Notation

Thouart a symbolanda sign

To Mortals of their fateandforce;
Likethege Manis in part diving

A troubledstreamfroma pure source;
AndManin portionscanforesee

His ownfunereal destiny

— Lord Byron (1788-1824),Prometheus”

We presenthere the notationusedin this monograph. For readability we
usesomeredundang. Seealso the standinghypothesegif arny) mentionedin
the beginning of eachchapter Any alternatve meaningsof thesesymbolsare
specifiedexplicitly .

For symbolswe only give their continuous-timesxplanations,seeTheorem
13.3.13for correspondingliscrete-timanterpretation.

For the correspondenceiith the notationusedby G. Weissand M. Weiss
(amongothers) seep. 166.

Brackets etc.

{xe X|P(x)}: Thesetof all elementsc of X for which P(x) is true.

{Xn}: This refersto a sequencepusuallyon N or Z, i.e., to (xn)5_o Of
(Xn)%):—ow

[S97Db, Section7]: A referenceto Section7 of [S97b] (seep. 1024 for the
bibliography)).[Rud73,p. 131]is areferencdo pagel3lof [Rud73],
and(1.16)is areferencdao equation(1.16)of thistext (seep. 29).

"% is[strongly/exponentially]stableif f Tis [strongly/exponentially]stable”: the
conditionsin bracletsareoptionalandcorrespondo eachother i.e.,
this saysthat“Z is stableiff 2 is stable”,“Z is stronglystableiff 2 is
stronglystable”,and"“Z is exponentiallystableiff = is exponentially
stable”, asin Corollary 6.6.9. Analogously “a € A iff a € B [and
a € C]” impliesthatboth“a € Aiff ae B” and“ac Aiff a€ B and
a€ C” hold.

f[X], fX:  f[X]is theset{f(x)|x € X}, when f is a function defined(at least)
on the set X; for linear f we may write fX. Specialcasesof this
are the imaginary axis iR andthe set L' := {f x | f € L1}; the
latter meansthe cornvolution operatorsdefinedby a L1 function, cf.
Definition 2.6.3;analogouslyN +1 = {1,2,3,...}.
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A WPLS (or awpls), seeDefinition6.1.1(or 13.3.1).

Thegenerator®f a WPLS (or awpls).

The WPLS (or wpls) generatedy [é}—g]; seeLemmas6.1.16and

6.2.9(a)andDefinition 6.2.3(or Lemmal3.3.3).

, [a,b), (a,b], (a,b): Theintenals{r e R|a<r <b}, {reR|a<r<b},
{reRja<r<b}, {reR|a<r < b}, respectiely.

f(t,2 >0(teR, ze C): Thismeanghatf(t,z) >0forallt € Randall ze C.

X Yy: The (sesquilinear)nnerproductof x,y € H in the Hilbert spaceH.

(% N)x x+: (% N)x xa: (X A)x xs:  Each of thesedenotesthe scalarAx := A(x)

(herex € X, A € X*). Thus, by (-,-)x x- We denotethe pairing

X x X* — K. The subindex d or B on H specifiesexplicitly how

themultiplicationin X* is defined see“Superscripts’p. F.3.

oA
OlmwOlmgls

—
o>

o
KoN

More non-letter symbols

Theplacefor theagumentof afunction;e.g.,e” denoteghefunction
t— e,

* In the place of an operatorthe asterisk (x) refersto unspecified
(irrelevant)entry, e.g., [ 2] mayhave ary right bottomentry; (J, *)-
inner means(J, S)-inner for ary S. Sometimest refersto anything
(possiblyvoid) thatis omitted..

TER® Thecorvolutionof pandf, seetheindex. By px we meantheoperator
f—pxf.

fog: The compositgfunctiont — f(g(t)).

A\ B: Theset{x € A|x¢ B} (or ANB°).

A:=B: Aisdefinedto beequalto B. Equivalentto “B =: A”.

S— 4o00: sisrealandsgoesto +; we oftenwrite co for +oo.

Xn =X “Xy = X weakly i.e., (X, y) — (X,y) for all y (seeLemmaA.3.1(h)-
)

f:Q — X: fisafunctionof Q into X; we may write, e.g., f : Q> s—
X0+ X3S° € X to specifyarule determiningf (s) for s€ Q.

u,n: Union, intersectionfespectrely; seeLemmaA.3.17 for the norm of
XNY.

A C B, B> A EithermeansthatA is a subsetof B (x € A = x € B; possibly
A=B).

ACB: This meansthat A C B and that this inclusion is continuous(see
p. 890).

AC B:  ThismeanghatAis an(algebraicjsubclasof B (Definition 6.2.4).

A+B: Theset{a+b|a€c A be B} (thisis aspecialcaseof f[X] abore);
seeLemmaA.3.17for correspondingiorm.

ADB: WhenA andB areclosedsubspacesf a BanachspaceandANB =
{0}, we denoteA+ B by A® B (cf. [Rud73]).

XxY: The Cartesianproduct {(x,y)|x € X, y € Y}. If X andY are
normedspaceswe usethe norm ||(x,Y)||xxy := (X% + [IVIZ)Y?;



if X andY are inner product spaces,we use the inner product

(6 Y), (4, Ny = X)x +(,Y)y; useinductionfor [g_; Xk :=
X1 X X X -+ - x Xn. Finally, X" := [i_, X. Seealsop. 870.

Jo fdm: The Bochner(i.e., Lebesguejf f is C- or C"-valued)integral (see
p.927)of f overQ w.r.t. the Lebesguaneasuran.

$,W SeeTheoremF.2.1,p. 1011.

3, &: “3” means‘exists”, “&” means‘and”.

JAL: “Thereexistsa boundednverseof theoperatorA” (in particular A is
one-to-oneandonto).

(s—A): (s—A):=sl—A whense C (seeLemmaA.3.3andSectionA.4).

0Q: 0Q := QN QFisthe boundaryof thesetQ.

f|A: Therestrictionof the function f on the setA (we write just f when
thereis norisk of confusion).

xLy: Thismeanghat(x,y) = 0; if Sis aset,thenx L Smeanghat(x,y)=0
forally € S similarly for S1 xandS_L S.

|- Ix: Thenormon spaceX (see‘Functionandoperatorspaces’donp. 1045
for mostX’s).

|All3u,y): Thestandardperatomorm||Al|zy y) := SUPy, |, <1 ||AUllv; notethat
|All = /maxa(A*A), by Theoreml1.28cof [Rud73],if U andY are
Hilbert spaces.

|ID)|: If D e TI(U,Y) (seebelow), this refersalwaysto the TI(U,Y) norm
D1 = |IDl| g(L2(Ru),L2(R:))» NOtEO D] 2, evenif D € 4, where4
Is asubclas®of TI.

- lp: | llp:= 1| - |Le; in particular ||X|| p := ||X||e whenx is asequence.

f>o0: This meansthat f(q) > g(q) for all g in the (common)domainof f
andg, when f andg arescalarfunctions.

A>B: iff B< Aiff A= A", B=B* and(x, (A—B)x) > 0for all x (if AandB
arelinearoperators)seealsop. 872.

A>B: iff B< Aiff A= A*, B=B* and(x, (A— B)X) > 0 for all x# 0.

A>B: iff B< Aiff for somee > 0 we have ((A—B)x,X) > ¢||x|| for all x;
seeLemmaA.3.1(b1)for more.

$,Q: Cayley transformgDefinition 13.2.2).

Bold letters

R, Ry, R_: R:i=(—o,0), Ry :=[0,0),andR_ := (—,0].

iR:

iR = {it|t € R}; we considerthe differentiation, the Lebesgue
measuren etc.for f : iR — U asthosefor f(i-):R - U.

C, Q, Z, N: Thecomple/rational/intger/naturahumbersyespectrely; N :=

K:

{0,1,2,...},Z2_:={-1,-2,-3,...}.

“The field of scalars”;outsidethe appendicesve have K = C. In
generalthe resultsin the appendiceslso hold for K = R (seethe
beginning of eachappendixor sectionof anappendiXor exceptions).



D: TheunitdiscD := {z€ C| |z < 1}, hencedD = {z€ C| |z = 1} (the
unit cirle) andrD = {rz|ze D} = {ze C||z] < r} forany r > 0.

Ch, Ct: Cfi={se€C|Res>w}, Ct:=C{.

Cy C1 Cui={seC|Res<w}, C =Cj.

C3,Cap: Cyi={seC|ReseJ}, Cap:=Cap ={s€ Cla<Res<b}.

Ctu{w},iRU{wo}: Seethefootnoteonp. 72 for correspondingopologies.

A: Reflectionaroundtheorigin: (Au)(t) := u(-t), p. 782.

A 1 Theshifted(discrete-timeyeflection: (A_1x)i ;=X 1, p. 782.
Superscripts

BA: Thesetof functionsA — B.

f: Thederivative of f; seepp.918and961.

a: the complex conjugateof a whena € C.

Q: Q is theclosureof thesetQ.

St The set {x|x L S}. By Section4.9 of [Rud86], this is a closed
subspacef theunderliningHilbert space.
TheLaplacetransformof u, i.e.,U(s) := [z e"Su(t) dt; seeDefinition
D.1.6. If uis considerecasan elementof L}(R; X), then( is often
consideredhsafunctionw+ iR — X; this function(restrictionof Gto
w+iR) is calledthe Fourier transformof u. In discretetime,* stands
for the Z-transformp. 782, for signals;see“D” below for operators.
The Laplace(or Fourier) transformof the (possibly vectorvalued)
measureqy, seeLemmaD.1.12.
The transferfunction, (symbol, either “Laplace” or “Fourier” trans-
form) of D, whenD € Tl (seeTheorem®.1.2and3.1.3).In discrete
time, seeLemmasl3.1.5and13.1.6instead.

]/B\%,@: SeeTheorem6.2.11(or Lemmal3.3.6in discretetime).

Theset{f| f € ¥} if Visaset.

S A B C DK, F: The partially-closed-loopsystem(statefeed-

backthroughfirst inputonly), pp.614—616.

AY2 = \/A: The(nonngative) squareootof A (LemmaA.3.1(b4)).
AL Theinverseof A.
YX1, X-1Y: Sometimes mapwith coprimeinternalloop, Definition7.2.11.
A_*,A_di A—* = (A*)_l — (A_l)*, A-d-— (Ad)—l — (A—l)d_
X*, X9 XB xH:  Adjoint, sesquilineaadjoint (oftenw.r.t. a pivot spacen L2,
contexts we useL? asthe pivot space;in statecontects we usethe
statespace(usuallyH) asthe pivot space)(bilinear) Banachadjoint
and (sesquilinearHilbert adjoint of X, respectrely, when X is an
operatoy and the correspondingdual space,when X is a hormed
space. The meaningof ()* dependson the context; in pivot space
contexts (this is usuallythe caseoutsidethe appendicesit standsor
theHilbert adjointw.r.t. the pivot spacethus,we follow the standard
convention in infinite-dimensionalcontrol theory If X is a set of
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operatorsthenX* = (-)*[X],i.e., X*={T* \ T € X}, etc. Seepp.896—
899for detailsandDefinition6.1.17for amainapplication.Moreover,
(-)¥ alsohasan alternatve meaning(“causaldual”) for systemsand
theircomponentsseebelow.

B*,C*,D*,E*: This is explainedabove (Hilbert adjoint w.r.t. the pivot space
L2 (or w.r.t. £2 in discretetime)). See(6.2) and Definition 2.1.4for
details.

>d A9 B4 9. Dd:  (Causal)dual systemor map. SeeLemmas6.1.4and3.3.8
for continuoustime, and Proposition13.3.5and Lemma13.1.8for
discretetime.

De: ]f)d(s) =Dd(s) = ]15(5)*; seeLemmas3.3.8and13.1.8.

Xnxm: The setof matriceshaving n rows andm columnsandelementdrom
X: cf. (A.1). WesetX" := X1,

EC: Thesetof elementghatdo notbelongto E (complement

E°: Theinterior of E (p. 867).

2°,27,D°,DP,...: The open and closedloop dynamic feedbacksystemsor

maps.SeeDefinitions7.1.1,7.2.1and7.3.1..
T. T
[A B : Thetranspose{gT} of [A BJ.
ALBLCLD: A" = A(t), B = By, C' =T C, D' = T D) See
(6.5).
Furtherusesof superscript@representedn “Functionandoperatorspaces”,
p.1045.

Subscripts
2y An outputinjectionclosed-loopsystemof Z; seeDefinition 6.6.21.
>, = [% 1%}: A (state feedback)closed-loopsystemof Z; see Definition
b
6.6.10.
Sy = [1%0 JEQO]: The closed-loop system correspondingto a solution
O

(?,S [ K | F ]) of theRiccatiequation.

Acri . .
>crit = [cccr;} . A J-critical controlin WPLSform; seeTheoren8.3.9.
rit
2 ,A ,B,.... Staticfeedbackclosed-loosystemandmaps(Proposition$.6.2
and6.6.18).

Hi,H 1, H{,H*{,Hg,HE, HE - SeeLemma6.1.16andDefinition6.1.17.
Ce, D¢: A compatiblepair; seeDefinition 6.3.8.
. d ng, Df
. . _ D D |7 [P Vio
Dy: Dy := DY whenD is a one-blockoperator; [Dzi DZJ = [D‘z’l D‘ﬂ
(seealsop. 740).

24,Aq,Bq,Cq:  Seep. 740.
XR: Thecomple vectorspaceX asarealvectorspacglLemmaA.3.21).



Cs,Cw,CLs,CLw: ThestrongYosida,weak Yosida,strongLebesgueandweak
Lebesgueextensionsof C; e.g.,CyXo := W-limg_, ;o S(S— A)Xo; See
Proposition6.2.8for details.

Uy: The setof admissiblecontrols,seep. 614 (or p. 681).

U, Uout, Usta, Ustr, Uexp:  Various setsof admissiblecontrols (see Definition
8.3.2andHypothesi®.0.1).

[ Ku | Fy },[%ﬂ Preliminarilystabilizingstatefeedbackandoutputinjection
pairs,seep. 737.

NU,MIU,N;,MI,: Partsof a preliminaryd.c.f.,seep. 713or p. 737.

2X,2v,27,2pd, 2. Seep. 744,744,747 (or 762),747or 753,respectiely.

Furtherusesof subscriptsare presentedn “Function and operatorspaces”,
p.1045.

Miscellaneous letters

Capitalletters(A,B,C,D,...) often denotethe generatorggeneratingoperators)
of the correspondingnaps(A, B, C,D,...), asin the third andfourth explanation
below.

4,4,  In Chapterl0 (resp.Chaptersl1 and 12), the symbol 4. (resp.4)
standsfor MTIC or somethingsimilar; seethe standinghypotheses
mentionedat the beginningsof thesechaptergseeTheorem8.4.9for
suitableclasses).

ABu € L1([0,1);H): SeeSection6.8.

A,B,C; Hy,H_1,H,H*;; Hg,HE; B*,C*: SeelLemma6.1.16 and Definition

6.1.17.
D: Thefeedthrougloperatorof D. SeeDefinition6.2.3.
Dj: The jth partialderivative; seeDefinition B.3.3,p. 918.
DY: Seep. 950.

D(x,r):  Thedisc{y|d(xy) <r}.
d(x,y):  Thedistanceal(x,y) := ||x—Y|| whenx andy belongto anormedspace.
d(x,A):  Thedistanceinfacad(x,a) whend is a metric (seeSectionA.2 for

metrics).

e’ e = S oX</k whenx is an elementof a Banachalgebra(e.g.,
x € C).

e Thevectorg, .= Xk} thus, {e}kez is the naturalorthonormalbasis
of £2(2).

F TheFouriertransform(not always).

F(D,Q): The*“lowerlinearfractionstransformation’of D andQ, i.e.,themap
w— zof Figure7.8or of Figure7.10;see(7.64)or (7.98,respectiely
(or Definition 7.3.1or Lemmal2.3.2).

G: Theset(group)of invertibleelementge.g., GB(X,Y)).
Hg,Hc:  Thereachabilityandobsenrability subspacg€Definition 6.3.25).
H,U,W,Y,Z: Oftencomple Hilbert space®f arbitrarydimensions.



x,U,w,y,z. Oftenu (resp.[]) denotesgheinput, X thestate xg theinitial stateand
y (resp.[{]) theoutputof asystemseeFigure6.1andDefinition6.1.5
(resp.Figure7.9andDefinition 7.3.1).

[ K| F],Zex,%,: SeeDefinition 6.6.10(statefeedback).

[%] .24, Z1oral. - SeeDefinition 6.6.21(outputinjection).

l: Theidentity operator(lx denotegheidentity on X).

i: Theimaginaryunit (i = v/—1).

¥ Y=o 3.

7,J: The costfunctionandthe costoperatoyrespectiely. SeeDefinitions
9.1.3,8.3.2and8.1.3.

£, Ls, Lw: Thelaplacetransform(weak,strong);seepp.969andF.3.1.

P—,PB—,(P),(PB): SeeDefinitions9.1.5,9.8.1,9.8.4and14.1.1.

P. Oftenasolutionof theRiccatiequation.SometimegheJ-critical cost
operator? := CZ;; JCerit (TheorenB.3.9(b1)).

(?,SK), (2,S[K | F]): A solutionof the Riccati equation. SeeDefini-
tions9.1.5,9.8.1,9.8.4and14.1.1.

Q,R: Definition 8.3.2andHypothesi®.0.1(andHypothesisl4.0.1).

T Thestability shift (Remarks2.1.6,6.1.9and13.3.9).

Uus: The setof admissiblecontrols(seeDefinition 8.3.2 and Hypothesis
9.0.1).

U, The setsof admissibleinputs and outputs,respectiely; seeDefini-

tions8.3.2and8.1.3.
YS)Y,Z:  SeeHypothesisB.1.1(Sections8.1-8.20nly).

Z5 7Y Thesetsof stableandunstablestategseeDefinition 8.3.2,Hypothesis
9.0.1andHypothesisl4.0.1).

Z: TheZ-transform:(2u)(2) := ¥ jez Zuj (p. 782).

Greek letters

B,y,C: SeeHypothesiN.5.1(SectionHV.5and9.6only).

Y. A fixedpositve numberin Chaptersl1 and12.

O The point massatt € R; &« f := f(-—t) = 1(—t)f, whenf is a
function.

AKZ,AS: DiscretizationoperatorsSection13.4.

€y SeeHypothesisl1.2.1(Chapterll only).

O SeeDefinition 8.3.2.

K: SeeSectionsl0.3and15.2.

! (tTyu)(s) ;== u(s) if se Jand(mu)(s) :=0if s¢ J, i.e., (Tyu)(-) ==

X3()u(-). HereJ is a subsetof R. This operatoris usedboth
L2(R;U) — L?(R;U) andL?(R;U) — L?(J;U).

T, L. T i=TR, andTL (=TR_.

T Tt =Ty, T = | — 71" (Section13.1).

o,4%:  fi=rme i, e f =z o1



M SeeDefinition 2.6.3.

Mn: A product(of numbersor sets;cf. “X x Y” above).

p(A): The spectralradiusp(A) := sup{|z| |z € 0(A)} = liMiye ||AK]| V5 =
inf_ye ||AX[|Y/K < ||A]| of A (seeLemmaA.3.3(r1)).

a(A): ThespectrunC\ {A € C|3(A —A) 1} (seepp.871,882and901).

>=[2[B]: A WPLS(or awpls). SeeDefinition 6.1.1(or Definition 13.3.1).

> A sum.

1(t): Thebilateraltime-shiftoperatort (t)u(s) = u(t + s) (thisis aleft-shift

whent > 0 andaright-shiftwhent < 0).

@cayly; Ponyle:  The Cayley function @eayig(s) = 155 = el (S) (Lemma

13.2.1).

X3 The characteristidunction of the setJ, i.e., X;(s) :=sif s€ J and
X3(s) :=0if s¢ J.

WA Thegrowth ratews := infso[t ~log||A(t)||], whenA is theinfinitesi-

mal generatoof asemigroupA. Notethatwa > supRea(A).

Function and operator spaces. generic notation

When v equalsB, BC, *TIf or tii, we use someor all of the following

corventions:

V(X), V: WesetV(X) := V(X,X). We write just 7 whenwe do not wish to
specifyX andY; e.g.,"ST € B” meanghatSandT arelinearand
boundedbut they neednot have samedomainandrangespaces).

GYV: This standsfor the set of invertible (in 7’) elementsof 7/, e.qg.,
GV(X,Y) ={T € V(X,Y)|ST =1Ix & TS= Iy for someSe
VY, X)}.

Vio: This standgor theunionof 14, for all w.

Vexp: Thesetof “exponentiallystablefunctionsof type 7.”. We setVep =

U0V (resp. Vexp = Uw<1 M) if W, is definedfor all w € R (resp.
for w > 0 only).

When V' equals(s, L%, £5, HE or Wi, we usesomeor all of the following
corventions:
V(J;Y):  Functions] — Y of type V; we set?(J) := V(J;K). We write just
7V whenwe do notwishto specifyJ andY.

GYV: This standsfor the set of invertible (in 7’) elementsof 7, e.qg.,
GV(3Y)={feV(3Y)|gf =1 & fg=1forsomege V(J;*)}.
Vo This standgor the unionof 7/, for all .

SUR <1 IF Xl
Vyeak YealJ; B(X,Y)) := {F|AFx € VY(J) for all x € X, A € Y*},

IF N9}y = SUR <, fiAfly+ <2 IAF Xl
(The strongandweaknormsabove becomeboundedn our applicationsdue

to the Uniform BoundednesBrinciple,LemmaA.3.4(01).)



We often omit the subinde (if any) correspondindo the weight function if
the weightfunctionis the constanffunction 1 (e.g.,£P = £5, LP = L{, TI = Tlo;
notethatthis doesnotapply“WPLS” or “wpls”, which equalWPLS, andwpls,,
respectiely).

If fe Y, ge v,y andf = g ontheintersectionof their domains,thenwe
identify f andg. (Then f andg arethe uniqgueelementsof 1, and 7,y having
thatrestrictionon the intersection.For «TI} (andti;, seeTheorem13.3.13)this
factis shavnin Remark2.1.9.SeeLemmabD.1.2(e)for the H} identificationsfor
L%, £ andW? thisis trivial.) We usedthis identificationin the definition of 7/,
and Vexp.

Function and operator spaces

AP(R; X): Thesetof almost-periodidunctionsR — X (seep. 957).

B(X,Y): Thesetof boundedinearoperatorsX — Y.

BC(X,Y): Thesetof compactinearoperatordrom X into'Y (p. 871).

GB+ BC: SeeLemmaA.3.4.

C(J;X):  Thesetof continuoudunctionsJ — X; seep. 918for moreon ;.
C*(3;X):  Thesetof k timescontinuouslydifferentiablefunctions f € C(J; X);

C* = Niken C*; we male similar definitionsfor the subspacesf ¢
definedbelow.

(b(J;X):  Thesetof boundedcontinuousunctionsf € C(J; X); if J is anopen
or closedsubsebf R" or aninterval, then (,(J; X) is aBanachspace
with supremummorm,and (, and (p areclosedsubspacesf (.

Gou(J; X): Thesetof boundedanduniformly continuoudunctionsf € C(J; X).

(o(J;X):  Thesetof functionsf € C(J; X) vanishingatinfinity (i.e.,for all€ > 0
thereis acompactk C Js.t.||f(t)||x < € fort € J\ K); seeLemma
B.3.4.

Ce(J;X): The set of compactly supportedfunctions f € C(J;X) (note that
Ce(J; X) € Go(J; X)).

CZ(J;X): Thesetof compactlysupportedunctionshaving continuousderiva-
tivesof all orders;seealsoTheoremB.3.11.

Cc, Co: finite andvanishingsequencesgspectrely. Seep. 919.

H(Q;X): HolomorphicfunctionsQ — X (Appendix D); note that suchfunc-
tionsareidentifiedwith their holomorphicextensions.

H*(Q;X): BoundedholomorphicfunctionsQ — X with supremummorm.
HP,HP:  SeeDefinition D.1.3, p. 964; for discretetime (on rD), seeLemma

D.1.15,p. 977.

Htrong Hetrongeo:  SeeDefinition F.3.1,p. 1017.

2P, 4P By /P wedenotd_P w.r.t. thecountingmeasureWhenu is asequence,
we set |[u|p := ||u||¢; thus, then ||u||B = Sklu|P (1 < p < ),

|lulle = SUR[|uxl[- Finally, [[ullgp == [Irullp = |(r *ug)|lp (r > 0).
Ei,é%c,élfgai, cc. SeeSection13.1,p. 781.



L(J;X):  Thesetof (equivalenceclassef) (uniformly) Bochnermeasurable
functionsJ — X (p. 911).

LstrongJ; X); Lweak(J; X): Thesetof (equivalenceclasse®f) strongly; weakly
measurabléunctionsJ — X (p. 998).

LP(J;X): TheBanachspaceof (equivalenceclassef) X-valuedLP-functions
onJ. Thus,||f||Lr := || || p, Wwhere|| f || := esssup]| f||x and||f||p :=
I fllLe = (f5]1 FII% dw)Y/P whenl < p < «; seealsoDefinition B.3.1.

LP(raD;X): Herewe identify raD with [0, 2m) throughré; cf. LemmaD.1.15.

L2(J;X): The Banachspaceof (equivalenceclassesof) measurabldunctions
frd—= Xst|fllp:=l€”|lp <« (we musthave J C R). Thus,
LP =L§, ande” becomesanisometricisomorphismLP — L{. See
Definition D.1.3.

LP.(3;X): The setof (equialenceclassesof) functions f : J — X s.t. f €
LP(K;X) whenerer K C J is compact;herel < p < . Note that
LPcLP.CLi. (andLf C Lf. wheneerd C R). SeealsoDefinition

B.3.1.

L2(3;X); L2 o0 ThesetUuerLZ(J; X); LT o 1= LE (R4 %).

L2(3;X): Theset{ue LP(J;X) \ u=0 (a.e.)outside[—T,T) for someT > 0}
(i.e.,theLP(J; X) functionswith acompactessentiakupport).

L &rong L SeeDefinition F.1.4,p. 1002.

Wealc.
S(R;X):  Thespaceof rapidly decreasindunctions,p. 978.
W('f;p(J;X),Wg:E),...: The Sobole spacesof k times weakly differentiably

L5(J,X) functions.SeeSectionB.7.
If f is aX-valuedfunctiondefinedon a subintenal J of R, we oftenidentify
f with its extensiont; f having the value zero outsideJ. We use the same
symbol 1y both for the embeddingoperatorfrom J — X to R — X andfor the
correspondingrojectionoperatofrom R — X to J — X. With thisinterpretation,
T L2(R;X) = L2(Ry;X) € L2(R; X) andT_L2(R; X) = L2(R_; X) C L?(R; X),
etc.

Classes of time-invariant maps

Seealso Chapter2 for TIx, Sectionl13.1for tix and Section2.6.3for the other

classes.

4,4,:  In Chapterl0 (resp.Chaptersl1 and12), the symbol 4. (resp.4)
standsfor MTIC or somethingsimilar; seethe standinghypotheses
mentionedat the beginningsof thesechaptergseeTheorem8.4.9for
suitableclasses).

Tlw(U,Y): The (closed)subspacef operatorsD € B(L2(R;U);L2(R;Y)) that
are time-invariant (i.e., T(t)D = Dr(t) for all t € R). TI := Tly,
Tleo := Uger Tl

TIP, TIP, TIX%:  SeeTheorem3.1.5.

TIQ, Cow: Seep. 92.



TICw(U,Y): The(closed)subspacef operatordD € Tl,(U,Y) thatarecausal
(i.e., T D, = 0). TIC := TICq, TICw := UweRTICq, TICeqp :=
Uw<0TIC.

CTI,CTIC,CTI%ZC,CTIC3C: Classe®f TIC operatoraving continuougrans-
forms(Definition 2.6.1).

MTI;,MTIC;, SMTI;,SMTIC}: Classesof TIC. operatorsthat are convolu-
tionswith certainkindsof measureg¢Definition 2.6.3).

MTIx,MTICx: Certainkindsof measuresvith valuesin X, seeLemmabD.1.12.

tiy,tic;:  Discrete-timeclassesseeDefinition 13.1.1,p. 783.

Abbreviated symbols

cardA:  Thecardinality of A (see,e.g.,Definition 151,p. 275of [Kelley]). It
sufficesto know thatcardA < cardB iff thereis a one-to-ondunction
of A to B (equialently, a function of B onto A). Consequently
cardA = cardB iff cardA < cardB andcardB < cardA (equivalently,
thereis a one-to-onanapof A ontoB); seee.g.,[Kelley] for details.
SeealsoLemmaB.2.2.

det A: Thedeterminanbf the matrix A.

diag(/A,B,C): the diagonal matrix [@ % §] with diagonalelementgor blocks)
A, B andC.

dim(H): thedimensiorof theHilbert spaceH = the cardinalityof anarbitrary
orthonormabasisof H (LemmaA.3.1(al)).

Dom(T): Thedomain(of definition)of the operatorT .

esgange: EssentiatangelemmaB.2.7.

essupessnf:  Essentiabupremumessentiainfimum. Seep. 909.

Ker(T):  ThekernelKer(T) :=T ![{0}]:={ueU|Tu=0}, whenT :U .

Leb(f):  Thesetof Lebesguaointsof f (p.942).

log: Logarithmwith baseexp.

RanT): TherangeT[U]:={T(u)|ueU}, whenT :U =Y.

Re Im: Realpart,imaginarypart(Re(x+1y) = x, Im(x+1iy) = yfor x,y € R).

span: sparE == {y"_oajxj[neN, ajeK, x; €E (j=0,...,n)}.

supinf,max min: Supremuminfimum, maximum,minimum,respectrely. Re-
call from [Rud86]thatinf @ := o0, SUpD = —co.

suppf: Thesupportof f = the closureof {t| f(t) # 0}.

suppE:  Thenonzeroatomsof E (Definition 2.6.3).

w-lim,s-lim,lim: “lim” meansthe limit in the standardtopology which for
operatorgs the uniform (i.e., norm) topology “s-lim” and“w-lim”
referto strongandweaklimits, respectrely. E.g.,if F : R — B(H),
whereH is a Hilbert space,thenw-lims_, . F(S) = A meansthat
F (s)x— Axweaklyfor all x € H, ass — +oo; cf. LemmaA.3.1(h)—(j).



Glossary

We shouldhavea greatmanyfewer disputesn theworld if onlywords
were takenfor whatthey are, the signsof our ideasonly, and not for
thingsthemselves.

— JohnLocke (1632—-1704)

If T € B(H1,H2), whereH; and Hy are Hilbert spaces,then we use the
following termsfor T (partially valid alsofor moregenerafunctions):
one-to-one = injective i.e., Tx=0<« x= 0 (for all x € H1). Equialentto
“coercive” if dimH7 < .

coecive || Tx|| > ¢||x|| for all x € Hy,i.e., T*T > 0=left-invertible= T* is onto
= full columnrank (if matrix).

onta T[H1] =Hy,i.e., TT* > 0=surjective=right-invertible= T* coercve
= full row rank(if matrix).

invertible = boundedlyinvertible = bijection= one-to-oneandonto.

countablyinfinite: A setis countablyinfinite if it hasthe samecardinalityasthe
setN, i.e.,if thereis aone-to-ondunctionof N ontothis set.

countable A setis countableif it is finite or countablyinfinite; otherwiseit is
uncountable

finite-dimensionalectorspace A vectorspacespannedy a finite numberof
vectors.

finite-dimensionalfunction A vectorvalued function whose valueslie in a
finite-dimensionasubspacef therangespace.

finite-dimensionalsystem A systemwhose input, state and output spaces
are finite-dimensional. Recall that a transferfunction hasa finite-
dimensionatealizationiff it is rational.

finite-dimensionatheory. This refersto the theory of finite-dimensionalsys-
tems.

classicaltheory. This refersusuallyto finite-dimensionatheory (equialently,
to thetheoryof rationaltransferfunctions).

timedomain Thisrefersto R or R, asthetime horizon. Theinput, outputand
statesignalsin control systemsarefunctionsof time, with domainR
or R.. Thus,their Laplace(or Fourier) transformsare definedon a
subsebf C; by frequencydomainwe referto suchsubset®r to (apart
of) C asthedomainof the agumentof thesetransformedunctions.

state-space State-spacdheory refersto theory on systems(where one can
also speakof the state,not just on input and output) in contrastto
I/O-theory or frequency-domainheory, which ignoresthe internal
structureof systemsandtreatsl/O mapsinsteadof systemgcompare
this to the two definitions of admissiblecontrollersin Definition
7.1.1). Thus(dueto historicalreasons);frequeng-domain” hastwo
meanings: the first refersto working with Laplacetransforms(as
opposedo time-domain),andthe secondto working with 1/0 maps
or transferfunctions(asopposedo state-space).



discretetime  Thisrefersto time domainZ or N in placeof R or R, asopposed
to continuoudimetreatedabove, seePart V.

discretepart: Thediscretgatomic)partof ameasurés explainedin Section2.6.

map A mapmeansa function. However, for mostof thetime, we resere
theword mapfor the “integral operators”suchas A, B, C andD in
Definition 6.1.1. SeeDefinitions7.2.1and7.2.11andLemma7.2.7
for mapswith internalloop.

well-posed An I/O mapis well posed(or prope if it isin TIC,. A transfer
functionis well posed(or proper)if it isin Hg, i.e.,if it is boundedn
someright half-plane.(By Theorem2.1.2,an1/O mapis well posed
iff its transferfunctionis well posed.) Lemma7.2.7 shavs whena
mapwith internalloopis well posed.

stable A function (signal)u € L2 is calledstableiff u € L2. A mapfrom
vectorsor signalsto vectorsor signalsis calledstableiff it is bounded
w.r.t. to the standardhorm for vectorsandthe L2 norm for signals;
seeDefinition 6.1.3for details. In discrete-timea function (signal;
actuallysequencel is calledstableiff u € £2; seeDefinition 13.3.1

for the stability of discrete-timemaps

singular. A controlproblemis oftencalledsingularif the mapfrom the control
to the outputis not coercve (or I-coercve over €}); otherwiseit is
nonsingular Most controlproblemsn theliteraturearenonsingular

superfluous An assumptions saidto be superfluousf the claimsaretrueeven
without the assumptior(*and n < 7” is superfluousn “if n> 1 and
n < 7,thennis positive”).

redundant As assumptions saidto be redundantf it is implied by the other
assumptiong‘andt = |t|” is redundanin “if t > 1 andt = |t|, then
2> t7).

greatest If 4 C B(H), thenA € 4 is thegreateselementof 7 iff A> A’ for
all A € 4 (iff —A is the smallestelementof 4). RecallthatA € 4
is maximaliff A< A’ € 2 = A= A’. Obviously, agreateselement
mustbeuniqueandmaximal,whereasa maximalelemenneednotbe
uniquein general.

Abbreviations

a.e: almosteverywhere(or “almostevery”)
iff: if andonly if
1/O: input/output(“from inputto output”)

p., pp- pagepages
rc.l.c.,d.c.,p.rc,p.l.c.,qg.rc.,qg.l.c. SeeDefinition6.4.1.
rc.t,l.cf,d.ct,prct,p.lct, grcf,qglctf: SeeDefinition6.4.4.
S.t: suchthat

W.I.t.: with respecto



w.l.o.g:  withoutlossof generality

Acronyms

Bj,-CARE: CertainsimplifiedRiccatiequationseeDefinition9.2.6

[e]CARE; [e]DARE; [e]IARE: Riccatiequations.SeeDefinition9.8.1;14.1.1;
9.8.4.

[e]CARI; [e]DARI; [e]IARI:  Riccatiinequalitiesseetheindex.
FICP: Full-InformationControl Problem;seeChapterll (or Section10.4).
LOR: LinearQuadraticRegulator seeChapterl0.

SF: StateFeedbackseeDefinition 6.6.10(sometimeghis refersto pure
statefeedbackwherethefeedthroughterm(the“F” of [ K | F ]) is
zero,seeDefinition 11.1.2).

SpF: SeeDefinition 8.4.6,p. 384
*TI%, xTICE, tif, tic;: See“Classesf time-invariantmaps”,p. 1046
TVS: TopologicalVectorSpacgp. 870).

WR, WLR, WVR, WHPR, SR, SLR, SVR, SHPR,UR, ULR, UVR, UHPR:
Differentformsof regularity. SeeDefinition 6.2.3;seealso“regular”
in theindex.

WPLS,, SOS SeeDefinitions6.1.1and6.1.3.

wpls,, sos: Classe®f discrete-timesystemsSeeDefinition 13.3.1.



