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4. Representations of sl,(C)

We start by analyzing an easy but fundamental case, namely the Lie algebra sly(C).
It is a three-dimensional complex Lie algebra.

The importance of focusing on this particular case stems for example from the
following:

e The complex Lie algebra sly(C) is isomorphic to the complexification of the
real Lie algebras so3 and suy, i.e., s03 ® C = sly(C) and suy ® C = sl5(C).
As such, the complex representations of so3 and sus are exactly the same
as those of sly(C). In particular, by understanding the representations
of sl3(C), we will ultimately understand the representations of the very
important Lie groups SOz and SU,, whose Lie algebras are so3 and sus.

e The complex Lie algebra sly(C), viewed as a six-dimensional real Lie alge-
bra, is isomorphic to the Lie algebra of the Lorentz group, i.e. the group of
linear transformations of the Minkowski space-time.

e The analysis of all semisimple Lie algebras g and their representations will
be achieved by finding subalgebras in g isomorphic to sly(C), and applying
our knowledge of the representation theory of sly(C). Despite the impor-
tance of sly(C) for its own sake (witnessed, e.g., by the previous examples),
this is really the fundamental reason for studying it!

4.1. The Lie algebra sly(C)

Recall that sl5(C) is the set
sl,(C) = {M € C** | tr(M) = 0}

of traceless (complex) two-by-two matrices, equipped with the Lie bracket [M;, Ms] =
MiMs — MyM;. As a (complex) vector space, it is three dimensional (cf. Exercise
[777]), and we will use the basis

1 0 01 00
S R R
for it. The brackets of these basis elements are
[H,E] =2F, [H,F] = —2F, [E,F| = H. (11.8)

The chosen basis elements are quite simple matrices, but more importantly this
basis choice is a fundamental instance of a canonical basis that can be chosen for
any semisimple Lie algebra. This should become clear gradually, and at least by the
time we treat the general structure of semisimple Lie algebras.

We can immediately give two examples of representations of sly(C).

Example I1.20. The space V = C? is naturally a representation of sl5(C): any element X € sly(C)
is a 2 x 2-matrix, which we let act on any vector v € V = C2? by matrix multiplication Xv.
This two-dimensional representation is called the standard representation of sly(C).

Example II.21. The adjoint representation of sl(C) is the vector space V = sl3(C) equipped
with the adjoint action: for X € sl3(C) and Y € V = sl3(C), we set

X(Y) = adx(Y) = [X,Y].

This is a three-dimensional representation of sly(C).
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Concretely, in the basis E, H, F' of sl2(C), the adjoint representation p: sl3(C) — End (sl2(C))
becomes, in view of (IL.8),

0 -2 0 2.0 0 0 0 0
p(EY=10 0 11|, pH)=[0 0 0 |, pE)Y=| -1 0 0 |.
0 0 0 00 —2 0 20

4.2. The irreducible representations of sly(C)

Let V' be a finite dimensional representation of sly(C). We will use:

Fact I1.10. The action of H on V is diagonalizable.

This fact follows from the preservation of Jordan form (see [FH91]), but it is also
not particularly difficult to verify directly either.

By Fact I1.18, we have an eigenspace decomposition
V=V, (I1.9)
o

where p runs over the eigenvalues of H on V, a priori some finite collection of
complex numbers, and V), are the corresponding eigenspaces for H

V#:{U€V|HU:/M)},

The decomposition (I1.9) completely describes the action of H on V', and the re-
maining task is to describe the action of ' and F' — in particular, to see what £ and
F do to the H-eigenspaces V. Suppose that v € V,,. Consider the vector Fv € V.
We can figure out the action of H on it by an easy but important calculation which
uses the commutator of H and E given by the bracket (IL.8).

Fundamental calculation (first time):
H(Ev) = E(Hv) + [H, EJv
= E(uv) + 2Ev
= (p+2) Ev.
This calculation shows that if v is an eigenvector of H with eigenvalue u, then Fv

is an eigenvector of H with eigenvalue p + 2 (although not necessarily a non-zero
vector). In other words, for any p we have

E:V, =V, .
By an entirely similar calculation we see that F': V, — V), _.

If we assume that V is an irreducible representation, then it follows that the eigen-
values p of H differ from each other by integer multiples of two. Indeed, if 4/ € C
is one eigenvalue of H, then the subspace

@ Vivvon
nez

is invariant not only for H but also for £ and F', and therefore actually invariant for
the entire sl(C). Thus the subspace is a subrepresentation, and by irreducibility
it must be the entire V. In fact we can conclude a little more. For irreducible V'
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the H-eigenvalues p must form an uninterrupted string of complex numbers, of the
form

¢, C+2,¢+4,....,¢+2(k—1),( + 2k,

since otherwise the direct sum of only a subset of eigenspaces would be invariant for
H, E, and F, and would thus be a proper subrepresentation of V.

So, assume from now on that V' is a finite dimensional irreducible representation of
5l5(C). Denote by A = ¢ + 2k the last number in the above string of H-eigenvalues
— a priori we have A € C, but we will soon see that A must be a non-negative
integer. Choose a non-zero vector vy € V). Note that V), = {0}, so necessarily we
have Fvy = 0. We will need to understand the action of F' on vy, and concerning
that, we have the following:

Claim II.11. Denote v,, = F"™vy, for m € Z>(. Then the vectors vy, v1,v2, . .. span
V.

Proof. Let W C V be the subspace spanned by the above vectors, W = span {F"™vg |m € Z>¢}.
By irreducibility of V, it suffices to show that W is invariant under H, E, and F. By
definition W is invariant under F. Since F™wvg € Va_om, it is also invariant under H. It
suffices to check that EW C W. We calculate

E(F™vy) = [E, F)(F™ "vg) — F(E(F™ 'vg))
= H(F" 'vg) — F(E(F™ 'v)). (I1.10)
We know that the first term, H(F™ 'vg) = (A —2(m — 1)) F™ g, is in W. If we already
knew that E(F™ 1vg) is in W, we could thus conclude that also the second term is in W,
and thus that E(F™vy) € W. This is proved by induction on m. Equation (II.10) serves
as the induction step, and to complete the proof, we note that in the case m = 0 we have

E(F%y) = Evg = 0 € W by an earlier observation. In fact by this induction we can prove
not only that E(F™wvg) € W, but we moreover obtain the explicit formula

E(F™v) = (A —m+1)m F™ tu,. (I1.11)
0

The calculation above has some interesting consequences.

Observation II.12. All eigenspaces V), of H are one-dimensional.

Proof. Indeed, p = A — 2m for some m € Z>¢ and Vy_a,, = span {F™vp}. O

Observation I1.13. The representation V' is determined by the number A.

Proof. Indeed, if d is the smallest power of F' that annihilates vy, then we see that the vectors
Fyg form=0,1,2,...,d—1 form a basis of V. We have described explicitly the action of
H, E, and F on each basis vector, and the matrix elements of H, FE, and F' only involved A
as a parameter. O

Observation II.14. The dimension of V is A + 1, and in particular \ is a non-
negative integer, A = dim(V') — 1 € Zxo.

Proof. Let again d be the smallest power of F' that annihilates vg. Note that d = dim (V). The
calculation (I1.11) is perfectly valid also for m = d, so we get

0 = B(Flvg) = (A —d+1)d F .
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But since F9~1vy # 0, the prefactor on the right-hand-side must vanish, (A —d + 1) d = 0.
Also d > 0, so we must have A —d +1 =0, that isd =X+ 1. O

The final obsevation below follows directly from the earlier ones.

Observation I1.15. The eigenvalues of H on V' are
AMA=2A—4, ... = A+4, - A+2 —)

and the multiplicity of each eigenvalue is one. In particular, the H-eigenvalues
are all integers, they all have the same parity, and they are symmetric about
the origin (i.e. if x is an eigenvalue, then so is —pu).

We conclude by the following complete description of all irreducible representations
of 5[2 ((C) .

Theorem I1.22. For each N\ € Z>o there exists an irreducible X\ + 1-dimensional
representation of sly(C) with basis vy, vy, ...,vx and the actions of H, E, and
F on this basis given by

Um+1 f07’0§m<)\
Fu, =

0 form =\
B, = 0 form =20

A=m+1Dmuvyp_  for0<m<A
Hvy = (A —=2m) v, for all m.

Denote this representations by L(X), Any irreducible finite-dimensional repre-
sentation of sly(C) is isomorphic to L(N), for some \ € Zy.

Proof. We have almost proven this already: L(\) is the representation we have analyzed in this
section. We have shown that any finite dimensional irreducible representation of dimension
d € Z~o must be L(A) for A = d — 1. However, we have not yet strictly speaking shown
that such a representation ideed exists. To show the existence, it remains to check that the
formulas given above for the linear operators H, F, and F on the vector space L(\) with
basis v, v1,...,vx actually do define a representation of sly(C). The only thing to check is
that for any Z, W € sl3(C) the action of the bracket [Z, W] on L(\) equals the commutator
of the actions of Z and W. By looking at the calculations done in this section again, you
will notice that we have in fact done everything that is needed in such a check. (|

Let us make some final observations which are useful in analyzing representations
of sl5(C) that we might encounter. We will use the following fact.

Fact I1.16. Any (finite dimensional) representation of sly is a direct sum of irre-
ducible representations.

This is the general property of complete reducibility for semisimple Lie algebras,
see [777]. It could also be verified more directly in the present case, see Exercise [777].

Observation I1.17. We have:
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e Any representation of sly(C), in which the H-eigenvalues have the same
parity and occur with multiplicity one, is necessarily irreducible.

e The number of irreducible subrepresentations of a (finite dimensional) rep-
resentation of sly(C) is the sum of multiplicities of 0 and 1 as H-eigenvalues.

4.3. Examples of representations of sly(C)

4.3.1. The standard representation

In Example I1.20, we noted that the space V' = C? is a representation of sl(C), when
the elements of sly(C) are understood as 2 x 2-matrices such as in (I1.7), and the
action of such a matrix on a vector in C? is by the usual matrix-vector multiplication.
This representation is called the standard representation of sly(C). If z = [1 0] " and
y = [0 1]" are the standard basis, then we have Hz = x and Hy = —y, so that the
H-eigenvalues are +1 and —1, and the corresponding eigenspaces are Cx and Cy.
From Observation I1.17 it follows that the standard representation V' is irreducible,
so by dimensionality in fact V' = L(1).

4.3.2. The tensor square of the standard representation

As above, denote by V = C? = L(1) the standard representation. Consider the
representation V' ® V. The H-eigenvalues on V ® V are +2 with multiplicity one
(eigenvector z ® z), 0 with multiplicity two (eigenvectors z ® y and y ® x), and —2
with multiplicity one (eigenvector y ® y). Note that because of the multiplicities,
Observation I1.17 shows that V' ® V' is not irreducible, but instead decomposes into
a direct sum of two irreducible subrepresentations.

Note that V ® V = Sym?V @ /\2 V' as a vector space, and also as a representation
of sl5(C). The two irreducible subrepresentations of the tensor square V ® V' of
the standard representation are the symmetric square” Sym?V 2= L(2), and the
alternating square® A*V 2 L(0). Here, A\>V = L(0) in fact coincides with the
trivial representation.

4.3.3. The adjoint representation

In Example I1.21, we noted that The vector space sly(C) is a representation of the
Lie algebra sl(C) by the adjoint action. Note that adg(E) = 2 FE, ady(H) = 0,
and ady(F) = —2F, so that the H-eigenvalues are +2, 0, and —2, each with
multiplicity one. The corresponding H-eigenspaces are CE, CH, and CF. From
Observation I1.17 it follows that the adjoint representation is irreducible, in fact
isomorphic to L(2), by dimensionality again.

"Note that dim(Sym?V) = 3, basis z2, zy, y>.
8Note that dim(A\* V) = 1, basis z A y.
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5. Lifting representations from Lie algebra to Lie group

We now illustrate how, in practice, the understanding of representations of a complex
Lie algebra (such as sly(C) in the previous section) allows us to study continuous
symmetries that are described by a real Lie group (such as SUy or SO3).

First of all, we want to note that as long as one is interested in complex representa-
tions, we are allowed to replace a real Lie algebra by its complexification.

Lemma 11.23. Let g be a real Lie algebra, and gc = g @ C = g P ig its com-
plexification. Then any complex representation of g has a unique structure
of representation of gc (which restricts back to g to the original one), and
Homgy(V, W) = Homy (V,W). In other words, the categories of complex repre-
sentations of g and gc are equivalent.

Proof. Let p: g — End (V) be a representation of g on a complex vector space V. The only C-linear
way to extend it to gc is to define pc: gc — End (V) by setting pc(X +1Y) = p(X) +ip(Y).
We leave it to the reader to check that this extension maps brackets in gc to commutators
in End (V'), and thus defines a representation of gc. Note that the converse direction is clear
— any representation of g¢ restricts to a representation of g C gc.

As for morphisms of representations, if fc: V' — W is a morphism of gc-representations,
then a fortiori it is a morphism of g-representations. We only need to show the other
direction, that if f: V' — W is a morphism of g-representations, then it is also a morphism
of gc-representations. But this is clear by C-linearity of f and the way the representations
pt and p? extend p¥ and p". O

Example I1.24. Recall that the three-dimensional real Lie algebras sus, and so3 are isomorphic.
We next observe that the complexification of either one is the three-dimensional complex
Lie algebra sl3(C).
Consider for example so3 with basis R*, RY, R* such that [R®, RY] = R*, [RY, R*] = R",
and [R*, R*] = RY, see Example I1.17. The complexification s03(C) = so3 ®g C has a

corresponding basis (now over C), which we for clarity denote here by R* = R* ® 1, RY =
RY ®1,RZ = R* ® 1. The Lie brackets of these basis elements in so3(C) are just

[RY, RY]s05c) = R, [RY, RZ]so04(c) = Re, [RZ, Ri]s0,(c) = RY.

We now change to another basis. Denote R = —2i RZ and R* = R* +iRY and R~ =
R® —iRY — clearly R®, Rt R~ also forms a basis of s03(C). The brackets of these new
basis elements are easily calculated using the C-bilinearity of [-, -]5o,(c) and the brackets of
RZ, RY, RZ — we get

[RO, R+]503((C) = 2R+, [RovR_]sog(C) = QR_, [R+7R_]503((C) = R+'

Comparing with the brackets of H, E, F' in sl3(C) given in Equation (I1.8), we immediately
see that the map s03(C) — sl3(C) defined by linear extension of R® +— H, R* — E, R~ — F
is a Lie algebra isomorphism, so3(C) 2 sl3(C). Similarly we have suy(C) 2 sly(C).

In particular we have equivalences

{complex rep’ns of sus} < {complex rep’ns of sl(C)} <> {complex rep’ns of so3} .
Recall that we found that the finite dimensional irreducible representations of the three-
dimensional complex Lie algebra slo(C) are L(A), with A € Z>¢. By Lemma I1.23, then,

these are also the finite dimensional irreducible complex representations of the real Lie
algebras sus and sos.

The fact that allows to get from representations of Lie algebras to representations
of Lie groups is the following consequence of our two principles for Lie groups.
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e Let G be a Lie group and g its Lie algebra.

(i) Every representation o: G — Aut(V) of the Lie group G defines a
representation p = (dg)|e: g — End(V') of the Lie algebra g, and any
intertwining map of representations of G is an intertwining map of
representations of g.

(ii) If G is simply connected, then o — p = (do)|. gives an equivalence of
categories of representations of G and representations of g. In partic-
ular, every representation of the Lie algebra g is the derivative at e of
some representation of the Lie group G.

Example I1.25. Recall that SU; is simply connected by Theorem I1.12. As a special case of the
theorem above we get the equivalence

{representations of SUs} <« {representations of sus} .
In particular, the irreducible complex representations of SUs are L(\), A € Z.
The easiest way to give the explicit SUs action on L()) is perhaps to realize that L(\) =
Sym™*C? is a symmetric tensor product of the standard representation C2. The action of
SU, on the standard representation C? is the obvious matrix-vector multiplication, and

the action on the symmetric tensor power can be read off from here. The example of the
three-dimensional irreducible L(2), for example, in the basis 22, 2y, y?, gives that

&1 +i &3 +il

§3+ily & i € 5Us
is represented by the matrix
& +2i66 — & —§183 — 16283 + 16184 — €284 & — 216485 — &
26183 + 216283 + 218164 — 26284 G+&6-6-6 —26183 + 218283 + 216180 + 262
€2 +2i6485 — &3 §18§3 — 16283 + 18184 + &84 £ — 2166, — &2

Although the statement of the previous fact appears to only concern simply con-
nected Lie groups, it can in fact be used for any connected Lie groups G. We only
need to pass through the universal cover G.

Example I1.26. The group SO3 of rotations of the Euclidean space R3 is connected but not
simply connected: by Theorem 77 its universal cover is SUs, and the kernel of the covering
map ¢: SUs — SO3 is the two element subgroup I' = {£I>} of the center of SU;. We have
SO3 = SU,/T.

By Example I1.25, the irreducible complex representations of SUs are the same as the irre-
ducible representations of sla(C), i.e., L(A) for A € Z>o. To get the irreducible representa-
tions of SO3, the remaining question is: which ones among L(\) are trivial on I'?

The solution is easy once we notice that

—I = exp(27S*?) € SU,, where S* = —%0’3 = [ _05 9 } € slo.
2
To lift a representation p: sus — End(V') to a representation of p: SUs — Aut(V'), we must
set o(exp(X)) = exp(p(X)). In particular we have o(—I5) = exp (27p(S7)). On L(A), the
operator p(S*) = 3ip(H) is diagonalizable with eigenvaluesi3,i(3—1),...,—13. If Aisan
even integer, then these are integer multiples of i and o(—I5) = exp (2mp(S)) is the identity
operator on the representation, so the representation is trivial on I' = {£Io}. If A is an odd
integer, then the eigenvalues of S* are half-integer multiples of i, and o(—I5) = exp (27p(S7))

is minus identity, so the representation is non-trivial on I' = {£I5}.

We conclude that the irreducible complex representations of SOz are L(A) with A € 2Z>y.
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6. Representations of sl3(C)

We already showed how to find and construct all irreducible representations of
sl5(C), and how to apply the results to representations of Lie groups, whose Lie
algebras have sly(C) as their complexification, e.g., SUy and SOs.

We will proceed to treat more complicated (semisimple) Lie algebras. We start
in this section by considering sl3(C). The representations of sl3(C) are needed
for example in quantum chromodynamics (QCD), the theory of strong interactions
that govern the atomic nucleai. Besides their direct relevance, the analysis of the
structure and representations of sl3(C) will serve as a wonderful example of what
happens with semisimple Lie algebras in full generality.

We will follow a similar strategy as in the case of sl5(C) to analyze the structure of
sl3(C) and its representations. We only require some new ideas, or rather reinter-
pretations of a few concepts and arguments. These ideas turn out to be powerful —
with them, we will be able to handle any semisimple Lie algebra.

6.1. The Lie algebra sl;(C)

Recall that sl3(C) is the set
sl3(C) = {M € C** | tr(M) = 0}

of traceless (complex) three-by-three matrices, equipped with the Lie bracket [M7, Ms| =
MMy — MsM;. As a (complex) vector space, it is eight dimensional

dim(sl3(C)) = 8.

Indeed, the nine entries X, ;, 1 < 4,5 < 3, of a matrix X € sl3(C) can be chosen
arbitrarily subject to just one linear condition, tr(X) = X1 + Xoo + X353 = 0.

Remark I1.27. For calculations below, we recall the definition and properties of the elementary
matrices EF'. For a general dimension n € N and for 1 < k,l < n, the elementary matriz
E* ¢ K™*" is the matrix whose (k,[)-entry is one, and all other entries are zeroes, Eikjl =
0k.i 01,5. The products of such matrices are

EklEk/l/ — 51 it Ekl/
as is verified by the following direct calculation

(EklEk/l/)ij — Z EfolEﬁl/;/ = Z 5k,i (;l,m 6k’,m 61’,]’ = 61,]@’ 6]@,2' 61’,]’
m

m
’

kl
= 5l,k’ Eij .

The n? elementary matrices E* form a basis of gl,(K), and the brakets in gl,, (K) (and thus
also in any Lie subalgebra g C gl,,(K)) read

[Ekl Ek,l/] — EklEkll/ _ Ek/l/Ekl
= Oy BM — 6 EFL (11.12)

In our analysis of sl3(C), we will follow steps modelled on those that we took in the
analysis of sl5(C) in the previous lecture. For sly(C), our analysis relied first of all on
a good choice of basis H, F, F' — we split any representation (including the adjoint
representation on sly(C) itself) to eigenspaces of H, and figured out how E and F
acted on the eigenspaces. The task now is to find the appropriate generalizations.
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The good idea turns out to be not to pick just one element to diagonalize, but
rather to take an entire subspace hh C sl3(C) to be diagonalized simultaneously.
Such a simultaneous diagonalization in any representation succeeds if all the needed
operators commute with each other, which is guaranteed if b is an abelian subalgebra
of sl3(C). We choose h to consist of all diagonal matrices in sl3(C), i.e.,

aq 0 0
h: 0 ay O ai, ag, as EC, (11+CL2+6L3:0 . (IIlS)
0 0 as

All diagonal matrices indeed commute with each other, so [h, h] = 0, and the simul-
taneous diagonalization of the action of all H € b is possible.

Since we are not considering the diagonalization of a single linear operator, but
an entire space of operators, the concept of eigenvalue needs to be appropriately
generalized. If V' is a representation, and v € V is a simultaneous eigenvector for
the action of all H € b, then we have

Hv=u(H)pv  VHeW, (IT.14)

where p(H) denotes the eigenvalue of the action of H € . Obviously u(H) depends
linearly on H, and so defines a linear functional p: h — C, i.e., an element p € h* of
the dual of h. This is the appropriate generalization of eigenvalues and eigenvectors.
We call 1 € h* a weight and v € V satisfying (I11.14) a weight vector (of weight p).
Analogously to the decomposition (I1.9), any finite-dimensional representation V' of
sl3(C) has a decomposition

V=V, (I1.15)
I

where p runs over weights V', a priori some finite collection of linear functionals
p € b*, and V, are the corresponding weight spaces for b

Vo={veV|VH ebh: Hv=pu(H)v}. (11.16)

We have dim(h) = 2, and to be concrete we can take a basis H'? = Eb — 22
H?*3 = E?? — 33 for h. It is convenient to write the dual elements as linear
combinations of n*, ¢+ = 1,2, 3, defined on all diagonal 3 x 3-matrices by

3
772(2 a; B = a;.
=1

As a basis of the dual, we can then take for example n* — n? and n? — n3, but we
remark that all n°, i = 1, 2,3, make sense as elements of h*.°

Example I1.28. The space V = C? is naturally a representation of 5l3(C): any element X € sl3(C)
is a 3 x 3-matrix, which we let act on any vector v € V = C? by matrix multiplication Xv.
This three-dimensional representation is called the standard representation of sl3(C).

The standard basis vectors ej, ez, e3 € C? are weight vectors, with respective weights
nt,n?,m%. The weight space decomposition of the standard representation C?® of sl3(C)
is thus

C® =Ce; ®Cey @ Ces = (Cg)nl @ (CS)UQ @ (CB)ns.

9Acting on b, the elements ', 2, n° are not linearly independent, of course, since n'(H) +
n*(H) +n*(H) = 0 holds for any traceless diagonal matrix H.
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Example I1.29. Recall that if V' is a representation of a Lie algebra g, then the dual V* becomes a
representation by defining, for any X € gand ¢ € V*, the dual element X.p as v — —p(X.v)
forallveV.

The dual V* of the standard representation V = C? of sl3(C) is thus a three-dimensional
representation. Let @1, 2, p3 € V* be the dual basis to the standard basis e;,e2,e3 € V,
ie. @;(e;) =0;, forall i,j € {1,2,3}. If H € b, then

(H.g;)(ei) = —pj(H.e;) = —p; (n'(H) e;) = —n'(H) 6;.; = =’ (H) ;(e3),

which implies that H.¢; = —n’(H) ¢;. The basis vectors ¢1, ¢2, 3 are thus weight vectors,
with respective weights —n', —n?, —n2, and the weight space decomposition of the dual of
the standard representation of sl3(C) is

V*=Cp1 ®Cpy @ Cp3 = (V*)_jp @ (V)2 ® (V") 5.
In particular (unlike for sl3(C)), a representation of sl3(C) and its dual are generally not
isomorphic to each other (even the weights in V' and V* are different).
Example I1.30. The adjoint representation of sl3(C) is the vector space V = sl3(C) equipped
with the adjoint action: for X € sl3(C) and Y € V = sl3(C), we set
adx(Y) =[X,Y], which defines ad: sl3(C) — End(sl3(C)).
This is an eight-dimensional representation of sl3(C).

We will next address the weight space decomposition in this case.

6.2. Representations of sl;3(C)

We will use the following two facts about finite dimensional representations of sl3(C).

Fact I1.18. On any finite dimensional representation V' of sl3(C), the actions of all
H € b C sl3(C) are simultaneously diagonalizable.

The proof of this fact follows from general theory of semisimple Lie algebras, but it is
also not difficult to deduce from the corresponding fact for sly(C). The simultaneous
eigenspaces are the weight spaces (I1.16) in the decomposition (I1.15).

Fact I1.19. Any finite-dimensional representation of sl3(C) is a direct sum of its
irreducible subrepresentations.

This fact follows from general theory of semisimple Lie algebras, which we will treat
later.

6.2.1. The adjoint representation and roots for sl3(C)

In particular, the adjoint representation V' = sl3(C) admits a decomposition to
weight spaces

sl3(C) = EB (5[3((@))u

as we will verify now. The (abelian) subalgebra of diagonal matrices clearly consists
of vectors that have eigenvalue 0 for the adjoint action of any other diagonal matrix,
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so we have b C (sl3(C)),. For an elementary matrix £, and diagonal matrix

H =", axE*, we calculate
[H,E9) = ap[E™, B9 =) ax (0 EY — 5 E™)
k k
= (a; — aj) EY, (I1.17)

which shows that the one-dimensional subspace CE%¥, for i # j, is a simultaneous
eigenspace for all H € b, with eigenvalues given by the weight n* — r/ € h*. This in
fact concludes the weight space decomposition: the eight-dimensional space sl3(C)
has six one-dimensional weight spaces of different non-zero weights, and the two-
dimensional subspace b of zero weight:

sl3(C) =h & P CEY. (IL.18)
i#]
The non-zero weights appearing in the adjoint representation are called roots, and
denoted traditionally by a. The set of roots is denoted by ®: for sl3(C) we have

o={n' =’ 0" =0’ 0’ =0’ 0 =0’ —n'n* =’} (11.19)

For the adjoint representation, the weight spaces other than h are called root spaces.
The decomposition (I1.18) is also called the root space decomposition.

6.2.2. Irreducible representations of sl3(C)

Let again V' be a finite-dimensional representation of sl3(C), and assume moreover
that it is irreducible. The decomposition V = P Vi to weight spaces

VH:{UEV|VHEh:Hv:,u(H)U}

tells exactly how any H € b acts on V. In view of the root space decomposi-
tion (IL1.18) of sl3(C), the remaining task is to describe how the root vectors E*,
i # j,act on V.

Let now v € V,, be a weight vector of weight x € h*, and consider the action of EY
on v. Denote by o = n' — i’ the corresponding root, and let H € b.

Fundamental calculation (second time):
H(E'%v) = EY(Hv) + [H, EY]v
= EY(u(H)v) + o (H)EYv
= (n+ oY) (H) EYv.
This calculation shows that if v is a weight vector with weight p, then E%v is a

weight vector with weight p + o (although not necessarily a non-zero vector). In
other words, for any p and for any i # 7 we have

ij . L
E9:V, = Vypair.

As with sl5(C) we can immediately conclude something about the differences of any
two weights appearing in an irreducible representation.

Observation I1.20. In an irreducible representation of sl3(C), any two weights
i, i/ differ by an integer linear combination of roots, u' = p + Zi# ngj o
with some n;; € Z.
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This can be reformulated as saying that the weights in an irreducible lie in some
translate of the root lattice

A =) Za =Za"” ® Za™. (I1.20)

acd

For the latter expression we used the fact that o' = o' + a??, by virtue of which
all Toots can in fact be expressed as integer linear combinations of a!? and o?3.
We call these a'? and o simple roots (a choice has been made here). The set
A = {a'? o} of simple roots forms a Z-basis of the root lattice Ag. Roots which
are non-negative (resp. non-positive) integer linear combinations of simple roots are
called positive roots (resp. negative roots), and their set is denoted by

or =0 N PZza  (resp. D= -d7).

acA
Concretely, here we have &+ = {a'?, a?, a3} = {a¥ |i < j}.

To continue with comparisons to the case of sly(C), recall that at this stage we
showed that in an irreducible representation, any non-zero vector from the H-
eigenspace with maximal eigenvalue A generated the entire representation, which
was in fact determined by A. Such a vector v satisfied Fv = 0 and then succes-
sive action by F' on v was enough to span the representation. What is the correct
generalization to the present situation?

The eigenvalues have been replaced by weights ;1 € b*, and it is not a priori clear
which should be though of as maximal. Let us make an arbitrary looking choice:
choose numbers r; > ry > r3 such that r{ +r,+1r3 = 0, and define a linear functional
¢ on h* by
(a1t + aon® + asn®) = ayry + agry + asrs.

The choice made above is such that the positive roots evaluate to positive numbers,
in particular for the two simple roots we have £(a'?) = r; —ry > 0 and £(a®) =
ro —r3 > 0. Let us agree to say that a maximal weight is the one with the largest
value of (the real part of) ¢. To ensure that there is a unique maximal choice, we
assume furthermore ry, 79,73 chosen so that £: Ag — R has a trivial kernel (¢ is
irrational with respect to the lattice Ag).

Then in a finite-dimensional representation V' there exists a unique maximal weight,
denote it by A. Note that since £(a”) > 0 for all i < j, we must have EYV) = 0.
The root spaces of the positive roots thus annihilate the weight space with maximal
weight. We introduce some terminology:

Definition II.21. If V' is any representation of sl3(C), then a (non-zero) vector
v € V which satisfies E%v = 0 for all ¢ < j, and Hv = p(H)v for all H € b
and some A\ € h* is called a highest weight vector, and the weight A € bh* is
called its highest weight.

Observation I1.22. In any irreducible finite-dimensional representation V # 0 of
sl3(C), there exists a non-zero highest weight vector.

Proof. Take A the maximal weight in V = @ L Vi, and choose a non-zero v € V. ]

Example I1.31. In the standard representation V = C? of sl3(C), the vector e; a highest weight
vector of highest weight n'.
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Example I1.32. In the dual V* of the standard representation the vector 3 a highest weight
vector of highest weight —n?.

Example I1.33. In the adjoint representation sl3(C), by Equations (II1.12) and (II.17), the vector

E'3 a highest weight vector of highest weight o'® = n! — n3.

A highest weight vector v € V), is annihilated by half of the root vectors, and like
for sl(C), applying repeatedly on it the other half of the root vectors, we generate
the entire irreducible representation.

Claim II1.23. Let 0 # v € V). Then V is spanned by the vectors obtained by
successively applying E?!, E32, and E3! on v.

Proof. Let W be the linear span of vectors obtained by successively applying E?!, E32, and E>! on
v. Note that since E3! = —[E?!, E32], alternatively W could have been defined as the linear
span of vectors obtained by successively applying only E?' and E3? on v. For an inductive
argument, let W,, denote the linear span of vectors obtained by successively applying on v a
word of at most n letters, each equal to £ or E32. Then W is the sum of W,,, as n ranges
over natural numbers. By definition we have E?'W,, C Wy41 and E3?W, cC Wip+1, and
then using the fact that E3! = —[E?1 E32] we get that E3'W,, C W,,42. Also for any H €
we have HW,, C W,, since the vector obtained by applying a word on the highest weight
vector, is a weight vector (of weight A\ plus the sum of the negative roots corresponding
to the letters of the word), and such vectors span W,,. It follows that W = > W, is an
invariant subspace for the action of all H € h and E?', E32, and E3!. It remains to see what
the positive root vectors E'2, E?3, and E'? do to W,,. Moreover, since E'? = [E2, E?3], it
in fact suffices to consider E'? and E%.

We claim that E?W,, C W,_; and E?2*W,, € W,,_;. The proofs are entirely similar, so
consider the first case. The case n = 0 is clear, since Wy = Cuv is the one-dimensional space
spanned by the highest weight vector, which is annihilated by E'? and E?3. Proceed by
induction on n. Suppose that w is a vector obtained by applying on v a word of n letters,
each equal to E?' or E32. Depending on the last letter, we have either w = E?'w’ or
w = E32w, with w' € W,,_;. Consider first the first case. Then

E12w _ E12E21w/ — (E21E12 + [ElQ,E21])wl —_ (E21E12 + H12)w/
=B E?w + H?w' € E*'W,_o+ W,1 C Wiy

where we used the induction assumption E2W,_; C W,_» and the fact that b preserves
W, _1. In the second case,
E12w — E12E32w/ — (E32E12 + [ElQ, E32])w/ —_ (E32E12 + O)’LUI
= E¥E20 € E3?W,_y C Wy_1,
where we again used the induction assumption E'2W,,_; C W,_,. By induction, we thus
establish that E'2W, C W,_; and E?*W, C W,_1, and as a consequence also E3W,, C

Wy —2. Therefore W = 3 W, is invariant also for E™ E?3 and E'3, and is therefore a
subrepresentation. O
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Observation I1.24. The weights p appearing in an irreducible finite-dimensional
representation V' of sl3(C) lie in a cone (a 3-plane, in fact) seen from the
maximal weight A, namely in

A — (Rzoalz + R20a23).

By Observation I1.22 any irreducible representation contains a highest weight vec-
tor, and by Claim II.23 the subspace spanned by vectors obtained by successively
applying E?', E£32, and E3! on the highest weight vector is a subrepresentation — in
particular an irreducible representation is generated by successively applying E?!,
E3? and E3!' on a highest weight vector. Actually a little more is true:

Proposition I1.34. If V is any representation of sl3(C), and v € V' is a non-zero
highest weight vector, then the subspace W C V' spanned by vectors obtained
by successively applying E?*, E*?, and E3' on v is an irreducible subrepresen-
tation.

Proof. Let A be the highest weight of v, i.e. v € V). We have shown that W C V is a subrep-
resentation, and clearly W), is one-dimensional, W, = Cv. If W would not be irreducible,
then by complete reducibility (Fact I1.19) we would have W = W' & W, with W/ and W"
non-zero subrepresentations. But since the projections to W’ and W’ commute with the
action of h, we have W, = W} @ W{. By one-dimensionality, one of these has to be zero,
and so v belongs to either W’ or W”, and thus W is either W’ or W". O

Corollary I1.35. The highest weight \ of an irreducible representation is uniquely
determined, and the highest weight vector is unique up to a multiplicative con-
stant.

Proof. Tf an irreducible representation V' would contain a (non-zero) highest weight vector of
highest weight X" other than the maximal weight A (according to the ordering given by the
real part of £: h — C), then the subrepresentation W generated by it could not contain
vectors in V), and thus would be a proper subrepresentation. This shows the uniqueness of
the highest weight. The uniqueness up to constants of a highest weight vector follows from
Claim I1.23. |

Corollary I1.36. An irreducible representation of sl3(C) is determined by its high-
est weight.

Proof. Suppose that V' and W are irreducible representations with the same highest weight A. Take
non-zero highest weight vectors v € W and w € W. Consider the representation V@ W, and
the subrepresentation U C V @& W generated by the vector v + w. Since v + w is a highest
weight vector, U is an irreducible representation by Proposition I11.34. Let 7y : VW — V
be the projection to V. Since 7y (v + w) = v # 0, by Schur’s lemma we have U = V.
Similarly one shows U = W. This shows V = W. O

Let us summarize what we know up to now about irreducible finite-dimensional
representations of sl3(C). By Observation 11.22 we know that an irreducible repre-
sentation contains highest weight vectors, by Corollary I1.35 we know that they have
a unique highest weight, and by Corollary I1.36 we know that the irreducible repre-
sentation is determined by the highest weight. Thus the classification of irreducible
representations has been reduced to answering:
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Which elements A € h* can serve as highest weights of finite-
dimensional irreducible representations?

Also we should obtain a more detailed and concrete understanding of the represen-
tation. Let us first proceed with the study of the weights and their multiplicities in
a finite-dimensional irreducible highest weight representation with highest weight .

From Corollary I1.35 we know that the multiplicity of the highest weight A is one
in an irreducible representation. Let us continue looking at the weights along the
borders of the cone in which all weights of the representation are known to reside
by Observation II.24. The weight space V)_pq12, k € Z>(, is necessarily spanned
by (E?Y)*v (any application of E3? or E3! would move the weight away from that
border of the cone). In particular, among weights of the form X\ — ka'?, there is
one uninterrupted string, with £ =0,1,2,...,d — 1, where d is the smallest positive
integer such that (E*')% = 0.

We can actually now apply our knowledge of sly(C). Denote H'? = F1! — E?2 € b,
and recall calculations (I1.12) and (I1.17), which give

[H12 E12] — 2E12 [H12 E21] —_9 E21 [E12 E21] — HlQ.

In other words, the span of the three elements E'2, H'2 E?' is a Lie subalgebra
§'2 C sl3(C) which is isomorphic to sl(C).

The action of the subalgebra 52 C sl3(C) only shifts weights in the directions +a'?,
and the sum of weight spaces

d—1
D Virar
k=0

12 ~

is a representation of §'% 2 sl,(C). From the previous lecture, we then know that
the dimension d of it relates to the maximal H'? eigenvalue \(H'?) € Zs¢ by d =
ANH'™) + 1.

Observation II1.25. The highest weight A € h* of an irreducible finite-dimensional

representation of sl3(C) takes non-negative integer values on the basis H'?, 3
of h C sly(C):

)\(HIQ) =ac ZZ()? )\(H23) =be ZZO7
and consequently also on H'3 = H'%2 4 H?;

MHS) = NH™) + MH?) = a+b € Zs.

Proof. Indeed, from above we see that A(H'?) = d — 1 =: a, where d is the dimension of the

representation of §'2 22 sl,(C) consisting of weight spaces along one border of the cone in

weight space. Similarly, by looking at another border of the cone and the subalgebra §23 =
sly(C) spanned by E?3, H?3, E32) one concludes that A(H??) is a non-negative integer. [J

This gives a necessary condition for an element A € h* to be the highest weight of
an irreducible finite-dimensional representation of sl3(C). In fact, it turns out that
the condition is also sufficient.

Theorem 11.37. For any a,b € Zsq, let Aoy = an' —bn® € b*, i.e., \(H'?) = q,
ANH?) = b. Then there erists a unique irreducible finite-dimensional repre-
sentation L(Aqp) of sl3(C) with highest weight A,p. Moreover, any irreducible
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finite-dimensional representation of sls(C) is isomorphic to L(\,yp) for some
a, be ZZO'

Proof. We have shown all other parts of the assertion except the existence of a finite-dimensional
representation with highest weight A, ;. Recall from Example 7?7 that the highest weight of
the standard representation V = C? is ! = A1 o, and the highest weight of the dual V* is
—n® = Xo.1. Consider the tensor product

Ve VeV @ V"

a times b times

of a copies of V' and b copies of V*. In it, the vector
1R Re1RVP3® - Qps

is annihilated by E'2, E2?3, and E'3, and it is an eigenvector of any H € b, with eigenvalue
an'(H) — bn3(H). Therefore, this vector is a highest weight vector of highest weight A, ,
and the subrepresentation generated by it is an irreducible highest weight representation of
dimension at most 3%+° the dimension of the tensor product. ([

We have thus in principle classified all irreducible finite-dimensional representations,
but our description of them is so far not satisfactory in terms of explicitness — we
have not for example told what are the different weights appearing in the irreducible
L(Aqp), or what is its dimension.

6.2.3. More about the weights in irreducible representations

We found that the irreducible representations were labeled by their highest weights,
the possible values of which form the set of dominant weights

AL

All weights must be obtained from these by translating by some integer linear com-
binations of roots. Since the roots a% satisfy o(H'?) € Z and o (H?) € Z, we
see that all weights of any finite-dimensional representations of sl3(C) must belong
to the weight lattice

Mv={uen

It is useful to have in mind the picture of h* with the discrete set ® of roots, the
lattice Ar generated by them, the lattice Aw of possible weights which refines the
root lattice Ar, and the cone A{; of dominant weights

® C Ag C Aw C b*, and  A{y C Aw C b*.

W(H™) € Zoo, p(H?) € ZZO} . (I1.22)

W(H2) € Z, y(H®) € Z} . (I1.23)

Recall also that in the irreducible representation L(\) with highest weight A € A{,
all weights are known to lie in the cone (in fact a %—plane)

A — (Zzoalz -+ ZzoOéQS),
by Observation 11.24.

By Claim I1.23 we got that along the borders of that cone the multiplicities of
weights are equal to one, until at some point they terminate

dim(L(AN)y_gar2) =1, for k=0,1,..., knax
dim(L(/\))\,ka%) = 1, fOI' k= O, 17 ey k'/

max’
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but as already indicated, we do in fact get more precise information by making use
of the subalgebras s' C sl3(C) and %3 C sl3(C) isomorphic to sly(C). We now turn
to that.

Consider thus again for example the subalgebra s'2 = 5l,(C), spanned by E'?, H'?,
and E?' in sl3(C). Suppose that p € h* is a weight appearing in a representation

V. The subspace
@ Vu+ka12

keZ

consisting of the weight spaces with weight u translated by an integer multiple of the
root a'?) is a representation of §'2, by virtue of our “fundamental calculation” (I1.20).
Let us apply the symmetry of eigenvalues of sly(C) to this representation. Note that
the H'2-eigenvalue of any w € V, is the integer i = pu(H'). Similarly, the H'2-
eigenvalue of w € V) ypa12 i is p(H'?) + ka'*(H') = fi + 2k. The reflected weight,
—fi, in particular, is obtained by setting k = —j = —u(H'?). This H'?-eigenspace
in the above representation of §'2 is the weight space with weight p — u(H?) o'
We define the operation

o12: h" = b7, o1a(p) = p— p(H'™) o™,
The dimensions of the weight spaces L(\), and L(\),,,(,) must be equal.

An entirely similar analysis of the subalgebra §%3 = sly(C), spanned by E?3 H?
E32) and of the subalgebra s'® 2 5l,(C), spanned by E', H' E3! shows that the
dimensions of the weight spaces are also unchanged by the operations

093 B = b7, oa3(p) = p— p(H?) o®
oi: b =0 o) = p—p(H?) o
on weights. Let W be the group generated by o1, 093, 013, the Weyl group. Then

the multiplicities of weights in any representation V' of sl3(C), are symmetric under
the action of the Weyl group

dim(V},) = dim(V,(,)) for any o € W.

Note that the operation 015 on h* is actually a reflection across the line determined by
Qs = {p €b* | p(H™) =0}, and similarly 093 and oy3 are reflections across lines
Qa3 = {u‘ u(H*®) = 0} and Q3 = {u‘ u(HS) = O}, respectively. Applying the
invariance of weight multiplicities under Weyl group W to the adjoint representation,
we find that each o € VW permutes the set ® of roots. As an example, we calculate

012(a12) — o2 0412(H12)0412 — a2 912 — _ 412
012(a23) — a3 a23(H12)a12 —aB a2 88
012(a13) — a3 a13(H12)a12 — ol 12 — 2 (I1.24)

Exercise I1.4. Show that the group W is isomorphic to the symmetric group &3 on three letters.

Let us return to the analysis of the irreducible representation V' = L(\) with highest
weight A € AJ,. The highest weight vector v in the one-dimensional weight space
V) is annihilated by E'? and E?* and consequently also by E'® = [E12 E?3]. This
lead to Observation I1.24 that all weights of L()\) must lie in the cone

A — (Zzoam + ZZ()OzQ?’).
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Consider then a vector v in the one-dimensional weight-space V), with the reflected
weight X = 012(A). Note that 015 0 012 = idy+, and therefore o12(\) = A. The first
calculation in Equation (I1.24) then has the significant consequence that

o12(N — a'?) = o13(N) — o12(a?) = A +a'?,

from which we infer that dim(Vy/_a12) = dim(Vy412) = {0}, and in particular that
E?%%' = 0. Similarly, the third calculation in Equation (I1.24) implies that

0'12()\1 + Oél3> = 0'12()\/) + 012(0413) = A + &23

from which we infer that dim(Vy q13) = dim(V),423) = {0}, and in particular that
E3¢" = 0. Consequently we also get E?3v' = 0, since E?* = [E?!, E'3]. This makes
v' € V) something like a highest weight vector, but with respect to a different
choice of what is meant by the maximal weight. By performing an analysis similar
to Claim I1.23, we may conclude that the weights of V' lie in a certain cone seen
from X\, namely

A — (ZZ()OCZI + ZZ()O(B).

We can play a similar game with each of the 6 elements of the Weyl group W.
Vectors v,, 0 € W, in the one-dimensional weight spaces V() are annihilated by
three of the six root spaces, and all weights must lie in a cone seen from o (). The
intersection of these cones is a hexagon in the weight lattice, whose corners are
the images of the highest weight A under the action of the Weyl group, i.e., o())
with o € W. Although the general case is a genuine hexagon, note that some side
length may degenerate to zero if X lies on one of the lines across which the Weyl
group generators reflect weights. This happens if either A(H'?) = a or A\(H??) = b
vanishes. The hexagon then degenerates to a triangle, or even a single point in the
particular case of the trivial representation L(0) = L(Agp).
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