0, by LemmaA.3.1(b1);similarly, (T 1)11 =
(Tir— T12T,5 T21) "1 > 0. SetM := X! to obtainthat S~ = MT~*M* and
hence

0< —(SH22 < [01]MT™IM* [9] = [Ma1 Map] (—T 1) W;g] . (11.104)
By LemmaA.3.1(q) (interchangeherows andalsothe columnsandrecallthat
—(T7111) < 0), we have M2;M3, > 0. By LemmaA.1.1(c2),thisimpliesthat
alsoXyy is right-invertible,i.e., X11X{; > 0, henceXy; is invertible.

(b3) By (b2),X11 € GB(U), henceXop € GB(W), by LemmaA.1.1(b2).

(c) Now Si1=S1>0andS= E*X*JXE, where X is asin (v) and
E = [} ], sothat(XE)11 = X11 € GB(U), ThereforealsoSsatisfiegv), hence
it satisfieqi) too (in theplaceof S), sothatF is asin (ii).

(d) By (v) and(bl),X11 € GB(U). Because?l < Sj3 = X X11— X3 X1,
we have | X ;1| < &, by LemmaA.3.1(c1)(i))&(1).

(e) By (ii") and(b), X is asin (vi). Assumew.l.0.g.,thaty= 1 (cf. 6°). By
duality, Xo2 € GB(W) and||X12X2‘21|| < 1 (apply (b) to —§ = XjJ1 X4, where
Sy = []S%], Xa = [7X[74] (notethatdy = —[2]1[%])). Fromthe (1,2)-
block of MX = | we obtainthatMM12 = —X12X55'

(f) FromX*J,X = Swe obtainthat X, X11 = S1,

X12 = X{7"S12, and y?X3,%00 = X{X12— Sz, (11.105)

from which we obtain(f). O

We have alsousedthefollowing:

Lemmall.3.14Let X,Se GB(U xW), S= S and (X*SX)11 > 0. Then

X*SX = X*SX for someX,Se GBU xW) st.S=S" = [ 2 |, whee Jy =
%= 3t € GBW).

Proof: SetT := X*SX. By (A.5), T = EXT'Ea, where T’ := [Tél T‘z?z],

T = Too— ToaTy; Tao, Bai= || 72|, By Lemma2.4.4,T), = GG,



where dy = &, = 3t € GB(W) and G € GB(W). Thus, T/ = E;SEp,
whereE, := [Tl_ol/z G(zl] . ConsequentlyX*SX = X*SX, whereX := E,E.X €
GBU xW). O

Lemma 11.3.15(H-Fl-pair) Assumethat [ K | F | is a stable and SOS-
stabilizingstate-feedbdcpair for =, andl —F11 € GTIC(U). Then| K | F | =
[t | By Fi2] is a stableandr.c.-SOS-stabilizingl™-FI-pair.

Proof: From (11.9) we obsere that £ € SOS,i.e., that [ K | F | is
SOS-stabilizing;since [ K \ F } is also stable, it is a r.c.-SOS-stabilizing
statefeedbackpair, by Lemma6.6.17(b). By Lemmal1.3.2,it follows that
[ K | F ] isaH>-Fl-pair O

Notes

The stableH” FICP was solved by Olof Stafansin [S98d], which proves
the implications “(FIBS):>(FI23):>(FI1%5):>(FI13)” and “(FI3s)=(FI5s)” (the
latterin the caseof a regular WPLSsand spectralfactors),thusestablishinghe
equivalenceof (FI1s)—(FI3sXandtheequalityyo = yr) for Z s.t.(ID, Jy) € SpFfor
ally> 0. Also Lemmal1.3.10muchof Propositionl1.3.4andmostof Corollary
11.3.5andTheoreml1.3.6arefrom [S98d],andsoaremostof thecorresponding
proofs.Cf. thenotesonp. 673.

This spectralfactorizationapproacthis ratherold, see e.g.,[Francis],[Green]
and[CG97], which all containthe equivalenceof (FI1s)—(FI3s)n somesensdor
rationaltransferfunctions([CG97] for MTng(lp(C”, C™) I/0O maps).

It seemghatmary of theresultsof thisandprevioussectionsalsohold for the
extendedFICPdescribedn Theoremll.3.6(partof thisis shavnin [S98d]),but,
e.g.,theimplication“(FI5s)=-(FI2s)” would needadditionalassumptions.



11.4 Minimax J-coercivity

In somewayswe are more confusedhanever, but wefeelthatweare
confusedn a higherlevel andaboutmore importantthings.

Here we statesomeminimax resultsthat are neededor the solutionof H”
andNehariproblems HereD € TI(U xW,Y), J=J* € B(Y),andJ; := [} ] €
GB(U xW) (in practicalapplicationsve will have D € TIC, but Tl formulations
allow usto obtainthedualresultsmoreneatly).Recallthat|| - |11 := [| - || 3(L2,L2)-

Definition 11.4.1(Minimax J-coercivity, F) A mapD = []D)l Dz] € Tl is min-
imax J-coercve iff F := i, D*JIDTL,. € QS(mLZ) satisfiesF11 > 0 and Foy —
F1F1iF12 < 0 (onTL. L2).

D € Tl is co-minimax J-coercve iff F := . D*JDt. € B(m L?) satis-
fies (equivalently F := 11, DYJ(D)*rt, = AFSI satisfies)F11 > 0 and Foy —
Fo1F i Fi2 < 0.

As noted in [S98d, Lemma 3.2], the minimax J-coercvity of D € TIC
meansthat J(Xo,[w]) is uniformly convex w.r.t. u, and minyc, 2(g, .y J (%o, [w])
is uniformly concae w.r.t. w. By Lemmal1.3.10,an equivalent condition is
thaty > yo whenthe assumption®f previous sectionare satisfied. Similarly,
cominimaxJ-coercvity is “roughly equivalent” to the solvability of the Nehari
problem,seeTheoreml1.8.3.We write the negative termoutfor lateruse:

0> Fop —Fo1F i Fio = 10, D3 IDp 1, — 11, D5IDy 1 (1.5 IDy 1)~ ey D ID, T
(11.106)
By combining(A.11) andLemmaA.3.1(b1)we obtain

Lemma11.4.21fD=[D; D] e TlisminimaxJ-coecive thenF € GB(;L?)

and(F 1) = (Fo2 — ]lel}f‘IlllFlz)*l < 0 (in particular, D is J-coerive).
Similarly, if D = [D1 D] € Tl is co-minimax J-coecive, then F €

GB(T_L?) and (F~1) 22 = (F2p — F21F Fi2) "t < 0. 0O

NotethatE := D*JD maysatisfyE;; > 0 andEys — 1E21]EI11]E12 < 0 andstill
F may be nonirvertible (take D = [T('l) ?] andJ = Jy; similarly D? (whichis of
Nehariform with G = 1(1)) is not co-minimaxJ-coercve).

Minimax J-coercvity canalsobe formulatedin termsof a spectralfactoriza-
tion (if D*JD is regularenoughto have one):

Lemma11.4.3(SpF) LetD = [D; D] € TI(U xW,Y), J=J* € B(Y), and
y> 0.

(a) AssumehatD*JD = Y*Z, whee Y,Z € GTIC.

ThenD is minimaxJ-coecive iff D* JD = X*J,X with X,X;; € GTIC and
K21 X7 71 <.

(b) Assumethat D*JD = X*J, X, whee X € GTIC. ThenD is minimaxJ-
coeciveiff X1 € GTIC and |[Xo1 X1 |11 < V.



(c) AssumehatD*JD = X*J X, whee X, X1 € GTIC.

Then DD is minimax J-coecive iff DjJDy > 0 iff Fyq > 0 iff T —
Fo1Fyi Fiz < Oiff | Xoa X7 [m < yiff (X715 (X aallm <.

(d) Assumethat D*JD = X*SX, X € GTIC(U xW)NUR, X =1 and Se
GBU xW). If D is minimax J-coecive then $1 > 0 and S —
$151'S12 < 0.

We used (a) and Lemma 11.3.10to show that (FI1s) implies (FI3s) in
Proposition11.3.4.

Proof: (Wetakey= 1 by using[ )] X insteadof X.)

LetF := 1, D*JDmt,. € B(1, L?), sothatFy; > 0and(F 1) < 0iff Dis
minimaxJ-coercve,by Lemmall.4.2.

(@ 1° “f " Since now F = m X X, and X, €
GB(L2(R4;U xW)), we obtain“If ” from Lemma11.3.13(vi)&(i).

2° “Only if”: LetD beminimaxJ-coercve andD*JD = Y*Z, Y,Z. Then
we have D*JD = X*J1X for someX € GTIC, by Lemmall.4.8. The (1,1)-
block of i, D* Dty = 11 X* 31 X1, impliesthat

0 < F11 =, DyIDi Ty = Ty (X7 X1 — X5, X01) 10, (11.107)

hencert, X7,X1114 > 0,1.e.,X],X;11 > 0, by Lemma6.4.6.

By LemmaA.1.1(c), the [left-]invertibility of X1 is equivalentto that of
Mp,, whereM := X~1. Therefore,Mj,M,, >> 0, so by Lemma2.2.3,it is
enoughto prove that M1t M5, > 0 on L2(R;W) to obtainMy, € GTIC
(henceXy; € GTIC). We shalldoit.

Clearly F1 = m;Mm; 3M*1t;, hence0 > (F 1)y = Mpym, M), —
M1t M3, on 11 L2, by LemmaZl1.4.2,which implies that Mot M, > 0
onT, L2, thereforeMy; € GTIC, i.e., X1 € GTIC.

From(11.107)andLemma6.4.6weget0 < X7,X11 — X5, X517, equialently
(by LemmaA.3.1(e2)),|| X1 X1 |11 < 1.

(b) “If ” follows from (a) (Y := J1X, Z := Z). Corversely if D is minimax
J-coercve, thenthe proof of (a) shows that an arbitrary J;-spectralfactor of
D*JD is asin (B).

X (c) From (T Xy m) (X)) = 1y = (Xaamy) (X, 17, ) we see
that
(X1 ), (U X7y ) € GB(1 L?), henced < Fyg is equivalentto

0 < (M Xy )Py (X ) = T — X X5 X Xy ) (11.108)

(becausdFy = T, (X4, Xq1 — X5, X01)T04), i€, 1> || Xo1 X1l (cf. 1°). By
(b), thisis equivalentto the minimaxJ-coercvity of .

Ontheotherhand,0 < F1; = DIy 1y < 0 << D7JID;y. Thelast*if f”
follows from M} My = —X1,X;{ andthethird from LemmaA.1.1(c1).

(d) By (a),D*JID = Z*X1 Z for someZ € GTIC(U xW) s.t.Z11€ GTIC(U)
and ||Z21Z511||T| < 1. By Lemma6.4.5(a),Z = ZX andS= Z*J;Z for some
Z € GB, henceZ is UR. By Proposition6.3.1(b1),Z11 € GB(U). Thus,
1Z24Z72 |71 < 1. By Lemmal1.3.13(vi)&(i), Sp1 > 0andSy» — $15(1S12 < 0.



Corollary 11.4.4(MTI SpF) LetD € 4(U xW,Y) andJ = J* € B(Y).
ThenD is minimaxJ-coeriveiff D*JD = X*J;X, whee X,;X;1 € GTIC and
Xe1 Xy [l < L.

Naturally, thewealer assumptio € TIC(U xW,Y), (D,J) € SpFwould be
sufficient, with essentiallythe sameproof.

Proof: If D is minimax J-coercve, then i, D*JD1t. is invertible, by
Lemma 11.4.2, so the existenceof a factorizationfollows from Theorem
8.4.12(ii). Therestof the claimsandthe corverseis obtainedfrom Lemma
11.4.3. O

Corollary 11.45LetD = []D)l ]D)z} eTLXMeTIC,M = X1J=)eB
andD*JD = XJ; X*.

Theopemator D is co-minimaxJ-coerciveiff X;; € GTIC and ||XIfX12|| <L
If X11 € GTIC, thenD is minimaxJ-coercive iff ||XIfX12||T| < 1iff Fy1 > Oiff
]D)}]Dl > 0iff Fop — ]F211FI111F12 < 0 (herF = m_D"JDr).

Proof: Apply Lemma11.4.3to ((D9)*)*J((D9)*) = (X9)*JyXd. O

For D of Neharitype,thecondition||XIfX12|| < lisredundant:

Corollary 11.4.6(Nehari-form) LetD = [[§] € TIC, X € GTIC, J=J* €
B and D*JD = X1 X*. The opemator D is co-minimaxJ-coecive iff Foy —
leFIfFlz < 0iff X31 € GTIC (here F := . D*JDr_). Moreover, in that case

always|| X Xaz|| < 1.

Notethat|| X { X12|| = |[M12M,7 ||, whereM := X~1, becausehe (1, 2)-block

of equationXM = | is X711 M2 + X12Mp, = 0.
Proof: The first “if f” follows from Definition 11.4.1 & Lemmal1l.4.2,
becausalwaysFi1 = 1 > 0. Thusthe latter“if f” andthe inequality follow
from Corollary11.4.5. O

Corollary 11.4.7(Nehari-form) Let D = [{$] € TIC(U x W), Y,Z €
GTIC(U xW),J = J, € B(U xW) andD*ID = YZ*.

Thentheopermator D is co-minimaxJ-coerciveiff Foy — Fo1F1o < Oiff D*IJD =
XJ1 X* for someX € GTIC(U x W) havingXj; € GTIC(U). Moreover, in that
casealways||X 1 Xaz|| < 1.

Proof: By Lemmall.4.2andCorollary11.4.6,we only have to obtainthe
third conditionassuminghefirst.

Let D be co-minimax J-coercie. SetE := AD*JDA = (Y9)*Z4, so
that F ;= _AEATC is asin Definition 11.4.1, henceF; > 0 and Fy, —



F1F; 1 F12 < 00onL2(R_;U xW). WeobviouslyhaeE;1 = | > 0. Moreover,
G of Lemmall.4.8satisfies

A, Gy A = A Epo 1ty A — AT Epy Egomy A = AT Epo T A — AT Epy T4 Egp 11 A
(11.109)

= AT Eppmt A — T AR AT AE o ATL. = Fop — Fo1 10 <0
(11.110)

on L?(R_;U x W), hencethe assumption®f Lemma11.4.8aresatisfied,by
Lemma6.4.6. We concludethat E = X*J;X for someX € GTIC(U x W),
henceD*JD = F|§§*J1§§ﬂ = X1 X*, whereX := Xd e GTIC. Therestfollows
from Corollary11.4.6. O

In the proof of Lemmal1.4.3(a) we usedthefollowing:

Lemma 11.4.8 Assumethat E = E* € TI(U x W), Ej1 > 0, G := Ep —
Ep1E{i E12 < 0, E = Y*Z for someZ, Y € GTIC(U x W) andy > 0.
ThenE = X*J,X for someX € GTIC(U xW).

(Onecouldgo onto obtainfurtherresultsasin Lemmall.4.3.)

Proof: By Lemmab.2.1(d),E = X*SX for someX € GTIC(U x W) and
S=S"€ GB(U xW). By Lemma6.4.7(a)wehaveE;; = R*R and—G =T*T
for someR € GTIC(U) andT € GTIC(W). By theSchurdecompositiorfA.5),
we have

| 0]"[E;; O | 0
W -1 _ w—* 11 -1
S=XTFEX""=X [EZlEﬁl I] [ 0 G] [E21EI11 I] X (11.112)

N 0]"[R o]t O][R O | 0] .4
=% [EzlElll I] [O ’]I‘} [O _J [o 'JI‘] []EzﬂElll I]X , (11.112)

: B _[R O][1 0 =
i.e.,, S=U"QU, whereU = [O ']I‘} [E21 E2 I}X € GTI(U xW).

Consequentlys= E*JyE for someE € GB(U xW), by Theoren.4.5. O

We have thusgeneralized.emmab.4 of [S98d]to Hilbert space®f arbitrary
dimensions(seeLemmall.4.3(a)). Becausethe assumedseparabilityof the
Hilbert spacesusedin [S98d] was neededonly in the proof of [S98d, Lemma
5.4] (asmentionedat the endof [S98d, Sectionl]), theabore lemmashows that
the separabilityassumptionarenot neededn [S98d]:

Corollary 11.4.9 All sepanrbility assumptiong [S98d] canberemaored. 0

Notes

Lemmall.4.3(a)is roughly Lemmab.4 of [S98d],andthe proofs(including
Lemma11.4.8) use samemethods;the differenceis that we do not needary
separabilityassumptionsjueto Theorem2.4.5.



11.5 The discrete-timeH® ficp

A walking shadowa poor playet
that strutsandfretshis hour uponthe stage,
Andthenis heaid no more.

— William Shalespear€1564—-1616);Macbeth"

As in otherdiscrete-timesectionsour referenceso continuous-timeesults,
definitionsandhypothesesgeferto theirdiscrete-timdorms(cf. Theoremd.3.3.13
and11.5.2).

Recallthat throughoutthis sectionand Section11.6, we assumdin addition
to StandingHypothesisl11.0.1)that StandingHypothesisl1.1.1holds,i.e., we
considerthesystem

Xn+1 = AXy + B1up + Bowy,
{”*1 % Batin B2 (neN) (11.113)

Zn = C1Xn 4+ D11un + D1owWy

(andw, = lwp) with initial statexg € H, disturbancenputw € ZZ(N;W), control
inputu € #2(N;U) andobjective outputz € £?(N; Z) (andsecondoutputequalto
the disturbancanput wy; cf. (12.31));here[AB] € B(H x U x W,H x Z x W)
arethegeneratorsf > € wpls(U x W,H,Z x W) (seeLemmal3.3.3)andC; = 0,
D21 =0, D22 = 1. Condition(i) belov saysthat

Yo:= sup inf{||z|z|ue £?iss.t.xisstable(i.e., xe £2)};  (11.114)

Wl 2=1

thus,yo equalsinf [|w— Z|| 3 12, theinfimal disturbance-to-outputorm|jw — Z|],

over all control laws that make the systemexponentially stable (u € #2(N;U)
s.t.x € £2). By (ii), infimum of over (causal)state-feedbackplus feedthrough)
controllers

u(t) = Kix(t) + Frow(t) (11.115)

is aslow. By (iii) and(a),acontrollaw achierzing aperformancédelow yp is found
iff the DARE (11.117)hasa nonngative exponentially (or power) stabilizing
solution satisfying the signaturecondition (for S). Moreover, sucha solution
determine®nepossiblechoiceof K; andFy», by (11.118).Finally, if S, < 0, we
cantake F12 = 0 to obtainthe purestate-feedbackontroller(11.119).

Theorem 11.5.1(Uexp : H” ficp) Assumehaty > 0 andthatthereise > 0s.t.

(z—A)Xo = Buy = ||C1x0+D11olly > €(||Xo||n +||Uol|lu) (Xo€H, upeU, z€ dD).

(11.116)
Then(i)—(iii) are equivalent:

() Y > Yo := SURkN-sw, [wi|,.=1Nfue 0w P12U+ D1aWl| 2, and (A, By) is
exponentiallystabilizable;

(i) y> Vr, i.€., thereis a suboptimaH®-Fl-pair for Z;



(i) the DARE
P=A"PA+CiC; — K*',

5= [oior oo, | +B 7B,

D3,D11 D12D12—V2| (11117)

K = _§1< o2 cu+ B*TA),
12
hasa solution? € B(H) s.t. 2 >0, S;1 > 0, So— szﬁllslz < 0 and
p(A+BK) < 1.
Moreover, the following hold:
(a) Assumehat (?, S, K) satisfied(iii). Then

~S,1 (D}C1+B{PA) | 0 —S;i'Sp2 .
( 0 0 0 ; (11.118)
is a suboptimallexponentiallystabilizing)H*-FI-pair for Z.

Theeis a suboptimaH*-SF-opeator iff $, < O; if thisis thecase then

Kii= [ O]K = (S~ $125751) " (D4C1-+ B PA— S12S7(D3 1C1 + B3 2AY))

(11.119)
is a suboptimallexponentiallystabilizing)H*-SF-opeator for .

(b) If ()—(iii) hold, thenthe assumption®f Proposition11.2.8(also thoseof
(al)) are satisfiedand (FI1)—(FI5) hold.

One more equivalent condition is that ||D11U + Di2||s2nw),e2(n:z)) < Y
for someU : £2(N;W) — £?(N;U), and (A,B;) is exponentially stabilizable
(obviously thisis strongerthan(i) andwealer than(ii)).

We recallfrom Sectionl1.1that U, refersto the controlsthat make the state
andoutput” U} -stable”,i.e.,

Uy(%o,W) := {u e LA(N;U) | [§] € U (%)}, (11.120)

(in Theorem11.5.1, U = Uep, SO that “[j] € U (x0)” can be replacedby
“Br[%] € £2”, i.e., by the assumptiorthat u makes the statetrajectory belong
to /%), andthat by yg (resp.ysp) we denotethe infimum of the norm ||w —
2wy ezn;z) (€., of |ID3]nic; see(11.8)) over all /;-stabilizing state
feedbackpairs(resp. U -stabilizingstatefeedbackoperatorsfor Z of form

Ki | Fiz Fr2
(0 5 0) (11.121)

(i.e., we allow statefeedbackthroughthe first input (the controlu) only). Thus,
Vsk requiresthatF11 = 0 = Fqo. Trivially, 0 > ysg > yr > yo > 0 (cf. (11.132))
Proof of Theorem 11.5.1: 0.1° Remark: Assumption(11.116): By
Proposition15.2.2(c),this implies that D11 (with realization [é%%}) is |-
coercie. If (A,B;) is exponentiallystabilizable then(11.116)is equialentto
thel-coercvity of D1, by Propositionl5.2.2(e)seethe propositionfor several
sufficientandsomeequialentconditions).




1° We get “(i) = (iii)” from Proposition11.6.2,“(iii) =(ii)” from Lemma
11.6.3,and"(ii) =(i)” from(11.12)andLemmall.6.4.(Seealsoremark0.3° of
theroof of Theoreml1.1.3.Recallfrom Lemmal3.3.7(v) thatp(A+BK) < 1
iff P (thatis, K) is exponentiallystabilizing.)

Also (a) follows from Proposition11.6.2,andLemmal1.6.3.By Proposi-
tion 11.2.9,(b) holds. O

Practicallyall our H* FICPresultshold alsoin their discrete-timdorms:

Theorem 11.5.2(Discreteform of H® FICP results) All results of Sections
11.1-11.4and 11.8-11.9hold also in their discrete-timeforms (i.e., after the
changeslistedin Theoem 13.3.13),exceptthat in Theoems11.1.3,11.1.4and
11.1.6,assumptiorf2.) canberemaosedbut equation(11.39)mustbereplacedoby
(11.118)andequation(11.17)by (11.119).

When applyingthe above results,do not forget (the discrete-timeforms of)
StandingHypothesed.1.0.1,11.1.1,11.2.1and11.3.1(the lasttwo of which are
only assumedor theresultsof correspondingections) Notethatwe have written
explicitly the simplified discrete-timgorms of somemajorresultsin this section
andSectionl1.6.

Recallfrom Lemma14.3.5thatwe canhave 4 = ticeqy OF 4 = £1%; this is
particularly usefulin Theoremsl1.2.7and 11.3.3. Therefore,in discretetime,
we may allow for generalexponentiallystabilizable)WPLSsin the Uy, caseof
Theorem11.2.7,while Example11.3.7(b)(its discrete-timevariant) shavs that
(FI1) doesnotimply ary of (FI3)—(FI5)when U} € { Uout, Usta Ustr}-

Proof of Theorem 11.5.2: Recallthat thesechangesnclude having the
DARE (11.117)in placeof the[By-]CARE.

This follows roughly by applying (13.63) alsoto the proofs (recall from
Lemmal4.3.5that 4 := ticexp satisfiesStandingHypothesisl1.0.1).

(An alternatve proof of the I/O partof Sections11.8—11.9s obtainedby
usingthe Cayley transform(Theorem13.2.3).)

Note that (11.17) and (11.17) usedthe fact that “S = D*J,D”, which is
not necessarilytrue underour discrete-timeassumptiongor ary reasonable
counterpartscf. Examplel4.2.9). However, assumptiorn(2.) canbe removed
from Theoremsl1.1.3,11.1.4and 11.1.6,sincewe canuse Theorem14.1.6
(andLemma9.9.7(c2))insteadof Theorems9.9.6 and Theorem9.2.9in the
proofs. O

From the above theoremand Theorem11.2.8(f)&(d), we deducethat if the
systemis g.r.c.-SOS-stabilizabl¢hroughu (asin Theorem11.2.8),thenary of
the factorizationconditions(FI16)—(FI8) on p. 633 are sufficient for (ii), i.e., for
the existenceof a y-suboptimalcontroller (over U} = Uyy). If, in addition,the
g.r.c.-SOS-stabilizedO maphas,e.g.,¢* impulseresponsethentheseconditions
arealsonecessanyf (A, B;) is exponentiallystabilizableand (A, C) is detectable,
then(FI1)—(FI8) becomeequialent(and(FI9) if dimU < o or dimW < oo; use
Theorem6.7.15(c3)and 4 = ticep in Theoreml1.2.7).



Notes

Much of the notesof previous sectionsalso apply to the discrete-timeH®
ficp. For example, the equialenceof (i) and (iii) (and part (a)) in Theorem
11.5.1is givenin [IOW] underthe sameandin [GL] understrongersimplifying
assumptionsalthoughbothbooksassumehat is finite-dimensional However,
discrete-timeH® problemsare more rarely treatedthan their continuous-time
counterpartspartially becauseghey are more complicated(aslong asthe input
and outputoperatorsare bounded;in our generalitythe continuous-timeresults
aremuchmoreinvolved).

If we delete”(i)” from Theoreml11.5.1,thenits proof canbe obtainedrather
directly from Proposition11.6.2(al)&(d1)and Lemmall.2.13,asnotedin the
noteson p. 652.



11.6 H* ficp: proofs

Bythetimethefool haslearnedthegame theplayeis havedispersed.
— GhanaiarProverb

In additionto StandingHypothese4.1.0.1and11.1.1,we assumehefollow-
ing:

Standing Hypothesis11.6.1(H* full-inf ormation control problem (ficp))
Throughoutthis section,we male the following assumptionsHypothesisl4.0.1
is satisfied(withU — U xW andY — Z xW), y> 0, andthereis €, > O s.t.
D1aullz > €4l (o]l ; for all u€ Uu(0,0).

(Seethe remarksbelov Hypothesis11.2.1, which is the continuous-time
counterparbf this hypothesis.)

Due to boundedgeneratorsthe discrete-timevariantof Proposition11.2.19
becomesimpler:

Proposition 11.6.2(Necessaryconditions) Assumethat y > yo and that Z° is
reflxive. ThenD is J-coercive. Assumen addition that U} (xo) # 0 for eah
Xo € H. Thenthefollowing hold:

(al) The DARE has a unique ;-stabilizing solution (?,SK), ? > 0, S€
GB(U xW) andSy1 > €21.

(a2)Foreathxp € H, thecorresponding:losed-loopseconobutput[V‘\’,‘;‘i‘t((xxg))] =

KXo is the uniqueJy-critical input (called the minimax control), and this
input corresponddo the (unique)argumentsof

Wezgﬁ(w) uezrlzl(i)?o’w)](xo,u,w). (11.122)

(b2) ThelARE hasa 7*-stabilizingsolution (P, S [ K|F ]) st.S=[y L],
whee Jy = &, = 3t € GB(W).

(d1) (Sp2—S21S;iiS12< 0) If there is a suboptimal H*-Fl-pair, then
S — szlqllslz < 0, and the IARE has a U}-stabilizing solution
(2,3, [ K |F }) s.t. X13,X02 € GtiCes, Xo1 = 0, [[X7t|luc < €72, and
K21 X3 lic < 1

(d2) (Sp2 < 0) If there is a suboptimaH®-SF-opeator, thenSy, <« 0.

(f) In (d1) (resp.(d2)), the existenceof a suboptimaH*-FI-pair (resp.H*-SF-
operfator) is not neededf ther is U € tice,(W,U) s.t.||D11U+ Di2|ltic <Y
(resp.andU(0) = 0).

Proof: Most of this follows asin the proof of Proposition11.2.19. We
explaintheleastobviouschangedelow.



(al)&(a2) The unique J,-critical control corresponddo the unique U;-
stabilizing solution of the DARE, by Theorem14.1.6. Substitutet = 1 into
(11.66)(whosecontinuous-timeproof applies,mutatismutandis)to obtain

(o Sty > e2 V117, = X 1uol, (11.123)

whereuj € U is arbitrary Thus,Sy1 > €21,
(d1) Substitutet = 1 into (11.77)to obsenre that

<m wo,sm wo) < —elwolly (wew), (11.124)

whereU e B(W,U) is the feedthroughoperatorof U := fﬁ (the suboptimal
closed-loopw — u map). By Lemma11.3.13(i")&(i)&(iii’), this meansthat

S2— $1571'S12 < —¢l andthat

S=X"uX, whereX = [M1%2] %1505 %o (11.125)

By Theorem9.9.1(f1),also (2, J1, ( XK,I —X )) is a U-stabilizingsolution
of the IARE. SinceXi1, X22 € GB, we have X11,X2 € GTIC,. Therestof
(d1)followsfrom (11.77)asin theproofsof Propositionl1.2.19(candLemma

11.2.21(we do not needto studyX, sincewe alreadyknow thatX;; € Gtic.).
(d2)Now U = 0in (11.124) henceSy, < —el.
Remark: We did not have to assumehatd < 0. This follows from the
inequality|| [¢] ||£§ > ||uollu (u € £3), whosecontinuous-timenalogydoesnot
hold.

To obtainan analogougesultin continuoustime, we have to lett — 0+,
which requiresadditionalregularity, asin Proposition11.2.19(b3). O

Also the sufficiency partbecomesimpler:

Lemma 11.6.3(General U;: DARE = ficp) Assumethat DARE has a U}-
stabilizingsolution(?,S K) s.t.? >0, S1 > 0and S — 521q11812 < 0.
Thenthe assumption®f Lemmall.2.14are satisfied(including (4.)). In
particular, if U; = Uexp (Or U; = Uoyt and (! —TF)~! e tic), then(11.48)is a
suboptimaH®*-FI-pair for Z, with genertors (11.118). If, in addition, S, <« 0,
then(11.119)is a suboptimaH”-SF-opeator for . [

(Theproofsof Lemmasl1.2.13and11.2.14applymutatismutandisnotethat
thislemmaalsoholdswithouttheassumptiontheexistenceof €, (seeStanding
Hypothesisl1.6.1).)

If we wish that somekind of controllerxgp, w — u stabilizesZ exponentially
(cf. (i), thensodoesa strict statefeedbackcontroller(i.e., a H*-SF-operator);
conversely sucha controller is sufficient for our “H® Finite Cost Condition”
Uy (X0, W) # O for all xo, w:



Lemma 11.6.4(FCC < (A,B1) exp.stab) Let U} = Uep. Thenthefollowing
are equivalent:

(i) ( A | By ) is exponentiallystabilizable(or optimizable);
(i) Uy(xo,W) # O for all xo € H andw € £2(N;W);

(i) Uu(x0,0) # O for all xp € H;

(iv) thereis a H*-Fl-pair for Z;

(v) thereis a H*-SF-opeator for 2.

Proof: 1° “(v) =(iv)” and“(ii) =(iii)”: Thesearetrivial.

2° “(iv) =(ii)": Givenxg € H andw € £2(N;W), we have Axg + By Tu+
Bytw € £2, whereu := X; 1 KiXo — B1 X 1 Xaow € £2(N;U), by (11.9).

3° “(iii) < (i)=-(v)": Obviously, (i) saysthat( A | By ) is optimizable.
By Proposition13.3.14,( A | By ) is optimizableiff it is estimatablehence
we have (i)<(iii)), andin eithercaseit hasan exponentiallystabilizing state
feedbacloperatoiy (i.e.,p(A+B1K1) < 1). Butthen[ "] is obviously expo-
nentially stabilizingfor Z (because¢he correspondinglosed-loopstate-to-state
map is also given by A+ B1Kj); henceit is a H*-SF-operatqrby Remark
11.2.5. O

Thus,if U} = Uep, thenwe mustassumethat ( A | By ) is exponentially
stabilizable sothatthe problemcanbe reducedo the exponentiallystablecase,
by Lemmal1.2.22(which obviously holdsin discretetime too).

(Seethenotesonp.677.)



11.7 The abstract H® FICP

You cannotwin thegame andyouare notallowedto stopplaying

— TheThird Law Of Thermodynamicgthisis whatwe wishto make
for the destiry of the secondplayer(nature/disturbance))

In this section,we solve the H* FICP in the abstractsettingof Section8.1.
Theseresultswereappliedto WPLSsandwpls’sin previoussections.

For simplicity of notation,we replacethe spacdJ of inputsby U x W, where
u € U is consideredas “control” andw € W is consideredas “disturbance”;
otherwisewe sharethe notationof Section8.1:

Standing Hypothesis11.7.1 Throughoutthis section,we shall assumethat U,
W, X, YS and Z° are reflexive Banad spaces,that Y and Z are TVSs,and
that the embedding®’s C Y and Z® C Z are continuous. e also assumethat

88 B ] € BXxU xW,ZxY) andd =" € B(YS,Y).

NotethatU x W hasnow takentherole of U; we alsoset
7(%u,w) = 7(% [4]) == (D[4],ID[§]s ([%] € UX)). (11.126)

In applicationsone usually takesU = L?(R,;Up), W = L?(R, ;W) for some
Hilbert spaced)o,Wp (cf. Remark3.3.4).

As in previous sections,in the H* FICP one wishesto find a control law
X xW 3 (X,W) — Uxw € U s.t.[%"] is a“stabilizing” input for the given“initial
state”x, for each“disturbance’w, i.e.,[%"] € U(x) for all x € X andall w e W.
We denotethe setof these‘admissiblecontrols” by

Uy(x,w) ={ueU|[§] € UX)} ={ueU|Cx+DuecY® & Ax+Bue Z%.
(11.127)
(We setA = 0= B orZ%= Z if weonlywishto requirethe outputto bestable.)

Moreover, this control law shouldbe “suboptimal” (seep. 613)., However,
to keep the notation simple, we study here the more generalextendedFull-
InformationH” Control Problem(H” eFICP), wherethe suboptimalitycondition
is replacedoy the conditionthatthereis € > 0 s.t. 7(0, uxw, W) < —g||w||%. As
notedon p. 613, this conditionis equivalentto suboptimalityin the (specialcase)
settingof (11.1)(with D:=D = [D1 Dp)).

In the following theorem,we first shawv that the existenceof a suboptimal
control law implies J-coercvity, and then we shov how the unique J-critical
controlis of maximinform. In Propositionsl1.6.2and11.2.19 thesefactswere
usedto shawv to necessityof the signatureconditionandthe existenceof a unique
stabilizingsolutionto the Riccatiequation.



Theorem 11.7.2(H® eFICP) Setty(x,w) :={ueU | [W] € U(X)}. Assumehat
thereis g, > 0s.t.

(D1u,dD1U) > e[| [§][13 (U € TU(0,0)). (11.128)
Thenthefollowing hold:

(a) We have(i)<(ii), whee

(i) Theeis gy > 0 s.t.infyec ¢ 0m) J (0, U, W) < —&y||w||? for all we W.
(i) Theeis F™ € B(W,U) s.t. F"w € U,(0,w) for all we W, D :=
D[R] € B(W,Y%),andD"*ID" < 0 (onW).

(b) If (i) (or (ii)) holds,thenD is J-coerive
(c) Assumehat (i) (or (ii)) holdsand U(x) # O for all x € X. Thenthere are
FO e BW,U), KD e B(X,U), KW € B(X,W) s.t.

crit

(KD FR] W] € Ua(xw) (xe X, weW),
(11.129)
JKOX+Fw,w) = min J(x,u,w) (xe X, weW), and
ue Uy(X,w)
(11.130)
min X, U, K X) = max min X u,w) (X e X). 11.131
ue‘uu(x,Kg‘;itx)j(’ ’ Cm) WeWuefuu(x,W)j(’ ’ ) ( < ) ( )

Moreover, thenfor any x € X, the uniqueJ-critical input is givenby Kx,
wheeK = [ﬁﬂ = [K“ +KFW KCfit} , andthe correspondingostis

crit
J(XKix, KoX) =max min = J(x,u,w) > min (Cx+ Dju,J(Cx+ Djyu)).
weW ue Uy (x,w) ue Uy(x,0)
(11.132)

In the FICP (see (11.1), we have J > 0 on Ran([C Di]), so that
J(x,Kix,Kox) > Ofor all x € X, by (11.132);this leadsto a nonneative J-critical
cost operator? (seeProposition11.2.19). Condition (11.128)is the standard
nonsingularityassumptionandit is necessaryor the J-coercvity statedin the
theorem.

HereF andK" referto a systemwhereonly u is controlled(“the optimal
statefeedbackthroughthe control input u”), whereasthe J-critical “maximin
statefeedback”K controlsbothu andw. By (11.132),(i) implies the J-critical
controlcorrespond$o “the bestcontrolu undertheworstdisturbancev’ (or “the
maximincontrol [ ]").

By slightly modifying the proof of (a), one canshawv that conditions(i) and
(i) hold iff D is J-coercie and minye ¢, o) J (0, u,w) < O for all w e W. Mere

J-coerciity is notsufiicient (take,e.g.,D = [39 Q]T, J=diag(1,1,-y),y< 1,s0
thatD*JD = [é (19y)] > 0), we mustalsoknow thatthe costfunctionis concae
in w (it is corvex in u, by (11.128)).1f U(x) # 0 for all x € H (“the Finite Cost



Conditionis satisfied”),thena fourth equivalentconditionis the existenceof a
J-critical K (asabove) satisfyinga suitablesignaturecondition.

However, suchadditionalconditionscan be obtainedin more useful forms
whenworking with causalsystemsthereforewe have placeda further treatment
in Sectionsl1.2and11.6.

Proof of Theorem 11.7.2: (a) 1° (ii))=-(i): Assume(ii). Thenthereis
gw > 0s.t. 7(0, F w,w) = (D w, JD W) < —gy||w||? for all w € W, hence(i)
holds.

2° (i)=(ii): Assume(i). Then Uy(O,w) # 0 for all w € W (since
inf® = +). The mapD; with the systems, := [B%}%ﬂ is J-coercize (this
correspondso substitutionsX — W, U} — Uy(0,-) andJ(w, u) — 7(0,u,w)),
by (11.128);indeedwe obviouslyhave ||u||p, = || [¢] ||o- Thereforejs aunique
J-critical controlFw for X, for eachw € W, where

[E—;] € B(W,Z%x YSx U) (11.133)

is as in Theorem 8.1.10; in particular F~w € Uy(O,w) and
(Dow+ D1F“w, Du) = O for all u € U, (0,w) andw € W, and
JO,F w,w)= min 7(0,u,w) < —&y|w||? foreachwe W.  (11.134)
ue Uy(0,w)

SinceD" :=Dy+D1F € B(W,Y®), we obtain(ii) from (11.134)(because
J(0,F"w,u) = (D"*'w,JD*W)). (Intuitively, F" is the “optimal stabilizing
controller’w+— u.)

(b) Assume(i). Wehave [D; D] = DE, whereE := [| 7" |, whereF"
is asin (a)2. BecauséF W] € U(0) for allwe W, wehave E[{}] € U(0) <
ue€ Uy(0,0) & weW, by Lemma8.1.4;thus,U(0) = E[U,(0,0) x W]. From
this and (a)2 we seethat the assumption®f Lemmall.7.3are satisfiedfor
[£12E]. sothatDE is J-coercie. By Lemma8.2.4(c),it followsthatalsoD is
J-coercve.

(c) 1° Uy(x,w) # 0for all xandw: Givenx € X andw € W, thereare [\5\‘;] €
U(x) andu” € U,(0,w—w), by theassumptionssothat [Y1V' ] € U(x), i.e
u +u"” € Uy(x,w). Thus, Uy(x,w) # 0 for all x andw.

2° Equations(11.129) and (11.130): Theseare obtainedas in (a)2
(with substitutionsX — [X ], x— [&], U ([§]) — Uu(x,w) and 7 ([§],u) —
Ju([w],u) := J(x,u,w)). (Obviously, F" is thesameasin (a)2.)

3° Equation(11.131):We alsoobtainin 2° that

~. _[AY]| B ] [ A+BIKD | Bo+BiF”
<l ch | D] [ CHDIKY | D2+ DiFY

} € B(X xW,Z xY?®)

(11.135)
andD™JD" <« 0.
Apply Corollary 8.2.7 and Theorem8.1.10to >%; and —J (with cost
function=: —7*) to obtainthatthereis K¥.. € B(X,W) s.t.

w
T (X, KgrieX V%%&(] (X, W) = rré%&(uerzr}(m )j(xuw) (xe X). (11.136)

crit



go « | K +KF et | x is the unique J-critical control for any x € X”: Let

x € X. By (b), D is J-coercve, sothat thereis a uniqueJ-critical control for
X, by Theorem8.2.5. Thus,we only have to show thatthis controlis givenby

= [ x

crit

Let [:H € U(0) bearbitrary Setn” :=n—F"n' =n — uxit(0,n’). Apply
Lemma8.1.7(ii) to 4, to %y andthenagainto 4, to obtain(hereugt(X',w) :=
KD F [\f/] for all X, w) that 7 (x,u+n,w+n’)

= J (% K"x+F 2 (w+n') +n",w+n') (11.137)
= Ju([win ], Uerit(x, W+ 1)) +.7u(0 n") (11.138)
=77 (%W+n")+2(0,n") = 77 (x,w) + 7°(0,n") + 4(0,n”)  (11.139)
=J(x,u W)+.7u([ '} » Uerit ))+.7u( N ) (11.140)

(o,
O,n)+n")=I(xu,w)+7(0,n,n’). (11.141)
By “(ii) =(i)” of Lemma8.1.7,[] is J-critical for x.

5° Equation(11.132): This follows from (11.130)and (11.131)(the in-
equalityfollows by takingw = 0). O

= J(x,u W)+.7u([ '} » Ucrit

Thefollowing resultfor “uncoupled”’H*® controlwasusedabove:

Lemma 11.7.3 Assumethat U(0) = Uy x W for someU; C U, D3JD> < 0,
(D1u,Dow) = O for all u € U, we W, g, > 0, and (D1u,JD1u) > eu(||u||U
|1B1ul|2s + ||D1ul|3s) for all u € U. ThenD is J-coeciveiff D3JD, < 0.

Proof: Since (0) is a subspac®f U x W, Uy is asubspacef U. Since
Bo[W] C Z° andD2[W] C Y5, we have By € B(W, Z%) andD; € B(W,Y®), by
LemmaA.3.6 (sothatD3JD, is well definedonW).

1° “Only if”: If D is J-coercve, then,for eachnonzerow € W, thereis a
nonzerow € W s.t. (Dow', IDow) > €'||w||||w/]|, whereg' is asin (8.12) (take
u= 0). ConsequentljthenD3JD, < 0. by LemmaA.3.4(c1)(xi)&(c4)&(b1).

2°“If " AssumethatD35JD, < —gyl. Givenu € U; andw € W, we have

(D[ %],ID W] = eu(||ul]+ IBaull? + [ID1ul|?) + &wl /| (11.142)
> /(J|ull?+ W% + 1 [W] 11+ [1Baull® + [IB2l|?IWi[? + [IDull* + | D2l W),
(11.143)
whereg’ := min{ey, &y}, from which oneeasilyobtains(8.12). O
Notes

For finite-dimensionaWPLSs, the idea to first minimize w.r.t. u and then
maximizew.r.t. w is very old, althoughwe do not know ary referencego the
exacttechniqueusedin this section.Seethe previous sectiongor applicationgo
WPLSs.



11.8 The Nehari problem

If youthink the problemis bad now just wait until we've solvedit.
— Arthur Kasspe

In the Nehari problem, one wishesto determinethe norm of the Hanlkel
operatorm, Gt of a given map G € TIC(W,U), or alternatvely, to find a
suboptimalapproximation—U* € TIC*(W,U) of G.

Giveny > 0, onehas||m, Grt|| <y iff infyericuw) [|G+TU*[| <V, i.e., iff
d(G, TIC*) < y (or d(G,H”(C~; B(W,U))) < y), by theNehariTheorem11.8.3.
As the theoremshaws, one canreducethe problemof finding suchan operator
U to a co-spectralfactorizationproblem, and such a factorizationleadsto a
parameterizationf all solutionsU of |G+ U*|| < y.

(Sometimesheproblemis formulatedsothatG belonggo MTI or someother
noncausatilecomposinglass.Thenonemayreducetheproblemto theabore one
by replacingG with its causabpartG,. , whereG = G, + G_, G ,G* € TIC.)

In this section we take a very brief look at the aspect®f the Nehariproblem
thatcloselyresembldhoseof the stableH™ FICP

Standing Hypothesis11.8.1 ThroughoutSectionsl1.8—11.9we assumehefol-
lowing: % := [2}&] € WPLS(W,H,U) is stableandy > 0.

Recallfrom Definition 6.1.6thatary G € TIC(W,U) hasa realizationZ (for
someH).

We shall shav that the following conditions are equivalent (under some
additionalassumptions):

Definition 11.8.2We defineD := [| ] € TIC(U x W), and we define the
following conditions:

() Theeis U € TIC(U,W) s.t.[[G+U* ||z 2 <Y (i.e, d(G, TIC*) <).
(i) TheHankel norm||1t, GTL || = p(BB* C*C)Y/2 of G is lessthany.
(iif) Thel/O mapD is co-minimaxJ),-coercive[Def11.4.1].
(iv) TheToeplitzopemtor F := 1_D* JDr satisfiesFz, — Fo1Fri Fiz < 0.
(v) Thel/lO mapD := [} §] € TIC hasa (co-spectal) factorizationD* J,D =
X3 X" with X, X711 € GTIC.
We have 1, Gt = CB, by Definition 6.1.1,hence
p(BB* C*C)Y? = p(B*C*CB)Y? = ||CB|| = ||, G|, (11.144)

by LemmaA.3.3(s2),LemmaA.3.1(c6)andDefinition 6.1.1.NotethatBB* is the
reachabilityGramianandC* C is the obsenrability Gramianof Z. Exceptfor this
obsenation (andthe equalityin (ii)), our claimsonly concernthel/O map@G, not
therealizationZ.

If D € MTIC anddimU xW < o, or if D € MTICtz, then (i)—(v) are
equvalent:



Theorem 11.8.3(Nehari) We have (v)=-(i)=(ii) & (iii) <(iv). If U andW are
sepanble then(i)—(iv) are equivalent.

If 2* =949 =4 C TI, G € 4, and A(U x W) admitsspectal factorization
(e.g., (a) or (B) of Theoem8.4.9holds),then(i)—(v) are equivalent.

If (v) holds,thenall solutionsto (i) arethe onesgiven by Theorem11.9.4
(if G € 4, thenX € A4, by Theorem11.9.3,hencethenwe cantake U € 4, by
Theoreml11.9.4,andall solutionsU € 4 correspondo all parameter®d) € 4, as
in Theoreml11.3.6).

By “4(U x W) admitsspectralfactorization”we meanthatif E € 4(U x
W) and i, Em, is (boundedly)invertible on L2(R, ;U x W) (this condition
is necessanyfor ary 4 C TI), thenE = X*SX for someX € GTIC(U x W),
Se GB(U xW).

Proof: 1° The first chain of implicationsfollows from Theoremsl1.9.4,
11.9.2and11.9.1andDefinition 11.4.1.

2° Implication (ii) = (i) follows from Theorem11.9.2.

3° By 1° and Theorem11.9.3,(i)—(v) are equvalent. (From the proof of
TheorenB.4.9we obsenethateachof assumptionga) and(p) is sufficient for
the admissibility assumptionpbviously the former conditionis satisfied,i.e.,
AcC T andE*, AEA € 4 for eachE € 4.) O

One obseres directly from the definition that D is minimax J,-coercve.
However, we have no usefor this fact.

Notes

Above, we have primarily givenfrequeng-domainresults. Onetraditionally
alsoestablishetheconnectiorto two particularRiccatiequationdaving nonney-
ative solutions;see,e.g.,[IOW] for the finite-dimensionatase(both continuous
anddiscretetime), [CZ] for the casewith boundedB andC, and[CZ94] for the
caseof smoothPritchard—Salamosystems.The above reference®nly treatthe
exponentiallystablecaseseeCO98] for WPLSswith B, C andD stableandB,C
boundedbut A possiblyunstablenotealsothatA couldbeallowedto beunstable
throughSectionsl1.8-11.9).

FordimU x Y < o, the Nehariproblemhasan extendedversion,the Hankel
norm approximation problem whose I/O form was presentedand solved in
[AAK] (the Adamjan—Aov—Krein theorem). An up-to-datestate-spacsolution
for exponentiallystableanalyticand PS-systemss given in [Sasane]partially
alsoin [SC]).

Sincethe Nehari Riccati equationtheory doesnot follow from the theory
of Chapter9, we omit the state-spaceart correspondingo the above results;
it might be worth of a separatestudy (where results such as Theorem8.3.9
shouldbe rewritten in this “noncausal’setting(e.g.,we have N*JN = S where
N:=DX~* ¢ TICUTIC* in general)).Part of the state-spactheory(includinga
realizationof the spectrafactor)is givenin [SM], dueto Olof Stafans.

The resultsof this sectionare well known in the generalitytreatedin the
above referenceqexcluding [SM]), and the implication “(i) < (ii)” is contained
in [Treil85] in the separablease.



11.9 The proofsfor Section11.8

HOW TO PROVEIT, PARTS1-2:

Proofby intimidation: "Trivial’.
Proofbyvigoroushandwaving:Workswell in a classioomor seminar
setting

Proofby cumbesomenotation: Bestdonewith accesgo at leastfour
alphabetsand specialsymbols.

FURTHERPROOF TECHNIQUES:
Blatantassertion.

Changingall the2’'ston’s.

Mutual consent.

Ladk of a counteexample

Now we canprove theimplicationscompiledinto Theorem11.8.3:
Theorem 11.9.1 (iii) < (ii).
Proof: We have
T .G
G'T. TLG*Gr — V21|’

hencethe co-minimax J-coercvity of D is equivalentto 0 > 1 G*Gr_ —
VT —G*1t. G = — (Y’ — 1t G*1, G ), henceto YTt >> 11 G*1t, G ),
henceto ||t GTL || <y, by LemmaA.1.1(d). O

F := . D*IDm, = (11.145)

Theorem 11.9.2 We have(i)=-(ii). Thecorverseis true for sepaableU andW.
Proof: 1° “(i) =(ii)": Becauset,.U*t = 0, we have
MG || = [Tt (G+ UH)TL || < |G+ U (11.146)

for U € TIC, hence(i) implies(ii).

2° “(ii)y=()": By, e.g.,the Theoremon p. 57 of [Treil85] (and Theorem
13.2.3),thisis true at leastin the separablease,and(in the sepablecase)we
alsohave that

G = it GOl = ot I6+0" s = gmin 6+ sy
(11.147)
U

Theorem 11.9.3 Assumethat 4* = A4 = 4 C Tl that G € 4, and that
A(U x W) admitsspectal factorization.Then(iii) implies(v) (with X € G 4).

Proof: Assume (iii). Then, by Lemma 11.4.2, t D*JDmt. €
GB(L2(R_;U xW)), i.e., DI *m, € GB(L?(R;U x W)). Conse-
quently thereareX? € GTIC(U xW)N.4(U x W) andSe GB(U xW) s.t.
(xd)*sxd = pAJ(DY)*, i.e., XSX* = D*ID.



By Corollary11.4.7,we canhave S= J; andXj1 € GTIC(U). O

All solutionsto |G+ U*|| < y aregivenby thestandardormula(cf. Theorem
3.20f [CO98]):

Theorem 11.9.4(All solutions) Let the I/O mapD := [} §] € TIC havea co-
spectal factorizationD*J,D = XJ; X* with X,X3; € GTIC (i.e, let (v) hold).
ThenU* = M, M, = —X[;'X},; satisfies|G+U*|| <y, wheeM :=X"1; in
particular, (i) holds.
Moreover, in that case all solutionsto |G+ U*|| <y [< Y] are givenby
% U* N* ~ ~
U =T, [Uﬂ — M [ILIJ ],Ue TIC and ||| < 1[< 1.
Thus, all solutionsare givenby U = U, 'U; (clearlyal.cf.), [U1 U] =
[0 1] M, TeTicand|T) < 1[< 1]
Proof: By Corollary 11.4.6,we have ||XIfX12|| < 1, therefore the proof
of Theorem11.3.6 applies,with substitutionsU — U*, U — U*, X — X*,
X1 X X711 X3 M1 M M, M o e
Mo 352 = [ [ = (o v ] B B e G

X1p X3
Q — Q¢ (k=1,2), W,U) — (U,W) andTIC — TIC* (or TIC — TI, since
causalityis notneededn the proof). O

(Seethenotesonp. 686.)



