
Notation

Thouart a symbolanda sign
To Mortalsof their fateandforce;
Like thee, Man is in part divine,
A troubledstreamfroma puresource;
AndMan in portionscanforesee
His ownfunereal destiny.

— Lord Byron (1788–1824),"Prometheus"

We presenthere the notationusedin this monograph. For readability, we
usesomeredundancy. Seealso the standinghypotheses(if any) mentionedin
the beginning of eachchapter. Any alternative meaningsof thesesymbolsare
specifiedexplicitly.

For symbolswe only give their continuous-timeexplanations,seeTheorem
13.3.13for correspondingdiscrete-timeinterpretation.

For the correspondencewith the notationusedby G. Weissand M. Weiss
(amongothers),seep. 166.

Brackets etc.�
x � X �� P � x��� : Thesetof all elementsx of X for whichP � x� is true.�
xn � : This refers to a sequence,usually on N or Z, i.e., to � xn � ∞

n� 0 or� xn � ∞
n�	� ∞.

[S97b, Section7]: A referenceto Section7 of [S97b] (seep. 1024 for the
bibliography)).[Rud73,p.131] is areferenceto page131of [Rud73],
and(1.16)is a referenceto equation(1.16)of this text (seep. 29).

”Σ is [strongly/exponentially]stableif f 
Σ is [strongly/exponentially]stable”: the
conditionsin bracketsareoptionalandcorrespondto eachother, i.e.,
this saysthat“Σ is stableif f 
Σ is stable”,“Σ is stronglystableif f 
Σ is
stronglystable”,and“Σ is exponentiallystableif f 
Σ is exponentially
stable”, as in Corollary 6.6.9. Analogously, “a � A if f a � B [and
a � C]” implies thatboth “a � A if f a � B” and“a � A if f a � B and
a � C” hold.

f � X ��
 f X: f � X � is theset
�

f � x���� x � X � , when f is a functiondefined(at least)
on the set X; for linear f we may write f X. Specialcasesof this
are the imaginary axis iR and the set L1 � : � �

f � �� f � L1 � ; the
latter meansthe convolution operatorsdefinedby a L1 function, cf.
Definition2.6.3;analogously, N � 1 � �

1 
 2 
 3 
�������� .
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1038 NOTATION��� �� ��� : A WPLS(or a wpls),seeDefinition6.1.1(or 13.3.1).�
A B
C D

� : Thegeneratorsof a WPLS(or awpls).�
A B
C D � : The WPLS (or wpls) generatedby

�
A B
C D

� ; seeLemmas6.1.16and
6.2.9(a)andDefinition6.2.3(or Lemma13.3.3).� a 
 b��
�� a 
 b� 
!� a 
 b��
�� a 
 b� : Theintervals

�
r � R �� a " r " b � , � r � R �� a " r # b � ,�

r � R �� a # r " b � , � r � R �� a # r # b � , respectively.
f � t 
 z��$ 0 � t � R 
 z � C � : Thismeansthat f � t 
 z�	$ 0 for all t � R andall z � C.%
x 
 y& H : The(sesquilinear)innerproductof x 
 y � H in theHilbert spaceH.%
x 
 Λ& X ' X ( 
 % x 
 Λ& X ' Xd 
 % x 
 Λ& X ' XB: Each of thesedenotesthe scalar Λx : � Λ � x�

(here x � X, Λ � X ) ). Thus, by
%�* 
 * & X ' X ( we denotethe pairing

X + X )-, K. The subindex d or B on H specifiesexplicitly how
themultiplicationin X ) is defined,see“Superscripts”,p. F.3.

More non-letter symbols*
: Theplacefor theargumentof afunction;e.g.,eω . denotesthefunction

t /, eωt .� : In the place of an operatorthe asterisk( � ) refers to unspecified
(irrelevant)entry, e.g.,

�
1 2
3 ) � mayhave any right bottomentry; � J 
 � � -

inner means� J 
 S� -inner for any S. Sometimes� refersto anything
(possiblyvoid) thatis omitted..

µ � f : Theconvolutionof µand f , seetheindex. By µ� wemeantheoperator
f /, µ � f .

f 0 g: Thecompositefunctiont /, f � g � t ��� .
A 1 B: Theset

�
x � A �� x 2� B � (or A 3 Bc).

A : � B: A is definedto beequalto B. Equivalentto “B � : A”.
s ,4� ∞: s is realands goesto � ∞; weoftenwrite ∞ for � ∞.
xn 5 x: “xn , x” weakly, i.e.,

%
xn 
 y&6, %

x 
 y& for all y (seeLemmaA.3.1(h)–
(j)).

f : Ω , X: f is a function of Ω into X; we may write, e.g., f : Ω 7 s /,
x0 � x3s3 � X to specifya rule determiningf � s� for s � Ω.8 
93 : Union, intersection,respectively; seeLemmaA.3.17 for thenormof
X 3 Y.

A : B 
 B ; A: Either meansthat A is a subsetof B (x � A < x � B; possibly
A � B).

A :
c

B: This meansthat A : B and that this inclusion is continuous(see
p. 890).

A :
a

B: ThismeansthatA is an(algebraic)subclassof B (Definition6.2.4).

A � B: The set
�
a � b �� a � A 
 b � B � (this is a specialcaseof f � X � above);

seeLemmaA.3.17for correspondingnorm.
A = B: WhenA andB areclosedsubspacesof a Banachspace,andA 3 B ��

0 � , wedenoteA � B by A = B (cf. [Rud73]).
X + Y: The Cartesianproduct

� � x 
 y���� x � X 
 y � Y � . If X and Y are
normedspaces,we usethe norm >?� x 
 y�@> X A Y : �B��> x > 2

X �C> y > 2
Y � 1D 2;
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if X and Y are inner product spaces,we use the inner product% � x 
 y� 
E� xFG
 yFH�I& X A Y : � %
x 
 xFJ& X � %

y
 yFK& Y; useinduction for ∏n
k � 1Xk : �

X1 + X2 + *L*�* + Xn. Finally, Xn : � ∏n
k� 1X. Seealsop. 870.M

Ω f dm: The Bochner(i.e., Lebesgue,if f is C- or Cn-valued)integral (see
p. 927)of f overΩ w.r.t. theLebesguemeasurem.

s
M 
 wM : SeeTheoremF.2.1,p. 1011.N 
 &: “

N
” means“exists”, “&” means“and”.N

A � 1: “Thereexistsa boundedinverseof theoperatorA” (in particular, A is
one-to-oneandonto).� s O A� : � s O A� : � sI O A, whens � C (seeLemmaA.3.3 andSectionA.4).

∂Ω: ∂Ω : � Ω̄ 3 Ωc is theboundaryof thesetΩ.
f P A: The restrictionof the function f on the setA (we write just f when

thereis no risk of confusion).
x Q y: Thismeansthat

%
x 
 y&R� 0; if S is aset,thenx Q Smeansthat

%
x 
 y&S� 0

for all y � S; similarly for S Q x andS Q SF .> * > X: Thenormon spaceX (see“Functionandoperatorspaces”onp. 1045
for mostX’s).> A >UT�V U 'Y W : Thestandardoperatornorm > A >UT�V U 'Y W : � supX u0

X
U Y 1 > Au > Y; notethat> A >Z�\[ maxσ � A) A� , by Theorem11.28cof [Rud73],if U andY are

Hilbert spaces.>U]^> : If ]_� TI � U 
 Y � (seebelow), this refersalwaysto theTI � U 
 Y � norm>U]`> TI : �a>U]^> T!V L2 V R;U Wb' L2 V R;Y WcW , not to >U]^>Ud , evenif ]e�gf , wheref
is asubclassof TI.> * > p: > * > p : �a> * > Lp; in particular, > x > p : �h> x >�i p whenx is asequence.

f j g: This meansthat f � q�kj g � q� for all q in the (common)domainof f
andg, when f andg arescalarfunctions.

A j B: if f B " A if f A � A) , B � B) and
%
x 
E� A O B� x&lj 0 for all x (if A andB

arelinearoperators);seealsop. 872.
A $ B: if f B # A if f A � A) , B � B) and

%
x 
E� A O B� x&m$ 0 for all x 2� 0.

A n B: if f B o A if f for someε $ 0 we have
% � A O B� x 
 x&!j ε > x > 2 for all x;

seeLemmaA.3.1(b1)for more.p 
rq : Cayley transforms(Definition13.2.2).

Bold letters

R 
 R s�
 R � : R : �t�uO ∞ 
 ∞ � , R s : �C� 0 
 ∞ � , andR � : �C�uO ∞ 
 0� .
iR: iR : � �

it �� t � R � ; we consider the differentiation, the Lebesgue
measuremetc.for f : iR , U asthosefor f � i * � : R , U .

C 
 Q 
 Z 
 N: Thecomplex/rational/integer/naturalnumbers,respectively; N : ��
0 
 1 
 2 
�������� , Z � : � � O 1 
LO 2 
�O 3 
����L�v� .

K: “The field of scalars”;outsidethe appendiceswe have K � C. In
general,the resultsin the appendicesalso hold for K � R (seethe
beginningof eachappendixor sectionof anappendixfor exceptions).
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D: Theunit discD : � �
z � C �� P z P # 1 � , hence∂D � �

z � C �� P z P � 1 � (the
unit cirle) andrD � �

rz �� z � D �w� �
z � C �� P z P # r � for any r $ 0.

C s
ω 
 C s : C s

ω : � �
s � C �� Res $ ω � , C s : � C s

0 .
C �

ω 
 C � : C �
ω : � �

s � C �� Res # ω � , C � : � C �
0 .

CJ 
 Ca ' b: CJ : � �
s � C �� Res � J � , Ca ' b : � C V a ' bW � �

s � C �� a # Res # b � .
C s 8 �

∞ �x
 iR 8 �
∞ � : Seethefootnoteonp. 72 for correspondingtopologies.

R: Reflectionaroundtheorigin: � Ru�y� t � : � u �zO t � , p. 782.
R� 1: Theshifted(discrete-time)reflection: � R� 1x� i : � x � 1 � i , p. 782.

Superscripts

BA: Thesetof functionsA , B.
f F : Thederivativeof f ; seepp.918and961.
α: thecomplex conjugateof α whenα � C.
Ω: Ω is theclosureof thesetΩ.
S{ : The set

�
x �� x Q S� . By Section4.9 of [Rud86], this is a closed

subspaceof theunderliningHilbert space.|
u: TheLaplacetransformof u, i.e.,

|
u � s� : � M

R e� stu � t � dt; seeDefinition
D.1.6. If u is consideredasan elementof L1

ω � R;X � , then
|
u is often

consideredasa functionω � iR , X; this function(restrictionof
|
u to

ω � iR) is calledtheFourier transformof u. In discretetime,
*̂
stands

for theZ-transform,p. 782,for signals;see“
|] ” below for operators.|

µ: The Laplace(or Fourier) transformof the (possiblyvector-valued)
measureµ; seeLemmaD.1.12.|] : The transferfunction, (symbol,either “Laplace” or “Fourier” trans-
form) of

|] , when
|]}� TI∞ (seeTheorems2.1.2and3.1.3).In discrete

time,seeLemmas13.1.5and13.1.6instead.|~ 
 |� 
 |� : SeeTheorem6.2.11(or Lemma13.3.6in discretetime).|�
: Theset

� |
f �� f � � � if

�
is aset.

Σ �ext 
 ~ ��
 � ��
 � ��
I]���
��-��
���� : The partially-closed-loopsystem(statefeed-
backthroughfirst inputonly), pp.614–616.

A1D 2 �e� A: The(nonnegative)squareroot of A (LemmaA.3.1(b4)).
A � 1: Theinverseof A.�k� � 1 
 
� � 1 
� : Sometimesamapwith coprimeinternalloop,Definition7.2.11.
A � ) 
 A � d: A � ) : ��� A) � � 1 ��� A � 1 � ) , A � d : �C� Ad � � 1 �C� A � 1 � d.
X ) 
 Xd 
 XB 
 XH: Adjoint, sesquilinearadjoint (oftenw.r.t. a pivot space;n L2

ω
contexts we useL2 as the pivot space;in statecontexts we usethe
statespace(usuallyH) asthepivot space),(bilinear)Banachadjoint
and (sesquilinear)Hilbert adjoint of X, respectively, when X is an
operator, and the correspondingdual space,when X is a normed
space. The meaningof ����) dependson the context; in pivot space
contexts (this is usuallythecaseoutsidetheappendices)it standsfor
theHilbert adjointw.r.t. thepivot space;thus,we follow thestandard
convention in infinite-dimensionalcontrol theory. If X is a set of
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operators,thenX )l�e� * ��)�� X � , i.e.,X )l� �
T )��� T � X � , etc.Seepp.896–

899for detailsandDefinition6.1.17for amainapplication.Moreover,� * � d alsohasan alternative meaning(“causaldual”) for systemsand
their components,seebelow.� )x
 � )�
I]�)x
b�Z) : This is explainedabove (Hilbert adjoint w.r.t. the pivot space
L2 (or w.r.t. � 2 in discretetime)). See(6.2) andDefinition 2.1.4for
details.

Σd 
 ~ d 
 � d 
 � d 
�] d: (Causal)dual systemor map. SeeLemmas6.1.4and3.3.8
for continuoustime, and Proposition13.3.5and Lemma13.1.8for
discretetime.|] d:
|] d � s� : �t�] d � s�	� |]�� s̄��) ; seeLemmas3.3.8and13.1.8.

Xn A m: Thesetof matriceshaving n rows andm columnsandelementsfrom
X; cf. (A.1). WesetXn : � Xn A 1.

Ec: Thesetof elementsthatdo notbelongto E (complement).
Eo: Theinterior of E (p. 867).
Σo 
 Σo

I 
I] o 
�] o
I 
����L� : The open and closed loop dynamic feedbacksystemsor
maps.SeeDefinitions7.1.1,7.2.1and7.3.1..�

A B� T
: Thetranspose� AT

BT � of
�
A B� .~ t 
 � t 
 � t 
�] t :

~ t : � ~ � t � , � t : � �
τπ � 0 ' t W , � t : � π � 0 ' t W � , ] t : � π � 0 ' t W ] π � 0 ' t W ; see

(6.5).
Furtherusesof superscriptsarepresentedin “Functionandoperatorspaces”,

p. 1045.

Subscripts

Σ � : An outputinjectionclosed-loopsystemof Σ; seeDefinition6.6.21.

Σ ��� � ��� �@�� � � �� � ���@  : A (state feedback)closed-loopsystemof Σ; see Definition

6.6.10.

Σ ¡¢� � ��£ �?£� £ � £� £ � £   : The closed-loop system corresponding to a solution�r¤`
 S
 � � � � � of theRiccatiequation.

Σcrit � � � crit�
crit�
crit

  : A J-critical controlin WPLSform; seeTheorem8.3.9.

ΣL 
 ~ L 
 � L 
��L��� : Staticfeedbackclosed-loopsystemandmaps(Propositions6.6.2
and6.6.18).

H1 
 H � 1 
 H )1 
 H )� 1 
 HB 
 H )C 
 H )C ' K: SeeLemma6.1.16andDefinition6.1.17.
Cc 
 Dc: A compatiblepair; seeDefinition6.3.8.] d: ] d : �t] d when ] is a one-blockoperator; � � 11

�
12�

21
�

22 � d
: � � � d

22
� d

12� d
21

� d
11
�

(seealsop. 740).
Σd 
 ~ d 
 � d 
 � d: Seep. 740.
XR: Thecomplex vectorspaceX asa realvectorspace(LemmaA.3.21).
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Cs 
 Cw 
 CL ' s 
 CL 'w: The strongYosida,weakYosida,strongLebesgueandweak
Lebesgueextensionsof C; e.g.,Cwx0 : � w-lims¥ s ∞ s� s O A� x0; see
Proposition6.2.8for details.¦

u: Thesetof admissiblecontrols,seep. 614(or p. 681).¦ )) 
 ¦ out 
 ¦ sta
 ¦ str 
 ¦ exp: Various setsof admissiblecontrols (seeDefinition
8.3.2andHypothesis9.0.1).� � u � u � 
R�u§ y¨

y � : Preliminarilystabilizingstatefeedbackandoutputinjection

pairs,seep. 737.©
u 
bª u 
L«© y 
¬«ª y : Partsof a preliminaryd.c.f.,seep. 713or p. 737.

ΣX 
 ΣY 
 ΣZ 
 Σ ­ d 
 Σ ® : Seep. 744,744,747(or 762),747or 753,respectively.
Furtherusesof subscriptsare presentedin “Function andoperatorspaces”,

p. 1045.

Miscellaneous letters

Capital letters(A 
 B 
 C 
 D 
������ ) often denotethe generators(generatingoperators)
of thecorrespondingmaps(

~ 
 � 
 � 
I]¯
������ ), asin thethird andfourth explanation
below.
f°
 
f±s : In Chapter10 (resp.Chapters11 and12), the symbol 
f±s (resp. 
f )

standsfor MTIC or somethingsimilar; seethe standinghypotheses
mentionedat thebeginningsof thesechapters(seeTheorem8.4.9for
suitableclasses).~

Bu0 � L1 ��� 0 
 1� ;H � : SeeSection6.8.
A 
 B 
 C; H1 
 H � 1 
 H )1 
 H )� 1; HB 
 H )C; B)²
 C ) : SeeLemma6.1.16and Definition

6.1.17.
D: Thefeedthroughoperatorof ] . SeeDefinition6.2.3.
D j : The jth partialderivative;seeDefinitionB.3.3,p. 918.
Dα: Seep. 950.
D � x 
 r � : Thedisc

�
y �� d � x 
 y�³# r � .

d � x 
 y� : Thedistanced � x 
 y� : �´> x O y > whenx andybelongtoanormedspace.
d � x 
 A� : The distanceinfa µ Ad � x 
 a� whend is a metric (seeSectionA.2 for

metrics).
ex: ex : � ∑∞

k� 0xk ¶ k! when x is an elementof a Banachalgebra(e.g.,
x � C).

ek: Thevectorek : � χ · k ¸ ; thus,
�
ek � k µ Z is thenaturalorthonormalbasis

of � 2 � Z � .¹
: TheFouriertransform(notalways).¹ i �b]-
Iº�� : The“lower linearfractionstransformation”of ] and º , i.e., themap

w /, zof Figure7.8or of Figure7.10;see(7.64)or (7.98,respectively
(or Definition7.3.1or Lemma12.3.2).»

: Theset(group)of invertibleelements(e.g.,
»½¼ � X 
 Y � ).

H� 
 H � : Thereachabilityandobservability subspace(Definition6.3.25).
H 
 U 
 W
 Y
 Z: Oftencomplex Hilbert spacesof arbitrarydimensions.
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x 
 u 
 w
 y
 z: Oftenu (resp. � uw � ) denotestheinput,x thestate,x0 theinitial stateand
y (resp. � zy � ) theoutputof asystem;seeFigure6.1andDefinition6.1.5
(resp.Figure7.9andDefinition7.3.1).� � � � 
 Σext 
 Σ � : SeeDefinition6.6.10(statefeedback).� § ¨�� 
 Σ �z
 ΣTotal: SeeDefinition6.6.21(outputinjection).

I : Theidentity operator(IX denotestheidentity onX).
i: Theimaginaryunit (i � � O 1).

Jγ: Jγ : �¢� I 0
0 � γ2I � .¾ 
 J: Thecostfunctionandthecostoperator, respectively. SeeDefinitions

9.1.3,8.3.2and8.1.3.¿ À 
 ¿ À s 
 ¿ À w: TheLaplacetransform(weak,strong);seepp.969andF.3.1.
P OÁ
 PBO¯
E� P� 
E� PB� : SeeDefinitions9.1.5,9.8.1,9.8.4and14.1.1.¤ : Oftenasolutionof theRiccatiequation.SometimestheJ-critical cost

operator¤ : � � )crit J
�

crit (Theorem8.3.9(b1)).�r¤^
 S
 K � 
g�r¤`
 S
 � � � � � : A solution of the Riccati equation. SeeDefini-
tions9.1.5,9.8.1,9.8.4and14.1.1.ºÁ
�Â : Definition8.3.2andHypothesis9.0.1(andHypothesis14.0.1).Ã ) : Thestability shift (Remarks2.1.6,6.1.9and13.3.9).¦ )) : The setof admissiblecontrols(seeDefinition 8.3.2andHypothesis
9.0.1).¦ 
GÄ : The setsof admissibleinputsandoutputs,respectively; seeDefini-
tions8.3.2and8.1.3.

Ys 
 Y
 Z: SeeHypothesis8.1.1(Sections8.1–8.2only).
Zs 
 Zu: Thesetsof stableandunstablestates(seeDefinition8.3.2,Hypothesis

9.0.1andHypothesis14.0.1).Å
: TheZ-transform: � Å u�y� z� : � ∑ j µ Z zju j (p. 782).

Greek letters

β 
 γ 
 ζ: SeeHypothesis9.5.1(Sections9.5and9.6only).
γ: A fixedpositivenumberin Chapters11 and12.
δt : The point massat t � R; δt

� f : � f � * O t �Æ� τ �uO t � f , when f is a
function.

∆ i 2 
 ∆S: DiscretizationoperatorsSection13.4.
ε s : SeeHypothesis11.2.1(Chapter11 only).
ϑ: SeeDefinition8.3.2.
κ: SeeSections10.3and15.2.
πJ: � πJu�Ç� s� : � u � s� if s � J and � πJu�y� s� : � 0 if s ¶� J, i.e., � πJu�y� * � : �

χJ � * � u � * � . Here J is a subsetof R. This operatoris used both
L2 � R;U �l, L2 � R;U � andL2 � R;U ��, L2 � J;U � .

π sÆ
 π � : π s : � πR È andπ � : � πR É .
π s 
 π � : π s : � πN 
 π � : � I O π s (Section13.1).�π ÊÆ
 �Ë Ê : �π Ê |

f : � ¿ À π Ê ¿ À � 1
|
f , �π Ê |

f : � Å
π Ê Å � 1

|
f .
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Π � : SeeDefinition2.6.3.

∏: A product(of numbersor sets;cf. “X + Y” above).
ρ � A� : The spectralradiusρ � A� : � sup

� P z P �� z � σ � A���Ì� limk¥ ∞ > Ak > 1D k �
infk¥ ∞ > Ak > 1D k "t> A > of A (seeLemmaA.3.3(r1)).

σ � A� : ThespectrumC 1 �
λ � C �� N � λ O A� � 1 � (seepp.871,882and901).

Σ � ��� �� ��� : A WPLS(or awpls). SeeDefinition6.1.1(or Definition13.3.1).

∑: A sum.
τ � t � : Thebilateraltime-shiftoperatorτ � t � u � s�l� u � t � s� (this is a left-shift

whent $ 0 anda right-shiftwhent # 0).
φCayley 
 φ � 1

Cayley: The Cayley function φCayley � s�¯� 1 � s
1s s � φ � 1

Cayley � s� (Lemma
13.2.1).

χJ: The characteristicfunction of the setJ, i.e., χJ � s� : � s if s � J and
χJ � s� : � 0 if s ¶� J.

ωA: Thegrowth rateωA : � inft Í 0 � t � 1 log > ~ � t �@>U� , whenA is theinfinitesi-
malgeneratorof asemigroup

~
. NotethatωA j supReσ � A� .

Function and operator spaces: generic notation

When
�

equals
¼

,
¼`Î

, � TI )) or ti )) , we use some or all of the following
conventions:� � X � 
 �

: We set
� � X � : � � � X 
 X � . We write just

�
whenwe do not wish to

specifyX andY; e.g.,“S
 T � ¼
” meansthat S andT arelinearand

bounded(but they neednot havesamedomainandrangespaces).» �
: This standsfor the set of invertible (in

�
) elementsof

�
, e.g.,» � � X 
 Y �`� �

T � � � X 
 Y ���� ST � IX & TS � IY for some S �� � Y
 X ��� .�
∞: Thisstandsfor theunionof

�
ω for all ω.�

exp: Thesetof “exponentiallystablefunctionsof type
� . ”. Weset

�
exp : �8

ω Ï 0
�

ω (resp.
�

exp : � 8
ω Ï 1

�
ω) if

�
ω is definedfor all ω � R (resp.

for ω $ 0 only).

When
�

equals
Î ) , L )) , �²)) , H )) or W )) , we usesomeor all of the following

conventions:� � J;Y � : FunctionsJ , Y of type
�

; we set
� � J � : � � � J;K � . We write just�

whenwedo notwish to specifyJ andY.» �
: This standsfor the set of invertible (in

�
) elementsof

�
, e.g.,» � � J;Y �!� �

f � � � J;Y ���� gf Ð I & f g Ð I for someg � � � J; � ��� .�
∞: Thisstandsfor theunionof

�
ω for all ω.�

strong:
�

strong� J;
¼ � X 
 Y ��� : � �

F �� Fx � � � J;Y � for all x � X � , > F >@Ñ
strong

: �
supX x X X Y 1 > Fx >@Ñ .�

weak:
�

weak� J;
¼ � X 
 Y ��� : � �

F �� ΛFx � � � J � for all x � X 
 Λ � Y )y� ,> F >@Ñ
weak

: � supX x X X Y 1 ' X Λ X
Y ( Y 1 > ΛFx >@Ñ .

(Thestrongandweaknormsabove becomeboundedin our applicationsdue
to theUniform BoundednessPrinciple,LemmaA.3.4(O1).)
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We often omit the subindex (if any) correspondingto the weight function if
theweight function is theconstantfunction1 (e.g., � p �}� p

1, Lp � Lp
0, TI � TI0;

notethatthisdoesnotapply“WPLS” or “wpls”, whichequalWPLS∞ andwpls∞,
respectively).

If f � �
ω, g � �

ω Ò and f � g on the intersectionof their domains,thenwe
identify f andg. (Then f andg arethe uniqueelementsof

�
ω and

�
ω Ò having

that restrictionon the intersection.For � TI )) (andti )) , seeTheorem13.3.13)this
factis shown in Remark2.1.9.SeeLemmaD.1.2(e)for theH )) identifications;for
L )) , ��)) andW )) this is trivial.) We usedthis identificationin thedefinitionof

�
∞

and
�

exp.

Function and operator spaces

AP � R;X � : Thesetof almost-periodicfunctionsR , X (seep. 957).¼ � X 
 Y � : Thesetof boundedlinearoperatorsX , Y.¼`Î � X 
 Y � : Thesetof compactlinearoperatorsfrom X into Y (p. 871).»½¼ � ¼`Î
: SeeLemmaA.3.4.Î � J;X � : Thesetof continuousfunctionsJ , X; seep. 918for moreon

Î )) .Î k � J;X � : Thesetof k timescontinuouslydifferentiablefunctions f � Î � J;X � ;Î ∞ : �C3 k µ N
Î k; we make similar definitionsfor the subspacesof

Î
definedbelow.Î

b � J;X � : Thesetof boundedcontinuousfunctions f � Î � J;X � ; if J is anopen
or closedsubsetof Rn or aninterval, then

Î
b � J;X � is a Banachspace

with supremumnorm,and
Î

bu and
Î

0 areclosedsubspacesof
Î

b.Î
bu � J;X � : Thesetof boundedanduniformly continuousfunctions f � Î � J;X � .Î
0 � J;X � : Thesetof functionsf � Î � J;X � vanishingat infinity (i.e.,for all ε $ 0

thereis a compactK : J s.t. > f � t �@> X # ε for t � J 1 K); seeLemma
B.3.4.Î

c � J;X � : The set of compactly supportedfunctions f � Î � J;X � (note thatÎ
c � J;X �Z: Î

0 � J;X � ).Î ∞
c � J;X � : The setof compactlysupportedfunctionshaving continuousderiva-

tivesof all orders;seealsoTheoremB.3.11.
cc 
 co: finite andvanishingsequences,respectively. Seep. 919.
H � Ω;X � : HolomorphicfunctionsΩ , X (AppendixD); note that suchfunc-

tionsareidentifiedwith their holomorphicextensions.
H∞ � Ω;X � : BoundedholomorphicfunctionsΩ , X with supremumnorm.
Hp 
 Hp

ω: SeeDefinition D.1.3, p. 964; for discretetime (on rD), seeLemma
D.1.15,p. 977.

Hp
strong
 Hp

strong' ω: SeeDefinitionF.3.1,p. 1017.� p
r 
6� p: By � p wedenoteLp w.r.t. thecountingmeasure.Whenu is asequence,

we set > u > p : �Ó> u > i p; thus, then > u > p
p � ∑k > uk > p (1 " p # ∞),> u > ∞ � supk > uk > . Finally, > u > i p

r
: �a> r �l. u > p �h>?� r � kuk �²> p � r $ 0� .� 1Ê 
�� 1TÕÔ 
�� 1TÕÔ ' Ê 
 cc: SeeSection13.1,p. 781.
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L � J;X � : The setof (equivalenceclassesof) (uniformly) Bochnermeasurable
functionsJ , X (p. 911).

Lstrong� J;X � ; Lweak� J;X � : Thesetof (equivalenceclassesof) strongly;weakly
measurablefunctionsJ , X (p. 998).

Lp � J;X � : TheBanachspaceof (equivalenceclassesof) X-valuedLp-functions
onJ. Thus, > f > Lp : �\> f > p, where > f > ∞ : � esssup> f > X and > f > p : �> f > Lp ��� M J > f > p

X dµ� 1D p when1 " p # ∞; seealsoDefinitionB.3.1.
Lp � r∂D;X � : Herewe identify r∂D with � 0 
 2π � throughrei . ; cf. LemmaD.1.15.
Lp

ω � J;X � : The Banachspaceof (equivalenceclassesof) measurablefunctions
f : J , X s.t. > f > Lp

ω
: �B> eω . > p # ∞ (we must have J : R). Thus,

Lp � Lp
0, andeω . becomesan isometricisomorphismLp , Lp

ω. See
DefinitionD.1.3.

Lp
loc � J;X � : The set of (equivalenceclassesof) functions f : J , X s.t. f �

Lp � K;X � whenever K : J is compact;here1 " p " ∞. Note that
Lp : Lp

loc : L1
loc (andLp

ω : Lp
loc wheneverJ : R). SeealsoDefinition

B.3.1.
L2

∞ � J;X � ; L2s '∞: Theset
8

ω µ RL2
ω � J;X � ; L2s '∞ : � L2

∞ � R s ; � � .
Lp

c � J;X � : Theset
�
u � Lp � J;X ���� u � 0 (a.e.)outside �vO T 
 T � for someT $ 0 �

(i.e., theLp � J;X � functionswith acompactessentialsupport).
Lp

strong
 Lp
weak: SeeDefinitionF.1.4,p. 1002.Ö � R;X � : Thespaceof rapidlydecreasingfunctions,p. 978.

Wk ' p
ω � J;X ��
 Wk ' p

0 ' ω 
������ : The Sobolev spacesof k times weakly differentiably
Lp

ω � J 
 X � functions.SeeSectionB.7.
If f is a X-valuedfunctiondefinedon a subinterval J of R, we oftenidentify

f with its extensionπJ f having the value zero outsideJ. We use the same
symbolπJ both for the embeddingoperatorfrom J , X to R , X andfor the
correspondingprojectionoperatorfrom R , X to J , X. With this interpretation,
π s L2 � R;X �	� L2 � R s ;X �Z: L2 � R;X � andπ � L2 � R;X �	� L2 � R � ;X �Z: L2 � R;X � ,
etc.

Classes of time-invariant maps

SeealsoChapter2 for TI � , Section13.1 for ti � andSection2.6.3 for the other
classes.
f°
 
f±s : In Chapter10 (resp.Chapters11 and12), the symbol 
f±s (resp. 
f )

standsfor MTIC or somethingsimilar; seethe standinghypotheses
mentionedat thebeginningsof thesechapters(seeTheorem8.4.9for
suitableclasses).

TIω � U 
 Y � : The (closed)subspaceof operators]t� ¼ � L2
ω � R;U � ;L2

ω � R;Y ��� that
are time-invariant (i.e., τ � t �z]a�×] τ � t � for all t � R). TI : � TI0,
TI∞ : � 8

ω µ RTIω.
TI p 
 TIp) 
 TIp ' q

ω : SeeTheorem3.1.5.
TI

Ô
0

ω 
 Î 0 ' ω: Seep. 92.
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TICω � U 
 Y � : The (closed)subspaceof operators]_� TIω � U 
 Y � thatarecausal
(i.e., π � ] π se� 0). TIC : � TIC0, TIC∞ : � 8

ω µ RTICω, TICexp : �8
ω Ï 0TICω.

CTI 
 CTIC 
 CTI
TÕÔ 
 CTIC

TÕÔ
: Classesof TIC operatorshaving continuoustrans-

forms(Definition2.6.1).
MTI )) 
 MTIC )) 
 SMTI )) 
 SMTIC)) : Classesof TIC∞ operatorsthat are convolu-

tionswith certainkindsof measures(Definition2.6.3).
MTIX 
 MTICX: Certainkindsof measureswith valuesin X, seeLemmaD.1.12.
ti )) 
 tic )) : Discrete-timeclasses;seeDefinition13.1.1,p. 783.

Abbreviated symbols

card A: Thecardinality of A (see,e.g.,Definition 151,p. 275of [Kelley]). It
sufficesto know thatcardA " cardB if f thereis aone-to-onefunction
of A to B (equivalently, a function of B onto A). Consequently,
cardA � cardB if f cardA " cardB andcardB " cardA (equivalently,
thereis a one-to-onemapof A ontoB); see,e.g.,[Kelley] for details.
SeealsoLemmaB.2.2.

det A: Thedeterminantof thematrixA.
diag� A 
 B 
 C � : the diagonal matrix � A 0 0

0 B 0
0 0 C � with diagonalelements(or blocks)

A, B andC.
dim � H � : thedimensionof theHilbert spaceH = thecardinalityof anarbitrary

orthonormalbasisof H (LemmaA.3.1(a1)).
Dom� T � : Thedomain(of definition)of theoperatorT.
essrange: Essentialrange,LemmaB.2.7.
esssup
 essinf: Essentialsupremum,essentialinfimum. Seep. 909.
Ker� T � : ThekernelKer� T � : � T � 1 � � 0 ��� : � �

u � U �� Tu � 0 � , whenT :U , Y.
Leb� f � : Thesetof Lebesguepointsof f (p. 942).
log: Logarithmwith baseexp.
Ran� T � : TherangeT �U � : � �

T � u���� u � U � , whenT : U , Y.
Re
 Im: Realpart,imaginarypart(Re� x � iy �	� x, Im � x � iy ��� y for x 
 y � R).
span: spanE : � �

∑n
j � 0α jx j �� n � N 
 α j � K 
 x j � E � j � 0 
L�����L
 n��� .

sup
 inf 
 max
 min: Supremum,infimum,maximum,minimum,respectively. Re-
call from [Rud86]thatinf /0 : �Ø� ∞, sup/0 �´O ∞.

suppf : Thesupportof f = theclosureof
�
t �� f � t ��2� 0 � .

suppd � : Thenonzeroatomsof � (Definition 2.6.3).
w-lim 
 s-lim 
 lim: “lim ” meansthe limit in the standardtopology, which for

operatorsis the uniform (i.e., norm) topology. “s-lim” and“w-lim ”
refer to strongandweaklimits, respectively. E.g., if F : R , ¼ � H � ,
whereH is a Hilbert space,then w-lims¥ s ∞ F � s��� A meansthat
F � s� x , Axweaklyfor all x � H, ass ,¢� ∞; cf. LemmaA.3.1(h)–(j).
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Glossary

Weshouldhavea greatmanyfewerdisputesin theworld if onlywords
were takenfor what they are, thesignsof our ideasonly, andnot for
thingsthemselves.

— JohnLocke (1632–1704)

If T � ¼ � H1 
 H2 � , where H1 and H2 are Hilbert spaces,then we use the
following termsfor T (partially valid alsofor moregeneralfunctions):
one-to-one: = injective, i.e., Tx � 0 Ù x � 0 (for all x � H1). Equivalent to

“coercive” if dimH1 # ∞.
coercive: > Tx >³j ε > x > for all x � H1, i.e.,T ) T n 0 = left-invertible= T ) is onto

= full columnrank(if matrix).
onto: T � H1�?� H2, i.e.,TT ) n 0= surjective= right-invertible= T ) coercive

= full row rank(if matrix).
invertible: = boundedlyinvertible= bijection= one-to-oneandonto.
countablyinfinite: A setis countablyinfinite if it hasthesamecardinalityasthe

setN, i.e., if thereis aone-to-onefunctionof N ontothis set.
countable: A set is countableif it is finite or countablyinfinite; otherwiseit is

uncountable.
finite-dimensionalvectorspace: A vectorspacespannedby a finite numberof

vectors.
finite-dimensionalfunction: A vector-valued function whose values lie in a

finite-dimensionalsubspaceof therangespace.
finite-dimensionalsystem: A system whose input, state and output spaces

are finite-dimensional. Recall that a transferfunction hasa finite-
dimensionalrealizationif f it is rational.

finite-dimensionaltheory: This refersto the theory of finite-dimensionalsys-
tems.

classicaltheory: This refersusuallyto finite-dimensionaltheory(equivalently,
to thetheoryof rationaltransferfunctions).

timedomain: This refersto R or R s asthetime horizon.Theinput,outputand
statesignalsin controlsystemsarefunctionsof time, with domainR
or R s . Thus,their Laplace(or Fourier) transformsaredefinedon a
subsetof C; by frequencydomainwereferto suchsubsetsor to (apart
of) C asthedomainof theargumentof thesetransformedfunctions.

state-space: State-spacetheory refers to theory on systems(where one can
also speakof the state,not just on input and output) in contrastto
I/O-theory or frequency-domaintheory, which ignoresthe internal
structureof systemsandtreatsI/O mapsinsteadof systems(compare
this to the two definitions of admissiblecontrollers in Definition
7.1.1).Thus(dueto historicalreasons),“frequency-domain”hastwo
meanings: the first refers to working with Laplacetransforms(as
opposedto time-domain),andthe secondto working with I/O maps
or transferfunctions(asopposedto state-space).
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discretetime: This refersto timedomainZ or N in placeof R or R s asopposed
to continuoustime treatedabove,seePart IV.

discretepart: Thediscrete(atomic)partof ameasureis explainedin Section2.6.

map: A mapmeansa function. However, for mostof the time, we reserve
theword mapfor the “integral operators”,suchas

~
,
�

,
�

and ] in
Definition 6.1.1. SeeDefinitions7.2.1and7.2.11andLemma7.2.7
for mapswith internalloop.

well-posed: An I/O mapis well posed(or proper) if it is in TIC∞. A transfer
functionis well posed(or proper)if it is in H∞

∞, i.e., if it is boundedon
someright half-plane.(By Theorem2.1.2,an I/O mapis well posed
if f its transferfunction is well posed.) Lemma7.2.7shows whena
mapwith internalloop is well posed.

stable: A function (signal)u � L2
loc is calledstableif f u � L2. A mapfrom

vectorsor signalsto vectorsor signalsis calledstableif f it is bounded
w.r.t. to the standardnorm for vectorsand the L2 norm for signals;
seeDefinition 6.1.3 for details. In discrete-time,a function (signal;
actuallysequence)u is calledstableif f u �Ú� 2; seeDefinition 13.3.1
for thestabilityof discrete-timemaps

singular: A controlproblemis oftencalledsingular if themapfrom thecontrol
to the output is not coercive (or I -coercive over

¦ )) ); otherwiseit is
nonsingular. Most controlproblemsin theliteraturearenonsingular.

superfluous: An assumptionis saidto besuperfluousif theclaimsaretrueeven
without the assumption(“and n # 7” is superfluousin “if n $ 1 and
n # 7, thenn is positive”).

redundant: As assumptionis said to be redundantif it is implied by the other
assumptions(“and t � P t P ” is redundantin “if t $ 1 andt � P t P , then
t2 $ t”).

greatest: If fÛ: ¼ � H � , thenA �Üf is thegreatestelementof f if f A j AF for
all AFm�Üf (if f O A is the smallestelementof f ). Recall that A �Üf
is maximalif f A " AFÕ�ÜfÝ< A � AF . Obviously, a greatestelement
mustbeuniqueandmaximal,whereasamaximalelementneednotbe
uniquein general.

Abbreviations

a.e.: almosteverywhere(or “almostevery”)

iff: if andonly if

I/O: input/output(“from input to output”)

p., pp.: page,pages

r.c., l.c., d.c.,p.r.c.,p.l.c.,q.r.c.,q.l.c.: SeeDefinition6.4.1.

r.c.f., l.c.f., d.c.f., p.r.c.f., p.l.c.f., q.r.c.f., q.l.c.f.: SeeDefinition6.4.4.

s.t.: suchthat

w.r.t.: with respectto
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w.l.o.g.: without lossof generality

Acronyms

B)w-CARE: CertainsimplifiedRiccatiequation,seeDefinition9.2.6
[e]CARE; [e]DARE; [e]IARE: Riccatiequations.SeeDefinition 9.8.1;14.1.1;

9.8.4.
[e]CARI; [e]DARI; [e]IARI: Riccati inequalities;seetheindex.
FICP: Full-InformationControlProblem;seeChapter11 (or Section10.4).
LQR: LinearQuadraticRegulator, seeChapter10.
SF: StateFeedback,seeDefinition 6.6.10(sometimesthis refersto pure

statefeedback,wherethefeedthroughterm(the“F” of
� � � � ) is

zero,seeDefinition11.1.2).
SpF: SeeDefinition8.4.6,p. 384� TI )) , � TIC )) , ti )) , tic )) : See“Classesof time-invariantmaps”,p. 1046
TVS: TopologicalVectorSpace(p. 870).
WR, WLR, WVR, WHPR, SR, SLR, SVR, SHPR,UR, ULR, UVR, UHPR:

Differentformsof regularity. SeeDefinition 6.2.3;seealso“regular”
in theindex.

WPLS) , SOS: SeeDefinitions6.1.1and6.1.3.
wpls) , sos:Classesof discrete-timesystems.SeeDefinition13.3.1.


