
Chapter 11

H∞ Full-Inf ormation Control
Problem(

�
w �� z

� �
γ)

Of all men’s miseries,thebitterestis this: to knowsomuch andhave
control overnothing.

— Herodotos

In this chapter, we shall solve the H∞ Full-Information Control Problem
(FICP),which is describedon p. 33.

Our main resultsare presentedin Section11.1; applicationsto parabolic
(analyticsemigroup)systemsaregiven in Corollary 9.5.11. Furtherresultsand
proofsaregiven in Section11.2 (including the extensionof the � Jγ � J1 � -lossless
factorizationsolution of [Green] and [CG97] to an MTIC setting, in Theorem
11.2.7), and the stablecasein Section11.3. Section11.4 treatsminimax J-
coercivity, a property of the Popov operator, equivalent to the existenceof a
nonsingularsolutionto theH∞ minimaxproblem.

Thediscrete-timeH∞ full-informationcontrolproblem(ficp) is treatedin Sec-
tion 11.5,andcorrespondingproofsaregivenin Section11.6. Thereadermight
wish to readfirst thesetwo sectionsin orderto observethebasiccharacteristicsof
theH∞ FICPin asimplesettingbeforegoinginto thetechnicaldetailsrequiredby
theunboundednessof theinputandoutputoperatorsin continuoustime. A reader
interestedonly in themainresultsshouldreadonly theintroductionon p. 33 and
Sections11.5and11.1,in thatorder.

The necessitypart of our proofs is basedon the solutionof the abstractH∞

FICP(i.e., theFICPin thesettingof Section8.1),which is givenin Section11.7.
Themethodsusedfor thestableH∞ FICPalsoapplyto the(one-block)Nehari

problem,whereonewishesto estimated ��� � TIC 	 � or theHankel norm 
 π ��� π �

of some��� TIC. Therefore,we takeabrief look at this problemin Section11.8.

StandingHypothesis11.0.1 Throughoutthis chapter (except in Section11.7;
seeHypothesis11.7.1)weassumethat H � U � W� Y� Z are Hilbert spaces,andthat
thespace�� � U � W � satisfiesHypothesis8.4.7.

(Cf. Theorem8.4.9(a)andDefinition6.2.4.)NotealsothatHypothesis11.1.1
is assumedthrough Sections11.1–11.3,11.5 and 11.6, Hypothesis11.8.1 is
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612CHAPTER11. H∞ FULL-INFORMATION CONTROL PROBLEM ( w z γ)

assumedthrough that Sections11.8–11.9,and that Hypotheses11.2.1, 11.3.1
11.6.1and11.7.1areassumedthroughcorrespondingsections.

Thus,we canusethe equivalenceof Theorem8.4.12whenever we assume
that ������ � U � W� Y � , for any Hilbert spaceY. (Note that this doesnot put any
restrictionson U andW whenonetakes �� to be oneof the classesin Theorem
8.4.9(1.). As notedin Lemma14.3.5,classes� 1� � U � W ��� and ticexp � U � W �
satisfythediscrete-timeversionof Hypothesis8.4.7.)

As in previouschapters,wedenoteby Σ � theclosed-loopsystemcorrespond-
ing to thesolutionof theRiccatiequation.By Σ � , we denotethecorresponding
“semi-closed-loopsystem”(whereonly thestatefeedbackloop correspondingto
thecontrolu is closedbut thesecondinput, thedisturbancew is unaffected);see
Section11.1for details.Thesub-or superscripts� and � arealsousedfor the
componentsandsignalsin thosesystems.
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11.1 The H∞ Full-Inf o Control Problem(FICP)

Thegoal of scienceis to build bettermousetraps.Thegoal of nature
is to build bettermice.

We stronglyrecommendthe readerto readthe introductionto the H∞ FICP
problem(p. 33) and possiblyalso have a glanceat the discrete-timeresultsof
Section11.5 beforegoing into the technicaldetailsof this section. The results
of this sectionlook like morecomplicatedforms of Theorem11.5.1,dueto the
possiblyunboundedinput andoutputoperators.

In thissection,wegivenecessaryandsufficientconditionsfor theexistenceof
a γ-suboptimalfull-information or state-feedbackcontrollersin termsof Riccati
equations.For solutionsin termsof losslessfactorizations,see,e.g., Theorem
11.2.7or Theorem11.1.5(b).

In Theorems11.1.3and11.1.4,we treatesuboptimalexponentiallystabiliz-
ing controllers(or “H∞-FI-pairs”) assuming“B	w-CARE” type regularity or a
smoothingsemigroup,respectively. In Theorem11.1.6, we treatesuboptimal
output-stabilizingcontrollersassumingstrongernonsingularity(e.g., a copy of
input containedin the output) and “B	w-CARE” type regularity. In Theorem
11.1.5, we treatesuboptimalstrongly stabilizing controllersassumingthat the
systemis strongly q.r.c.-stabilizablewith MTIC closed-loopsystem(the above
threeresultsdo not assumeany stabilizability). In all above results,we prac-
tically give sufficient andnecessaryconditionsfor a suboptimalstate-feedback
(andfull-information) controllersto exist, in termsof a Riccati equationandthe
correspondingsignaturecondition.In Remark11.1.11wetreatethedualproblem
(theFull ControlProblem).

As describedonp. 33,in theH∞ FICP, wehaveasystem ���  ! "$# � WPLS� U �
W� H � Z � , andwe wish to find, for eachdisturbancew � L2 � R � ;W � , a “subopti-
mal” control u � L2 � R � ;U � , i.e., onethat is stabilizingandmakesthe (closed-
loop) norm 
 w %& z 
 lessthan a given constantγ, wherez is the output of the
systemunderinput ' uw ( (andunderinitial statex0 ) 0). Oneoften alsorequires
thatthecontrolis givenbysomestatefeedbackpair(with orwithoutfeedthrough).

Wehave 
 w %& z 
 L2 * L2 + γ if f the(cost)function 
 z 
 22 , γ2 
 w 
 22 is uniformly
negative w.r.t. w, i.e., if f 
 z 
 22 , γ2 
 w 
 22 -., ε 
 w 
 22 for someε / 0. Moreover,
theJ-critical controlfor thiscostfunctionandthecorrespondingRiccatiequation
leadto thesolutionof theH∞ FICP, aswill beshown in following sections.

Therefore,we usuallyaugmentΣ by the extra the row � 0 0 I # to make
the outputequalto y : ) ' zw ( (the input is ' uw ( � L2 � R � ;U � W � ; seeFigure11.1
withoutthefeedbackrow andloop),sothatwecanmakethecost0 : )21 y� Jy3 equal

to 
 z 
 22 , γ2 
 w 
 22 by settingJ ) Jγ : )54 I 0
0  γ2I 6 :

StandingHypothesis11.1.1(H∞H∞H∞ Full-Inf ormation Control Problem(FICP))
ThroughoutSections11.1–11.3,wemake thefollowingassumptions:

Σ )87:9 ;< �>= ) ?@ 9 ; 1 ; 2<
1 � 11 � 12

0 0 I

AB � WPLS� U � W� H � Z � W �DC (11.1)
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Thecorrespondingdiscrete-timeassumptions(see(13.63))are madein Sections
11.5and11.6.

If thegeneratorsof A, B, C andD of Σ arebounded,i.e., � A B
C D
# �FEG� H � U �

W� H � Z � W � , thenthis correspondsto thedynamicsH
xI ) Ax J B1u J B2w�
z ) C1x J D11u J D12w

(11.2)

(andw ) Iw) with initial statex � 0�K) x0 � H. In the caseof a generalweakly
regular systemΣ, equations(11.2)hold in thestrongsense,seeTheorem6.2.13
for details.NotethatC ) � C1

0
# , D ) � D11 D22

0 I
# .

As mentionedabove, the suboptimalcontrol is requiredto be “stabilizing”.
In the literature,this sometimesmeansthat for any giveninitial statex0 � H and
disturbancew � L2 � R � ;W � , thestatefeedbackpair(or amoregeneralcontrollaw
x0 � w %& u) mustproducea control u � L2 � R � ;U � s.t. theoutputz (equivalently,
y : ) ' zw ( ) becomesstable,i.e.,s.t. ' uw ( �ML out � x0 � .

Often one also requiresthat x � L2 � R � ;H � , i.e., that ' uw ( ��L exp � x0 � (see
Lemma8.3.3). In eithercase,we denotethesetof correspondingcontrolsby L u

(in this sectionweset L 		 ) L exp or L 		 ) L out, dependingon theapplication):

Definition 11.1.2(Suboptimal H∞H∞H∞-FI-pair) Throughoutthis section,weusethe
following notation:L exp � x0 �N)�O ' uw ( � L2 � R � ;U � W ��PP 9 x0 J ; τ ' uw ( � L2 Q ; (11.3)L out � x0 �N)�O ' uw ( � L2 � R � ;U � W � PP < x0 JR�S' uw ( � L2 Q ; (11.4)L u � x0 � w� : )�O u � L2 � R � ;U � PP ' uw ( �TL 		 � x0 � Q � x0 � H � w � L2 � R � ;W �U�D�

(11.5)

γ0 : ) sup
w V L2 W R X ;W Y�Z\[ w [^] 1

inf
u V`_ u

W 0 ZwY 
�� 11u Ja� 12w 
 2 C (11.6)

An admissiblestatefeedback pair of form �Kb c # ) ��d 1 e 11 e 12
0 0 0

# (resp.
admissibleWRstatefeedback operator K ) � K1

0
# ) for Σ is called a H∞-FI-pair

(resp.H∞-SF-operator) if� bf� cg� J I # ?@ x0

0
w

AB �ML 		 � x0 � for all x0 � H andw � L2 � R � ;W �h� (11.7)

where Σ � is thecorrespondingclosed-loopsystem(seeFigure11.1andequation
(11.8);weusepreficesandsufficesasin Definition6.6.10).

By γFI (resp. γSF) we denote the infimum of the norm 
 w %&
z 
 L2 W R X ;W Y * L2 W R X ;Z Y over all H∞-FI-pairs (resp.all H∞-SF-operators). Given
γ / 0, a H∞-FI-pair or H∞-SF-operator is calledsuboptimalif 
�� �12 
 TIC + γ.

By equation(11.8),we have 
 w %& z 
 ) 
��i�12 
 TIC. Therefore,the H∞ FICP
meansfinding � bf� cg� # s.t. 
��j�12 
 TIC + γ. AsoneobservesfromFigure11.1,

the map �Kbk� cg� # maps 4 x0
ul
w 6 %& � u  ul

0
# , i.e., from the initial stateand
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9 ; 1τ ; 2τ<
1 � 11 � 12

0 0 Ib 1 c 11 c 12

Σ m x0

n xn zn wn u , u�
op ��n u�u

m
o

w

Figure11.1:A WPLScontrolledby a H∞-FI-pair

external inputs to the feedbacksignal, so that we must add ' ulw ( to obtain the
effective input ' uw ( (thesituationis thesameasin Definition6.6.10).

Notealsothatthecontroller(feedback)is only allowedto affectu. Therefore,
the existenceof a H∞-FI-pair for Σ can be describedas “Σ is exponentially
stabilizablethroughB1” (cf. (11.11)and Figure 11.1). SeeLemma11.1.8for
details.

Thestandard“state-feedback”settingof Figure6.3hasbecomethesettingof
Figure11.1,becausethefeedbackloopdoesnotaffect w (hencewehave omitted
the second,zero row of � b c # ) and becausethe secondrow of � < � #
equals � 0 0 I # , so that the lower elementof the output“y ) ' zw ( ” equalsw.
Recallfrom Definition 6.6.10,thatour statefeedbackallows a feedforwardterm,
henceit is actuallya “full-information feedback”.Thecorrespondingclosed-loop
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systemΣ � : ?@ x0

u�
w

AB %& ?@ x' zw (� u  ul
0
# AB is givenby (cf. (6.134))

Σ � ) ?qqqq@ 9
� ; �1 ; �2< �1 �i�11 �K�12
0 0 Ib �1 c �11 c �12
0 0 0

AsrrrrB ) ?qqqq@ 9 ; 1 ; 2<
1 � 11 � 12

0 0 Ib 1 c 11 c 12

0 0 0

AsrrrrB ?@ I 0 0t  1
11 b 1

t  1
11 , t  1

11
t

12

0 0 I

AB
(11.8)

) ?qqqqq@ 9
J ; 1τ

t  1
11 b 1 ; 1

t  1
11 ; 2 , ; 1

t  1
11
t

12<
1 Ja� 11

t  1
11 b 1 � 11

t  1
11 � 12 , � 11

t  1
11
t

12

0 0 It  1
11 b 1

t  1
11 , I , t  1

11
t

12

0 0 0

A rrrrrB (11.9)

) ?qqqqq@ 9
� , ; � 2τ u  1

22 b � 2 ; � 1 , ; � 2 u  1
22 u 21 ; � 2 u  1

22< � 1 ,wv 12 u  1
22 b � 2 v 11 ,wv 12 u  1

22 u 21 v 12 u  1
22

0 0 Ib � 1 , u 12 u  1
22 b � 2 u 11 , u 12 u  1

22 u 21 , I u 12 u  1
22

0 0 I

A rrrrrB (11.10)

) ?q@ 9 J ; τ b � ; t  1< Jx� by� � t  1bk� t  1 , I

A rB � (11.11)

andΣ � � WPLS� U � W� H � Z � W � U � W � (here
t

: ) I , c , u : ) t  1, v : )�ju ,
t

: ) ��z 11 z 12
0 I

# ) � I J c{� �  1; for (11.10)weusedthefactthat u ) t  1u ,
whereu : ) � I 0|

21
|

22
# , by (A.9)).

If L 		 ) L exp, then condition (11.7) holds if f �Kb c # is exponentially
stabilizing (seeRemark11.2.5 for more on (11.7)). Most existing literature
for finite-dimensionalcontrol theory is written for L 		 ) L exp, whereasalsoL 		 ) L out is popularin theinfinite-dimensionalcase.

As obvious from the above definition, we areinterestedin the infimal value
γ0 of 
 w %& z 
 over all “stabilizing” controls(the norm of w %& 
�� 11umin � w� J� 12w 
 2), in theinfimal valueγFI of 
 w %& z 
 overall “stabilizing” full information
controllers,and in the infimal value γSF of 
 w %& z 
 over all “stabilizing” pure
statefeedbackcontrollers(thus,for γSF, we posetheadditionalconditionthatthe
feedthroughoperatorF of �Kb c # exists and is equalto zero ( c � WR and
F11 ) 0 ) F12); recall from Definition 6.6.10thata statefeedbackpair is allowed
to haveany admissiblefeedthroughterm).Sinceinf /0 ) J ∞, weobviouslyhave

0 - γ0 - γFI - γSF - J ∞ C (11.12)

Thus, γ0 + γ correspondsto the existenceof a suboptimalcontrol law (for
x0 ) 0 only), γFI + γ to the existenceof a causalcontrol law andγSF + γ to the
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existenceof astrictly causalcontrollaw (nofeedforwardterm),with theadditional
restrictionthatγFI andγSF requirethecontrol law to beof statefeedbackform. If
Σ is somewhatregular, then,underthestandardassumptionsthat � 11 is coercive
andD12 ) 0, we have γ0 ) γFI ) γSF + ∞ for systemsexponentiallystabilizable
throughB1, asillustratedin thefollowing theorems.If �}� WR and 
 D12 
~/ γFI,
thenwenecessarilyhave γSF / γFI (if for ��� SR, sincethen
�� �12 
 TIC ) 
��� � 12 
 H∞ � 
 D �12 
�� WWZ Z Y ) 
 D12 
�� WWZ Z Y / γFI � (11.13)

by Proposition6.6.18(d4)(to beexact; this requiresthatwe restrictourselvesto
SR H∞-SF-operators;whendimU + ∞ or Σ is sufficiently regular, this is not a
restriction,see,e.g.,Theorem11.1.3(a)).Example11.1.9illustratesthis.

Now wearereadyto presentour results.SeeProposition10.3.2andTheorem
9.2.3for thetwo assumptions.

Theorem 11.1.3( L exp : H∞L exp : H∞L exp : H∞ FICP � B	wB	wB	w-CARE) Assumethatγ / 0andthat(1.)
and(2.) hold.

(1.) (Nonsingularity) AssumeD 	11D11 � 0, andthat there is ε1 / 0 s.t.� ir , A� x0 ) Bu0 � 
 C1x0 J D11u0 
 Z � ε1 
 x0 
 H � x0 � H � u0 � U � r � R �hC
(11.14)

(2.) (Regularity) Assumethat Σ andJγ satisfyHypothesis9.2.1
andthatπ � 0 Z 1Y 9 B � L1 �U' 0 � 1� ; EG� U � W� H �U� or D 	 JD �M��EG� U � W � .

Then(i)–(iii) areequivalent:

(i) γ / γ0 andΣ is exponentiallystabilizablethroughB1;

(ii) γ / γFI, i.e., there is a suboptimalH∞-FI-pair for Σ;

(iii) D 	12D12 , D 	12D11 � D 	11D11 �  1D 	11D12 � γ2I , and(theB	w-CARE)�
B	w � J 4 D �11

D �12 6 C1 � 	 � D 	 JγD �  1

�
B	w � J 4 D �11

D �12 6 C1 ��) A	 � J � A J C 	1C1

(11.15)
has a solution � ��EG� H � Dom� B	w �U� s.t. � � 0 and A J BKw gener-
atesan exponentiallystablesemigroup,where Kw : ) , � D 	 JγD �  1 � B	w � J4 D �11

D �12 6 � Cw � 1 � .
Moreover, thefollowinghold:

(a) Assumethat � � � S� K � satisfies(iii) (here S: ) D 	 JγD). Then7 , � D 	11D11 �  1 � D 	11C1 J�� B	1 � w � � 0 , � D 	11D11�  1D 	11D12

0 0 0 = (11.16)

generatea ULR(exponentiallystabilizing)suboptimalH∞-FI-pair.

There is a suboptimalH∞-SF-operator iff 
 D12 
 + γ; if this is thecase, then

K1 : ) � I 0# K ) , � S11 , S12S
 1
22 S21 �  1 � D 	11C1 Jx� B	1 � w � , S12S

 1
22 � D 	12C1 Jx� B	2 � w � �U�

(11.17)
is a ULR (exponentially stabilizing) suboptimalH∞-SF-operator, where
S: ) D 	 JγD.
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(b) If (i)–(iii) hold, thentheassumptionsof Proposition11.2.8(includingthose
of (a1))aresatisfiedand(FI1)–(FI5) hold.

Applications to parabolicsystemsof this theoremand the onesto follow

are given in Corollary 9.5.11. Recall that Jγ : ) 4 I 0
0  γ2I 6 , henceD 	 JγD )4 D �11D11 D �11D12

D �12D11 D �12D12  γ2I 6 .
Underthenormalizingconditions

D12 ) 0 � D 	11 �C1 D11# ) � 0 I # � (11.18)

condition(iii) canbewrittenasfollows:�U� B	1 � w � � 	 � B	1 � w � , γ  2 �U� B	2 � w � � 	 � B	2 � w � ) A	 � J � A J C 	1C1 (11.19)

with therequirementsthat � ��EG� H � Dom� B	w ��� , � � 0, andA J�� γ  2B2 � B	2 � w ,
B1 � B	1 � w � � is exponentiallystable.Now S ) Jγ : ) ' I 0

0 � γ2I ( andK ) 4  W B�1 Y w �γ � 2 W B�2 Y w � 6 �EG� H � U � W � ), andif(f) (iii) holds,thenK1 ) , � B	1 � w � ��EG� H � U � is asuboptimal
H∞-SF-operatorfor Σ; this implies that the correspondingclosed-loopstateis
controlledby theequation

xI ) � A , B1 � B	1 � w � � x J B2w a.e. (11.20)

Notethatequations(6.3.5)of [GL], (20.2.5)of [LR], (16.1)of [ZDG], and(4.11)
of [Keu]arespecialcasesof (11.19).

If B is bounded,then(11.19)takestheclassicalform� � B1B	1 , γ  2B2B	2 � � ) A	 � J � A J C 	1C1 � (11.21)

hence K ) 4  W B�1 Y w �γ � 2 W B�2 Y w � 6 ��EG� H � U � W � ��EG� H � U � W �D� K1 ) , B	1 � �EG� H � U � . Recall from Definition 9.8.1, that the CARE is given onEG� Dom� A�D� Dom� A	 � 	 �N) : EG� H1 � H 	 1 � ; e.g.,(11.19)holdsif f1 � B	1 � w � x0 � � B	1 � w � x13 , γ  2 1 � B	2 � w � x0 � � B	2 � w � x13)�1 Ax0 � � x13�J 1 � x0 � Ax13�J 1C1x0 � C1x13 (11.22)

for all x0 � x1 � Dom� A� (wecantakex1 ) x0 w.l.o.g.,by LemmaA.3.5(a)).
All CAREsof thissectionandthenext two sectionsequaltheCAREfor Σ and

Jγ (undercorrespondingregularity assumptions,thatis, someof theCAREshave
beensimplified).

Obviously, the K in (iii) is bounded(and henceKw ) K) if f 4 D �11
D �12 6 C1 �EG� H � U � ; analogously, whenD 	11C1 ��EG� H � U � , we may restrictus to bounded

H∞-FI-pairs (with generators� K F # , K ) � K1
0
# �MEG� H � U � , F ) ' F11 F12

0 0 ( �EG� U � W � ), i.e., if thereis a suboptimalH∞-FI-pair, thenthereis a boundedH∞-
FI-pair (by (a)).

Recall from Proposition9.2.7 that any K of the form in (iii) (with � �EG� H � Dom� B	w �U� ) is admissible(in particular, A J BKw generatesaC0-semigroup).
If B ��EG� U � H � , then(2.) is satisfied,thestabilizabilityassumptionin (i) holdsif f
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Theequivalence(ii) � (iii) is (anextensionof) thestandardresultthatthereis

a suboptimal(exponentiallystabilizing)statefeedbackcontroller throughB1 if f
the Riccati equationhasan exponentiallystabilizingsolutionand the signature
conditionson D 	 JγD are satisfied. Condition (i) meansroughly that thereis a
suboptimal(exponentiallystabilizing)controllaw x0 � w %& u; thus“(i) � (ii)” says
thatsucha law canalwaysberealizedby astatefeedbackcontroller.

If Σ is exponentiallystable,then 9 � ,
< � , b � and � are given by (8.43)–

(8.46),by (b) andProposition11.3.4(g),whenever (i)–(iii) hold.
Oneoften has 0f� x0 � u � w�j) 
 x 
 22 J ε 
 u 
 22 , γ2 
 w 
 22 or somethingsimilar, so

that(1.) is satisfied(seeProposition10.3.2(e1)and0 C 2� ; thecoston x shouldbe
coercive at leastfor x0 ) 0 to satisfy(1.)); in fact,for this costthenonsingularity
assumptionsof all results in this sectionand the following one are satisfied.
The theoremdoesnot hold without this assumption,that is, for “singular H∞

problems”,andsuchproblemsarerarelytreatedin theliterature;see[Stoorvogel]
for anexception(for finite-dimensionalsystems).

Proof of Theorem 11.1.3: We have tacitly assumedthat L 		 ) L exp (also
in (2.)). SeeDefinition9.2.6for theB	w-CARE.

0 C 1� Remark: Exponentiallystabilizability throughB1: By this we mean
theexistenceof a H∞-FI-pair (over L exp), i.e., of an exponentiallystabilizing

statefeedbackpair thatdoesnot affect w (i.e., which is of form 4 �b �c 6 )�h d 1  e 11  e 12
0 0 0

# , sothatthefeedbackloopgoesthroughB1 only).
If π � 0 Z 1Y 9 B1u0 � L1 �U' 0 � 1� ;H � for all u0 � U (this follows from themiddle

assumptionin (2.)), then this assumptionholds if f � A � B1 � is optimizable
(equivalently, exponentiallystabilizable),by Lemma11.1.8(seethat lemma
for furtherremarks).

0 C 2� Remark:Assumption(1.): Assumption(1.) implies that 4 �  1!
1
"

11 6 is

positively I -coercive, by Proposition10.3.2(g1)&(c). The converseholds if
D 	11D11 � 0 or 9 B � L1

loc, by Proposition10.3.2(e1)&(e2).
0 C 3� Remark: � D 	 JγD �  1: SetS : ) D 	 JγD. ThenS11 ) D 	11D11 � 0, by

(1.), andthefirst conditionin (iii) is equalto S22 , S21S
 1
11 S12 � 0. By Lemma

11.3.13(i)&(viii), thesetwo togetherimply thatS �a��EG� U � W � , sothat(11.15)
is well defined.

1� The equivalenceof (i)–(iii): Now (2.) or (3.) of Remark9.9.14 is
satisfied,henceweobtaintheequivalencefrom Proposition11.2.6,since(iii) is
equivalentto (iii’), by which we denote“(iii)” of theproposition,asshown in
2� and3� below. (NotethatHypothesis11.2.1is satisfied,by Lemma11.2.2.)

2� “(iii) � (iii’)”: Assume(iii). SinceS: ) D 	 JγD �M��EG� U � W � , by 0 C 3� ,� is a solutionof theB	w-CARE,henceanadmissibleandULR solutionof the
CARE, by Proposition9.2.7,and 9 � is generatedby A J BKw, by (6.145),so
thatK is exponentiallystabilizing.

Thus,(FI5) of Theorem11.2.7is satisfied.By Proposition11.2.9,it follows
that(FI2) holds,i.e., (ii) holds.

3� “(iii’) � (iii)”: This follows from Theorem9.2.9(iii)&(iv) (asnotedin
2� , theclaimonA J BKw holdsif f K is exponentiallystabilizing).
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(b) This follows from Proposition11.2.6 (whose assumptionsare now
satisfied,asnotedin 1� above).

(a) This follows from Proposition11.2.8(a1). ¡
Wenow presentaCARE variantunderassumptionsthatareweaker in certain

sense:

Theorem 11.1.4( L exp : H∞L exp : H∞L exp : H∞ FICP � � � CARE: Case9 B � L1
loc9 B � L1
loc9 B � L1
loc) Assume(1.) and

(2.):

(1.) (Nonsingularity) AssumeD 	11D11 � 0, andthat there is ε1 / 0 s.t.� ir , A� x0 ) Bu0 � 
 C1x0 J D11u0 
 Z � ε1 
 x0 
 H � x0 � H � u0 � U � r � R �DC
(11.23)

(2.) (Regularity) Assumethat π � 0 Z 1Y 9 B � L1 ��' 0 � 1� ; EG� U � W� H �U�h�
π � 0 Z 1Y � C1 � w 9 � L1 �U' 0 � 1� ; EG� H � Z ��� , and π � 0 Z 1Y � C1 � w 9 B � L1 ��' 0 � 1� ; EG� U �
W� Z �U� .

Then(i)–(iii) areequivalentfor anyγ / 0:

(i) γ / γ0, and � A � B1 � is exponentiallystabilizable;

(ii) γ / γFI, i.e., there is a suboptimalH∞-FI-pair for Σ;

(iii) D 	12D12 , D 	12D11 � D 	11D11 �  1D 	11D12 � γ2I , andtheCARE�
B	w � J 4 D �11

D �12 6 C1 � 	 � D 	 JγD �  1
�
B	w � J 4 D �11

D �12 6 C1 � ) A	 � J � A J C 	1C1

(11.24)
has an exponentially stabilizing solution � �¢EG� H � s.t. � � 0 and
lims* � ∞ B	w � � s , A�  1B ) 0.

In particular, γFI ) γ0 if � A � B1 � is exponentiallystabilizable(equivalently,
optimizable).Moreover, Theorem11.1.3(a)&(b)hold.

Most of theremarksmadebelow Theorem11.1.3applyheretoo.
Proof: Condition(2.) impliesthat �}� MTICL1

∞ � U � W� Z � W �¤£ ULR, by
Lemma6.8.5.

0 C 1� Remark: assumption(11.23) � � 11 is I -coercive: By Proposition
10.3.2(e2),(11.23)holdsif f � 11 is I -coercive (andalsoconditions(i)–(iii) of

Proposition10.3.2(with J %& I , Σ %& 4 �  1!
1
"

11 6 ) areequivalentto (11.23)).

0 C 2� Remark: “ � A � B1 � exponentiallystabilizable”: By (2.) andTheorem
9.2.12,this holdsif f � A � B1 � is optimizable,equivalently, if f Σ hasanexponen-

tially stabilizing(bounded)statefeedbackoperator �K ) 4  K1
0 6 �FEG� H � U � W � .

Seealso0 C 3� of theproofof Theorem11.1.3.
1� The equivalenceof (i)–(iii): Denote condition (iii) of Proposition

11.2.6by “(iii-Prop)”. Now Remark9.9.14(5.) applies,hencewe obtain the
equivalencefrom Proposition11.2.6,becausecondition (iii) is equivalent to
(iii-Prop), asshown in 2� below. (Note thatHypothesis11.2.1is satisfied,by
Lemma11.2.2.)
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2� “(iii) � (iii-Prop)”: Condition (iii) saysthat (iii-Prop) holds, c is UR
(by Lemma9.11.5(e))and S ) D 	 JγD. Conversely, if (iii-Prop) holds, then
S ) D 	 JγD and c is UR, by Remark9.9.14(b)&(a).

(a)&(b) The original proofsof Theorem11.1.3(a)&(b)apply mutatismu-
tandis. ¡
The case L 		 ) L out is much more complicatedthan the case L 		 ) L exp

andhencevery rarely treatedin the literature. (We have not found any existing
researchof the H∞ problemstruely over L out in the unstablecase. Recall,
however, that L out ) L exp for estimatablesystems,hencemany historicalresults
areapplicablefor suchsystems,thoughnonebeforefor WPLSs.)Wegiveamore
thoroughtreatmentof this casein Section11.2,underweaker assumptions,but
herewe show that if Σ is strongly q.r.c.-stabilizablethroughB1 with a rather
regularclosed-loopsystem,thenwehave thestandardequivalence:

Theorem 11.1.5( �� � L out ) L str : H∞�� � L out ) L str : H∞�� � L out ) L str : H∞ FICP � CARE) Let L�		 : ) L out. As-
sume(1.) and(2.):

(2.) (Stabilizability) There is a strongly q.r.c.-stabilizingUR statefeedback

operator �K ) 4  K1
0 6 for Σ, and �~¥K� �� .

(1.) (Nonsingularity) There is ε1 / 0 s.t. 
�� ¥ 11u 
 2 � ε1 
 u 
 2 � u � L2 � R � ;U ��� .
Then(i)–(iii) areequivalentfor each γ / 0:

(i) γ / γ0;

(ii) γ / γFI; i.e., there is a suboptimalH∞-FI-pair for Σ;

(iii) theCARE¦§§§§¨ §§§§© K 	 SK ) A	 � J � A J C 	1C1 �
S ) 4 D �11D11 D �11D12

D �12D11 D �12D12  γ2I 6 J lim
s* � ∞

B	w � � s , A�  1B �
K ) , S

 1
�
B	w � J 4 D �11

D �12 6 C1 � C (11.25)

has a q.r.c.-stabilizingsolution � � � S� K � , and � � 0, S11 � 0 and S22 ,
S21S

 1
11 S12 � 0.

In particular, γ0 ) γFI. Moreover, thefollowing hold:

(a) Assumethat � � � S� K � satisfies(iii). ThenK is UR and7 , S
 1
11 � D 	11C1 J�� B	1 � w � � 0 , S

 1
11 S12

0 0 0 = C (11.26)

generatea UR stronglyq.r.c.-stabilizingsuboptimalH∞-FI-pair.

There is a suboptimalH∞-SF-operator iff S22 � 0; if this is thecase, then
(11.17)is a URstronglyq.r.c.-stabilizingsuboptimalH∞-SF-operator.
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(b) Each of conditions(FI1)–(FI7) of Theorem11.2.7is equivalentto (i). If
anyof theseholds,thentheassumptionsof Proposition11.2.8andTheorem
11.2.7aresatisfied.

(c) If (1.) of Theorem 11.1.6holds, and the CAREhas a UR solution with9 � � < � and b � stronglystable, thenγ � γFI ) γ0.

SeeTheorem11.2.7andCorollary11.2.11for analogousresultsfor L exp, L sta

and L out underslightly differentassumptions.
Someof theremarksmadebelow Theorem11.1.3applyhere,too,with some

minor modifications;in particular, alsoherewehave γ0 ) γFI ( ) γSF if D12 ) 0).
An importantspecialcaseof “(2.)” is thecasewhereΣ is stronglystableand�ª�M�� (take �K ) 0). By Example11.3.7(c),evenfor stronglystableΣ, condition

“ ���2�� ” cannotbeweakenedto e.g.,“ ��� ULR” without makingcondition(iii)
is strictly strongerthan (i)–(ii) (indeed,the IARE correspondingto (iii) hasa
irregular(i.e., non-WR)q.r.c.-stabilizingsolutionleadingto theminimaxcontrol
andto a suboptimalirregularH∞-FI-pair (therearealsoregularH∞-FI-pairs,e.g.,�Kb c # ) � 0 0 # ), but theCARE doesnothaveastabilizingsolution).

As notedbelow Theorem11.1.6,the “almostequivalence”of (c) sufficesfor
thebinarysearchfor γFI, hencewe canusethesimplerstabilizationconditionof
(c) (insteadof q.r.c.-stabilization)in this strictly nonsingularcase.

Since L 		 ) L out meansrequiring the (effective) input ( ' uw ( ) and output
(y ) ' zw ( ) to be stable( � L2), we now must have u � z � L2, for all x0 � H and
w � L2 � R � ;W � . BecauseL out ) L str (by Lemma8.3.3),it follows thatthenalso
thestatebecomesstronglystable( 
 x � t � 
 H & 0 ast &«J ∞).

Therefore,a H∞-FI-pair is now an admissiblestatefeedbackpair of form� b c # ) ��d 1 e 11 e 12
0 0 0

# s.t. u � z � L2 for all x0 � H and w � L2 � R � ;W � in
Figure11.1(seealso(11.8)–(11.11)andRemark11.2.5).By theabove,it follows
that 
 x � t � 
 H & 0, ast &¬J ∞, for suchx0 � w. Nevertheless,for u��) 0 thesignals
u andz (andx) arenot requiredto be stable,hencethe middle row of �i� may
be unstable,althoughwe do have u � z � L2 andx vanishingfor any compactly
supportedu�x� L2, by (6.9).

Thus, for the solutionsmentionedin (c), we do not know whetherthe H∞-
FI-pair definedby (11.26) is stabilizing. Therefore,if onehasused(c) to find
an estimateon γFI ) γ0, one might wish to either 1. verify directly whether
the corresponding(strongly internally and output-stabilizing)K is (strongly)
stabilizing or 2. increaseγ slightly to guaranteethat γ / γFI and then find a
internallystabilizingsolutionof theCARE(i.e.,onewith stable9 � ), becausethen
suchasolutionis necessarilythestronglyq.r.c.-stabilizingone,by uniqueness(see
Theorem9.8.12(a)).

Proof of Theorem11.1.5: (Notefrom theproofbelow thatwecanreplace
“UR” by “ULR” throughoutthis theorem.)

0 C 1� Remark: Assumptions(1.)–(2.): Here Σ ¥ is the closed-loopsystem
correspondingto �K (cf. Definition 6.6.10). Recall from Theorem6.6.28that
if �K andsomeoutput injection pair are jointly stronglystabilizingand(I/O-
)detectingfor Σ, then �K is stronglyq.r.c.-stabilizing.

If Σ is stronglystableand � ¥ �T�� , thenwecantake �K ) 0 in (2.).
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0 C 2� Remark: � 11 is I -coerciveAssumption(1.) is equivalentto the(pos-
itive) I -coercivity of � ¥ 11 (equivalently, of � 11; in particular, it is independent
of �K), by Lemma8.4.11(b1).

1� Theequivalenceof (i)–(iii), (a) and(b): Exceptfor (c), all claimsin the
lemmafollow from Theorem11.2.7andCorollary11.2.11(usethe fact thata
solutionof (11.25)is necessarilyUR,byLemma9.11.5(e);notethatHypothesis
11.2.1is satisfied,by 0 C 2� ).

(c) By Theorem9.8.5andTheorem9.9.1(c3), � is L str-stabilizing,henceL out-stabilizing. By Lemma11.2.14(4.)&(b)&(a2)(with s ) J ∞), it follows
that (11.48) is a H∞-FI-pair satisfying 
�� �12 
 - γ (in fact, 
�� �12u 
 2 + γ 
 u 
 2
for all u � L2 � R � ;U � , by theremarkin theproof of (a2)). Thus,thenγ � γFI.¡
For L exp, onecanobtaintheequivalence“(ii) � (iii)” directlyfrom Proposition

11.2.19andLemma11.2.13(or Lemma11.2.14),provided that Σ is sufficiently
regular(e.g.,if Hypothesis9.2.1holds).

For any other L 		 than L exp, thereseemsto bea gapbetweentheproposition
andthelemma:it seemsthatΣ � neednot bestableenough.In Theorem11.1.5,
we usedthe q.r.c.-propertyto reducethe problem to the stablecase,and the
(stable)spectralfactorizationpropertiesof �� to guaranteethe existenceof a
stronglystabilizingsolutionin casethatγ / γ0.

In practice, the cost function is often of form 0f� x0 � u � w� : ) 
 z1 
 22 J
 Ru
 22 , γ2 
 w 
 22, whereR	 R � 0. This is the casewhen � < 1 � 11 � 12 # )� ! 1a
"

11a
"

12a
0 R 0

# and EG� U �k® R	 R � ε2� I for someε ��/ 0; obviously, condition
(11.27)is thensatisfied.Suchacostfunctionforcesu to bestable(for stableout-
puts,i.e., for a finite cost)andmakesit possibleto fill thegapmentionedabove
(asnotedin (c) above):

Theorem 11.1.6( L out : H∞L out : H∞L out : H∞ FICP � B	wB	wB	w-CARE) Assumethat γ / 0 and L 		 )L out, andthat (1.) and(2.) hold.

(1.) (Strict nonsingularity) WehaveD 	11D11 � 0, andthere is ε �R/ 0 s.t.
 < 1x0 J¯� 11u J¯� 12w 
 2 � ε �f
 u 
 2 � u � L2
ε X � R � ;U �D� w � L2 � R � ;W �D� x0 � H �DC

(11.27)

(2.) (Regularity) Assumethat Σ and Jγ satisfy Hypothesis9.2.1, and that
D 	 JγD �M�:EG� U � W � or B ��EG� U � H � .

If condition (iii) below holds, then there is a H∞-FI-pair s.t. 
 w %& z 
 - γ.
Conversely, if there is a H∞-FI-pair s.t. 
 w %& z 
 + γ, then(iii) holds.

(iii) D 	12D12 , D 	12D11 � D 	11D11 �  1D 	11D12 � γ2I , and(theB	w-CARE)�
B	w � J 4 D �11

D �12 6 C1 � 	 � D 	 JγD �  1
�
B	w � J 4 D �11

D �12 6 C1 � ) A	 � J � A J C 	1C1

(11.28)
hasa nonnegative L out-stabilizingsolution � �wEG� H � Dom� B	w �U� .
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Moreover, thefollowing hold:

(a1) If � � � S� K � satisfies(iii), then (11.16) generate a ULR H∞-FI-pair s.t.
 w %& z 
 ) 
�� �12 
 - γ.

(a2) If there is a suboptimalH∞-SF-operator, then 
 D12 
 + γ. Conversely, if
 D12 
 + γ and (iii) has a solution � � � S� K � , then K1 ) (11.17) is a ULR
H∞-SF-operator s.t. 
 w %& z 
 ) 
��K�12 
 - γ.

Theabove“almostequivalence”is in practiceasgoodasanequivalence:if we
wishto find astatefeedbackcontrollers.t. 
 w %& z 
 is (approximately)minimized,
thenwecanuseabinarysearchoverγ (solve (iii) abovefor differentvaluesof γ).
Seealsotheremarksbelow Theorem11.1.3.

See the remarksbelow Theorem11.1.5 for L out and for how stable is
closed-loopsystem(in Figure 11.1) correspondingthe H∞-SF-operatordefined
by (11.17). SeeDefinition 9.8.1 for “ L out-stabilizing” (which is equivalent to
“onewith stable9 � � < � and b � ” if Σ is stronglyq.r.c.-stabilizable).

Notefrom Theorem6.7.15(c2)that if Σ is estimatable,then(iii) is equivalent
to (i)–(iii) of Theorem11.1.3(whose(a) and(b) thenapply).

Proof of Theorem 11.1.6: (SeeDefinition9.2.6for theB	w-CARE.)
0 C 1� Remark on (2.): Condition D 	 JγD �°�:EG� U � W � can be omit-

ted if B �±EG� U � H � (use Remark 9.9.14(1.)&(b) in 2� ) or D 	12D12 ,
D 	12D11 � D 	11D11 �  1D 	11D12 � γ2I (cf. 0 C 3� of theproof of Theorem11.1.3).

0 C 2� Remark: � 11 is I -coercive This follows from (1.). Thus,Hypothesis
11.2.1is satisfied.

1� (iii) � “almost H∞-FI-pair”: SinceS: ) D 	 JγD �2��EG� U � W � , by 0 C 3�
of the proof of Theorem11.1.3, � is a solution of the B	w-CARE, hencean
admissibleandULR solutionof theCARE,by Proposition9.2.7.

By Lemma11.2.14(4.)&(b)&(a2)(with s ) J ∞), it follows that (11.48)
is a H∞-FI-pair satisfying 
�� �12 
 - γ (in fact, 
�� �12u 
 2 + γ 
 u 
 2 for all u �
L2 � R � ;U � , by theremarkin theproof of (a2)).

2� H∞-FI-pair � (iii): (We give the proof for the caseD 	 JD ����EG� U �
W � ; usefirst Remark9.9.14(1.)&(b)under the alternative assumptionsB �EG� U � H � .)

By Proposition11.2.19(a1)andTheorem9.2.9(i)&(iv)&(a2), theB	w-CARE
(and hencethe CARE and the IARE) hasan ULR L out-stabilizing solution� � � S� K � with S ) D 	 JγD. By Proposition11.2.19(d1),S22 , S21S

 1
11 S12 � 0.

(a1)See1� .
(a2)DropLemma11.2.14(b)from 1� andreplace(d1)by (d2) in 2� . ¡

In [IOW], the signatureconditionon S is formulatedby usingthe following
equivalence:

Lemma 11.1.7 Insteadof StandingHypothesis11.1.1,assumeonlythat � �  ! "K# �
WPLS� U � W� H � Y � is WR,J ) J 	 �FEG� Y � andγ / 0.

(Even) then the CARE has a L 		 -stabilizing solution � � � S� K � s.t. S11 �
0 and S22 , S21S

 1
11 S12 � 0 iff the IARE has a WR L 		 -stabilizing solution
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andsufficesapply(seeDefinition9.8.1).

Indeed,this latter formulationis equivalentto a Kalman–Popov–Yakubovich
systemformulationin termsof [IOW]. Notethat if U or W is finite-dimensional,
thenanequivalentconditionis thattheIARE hasWR L 		 -stabilizingsolutionwith
X21 ) 0 (i.e.,with no feedforwardfrom u to w).

Proof: (HereY is an arbitraryHilbert space.)Let � � � S� K � be asabove.
By Lemma11.3.13(i)&(iii’), thereis �X asabove s.t. �X 	 Jγ �X ) S. By Theorem
9.8.12(s1),the latter condition is satisfied. The converseis obtainedanalo-
gously. The last claim canbe observed from the Σ � E of Theorem9.8.12(s1).¡
Thefollowing lemmaclarifiesourbasicconcepts:

Lemma 11.1.8(FCC � � � optimizable) Let L 		 ) L exp. Then L u � x0 � w� ) /0 for
all x0 � H andall w � L2 � R � ;W � iff � A � B1 � is optimizable.

If there is a H∞-FI-pair, then � A � B1 � is exponentiallystabilizable (hence
optimizable).Conversely, if � A � B1 � is exponentiallystabilizable(or optimizable)
andπ � 0 Z 1Y 9 B1u0 � L1 ��' 0 � 1� ;H � for all u0 � U thenthere is a H∞-FI-pair.

Thus,if thereis a “stabilizing u” for eachx0 (andw ) 0), then,actually, there
is a “stabilizingu” for eachx0 andw0:

Proof: 1� The equivalencefollows from “(i) � (ii)” of Lemma11.6.4,by
discretization(notethat“(i) ² (ii)” is trivial).

2� If � b c 1 c 2 # is a H∞-FI-pair (equivalently, anexponentiallystabi-
lizing pair for Σ with secondrow equalto zero),then �Kb c 1 # is obviously
anexponentiallystabilizingpair for � 9 ; 1 # .

3� Assumethat � A � B1 � is exponentiallystabilizable(or optimizable)and
π � 0 Z 1Y 9 B1u0 � L1 �U' 0 � 1� ;H � for all u0 � U . Then there is an exponentially

stabilizing �K1 �TEG� H � U � for 4 �  1!
1
"

11 6 , hence 4  K1
0 6 is a H∞-SF-operatorfor

Σ (by Lemma6.6.11, it is admissiblefor Σ; obviously the two closed-loop
semigroups9 ¥ : ) 9 J ; 1 � I , �c 11 �  1 �b 1.) are equal, henceexponentially
stable).

(This converseholdsalsoundermuchweaker conditions:Theexponential
stabilizability of � A � B1 � meansthe existenceof an admissiblestatefeedback

pair 4 �b 1 �c 11 6 for � 9 ; 1 # ; we just have to know that �K1 andB2 “fit”

to the sameWPLS, i.e., that (6.100) is satisfiedundersubstitutionsC %& �K1,
B %& B2, since then we obtain an admissiblestatefeedbackpair with same
(exponentiallystable)closed-loopsemigroup9 ¥ , asabove.) ¡
Next wegiveanexample,wherethesignatureconditionS22 , S21S

 1
11 S12 � 0

is satisfiedbut thestrongerconditionS22 � 0 is not,sothatthereis a suboptimal
H∞-FI-pairbut nosuboptimalH∞-SF-operators(for γ + 1):
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Example 11.1.9 (γSF / γFIγSF / γFIγSF / γFI) Let � ) D ) � I I
0 I
# , J ) Jγ, B ) 0 ) C, A ) , I and

U ) W ) Z. Then �~	 Jγ � ) 4 I I
I W 1  γ2 Y I 6 ) D 	 JγD ) : S ����E , so that theCARE, 2� ) , K 	 SK, K ) 0 hasthe uniquesolution � ) 0 (which is exponentially

stabilizing).
By Theorem11.1.3(iii)&(a), thepair (11.16))�³ 0 0  I

0 0 0 ´ is a suboptimalH∞-
FI-pair for Σ (indeed,it leadsto �i�12 ) 0, by (11.8),henceto 
 w %& z 
 ) 
��i�12 
 )
0 + γ). Sincethis holdsfor any γ / 0, wehave γFI ) 0.

However, each H∞-SF-operator � K1
0 � ��EG� H1 � U � W � leads to u ) 0 (or� �12 ) � 12 ) I , since

t ) I ) u , becauseB ) 0), henceto thecost
 z 
 2 : ) 
�� 11u Ja� 12w 
 2 ) 
 w 
 2 � (11.29)

sothatany H∞-SF-operatoris suboptimalif f γ / 1. Thus,γSF ) 1, whereasγFI ) 0
(in accordanceto Theorem11.1.3(iii)&(a), sinceS22 , S21S

 1
11 S12 ) , γ2 � 0 for

all γ / 0 but S22 ) 1 , γ2 � 0 if f γ / 1). µ
The proofs of our H∞ FICP resultsare basedon the “H∞ minimax game”

(11.58)(not “maximin”, sincetraditionallythecost , 0 hasbeenused).
Thisgameis oftenconsideredasaStackelberg gamewherew, thedisturbance

(or evil player, nature,uncertainties,modelingerrors,sensornoise,dark sideof
the force, ...) tries to maximizethecost,whereasu, thecontrol (or goodplayer,
controlengineer, ourhero)bravely defendsthestabilityof thesystemby trying to
minimizethecost.Lucky for thegoodones,thegoodplayeris allowedto actlast
(althoughnot in a noncausalway, i.e., it hasno knowledgeon futuredisturbance,
just pastandpresent).

If γ0 + γ, then,obviously, ' uw ( ) � 00 # is the uniquesolutionof the gamefor
x0 ) 0; if γ / γ0, thentherecanbeno solution(i.e.,maxwminu 0f� x0 � ' uw ( �¶) ∞ for
all x0, sincethequadratictermdominatesthecostfor afixedx0).

Naturally, L 		 � x0 � ) /0 is anecessaryconditionfor eachx0 � H; by Proposition
11.2.19(a),it is alsosufficient for γ0 + γ. Thus,this gameis intimatelyconnected
to theH∞ FICP.

For any x0 � H, the solution ' uw ( , being a saddlepoint of the (J-coercive)
costfunction,constitutetheuniqueJ-critical control. This leadsto theexistence
of a unique L 		 -stabilizing solution of the Riccati equation(11.15), with the
saddlepoint (“minimax”, worst disturbanceand best control) input ' uw ( being
the correspondingstatefeedbackfor eachinitial statex0 � H, by the resultsof
Section9.9. SeeProposition11.2.19for theproofs.

Conversely, givena L 		 -stabilizingsolution � � � S� K � of the Riccati equation
(11.15)satisfyingthesignatureconditionabove theequation,we choosea mod-

ified L 		 -stabilizingsolution � � � �S� 4 �b �c 6 � of theequations.t. �S ) 4  S11 0
0  S22

6 ,�S11 � 0, �S22 � 0. It followsthatevenwhenwedropthebottomrow of 4 �b �c 6
(to obtaina H∞-FI-pair), the statefeedbackremainssuboptimal,becauseif the
disturbance(“the evil player”) daresto deviate from thesaddlepoint value,it is
punishedby the negative cost 1 w� � �S22w�·3 + 0 (asin (9.139)),wherew� is the
deviation. This leadsto thesuboptimalH∞-FI-pair (11.16). SeeLemma11.2.14
for theproofs.
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As mentionedabove, thesefactsleadto theproofsof our results.In addition,
this shows that for eachx0 � H andw � L2 � R � ;H � , thecost 
 z 
 22 , γ2 
 w 
 22 is at
most(11.58).Thus,althoughthesuboptimalityrequirementwasposedfor x0 ) 0
only, oursuboptimalcontroller(11.16)(or (11.48)actuallymakes 
 z 
 2 smallalso
for x0 ) 0 (for the“worstw for a given 
 w 
 2”, thecontrollerminimizesthecost,
hencealso 
 z 
 2, andfor theotherw’swith samenorm,thevalueof 
 z 
 2 becomes
lessthoughnotnecessarilyminimal). For thesamereasons,thesameholdsto the
H∞-SF-operator(11.17).Weemphasizethisobservation:

Remark 11.1.10 Thecontrollers (11.16)and (11.17)are “wor st-case-optimal”
in certainsensealsofor x0 ) 0. ¡

(By Theorem9.9.1(h),thereferenceto (9.139)is allowedalsofor L 		 ) L exp

(for x0 � H, u� ) 0, w��� L2 � R � ;W � ), because
< � must be stablefor a L 		 -

stabilizingsolution,andalso 4 "¹1̧2
I 6 is stable,by Lemma11.2.14(a).)

Wefinish this sectionby a remarkon thedualof theFICP:

Remark 11.1.11(Full Control Problem = FICPddd) Thedual problemof theH∞

FICP is theH∞ Full ControlProblem, whereonelooksfor a (suitably)stabilizing
outputinjectionpair of form 7:º» = )¼7 0 ½ 2

0 ¾ 12
0 ¾ 22 = (11.30)

for someΣ )«7 � 0  2!
1 I

"
12!

2 0
"

22 = � WPLS� Z � W� H � Z � Y � (i.e., wemayinject only the

lower output,the“measurement”),s.t. 
��$¿ 12 
 + γ (seeDefinition6.6.21).
By duality, we obtain a solution for this problem from any of the above

solutionsfor H∞ FICP.
For example, if L 		 ) L exp, � d

22 is I -coercive, 9 B2 � L1
loc, Cw 9 � L1

loc, and
Cw 9 B2 � L1

loc, thenthere is an exponentiallystabilizingoutputinjectionpair of
form(11.30)for Σ s.t. 
�� ¿ 12 
 + γ iff thefollowinghold:

D22D 	22 � 0 � D12D 	12 , D12D 	22 � D22D 	22 �  1D22D 	12 � γ2I � (11.31)

and there is a nonnegative exponentiallystabilizing solution � �MEG� H � of the
Riccatiequation ¦§§§¨ §§§© HSH 	 ) A� J � A	 J B2B	2 �

S ) � D �22 D �12
0 I

# 	 Jγ � D �22 D �12
0 I

# �
H 	 ) , S

 1

� 4 C2
C1 6 w

� J 4 D22
D12 6 B	2 � (11.32)

s.t. lims* � ∞ 4 C2
C1 6 w

� � s , A	 �  1 �C 	2 C 	1 # ) 0.

(ApplyTheorem11.1.4to thesystemΣY : ) (12.85)for theproof.) ¡
The H∞ FCP is also called the H∞ filter problem,since it meansthat γ /
��À¿ 12 
 TIC ) 
�� 12 J �u 12 � 22 
 TIC, where �u : ) � I , » �  1, i.e., that , �u 12y is an
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estimateof z : ) � 12w, wherey : ) � 22w, w � L2 � R � ;W � , with errorof normless
thanγ 
 w 
 2.

Notes
TheH∞ problemswereintroducedby G. Zames[Zames].Thefirst solutions

to the problemusedfrequency-domainmethods;their history can be found in
[Francis]. Our stablecasesolution (Section11.3) is partially basedon such
methods.Thestatespacesolutionof this sectionwasgivenby J. Doyle et al. in
[DGKF], for finite-dimensionalsystemsunderseveral simplifying assumptions,
andthat article alsocontainsthe early history of state-spacemethods.All these
worksprovide solutionsto theH∞ 4BP, seethenoteson p. 706for moreon that
problem,whosespecialcasetheFICPis.

Theformulation(11.1)of theH∞ FICPhasbeenusedin severalearlierresults.
The equivalenceof (ii) and (iii) in Theorem11.1.3is an extensionof [DGKF,
p. 836], [ZDG, Section16.4] and [GL, Section6.3]. [ZDG] and [DGKF] also
provide an“all suboptimalcontrollers”formula,whoseextensionis containedin
Theorem12.1.8.

The SF-variant of (ii)–(iii) (of, e.g., Theorem11.1.3(a))is an extensionof
[Keu, Theorem4.4], [IOW, Theorem10.9.1] and [LR, Theorem20.2.1]. The
resultsin [Keu]alsocontaintheequivalencewith (i).

Except for [Keu], which treatsPritchard–Salamonsystems(and henceas-
sumesthat B �TEG� U � H � ), all of the above resultsassumethatU , W, H andZ
arefinite-dimensional,but otherwise[IOW] hasasgeneralassumptionsaswedo.
(UseProposition10.3.2to observe that the assumptionsof the above resultsare
strongerthanthoseof ours. Notealsothat sinceall resultsmentionedabove as-
sumeaboundedB, Hypothesis9.2.1is satisfied.)

In the generalcase(see,e.g., (11.25), (11.17) and (11.26)), the formulae
becomesimilar to their discrete-timecounterparts(e.g., S ) D 	 JD), given in
Section11.5andin, e.g.,[GL, (B.2.31),p.487]andin [GL, RemarkB.2.1,p.488].

For parabolic(analytic) systems,the equivalenceof (i) and (iii) is given in
[MT94a] (repeatedin [LT00a]), for a setting that allows the input and output
operatorsto be more unboundedthan we do (in Theorem9.5.11; they take
γ ) 0 but allow for any β + 1). The costfunction in [MT94a] is ratherspecific
(namelyC ) � R0 # , D ) � 0I # , R �wEG� H � Y � , sothatthesignatureconditionbecomes
redundant;condition (iii) is also otherwisemodifieddue to different regularity
assumptions)andthe systemis assumedto be estimatable;moreover, condition
(ii) is not treated.

Almost the sameresult is given in [MT94b], for all estimatableWPLSsthat
have C, D, R asabove (in particular, C mustbe bounded,hencethesesystems
areULR) with the additionalrequirementsthat B2 is boundedandΣ is exactly
reachablein finite time (but 9 neednot be analytic). In this result, the CARE
is treatedasin Section9.7; in particular, non-well-posedsolutionsareallowed.
Thus, Proposition11.2.19and Theorem9.7.3 extend the necessitypart of this
result to arbitrary regular WPLSs. However, the converseis not true without
suitablesignatureconditions,asillustratedin Example11.2.17.

Thenonsingularityassumptionsof all above resultsarethesameor stronger
thanthoseof ours.For singularfinite-dimensionalsystems,theH∞ problemshave
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beensolvedin [Stoorvogel].
In Theorems11.1.3and Theorem11.1.6,we have not statedthat γ0 ) γFI;

however, this follows from the theoremsif (2.) holdsindependentlyof γ, e.g.,if
Hypothesis9.2.2is satisfied.

The state-spaceresultsmentionedabove treat the case L 		 ) L exp. In the
frequency-domain setting, one usually works with stablerational H∞ transfer
functions, in which casethere is no differencebetween“ L exp and L out”, but
thereare also moregeneralsolutions,involving only the I/O maps(or transfer
functions),suchasin, e.g.,[FF].

Seethenoteson p. 652for solutionsof theH∞ FICPin termsof spectraland
“J-lossless”factorizations.HistoricalremarksonthestableH∞ FICParegivenon
p. 669.
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11.2 The H∞ FICP: proofs

Thuchanteda songof wizardry,
of piercing, opening, of treachery,
revealing, uncovering, betraying.
ThensuddenFelagundthereswaying
sangin answera songof staying,
resisting, battlingagainstpower,
of secretskept,strengthlikea tower,
andtrustunbroken,freedom,escape;
of changingandof shiftingshape,
of snareseluded,brokentraps,
theprisonopening, thechain that snaps.

— J.R.R.Tolkien (1892–1973),"TheLay of Leithian"

In this section,we shall prove theresultsof theprevioussectionandpresent
somenew, more technicalones. In Theorem11.2.7we solve the H∞ FICP in
termsof J-losslessfactorizations,assumingq.r.c.-stabilizabilitywith MTIC. The
assumptionsarethenweakenedin Proposition11.2.8. Most otherresultsof this
sectionarerathertechnicalgeneralizations,partsof proofs,or counter-examples
againstfurtherreductionof assumptions.

In additionto StandingHypotheses11.0.1and11.1.1,we assumethefollow-
ing:

StandingHypothesis11.2.1(H∞H∞H∞ Full-Inf ormation Control Problem(FICP))
Throughoutthis section,we make the following assumptions:Hypothesis9.0.1
is satisfied(with U %& U � W andY %& Z � W), γ / 0 and there is ε �2/ 0 s.t.
�� 11u 
 2 � ε �f
·' u0 ( 
 _ �� for all u �ML u � 0 � 0� .

Thefirst assumptionsaysthat L 		 is somethingreasonable(andit is satisfied
if, e.g., L 		 � O L out � L sta� L str � L exp

Q ). The third assumptionis the standard
nonsingularityassumption:

Lemma 11.2.2(� 11 I� 11 I� 11 I -coercive) (Drop StandingHypothesis11.2.1for the mo-
ment).

If L 		 ) L exp (resp. L out, L str, L sta) andγ / 0, thenHypothesis11.2.1holds
iff � 11 is I -coerciveover L exp (resp. L out, L str, L sta).

Thus,weobtainseveralequivalentassumptionsfrom Proposition10.3.2(resp.
Proposition10.3.1, the two propositionsand Lemma8.3.3, -”-). Recall from
Definition 8.4.1 that I -coercivity is equivalent to positive I -coercivity. It is up
to the readerto choose L 		 , i.e., to decidewhich controlsshall be allowed (cf.
(11.6)and(11.7)).

Proof of Lemma 11.2.2: (By I -coercivity, we refer to realizationΣ11 : )4 �  1!
1
"

11 6 of � 11.)

Thelemmafollowsdirectlyfrom thedefinitions.Indeed,weobviouslyhave
·' u0 ( 
 _ Σ
exp ) 
 u 
 _ Σ11

exp
for all u �ML u � 0 � 0�¶) L Σ11

exp � 0� ; (11.33)
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thesameholdswith L out, L str or L sta in placeof L exp. ¡
In additionto Definition11.1.2,weneedsomeextra notation:

Definition 11.2.3 Throughoutthis chapter, weusealsothefollowingnotation:� 1 : )Á7 � 11

0 = � 2 : )87 � 12

I = � Y : ) Z � W� J : ) Jγ : )Á7 I 0
0 , γ2I = (11.34)

Thecostfunctionis givenby0f� x0 � u � w� : ) 0f� x0 � ' uw ( � : )�1 y� Jγy3 L2 W R X ;Y Y � wherey : ) < x0 JR�S' uw ( (11.35)

(for x0 � H, ' uw ( �TL 		 � x0 � ).
Thus, � ) � � 1 � 2 # �TEG� U � W� Y � ; this short-hand-notationmakesmany

formulaesimpler.

Lemma 11.2.4 We have γ / γ0 iff there is ε / 0 s.t. infu V`_ u W 0 ZwY 0f� 0 � u � w� -, ε 
 w 
 22 for all w � L2 � R � ;W � .
A H∞-FI-pair (or H∞-SF-operator) is suboptimalfor Σ iff � �2 	 Jγ � �2 � 0.

Thus,a H∞-FI-pair is suboptimalif it makes 0 uniformly negative w.r.t. w.
H∞-FI-pairsandH∞-SF-operatorsandΣ � aredefinedasin Definition11.1.2.

Proof: 1� Caseγ / γ0: Given ' uw ( � L2 � R � ;U � W � , we have 1 y� Jγy3 )
 z 
 22 , γ2 
 w 
 22, where ' zw ( : ) y : ) ��' uw ( , hencethe cost function 0 becomes
uniformly negative w.r.t. w (0f� 0 � uw � w� -Â, ε 
 w 
 22 for all w andsomeε / 0)
if f the control law w %& uw makes the norm 
 w %& z 
 less than γ, i.e., if f
 z 
 22 , γ2 
 w 
 22 - ε 
 w 
 22 for someε / 0.

2� Suboptimality:Since � �2 ) 4 " 1̧2
I 6 (see(11.8)),we have � �2 	 Jγ � �2 )��� �12 � 	 � �12 , γ2I � 0, if f 
�� �12 
 + γ, by LemmaA.3.1(e2). ¡

A H∞-FI-pair is a statefeedback(throughu only) pair for which the (con-
trolled) input ' uw ( is in L 		 for all x0 � H andw � L2 � R � ;W � :
Remark 11.2.5 Let �Kb c # ) � d 1 e 11 e 12

0 0 0 # be an admissiblestatefeedback
pair for Σ. Then �$b c # is a H∞-FI-pair iff the closed-loopcontrol u : )bf�1 x0 J cg�12w producedby � b c # is in L u � x0 � w� for each x0 � H and
w � L2 � R � ;W � . In particular,

< � and � �2 mustbestable.
Thus,if L 		 ) L exp (resp. L 		 ) L out), then � b c # is a H∞-FI-pair iff the

controller makesthecontrol, stateandoutput(resp.control andoutput)stablefor
all x0 andw; equivalently, iff Σ � is exponentiallystable(resp.iff

< �1 , bÃ�1 , � �12
and c �12 arestable).

Proof: The first equivalenceis trivial. Assumethat L 		 ) L exp (the caseL 		 ) L out is analogousandhenceomitted). By definition, ' uw ( ��L exp � x0 � if f' uw ( � x � y � L2. By LemmaA.4.5, theclosed-loopsystemis exponentiallystable
if f x : ) 9 � x0 � L2 for all x0 � H; conversely, if this is thecase,thenalsothe

output ?@ yu
w

AB
is stable,sothat �$b c # is aH∞-FI-pair. ¡
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The L exp-resultsof Section11.1arebasedon thefollowing:

Proposition 11.2.6( L expL expL exp: (i)–(iii)) Supposethat L 		 ) L exp and that someof
(1.)–(6.)of Remark9.9.14hold. Then(i)–(iii) areequivalent:

(i) γ / γ0, andthere is an exponentiallystabilizingH∞-FI-pair for Σ;

(ii) γ / γFI, i.e., there is a suboptimalH∞-FI-pair for Σ;

(iii) TheCAREhasa URexponentiallystabilizingsolution � � � S� K � s.t. � � 0,
S11 � 0 andS22 , S21S

 1
11 S11 � 0.

Moreover, if (ii) holds,thentheassumptionsof Proposition11.2.8(alsothose
of (a1)and(a2))aresatisfied,(FI1)–(FI5) hold,andthesolutionof (iii) is unique
andULR.

Notethat“thereis a H∞-FI-pair for Σ” meansthatΣ is exponentiallystabiliz-
ablethroughB1. Cf. alsoLemma11.1.8.

Proof: 0� Weakening the assumptions:In fact, it suffices that � Σ � Jγ � �
coerciveCARE over L 		 ) L exp except that we have to requirean UR state
feedbackoperatorinsteadof a SR one (implications(ii) � (i) � (iii) are true
evenwithout thisextra requirement);in particular, also(7.) and(8.) or Remark
9.9.14with “UR” in placeof “SR” aresufficient.

1� (iii) � (ii): This follows from Proposition 11.2.9 (implication
(FI5)� (FI2)).

2� (ii) � (i): This follows from (11.12).
3� (i) � (iii) and Proposition 11.2.8: Assume (i). By Proposition

11.2.19(a1)andRemark9.9.14(a),theCARE hasanULR L exp-stabilizingso-
lution � � � S� K � (and �}� ULR). Since� 	� Jγ �~� ) I 	 SI , by Theorem9.9.1(g2),
alsotheclosed-loopI/O map � ¥ correspondingto any exponentiallystabilizing
H∞-FI-pair hasa spectralfactorization,by Lemma6.7.13. Therefore,we can
applyProposition11.2.8(a1),to observethatS11 � 0 andS22 , S21S

 1
11 S12 � 0,

sothat(iii) and(FI1)–(FI5)hold. ¡
If Σ is smoothly exponentially stabilizable through u, then we have the

classicalequivalence(for L 		 ) L exp; we alsogive herea variantof this result
for L 		 ) L out):

Theorem 11.2.7( �� �� �� : FICP) Assumethat �K ) 4  K1
0 6 is a URstatefeedback opera-

tor for Σ with closed-loopsystemΣ ¥ s.t. � ¥ �x�� . Assumealsothat L 		 ) L exp and�K is exponentiallystabilizing(resp. L 		 ) L out and �K is [q.]r .c.-SOS-stabilizing).
Then(FI1)–(FI5) areequivalent:

(FI1) γ / γ0; i.e., infu V`_ u
W 0 ZÅÄ Y 0f� 0 � u ��Æs��� 0;

(FI2) γ / γFI; i.e., there is a suboptimalH∞-FI-pair for Σ;

(FI3) � 	¥ Jγ � ¥ ) t 	 Ç J1
t Ç , where

t Ç � t Ç 11 �T� TIC;
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(FI4) the IARE has an exponentially stabilizing (resp. P-[q.]r.c.-SOS-
stabilizing)solution � � � S� � b c # � , and � � 0, and �S: ) ��Èt 	 SÈt � � s0 � sat-

isfies �S11 � 0 and �S22 , �S21 �S 1
11 �S12 � 0 for some(equivalently, all) s0 � C

with Res / maxO 0 � ωA
Q .

(FI5) the CARE(11.36) has a UR exponentiallystabilizing (resp.a UR P-
[q.]r .c.-SOS-stabilizing)solution � � � S� K � , and � � 0, S11 � 0 and S22 ,
S21S

 1
11 S12 � 0.

Moreover, thefollowinghold:

(a) There is a suboptimalH∞-SF-operator iff (FI5) hasa solutionwith S22 � 0;
if this is the case, thenK1 ) (11.40) is a UR exponentially(resp.[q.]r .c.-
SOS-)stabilizingsuboptimalH∞-SF-operator.

(b) For any solutionsof (FI3)–(FI5) (resp. (FI3)–(FI7)) we have
t Ç �.�� ,t Ç 11 �M�É�� � U � , u 22 �M�É�� �W � , � � c � ��� � c � � v � u�Ê 1 � t Ê 1Ç � � ¥ � UR.

Moreover, if there is a suboptimalH∞-FI-pair, then(11.39)generatea UR
suboptimalexponentially(resp.[q.]r .c.-SOS-)stabilizingH∞-FI-pair.

(c) If any of (FI1)–(FI5) havesolutions,thenthe assumptionsof Proposition
11.2.8 are satisfied(also thoseof (a1)&(a2); in particular, � � � S� K � is
unique).

(d) If 4 �b �c 6 is q.r.c.-SOS-stabilizing, then(FI1)–(FI7) (and (FI8) if �K is

ULR; and(FI9) if dimU + ∞ or dimW + ∞) areequivalent:

(FI6) � hasa � Jγ � J1 � -inner [q.]r .c.f. � ) v u  1 with u 22 �M� TIC �W � ;
(FI7) � hasa � Jγ � J1 � -lossless[q.]r .c.f. � ) v u  1 s.t. u 22 �x� TIC∞ �W � ;
(FI8) � hasa � Jγ � J1 � -lossless[q.]r .c.f. � ) v u  1 s.t.M22 �T��EG�W � ;
(FI9) � hasa � Jγ � J1 � -lossless[q.]r .c.f. � ) v u  1.

(e)Thistheoremalsoholdswith “ TIC Ë ULR” in placeof “ �� ” if anyof Remark
9.9.14(1.)–(6.)holds. Moreover, this theoremalwaysholdswith “ULR” in
placeof “UR”.

Naturally,
t

: ) I , c in (FI4). Note from (11.58)that the statefeedbackK
of (FI5) (or �Kb c # of (FI4)) producestheunique“minimax” control. In this
theoremtheCARE canalsobewritten as(11.25),by Lemma9.11.5(e).

Recallfrom Definition 6.4.4that � ) v u  1 is a � Jγ � J1 � -inner [q.]r.c.f. if f v
and u are[q.]r.c., uÌ�M� TIC∞, and v 	 Jγ v ) J1 (and � ) v u  1).

By Example11.2.16,condition(FI9) is not sufficient in general(by 11.2.15,
11.2.17and11.1.9,alsotheconditionson

t
11 andSarenotsuperfluous).

Proof of Theorem 11.2.7: 1� � � �t Ê 1 � UR, � ¥ � ULR: By theassump-
tions, � � �t : ) I , �c � UR. By Proposition6.3.1(b1),also �u : ) �t  1 is UR.
Since�~¥i�T�� £ ULR, it follows that � ) �À¥ �t is UR.

2� (FI1)–(FI7)� SpF: By Proposition11.2.9andLemma11.2.10,any of
(FI3)–(FI5) (resp. (FI3)–(FI7)) implies that (FI3) holds, in particular, that� 	¥ Jγ � ¥ hasaspectralfactorization

t 	Í SÍ t Í (with SÍ ) J1).
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If (FI1) or (FI2) holds, then (FI1) holds,by (11.12),hencethen � is Jγ-
coercive, by Proposition11.2.19,henceso is � ¥ , by Theorem8.4.5(d)&(g1),
hence� 	¥ Jγ �À¥ hasaspectralfactorization

t 	Í SÍ t Í with
t Í �F� �� � U � W � (since�À¥i� �� ).

3� Theequivalenceof (FI1)–(FI7): By 1� &2 � , theassumptionsof Proposi-
tion 11.2.8(a2)(and(a1))aresatisfied(since� ¥ � t Í �T�� £ ULR £ UR) when-
ever any of (FI1)–(FI5) (resp.(FI1)–(FI7)) is satisfied.Thus,theseconditions
areequivalent,by Proposition11.2.8(d).

(c) Thiswasestablishedabove.
(d) This wasshown in 3� above for (FI6) and(FI7). Therestfollows from

Lemma11.2.10,whoseproof shows that u 22 ) � t  1Ç � 22 (henceu 22 � ULR,

becausenecessarily
t  1Ç ���� £ ULR).

(a) This follows from Proposition11.2.8(a2)(see3� above).
(b) b C 1� (FI3)&(FI6)–(FI9): By 1� &3 � above, � � �t � �u � UR and�À¥ � t Ç � t Í � �� £ ULR (from the proof of Lemma11.2.10,we observe that

this holdsfor solutionsof (FI8) and(FI9), exceptthat
t Ç 11 and u 22 might be

noninvertibleif theadditionalassumptionsin (d) arenotmet).
Therefore,

t Ç 11 �Î� �� , henceu 22 ) � t  1Ç � 22 �x� �� (and u 21 ) � t  1Ç � 21 ��� � U � W � ) if u is asin (FI6), by the proof of Proposition11.2.8(d);notethat
thenalso u ) �u t  1Ç is UR.

b C 2� (FI4)&(FI5): (Here �$b c # refersto a pair solving (FI4) or (FI5),t
: ) I , c , u : ) t  1 ) c ��J I , v : ) �À� : ) �ju , asin Definition9.8.1.)
By Proposition 11.2.8 (and b C 1� ), c ) I , E I t Í �t � UR, hencet � u � c � � v � ����� UR.
b C 3� SuboptimalH∞-FI-pairs: Thisfollowsfrom Proposition11.2.8(a1)(its

assumptionsholdby (c), sincenow wehaveassumed(FI2)).
(e) In fact,this theoremalsoholdswith “TIC Ë UR” in placeof “ �� ” if either� ¥ is not J-coercive or � ¥ hasan UR spectralfactorization(exceptthat (FI8)

might becomestrictly strongerthan the otherconditions;this is not the case
whenthefactoris ULR), asshown below.

1�f�� : Indeed,theproofonly usesfrom “ � ¥ �a�� ” thefactsthat � ¥ is UR and
that if � ¥ is Jγ-coercive, then � ¥ hasa UR spectralfactorization(if we replace�� by TIC Ë UR in (a)). The only exceptionis that the necessityof (FI8) was
shown aboveassumingthat

t Ç � ULR (sothatevenit is truein 2� below).
2� ULR: Indeed,if �K is ULR, thensoareall theotheroperatorsclaimedto

beUR in this theorem;cf. theproofof (b).
(Even “SR” would be otherwiseacceptablebut it might leadto problems

with (FI5) unlesswemakesomeadditionalassumptionin (FI5) (cf. Proposition
2.2.5)or weassumethatdimW + ∞.) ¡
In most classicalresults,one assumesthat L 		 ) L exp (or exponentialde-

tectability, which implies that L out ) L exp), that Σ is exponentiallystabilizable
andthatB is bounded(this includes[Keu]). By Theorem9.2.12,this impliesthat
we cantake a boundedexponentiallystabilizing �K andchoosethe �� of Theorem
8.4.9(γ), sothattheassumptionsof Theorem11.2.7aresatisfied.
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However, without sufficient regularity assumptions,the above equivalence
doesnot hold, at least in case L 		 ) L out: By Example11.3.7(b),(FI1) does
not imply any of (FI3)–(FI5) in general(not even for stronglystableuniformly
half-plane-regularsystems(sothatonecantake �K ) 0); in this example,the L 		 -
stabilizingsolutiontheCAREis notI/O-stabilizing;in Example11.3.7(a),thereis
no L 		 -stabilizingsolutionof theCARE,norof theIARE). Althoughthiscounter-
exampleonly treatsthecasesL out, L sta and L str, it is believed thatan example
similar to Example11.3.7(a)couldbeconstructedfor L exp too;seethecomments
below theexample.

To avoid this problem,we madethe �� -assumptionabove, andin thegeneral
WPLSresultbelow we have to make a weaker spectralfactorizationassumption
(which is necessaryfor (FI3), hencefor (FI4) and(FI5) too,by Proposition11.2.9
andLemma11.2.10):

Proposition 11.2.8(FICP) Assumethat 4 �b �c 6 ) �h d 1  e 11  e 12
0 0 0

# is a state

feedback pair for Σ with closed-loopsystemΣ ¥ , and that � 	¥ Jγ � ¥ ) t 	Í SÍ t Í for
some

t Í ��� TIC � U � W � and SÍ ���:EG� U � W � . Assumealso that L 		 ) L exp

and 4 �b �c 6 is exponentiallystabilizing (resp. L 		 ) L out and 4 �b �c 6 is

[q.]r .c.-SOS-stabilizing).
Then(FI1)–(FI4) of Theorem11.2.7are equivalentto each otherandimplied

by (FI5). Alsothefollowinghold:

(a1) (CARE) Assumethat � is WRandtheCARE¦§§§¨ §§§© K 	 SK ) A	 � J � A J C 	1C1 �
S )Ï4 D �11D11 D �11D12

D �12D11 D �12D12  γ2I 6 J w-lim
s* � ∞

B	w � � s , A�  1B �
K ) , S

 1 � B	w � J 4 D �11
D �12 6 C1 �DC (11.36)

hasa UR exponentially(resp.P-[q.]r.c.-SOS-)stabilizingsolution � � � S� K � .
Then � , SandK areunique.

Moreover, (FI1) holds iff S11 � 0 and S22 , S21S
 1
11 S12 � 0; if this is

the case, then (11.39) generate a UR exponentially(resp. [q.]r .c.-SOS-)
stabilizingsuboptimalH∞-FI-pair and(FI5) holds.

There is a suboptimalH∞-SF-operator iff S11 � 0 andS22 � 0; if this is the
case, thenK1 ) (11.40)is a URexponentially(resp.[q.]r .c.-SOS-)stabilizing
suboptimalH∞-SF-operator.

(a2) Assumethat � is WR, �c and
t Í are UR and �F ) 0. Then(FI1)–(FI5)

areequivalent,andtheCAREhasa URexponentially(resp.P-[q.]r.c.-SOS-
)stabilizingsolution � � � S� K � .

(b1)Theconditionon �Sin (FI4) is independentonthechoiceofSand �$b c #
(and s0 � C � ), and � is unique. Condition

t Ç 11 �}� TIC � U � in (FI3) is
independenton

t Ç (by (c1)).

(b2)Anexponentially(resp.P-[q.]r.c.-SOS-)stabilizingsolutionof theCAREis
unique.
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(b3)A solutionof (FI3) or (FI4) is uniquemoduloan invertibleconstant.

(c1) If (FI1) holds,� 	¥ Jγ � ¥ ) t 	 Ç J1
t Ç and

t �R� TIC, then
t

11 �x� TIC � U � and
 t 21
t  1

11 
 TIC + 1.

(c2)Anysolution � of (FI5) is uniqueanda solutionof (FI4).

(c3) If
t Ç and c are as in (FI3) and (FI4), respectively, then

t Ç : ) E
t Í and� I , c �$) E I t Í � I , �c � for someE � E I �T��EG� U � W � .

(d) If 4 �b �c 6 is q.r.c.-SOS-stabilizing, then (FI1)–(FI4) are equivalentto

(FI6) andto (FI7) (andto (FI9) if dimU + ∞ or dimW + ∞).

(e)AnyURsolutionof (FI3) canberedefineds.t.X )Ð4 X11 X12
0 X22 6 � X11 � X22 �R��E .

(f) Evenwithout the above spectral factorizationassumption(that of
t Í and

SÍ ), wehave(FI5) � (FI4) � (FI3) � (FI2) � (FI1), part (d) is truewith (FI3)
in placeof (FI1), andpart (a1) is still true (whenever � � � S� K � exists).

By Proposition11.2.9,(FI5) and(FI4) aresufficient for (a1) andfor (FI1)–
(FI4) without any further assumptions.Unfortunately, (FI1) implies neitherof
(FI4) and (FI5) in general. By Example11.3.7(c),condition (FI5) is strictly
strongerthan(FI1)–(FI4).

Proof: (Notefrom Lemma6.7.13thattheexistenceof
t Í andSÍ (if any) is

independenton 4 �b �c 6 .) We set �t : ) I , �c , �u : ) �t  1. By (FI1s)–(FI5s),

we referto theconditionsof Theorem11.3.3for 4 �ÒÑ  ÓÑ! Ñ " Ñ 6 .
1� (FI1) � (FI2) � (FI3) � (FI1s)–(FI4s): By Lemma 11.2.22, condition

(FI1s) of Proposition11.3.4 for Σ1¥ : ) 4 �ÒÑ  �Ñ! Ñ " Ñ 6 is equivalent to (FI1), and

(FI2s)for Σ1¥ to (FI2). By Proposition11.3.4,(FI1s)–(FI4s)areequivalent(forL 		 ) L exp this follows from thefact that L Σ Ñexp ) L Σ Ñout, by Theorem8.4.5(e)).
Condition(FI3) is trivially (FI3s)for Σ1¥ .

2� (FI4) � (FI4s): By Lemma9.12.3(d1)&(d2)(anduniqueness),thesolu-
tionsof (FI4) and(FI4s)correspondto eachotherasin (9.224).

Indeed,then
t Ç ) t �u , by (9.224),henceSI : )ÕÔt Ç 	 SÔt Ç ) È�u 	 �S È�u where�S : ) Èt 	 SÈt (at some s0 � C � ). Thus, the claim follows from Lemma

11.3.13(i)&(ii”) (the “(hence all)” claim), because �u ) ' 	i	0 I ( (note that if
ω / ωA, then Èt ) ' 	i	0 I ( � H∞ � C �ω ; EG� U � W �U� , by Lemma6.1.10andTheo-
rem6.2.1).

3� (FI5) � (FI1): This is givenin Proposition11.2.9.
(a1) If (FI1) holds, thenso does(FI2), by 1� . Since � is L 		 -stabilizing

(see3� above), thesignatureconditionsS11 � 0 andS22 , S21S
 1
11 S12 � 0 are

necessary, by Proposition11.2.19(d1)&(d2). The rest follows from Lemma
11.2.13.

(a2)a2.1�f� � � S� K � exists:Now �u is UR and �M ) �X  1 ) I , by Proposition
6.3.1(a3),hence� ¥ ) � �u is WR. By Corollary 9.9.11,the IARE for Σ ¥ has
a UR exponentially(resp.stableandP-[q.]r.c.-SOS-)stabilizingsolutionwith
zerofeedthrough(useLemma6.7.15(c2)in case L 		 ) L exp), henceso does
thatfor Σ, by Lemma9.12.3(d1)&(d2)(anduniqueness).
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a2.2� (FI1)–(FI5) areequivalent:Wehavealreadyshown abovethat(FI1)–
(FI4) areequivalentandthat(FI5) implies(FI4). By a2.1� and(a1),a solution
of (FI4) is necessarilyasolutionof (FI5).

Remark: In this case(FI1)–(FI5) are equivalent to (FI1s)–(FI5s) (see
Proposition11.3.4(a)).Now � andSarethesamein (FI5) and(FI5s)(if either
(henceboth)holds),andK ) �K J K I , whereK correspondsto (FI5) andK I to
(FI5s),by (9.226).

(b1)–(c3)&(e)Most of thesefollow easilyfrom theabove andProposition
11.3.4;therestfollow asin its proof.

(d) This follows form Lemma11.2.10.

Remark:We necessarilyhave u�� I , c � ��� TIC � U � W � for solutionsu
of (FI6) and c of (FI4), by theproofof Lemma11.2.10.

(f) 1� (FI5) � (FI4) � (FI3) � (FI2) � (FI1): If (FI3) holds, then so do
(FI1)–(FI4) (sincewe can take

t Í : ) t ), by this proposition. Implications
(FI5)� (FI4)� (FI3) follow from Lemma11.2.9.

2� (a1)&(d): Theassumptionthat(FI5) holdsis morethansufficient for the
proof of (a1).Themodifiedpart(d) still follows from Lemma11.2.10. ¡
Asexplainedabove,theequivalenceof (FI1)–(FI4)doesnotholdunderamere

stabilizabilityassumption.However, westill havethefollowingsufficiency results
of propositionandlemmabelow:

Proposition 11.2.9(FICP: CARE � H∞-SF-operator) Assumethat L 		 ) L out

or L 		 ) L exp. If (FI4) or (FI5) holds,then(FI1)–(FI4) holdandtheassumptions
of Lemma11.2.10andProposition11.2.8aresatisfied.

Thus,if (FI5) holds,thenwecanapplyProposition11.2.8(a1).

Proof: 1� (FI4) � (FI1)–(FI3): Assume(FI4). RedefineS and �$b c #
by (11.52),so that S11 � 0 � S22. By Lemma11.2.14(a), � b c # : ) is a
suboptimalH∞-FI-pair and u  1

22 � TIC.

If L 		 ) L exp, then � b c # is exponentially stabilizing, by Remark
11.2.5. If LÖ		 ) L out, thenwe observe from (11.10)that � b c # is stable

andSOS-stabilizing,andfrom (11.11)thatalso
t  1 ) uRu and � � ) �À�Ku  1

are [q].r.c., where u : ) � I 0|
21
|

22
# �}� TIC, by Lemma6.4.5(c),hencealso� b c # is [q].r.c.-SOS-stabilizing,

In eithercase,we have shown that theassumptionsof Lemma11.2.10are
satisfied,hence(FI1)–(FI4)holdandtheassumptionsof Proposition11.2.8are
satisfied.

2� (FI5) � (FI1)–(FI4): The proof is analogousto that of 1� (seeLemma
11.2.13and3� of theproof of Lemma11.2.10). ¡
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Lemma 11.2.10(FICP: SpF/IARE � H∞-FI-pair) Assumethat 4 �b �c 6 )�h d 1  e 11  e 12
0 0 0

# is a statefeedback pair for Σ with closed-loopsystemΣ ¥ . Assume

alsothat L 		 ) L exp and 4 �b �c 6 is exponentiallystabilizing(resp. L 		 ) L out

and 4 �b �c 6 is [q.]r .c.-SOS-stabilizing).

Either of (FI3) and (FI4) implies that (FI1)–(FI4) and the assumptionsof

Proposition11.2.8are satisfied.If 4 �b �c 6 is q.r.c.-SOS-stabilizing, then(FI3)

is equivalentto (FI6) and to (FI7) (and to (FI8) if u 22 � ULR and to (FI9) if
dimU + ∞ or dimW + ∞).

Proof: 1� (FI3): For (FI3) this is obvious: take
t Í : ) t Ç , SÍ : ) J1.

2� (FI6): By Lemma6.4.8(b),thesolutionsof (FI3) and(FI6) correspond
to eachotherthroughu ) �u t  1Ç (if we neglect

t Ç 11 and u 22), henceu 22 )� t  1Ç � 22 (because�u ) ' 	i	0 I ( ). But � t  1Ç � 22 ��� TIC �W � if f
t Ç 11 ��� TIC � U � ,

by LemmaA.1.1(c1),hence(FI3) and(FI6) areequivalent.
3� (FI7), (FI8) and(FI9): We obtain“(FI6) � (FI7)” from Corollary2.5.5

(since v ) �¤u , so that v 22 ) u 22, because� ) ' 	i	0 I ( ), “(FI6) � (FI9)”
from Proposition2.5.4 (if dimU + ∞ or dimW + ∞; not in general!),and
“(FI7) � (FI8)” from Proposition6.3.1(c)(if u 22 � ULR).

4� (FI4): Assume(FI4). Let Σ � be theclosed-loopsystemcorresponding
to � � � S� �ib c # � . Then � 	� Jγ �$� ) S ) I 	 SI , by Theorem9.9.10(a2)&(a1).
Thus, also � 	¥ Jγ � ¥ has a spectralfactorization,by Lemma 6.7.13 (in case
of L exp) or Lemma6.4.5(c) (in caseof L out, sincethen � ¥ ) �À�~× , hence� 	¥ Jγ � ¥ ) × 	 S× , for some×Â��� TIC). Therefore,the (preliminary)assump-
tionsof Proposition11.2.8aresatisfied,hencealso(FI1)–(FI3)hold. ¡
Theaboveresultsalsoholdfor L str or L sta in placeof L out, mutatismutandis:

Corollary 11.2.11(FICP for L strL strL str and L staL staL sta) Assume that 4 �b �c 6 is

[strongly] q.r.c.-stabilizing. Thenthe following hold for Theorem11.2.7,Propo-
sitions11.2.8and11.2.9andLemma11.2.10:

We have L out ) L sta[ ) L str], and “SOS-” can be omitted[or replacedby
strongly;moreover, “P-SOS-” canbereplacedbystrongly].

Proof: By Theorem 8.4.5(g2), L out ) L sta[ ) L str]. By Theorem
6.7.15(a1)[(a2)], prefices “q.r.c.-SOS-stabilizing” and “q.r.c.-stabilizing”,
[and “strongly q.r.c.-stabilizing”] areequivalentfor admissiblepairs for Σ or4 � Ñ  Ñ! Ñ " Ñ 6 . [Obviously, that “strongly” implies “P-”.] For 4 � Ñ  Ñ! Ñ " Ñ 6 , “q.r.c.-

SOS-stabilizing”and“stableandSOS-stabilizing”areequivalent,by Lemma
6.6.17(b). ¡
In the settingof Proposition11.2.8,all suboptimal(i.e., s.t. 
 w %& z 
 + γ)

stablecausaltime-invariantcontrollaws × : w %& u canbeformulatedasfollows:
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Lemma 11.2.12(All suboptimal TICTICTIC controllers) Assume that 4 �b �c 6 )�h d 1  e 11  e 12
0 0 0

# is a q.r.c.-SOS-stabilizingstatefeedback pair for Σ with closed-loop
systemΣ ¥ .

Thenall ×�� TIC �W� U � s.t. 
�� 11 ×¯Ja� 12 
 TIC + γ aregivenbyO �u 11 × st J �u 12 PP × st � TIC �W� U � is s.t. 
 �v 11 × st J �v 12 
 + γ Q C (11.37)

Givena solutionfor (FI3), we obtaintheparametrizationof all such(closed-
loopsuboptimalTIC control laws) × st from Theorem11.3.6.

Recall from Theorem6.7.15(c2),that if Σ is estimatable,thenany exponen-
tially stabilizingstatefeedbackpair isexponentiallyq.r.c.-stabilizing(henceq.r.c.-
SOS-stabilizing).

If we drop theq.r.c.-condition,then“ × st � TIC” mustbe replacedby “ × st �
TIC & �u 11 × st J �u 12 � TIC”.

Theexistenceof a solution × to the I/O mapproblem(or frequency-domain
problem) formulatedabove obviously implies that γ / γ0. Recall that if the
assumptionsof, e.g., Theorem11.3.6hold, then γ0 ) γFI, hencethen also the
converseholds(sincethisproblemobviously liesbetweenthosecorrespondingto
γ0 andγFI), so that (FI3) is applicablefor theabove parametrizationwhenever a
solutionexists.

Proof of Lemma 11.2.12: (N.B. We observe from the proof that the
theoremalsoholdswith “ - γ” in placeof “ + γ”.) As elsewhere,wehaveset�u : ) � I , �c �  1 ) ' 	i	0 I ( � TIC �v : ) � �u ) ' 	i	0 I ( � TIC C (11.38)

1� × st )¶� × (sufficiency):Let × st � TIC �W� U � . Set × : ) �u 11 × st J �u 12 �
TIC �W� U � , so that ��Ø I # ) �uÙ� Ø st

I
# . Then v � Ø st

I
# ) �iuÙ� Ø st

I
# ) �2�ÚØ I # , hencev 11 × st J v 12 ) � 11 ×�J�� 12, sothat × is suboptimalfor � if f × st is suboptimal

for v .
2� × )¶� × st (necessity):Let ×}� TIC �W� U � bes.t. 
�� 11 ×�J�� 12 
 TIC + γ.

Set × st : ) � I 0# u  1 � Ø I # . Since � � Ø I # � TIC and � Ø I # � TIC, we haveu  1 u � Ø st
I
# � TIC, by Lemma6.5.6(b),i.e., × st � TIC. Thus,we have the

settingof 1� . ¡
In thenext two lemmaswe list someimplicationsof theRiccatiequationand

formulatea sufficientconditionfor suboptimality(seeLemma11.2.14(a)):

Lemma 11.2.13(General L 		L 		L 		 : CARE � � � FICP) Assumethat CAREhas a URL 		 -stabilizingsolution � � � S� K � s.t. � � 0, S11 � 0 and S22 , S21S
 1
11 S12 � 0.

Thentheassumptionsof Lemma11.2.14aresatisfied(including(4.)).

In particular, if L 		 ) L exp (or L 		 ) L out and � I , c �  1 � TIC), then(11.48)
is a suboptimalH∞-FI-pair for Σ, with generators7 , S

 1
11 � D 	11C1 J�� B	1 � w � � 0 , S

 1
11 S12

0 0 0 = ; (11.39)
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if, in addition,S22 � 0, then

K1 : ) � I 0# K ) , � S11 , S12S
 1
22 S21�  1 � D 	11C1 Jx� B	1 � w � , S12S

 1
22 � D 	12C1 Jx� B	2 � w � �U�

(11.40)
is a URsuboptimalH∞-SF-operator for Σ.

Proof: (By Theorem9.8.12(s4)&(s3),� , SandK areunique.)
1� All claims except the formulae (11.39) and (11.40): By Proposition

9.8.10, � � � S� �ib c # � is a UR L 		 -stabilizingsolutionof the IARE. Obvi-
ously, (4.) is satisfiedfor s0 ) J ∞. TheclaimonK1 followsfrom (a)of Lemma
11.2.14,thaton (11.48)from (b) and(a) (with �S ) S).

Thus,it only remainsto establish(11.39)and(11.40).
2� The generators of (11.48)are given by (11.39): If � � � S� K � is a UR

solution of the CARE (i.e., s0 ) J ∞ and �S ) S), then F ) 0, henceF̄ )4 0  S� 1
11 S12

0 0 6 , and� K̄ � 1 ) K1 J S
 1
11 S12K2 ) , � I S

 1
11 S12# S 1 � D 	 JγC J B	w � � (11.41)) , � I S

 1
11 S12# 7 I , S

 1
11 S12

0 I = 7 S 1
11 0
0 � SI22�  1 = 7 I , S

 1
11 S12

0 I = 	 � D 	 JγC J B	w � �
(11.42)) , � S 1

11 0# � D 	 JγC J B	w � �N) , S
 1
11 � D 	11C1 J�� B	1 � w � �DC (11.43)

3� WehaveK1 ) (11.40):By LemmaA.1.1(c1)(substituteA %& S),��EG� U �¤® � S 1 �  1
11 ) S11 , S12S

 1
22 S21 ) : SI11 C (11.44)

SetL : ) D 	 JγC J B	w � . Then

K1 ) , � I 0# S 1L ) , � I 0# 7 I 0, S
 1
22 S21 I = 7 � SI11�  1 0

0 S
 1
22 = 7 I , S12S

 1
22

0 I = L

(11.45)) , � SI11�  1 � I , S12S
 1
22
# L ) , � SI11 �  1 � L1 , S12S

 1
22 L2 � (11.46)) (11.17). ¡

Our sufficiency resultsarebasedin the following lemma(all threecasesof
(a2)areusedin Section11.1):

Lemma 11.2.14(General L 		L 		L 		 : IARE � � � FICP) Assumethat IARE has a L 		 -
stabilizingsolution � � � S� �ib c # � s.t. � � 0. Assume, in addition,thatat least
oneof (1.)–(4.)holds:

(1.) min � dimU � dimW � + ∞;

(2.)
t

11 �T� TIC∞ � U � ;
(3.) Èt 11 � s0 � �M�:EG� U � for somes0 � C �α ;

(4.) �S : ) Èt � s0 � 	 SÈt � s0 � safisfies�S11 � 0 and �S22 , �S21 �S 1
11 �S12 � 0 for some

s0 � C �α .
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(In (3.) and(4.), weallow for anyα � maxO 0 � ϑ Q s.t. c � TICα; for c � UR
wealsoallow for s0 ) J ∞. In (2.) and(3.),wecanallow right-invertibility (being
onto)insteadof invertibility.)

Thenthefollowing is true:

(a1) If S22 � 0, then �Kb c # satisfies
t

11 � u 22 � � TIC∞,� �12 � u  1
22 � t 21

t  1
11 � u  1

22 u 21 � TIC and 
�� �12 
 TIC - γ.

(a2) Assumethat 1. L 		 ) L exp, or that 2. L 		 ) L out and uÙ� TIC, or that 3.L 		 ) L out andthere is ε / 0 s.t.
 < 1x0 J¯� 11u J¯� 12w 
 2 � ε 
 u 
 2 � u � L2
ε � R � ;U �h� w � L2 � R � ;W �h� x0 � H �DC

(11.47)

If S22 � 0, then � b c # : ) �Ûd 1 e 11 e 12
0 0 0

# is a H∞-FI-pair; in cases1. and
2. it is suboptimal(and 
�� �12 
 - γ alsoin case3.).

(b) If (4.) holds,thenthe LÖ		 -stabilizingsolution � � � SI � �Kb I c I # � definedby
(11.52)satisfiestheassumptionsof (a) (i.e., � � 0, SI22 � 0 and(4.) holds
for Èt I � s0 � SI Èt I � s0 � ); thecorrespondingpair “ � b c # ” is givenby7 b 1 J �S 1

11 �S12b 2 c 11 J �S 1
11 �S12c 21 c 12 J �S 1

11 �S12 � c 22 , I �
0 0 0 = (11.48)

In (a), we have usedthestandardnotation
t

: ) I , c , u : ) t  1, v : ) �ju ,� �12 : ) v 12 u  1
22 ; cf. Definition9.8.4and(11.8).

Notethatwecanchoose,e.g.,α ) maxO 0 � ϑ � ωA J 1 Q . Recallthatfor L out andL exp onerequiresthatthecontrol is stable,i.e.,ϑ ) 0.
Proof of Lemma 11.2.14: Remark1: This lemmaalsoholdswithout the

assumptionon the existenceof ε � (seeStandingHypothesis11.2.1); indeed,
this proof doesnot useit even implicitly. The sameremarkappliesalso to
Lemma11.2.13.

Remark2: By Theorem9.8.12(s4),�S (and � ) is independenton thechoice
of a L 		 -stabilizing � � � S� � b c # � . However, conditions(2.) and(3.) may

dependon �$b c # : if � 	 Jγ � ) J1, S ) , J1 andX ) ' 0 I
I 0 ( , then �S ) J1 and

(4.) (and(1.) if we chooseso) hold although(2.) and(3.) arefalsefor this
solution(but not for all solutions,by (b)); this problemdid not occurwith the
CARE(seeLemma11.2.13).

(a1)By Theorem9.9.1(a1)&(e1),Σ � is aJγ-critical controlin statefeedback
form. By Theorem8.3.9(a1’),

< � is stableand b � is ϑ-stable. By Lemma
6.1.11(andRemark6.1.9),u ) c ��J I � TICω � U � W � for all ω / ϑ.

1� u 22 satisfiessomeof (1)–(5) of Proposition2.2.5: If any of (1.)–(3.)
holds,then

t
11 satisfiessomeof Proposition2.2.5(1)–(5),hencesodoesu 22,

by LemmaA.1.1(c1)(if dimU + ∞, then u 22 satisfies(4), which is observed
by exchangingthecolumnsandrowsof u ).

If (4.) holds,thenwe canapplyLemma11.3.13(b2)to �S : ) Èt � s0 � 	 SÈt � s0 �
to observethat Èt � s0 � 11 �x��EG� U � , equivalently, that Èu�� s0 � 22 �x��EG�W � , sothat
(5) holds.
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2�ÝÜÞu  1
22 � TIC: Since� � 0 andv 2	 ) u 2	 (because� ) ' 	i	0 I ( ), weobtain

from the(2,2)-blockof (9.157)that

γ2 �ßu t
22 � 	 u t

22 , � v t
12 � 	 v t

12 � , π � 0 Z t Y S22 � ε2I � t � 0�DC (11.49)

It follows from Corollary2.2.6,1� and(11.49)that u 22 �M� TIC∞ �W � and
�u 22 
 TIC - γ à ε.
3�á
�� �12 
 TIC - γ: From �ßu  t

22 � 	 Æ (11.49)Æ u  t
22 weobtainthat

γ2I � ��� �12
t � 	 � �12

t J ε2 �ßu  t
22 � 	 u  t

22 � (11.50)

hence
��i�12 
 TIC - γ, by Lemma2.1.14.
Remark: Given w � L2 � R � ;W � , we have 
�� �12w 
 22 - γ2 , ε2 
�u  1

22 w 
 22,
hence
��j�12w 
 2 + γ. If L 		 ) L exp, thenΣ � is exponentiallystable,hencethenu 22 � TIC, hencethen 
�� �12 
 - � γ2 , ε2 àâ
�u 22 
 2 � 1ã 2 + γ.

4� t 21
t  1

11 � TIC: Since ��� t
1 � 	 Jγ � t

1 ) ��� t
11 � 	 � t

11 � 0 and � � 0, weobtain
from the(1,1)-blockof (9.160)that7 t t

11t t
21 = 	 S 7 t t

11t t
21 = � 0 � t � 0�DC (11.51)

Apply Lemma A.3.1(q) to obtain that there is δ / 0 s.t. � t t
11 � 	 t t

11 �
δ � t t

21 � 	 t t
21, i.e., δ  1 � �ßä t � 	 ä t , for all t / 0, hence ä°� TIC, by Lemma

2.1.14,whereä : ) t 21
t  1

11 ) , u  1
22 u 21 (by the(2,1)-blockof u t ) I ).

(a2) 1�FL exp: Suboptimality: Since � is L exp-stabilizing, Σ � (and ; � τ,
by Lemma 6.1.10) is exponentially stable. From (11.10) we observe that9 � x0 � L2 for all x0 � H, henceΣ � is exponentiallystable,by LemmaA.4.5.
Thus, � b c # is a H∞-FI-pair, by Remark11.2.5. By the remark in 3� ,
�� �12 
 TIC + γ (sinceu ) c ��J I � TIC), i.e., � b c # is suboptimal.

2��L out: Suboptimalitywhenu 12 � u 22 � TIC: Because� b c # is L out-
stabilizing,it is output-stabilizing,by Theorem9.8.5. This andthestability ofu 12 (by theassumption),�i�12 ) v 12 u  1

22 andu  1
22 (by 1� &2 � ), imply that

< � ,b � , � �12 and c �12 arestable(see(11.10)).Thus, � b c # is a H∞-FI-pair, by
Remark11.2.5. By the remarkin 2� , 
�� �12 
 TIC + γ (since u 22 � TIC), i.e.,� b c # is suboptimal.

3� Case
 < 1x0 Jå� 11u Jå� 12w 
 2 � ε 
 u 
 2: (Recallfrom (a1)that 
�� �12 
 - γ,
hence � b c # is also here“almost suboptimal”.) Since

< � and b � are
outputstable(by Theorem9.8.5),we have �À� � c �ª� TICω for all ω / 0, by
Lemma6.1.11.This, (a1)2� and(11.10)imply that

< � � � � � bÃ� and cg� are
ω-stablefor all ω / 0.

By (a1), �i�12 is stable. Consequently, L2 ® �i�12w ) � 12w JÎ� 11 c �12w, by
(11.9),hencecg�12w � L2, by (11.47),for all w � L2 � R � ;W � . Thus, cæ�12 � TIC,
by Lemma6.1.12.

By (11.10),
< �1 ) < � 1 , � �12 b � 2 is stable,henceL2 ® < �1 x0 ) < 1x0 J� 11 bÃ�1 x0, hencebk�1 x0 � L2, for all x0 � H, sothat bÃ�1 is stable.

Thestabilityof
< �1 , � �12, bÃ�1 andcg�12 imply that � b c # is aH∞-FI-pair,

by (11.8)andRemark11.2.5.
(b) By Lemma 9.8.12(s1),also � � � SI � � b I c I # � is a L 		 -stabilizing
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solutionof theIARE, where�$b I c I # : ) � �E b �E c J I , �E # � SI : )87 �S11 0
0 SI22= � (11.52)

E : ) 4 I  S� 1
11  S12

0 I 6 �ç��EG� U � W � , �E : ) E Èt � s0 �  1 �è��E , and SI22 : ) �S22 ,�S21 �S 1
11 �S12 � 0, becauseSI ) E  	 �SE  1 ) �E  	 S�E  1. SinceSI22 � 0 (and �S

remainsinvariant),theassumptionsof (a)aresatisfiedby � � � SI � �$b I c I # � .
Remark: We could replace �E by 7  S1é 2

11 0

0 W   S22 Y 1é 2 = to obtain SI ) J1 above

(thiswouldslightly alter(11.48)). ¡
Next we notethat

t Ç 11 ��� TIC � U � is not superfluousin (FI3) (even
t Ç 11 �� TIC∞ � U � is not sufficient):

Example 11.2.15 (
t Ç 11 �T� TIC � U �t Ç 11 ��� TIC � U �t Ç 11 �M� TIC � U � is not superfluous) Let � : ) � R 2I

0 I
# �

MTICd � U � U �¶£ TIC � U � U � , whereR: ) τ  1 (hereU maybeany Hilbert space;
wehavetakenZ ) W ) U and L 		 ) L out). Then� 	11 � 11 ) I � 0,henceStanding
Hypotheses11.1.1and11.2.1aresatisfied.Moreover, � 	 J1 � ) t 	 J1

t
, wheret )87 43R J 1

3 2
2
3R J 2

3 1= �T� MTICd £ � TIC C (11.53)

However, (11.106)) 3π � 0 Z 1Y , π � 1 Z∞ Y � 0, hence � is not minimax J-coercive
(alternatively, thisfollowsfrom Lemma11.4.3(b),since

t
11 �R� TIC � U � , becauseÈt � log4 J πi �¶) 0).

This alsoshows that condition � � 0 is not superfluousin Lemmas11.2.14
and 11.3.9(a). (Note that � can be computedfrom (8.46), oncewe choosea
realizationΣ � SOSof � (e.g.,theshift realization(6.11);since� is exponentially
stable,thisrealizationcanbechosento beexponentiallystable,sothat � becomes
exponentiallystabilizingand L out ) L exp).) µ

If bothU andW areinfinite-dimensional,thenthedimensionsof positiveand
negative eigenspacesof J1 �REG� U � W � do not determinethoseof � 	 J � unless
werequire Èu 22 to beinvertiblesomewhere:

Example 11.2.16 (u 22 ��� TIC∞ �W �u 22 �M� TIC∞ �W �u 22 �T� TIC∞ �W � is not superfluousin (FI7)) Let R be the
right shift τ  1 on � 2 � N �j) : U ) : W ) : Z, L : ) R	 , P0 : ) I , RL, Q : ) RL. Set� : ) D : ) 4 R ê 2P0

0 I 6 to obtain D 	 J1D ) � I 0
0 2P0  I # ) � I 0

0 P0  Q # ) X 	 J1X, wheret
: ) X : ) � R P0

0 L
# �M�:EG� U � W � .

Then � 	11 � 11 ) I � 0, so that StandingHypotheses11.1.1and 11.2.1are
satisfied, and so are the assumptionsof Propositions11.2.8 and 11.3.4 (set4 �b �c 6 ) � 0 0 # ).

SetM : ) X  1 ) � L 0
P0 R # , N : ) DM )84 Q� ê 2P0 0

P0 R 6 to obtaina � J1 � J1 � -lossless

r.c.f. of � , so that (FI9) is satisfied.ThenN22 ) R �2��EG�W � , hence(FI6)–(FI8)
do nothold (hencenoneof (FI1)–(FI8)holds). µ
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Theexistenceof a L 		 -stabilizingsolutionis notasufficientcondition;wehave
to know signaturepropertiesthatguaranteethat thesolutionis really a minimax
control:

Example 11.2.17 (S22 , S21S
 1
11 S12 � 0S22 , S21S
 1
11 S12 � 0S22 , S21S
 1
11 S12 � 0 is necessary)To observe thatthecondi-

tionson Sarenotsuperfluousin (FI5) (or in Theorem11.1.3),set

A : ) , 1 � B : ) 0 � C : ) 0 � D : ) 7 � 10 # � 02 #
0 1 = �FEG� C � C � C2 � C �hC (11.54)

ThentheCARE , 2� ) K 	 SK, S )Ð4 1 0
0 4  γ2 6 , SK ) 0 hasauniquesolution � ) 0,

which is exponentiallystabilizing(unlessγ ) 2, in whichcasethereis nosolution
of the CARE, and the solutionsof the eCARE are given by � � � � 1 0

0 0
# � � 0

K2
# � ).

Since 
�� 11u Ja� 12w 
 22 ) 
 u 
 22 J 4 
 w 
 22 � (11.55)

theoptimalH∞-FI-pair for Σ is givenby �$b c # ) � 0 0 # , andγ0 ) γFI )
γSF ) 2. Indeed,Theorem11.1.3(a)confirmsthis,sinceS22 , S21S

 1
11 S12 ) S22 )

4 , γ2 � 0 if f γ / 2. For γ + 2, the J-critical control is obviously a “min-min”
control. µ

The following lemmawill be neededfor the Riccati equationform of the
solutionof theH∞ 4BP:

Lemma 11.2.18(u 22 �M� TIC )¶� H∞u 22 �T� TIC )¶� H∞u 22 �T� TIC )¶� H∞-FI-pair) Assumethat � � � S� � b c # �
is an exponentiallystabilizingsolutionof the IARE and L 		 ) L exp (resp.that� � � S� �Kb c # � is a q.r.c.-SOS-stabilizingsolutionof theIAREand L 		 ) L out).

If S22 � 0 and u 22 �M� TIC, then � b c # : ) ��d 1 e 11 e 12
0 0 0

# is a suboptimal
H∞-FI-pair and � � 0.

If c is UR, then(11.48)generatesanothersuboptimalpair (usethelemmaand
Proposition11.2.19(d1)),but thesepairsneednotbeequalin general(theoperatoru aboveneednot beequalto I ).

Proof: (Here,aselsewhere,
t

: ) I , c , u : ) t  1.)
1�¯� b c # : ) � d 1 e 11 e 12

0 0 0
# is a H∞-FI-pair: Since � is L exp-stabilizing,

the closed-loopsystemΣ � (and ; � τ, by Lemma 6.1.10) is exponentially
stable. From (11.10)we observe that 9 � x0 � L2 for all x0 � H, henceΣ �
is exponentiallystable,by LemmaA.4.5. (For L 		 ) L out, we observe from
(11.10)thatΣ � � SOS.) Thus, � b c # is aH∞-FI-pair, by Remark11.2.5.

2� � b c # is suboptimal:By (11.11),wehave� � : ) � �Úz 11 z 12
0 I

#  1 ) � t  1 u  1 � (11.56)

where u ) � I 0|
21
|

22
# , u : ) t  1, by Schur decomposition (Lemma

A.1.1(d1)(A.9)).Therefore,from ��� t  1 � 	 Jγ � t  1 ) S, weobtainthat��� �2 � 	 Jγ � �2 ) � 0 I # � � 	 Jγ � � 7 0I = ) � 0 I # u 	 Su 7 0I = ) u 	22S22u 22 �
(11.57)
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hence ��� �2 � 	 Jγ � �2 � 0, becauseu 22 ��� TIC, by Lemma A.1.1(c1). By
Lemma11.2.4,it follows that � b c # is suboptimal.

3� � � 0: This follows from Proposition11.2.19(b2)(sinceγ / γFI � γ0,
by 2� ).

Remark:Parts1� –2� hold alsofor the eFICPof Theorem11.3.6(i.e., for
any Σ � WPLS� U � W� H � Y � ; we do not needStandingHypothesis11.1.1
nor 11.2.1).

If we do assumeStandingHypothesis11.1.1, then StandingHypothesis
11.2.1becomesredundant:SinceStandingHypothesis11.2.1is not usedin
1� –2� , as notedabove, we obtain StandingHypothesis11.2.1 from Lemma

11.2.22(a)(with 4 �b �c 6 : ) � b c # ). Indeed,by (d1) (resp.(c)) Lemma

9.12.3, � is an exponentially (resp. q.r.c.-SOS-)stabilizingsolution for the
CAREfor Σ ¥ andJγ, hence�À¥ hasaspectralfactorization,by Corollary9.9.11.¡
Next wepresentarathergeneralnecessityresultthatwasusedin theproofsof

our maintheorems:

Proposition 11.2.19(General L 		L 		L 		 : Necessaryconditions) Assumethat γ / γ0

andthatZs is reflexive. Then� is Jγ-coercive. Assumein additionthat L 		 � x0 � ) /0
for each x0 � H. Thenthefollowinghold:

(a1)There is a uniqueJγ-critical input 4 ucrit
W x0 Y

wcrit
W x0 Y 6 for each x0 � H, andthis input

correspondsto the(unique)argumentsof

max
w V L2 W R X ;W Y min

u V`_ u
W x0 ZwY 0f� x0 � u � w�DC (11.58)

(a2) If � Σ � J � � coerciveCARE(seeRemark9.9.14),thenthere is a (SR)uniqueL 		 -stabilizing solution � � � S� K � of the CARE; the correspondingclosed-

loopcontrol equals 4 ucrit
W x0 Y

wcrit
W x0 Y 6 for each x0 � H (with no externalinput).

(b1) The Jγ-critical input (called the minimax control) can be given in state
feedback form iff the[e]IARE hasa L 		 -stabilizingsolution.

(b2) Assumethat a L 		 -stabilizing solution � � � S� � b c # � of the (e)IARE
exists.Then � � 0, S �M��EG� U � W � and � t t 	 St t � 11 � ε2� e 2t maxë 0 Z ϑ ì I for
all t � 0.

If, in addition,ϑ - 0, then � t t 	 St t � 11 � ε2� I for all t � 0, andwecanchoose
Sand �$b c # sothatS ) � I 0

0 JW
# , where JW ) J 	W ) J

 1
W �T��EG�W � .

(b3) If a L 		 -stabilizingsolution � � � S� �Kb c # � existss.t. c � MTIC∞, then
theCAREhasa unique L 		 -stabilizingsolution � � � S� K � , andS11 � ε2� I .

If, in addition, there is a suboptimalMTIC∞ H∞-FI-pair (resp.H∞-SF-
operator), thenS22 , S21S

 1
11 S12 � 0 (resp.S22 � 0).

(c) Assumethat a L 		 -stabilizing solution � � � S� �Kb c # � exists, there is a
suboptimalH∞-FI-pair, and ϑ - 0. Then � t t 	 St t � 11 � ε2� I for all t � 0,
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and È í : ) Èt 	 SÈt satisfiesÈ í 11 � ε2� I and È í 22 , È í 21È í  1
11 È í 12 � 0 on C �ω � (11.59)

for any ω � 0 s.t.
t � TICω. Moreover, there there is a L 		 -stabilizing

solution � � � J1 � 4 �b �c 6 � of theIAREs.t. �t 11 �Î� TIC∞, 
 �t  1
11 
 TIC - ε  1� ,

and 
 �t 21 �t  1
11 
 TIC - 1.

Assumethat the CAREhas a SR L 		 -stabilizing solution � � � S� K � and that
ϑ - 0. ThenS11 � ε2� I andthefollowing hold:

(d1) (S22 , S21S
 1
11 S12 � 0) If there is a suboptimal SR H∞-FI-pair, then

S22 , S21S
 1
11 S12 � 0.

(d2) (S22 � 0) If there is a suboptimalSRH∞-SF-operator, thenS22 � 0.

(e) If 
 π � 0 Z t Y � 11u 
 2 � ε �f
 π � 0 Z t Y u 
 2 for all u � L2 � R � ;U � and t / 0, then the
assumption“ ϑ - 0” canberemovedeverywhere in this theorem.

(f) In (b3), (c), (d1) and (d2), theexistenceof a suboptimalH∞-FI-pair (resp.
H∞-SF-operator) is not neededif there is ×¢� TIC∞ �W� U � (resp.SR ×.�
TIC∞ �W� U � having È×É��J ∞ �Ý) 0) s.t. 
�� 11 ×ÖJa� 12 
 TIC + γ (in (b3)wemust
alsorequire that ×ª� MTIC∞ �W� U � ; in (c) that ×ª� TICω, andin (d1) that× is SR).

See,e.g.,Lemma11.2.14for the converses.Note that L exp and L out have
Zs reflexive (and ϑ ) 0, hencee 2tϑ ) 1 in (b2)). If � � � S� �Kb c # � is as
in (b2), then � is uniqueandS and �Kb c # areuniquemoduloan invertible
constantasin (9.114),by Theorem9.9.1(a1)&(f1)&(f2). SeeExample11.1.9for
thedifferencebetween(d1)and(d2).

Undertheassumptionsof Theorem9.9.1(k),we canmake JW equalto , I in
(b2); this factwasusedin Proposition11.2.8.However, we do not know whether
Sreflectsall signaturepropertiesof theproblemfor generalL 		 , hencewecannot
improve(b2) in thegeneralcase;seethenotesonp. 481for this problem.

Proof: By Theorem11.7.2(b)(and Remark8.3.4; note that Hypothesis
11.7.1requiresthereflexivity assumption),� is Jγ-coercive.

(a1)By Theorem11.7.2(c),(11.58)existsandequalstheJγ-critical input.
(a2)Combine(a1)with thedefinitionof coerciveCARE. (Note thatunder

(4.) or (5.) of Remark9.9.14,wehave c � MTICL1

∞ , sothat(b3)applies.Under
any of (1.)–(6.) of Remark9.9.14,thesolutionis ULR, henceSR,sothat then
(d) applies.)

(b1) This follows from by Theorem9.9.1(a1)(the eIARE is equivalentto
theIARE, by (b2)).

(b2)1� By Lemma9.10.3,wehaveS �R��EG� U � W � . By Theorem9.9.1(f1),
wehave � ) < 	critJγ

<
crit . But 0f� x0 � u � 0� � 0 for eachx0 andu, hence(11.58)�

0, i.e.,
< 	critJγ

<
crit � 0. Thus, � � 0.

Let t / 0 anduI � L2 �U' 0 � t � ;U � be given. Setxt : ) ; 1τtu, �u : ) uI J τ  tu,
whereu �2L 		 � xt � is to bedefinedlater. By Lemma9.7.9, �u �2L 		 � 0� . We first
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computethat

yu : ) < ; t
1 �u Ja� 1u ) π �N� 1 � π �îJ π  � τt �u ) π �N� 1τt �u (11.60)) � 1τt �u , π �  t Z 0Y � τt �u ) � 1τt �u , τt � t

1uI C (11.61)

Consequently, (11.58)impliesthat1 ; t
1uI � � ; t

1uIï3 ) max
w V L2 W R X ;U Y min

u V`_ u
W x ZwY 0f� ; t

1uI � u � w� � min
u V`_ u

W x Z 0Y 0f� ; t
1uI � u � 0�

(11.62)) min
u V`_ u

W x Z 0Y 1 yu � Jγyu3 L2 ) min
u V`_ u

W x Z 0Y 1 τ  tyu � τ  tJγyu3 L2 (11.63)

†) min
u V`_ u

W x Z 0Y ³Û1 � 1 �u � Jγ � 1 �u3 , 1 � t
1uI � Jγ � t

1uI 3 ´ (11.64)) min
u V`_ u

W x Z 0Y 1 � 1 �u � Jγ � 1 �u3 , 1 uI � ��� t
1 � 	 Jγ � t

1uIï3 (11.65)

(†: hereboth crosstermsare negative, hencethe minus sign thoughpositive
quadraticterms). But

t t 	 St t ) � t 	 Jγ � t J ; t 	 � ; t , by the eIARE, henceit
follows from theaboveandStandingHypothesis11.2.1that1 uI � � t t 	 St t � 11uI 3 ) min

u V`_ u
W x Z 0Y 1 � 1 �u � Jγ � 1 �u3 � ε2� 
~�  u0 # 
 2_ �� (11.66)� ε2� 
 �u 
 2L2

ϑ
� ε2� 
 uI�
 2L2

ϑ
� ε2� e

 2t maxë 0 Z ϑ ì 
 uI�
 22 C (11.67)

Thus, � t t 	 St t � 11 � ε2� e 2t maxë 0 Z ϑ ì for all t � 0.

2� Caseϑ - 0: Sincee 2t maxë 0 Z ϑ ì ) 1, wenow have � t t 	 St t � 11 � ε2� I for
all t � 0.

For any ω / ωA, wehave
t � TICω; if alsoω � 0, then ��Èt 	 SÈt � 11 � ε2� I on

C �ω , by Lemma2.2.4.Chooses0 � C �ω . Then,T : ) � Èt 	 SÈt � 11 � s0 � � ε2� I .

By Lemma 11.3.14, there is E0 �Õ��EG� U � W � s.t. T ) E 	0 �SE0, where�S ) � I 0
0 JW

# , JW ) J 	W ) J
 1
W . SetE : ) E0 Èt � s0 �  1 �M��EG� U � W � . By Theorem

9.9.1(f2), also � � � �S�ð4 �b �c 6 � is a L 		 -stabilizing solution of the IARE,

where �S: ) E  	 SE  1 ) E
 	0 TE

 1
0 , �b ) E b and � I , �c �N) E � I , c � .

Remark: It seemsthat we could get S ) � I 0
0  I # (i.e., JW ) I ) at least

whenbothU andW areunseparable,by usingLemmaB.3.16; however, we
have not beenable to establishthis for generalU andW (and henceobtain
“(FI1) � (FIn)” for n � O 2 � 3 � 4 � 5 Q ) without reductionto thestablecase(under
theassumptionsof Theorem11.2.7or Proposition11.2.8),whereit is ultimately
reducedto Lemma11.4.3(a)&(c).

(b3) (Note in particularthat theMTIC∞ assumptionallows usto avoid the
“ϑ - 0” assumption.)

1� TheCARE:We have MTIC∞ £ ULR, by Theorem2.6.4(f), hencewe
can redefineX to I so that we obtain a solutionof the CARE, by Corollary
9.9.8(still with c � MTIC∞).

2� Claim S11 � ε2� : Let u0 � U . Set uI : ) t  1ã 2π � 0 Z t Y u0. Let t & 0J in
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(11.66)to obtain(by simplecomputationsusingTheorem2.6.4(i3))that1 X � u0
0 # � SX � u0

0 # 3 U ñ W � ε2� e0 
 u0 
 2U C (11.68)

Sinceu0 � U wasarbitrary, thissaysthat � X 	 SX � 11 � ε2� I . By Lemma11.3.14,
wecanredefine �Kb c # andSsothatS ) � I 0

0 JW
# (cf. (b2)2� ).

3� Thesuboptimalcase:Weobtainthis from (11.78)asin 2� above(cf. the
proofsof (d1)–(d2)).

Remark: In fact, (b3) holds even if we replaceMTIC∞ by SMTIC∞ Ë
SRd or by EG� U � Lp

ω � R � ;Y �U� Ë SRd for some ω � R (since we only need
that limt * 0�À� c χR X u0 � � t � exists and c d � SR, and that

t � Ø I # also hassame
properties,where(thesuboptimal)× (if any) is asin theproof of (c)).

(Indeed,then c � c d � SR,henceX �M�:E , by Proposition6.2.8(a2),andwe
canwork asabove.)

(c) 1� Let 4 �b �c 6 beaH∞-FI-pair for Σ with closed-loopsystemΣ � (we

still denoteby Σ � theclosed-loopsystemcorrespondingto K). Set × : ) �c �12,
sothat �i�2 ) � � Ø I # � TIC �W� Y � (seeRemark11.2.5).

Let t / 0. Let π � 0 Z t Y w � L2 �U' 0 � t � ;W � bearbitraryandsetxt : ) ; τt � Ø I # w. Set

π � t Z∞ Y w : ) τ  t b � 2xt � L2 �U' t � ∞ � ;W � , sothat(usethefactthat 4 ucrit
W xt Y

wcrit
W xt Y 6 ) b � xt)0f� xt � π � τt × w� π � τtw� � min

u V`_ u
0f� xt � u � b � 2xt �¶) max w min

u V`_ u
0f� xt � u �ò�w�N)�1 xt � � xt 3 C

(11.69)

We have

τtπ � t Z∞ Y � �2 w ) π � τt �2� Ø I # w ) π �N�ó� π �¯J π  � τt � Ø I # w ) � π � τt � Ø I # w J < xt �
(11.70)

and � �2 ) π � t Z∞ Y � �2 Ja� �2 t , hence1 � �2 w� Jγ � �2 w3 , 1 � �2 tw� Jγ � �2 tw3 )�1 π � t Z∞ Y � �2 w� Jγπ � t Z∞ Y � �2 w3 (11.71))�1 τtπ � t Z∞ Y � �2 w� Jγτtπ � t Z∞ Y Jγ � �2 w3 (11.72))�1 < xt Ja� π � τt � Ø I # w� Jγ � < xt Ja� π � τt � Ø I # w� 3 (11.73)) 0f� xt � π � τt × w� π � τtw� (11.74)� 1 xt � � xt 3 )�1 �ÛØ I # w� ; t 	 � ; t ��Ø I # w3 � (11.75)

by (11.69).Fromthis and(9.160)weobtainthat1 � �2 w� Jγ � �2 w3 � 1 t t �^Ø I # w� St t ��Ø I # w3 C (11.76)

If 4 �b �c 6 is suboptimal,thenthereis ε / 0 s.t. 1 �j�2 w� Jγ �j�2 w3 -Â, ε 
 w 
 22
for all w � L2 � R � ;W � . Sincet / 0 andπ � 0 Z t Y w � L2 werearbitrary, we obtain
from (11.76)that1 t t � Ø t

I
# w� St t � Ø t

I
# w3 -�, ε 
 w 
 22 � t � 0 � w � L2 �U' 0 � t � ;W �U�D� (11.77)

i.e., that �U� t � Ø I # � t � 	 S� t � Ø I # � t -Õ, εI for all t � 0. By Lemma2.2.4(a),this
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impliesthat � Èt 7 È× I = � 	 SÈt 7 È× I = -�, εI (11.78)

onC �ω , for any ω � 0 s.t.
t � ×Õ� TICω.

2� Implication“ ϑ - 0 � SI ) J1” etc.: Assumethatϑ - 0. Chooseω � 0
s.t.
t � TICω (notethat × : ) �c �12 � TIC £ TICω, because× w � L2

ϑ £ L2 for all
w � L2 � R � ;W � , by (11.7)). Sincewe assumedthatϑ - 0, we have È í 11 � ε2� I

on C �ω , by (b2). This and (11.78) imply that �S : ) È í � s0 � satisfies(i’) (hence
(i)–(vi)) of Lemma11.3.13for any s0 � C �ω . Consequently, (11.59)holdsand�S ) �X 	 J1 �X for some �X ) ' 	i	0 	 ( ����E (with X11 � X22 � 0), henceS ) E 	 J1E,
whereE : ) �X Èt � s0 �  1 �T��E .

By usingthis �E, weobtain � � � J1 � 4 �b �c 6 � asin (b2)2� above. Moreover,

then È�t � s0 �N) E Èt � s0 �¶) �X. By (b2),wehave

ε2� I - � Èt 	 J1 Èt � 11 ) Èt 	11 Èt 11 , Èt 	21 Èt 21 (11.79)

onC �ω . Thisandtheinvertibility of È�t � s0 � 11 ) �X11, imply that �t 11 ��� TICω � U � ,
by Proposition2.2.5(5).Therestfollows from Lemma11.2.21.

(d) By (b2),wehave �U� t t � 	 St t � 11 � ε2� IU , hence�ôÈt 	 SÈt � 11 � ε2� IU onC �ω
for ω big enough,by Lemma2.2.4.Therefore,for any u0 � U , wehave

ε2� 
 u0 
 2 - 1 Èt � s� � u0
0 # � SÈt � s� � u0

0 # 3 U ñ W & 1 � u0
0 # � S � u0

0 # 3 U ñ W � (11.80)

ass &«J ∞, by strongregularity. Thus,S11 � ε2� I .

(d1) In (b2)2� we showedthat �ôÈt 	 SÈt � 11 � r � � ε2� I for big r; let r &õJ ∞ to
obtainthatS11 � ε2� I (since Èt ��J ∞ �·) I ). Analogously, from (11.78)weobtain

that � I 4  UI 6 � 	 S� I 4  UI 6 � -�, εI , where �U : ) È×ö��J ∞ � . By Lemma11.3.13(i’)&(i),

this meansthatS22 , S21S
 1
11 S12 -�, εI .

(d2)Now wehave �U ) 0 in theproof of (d1),henceS22 -}, εI .
Remark: In (d1) and (d2), we can useany ε / 0 s.t. 1 �j� � 2w� Jγ �i� � 2w3 -, ε 
 w 
 22 for all w � L2 � R � ;W � (whereΣ � is the closed-loopsystemcorre-

spondingto thesuboptimalpair or operator, asin theproof of (c)).
Remark: In (d)–(d2), the assumptionon the CARE may be replacedby

the weaker assumptionthat the IARE hasa SR solution � � � S� �ib c # � s.t.
F ) 0.

(By Proposition9.8.10, the only differenceis that � neednot be WR;
obviously, theregularityof � is notneededin theaboveproofs.)

(e) (The assumptionof (e) is rathercommon,sinceoneusuallyhas“ 0 )
 u 
 22 J�
 y 
 22” or somethingsimilar.)
The assumptionthat ϑ - 0 was only usedin (b2)2� (and later to justify

referationsto (b2)),to show that � t t 	 St t � 11 � ε2� I ; undertheassumptionof (e)
this inequalityfollowsdirectly from (11.66).

(f) In theproofsof (b3), (c), (d1) and(d2), we did not needb or c , just a
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From the above proposition,onecanconcludethat the existenceof a well-

posedsolution of the FICP in the I/O sense(i.e., of a suboptimalwell-posed
control law) implies a solution in the usual senseif the finite cost condition
( L 		 ) 0) is satisfiedandΣ is smoothenoughto guaranteethatuniqueJγ-critical
control (of a Jγ-coercive system)correspondsto a WR statefeedbackoperator
(i.e., to aCARE):

Lemma 11.2.20(I/O FICP � � � FICP) Assume that there is × � TIC∞ s.t.
�� 11 ×�JT� 12 
 + γ and � Ø I # ' L2 � R � ;W � ( £ L exp � 0� . Assumealso that Σ is op-
timizableand � Σ � J � � coerciveCARE(cf. Remark9.9.14).

Thenthereisauniqueexponentiallystabilizingsolution � � � S� K � of theCARE.
Moreover, � � 0, S11 � ε � I , S22 , S21S

 1
11 S12 � 0, and (11.39)generate a SR

suboptimalH∞-FI-pair (hereK1 : ) � I 0# K).

(This lemmawill beusedfor theH∞ 4BP.)
Proof: (As oneobservesfrom the proof, we could allow for L out instead

of L exp if wewould require(11.47)for someε / 0 andreplace“exponentially
stabilizing”by “ L out-stabilizing”.)

The assumptions� Ø I # ' L2 � R � ;W � ( £ L 		 � 0� and 
�� 11 ×SJ�� 12 
 + γ imply
thatγ /Â
�� 11 ×¯Ja� 12 
 � γ0 (wecouldreplace“ � Ø I # ' L2 � R � ;W � ( £ L 		 � 0� ” by
“γ / γ0” in theassumptions).

By Proposition11.2.19(a2)theCARE for Σ andJγ hasa (unique)SR L 		 -
stabilizingsolution � � � S� K � .

By Proposition11.2.19(b2)&(f)&(c), we have that � � 0 and (11.59)
holds(the condition“ ×Õ� TICω” is redundantsince ×Õ� TIC �W� U � (because×ó' L2 � R � ;W � ( £ L exp � 0�i£ L2; usealso(2.13))).

Consequently, Lemma11.2.14(4.)&(b)&(a2)canbeappliedto obtainaSR
(since � b c # is SR) suboptimalstatefeedbackpair � b c # asabove.
Theexistenceof sucha pair implies thatS11 � ε � I andS22 , S21S

 1
11 S12 � 0,

by Proposition11.2.19(d1). ¡
Thefollowing lemmawasusedabove:

Lemma 11.2.21 Letω � R,
t �a� TICω � U � W � , Èt 11 � s0 � �F��EG� U � for somes0 �

C �ω and � t t 	 J1
t t � 11 � εI (on L2 �U' 0 � t � ;U � ) for all t / 0. Then

t
11 �M� TICω � U � ,
 t  1

11 
 TIC - ε  1ã 2 and 
 t 21
t  1

11 
 TIC - 1.

Proof: By Lemma2.2.4(a)wehave

εI - � Èt 	 J1 Èt � 11 ) Èt 	11 Èt 11 , Èt 	21 Èt 21 (11.81)

on C �ω , hence
t

11 �T� TICω, by Proposition2.2.5(5).But

εI - � t t 	 J1
t t � 11 ) t t 	11

t t
11 , t t 	21

t t
21 (11.82)



11.2. THE H∞ FICP:PROOFS 651

impliesthat

ε
t t  	11

t t  1
11 J t t  	11

t t 	21
t t

21
t t  1

11 - I C (11.83)

By Lemma2.1.14, it follows that
t  1

11 � t 21
t  1

11 � TIC, 
 t  1
11 
 - ε  1ã 2, and
 t 21

t  1
11 
 - 1 ¡

Theproofsof Theorem11.2.7andProposition11.2.8werebasedon the fact
that under their assumptions,we are able to reducethe problemto the (SOS-
)stablecase:

Lemma 11.2.22(Σ � Σ ¥Σ � Σ ¥Σ � Σ ¥ ) Assumethat 4 �b �c 6 ) �  d 1  e 11  e 12
0 0 0

# is an admissi-

ble statefeedback pair for Σ with closed-loopsystemΣ ¥ , andthat L 		 ) L exp (or

that L 		 ) L out and 4 �b �c 6 is q.r.c.-SOS-stabilizing).

(a) (DropStandingHypothesis11.2.1for part (a).)

Then � 	¥ 11 � ¥ 11 � 0 iff Hypothesis11.2.1holds. A sufficient conditionfor
this is that � 	¥ Jγ � ¥ hasa spectral factorization.

(b) Wehave, γ / γ0 iff

γ / sup
w V L2 W R X ;W Yø÷ôë 0ì inf

u V L2 W R X ;U Y 
�� ¥ ' uw ( 
 2 àâ
 w 
 2 C (11.84)

(c) There is a suboptimalH∞-FI-pair for Σ iff there is a suboptimalH∞-FI-pair

for 4 � Ñ  Ñ! Ñ " Ñ 6 (thesameholdsfor WRsuboptimalH∞-SF-operatorsif �c is SR

and �F ) 0).

Recallfrom Theorem8.4.5(g2)thatif 4 �b �c 6 is [[exponentially]strongly]

q.r.c.-stabilizing,then L out ) L sta' ) L str ' ) L exp (ù( .
Proof: (a) 1� Theequivalence, case L 		 ) L exp (resp. L 		 ) L out): From

(11.10) (and (6.133)),we easily observe that 4 �b 1 c 11 6 is an admissible

state feedbackpair for Σ11 : ) 4 �  1! "
1 6 , with closed loop systemΣ ¥ 11 : )4 � Ñ  Ñ 1! Ñ " Ñ 1 6 , which is exponentially(resp.SOS-)stable,becausesois Σ ¥ .

By Lemma11.2.2,Hypothesis11.2.1is satisfiedif f Σ11 is I -coercive. By
Theorem8.4.5(d)(resp.and(g1)), Σ11 is I -coercive if f Σ ¥ 11 is I -coercive, i.e.,
if f � ¥ 11 � 0 (by Lemma8.4.11(b1)).

2� Thelatterclaim follows from Lemma11.3.12.
(b)&(c) I Case L 		 ) L exp:

I C 1� “ γ0 ) γ ¥ Z 0”: Set �u : ) � I , �c �  1 ) : 4  | 11  | 12
0 I 6 � TIC∞ � U � W � .

By Theorem8.4.5(e)&(c1), L Σ Ñexp � x0 �k) L2 � R � ;U � W � for all x0 � H andL exp � 0�Ã) �uÂ'úL Σ Ñexp � 0� ( . Thus, if ' uÑw ( � L2 � R � ;U � W � L Σ Ñexp � 0� ), then u : )4 �u 11 �u 12 6 ' uÑw ( �TL u � 0 � w� and 
���' uw ( 
 ) 
��$¥û' uÑw ( 
 .
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Therefore, f � w� : ) minu V`_ u
W 0 ZwY 0f� 0 � u � w� - min

uÑ V`_ Σ Ñu
W 0 ZwY 0 ¥ � 0 � u � w�Ã) :

f ¥�� w� . Sincew wasarbitrary, f � 0 if f ¥ � 0. Exchangethe rolesof Σ and
Σ ¥ to obtaintheconverse.

I C 2� SuboptimalH∞-FI-pairs: If � b Ç c Ç # is a suboptimalH∞-FI-pair
for Σ ¥ (i.e., it is exponentiallystabilizingand its secondrow equalszero,by
Remark11.2.5),thenalso(6.193)is exponentiallystabilizingandhasa zero
secondrow. Since �i� is thesamefor thesetwo pairs,(6.193)is a suboptimal
H∞-FI-pair for Σ. Exchangetherolesof Σ andΣ ¥ to obtaintheconverse.

I C 3� SuboptimalH∞-SF-operators: Theproof of 2� appliesexceptthatwe

have to useProposition6.6.18(f) (which shows that any WR 4 W K üýY 10 6 for Σ ¥
correspondsto theWR statefeedbackoperator � K1

0
# : )54  K1

0 6 J 4 W K üþY 10 6 for Σ).

II Case L 		 ) L out: The proofs is analogousto that above. In particular,
I C 1� appliessinceagain L out � 0��) �uÂ'ßL Σ Ñout � 0� ( ) L2 � R � ;U � W � (seeTheorem
8.4.5(g1)andits proof).

I I C 1� SuboptimalH∞-FI-pairs — Σ ¥ � Σ: Assumethenthat �Kb Ç c Ç # is
a suboptimalH∞-FI-pair for Σ ¥ . Define �Kb I c I # andΣ I � by (6.193). Let
x0 � H andw � L2 � R � ;W � .

By Theorem8.4.5(g1)&(e), u Ç b Ç x0 J�u Ç ' 0w ( �ÿL Σ Ñout � x0 �î) L2, henceb�¥ x0 J �u ' uÑw ( ��L out � x0 � , where u Ç : ) I , c Ç and �u : ) I , �c . But b:¥ x0 J�u ' uÑw ( ) b I � x0 J�u I ' 0w ( ; becausex0 andw werearbitrary, �$b I c I # is aH∞-
FI-pair for Σ. Sincey is thesamefor bothpairs,by Theorem8.4.5(g1)&(c1),
thepair �$b I c I # is suboptimalfor Σ ¥ .

I I C 2� SuboptimalH∞-FI-pair — Σ � Σ ¥ : For the converse,assumethat� b c # is asuboptimalH∞-FI-pairfor Σ with closed-loopsystemΣ � . Define�Kb Ç c Ç # by (6.180)andset u Ç : ) � I , c Ç �  1, u : ) � I , c �  1. By (6.183),
wehave for any x0 � H andw � L2 � R � ;W � that7 u¥ �w = : ) � u Ç b Ç u Ç # 4 x0

0
w 6 ) 4 �t b � , �b �t u 6 4 x0

0
w 6 ) , �b x0 J �t ' ulw ( �

(11.85)

where ' ulw ( : ) b � x0 JMuÿ' 0w ( ��L out � x0 � , so that ' uÑ lw ( �ªL Σ Ñout � x0 �Ã) L2, by
Theorem8.4.5(g1)&(c1). As in I I C 1� , we seethat �$b Ç c Ç # is suboptimal
for Σ ¥ .

I I C 3� SuboptimalL out-SFpairs: Thisgoesasin I C 3� . ¡
Notes
The “short-hand-notation”or “extendedFICP” formulation of Definition

11.2.3andLemma11.2.4wasgivenin [S98d] for thestablecase.Theprinciple
to reducethe L exp problemto the stablecase(Lemma11.2.22)is old. Lemma
11.2.18andits proof arecloseto [S98d,Theorem7.2].

Condition(FI9) wasusedby MichaelGreen[Green]to solvea problemclose
to theFICP; theresultsof [Green]wereextendedto MTICL1

exp � Cn � Cm � I/O maps
in [CG97]. Hidenori Kimura and othershave producedanalogousresultsfor
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(possiblynonlinear)finite-dimensionalsystemsby usingtheconjugationmethod
[KK]. Seealsothenoteson pp.628and669.

Naturally, if we strengthen(FI1) by requiringthatthe“minimax” controlcan
be given in [regular] statefeedbackform, then(FI1) becomesequivalentto the
IARE [andCARE] having a L 		 -stabilizingsolution(seeProposition11.2.19and
Theorem9.9.1).

Thereductionthestablecaseandthecoverageof severalequivalentconditions
hasmadetheproofs“unnecessarilycomplex”. Themainresultscanbeobtained
muchmoredirectly, asexplainedbelow.

The sufficiency of (FI5) (for (FI2)) is shown in Lemma 11.2.13 (and in
Lemma11.2.14;seeProposition11.2.9for final details). This proof is direct
andconstructive: we openthedisturbancefeedbackfrom theclosed-loopsystem
correspondingto the CARE, and it appearsthat the resultingpair is a H∞-FI-
pair (i.e., it stabilizesthe systemin the desiredway (dependingon L 		 )) and
suboptimal.

The necessityof (FI5) is shown in Proposition11.2.19(a2)&(d1)(assuming
that � Σ � J � � coerciveCARE; note that this is always the casein discretetime
for L exp; this is the casein continuoustime too if we make the assumptionsof
Theorem11.2.7or Proposition11.2.8(a2),sothatany uniqueJγ-critical controlis
necessarilyof SRstatefeedbackform).

Also thisnecessityproof is directandconstructive: wefirst show thatif γ / γ0,
then � is Jγ-coerciveover L 		 , sothattheCARE hasa L 		 -stabilizingsolution � ;
wealsoshow thatthecorrespondingclosed-loopinput is theminimaxinput, from
whichwededucethat � � 0. Thenweassumetheexistenceof acausalsuboptimal
controllaw w %& u (e.g.,of asuboptimalH∞-FI-pair)andusetheminimaxproperty
to show thatthis impliesthesignatureconditionS11 � 0 andS22 , S21S

 1
11 S12 � 0

of (FI5).
However, in the proofs of our main results(see the proof of Proposition

11.2.8),wehave reducedour solutionto thestablecasefor two reasons:
1. this way we wereableto extendtheequivalenceto (FI1), i.e.,we wereableto
show that if thereareany suboptimalcontrolsfor eachx0 andw, thenthereis a
(causal!)suboptimalstatefeedbackcontroller(H∞-FI-pair) (cf. alsotheremarkin
theproof of Proposition11.2.19(b2));
2. this allowedus to usethe techniquesof [S98d] to provide the formula for all
solutions;this formulawill beneededfor theH∞ 4BP.

The results1. and 2. were establishedin [S98d] for stableWPLSs over
separableHilbert spaces(for L 		 ) L out), andweuseessentiallythesamemethods
exceptfor the treatmentof theunseparablecase;seethenext sectionfor details.
Theorem11.1.5illustratesa casewhereit wasnot possibleto usethis reduction
to thestablecase;this explainsthemissing“(i)” (or “(FI1)”).

The resultsof this sectionandSection11.3alsocontain[partial] sufficiency
resultsunderfurtheralternativeconditions,someof which areneededfor theH∞

4BP.
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11.3 The H∞ FICP: stablecase

All theworld’s a stage, Andall themenandwomenmerely players.
They havetheir exits and their entrances,And oneman in his time
playsmanyparts,His actsbeingsevenages.

— William Shakespeare(1564–1616),"As YouLike It"

In this section,we shall solve the H∞ FICP in the stablecase,parameterize
all solutions,andpresentsomeadditionalresults. The stablecaseis interested
in its own right, but it is also useful for the H∞ 4BP and for the proofsof the
resultsin previoussections,althoughwewereableto provepartof them(e.g.,the
equivalenceof (FI2)–(FI5))directly in theunstablecase.

In addition to StandingHypotheses11.0.1and11.1.1,we shall assumethe
following:

StandingHypothesis11.3.1(Stablecase) Throughoutthis section,we assume
that γ / 0, Σ � SOS, L 		 ) L out and � 	11 � 11 � 0.

(It follows thatϑ ) 0 andZs is reflexive,by Definition8.3.2.)
Recall from Lemma8.3.3,that if Σ is [[exponentially]strongly] stable,then' 'úL exp ) ( L str ) ( L sta ) L out.
Since � is stable,the norm 
 Æ 
 _ out is equivalent to 
 Æ 
 2. Consequently,

StandingHypothesis11.3.1is equivalentto Hypothesis11.2.1with theadditional
conditionsΣ � SOSand L 		 ) L out. In particular, Hypothesis11.2.1holds.

Lemma 11.3.2 An admissiblestatefeedback pair �Kb c # ) � d 1 e 11 e 12
0 0 0 # is a

H∞-FI-pair iff bk� and cg�12 arestable.

However, in thetheoremandpropositionbelow, we shallmake suchassump-
tionsthattheexistenceof aH∞-FI-pair impliestheexistenceof stableH∞-FI-pair.

Proof: This follows from Definition 11.1.2, becausenow L out � x0 � )
L2 � R � ;U � W � for all x0 � H (notethat cg� ) ' 	i	0 I ( ). ¡
Now westatethemainresultof thissection,thestablecounterpartof Theorem

11.2.7:

Theorem 11.3.3( �� �� �� : StableFICP) Assumethat �Â� �� . Thenthe following are
equivalent:

(FI1s) γ / γ0; i.e., infu V`_ u
W 0 ZÅÄ Y 0f� 0 � u �UÆs��� 0;

(FI11
2s) 
�� 11 ×¯Ja� 12 
 + γ for some×�� TIC �W� U � ;

(FI2s) γ / γFI; i.e., there is a suboptimalH∞-FI-pair for Σ;

(FI3s) � 	 Jγ � ) t 	 J1
t

where
t � t 11 �M� TIC;

(FI4s) theIAREhasa stable, P-SOS-stabilizingsolution � � � S� �Kb c # � , and� � 0, and �S: ) � Èt 	 SÈt � � s0 � safisfies�S11 � 0 and �S22 , �S21 �S 1
11 �S12 � 0 for

some(equivalently, all) s0 � C � .
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(FI5s) the CAREhas a UR stable, P-SOS-stabilizingsolution � � � S� K � , and� � 0, S11 � 0 andS22 , S21S
 1
11 S12 � 0.

Moreover, (a)–(f) of Proposition11.3.4apply, and any solutions(
t

or c ) of
(FI3)–(FI5) belongto �� .

In particular, thenthereis a suboptimalH∞-FI-pair (resp.H∞-SF-operator) iff
theCAREhasa (necessarilyunique)stable, P-SOS-stabilizingsolution � � � S� K � ,
andS11 � 0 andS22 , S21S

 1
11 S12 � 0 (resp.S11 � 0 andS22 � 0).

If this is thecase, then(11.39)generates(resp.K1 ) (11.40)is) a ULRstable,
r.c.-SOS-stabilizingsuboptimalH∞-FI-pair (resp.H∞-SF-operator).

Note from (d1) that “stable,P-SOS-stabilizing”means“exponentiallystabi-
lizing” whenΣ is exponentiallystable.Naturally,

t
: ) I , c in (FI4s).

Condition (FI11
2s) can be consideredas the “frequency-domain stableH∞

FICP”. Without the requirement×¢� TIC, (FI11
2s) would alwaysbe equivalent

to (FI1s),by Lemma11.3.10.
Weconcludefrom thetheoremthat �}�T�� impliesthatγ0 ) γFI.

Proof of Theorem 11.3.3: Assumethat someof (FI1s)–(FI5s)holds.
As obvious from the proof of Proposition11.3.4, this implies that (FI1s)
holds,hence� is Jγ-coercive, by Lemma11.3.10,hence� 	 Jγ � hasa spectral
factorization

t 	Í SÍ t Í with
t Í �M�� (because�ª�T�� ). Thus,theassumptionsof

thepropositionaresatisfied.
Since

t Í ���� £ ULR, the assumptionsof (a) are satisfiedand thus we
obtaintheotherclaims(with c ) I , E

t Í �M�� for someE �M�:EG� U � W � ); in
particular, K and c arenecessarilyULR. ¡
Since(FI1s) doesnot imply any of (FI3s)–(FI5s)for generalstronglystable

WPLSs,by Example11.3.7(a),we madethe �� assumptionabove, andwe shall
makeaweakerspectralfactorizationassumptionin thefollowing stablevariantof
Proposition11.2.8(thisassumptionis necessaryfor (FI3s)–(FI5s)):

Proposition 11.3.4(StableFICP) Assumethat �¢� TIC and � 	 Jγ � ) t 	Í SÍ t Í
for some

t Í ��� TIC � U � W � andSÍ �M��EG� U � W � .
Then(FI1s)–(FI4s)are equivalentand impliedby (FI5s). Also the following

hold:

(a) Assumethat � is WRand
t Í is UR.Then(FI1s)–(FI5s)areequivalent,and

theCAREhasa uniquestable, P-SOS-stabilizingsolution � � � S� K � .
There is a suboptimalH∞-FI-pair (resp.H∞-SF-operator) iff S11 � 0 and
S22 , S21S

 1
11 S12 � 0 (resp.S11 � 0 andS22 � 0); if this is the case, then

(11.39) generate (resp.K1 ) (11.40) is) a UR stable, r.c.-SOS-stabilizing
suboptimalH∞-FI-pair (resp.H∞-SF-operator).

(b1) The condition on �S in (FI4s) is independenton the choice of S and�$b c # (and s0 � C � ), and � is unique. Condition
t Ç 11 ��� TIC � U �

in (FI3) is independenton
t Ç (by (c1)).

(b2)A stable, P-SOS-stabilizingsolutionof theCAREis unique.
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(b3)A solutionof (FI3s) or (FI4s) is uniquemoduloan invertibleconstant.

(c1) If (FI1s)holds, � 	 Jγ � ) t 	 J1
t

and
t �Î� TIC, then

t
11 �T� TIC � U � and
 t 21

t  1
11 
 TIC + 1.

(c2)Anysolutionof (FI5s) is uniqueanda solutionof (FI4s).

(c3) If
t

and c are asin (FI3s) and(FI4s), respectively, then
t

: ) E � I , c �À)
E I t Í for someE � E I �M��EG� U � W � .

(d1) Assumethat Σ is exponentiallystable. Then“stable, P-SOS-stabilizing”
hasthe following equivalentforms: “exponentiallystabilizing” and“I/O-,
input-,output-or internally stabilizing”.

(d2) Assumethat Σ is strongly stable. Then“stable, P-SOS-stabilizing”has
the following equivalentforms: “stable, strongly stabilizing”, “internally
stabilizing(i.e., 9 -stabilizing)”.

(e) Any UR solutionof (FI3s) can be redefineds.t. X )¬4 X11 X12
0 X22 6 � X11 � X22 ���E .

(f) Even without the above spectral factorization assumption (on
t Í

and SÍ ), we have(FI5s)� (FI4s)� (FI3s)� (FI2s)� (FI11
2s)� (FI1s), and

(FIns)� (FIn) for n ) 1 � 2 � 3 � 4 � 5.

(g) If (FI1s) holds,then 9 � ,
< � , b � and � aregivenby (8.43)–(8.46).

By Example11.2.16,condition
t

11 ��� TIC � U � is not redundantin general;
i.e., � 	 Jγ � ) t 	 J1

t
and

t �M� TIC � U � W � do not imply any of (FI1s)–(FI5s)).
Recallfrom Lemma5.2.1(d)that thespectralfactorizationassumptioncould

be formulated by “ �Ã	 Jγ � ) � 	 t Í for some
� � t Í �ç� TIC � U � W � ” (since

necessarily
� ) S

t Í for someS ) S	 �2��EG� U � W � ). By Proposition11.2.8(d),
underthis assumptionalsoconditions(FI1)–(FI4),(FI6) and(FI7) areequivalent
to any of (FI1s)–(FI4s)(naturally, this refersto the L out formsof (FI1)–(FI7)(not
to L exp formsunlessΣ is exponentiallystable)).

Even if the above spectralfactorizationassumption(on
t Í andSÍ ) doesnot

hold, we have (FIns)� (FIn) for n ) 1 � 2 � 3 � 4 � 5, asoneobservesfrom Corollary
9.9.11(andLemma11.3.9(b)).

Proof of Proposition 11.3.4: 1� (FI3s)� (FI2s)&(FI4s): By Corollary
9.9.11,the pair (9.140)definesa stableandP-r.c.-SOS-stabilizingsolutionof
the IARE. By Lemma11.2.18, � � 0 and � b c # is a suboptimalH∞-FI-
pair, hence(FI2s)holds;from Proposition11.2.19(c)weobtain(FI4s).

2� (FI2s)� (FI11
2s): By (11.8)–(11.9)wecantake × : ) cg�12.

3� (FI11
2s)� (FI1s): This follows from Lemma11.3.10.

4� (FI1s)� (FI3s): By Lemma11.3.10,(FI1s) holds if f � is minimax Jγ-
coercive. By Lemma11.4.3(a)&(c),the latter is equivalentto (FI3s) (andany
J1-spectralfactor

t
of � 	 Jγ � satisfies

t
11 �T� TIC � U � and 
 t 21

t  1
11 
 TI + 1).

5� (FI4s)� (FI2s): This is containedin Lemma11.3.9.
6� (FI5s)� (FI4s): This is givenin theproof of Lemma11.3.8.
(a) 1� Uniqueness: A solution of (FI5s) (if any) is L 		 -stabilizing (by

Proposition9.8.11(iii)&(ii)), henceunique.
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2� The CARE: By Corollary 9.9.11 (and Theorem9.9.10(a1)–(b)),the
spectralfactorization� 	 Jγ � ) t 	Í SÍ t Í definesa UR Jγ-critical stable,r.c.-P-
SOS-stabilizingand L 		 -stabilizingsolution � � � SÍ � �$b Í c Í # � of theIARE.

All stable,P-SOS-stabilizingsolutionsof the IARE aregiven by (9.114).
Oneof them,say � � � S� K � , is a solutionof theCARE, sinceI , FÍ ����E , by
Proposition6.3.1(b1)(notethat c Í ) I , t Í , c ) I , E

t Í and b ) E b Í for
someE �M��E , henceK inheritstheuniformregularityof

t Í ).
3� (FI2s)� (FI5s): This follows from Proposition11.2.19(d1).
4� “if f S11 � 0 � S22: “Only if ” followsfrom Proposition11.2.19(d2);“if ”

follows from Lemma11.3.8.
(b1)This follows from (b3).
(b2)This is Theorem9.8.12(d)&(s3)(with Proposition9.8.11).
(b3) For (FI4s), this follows from Theorem9.8.12(d)&(s1)(with Proposi-

tion 9.8.11)(i.e.,all triplesaregivenby (9.114)).
If
t 	 J1

t ) �t 	 J1 �t and
t � �t ��� TIC, then �t ) E

t
for someE ����E s.t.

E 	 J1E ) J1 (sonot all invertibleE’s will do).
(c1) This follows from Lemma 11.4.3(b) (note also that

t
21
t  1

11 ), u  1
22 u 21).
(c2)(Here � b c # refersto thepairgeneratedby K.) Uniquenessfollows

from Theorem9.8.12(e)&(s1),therestfollows from (11.59).
(c3) Theclaim on

t Í follows from Lemma6.4.5(a). If �Kb c # is asin

(FI4s),then �t : ) E � I , c � �R� TIC satisfies�t 	 J1 �t ) � 	 Jγ � for someE �R��E ,
by Lemma 11.3.13(i)&(iii), hence �t satisfies(FI3s), by (c1). Therefore,
E : ) t � I , c �  1 ���:E , by (b3). (Remark: the pair �$b c # is necessarily
stableandr.c.-SOS-stabilizing.)

(d1)&(d2) Thesefollow from Proposition9.8.11(d2)&(d3)(and (a)2� ).
(Note that “ L out-stabilizing”, “ L sta-stabilizing” and“stableandstronglyr.c.-
stabilizing”arealsoequivalentformsin (d1)and(d2); sois also“exponentially
stableandexponentiallyr.c.-stabilizing”in (d1).)

(e) SetS : ) X 	 J1X. By Proposition6.3.1(b1),we have X � X11 ����E . It
followsfrom (c1)andLemma11.3.13(vi)&(iii’) thatS ) �X 	 J1 �X, where �X is as
in (e). Replace

t
by �XX  1 t to completetheproof.

(f) In the above proofs of implications(FI5s)� (FI4s)� (FI3s)� (FI2s)�
(FI11

2s)� (FI1s)wedid notusethespectralfactorizationassumption.
The claim “(FIns)� (FIn)” is trivial for n ) 1 � 2 � 3; for n ) 4 � 5 we obtain

this from Corollary9.9.11(andLemma11.3.9(b)). (Herewe referredto L out

forms of (FI1)–(FI5); they areequivalentto L exp forms if Σ is exponentially
stable).

(g) By Lemma11.3.10,(FI1s)impliesthat � is minimaxJγ-coercive,hence
Jγ-coercive,i.e.,theToeplitzoperatorπ �¶� 	 Jγ � π � is invertible.By (a)1� , apair� b c # correspondingto (FI4s) or (FI5s) is Jγ-critical. Thus,Proposition
8.3.10appliesto Σ � and � . ¡
We have shown above that the spectral factorizationcondition (FI3s) is

sufficient (andnecessarywhen ������ ) for theexistenceof a suboptimalcontrol
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Figure11.2:Dynamicfeedforwardcompensator
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Figure11.3:Parameterizationof all suboptimalcompensators

law, and that such a law can be realizedas a statefeedbackcontroller. For
the solutionof the H∞ four-block problem(seeChapter12), we shall needthe
following standardparametrizationof all suboptimalTIC controllers:

Corollary 11.3.5(All suboptimal controllers) If � 	 Jγ � ) t 	 J1
t

for some
t �

TIC � U � W � s.t.
t

11 �T� TIC � U � , thenall solutions×�� TIC �W� U � for 
�� 11 ×¯J� 12 
 TIC + γ aregivenbyTheorem11.3.6below.

Theproblem“ 
�� 11 ×ÖJa� 12 
 + γ” is illustratedin Figure11.2andits solution
in Figure11.3 (recall that y ) ' zw ( ). Indeed,from Figure11.3 we observe that4  Ø I 6 w� ) t ' uw ( , i.e., 4 Ø 1Ø 2 6 w� ) ' uw ( , henceu ) × w (when × 2 is invertible,and

this is thecasethen 
 �×Ö
 - 1). Thus,eachsuboptimalcontrollercanbe realized
asastatefeedbackplusa subunitarydynamicparameter.

Proof of Corollary 11.3.5: (Recallourhypothesisthat � 	11 � 11 � 0, hence�~	1Jγ � 1 � 0, asrequiredin Theorem11.3.6.)
Indeed,wehave��� � Ø I # � 	 Jγ ��� � Ø I # �¶) ��� 11 ×¯JR� 12 � 	 ��� 11 ×¯JR� 12 � , γ2I � 0 (11.86)

if f 
�� 11 ×¯Ja� 12 
 + γ, by LemmaA.3.1(d). ¡
The formulae in the actual proof becomesimpler for the more general

extendedFICPbelow:

Theorem 11.3.6(All suboptimal controllers) Assumethat J ) J 	 �xEG� Y � , and
that � : ) � � 1 � 2 # � TIC � U � W� Y � has a (spectral) factorization � 	 J � )t 	 J1

t
s.t.
t � t 11 �T� TIC, and � 	1J � 1 � 0. Setu : ) t  1.
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Thenall solutions ×¢� TIC �W� U � to ������Ø I # � 	 J ���ÚØ I # � 0 (equivalently, to� w %&Ï0f� 0 � × w� w���$� 0) aregivenby× : ) × 1 ×  1
2 � 7 × 1× 2 = ) u 7 �× I = � � �×�� TIC �W� U �D� 
 �×¯
 TIC + 1� (11.87)

(by 
 �×Ö
 TIC - 1 weget all solutionsto ��� � Ø I # � 	 J � � Ø I # - 0).
Twoalternativeformulationsof (11.87)aregivenby (all thesethreeformulae

producethesame× for anygiven �×�� TIC �W� U � s.t. 
 �×Ö
 + 1 (or 
 �×Ö
 - 1)):

(2.) × )��  1
2 � 1, � � 2 , � 1 # ) 4 I , �× 6 t .

(3.) × )��	� ��
 � �× � , where
 : ) 7 I 0t
21

t
22 = 7 t 11

t
12

0 I =  1 ) 7 u 11 u 12

0 I = 7 I 0u 21 u 22 =  1 C
(11.88)

Moreover, wehavethefollowing:× ) �ßu 11 �×aJFu 12 � �øu 21 �×aJFu 22 �  1 ) � t 11 , �× t 21 �  1 � , t 12 J �× t 22 �D�
(11.89)�× ) �ßu 11 , ×ju 21 �  1 � , u 12 Ja×ju 22 �N) � t 11 ×¯J t 12 � � t 21 ×¯J t 22 �  1 �
(11.90)�×  1

2 : ) � t 21 ×¯J t 22 �  1 ) × 2 ) u 21 �×aJFu 22 �T� TIC � (11.91)�  1
2 : ) � t 11 , �× t 21 �  1 ) u 11 , ×ju 21 ��� TIC � (11.92)× ) � I 0# 7 t 11

t
12

0 I =  1 7 �×:×  1
2

I = C (11.93)

If ���x�� , then
t �R�� , hencethen ×��R�� � �×��R�� (thisalsoholdswith TICexp

in placeof �� ).

As shown in [S98d], much(but not all) of Proposition11.3.4alsoholdsfor
theabovemoregeneral“extended”H∞ FICP(“eFICP”) in thestablecase.

We shallmeettheabove moregeneral“extended”H∞ FICP(“eFICP”) again
in connectionwith the H∞ four-block problem(this correspondsto the (dualof)
(Factor2Z)partof Theorem12.3.7).However, we shall thenreducethatproblem
to a FICP(seeLemma12.4.8). It seemsthat this is theeasiestway to show that
the hypothesesof eFICPtheoryaresatisfied,hencewe have no usefor a direct
eFICPtheoryandwill not treatit further.

Proof of Theorem 11.3.6: (Thetheoremandthis proof hold evenwithout
StandingHypotheses11.1.1and11.2.1.)

We prove theparametrizationof all controllersandobtaintheotherformu-
laeon theway.

1� Sufficiency:Let �× � × 1 � × 2 � × beasin thestatementof thetheorem.The� 2 � 1� -block of equationu t ) I impliesthat u 21
t

11 Jau 22
t

21 ) 0, i.e., thatu  1
22 u 21 ) , t 21

t  1
11 (wehave u 22 ��� TIC, by LemmaA.1.1(c1)).
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But 
 t 21
t  1

11 
 + 1, by Lemma 11.4.3(c), hence 
�u  1
22 u 21 �×¯
 -
�u  1

22 u 21 
 + 1, henceu  1
22 u 21 �×xJ I �2� TIC �W � , equivalently, � TIC �W �i®u 21 �×aJ�u 22 ) : × 2.

From � 0 I # t 4 Ø 1Ø 2 6 ) � 0 I # t u 4  Ø I 6 weobtainthatI ) t 21 × 1 J t 22 × 2 )� t 21 ×¯J t 22 � × 2, hence(11.91)holds.

Now � 1 ×¯Ja� 2 ) � � Ø I # ) � 4 Ø 1Ø 2 6 ×  1
2 ) �¤u 4  Ø I 6 ×  1

2 , hence�ú� 1 ×¯Ja� 2 � 	 J ��� 1 ×¯JR� 2 �Ý) ×  	2 7 �× I = 	 J1 7 �× I = ×  1
2 ) ×  	2 ' �× 	 �× , I ( ×  1

2

is � 0 [ - 0] if f 
 �×Ö
 + 1 [ - 1] (seeLemmaA.3.1(b)&(d)).
2� Restof theformulae:Assume(11.87).
(3.) Theformula × )�� � �
 � �× � cannow beverifiedby adirectcomputation

usingtheformula u t ) � I 0
0 I
# . Wenotefrom LemmaA.3.1(d1)that
 ) 7 t  1

11 , t  1
11
t

12t
21
t  1

11
t

22 , t 21
t  1

11
t

12 = ) 7 u 11 , u 12 u  1
22 u 21 u 12 u  1

22, u  1
22 u 21 u  1

22 = ;

(11.94)
in particular, 
 11 � 
 22 �M� TIC.

(2.) From 4 I , �× 6 t u 4  Ø I 6 ) 0 we get that � t 11 , �× t 21 �  1 � t 12 ,�× t 22 ��) , �ßu 11 �×�J�u 12 � �ßu 21 �×�J�u 22 �  1 (clearly
t

11 , �× t 21 ) � I ,�× t 21
t  1

11 � t 11 ��� TIC), which is equalto , × . Formulation(11.89)follows
from this and(11.87),andfrom (11.89)weget(2.). But (2.) impliesthat� 2 � I , × # u ) '� 2  � 1 ( u ) � I , × # � (11.95)

hence� 2 �øu 11 , ×iu 21 �¶) I , sothat(11.92)holds.Theformula(11.90)canbe
obtainedin asimilarway.

By applying u ) � z 11 z 12
0 I

#  1 � I 0|
21
|

22
# (from (A.9)) to × ) × 1 ×  1

2 one
obtains(11.93).

The claim “ ×.� �� � �×Â� �� ” follows from (11.89),(11.90),andLemma
8.4.10.

3� Necessityassumingthat
t

21 ×ÉJ t 22 �R� TIC: Let ��� 1 ×GJ�� 2 � 	 J ��� 1 ×GJ� 2 �Ý� 0 [ - 0]. Define 4  Ø 1 Ø 2
6 : ) t ��Ø I # , sothat �× 2 ) t 21 ×¯J t 22. Assumethat�× 2 ��� TIC.

Then�× 	1 �× 1 , �× 	2 �× 2 ) � �× 1�× 2 � 	 J1

� �× 1�× 2 � )Á7 × I = 	 t 	 J1
t 7 × I = (11.96)) 7 × I = 	 � 	 J � 7 × I = ) ��� 1 ×¯Jx� 2 � 	 J ��� 1 ×¯Ja� 2 �N� 0 ' - 0( �

(11.97)

hencethenormof �× : ) �× 1 �×  1
2 (a r.c.f.) is + 1 [ - 1].

Moreover, 4 Ø 1Ø 2 6 : ) u 4  Ø I 6 ) u 4  Ø 1 Ø 2
6 �×  1

2 ) � Ø I # �×  1
2 , hence× 1 ×  1

2 ) × ,
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so × is of theform claimedabove.
4� Necessitycompleted:Let ϒ bethesetof all solutions×}� TIC �W� U � for

which � w %&Ï0f� 0 � × w� w��� - 0, andϒ0 thoseof ×ª� ϒ for which
t

21 ×¯J t 22 �� TIC (asin 3� ). We shallshow thatϒ0 ) ϒ; this togetherwith 3� impliesthe
necessityof (11.87).

Let ×�� ϒ bearbitrary. Set × 0 : ) u 12 u  1
22 � ϒ0, s : ) inf ' 0 � 1(�� E0, where

E0 : )�O t �a' 0 � 1( PP × t : ) × 0 J t ��× , × 0 � � ϒ0
Q . Assumings + ∞, wewill derive

acontradiction,thusshowing thatE0 ) ' 0 � 1( , hence��× )y� × 1 � ϒ0.
If 0f� 0 � u � w� - 0 and 0f� 0 � �u � w� - 0, and f � r � : ) 0f� 0 � u J r � �u , u�D� w� , then

f IÅI � r �N) 21��u , u � ��� 	1J � 1 ���u , u3 � 0 for all r �R' 0 � 1( , hencef hasno maximum
on � 0 � 1� , sothat f - 0. This convexity leadsusto concludethat × t � ϒ for all
t �x' 0 � 1( .

For each t � E0, define �× t as in 3� , so that 
 �× t 
 - 1. We have� t 21 × t J t 22 �  1 ) u 21 �× t JTu 22 �ª� TIC �W � for all t � E0, by 1� , hence
for all t + s. Since 
�u 21 �× t J�u 22 
 - 
�u 21 
âJ�
�u 22 
 for all t � E0, we havet

21 × t J t 22 ��� TIC �W � for t ) s too, by LemmaA.3.3(A3). On the other
hand, � TIC is open,hences cannotbetheinfimum of E0, QED. ¡
Minimax J-coercivity doesnot guaranteethat the J-critical (i.e., minimax)

controlwouldbegivenby astatefeedbackcontroller:

Example 11.3.7 (Minimax J-coercive � Ü��$b c # � Ü t 	 St� Ü��Kb c # � Ü t 	 St� Ü��Àb c # � Ü t 	 St )

(a) ( Ü��Àb c # , ÜÜ��Kb c # , ÜÜ��Àb c # , Ü CARE) Let γ / 0. Thereis a stronglystablesystemΣ )� �  ! " # � WPLS� C2 � C2 � L2 � R � ;C6 �D� C4 � C2 � s.t. � 	11 � 11 � 0, � ) ' 	i	0 I ( ,
γ / γ0 (i.e., � is minimax Jγ-coercive, henceJγ-coercive) but the unique
Jγ-critical (“minimax”) controlfor Σ over L out ) L sta ) L str is notof (well-
posed)statefeedbackform; it is ill-posedin bothopen-loopandclosed-loop
forms.

Condition(FI1s)of Theorem11.3.3holdsbut (FI3s)–(FI5s)do not; in fact,� 	 Jγ � doesnot have a spectralfactorization.Analogously, condition(FI1)
of Theorem11.2.7holdsbut (FI3)–(FI5) do not (this correspondsto caseL 		 ) L out ) L sta ) L str).

(b) (Unstable �Kb c #�$b c #�Kb c # ) Let γ / 0. There is a strongly stable UHPR
systemΣ ) � �  ! "K# � WPLS� C2 � C2 � L2 � R � ;C6 �D� C4 � C2 � s.t. � 	11 � 11 �
0, � ) ' 	i	0 I ( , γ / γ0 (i.e., � is minimaxJγ-coercive, henceJγ-coercive) but
the uniqueJγ-critical control for Σ over L out ) L sta ) L str corresponds
to an unstablestate feedbackpair �Kb c # , whose closed-loopform�$b � c � # is alsounstable,since Èt � Èt  1 areunboundedat � i.

As in (a),conditions(FI1) and(FI1s)holdbut (FI3)–(FI5)and(FI3s)–(FI5s)
do not,since� 	 Jγ � doesnot havea spectralfactorization.However, in this
casethe CARE andthe IARE have a (uniqueandUHPR) L out-stabilizing
solution � � 0 (which is neitherstablenor SOS-stabilizing).

Nevertheless,È� and Èt Ê 1 areholomorhicat infinity, henceuniformly half-
plane-regular.
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(c) (ÜÖ�$b c # , ÜÜ��$b c # , ÜÜÖ�Kb c # , Ü CARE, although ��� ULR��� ULR�ª� ULR) Let γ / 0. Thereis a strongly
stableULR systemΣ ) � �  ! "K# � WPLS� C � C � L2 � R � ;C2 �h� C � C � s.t.� 	11 � 11 � 0, � ) � " 11 0

0 I
# , γ / γFI (hence,� is minimaxJγ-coercive, hence

Jγ-coercive).

Moreover, conditions(FI1s)–(FI4s)of Theorem11.3.3hold but (FI5s)does
not, sincethespectralfactorof � 	 Jγ � is not WR; in particular, the CARE
doesnot have a stabilizingsolution. Analogously, conditions(FI1)–(FI4)
of Theorem11.2.7 hold but (FI5) doesnot. (This correspondsto caseL 		 ) L out ) L sta ) L str.) µ

(Note that Σ satisfies(Standing)Hypotheses11.1.1,11.2.1and 11.3.1(forL out, L sta and L str).)
Theanomaliesin (a) and(c) cannothappenin discretetime, sincein discrete

timeauniqueJγ-critical controlis alwaysof statefeedbackform andcorresponds
to a DARE, by Theorem 14.1.6 (recall that discrete-timemaps are always
“regular” due to boundedinput and output operators). However, the anomaly
in (b) happensin discretetime too, mutatismutandis(with Èt � Èt  1 � H2 � D; E � �
H∞ � D; E � ) unless,e.g., È� is exponentiallystable.

In the above examples,we have L 		 � O L out � L sta� L str
Q . An expert on the

areaconsidersit almostsurethattheI/O mapof Example8.4.13canbemodified
so that it is exponentiallystable(so thatwe canlet Σ be anexponentiallystable
realizationof � ); if this is thecase,thentheanomalitiesof (a)and(c) (but not that
in (b)) alsoexist in case L 		 ) L exp. As mentionedabove with L exp in discrete
time (but theCayley transformof TICexp coversmuchmorethanticexp).

Proof of Example 11.3.7: (a) (We assumehere that γ )�� 2 as in

Example8.4.13.For generalγ / 0, onehasto replace� by 4 W γ ã ê 2Y I 0
0 I 6 � andt

by � γ à � 2� t .)

Let ��� : ) � 0 andJγ : ) �J ) 4 I 0
0  γ2I 6 , where� 0 and �J arethemapsfrom of

Example8.4.13(b),sothat �}� TIC � C2 � C2 � C4 � C2 � is minimaxJγ-coercive

(equivalently, γ / γ0, by Lemma11.3.10),and È� È� hasa � H2-factorization(see
Definition9.15.1) � È��Èt � 	 J1 � È�ÖÈt � s.t. Èt Ê 1 � H � C � ; EG� U �U� � H∞ � C �ω ; EG� U �U� for
all ω � R, asnotedin Example8.4.13.

Let Σ bethestronglystable(shift) realization(13.46)of � . Dueto minimax
Jγ-coercivity, thereis a uniqueJγ-critical (i.e., minimax) input for eachx0 � H
over L out. By Lemma8.3.3, L str ) L sta ) L out.

If �Kb c # is any Jγ-critical statefeedbackpair for Σ, then I , c ) E
t

for some E �¢��EG� U � ), by Lemma 9.15.4 (and Lemma 9.15.2); but thenc � c �ç� TIC∞, i.e., the corresponding“controller” is non-well-posedin both
its open-loopandclosed-loopforms!

By Corollary9.9.11,� 	 Jγ � doesnothaveaspectralfactorization(although
it is Jγ-coercive), sinceotherwisethe Jγ-critical control could be given state
feedbackform. Wedo notknow whether(FI2s)(equivalently, (FI2)) holds.
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However, by Theorem8.3.9(seealsoSection9.7; Remark9.7.7in partic-
ular), this Jγ-critical control canbe written in WPLS form, i.e., asnon-well-
posedstatefeedback(wherethereareno well-posedmapsbetweenanexternal
(closed-loop)input “u� ” andtheinternal(open-loop)control“u”).

(By Theorem11.4.11(i)of [Sbook], onecanapply Cayley transformto Σ
to obtaina stronglystablewpls “ � Σ” (whosesemigroupis a contraction).The
above � H2-factorizationdefinestheunique(moduloE) Jγ-critical (well-posed
andadmissible)statefeedbackpair “ � �Àb c # ” for � Σ, but, asnotedabove,
its continuous-timeequivalentis notwell-posed.)

(b) Theproof of (a) appliesmutatismutandis,just use(c) insteadof (b) of
Example8.4.13.

(c) 1� Theproof: (Weshallassumethatγ ) 1. For generalγ / 0, onehasto
replace� by � γI 0

0 I
# � and

t
by γ

t
.)

Let � 11 (resp.
t

11) betheelement� (resp.
t

11) of Proposition9.13.1(c1).
Then

t
: ) � z 11 0

0 I
# satisfies

t 	 J1
t ) � 	 Jγ � and

t � t 11 �M� TIC (in particular,
(FI3s)holds),but �}� ULR (since� 11 � ULR) and

t Ê 1 � WR.
Let Σ be the shift realization(6.11). Then(c) is satisfied,by Proposition

11.3.4 (indeed, by Theorem9.9.1(c)&(e2)&(f1), the eIARE has a unique
output-stabilizingsolutionandthis solutionis not WR (becausec ) I , t is
notWR), henceit is not asolutionof the[e]CARE).

2� Remark: If the readeris not happy with the fact that � 12 ) 0 (which
meansthat �Kb c # ) � 0 0 # is asuboptimalH∞-FI-pair, sothattheFICP

is trivial), (s)hemaytakefirst somerational(or MTICL1
) È� 0 s.t. � 0 is minimax

Jγ-coercive, so that
t 	0J1

t
0 ) � 	0Jγ � 0 for somerational(or MTICL1

) Èt 0, and

thenuse 4 " 11 0
0
"

0 6 in placeof � , so that
t

is replacedby 4 z 11 0
0 z 0 6 (whenJγ is

replacedby 4 I 0
0 Jγ 6 ); here � 11 refersto theoriginal � 11, so that thedimension

of Z is increasedby one.
This way theFICPbecomesnontrivial but (c) is unchangedexceptfor the

dimensionsandthefactthat � 12 ) 0. ¡
Themainpartof this sectionendshere;therestconsistson auxiliary lemmas

thatwereusedabove;someof thelemmasalsohave furtherusein Chapter12.
From a solution of the CARE we obtain a suboptimalpair or operatoras

follows:

Lemma 11.3.8(CARE � � � H∞-FI-pair) Assumethat theCAREhasa UR stable,
P-SOS-stabilizingsolution � � � S� K � s.t. � � 0, S11 � 0 andS22 , S21S

 1
11 S12 � 0

(resp.andS22 � 0).
Then(11.39)generate a UR suboptimalH∞-FI-pair (resp.K1 ) (11.40)is a

UR suboptimalH∞-SF-operator), which is stableandr.c.-SOS-stabilizing.

(By Proposition9.8.11(iii)&(ii), a stable,P-SOS-stabilizingsolution of the
CARE is L 		 -stabilizing,hence� , SandK areunique.)

Proof: By Proposition9.8.10,the assumptionsof Lemma11.3.9(a)(resp.
and(b)) aresatisfiedfor s0 ) J ∞. ¡
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Lemma11.3.8canbeextendedto cover theIARE (thuswe neednot assume
any regularity):

Lemma 11.3.9(IARE � � � H∞-FI-pair) Assumethat the IARE has a stable, P-
SOS-stabilizingsolution � � � S� � b c # � s.t. � � 0. Then

(a) If S22 � 0 and any of (1.)–(4.) of Lemma11.2.14holds(for α ) 0), then�Ûd 1 e 11 e 12
0 0 0

# is a stableandr.c.-SOS-stabilizingsuboptimalH∞-FI-pair, andt
11 �M� TIC � U � .

(b) If �S : ) � Èt 	 SÈt � � s0 � safisfies�S11 � 0 and �S22 , �S21 �S 1
11 �S12 � 0 for some

(equivalently, all) s0 � C � (s0 ) J ∞ can be allowed for
t � UR), then

(11.48)is a stableandr.c.-SOS-stabilizingsuboptimalH∞-FI-pair.

Here,aselsewhere,
t

: ) I , c .
Proof: (By Theorem9.8.12(s4)andProposition9.8.11(iii)&(ii), �S (and � )

is independenton thechoiceof astable,P-SOS-stabilizingsolution,andsucha
solutionis L 		 -stabilizingandr.c.-SOS-stabilizing.)

(a)By Lemma11.3.15, � b c # : ) �^d 1 e 11 e 12
0 0 0

# is astableandr.c.-SOS-
stabilizingH∞-FI-pair. By Proposition9.8.11(iii)&(ii), � is L out-stabilizing.
By Lemma11.2.14(a),� b c # is suboptimal(recallthat u ) c �åJ I � TIC)
and u  1

22 � TIC �W � ; sinceϑ ) 0 and c � TIC, we cantake α ) 0. By Lemma
A.1.1(c1),it follows that

t
11 ��� TIC � U � .

(b) 1� “Somes0 � C � ” suffices:This follows from Lemma11.2.14(b)&(a)
(seetheproof of (a)above).

2� “Equivalently, all s0 � C � ”: This follows from (11.59), since
γ / γFI � γ0, and � is L 		 -stabilizing(andϑ ) 0). ¡

Lemma 11.3.10 Thefollowingareequivalent:

(i) γ / γ0.

(ii) � is minimaxJγ-coercive.

(iii) 
�� 11 × J � 12 
 � W L2 W R X ;W Y�Z L2 W R X ;Z YùY + γ for some × �EG� L2 � R � ;W �D� L2 � R � ;U �U� .
SeeDefinition 11.4.1 for minimax Jγ-coercivity. The above result allows

us to usethis propertyin the proof of implication (FI1s)� (FI3s) (seeLemma
11.4.3(a)).

Proof: 1� (i) � (ii): Set 
 : ) π �N� 	1Jγ � 1π � � 0 (on L2 � R � ;U � ; seeStand-
ing Hypothesis11.3.1).By Fréchetdifferentiation(or by completingthesquare
or by applying(8.19)suitably),weseethatumin : ) , 
  1π �¶� 	1Jγ � 2π � w ) : × w
minimizes 0f� 0 � ' Äw ( � , for any w � L2 � R � ;W � (we have addedredundantπ � ’s
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aboveandbelow to make thecomputationseasier).Combinethis with Lemma
11.2.4to observe thatγ / γ0 if f

min
u V`_ u

W 0 ZwY 0f� 0 � u � w�¶)�1 � π � � Ø I # w� Jγ � π � � Ø I # w3 -�, ε 
 w 
 22 (11.98)

for someε / 0, i.e., if f

0 � 7 × I = 	 π �¶� 	 Jγ � π � 7 × I = )ÂÆUÆUÆÓ) π �N� 	2Jγ � I , P1 � � 2π � (11.99)

(the equality follows by a straightforward computation(as in Lemma2.6 of
[S98d])), where P1 : ) π �N� 1 
  1 � 	1Jγπ � ) P2

1 . But (11.99) holds if f � is
minimaxJγ-coercive,by (11.106)andDefinition11.4.1.

2� (i) � (iii): For a given × �ÂE , condition (iii) holds if f ��� 11 ×�J� 12 � 	 ��� 11 ×�J�� 12 �á� 0 (by Lemma A.3.1(d)), i.e., if f (11.98) holds for
this × . This impliesthat(11.98)holdsfor theminimizing × ; take theminimiz-
ing × to obtaintheconverse. ¡

Lemma 11.3.11((FI3s) � X21 ) 0� X21 ) 0� X21 ) 0) Assumethat (FI3s) is satisfiedby someSRt
with X �M��EG� U � W � . Thenwecanchoose

t
s.t.X11 � X22 �T��E andX21 ) 0.

Proof: By Proposition11.3.4(f),(FI4s)hasasolution � � � �S�`4 �b �c 6 � and

(FI2s) holds. By Theorem9.8.12(s1),we canhave �F ) 0. But then �S11 � 0
and �S22 , �S21 �S 1

11 �S12 � 0, by Proposition11.2.19(d1)(it wasremarked in the
proof how wemayusetheIARE insteadof theCARE).

By Lemma 11.3.13(i)&(iii’), we can make redefine 4 �b �c 6 s.t.

X11 � X22 ���:E , X21 ) 0 and S ) J1, whereX : ) I , �F. Set
t

: ) I , �c �� TIC � U � W � . By theproofof Proposition11.3.4(f),wehave
t 	 J1

t ) � 	 J � .
By Proposition11.3.4(c1),

t
11 �}� TIC � U � , hencealso this new

t
satisfies

(FI3s). ¡
Lemma 11.3.12(SpF � � 11 I� � 11 I� � 11 I -coercive) (Drop Standinghypothesis11.2.1for
the moment). If � 	 Jγ � hasa spectral factorization,then � 11 is I -coercive (as
requiredin Hypotheses11.2.1and11.2.1).

Proof: Let � 	 Jγ � ) t 	 St ,
t ��� TIC � U � W � , S �ª��EG� U � W � . Set

ε : ) 
 t  1S 1 t  	 � 	 Jγ 
  1 / 0. Then
 v 
 2 ) 
 t  1S
 1 t  	 � 	 Jγ � v 
 2 - ε  1� 
�� v 
 2 � (11.100)

i.e., 
�� v 
 2 � ε �f
 v 
 2, for all v � L2 � R � ; EG� U � W ��� . Consequently„
�� 11u 
 2 ) 
��S' u0 ( 
 2 � ε �k
 u 
 2 for all u � L2 � R � ; EG� U �U� . ¡
Wehavealreadyusedthefollowing lemmaseveraltimes:

Lemma 11.3.13(S11 � � � 0 and S22 , S21S
 1
11 S12 � � � 0) Let S ) S	 ��EG� U � W �

andγ / 0. Thenthefollowingareequivalent:
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(i) S11 � 0 andS22 , S21S
 1
11 S12 � 0.

(i’) S11 � 0 and � FI # 	 S � FI # � 0 for someF �wEG�W� U � .
(ii) �S11 � 0 and �S22 , �S21 �S 1

11 �S12 � 0 for some(henceall) F ��EG�W� U � , where�S: ) � I F
0 I
# 	 S � I F

0 I
# .

(ii’) S11 ) �S11 � 0 and �S22 � 0 for some F �.EG�W� U � , where �S : )� I F
0 I
# 	 S � I F

0 I
# .

(ii”) �S11 � 0 and �S22 , �S21 �S 1
11 �S12 � 0 for some(henceall) Z : )¬4 Z11 Z12

0 Z22 6 ���EG� U � W � s.t.Z11 �T��EG� U � , where �S: ) Z 	 SZ.

(iii) S ) X 	 JγX for someX ) 4 X11 X12
0 X22 6 ����EG� U � W � s.t.X11 �M��E .

(iii’) S ) 4 X11 X12
0 X22 6 	 Jγ 4 X11 X12

0 X22 6 , whereX11 � 0, X22 � 0.

(iv) S ) X 	 JγX for someX �a��EG� U � W � s.t.X11 �R��EG� U � and �H I # X � I0 # )
0 for someH ��EG� U � W � s.t. 
 H 
 + γ  1.

(v) S11 � 0 andS ) X 	 JγX for someX ����EG� U � W � s.t.X11 �T��EG� U � .
(vi) S ) X 	 JγX, whereX � X11 ����E and 
 X21X

 1
11 
 + γ  1.

(vi’) M 	 SM ) Jγ, where M � M22 �T��E and 
 M  1
22 M21 
 + γ  1.

(vii) �S11 � 0 and �S22 , �S21 �S 1
11 �S12 � 0, where �S: ) diag� IU � � S� , IW � � �ÖEG�U� U I �

U � ���W � W I �U� , for some(henceall) Hilbert spacesW I andU I .
(viii) S11 � 0, S �M��EG� U � W � and � S 1 � 22 � 0.

Moreover,

(a) If dimU + ∞, then one more equivalentcondition is that S11 � 0 and
S ) X 	 JγX for someX �M��E .

(b1) If (i) holdsandS ) X 	 JγX for someX �T��EG� U � W � , thenX is asin (vi).

(b2) If (i) holds, S ) X 	 TX, X �ª��EG� U � W � , T11 � 0 and T22 � 0, then
X11 �T��EG� U � .

(b3) If (i) holdsand S ) X 	 JγX for someX ����EG� U � W � s.t. X21 ) 0, then
X11 � X22 ����E .

(c) If (i) holds,thenanyF �FEG�W� U � is asin (ii).

(d) If S11 � ε2I , ε / 0, S22 , S21S
 1
11 S12 � 0, S ) X 	 JγX andX �M�:EG� U � W � ,

thenX11 �T��EG� U � and 
 X  1
11 
 - ε  1.

(e) If S11 � 0, S22 � 0, X �M��EG� U � W � andS ) X 	 JγX, thenX11 � X22 �T��E ,
 X21X
 1
11 
 + γ  1 and 
 M  1

11 M12 
 ) 
 X12X
 1
22 
 + γ, where M : ) X  1.

(f) If X andSareasin (iii), thenX 	22X22 ) γ  2 � S	12S
 1
11 S12 , S22 � .

We note that “S ) X 	 JγX, X � X11 ����E ” is not sufficient for (i)–(vi): take
X : ) � γI I

I 0
# , so that X � X11 ����EG� U � W � but S11 : ) � X 	 JγX � 11 ) 0 � 0. By

Example11.2.16(take S ) X 	 J1X), condition“dimU + ∞” is not superfluousin
(a) andcondition“X11 ����E ” is not superfluousin (iii), nor in (v).
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Proof: 1� (iii’) � (iii) � (i): Obviously, (iii’) � (iii). If (iii) holds, then
S11 ) �X 	11 �X11 � 0 andS22 , S21S

 1
11 S12 ) , γ2 �X 	22 �X22 � 0.

2� (i) � (ii’)&(iii’): Assume(i). Set

X11 : ) S1ã 2
11 � 0 � X12 : ) X

 1
11 S12 � X22 : ) γ  1 � S21S

 1
11 S12 , S22 � 1ã 2 � 0 C (11.101)

Then

S ) 7 I S
 1
11 S12

0 I = 	 7 S11 0
0 SI22= 7 I S

 1
11 S12

0 I = ) X 	 JγX � (11.102)

whereSI22 : ) S22 , S21S
 1
11 S12 � 0, X ) 4 X11 X12

0 X22 6 ����EG� U � W � , X11 � 0,

X22 � 0. Thus,(ii’) and(iii’) hold.
3� (ii’) � (i’): Condition(i’) is a reformulationof (ii’), because,obviously,�S11 ) S11 and �S22 ) � FI # 	 S � FI # in (ii’).

4� (ii’) � (ii): Assume(ii’). Since �S21 ) �S	12 and �S 1
11 � 0, we have, �S21 �S 1

11 �S12 - 0, hence(ii) holds.

5� (ii) � (iii): Assume(ii). By 1� , we have �S ) �X 	 Jγ �X for some �X )4  X11  X12

0  X22
6 ����E . TakeX : ) �X � I F

0 I #  1 to obtain(iii).

6� (iii) � (iv): Trivially (iii) � (iv) (take H ) 0). Assume(iv). SetX I : )� I 0
0 γ # X, H I : ) γH, sothatX I 	 J1X I ) S, 
 H I 
 + 1 and � H I I # X I � I0 # ) γ0 ) 0.

Apply Lemma12.4.11to obtainZ I ) 4 Z �11 Z �12
0 Z �22 6 �T��E s.t.S ) Z I 	 J1Z I ) Z 	 JγZ,

whereZ : ) � I 0
0 γ # Z I .

7� (iii) � (vi) � (iv): Trivially, (iii) implies (vi). If (vi) holds, then H : ), X21X
 1
11 satisfies(iv).

8� (v)� (vi): SinceS11 ) X 	11 � I , γ2X
 	11 X 	21X21X

 1
11 � X11, (v) is a reformula-

tion of (vi), by LemmaA.3.1(e2).
9� (vi) � (vi’): Condition(vi’) is a reformulationof (vi) (throughM ) X  1,

note that X11 ����EG� U � � M22 �ª��EG�W � , and that in either casewe have
X21X

 1
11 ) , M

 1
22 M21, by LemmaA.3.1(c1)).

10� (ii): “(henceall)” Assume(ii) for someF. Let SI : ) � I F �
0 I

# 	 S � I F �
0 I

# .
Then �S ) � I F  F �

0 I
# 	 SI � I F  F �

0 I
# , henceSI11 � 0 andSI22 , SI21 � SI11�  1S12 � 0,

by “(i) � (ii)”.
11� (ii”) � (iii) and “(hence all)” By “(i) � (iii)”, we have �S ) X 	 J1X for

someX ) 4 X11 X12
0 X22 6 �2��E s.t.X11 �M��E . Consequently, S ) � XZ  1 � 	 J1XZ  1,

hencealsoS satisfiestheconditionin (iii) (sincealsoXZ  1 is of the required
form, by LemmaA.1.1(b)).Theconverseis analogous.

12� (vii) � (i): Obviously, �S11 � 0 � S11 � 0 (we have madethepartition
sothat �S11 �FEG� U I � U � ). But�SI22 : ) �S22 , �S21 �S 1

11 �S12 ) diag� SI22 � , IW � �D� (11.103)

whereSI22 ) S22 , S21S
 1
11 S12, hence�SI22 � 0 � SI22 � 0.

13� (i) � (viii): If (i) holds,thenS ���:E and � S 1 �  1
22 ) S22 , S21S

 1
11 S12 �

0, by LemmaA.1.1(d1). If (viii) holds,then � S22 , S21S
 1
11 S12 �  1 � 0, hence



668CHAPTER11. H∞ FULL-INFORMATION CONTROL PROBLEM ( w z γ)

thenS22 , S21S
 1
11 S12 � 0, by LemmaA.1.1(i) holds,by LemmaA.3.1(b1).

(a) By (i) and (iii), the condition of (a) is necessary(regardlessof U ).
Conversely, if S andX areasin (a), then0 � S11 ) X 	11X11 , X 	21X21, hence
X 	11X11 � 0, henceX11 ����EG� U � (if dimU + ∞), sothat(v) holds.

(b1)By (b2),X11 �Î�:EG� U � . Since0 � S11 ) X 	11X11 , γ2X 	21X21, weobtain
 X21X
 1
11 
 + γ  1 asin 8� .

(b2) (Remark:WecannotreplaceT22 � 0 by T22 , T21T
 1

11 T12 ) 1 , 2 � 0;
setT ) � 2 2

2 1
# , X ) � 0 I

I 0
# to obtaina counter-example. On the otherhand,if

dimU + ∞ or dimW + ∞, thenT22 - 0 would suffice, by LemmaA.1.1(c1)
(andthefactthatX 	11X11 � 0 asshown below).)

Apply Lemma A.3.1(q) to the (1,1)-block of S ) X 	 TX to obtain that
X 	11X11 � 0.

By Lemma A.1.1(c1), S� T �«��EG� U � W � and � S 1 � 22 ) � S22 ,
S21S

 1
11 S12�  1, hence� S 1 � 22 � 0, by LemmaA.3.1(b1);similarly, � T  1 � 11 )� T11 , T12T

 1
22 T21�  1 � 0. SetM : ) X  1 to obtainthat S 1 ) MT  1M 	 and

hence

0 � , � S 1 � 22 - ' 0 I ( MT
 1M 	 � 0I # ) ' M21 M22 ( � , T

 1 �À4 M �21
M �22 6 C (11.104)

By LemmaA.3.1(q)(interchangetherowsandalsothecolumnsandrecallthat, � T  1 � 11�â� 0),wehaveM22M 	22 � 0. By LemmaA.1.1(c2),this impliesthat
alsoX11 is right-invertible,i.e.,X11X 	11 � 0, henceX11 is invertible.

(b3)By (b2),X11 �T��EG� U � , henceX22 �T�:EG�W � , by LemmaA.1.1(b2).
(c) Now �S11 ) S11 � 0 and �S ) E 	 X 	 JγXE, where X is as in (v) and

E ) � I F
0 I # , sothat � XE � 11 ) X11 �a��EG� U � , Therefore,also �Ssatisfies(v), hence

it satisfies(i) too (in theplaceof S), sothatF is asin (ii).
(d) By (v) and(b1),X11 �x��EG� U � . Becauseε2I - S11 ) X 	11X11 , γ2X 	21X21,

wehave 
 X  1
11 
 + ε, by LemmaA.3.1(c1)(ii)&(1’).

(e) By (ii’) and(b), X is asin (vi). Assume,w.l.o.g.,thatγ ) 1 (cf. 6� ). By
duality, X22 ����EG�W � and 
 X12X

 1
22 
 + 1 (apply (b) to , Sd ) X 	dJ1Xd, where

Sd : ) ' 0 I
I 0 ( S' 0 I

I 0 ( , Xd : ) ' 0 I
I 0 ( X ' 0 I

I 0 ( (note that J1 ) , ' 0 I
I 0 ( J1 ' 0 I

I 0 ( )). From the � 1 � 2� -
blockof MX ) I weobtainthatM

 1
11 M12 ) , X12X

 1
22 .

(f) FromX 	 JγX ) Swe obtainthatX 	11X11 ) S11,

X12 ) X
 	11 S12 � and γ2X 	22X22 ) X 	12X12 , S22 � (11.105)

from whichweobtain(f). ¡
Wehavealsousedthefollowing:

Lemma 11.3.14 Let X � S �è��EG� U � W � , S ) S	 and � X 	 SX � 11 � 0. Then
X 	 SX ) �X 	 �S�X for some �X � �S �}��EG� U � W � s.t. �S ) �S	 ) � I 0

0 JW
# , where JW )

J 	W ) J
 1
W �M�:EG�W � .

Proof: Set T : ) X 	 SX. By (A.5), T ) E 	aT I Ea, whereT I : ) 4 T11 0
0 T �22 6 ,

T I22 : ) T22 , T21T
 1

11 T12, Ea : ) 4 I T � 1
11 T12

0 I 6 . By Lemma2.4.4, T I22 ) G	 JWG,
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where JW ) J 	W ) J
 1
W �¢��EG�W � and G �è��EG�W � . Thus, T I ) E 	b �SEb,

whereEb : ) 4 T � 1é 2
11 0

0 G� 1 6 . Consequently, X 	 SX ) �X 	 �S�X, where �X : ) EbEaX ���EG� U � W � . ¡
Lemma 11.3.15(H∞-FI-pair) Assumethat �$b c # is a stable and SOS-
stabilizingstate-feedback pair for Σ, andI , c 11 �x� TIC � U � . Then � b c # : )�Ûd 1 e 11 e 12

0 0 0
# is a stableandr.c.-SOS-stabilizingH∞-FI-pair.

Proof: From (11.9) we observe that Σ � � SOS, i.e., that � b c # is
SOS-stabilizing;since � b c # is also stable, it is a r.c.-SOS-stabilizing
statefeedbackpair, by Lemma6.6.17(b). By Lemma11.3.2,it follows that� b c # is aH∞-FI-pair. ¡
Notes
The stableH∞ FICP was solved by Olof Staffans in [S98d], which proves

the implications “(FI3s)� (FI2s)� (FI11
2s)� (FI1s)” and “(FI3s)� (FI5s)” (the

latter in the caseof a regularWPLSsandspectralfactors),thusestablishingthe
equivalenceof (FI1s)–(FI3s)(andtheequalityγ0 ) γFI) for Σ s.t. ��� � Jγ � � SpFfor
all γ / 0. Also Lemma11.3.10,muchof Proposition11.3.4andmostof Corollary
11.3.5andTheorem11.3.6arefrom [S98d],andsoaremostof thecorresponding
proofs.Cf. thenotesonp. 673.

This spectralfactorizationapproachis ratherold, see,e.g.,[Francis],[Green]
and[CG97],whichall containtheequivalenceof (FI1s)–(FI3s)in somesensefor
rationaltransferfunctions([CG97] for MTICL1

exp � Cn � Cm� I/O maps).
It seemsthatmany of theresultsof thisandprevioussectionsalsohold for the

extendedFICPdescribedin Theorem11.3.6(partof this is shown in [S98d]),but,
e.g.,theimplication“(FI5s)� (FI2s)” wouldneedadditionalassumptions.
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11.4 Minimax J-coercivity

In somewayswearemoreconfusedthanever, but wefeelthatweare
confusedon a higherlevelandaboutmore importantthings.

Herewe statesomeminimax resultsthat areneededfor the solutionof H∞

andNehariproblems.Here ��� TI � U � W� Y � , J ) J 	 �SEG� Y � , andJ1 : ) � I 0
0  I # ��:EG� U � W � (in practicalapplicationswewill have ��� TIC, but TI formulations

allow usto obtainthedualresultsmoreneatly).Recallthat 
 Æ 
 TI : ) 
 Æ 
 � W L2 Z L2 Y .
Definition 11.4.1(Minimax JJJ-coercivity, c c c ) A map � ) � � 1 � 2 # � TI is min-
imax J-coercive iff c : ) π ��� 	 J � π ����EG� π � L2 � satisfiesc 11 � 0 and c 22 ,c 21 c  1

11 c 12 � 0 (on π � L2).� � TI is co-minimax J-coercive iff c : ) π â� 	 J � π ¢��EG� π  L2 � satis-
fies (equivalently, �c : ) π �¶� dJ ��� d � 	 π � ) Rc Rsatisfies) c 11 � 0 and c 22 ,c 21 c  1

11 c 12 � 0.

As noted in [S98d, Lemma 3.2], the minimax J-coercivity of � � TIC
meansthat 0f� x0 � ' uw ( � is uniformly convex w.r.t. u, andminu V L2 W R X ;U Y 0f� x0 � ' uw ( �
is uniformly concave w.r.t. w. By Lemma11.3.10,an equivalent condition is
that γ / γ0 when the assumptionsof previous sectionare satisfied. Similarly,
cominimaxJ-coercivity is “roughly equivalent” to the solvability of the Nehari
problem,seeTheorem11.8.3.Wewrite thenegative termout for lateruse:

0 � c 22 , c 21 c  1
11 c 12 ) π �¶� 	2J � 2π � , π �N� 	2J � 1π �~� π ��� 	1J � 1π � �  1π �¶� 	1J � 2π � C

(11.106)
By combining(A.11) andLemmaA.3.1(b1)weobtain

Lemma 11.4.2 If � ) � � 1 � 2 # � TI is minimaxJ-coercive, thenc �a��EG� π � L2 �
and � c  1 � 22 ) � c 22 , c 21 c  1

11 c 12 �  1 � 0 (in particular, � is J-coercive).
Similarly, if � ) � � 1 � 2 # � TI is co-minimax J-coercive, then c ��:EG� π  L2 � and � c  1 � 22 ) � c 22 , c 21 c  1

11 c 12 �  1 � 0. ¡
Notethat � : ) � 	 J � maysatisfy � 11 � 0 and � 22 , � 21 �  1

11 � 12 � 0 andstillc maybenoninvertible(take � )Á4 I 0
τ W 1Y I 6 andJ ) J1; similarly � d (which is of

Nehariform with � ) τ � 1� ) is not co-minimaxJ-coercive).
Minimax J-coercivity canalsobeformulatedin termsof a spectralfactoriza-

tion (if � 	 J � is regularenoughto haveone):

Lemma 11.4.3(SpF) Let � ) � � 1 � 2 # � TI � U � W� Y � , J ) J 	 �TEG� Y � , and
γ / 0.

(a) Assumethat � 	 J � ) � 	�� , where
� � � �T� TIC.

Then � is minimaxJ-coercive iff � 	 J � ) t 	 Jγ
t

with
t � t 11 ��� TIC and
 t 21

t  1
11 
 TI + γ.

(b) Assumethat � 	 J � ) t 	 Jγ
t

, where
t �ª� TIC. Then � is minimaxJ-

coerciveiff
t

11 �M� TIC and 
 t 21
t  1

11 
 TI + γ.
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(c) Assumethat � 	 J � ) t 	 Jγ
t

, where
t � t 11 �M� TIC.

Then � is minimax J-coercive iff � 	1J � 1 � 0 iff c 11 � 0 iff c 22 ,c 21 c  1
11 c 12 � 0 iff 
 t 21

t  1
11 
 TI + γ iff 
�� t  1 �  1

22 � t  1 � 21 
 TI + γ.

(d) Assumethat �~	 J � ) t 	 St ,
t ��� TIC � U � W � Ë UR, X ) I and S ���EG� U � W � . If � is minimax J-coercive, then S11 � 0 and S22 ,

S21S
 1
11 S12 � 0.

We used (a) and Lemma 11.3.10 to show that (FI1s) implies (FI3s) in
Proposition11.3.4.

Proof: (We take γ ) 1 by using � I 0
0 γ # t insteadof

t
.)

Let c : ) π �¶� 	 J � π �2��EG� π � L2 � , sothat c 11 � 0 and � c  1 � 22 � 0 if f � is
minimaxJ-coercive,by Lemma11.4.2.

(a) 1� “If ”: Since now c ) π � t 	 π � J1π � t π � , and π � t π �Ì���EG� L2 � R � ;U � W �U� , weobtain“If ” from Lemma11.3.13(vi)&(i).
2� “Only if ”: Let � beminimaxJ-coercive and � 	 J � ) � 	�� ,

� � � . Then
we have � 	 J � ) t 	 J1

t
for some

t ��� TIC, by Lemma11.4.8. The � 1 � 1� -
blockof π �¶� 	 J � π � ) π � t 	 J1

t
π � impliesthat

0 � c 11 ) π �¶� 	1J � 1π � ) π �À� t 	11
t

11 , t 	21
t

21 � π � � (11.107)

henceπ � t 	11
t

11π � � 0, i.e.,
t 	11

t
11 � 0, by Lemma6.4.6.

By LemmaA.1.1(c), the [left-]invertibility of
t

11 is equivalentto that ofu 22, where u : ) t  1. Therefore,uT	22 u 22 � 0, so by Lemma2.2.3, it is
enoughto prove that u 22π ��u 	22 � 0 on L2 � R � ;W � to obtain u 22 ��� TIC
(hence

t
11 �M� TIC). We shalldo it.

Clearly c  1 ) π �·u π � J1u 	 π � , hence 0 � � c  1 � 22 ) u 21π �·u 	21 ,u 22π �·u 	22 on π � L2, by Lemma11.4.2,which implies that u 22π ��u 	22 � 0
on π � L2, thereforeu 22 �M� TIC, i.e.,

t
11 �T� TIC.

From(11.107)andLemma6.4.6weget0 � t 	11
t

11 , t 	21
t

21, equivalently
(by LemmaA.3.1(e2)), 
 t 21

t  1
11 
 TI + 1.

(b) “If ” follows from (a) (
�

: ) J1
t

, � : ) � ). Conversely, if � is minimax
J-coercive, then the proof of (a) shows that an arbitraryJ1-spectralfactorof� 	 J � is asin (B).

(c) From � π � t  1
11 π � � � π � t 11π � �$) π � ) � π � t 11π � � � π � t  1

11 π � � we see
that� π � t 11π � �D� � π � t  1

11 π � � �M��EG� π � L2 � , hence0 � c 11 is equivalentto

0 � � π � t  	11 π � � c 11 � π � t  1
11 π � �N) π � , t  	11

t 	21
t

21
t  1

11 � π � (11.108)

(becausec 11 ) π �À� t 	11
t

11 , t 	21
t

21 � π � ), i.e., 1 /è
 t 21
t  1

11 
 TI (cf. 1� ). By
(b), this is equivalentto theminimaxJ-coercivity of � .

On theotherhand,0 � c 11 ) π �¶� 	1J � 1π �F� 0 � � 	1J � 1. The last “if f ”
follows from u  1

22 u 21 ) , t 12
t  1

11 andthethird from LemmaA.1.1(c1).
(d) By (a), � 	 J � ) �f	 J1 � for some� �Î� TIC � U � W � s.t. � 11 �x� TIC � U �

and 
 � 21�  1
11 
 TI + 1. By Lemma6.4.5(a), � ) Z

t
andS ) Z 	 J1Z for some

Z �Â�:E , hence � is UR. By Proposition6.3.1(b1),Z11 �Â��EG� U � . Thus,
 Z21Z
 1
11 
 TI + 1. By Lemma11.3.13(vi)&(i),S11 � 0andS22 , S21S

 1
11 S12 � 0.
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Corollary 11.4.4(MTI SpF) Let ��� �� � U � W� Y � andJ ) J 	 �wEG� Y � .

Then � is minimaxJ-coercive iff � 	 J � ) t 	 J1
t

, where
t � t 11 ��� TIC and
 t 21

t  1
11 
 TI + 1.

Naturally, theweaker assumption��� TIC � U � W� Y � , ��� � J � � SpFwouldbe
sufficient,with essentiallythesameproof.

Proof: If � is minimax J-coercive, then π �¶� 	 J � π � is invertible, by
Lemma 11.4.2, so the existenceof a factorizationfollows from Theorem
8.4.12(ii). The rest of the claimsand the converseis obtainedfrom Lemma
11.4.3. ¡

Corollary 11.4.5 Let � ) � � 1 � 2 # � TI,
t � u � TIC, u ) t  1, J ) J 	 �xE

and �~	 J � ) t J1
t 	 .

Theoperator � is co-minimaxJ-coerciveiff
t

11 �T� TIC and 
 t  1
11
t

12 
 + 1.
If
t

11 ��� TIC, then � is minimaxJ-coercive iff 
 t  1
11
t

12 
 TI + 1 iff c 11 � 0 iff� 	1J � 1 � 0 iff c 22 , c 21 c  1
11 c 12 � 0 (here c : ) π â� 	 J � π  ).

Proof: Apply Lemma11.4.3to ����� d � 	 � 	 J ����� d � 	 �N) � t d � 	 J1
t d. ¡

For � of Neharitype,thecondition 
 t  1
11
t

12 
 + 1 is redundant:

Corollary 11.4.6(Nehari-form) Let � ) � I ¾0 I
# � TIC,

t ��� TIC, J ) J 	 �E and �~	 J � ) t J1
t 	 . The operator � is co-minimaxJ-coercive iff c 22 ,c 21 c  1

11 c 12 � 0 iff
t

11 ��� TIC (here c : ) π â� 	 J � π  ). Moreover, in that case
always 
 t  1

11
t

12 
 + 1.

Notethat 
 t  1
11
t

12 
 ) 
�u 12 u  1
22 
 , whereu : ) t  1, becausethe � 1 � 2� -block

of equation
t u ) I is

t
11u 12 J t 12 u 22 ) 0.

Proof: The first “if f ” follows from Definition 11.4.1 & Lemma 11.4.2,
becausealways c 11 ) π  � 0. Thusthe latter “if f ” andthe inequalityfollow
from Corollary11.4.5. ¡

Corollary 11.4.7(Nehari-form) Let � ) � I ¾0 I
# � TIC � U � W � , � � � �� TIC � U � W � , J ) Jγ �FEG� U � W � and � 	 J � ) � �f	 .

Thentheoperator � is co-minimaxJ-coerciveiff c 22 , c 21 c 12 � 0 iff � 	 J � )t
J1
t 	 for some

t ��� TIC � U � W � having
t

11 ��� TIC � U � . Moreover, in that
casealways 
 t  1

11
t

12 
 + 1.

Proof: By Lemma11.4.2andCorollary11.4.6,we only have to obtainthe
third conditionassumingthefirst.

Let � be co-minimax J-coercive. Set � : ) R� 	 J � R) � � d � 	�� d, so
that c : ) π  R� Rπ  is as in Definition 11.4.1, hence c 11 � 0 and c 22 ,
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11 c 12 � 0onL2 � R  ;U � W � . Weobviouslyhave � 11 ) I � 0. Moreover,»

of Lemma11.4.8satisfies

Rπ � » π � R) Rπ ��� 22π � R, Rπ ��� 21 � 12π � R) Rπ ��� 22π � R, Rπ ��� 21π ��� 12π � R
(11.109)) Rπ ��� 22π � R, π  R� 21 Rπ  R� 12 Rπ  ) c 22 , c 21 c 12 � 0
(11.110)

on L2 � R  ;U � W � , hencethe assumptionsof Lemma11.4.8aresatisfied,by
Lemma6.4.6. We concludethat � ) �t 	 J1 �t for some �t �ª� TIC � U � W � ,
hence� 	 J � ) R�t 	 J1 �t R) t J1

t 	 , where
t

: ) �t d �M� TIC. Therestfollows
from Corollary11.4.6. ¡
In theproof of Lemma11.4.3(a),weusedthefollowing:

Lemma 11.4.8 Assumethat � ) � 	 � TI � U � W � , � 11 � 0,
»

: ) � 22 ,� 21 �  1
11 � 12 � 0, � ) � 	 � for some� � � �M� TIC � U � W � andγ / 0.

Then� ) t 	 Jγ
t

for some
t �T� TIC � U � W � .

(Onecouldgoon to obtainfurtherresultsasin Lemma11.4.3.)
Proof: By Lemma5.2.1(d), � ) t 	 St for some

t ��� TIC � U � W � and
S ) S	 �a��EG� U � W � . By Lemma6.4.7(a),wehave � 11 ) � 	 � and , » ) 
 	 

for some� �R� TIC � U � and 
x�x� TIC �W � . By theSchurdecomposition(A.5),
wehave

S ) t  	 � t  1 ) t  	 7 I 0� 21 �  1
11 I = 	 7 � 11 0

0
» = 7 I 0� 21 �  1

11 I = t  1 (11.111)) t  	 7 I 0� 21 �  1
11 I = 	 7 � 0

0 
 = 	 7 I 0
0 , I = 7 � 0

0 
 = 7 I 0� 21 �  1
11 I = t  1 � (11.112)

i.e., S ) × 	 J1 × , where × : ) 7 � 0
0 
 = 7 I 0� 21 �  1

11 I = t  1 �ç� TI � U � W � .
Consequently, S ) E 	 JγE for someE �a��EG� U � W � , by Theorem2.4.5. ¡
We have thusgeneralizedLemma5.4of [S98d]to Hilbert spacesof arbitrary

dimensions(seeLemma 11.4.3(a)). Becausethe assumedseparabilityof the
Hilbert spacesusedin [S98d] was neededonly in the proof of [S98d, Lemma
5.4] (asmentionedat theendof [S98d,Section1]), theabove lemmashows that
theseparabilityassumptionsarenotneededin [S98d]:

Corollary 11.4.9 All separability assumptionsin [S98d]canberemoved. ¡
Notes
Lemma11.4.3(a)is roughlyLemma5.4 of [S98d],andtheproofs(including

Lemma11.4.8)usesamemethods;the differenceis that we do not needany
separabilityassumptions,dueto Theorem2.4.5.
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11.5 The discrete-timeH∞ ficp

A walkingshadow, a poorplayer,
that strutsandfretshishour uponthestage,
Andthenis heard no more.

— William Shakespeare(1564–1616),"Macbeth"

As in otherdiscrete-timesections,our referencesto continuous-timeresults,
definitionsandhypothesesreferto theirdiscrete-timeforms(cf. Theorems13.3.13
and11.5.2).

Recallthat throughoutthis sectionandSection11.6,we assume(in addition
to StandingHypothesis11.0.1)that StandingHypothesis11.1.1holds, i.e., we
considerthesystemH

xn� 1 ) Axn J B1un J B2wn �
zn ) C1xn J D11un J D12wn

� n � N � (11.113)

(andwn ) Iwn) with initial statex0 � H, disturbanceinput w �å� 2 � N;W � , control
input u �å� 2 � N;U � andobjective outputz �å� 2 � N;Z � (andsecondoutputequalto
the disturbanceinput wn; cf. (12.31));here � A B

C D
# �xEG� H � U � W� H � Z � W �

arethegeneratorsof Σ � wpls� U � W� H � Z � W � (seeLemma13.3.3)andC2 ) 0,
D21 ) 0, D22 ) I . Condition(i) below saysthat

γ0 : ) sup[ w ["! 2 ] 1
inf O 
 z 
 � 2 PP u �Ö� 2 is s.t.x is stable(i.e.,x �Ö� 2) Q ; (11.114)

thus,γ0 equalsinf 
 w %& z 
 � W � 2 Y , theinfimal disturbance-to-outputnorm 
 w %& z 
 ,
over all control laws that make the systemexponentiallystable(u �Î� 2 � N;U �
s.t. x �w� 2). By (ii), infimum of over (causal)state-feedback(plus feedthrough)
controllers

u � t ��) K1x � t � J F12w � t � (11.115)

is aslow. By (iii) and(a),acontrollaw achieving aperformancebelow γ0 is found
if f the DARE (11.117)hasa nonnegative exponentially (or power) stabilizing
solution satisfying the signaturecondition (for S). Moreover, sucha solution
determinesonepossiblechoiceof K1 andF12, by (11.118).Finally, if S22 � 0, we
cantakeF12 ) 0 to obtainthepurestate-feedbackcontroller(11.119).

Theorem 11.5.1( L exp : H∞L exp : H∞L exp : H∞ ficp) Assumethat γ / 0 andthat there is ε / 0 s.t.� z , A� x0 ) Bu0 )¶� 
 C1x0 J D11u0 
 Y � ε �h
 x0 
 H JT
 u0 
 U � � x0 � H � u0 � U � z � ∂D �hC
(11.116)

Then(i)–(iii) areequivalent:

(i) γ / γ0 : ) supw:N * WZ¹[ w ["! 2 ] 1 infu V`_ u
W 0 ZwY 
�� 11u J�� 12w 
 � 2, and � A � B1 � is

exponentiallystabilizable;

(ii) γ / γFI, i.e., there is a suboptimalH∞-FI-pair for Σ;
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(iii) theDARE
¦§§§§¨ §§§§© � ) A	 � A J C 	1C1 , K 	 SK �

S ) 4 D �11D11 D �11D12

D �12D11 D �12D12  γ2I 6 J B	 � B �
K ) , S

 1
� 4 D �11

D �12 6 C1 J B	 � A� � (11.117)

has a solution � �MEG� H � s.t. � � 0, S11 � 0, S22 , S21S
 1
11 S12 � 0 and

ρ � A J BK � + 1.

Moreover, thefollowinghold:

(a) Assumethat � � � S� K � satisfies(iii). Then� , S
 1
11 � D 	11C1 J B	1 � A� 0 , S

 1
11 S12

0 0 0 � ; (11.118)

is a suboptimal(exponentiallystabilizing)H∞-FI-pair for Σ.

There is a suboptimalH∞-SF-operator iff S22 � 0; if this is thecase, then

K1 : ) � I 0# K ) , � S11 , S12S
 1
22 S21 �  1 � D 	11C1 J B	1 � A , S12S

 1
22 � D 	12C1 J B	2 � A�U�

(11.119)
is a suboptimal(exponentiallystabilizing)H∞-SF-operator for Σ.

(b) If (i)–(iii) hold, thenthe assumptionsof Proposition11.2.8(also thoseof
(a1))aresatisfiedand(FI1)–(FI5) hold.

One more equivalent condition is that 
�� 11 ×�J�� 12 
 � W � 2 W N;W Y�Z � 2 W N;Z YøY + γ
for some × : � 2 � N;W � & � 2 � N;U � , and � A � B1 � is exponentially stabilizable
(obviously this is strongerthan(i) andweaker than(ii)).

We recall from Section11.1that L u refersto thecontrolsthatmake thestate
andoutput“ L 		 -stable”,i.e.,L u � x0 � w� : )�O u �Ö� 2 � N;U � PP ' uw ( �TL 		 � x0 � Q � (11.120)

(in Theorem11.5.1, L 		 : ) L exp, so that “ ' uw ( ��L 		 � x0 � ” can be replacedby
“ ; τ ' uw ( �R� 2”, i.e., by the assumptionthat u makes the statetrajectorybelong
to � 2), and that by γFI (resp.γSF) we denotethe infimum of the norm 
 w %&
z 
 � 2 W N;W Y * � 2 W N;Z Y (i.e., of 
�� �12 
 TIC; see (11.8)) over all L 		 -stabilizing state
feedbackpairs(resp. L 		 -stabilizingstatefeedbackoperators)for Σ of form�

K1 F11 F12

0 0 0 � (11.121)

(i.e., we allow statefeedbackthroughthefirst input (the controlu) only). Thus,
γSF requiresthatF11 ) 0 ) F12. Trivially, ∞ � γSF � γFI � γ0 � 0 (cf. (11.132))

Proof of Theorem 11.5.1: 0 C 1� Remark: Assumption(11.116): By

Proposition15.2.2(c),this implies that � 11 (with realization 4 �  1!
1
"

11 6 ) is I -

coercive. If � A � B1 � is exponentiallystabilizable,then(11.116)is equivalentto
theI -coercivity of � 11, by Proposition15.2.2(e)(seethepropositionfor several
sufficientandsomeequivalentconditions).
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1� We get “(i) � (iii)” from Proposition11.6.2,“(iii) � (ii)” from Lemma
11.6.3,and“(ii) � (i)” from(11.12)andLemma11.6.4.(Seealsoremark0 C 3� of
theroof of Theorem11.1.3.Recallfrom Lemma13.3.7(iv) thatρ � A J BK � + 1
if f � (thatis, K) is exponentiallystabilizing.)

Also (a) follows from Proposition11.6.2,andLemma11.6.3.By Proposi-
tion 11.2.9,(b) holds. ¡
Practicallyall our H∞ FICPresultsholdalsoin their discrete-timeforms:

Theorem 11.5.2(Discreteform of H∞H∞H∞ FICP results) All results of Sections
11.1–11.4and 11.8–11.9hold also in their discrete-timeforms (i.e., after the
changeslisted in Theorem13.3.13),exceptthat in Theorems11.1.3,11.1.4and
11.1.6,assumption(2.) canberemovedbut equation(11.39)mustbereplacedby
(11.118)andequation(11.17)by (11.119).

Whenapplyingthe above results,do not forget (the discrete-timeforms of)
StandingHypotheses11.0.1,11.1.1,11.2.1and11.3.1(the last two of which are
only assumedfor theresultsof correspondingsections).Notethatwehavewritten
explicitly thesimplifieddiscrete-timeformsof somemajorresultsin this section
andSection11.6.

Recall from Lemma14.3.5that we canhave �� ) ticexp or �� ) � 1 � ; this is
particularlyuseful in Theorems11.2.7and11.3.3. Therefore,in discretetime,
we mayallow for general(exponentiallystabilizable)WPLSsin the L exp caseof
Theorem11.2.7,while Example11.3.7(b)(its discrete-timevariant)shows that
(FI1) doesnot imply any of (FI3)–(FI5)when L 		 � O L out � L sta� L str

Q .
Proof of Theorem 11.5.2: Recall that thesechangesincludehaving the

DARE (11.117)in placeof the[Bw-]CARE.
This follows roughly by applying (13.63)also to the proofs (recall from

Lemma14.3.5that �� : ) ticexp satisfiesStandingHypothesis11.0.1).
(An alternative proof of the I/O part of Sections11.8–11.9is obtainedby

usingtheCayley transform(Theorem13.2.3).)
Note that (11.17) and (11.17) usedthe fact that “S ) D 	 JγD”, which is

not necessarilytrue underour discrete-timeassumptions(or any reasonable
counterparts,cf. Example14.2.9). However, assumption(2.) canbe removed
from Theorems11.1.3,11.1.4and11.1.6,sincewe canuseTheorem14.1.6
(andLemma9.9.7(c2))insteadof Theorems9.9.6andTheorem9.2.9 in the
proofs. ¡
From the above theoremandTheorem11.2.8(f)&(d), we deducethat if the

systemis q.r.c.-SOS-stabilizablethroughu (as in Theorem11.2.8),thenany of
the factorizationconditions(FI6)–(FI8) on p. 633 aresufficient for (ii), i.e., for
the existenceof a γ-suboptimalcontroller(over L 		 ) L out). If, in addition,the
q.r.c.-SOS-stabilizedI/O maphas,e.g.,� 1 impulseresponse,thentheseconditions
arealsonecessary. If � A � B1 � is exponentiallystabilizableand � A � C � is detectable,
then(FI1)–(FI8) becomeequivalent(and(FI9) if dimU + ∞ or dimW + ∞; use
Theorem6.7.15(c3)and �� ) ticexp in Theorem11.2.7).
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Notes
Much of the notesof previous sectionsalso apply to the discrete-timeH∞

ficp. For example, the equivalenceof (ii) and (iii) (and part (a)) in Theorem
11.5.1is given in [IOW] underthesameandin [GL] understrongersimplifying
assumptions,althoughbothbooksassumethatΣ is finite-dimensional.However,
discrete-timeH∞ problemsare more rarely treatedthan their continuous-time
counterparts,partially becausethey aremorecomplicated(as long as the input
andoutputoperatorsarebounded;in our generalitythe continuous-timeresults
aremuchmoreinvolved).

If we delete“(i)” from Theorem11.5.1,thenits proof canbeobtainedrather
directly from Proposition11.6.2(a1)&(d1)andLemma11.2.13,asnotedin the
noteson p. 652.
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11.6 H∞ ficp: proofs

Bythetimethefool haslearnedthegame, theplayershavedispersed.

— GhanaianProverb

In additionto StandingHypotheses11.0.1and11.1.1,we assumethefollow-
ing:

StandingHypothesis11.6.1(H∞H∞H∞ full-inf ormation control problem (ficp))
Throughoutthis section,wemake the following assumptions:Hypothesis14.0.1
is satisfied(with U %& U � W andY %& Z � W), γ / 0, and there is ε �T/ 0 s.t.
�� 11u 
 � 2 � ε �k
·' u0 ( 
 _ �� for all u �TL u � 0 � 0� .

(See the remarksbelow Hypothesis11.2.1, which is the continuous-time
counterpartof this hypothesis.)

Due to boundedgenerators,the discrete-timevariantof Proposition11.2.19
becomessimpler:

Proposition 11.6.2(Necessaryconditions) Assumethat γ / γ0 and that Zs is
reflexive. Then � is Jγ-coercive. Assumein addition that LÖ		 � x0 � ) /0 for each
x0 � H. Thenthefollowing hold:

(a1) The DARE has a unique LÖ		 -stabilizing solution � � � S� K � , � � 0, S ���EG� U � W � andS11 � ε2� I .

(a2)For eachx0 � H, thecorrespondingclosed-loopsecondoutput 4 ucrit
W x0 Y

wcrit
W x0 Y 6 : )b � x0 is the uniqueJγ-critical input (called theminimax control), and this

input correspondsto the(unique)argumentsof

max
w V � 2 W N;W Y min

u V`_ u
W x0 ZwY 0f� x0 � u � w�hC (11.122)

(b2) TheIAREhasa L 		 -stabilizingsolution � � � �S� 4 �b �c 6 � s.t.S ) � I 0
0 JW

# ,
where JW ) J 	W ) J

 1
W �T��EG�W � .

(d1) (S22 , S21S
 1
11 S12 � 0) If there is a suboptimal H∞-FI-pair, then

S22 , S21S
 1
11 S12 � 0, and the IARE has a L 		 -stabilizing solution� � � J1 �ð4 �b �c 6 � s.t. �t 11 � �t 22 �.� tic∞, �X21 ) 0, 
 �t  1

11 
 tic - ε  1� , and
 �t 21 �t  1
11 
 tic - 1.

(d2) (S22 � 0) If there is a suboptimalH∞-SF-operator, thenS22 � 0.

(f) In (d1) (resp.(d2)), theexistenceof a suboptimalH∞-FI-pair (resp.H∞-SF-
operator) is not neededif there is ×Â� tic∞ �W� U � s.t. 
�� 11 ×SJÎ� 12 
 tic + γ
(resp.and È×G� 0�¶) 0).

Proof: Most of this follows as in the proof of Proposition11.2.19. We
explain theleastobviouschangesbelow.
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(a1)&(a2) The uniqueJγ-critical control correspondsto the unique L 		 -
stabilizing solution of the DARE, by Theorem14.1.6. Substitutet ) 1 into
(11.66)(whosecontinuous-timeproof applies,mutatismutandis)to obtain1 uI0 � S11uI03 U � ε2� 
 uI�
 2� 2ϑ ) ε2� 
 uI0 
 2U � (11.123)

whereuI0 � U is arbitrary. Thus,S11 � ε2� I .

(d1)Substitutet ) 1 into (11.77)to observe that1¹4  UI 6 w0 � S 4  UI 6 w03
U ñ W -}, ε 
 w0 
 2W � w � W �h� (11.124)

where �U �ÎEG�W� U � is the feedthroughoperatorof × : ) �cg�12 (the suboptimal
closed-loopw %& u map). By Lemma11.3.13(i’)&(i)&(iii’), this meansthat
S22 , S21S

 1
11 S12 -�, εI andthat

S ) �X 	 J1 �X � where �X ) 4  X11  X12

0  X22
6 � �X11 � 0 � �X22 C (11.125)

By Theorem9.9.1(f1),also � � � J1 � ³ �XK � I , �X ´ � is a L 		 -stabilizingsolution

of the IARE. Since �X11 � �X22 ����E , we have �t 11 � �t 22 ��� TIC∞. The restof
(d1)followsfrom (11.77)asin theproofsof Proposition11.2.19(c)andLemma

11.2.21(wedonot needto study È�t , sincewealreadyknow that �t 11 ��� tic∞).

(d2)Now �U ) 0 in (11.124),henceS22 -�, εI .

Remark: We did not have to assumethat ϑ - 0. This follows from the
inequality 
�' u0 ( 
 � 2ϑ � 
 u0 
 U � u �ö� 2ϑ � , whosecontinuous-timeanalogydoesnot
hold.

To obtainan analogousresult in continuoustime, we have to let t & 0J ,
which requiresadditionalregularity, asin Proposition11.2.19(b3). ¡
Also thesufficiency partbecomessimpler:

Lemma 11.6.3(General L 		L 		L 		 : DARE � � � ficp) Assumethat DARE has a L 		 -
stabilizingsolution � � � S� K � s.t. � � 0, S11 � 0 andS22 , S21S

 1
11 S12 � 0.

Then the assumptionsof Lemma11.2.14are satisfied(including (4.)). In
particular, if L 		 ) L exp (or L 		 ) L out and � I , c �  1 � tic), then(11.48)is a
suboptimalH∞-FI-pair for Σ, with generators (11.118). If, in addition,S22 � 0,
then(11.119)is a suboptimalH∞-SF-operator for Σ. ¡

(Theproofsof Lemmas11.2.13and11.2.14applymutatismutandis;notethat
this lemmaalsoholdswithout theassumptionontheexistenceof ε � (seeStanding
Hypothesis11.6.1).)

If we wish that somekind of controllerx0 � w %& u stabilizesΣ exponentially
(cf. (ii)), thenso doesa strict statefeedbackcontroller(i.e., a H∞-SF-operator);
conversely, sucha controller is sufficient for our “H∞ Finite Cost Condition”L u � x0 � w� ) /0 for all x0 � w:
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Lemma 11.6.4(FCC � � A � B1 � exp.stab.) Let L 		 ) L exp. Thenthe following
areequivalent:

(i) ³ A B1 ´ is exponentiallystabilizable(or optimizable);

(ii) L u � x0 � w� ) /0 for all x0 � H andw �Ö� 2 � N;W � ;
(iii) L u � x0 � 0� ) /0 for all x0 � H;

(iv) there is a H∞-FI-pair for Σ;

(v) there is a H∞-SF-operator for Σ.

Proof: 1� “(v) � (iv)” and“(ii) � (iii)”: Thesearetrivial.
2� “(iv) � (ii)”: Given x0 � H andw ��� 2 � N;W � , we have 9 x0 J ; 1τu J; 2τw �Ö� 2, whereu : ) t  1

11 b 1x0 , ; 1
t  1

11
t

12w �¯� 2 � N;U � , by (11.9).
3� “(iii) � (i) � (v)”: Obviously, (iii) saysthat ³ A B1 ´ is optimizable.

By Proposition13.3.14, ³ A B1 ´ is optimizableif f it is estimatable(hence
we have (i) � (iii)), andin eithercaseit hasan exponentiallystabilizingstate
feedbackoperatorK1 (i.e.,ρ � A J B1K1 � + 1). But then � K1

0
# is obviouslyexpo-

nentiallystabilizingfor Σ (becausethecorrespondingclosed-loopstate-to-state
map is also given by A J B1K1); henceit is a H∞-SF-operator, by Remark
11.2.5. ¡
Thus, if L 		 ) L exp, thenwe mustassumethat ³ A B1 ´ is exponentially

stabilizable,so that theproblemcanbereducedto theexponentiallystablecase,
by Lemma11.2.22(which obviouslyholdsin discretetime too).

(Seethenotesonp. 677.)
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11.7 The abstract H∞ FICP

You cannotwin thegame, andyouarenotallowedto stopplaying.

— TheThird Law Of Thermodynamics(this is whatwewishto make
for thedestiny of thesecondplayer(nature/disturbance))

In this section,we solve the H∞ FICP in the abstractsettingof Section8.1.
Theseresultswereappliedto WPLSsandwpls’s in previoussections.

For simplicity of notation,we replacethespaceU of inputsby U � W, where
u � U is consideredas “control” and w � W is consideredas “disturbance”;
otherwisewe sharethenotationof Section8.1:

StandingHypothesis11.7.1 Throughoutthis section,we shall assumethat U,
W, X, Ys and Zs are reflexive Banach spaces,that Y and Z are TVSs,and
that the embeddingsYs £ Y and Zs £ Z are continuous. We also assumethat4 A B1 B2

C D1 D2 6 �wEG� X � U � W� Z � Y � andJ ) J 	 �FEG� Ys � Ys	 � .
NotethatU � W hasnow takentherole of U ; we alsoset0f� x � u � w� : ) 0f� x � ' uw ( � : )�1 D ' uw ( � JD ' uw ( 3 Ys �U' uw ( �TLF� x�U�DC (11.126)

In applicationsone usually takesU ) L2 � R � ;U0 � , W ) L2 � R � ;W0 � for some
Hilbert spacesU0 � W0 (cf. Remark8.3.4).

As in previous sections,in the H∞ FICP one wishesto find a control law
X � W ® � x � w� %& ux Zw � U s.t. ' ux #w

w ( is a “stabilizing” input for thegiven“initial
state”x, for each“disturbance”w, i.e., ' ux #w

w ( �2LF� x� for all x � X andall w � W.
Wedenotethesetof these“admissiblecontrols”byL u � x � w� : )�O u � U PP ' uw ( �MLF� x� Q )�O u � U PP Cx J Du � Ys & Ax J Bu � Zs Q C

(11.127)
(We setA ) 0 ) B or Zs ) Z if weonly wish to requiretheoutputto bestable.)

Moreover, this control law shouldbe “suboptimal” (seep. 613)., However,
to keep the notation simple, we study here the more generalextendedFull-
InformationH∞ Control Problem(H∞ eFICP), wherethesuboptimalitycondition
is replacedby the conditionthat thereis ε / 0 s.t. 0f� 0 � ux Zw � w� -Â, ε 
 w 
 2. As
notedon p. 613,this conditionis equivalentto suboptimalityin the(specialcase)
settingof (11.1)(with � : ) D ) � D1 D2 # ).

In the following theorem,we first show that the existenceof a suboptimal
control law implies J-coercivity, and then we show how the uniqueJ-critical
control is of maximinform. In Propositions11.6.2and11.2.19,thesefactswere
usedto show to necessityof thesignatureconditionandtheexistenceof aunique
stabilizingsolutionto theRiccatiequation.
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Theorem 11.7.2(H∞H∞H∞ eFICP) Set L u � x � w� : )�O u � U PP ' uw ( �RLF� x� Q . Assumethat
there is εu / 0 s.t. 1 D1u � JD1u3 � εu 
·' u0 ( 
 2D � u �TL u � 0 � 0�U�DC (11.128)

Thenthefollowinghold:

(a) Wehave(i) � (ii), where

(i) There is εw / 0 s.t. infu V`_ u
W 0 ZwY 0f� 0 � u � w� -�, εw 
 w 
 2 for all w � W.

(ii) There is F � �REG�W� U � s.t. F � w ��L u � 0 � w� for all w � W, D � : )
D � FI̧

# �FEG�W� Ys � , andD � 	 JD � � 0 (onW).

(b) If (i) (or (ii)) holds,thenD is J-coercive.

(c) Assumethat (i) (or (ii)) holdsand LF� x� ) /0 for all x � X. Thenthere are
F � �wEG�W� U � , K �u �wEG� X � U � , Kw

crit ��EG� X � W � s.t.� K �u F � # ' xw ( �TL u � x � w� � x � X � w � W �h�
(11.129)0f� x � K �u x J F � w� w�N) min

u V`_ u W x ZwY 0f� x � u � w� � x � X � w � W �D� and

(11.130)

min
u V`_ u

W x Z Kw
critxY 0f� x � u � Kw

critx�Ý) max
w V W min

u V`_ u
W x ZwY 0f� x � u � w� � x � X �DC (11.131)

Moreover, then for any x � X, the uniqueJ-critical input is givenby Kx,

where K : ) 4 K1
K2 6 : ) 4 Ku̧

� F
¸

Kw
crit

Kw
crit 6 , andthecorrespondingcostis0f� x � K1x � K2x� ) max

w V W min
u V`_ u

W x ZwY 0f� x � u � w� � min
u V`_ u

W x Z 0Y 1 Cx J D1u � J � Cx J D1u� 3 C
(11.132)

In the FICP (see (11.1), we have J � 0 on Ran� �C D1 # � , so that0f� x � K1x � K2x� � 0 for all x � X, by (11.132);this leadsto anonnegativeJ-critical
cost operator � (seeProposition11.2.19). Condition (11.128)is the standard
nonsingularityassumption,and it is necessaryfor the J-coercivity statedin the
theorem.

HereF � andK �u refer to a systemwhereonly u is controlled(“the optimal
statefeedbackthrough the control input u”), whereasthe J-critical “maximin
statefeedback”K controlsboth u andw. By (11.132),(i) implies the J-critical
controlcorrespondsto “the bestcontrolu undertheworstdisturbancew” (or “the
maximincontrol ' uw ( ”).

By slightly modifying the proof of (a), onecanshow that conditions(i) and
(ii) hold if f D is J-coercive andminu V`_ u W 0 ZwY 0f� 0 � u � w� - 0 for all w � W. Mere

J-coercivity is notsufficient(take,e.g.,D ) � 1 0 0
0 1 1

# T, J ) diag� 1 � 1 � , γ � , γ + 1, so

thatD 	 JD ) 4 1 0
0 W 1  γ Y 6 � 0), wemustalsoknow thatthecostfunctionis concave

in w (it is convex in u, by (11.128)). If LF� x� ) /0 for all x � H (“the Finite Cost
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Condition is satisfied”),thena fourth equivalentcondition is the existenceof a
J-critical K (asabove)satisfyingasuitablesignaturecondition.

However, suchadditionalconditionscan be obtainedin more useful forms
whenworking with causalsystems,thereforewe have placeda further treatment
in Sections11.2and11.6.

Proof of Theorem 11.7.2: (a) 1� (ii) � (i): Assume(ii). Then thereis
εw / 0 s.t. 0f� 0 � F � w� w�N)�1 D � w� JD � w3 -}, εw 
 w 
 2 for all w � W, hence(i)
holds.

2� (i) � (ii): Assume (i). Then L u � 0 � w� ) /0 for all w � W (since

inf /0 ) J ∞). The mapD1 with the systemΣu : ) 4 B2 B1
D2 D1 6 is J-coercive (this

correspondsto substitutionsX %& W, L 		 %& L u � 0 �UÆ � and0f� w� u� %& 0f� 0 � u � w� ),
by (11.128);indeed,weobviouslyhave 
 u 
 D1 ) 
·' u0 ( 
 D. Therefore,is aunique
J-critical controlF � w for Σu for eachw � W, where4 B̧D ¸

F
¸ 6 ��EG�W� Zs � Ys � U � (11.133)

is as in Theorem 8.1.10; in particular, F � w � L u � 0 � w� and1 D2w J D1F � w� Du3 ) 0 for all u �ML u � 0 � w� andw � W, and0f� 0 � F � w� w�N) min
u V`_ u

W 0 ZwY 0f� 0 � u � w� -�, εw 
 w 
 2 for eachw � WC (11.134)

SinceD � : ) D2 J D1F � �ÖEG�W� Ys � , weobtain(ii) from(11.134)(because0f� 0 � F � w� u�Ã)è1 D � w� JD � w3 ). (Intuitively, F � is the “optimal stabilizing
controller”w %& u.)

(b) Assume(i). Wehave � D1 D � # ) DE, whereE : ) � I F
¸

0 I
# , whereF �

is asin (a)2� . Because' F ¸ w
w ( �2Lw� 0� for all w � W, we have E ' uw ( �2LF� 0� �

u �xL u � 0 � 0� & w � W, by Lemma8.1.4;thus, LF� 0�â) E 'úL u � 0 � 0� � W ( . From
this and(a)2� we seethat the assumptionsof Lemma11.7.3aresatisfiedfor� A BE

C DE
# , sothatDE is J-coercive. By Lemma8.2.4(c),it follows thatalsoD is

J-coercive.
(c) 1�ÃL u � x � w� ) /0 for all x andw: Givenx � X andw � W, thereare 4 u�w� 6 �LF� x� anduIïI �ML u � 0 � w , wI � , by theassumptions,sothat � u� � u� �

w
# �MLF� x� , i.e.,

uI J uIÅI ��L u � x � w� . Thus, L u � x � w� ) /0 for all x andw.
2� Equations (11.129) and (11.130): These are obtained as in (a)2�

(with substitutionsX %& � XW # , x %& ' xw ( , L 		 ��' xw ( � %& L u � x � w� and 0f�U' xw ( � u� %&0 u �U' xw ( � u� : ) 0f� x � u � w� ). (Obviously, F � is thesameasin (a)2� .)
3� Equation(11.131):Wealsoobtainin 2� that

Σ �ext : ) 7 A� B�
C� D � = : ) 7 A J B1K �u B2 J B1F �

C J D1K �u D2 J D1F � = �wEG� X � W� Z � Ys �
(11.135)

andD � 	 JD � � 0.
Apply Corollary 8.2.7 and Theorem8.1.10 to Σ �ext and , J (with cost

function ) : , 0 � ) to obtainthatthereis Kw
crit ��EG� X � W � s.t.0 � � x � Kw

critx�N) max
w V W 0 � � x � w�Ý) max

w V W min
u V`_ W x ZwY 0f� x � u � w� � x � X �hC (11.136)
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4� “ 4 Ku̧
� F
¸

Kw
crit

Kw
crit 6 x is the uniqueJ-critical control for any x � X”: Let

x � X. By (b), D is J-coercive, so that thereis a uniqueJ-critical control for
x, by Theorem8.2.5. Thus,we only have to show that this control is givenby' uw ( : ) 4 Ku̧

� F
¸

Kw
crit

Kw
crit 6 x.

Let 4 η
η � 6 ��LF� 0� bearbitrary. Setη IÅI : ) η , F � η I ) η , ucrit � 0 � η I � . Apply

Lemma8.1.7(ii) to 0 u, to 0 w andthenagainto 0 u to obtain(hereucrit � xI � wI � : )� K �u F � # 4 x�w� 6 for all xI � wI ) that 0f� x � u J η � w J η I �) 0f� x � K �u x J F � � w J η I � J η IïI � w J η I � (11.137)) 0 u � � x
w� η � # � ucrit � x � w J η I ��� J�0 u � 0 � η IÅI � (11.138)) 0 � � x � w J η I � J�0 u � 0 � η IÅI �N) 0 � � x � w� J�0 � � 0 � η I � J�0 u � 0 � η IÅI � (11.139)) 0f� x � u � w� J�0 u � 4 0

η � 6 � ucrit � 0 � η I �U� J�0 u � 0 � η IïI � (11.140)) 0f� x � u � w� J�0 u � 4 0
η � 6 � ucrit � 0 � η I � J η IÅI �¶) 0f� x � u � w� J�0f� 0 � η � η I �DC (11.141)

By “(ii) � (i)” of Lemma8.1.7, ' uw ( is J-critical for x.
5� Equation(11.132): This follows from (11.130)and (11.131)(the in-

equalityfollowsby takingw ) 0). ¡
Thefollowing resultfor “uncoupled”H∞ controlwasusedabove:

Lemma 11.7.3 Assumethat LF� 0��) U1 � W for someU1 £ U, D 	2JD2 - 0,1 D1u � D2w3 ) 0 for all u � U1 � w � W, εu / 0, and 1 D1u � JD1u3 � εu �h
 u 
 2U J
 B1u 
 2Zs J�
 D1u 
 2Ys � for all u � U. ThenD is J-coerciveiff D 	2JD2 � 0.

Proof: Since LF� 0� is a subspaceof U � W, U1 is a subspaceof U . Since
B2 'W ( £ Zs andD2 'W ( £ Ys, we have B2 �xEG�W� Zs � andD2 �ÎEG�W� Ys � , by
LemmaA.3.6 (sothatD 	2JD2 is well definedonW).

1� “Only if ”: If D is J-coercive, then,for eachnonzerow � W, thereis a
nonzerowI � W s.t. 1 D2wI � JD2w3 � ε I 
 w 
Ò
 wI 
 , whereε I is asin (8.12) (take
u ) 0). Consequently, thenD 	2JD2 � 0. by LemmaA.3.4(c1)(xi)&(c4)&(b1).

2� “If ”: AssumethatD 	2JD2 � , εwI . Givenu � U1 andw � W, wehave1 D ' u w ( � JD ' uw ( 3 ) εu �h
 u 
 2 J}
 B1u 
 2 J�
 D1u 
 2 � J εw 
 w 
 2 (11.142)� ε I �h
 u 
 2 J�
 w 
 2 J�
·' uw ( 
 2 J�
 B1u 
 2 J}
 B2 
 2 
 w 
 2 J�
 D1u 
 2 J�
 D2 
 2 
 w 
 2 �D�
(11.143)

whereε I : ) min O εu � εw
Q , from whichoneeasilyobtains(8.12). ¡

Notes
For finite-dimensionalWPLSs, the idea to first minimize w.r.t. u and then

maximizew.r.t. w is very old, althoughwe do not know any referencesto the
exact techniqueusedin this section.Seetheprevioussectionsfor applicationsto
WPLSs.
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11.8 The Nehari problem

If youthink theproblemis badnow, just wait until we’vesolvedit.

— Arthur Kasspe

In the Nehari problem, one wishesto determinethe norm of the Hankel
operatorπ � » π  of a given map » � TIC �W� U � , or alternatively, to find a
suboptimalapproximation , × 	 � TIC 	 �W� U � of

»
.

Given γ / 0, onehas 
 π � » π ó
 + γ if f inf Ø V TIC W U ZW Y 
 » J�× 	 
 + γ, i.e., if f

d � » � TIC 	 � + γ (or d � È» � H∞ � C  ; EG�W� U �U�U� + γ), by theNehariTheorem11.8.3.
As the theoremshows, onecanreducethe problemof finding suchan operator× to a co-spectralfactorizationproblem, and such a factorizationleadsto a
parameterizationof all solutions× of 
 » Ja× 	 
 + γ.

(Sometimestheproblemis formulatedsothat
»

belongsto MTI or someother
noncausaldecomposingclass.Thenonemayreducetheproblemto theaboveone
by replacing

»
with its causalpart

» � , where
» ) » �åJ »  ,

» � � » 	  � TIC.)
In this section,we take a very brief look at theaspectsof theNehariproblem

thatcloselyresemblethoseof thestableH∞ FICP.

StandingHypothesis11.8.1 ThroughoutSections11.8–11.9,weassumethefol-
lowing: Σ : ) � �  ! ¾ # � WPLS�W� H � U � is stableandγ / 0.

Recallfrom Definition 6.1.6thatany » � TIC �W� U � hasa realizationΣ (for
someH).

We shall show that the following conditions are equivalent (under some
additionalassumptions):

Definition 11.8.2 We define � : ) � I ¾0 I
# � TIC � U � W � , and we define the

following conditions:

(i) There is ×�� TIC � U � W � s.t. 
 » Ja× 	 
 � W L2 Y + γ (i.e., d � » � TIC 	 � + γ).

(ii) TheHankel norm 
 π � » π �
 ) ρ � ;¶; 	 < 	 < � 1ã 2 of
»

is lessthanγ.

(iii) TheI/O map � is co-minimaxJγ-coercive[Def11.4.1].

(iv) TheToeplitzoperator c : ) π ·� 	 J � π  satisfiesc 22 , c 21 c  1
11 c 12 � 0.

(v) TheI/O map � : ) � I ¾0 I
# � TIC hasa (co-spectral) factorization � 	 Jγ � )t

J1
t 	 with

t � t 11 ��� TIC.

Wehaveπ � » π  ) < ; , by Definition6.1.1,hence

ρ � ;¶; 	 < 	 < � 1ã 2 ) ρ � ; 	 < 	 < ; � 1ã 2 ) 
 < ; 
 ) 
 π � » π ó
 � (11.144)

by LemmaA.3.3(s2),LemmaA.3.1(c6)andDefinition6.1.1.Notethat ;N; 	 is the
reachabilityGramianand

< 	 < is theobservability Gramianof Σ. Exceptfor this
observation(andtheequalityin (ii)), our claimsonly concerntheI/O map

»
, not

therealizationΣ.
If �Ð� MTIC and dimU � W + ∞, or if �>� MTICTZ , then (i)–(v) are

equivalent:
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Theorem 11.8.3(Nehari) We have(v)� (i) � (ii) � (iii) � (iv). If U and W are
separable, then(i)–(iv) areequivalent.

If
� 	 ) R

�
R) � £ a TI,

» � � , and
� � U � W � admitsspectral factorization

(e.g., (α) or (β) of Theorem8.4.9holds),then(i)–(v) areequivalent.

If (v) holds, then all solutionsto (i) are the onesgiven by Theorem11.9.4
(if
» � � , then

t � � , by Theorem11.9.3,hencethenwe cantake ×Â� � , by
Theorem11.9.4,andall solutions×ª� � correspondto all parameters�×�� � , as
in Theorem11.3.6).

By “
� � U � W � admitsspectralfactorization”we meanthat if ��� � � U �

W � and π ��� π � is (boundedly) invertible on L2 � R � ;U � W � (this condition
is necessaryfor any

� £
a

TI), then � ) t 	 St for some
t �Â� TIC � U � W � ,

S �M��EG� U � W � .
Proof: 1� The first chain of implicationsfollows from Theorems11.9.4,

11.9.2and11.9.1andDefinition11.4.1.
2� Implication(ii) � (i) follows from Theorem11.9.2.
3� By 1� andTheorem11.9.3,(i)–(v) areequivalent. (From the proof of

Theorem8.4.9weobservethateachof assumptions(α) and(β) is sufficient for
the admissibilityassumption;obviously the former conditionis satisfied,i.e.,� £ a TI and � 	 � R� R� � for each��� � .) ¡
One observes directly from the definition that � is minimax Jγ-coercive.

However, wehavenousefor this fact.

Notes
Above, we have primarily givenfrequency-domainresults.Onetraditionally

alsoestablishestheconnectionto two particularRiccatiequationshaving nonneg-
ative solutions;see,e.g.,[IOW] for thefinite-dimensionalcase(bothcontinuous
anddiscretetime), [CZ] for thecasewith boundedB andC, and[CZ94] for the
caseof smoothPritchard–Salamonsystems.Theabove referencesonly treatthe
exponentiallystablecase;see[CO98] for WPLSswith ; ,

<
and � stableandB � C

bounded(but 9 possiblyunstable;notealsothat 9 couldbeallowedto beunstable
throughSections11.8–11.9).

For dimU � Y + ∞, theNehariproblemhasanextendedversion,theHankel
norm approximation problem, whose I/O form was presentedand solved in
[AAK] (the Adamjan–Arov–Krein theorem). An up-to-datestate-spacesolution
for exponentiallystableanalyticandPS-systemsis given in [Sasane](partially
alsoin [SC]).

Since the Nehari Riccati equationtheory doesnot follow from the theory
of Chapter9, we omit the state-spacepart correspondingto the above results;
it might be worth of a separatestudy (where resultssuch as Theorem8.3.9
shouldbe rewritten in this “noncausal”setting(e.g.,we have v 	 J v ) S, wherev : ) � t  	 � TIC $ TIC 	 in general)).Part of thestate-spacetheory(includinga
realizationof thespectralfactor)is givenin [SM], dueto Olof Staffans.

The resultsof this sectionare well known in the generalitytreatedin the
above references(excluding [SM]), and the implication “(i) � (ii)” is contained
in [Treil85] in theseparablecase.
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11.9 The proofsfor Section11.8

HOW TO PROVE IT, PARTS1–2:
Proofby intimidation: ’Trivial’.
Proofbyvigoroushandwaving:Workswell in a classroomor seminar
setting.
Proofbycumbersomenotation:Bestdonewith accessto at leastfour
alphabetsandspecialsymbols.

FURTHERPROOFTECHNIQUES:
Blatantassertion.
Changingall the2’s to n’s.
Mutual consent.
Lack of a counterexample.

Now wecanprove theimplicationscompiledinto Theorem11.8.3:

Theorem 11.9.1 (iii) � (ii).

Proof: We havec : ) π �¶� 	 J � π � )Á7 π  π  »» 	 π  π  » 	 » π  , γ2π  = � (11.145)

hencethe co-minimax J-coercivity of � is equivalent to 0 � π  » 	 » π  ,
γ2π  , » 	 π  » ) , � γ2π  , π  » 	 π � » π  � , henceto γ2π  � π  » 	 π � » π  � ,
henceto 
 π � » π ó
 + γ, by LemmaA.1.1(d). ¡

Theorem 11.9.2 Wehave(i) � (ii). Theconverseis true for separableU andW.

Proof: 1� “(i) � (ii)”: Becauseπ �N× 	 π  ) 0, we have
 π � » π �
 ) 
 π �À� » JR× 	 � π $
 - 
 » Ja× 	 
 (11.146)

for ×�� TIC, hence(i) implies(ii).
2� “(ii) � (i)”: By, e.g., the Theoremon p. 57 of [Treil85] (andTheorem

13.2.3),this is trueat leastin theseparablecase,and(in thesepablecase)we
alsohave that
 π � » π �
 ) inf%Ø W  Ä YúV H∞


 È» J È×¯
 ∞ ) infØ V TIC

 » Ja× 	 
 � W L2 Y ) minØ V TIC


 » Ja× 	 
 � W L2 Y C
(11.147)¡

Theorem 11.9.3 Assumethat
� 	 ) R

�
R) � £ a TI, that

» � � , and that� � U � W � admitsspectral factorization.Then(iii) implies(v) (with
t ��� � ).

Proof: Assume (iii). Then, by Lemma 11.4.2, π â� 	 J � π  ���EG� L2 � R  ;U � W �U� , i.e., π �¶� dJ ��� d � 	 π ���ª��EG� L2 � R � ;U � W �U� . Conse-
quently, thereare

t d ��� TIC � U � W � Ë � � U � W � andS ����EG� U � W � s.t.� t d � 	 St d ) � dJ ��� d � 	 , i.e.,
t

S
t 	 ) � 	 J � .
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By Corollary11.4.7,wecanhaveS ) J1 and
t

11 �M� TIC � U � . ¡
All solutionsto 
 » J�× 	 
 + γ aregivenby thestandardformula(cf. Theorem

3.2of [CO98]):

Theorem 11.9.4(All solutions) Let the I/O map � : ) � I ¾0 I
# � TIC havea co-

spectral factorization � 	 Jγ � ) t J1
t 	 with

t � t 11 ��� TIC (i.e., let (v) hold).
Then × 	 : ) u 	21 u  	22 ) , t  	11

t 	21 satisfies
 » Jx× 	 
 + γ, where u : ) t  1; in
particular, (i) holds.

Moreover, in that case, all solutionsto 
 » J2× 	 
 + γ [ - γ] are given by× 	 : ) × 	1 ×  	2 , 4 Ø �1Ø �2 6 ) u 	 4  Ø �I 6 , �×�� TIC and 
 �×Ö
 + 1 [ - 1].

Thus, all solutionsare given by × ) ×  1
2 × 1 (clearly a l.c.f.), � × 1 × 2 # )4 �× I 6 u , �×�� TIC and 
 �×¯
 + 1 [ - 1].

Proof: By Corollary 11.4.6,we have 
 t  1
11
t

12 
 + 1, therefore,the proof
of Theorem11.3.6applies,with substitutions×.%& × 	 , �×è%& �× 	 , t %& t 	 ,uÏ%& u�	 , 4 z 11 z 12z 21 z 22 6 %& 4 z �11 z �21z �12 z �22 6 , 4 | 11

|
12|

21
|

22 6 %& 4 | �11
| �21| �12
| �22 6 , × k %& ×Ã	k , �× k %& �×~	k ,� k %& � 	k � k ) 1 � 2� , �W� U � %& � U � W � andTIC %& TIC 	 (or TIC %& TI, since

causalityis notneededin theproof). ¡
(Seethenotesonp. 686.)


