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Abstract

We interpret the Cayley transform of linear (finite- or infinite-
dimensional) state space systems as a numerical integration scheme of
Crank—Nicolson type. The scheme is known as Tustin’s method in the
engineering literature, and it has the following important Hamiltonian
integrator property: if Tustin’s method is applied to a conservative
(continuous time) linear system, then the resulting (discrete time) lin-
ear system is conservative in the discrete time sense. The purpose of
this paper is to study the convergence of this integration scheme from
the input/output point of view.
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1 Introduction and motivation

This paper consists of two parts that can be read almost independently from
each other. The first “system theory part” takes all of Section 1. It serves as a
motivation for the second “numerical analysis part” that consists of Sections
2 — 5. All the new results are presented there, such as Theorems 1 and 2.

In Section 1 we discuss how time discretisation (1.2) of linear dynamical
systems is related to the Cayley transform (understood in the sense of lin-
ear system theory). In finite-dimensional case, our dynamical systems are
described by (1.1) but it is necessary to use the more general formulation
(1.11) in infinite dimensions. Even the Cayley transform has to be general-
ized as explained in Section 1.3.

By Proposition 2, integration scheme (1.2) has the following nice property:

If the original continuous time dynamical system (1.1) is conser-
vative (as defined in Section 1.2), then the resulting discrete time
system (1.4) satisfies an analogous energy equality.

Motivated by this observation, the convergence of a generalized, infinite-
dimensional version of scheme (1.2) is investigated in the second part of
the paper. The resulting numerical method can be used for input/output-
simulation of input/output stable linear dynamical systems that are governed
by PDE’s from physics and engineering. Some of our results have been
presented in [21] in a shortened form.

The real axis is denoted by R and the complex plane by C, and we
write Ry = (0,00), iR = {2z : Rez = 0}, C; = {2z : Rez > 0}, and
D = {z: |z| < 1}. The usual Hardy spaces of X-valued analytic functions are
denoted by H?*(D; X), H*(D; X), H*(Cy; X), and H*(C,; X) where X is a
Banach space. By C([0,00); X) we denote the X-valued norm-continuous
functions on [0,00), and the subset of compactly supported functions is
C.(]0,00); X). The space C"(][0,00); X) denotes n times continuously dif-
ferentiable functions for n = 1,2,... where the derivatives at the endpoint
is one-sided. If X = C above, then C is not written out explicitly. For
I C R, the Sobolev space H'(I) consists of complex-valued functions whose
distribution derivative is in L*(I) — the set of square integrable functions.
Bounded linear operators are denoted by L£(X;Z) and L(X). Rest of the
notation is either standard or introduced when used for the first time.



1.1 Cayley transform as Tustin time discretisation

For simplicity, we consider first the classical finite-dimensional case. Then
the system S is described by the dynamical equations

o' (t) = Ax(t) + Bu(t),
S Qy(t) =Cx(t) + Du(t), t>0, (1.1)
z(0) = o,
where A € C", B e C™™ (C € CP*" and D € CP*™. The input and the
output of S are the signals u(-) and y(-), respectively. The function z(-) is

called the state trajectory. Given a discretisation parameter h > 0, a slightly
non-standard time discretisation of (1.1) of Crank-Nicolson type is given by

z(jh)—z((j—1)h z(jh ]

N2y AZGRHUZ0R) | By (jh),
R NPT
z(0) = Zo.

In engineering literature, this is sometimes called the Tustin discretisation of
(1.1). Rewriting (1.2) gives the discrete time dynamics

(h) _ () 2 () (h)
Zj Ti—1 Zj +x3 1
( )h = 20 )2 (h) i B ub )
h h h h
Y +x .
i =CE 52 4 DY >, (1.3)
(h)
Ly = Zo,

where u§-h)/\/ﬁ is an approximation to u(jh). The purpose of this paper is

to characterize the convergence' of yj(-h)/\/ﬁ to y(jh) as h — 0 in several
different ways and under rather general assumptions.

Let us proceed to describe the connection of (1.1) — (1.3) to the Cayley
transform in system theory. After some computations, equations (1.3) take
the form

§h) = AUI 2+ B(,u )
6o 4y =Coal ruxd% j>1, (1.4)
xg)h) = o,

where o := 2/h, and the operators A,, B,, C, and D, comprise the discrete
time linear system (henceforth, DLS)

o R = A

ITo state this claim rigorously, we should define the sampling and interpolating opera-
tors Ty, and T3 /h This is postponed to Section 2.2. Also note that we do not consider the

(1.5)

approximation of z(-) in this paper but we restrict ourselves to the input /ouput framework.
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Here G(-) denotes the transfer function of system S = [&5]in (1.1), and it
is defined by G(s) = D + C(s — A)™'B for all s € p(A). Then the transfer
function D, (-) of ¢, clearly satisfies

D,(z) =D, + 2C,(I — 2A,) "B, =G (1 — Za> (1.6)
1+2

for all z=! € p(A,). The mapping S — ¢, described above is called the
Cayley transform of continuous time systems to discrete time systems. The
purpose of this paper is to show that (1.2) successfully approximates (1.1) in
a context of input/output mappings of infinite-dimensional linear dynamical
systems. Hence, the DLS ¢, can be regarded as a convergent time discreti-
sation of S.

Out of our convergence results, Proposition 4 and Lemma 1 are stated
in the frequency domain. Lemma 1 provides a speed estimate for the con-
vergence that is uniform on the compact subsets of frequencies; see also
Corollary 1 for a more intuitive but less sharp estimate. As a consequence
of Lemma 1, more practical Theorems 1 and 2 are given in time domain but
unfortunately without a speed estimate. It is finally shown that Theorem 2
cannot be improved by a speed estimate similar to Lemma 1.

1.2 Infinite-dimensional linear systems

Even though we considered above only matrix systems (1.1), the Cayley
transform can be defined similarly to (1.5) for any system node S. System
nodes are a functional analytic framework for presenting linear dynamical
systems with possibly infinite-dimensional state spaces — including bound-
ary control systems defined by PDE’s. System nodes are discussed in, e.g.,
Malinen, Staffans and Weiss [25] but we review the construction below?.
Let X be a Hilbert space and let A: dom(A) C X — X be a closed,
densely defined linear operator with a nonempty resolvent set p(A). Take
a € p(A), and define ||z|x, = ||(a — A)z||x for each x € dom (A). Then
I|I|lx, is @ norm on dom (A) which makes it into a Hilbert space called X;. It
follows that A € £(X;; X). The space X_; is defined as the completion of X
with respect to the norm ||z||x_, = |[(a—A)"'z| x which makes X _; a Hilbert
space. We have now constructed a triple of Hilbert spaces X; C X C X_;
with dense and continuous embeddings — the rigged Hilbert spaces induced
by A and X. A different choice of a@ € p(A) leads to equivalent norms in
X, and X _; but it does not change the spaces themselves. The operator A

2The rest of this section serves only as a motivation and background. An already well-
motivated reader may skip to Section 2 without any loss to read the rest of this paper.

4



has a unique extension (by density and continuity) to an operator A_; €
L(X; X_1), known as the Yosida extension of A.

Definition 1. Let U, X and Y be Hilbert spaces®. An operator

e8] 1] e <[

is called a system node on (U, X,Y) if it has the following structure:

i) A is a generator of a strongly continuous semigroup on X with its
g gy g
Yosida extension A_1 € L(X;X_1) as explained above.

(i) Be L(U; X_1).
(iii) dom (S):={[f] €[] ]| A1z + Bu € X}.

(iv) A&B = [A B] 40

(v) C&D € L(dom (S);Y); we use on dom (S) the graph norm of A& B:

N sy = el + el + [ Aoy + Bl

Let now S = [AFB] be a system node on Hilbert spaces (U, X,Y") as in
Definition 1. We call A € £(X;; X) the main operator or semigroup generator
of S, B € L(U; X_4) is its control operator, and C&D € L(dom (S);Y) is its
combined observation/feedthrough operator. From the last operator we can
extract C' € L(X1;Y), the observation operator of S, defined by

X

Czx :=0&D lo

} , z € Xj. (1.7)

It is trivial that A& B € L(dom (S), X). A short computation shows that
for each av € p(A), the operator E, := [é (O‘*A—Il)le] is a bounded bijection
from [{5] onto itself and also from [} ] onto dom (S). Since [} ] is dense in
[#], this implies that dom (S) is dense in [ ], too. It takes more reasoning
to see that S, in fact, is closed as a densely defined operator from [{] to
[%]. Since the second column of E, maps U into dom (), we can define the

transfer function of S by

é(s) = C&D {(S B Al_l)lB] , s € p(A), (1.8)

#We shall use the notation [ ] for X x Y.
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which is an £(U;Y)-valued analytic function. A system node is called in-
put/output or I/O stable if C, C p(A) and G(-) € H*(Cy; L(U,Y)).

In above construction, the operator node S, the observation operator C,
and the transfer functlon Q are determined by the operators A, B and C’&:D
Alternatively, S and G may be constructed from A, B, C' and the value G ()
at one point in a € p(A); see |25, Section 2| for detalls.

Example 1. For any m,n,p € N, take any matrices A € C**", B € C"*™,
C € CP*™, and D € CP*™ qs in Section 1.1. Then the block matriz S' =
[& B] is a system node on (C™,C",CP) with dom (S") = [&n], 41 = A =
A1, A&B = [A B}, and C&D = [C’ D]. Also (1.8) is equivalent with
G(s) = C(s — A)"'B+ D for all s € p(A).

In Example 1, we have D = limjy o G(s). Such an operator D is called
the feedthrough operator of S = [A¢2] whenever the defining limit exists
in some operator topology. We remark that not all system nodes satisfying
dim X = oo have a well-defined feedthrough operator, and this is the reason
why we use the combined operator C'&D in Definition 1. System nodes
known as regular well-posed systems possess feedthrough operators; see, e.g.,
Staffans and Weiss [34, 35|, and Weiss [38].

The main reason for defining system nodes is that the “finite-dimensional”
dynamical equations (1.1) can be generalized for any system nodes. Indeed,
there exists a unique x € C*([0, 00); X) such that

2'(t) = A_yz(t) + Bu(t), t>0,
(1.9)
x(0) = xg
holds for any input u € C?([0,00); U) and any initial state zo € X for which
the compatibility condition [, ] € dom(S) holds. Moreover, [28} €
C([0,00);dom (S)) and because C&D € L(dom (S);U), the output signal
given by

y(t) = C&D [u(t ] (1.10)

is well-defined and continuous for all ¢ > 0. We may write (1.9) and (1.10)

shortly as
O[] e som o

which is the required generalization of (1.1) to system node S.

The role of the transfer function (1.8) is the same as in the finite dimen-
sional case. Indeed, define the Laplace-transform as usual by

~

f(s)=(Lf)(s) = /OOO et f(t)dt forall seC,. (1.12)
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Then §(s) = G(s)a(s) for all s € C, with the estimate
IYllz2@ry < sup [1G()llcwsm el o (1.13)
seCyq

if u(-) and y(-) are related by (1.11) with xy = 0 (and the integral in (1.12)
converges). This mapping u(-) — y(-) (with o = 0) is called the input/output
mapping of S. It has by density a unique extension to a bounded operator
from L*(R,;U) into L?*(R;Y’) assuming that S is I/O stable. These and
many other facts can be found in |25, Section 2| with all details.

1.3 Cayley—Tustin transform in infinite dimensions

We now describe how the Cayley transform can be extended to system
nodes S with infinite-dimensional state spaces. The Cayley transform ¢, =
[ & B2 ] of S is simply the DLS defined by

(c+A)(oc—A)"" V2o(oc—A_ ) 'B

Yo = V20C (o — A)! G(o) (1.14)

for any o € p(A) NR,. When comparing to the matrix formula (1.5), we see
that A has been replaced by its extension A_; in one place. The observation
operator C' and the transfer function G(-) are now defined through (1.7) and
(1.8), respectively. The transfer function of ﬁ,() of ¢, — together with its
relation to G(-) — is described by (1.6) without change.

Proposition 1. Let 0 > 0 and S be a system node whose main operator
satisfies Ry C p(A). Then S is (continuous time) 1/0 stable if and only if
its Cayley transform ¢, is (discrete time) 1/0 stable.

This follows by applying the spectral mapping theorem to the identity A, =
(0 + A)(oc — A)~', using (1.6), and recalling that the DLS ¢, is I/O -stable
if and only if 0(A,) C D and D,(-) € H*(D; L(U;Y)).

From now on we shall not use equations (1.1) — (1.3) and (1.5) (which
were given only as an introduction) any longer but their infinite-dimensional
generalized versions (1.9) — (1.11) and (1.14) instead. The approximating tra-
jectories will be given by (1.4) even in the general case, defining the required
operators by (1.14) and the identity ¢, = [‘ég ]]:3)5 ]

There exists an extensive general literature on the Cayley transform
of systems but we shall not make an account of it; see, e.g., Ober and
Montgomery-Smith [28] and the numerous other references given in [33]. The
idea of using the Cayley transform for the simulation of linear systems is not



new, either. In finite dimensions, the method described by (1.3) was already
discovered in 1940’s by Tustin, and it is known as the Tustin transform in
digital and sampled-data control circles; see, e.g., [29, p. 137].

The Cayley transform can be used in numerical analysis in a way that
is completely different from Tustin’s approach; see Arov and Gavrilyuk [1],
Gavrilyuk [9, 10, 11], and Gavrilyuk and Makarov [12, 13, 14, 15, 16, 17, 18|.
The analytical and numerical solution of differential equations of type (™ =
Lz and 2™ = Lz + f for n = 1,2, is considered with various assumptions
on operator L that are relevant either in Hilbert or in Banach space context.
The numerical method proposed by these authors is spectral in the sense that
the discretisation is a truncation in the Laguerre polynomial basis. This is
in contrast to Tustin’s approach which is a time-domain difference approxi-
mation instead.

1.4 Tustin’s discretisation preserves conservativity

The system node S is (scattering) energy preserving if for all T > 0 the
energy balance equation

(T % + / ly()[2-dt = (ol + / lu()2de (115)

holds, where u, z, y and x are as in (1.9) — (1.11). For any energy preserving
S, the main operator A is maximally dissipative and C; C p(A). Then
equation (1.14) defines the Cayley transform ¢, for all o > 0. Letting T' — oo
in (1.15) shows that the input/output mapping of an energy preserving S is
a contraction from L*(R,;U) into L*(R,;Y), and hence its transfer function
satisfies HG\(S)HE(U;Y) <1 forall s € Cy.

. A&B)4 .
If both S = [é%g;l] and its dual node S¢ = “C&D}]d} are scattering energy
B

preserving, then [A¢P ] is called (scattering) conservative. The dual node
S? is defined simply as the unbounded adjoint of S when it is regarded
as a closed, densely defined operator from [#£] to [{] (see the discussion
following (1.7)). We remark that it is now a nontrivial fact that the adjoint
of S actually is a system node in the sense of Definition 1. For details, we
refer to [25, Proposition 2.4, and Definitions 3.1 and 4.1].

We say that the DLS ¢ = [& B] is energy preserving if the block matrix
[A B] is isometric from [ ] into [{¥]. Then, and only then, the discrete time
balance equation

N N
lzn % = lzollx =Y lwyoally = =i}
j=1 j=1
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is satisfied for all N > 1, all initial values zy € X and all sequences {u,},
{x;} and {y;} satistying

l‘j+1 = A.I'j + BUj,
Yj+1 = Cl’j + DUj, j Z 0.

The DLS ¢ is conservative if both ¢ and the dual DLS ¢ := [A~ §.] (defined
as the adjoint of a bounded block operator) are energy preserving. If the
spaces U and Y coincide, then ¢ is conservative if and only if the block
operator [& B is unitary on [{]. For the proof of the next Proposition, see

|25, Theorem 3.2(v) and Theorem 4.2(iii)]:

Proposition 2. The Cayley transform ¢, of an energy preserving system
node S is an enerqy preserving DLS. Moreover, such ¢, is (discrete time)
conservative if and only if S is a conservative.

The reason for preferring the discretisation by (1.4) and (1.14) for energy
preserving and conservative problems (1.11) is due to Proposition 2. We
emphasize that Proposition 4, Lemma 1, and Theorem 2 below let us conclude
that (1.4) and (1.14) can be interpreted as a convergent time discretisation
scheme for all I/0 stable — including many non-conservative — system nodes
satisfying dimU = dimY = 1.

This is easy to understand because our results of are formulated in terms
of transfer functions and input/output mappings, and hence they do not
depend at all on the particular choice of the state space realization of type
(1.11). The only connection to system nodes is via the Cayley transform
(1.6) between continuous and discrete time transfer functions.

Conservative system nodes are known in operator theory as operator colli-
gations or Livsic — Brodskii nodes. Much classical literature exists for them,
see, e.g., Arov and Nudelman [2|, Ball and Staffans [3|, Brodskii [5, 7, 6],
Livsic [23], Livsic and Yantsevich [22], Sz.-Nagy and Foiag [36], Smuljan [30],
and Staffans |31, 32, 33]. Operator theory techniques for proving conser-
vativity in applications are given in Malinen, Staffans and Weiss [25], and
Tucsnak and Weiss [39, 37]. The special case of boundary control systems is
further studied in Malinen [24], and Malinen and Staffans [26, 27]; see also
Gorbachuk and Gorbachuk [19] and the references therein.

In numerical analysis, integration schemes that preserve energy equalities
or more complex invariants of the system are called Hamiltonian or symplec-
tic, respectively. The Cranck-Nicolson scheme (1.3) for linear systems is a
lowest order symplectic integration scheme from the family of Gauss quadra-
ture based Runge-Kutta methods. There exists an extensive literature of
symplectic schemes; see, e.g., Hairer, Lubich and Wanner |20].
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2 Approximation of the input /output mapping

In this section, we rewrite the discretisation (1.4) of the infinite-dimensional
dynamical system (1.11) in operator theory language. After that we ex-
plain how its convergence can be studied as an approximation of the Laplace
transform. R

From now on we make it a standing assumption that G(-) is a (possibly
non-rational) transfer function of an I/O stable system node with scalar
input and output spaces U = Y = C. This means that G(-) € H*(C,) or,
equivalently, D, (-) given by (1.6) satisfies D,(-) € H*(ID); see Proposition 1.

2.1 Spaces, norms and transforms

We use the norm

1 o N2
e = 5 sup | 1yl dy

z>0 —00

for the Hardy space H?(C,). Then the Laplace transform is defined by
(1.12) is unitary from L*(R,) onto H?(C,). The norm of H?*(D) is given by
18152y = D50 16517 for ¢(2) = 37, ¢;27, and it makes the Z-transform
unitary from (*(Z,) — H?*(D). If, say, f € C.(R) in (1.12), then (Lf) (s)
is well defined for all s € iR, too. The function iw — (Lf) (iw) is then the
Fourier transform of f.

By D, : H*(D) — H?*D) denote the multiplication operator satisfy-
ing (23 u)(z) = 150( Ji(z) for all z € D and ¢ > 0. Similarly, denote by
Q H?(C,) — H?*(C,) the multiplication operator satisfying (Qu)( ) =
G(s)a(s) for all s € C,. The operators D, and G are unitarily equivalent to
the input/output mappings of ¢, and S, respectively. The correspondence
(1.6) takes the form of the similarity transform

G =C;'D,C,, (2.1)

= F(=20) forall z
f(52) 0ralls€@+

where the composition operator is defined by (C, F) (z) :
D and F : Cy — C. Tt is easy to see that (C;1f) (s) :=

and all f: D — C. Hence we have M,C; ! f = F where F(s) = 1”;7; f(52)
and M, denotes the multiplication operator by the function s — 1V+S;Z.

Proposition 3. The operator M,C; ' : H*(D) — H*(C,) is unitary.

This holds because the sequence {ﬂgz (;g)]} is an orthonormal basis
Jj=0

for H*(C,) for each o > 0.
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2.2  Discretising operators

By T, we denote a discretising (or sampling) bounded linear operator T, :
L*(Ry) — H?*(D). The adjoint T of T, maps then H*(D) — L*(R,), and
it is typically an interpolating operator. The operator T, can be defined in
many ways but in this paper we use the mean value sampling

(h) jh

. U 1 J

(Tou)(z) =S w2/ where —- = —/ u(t) dt (2.2)
Z J \/E h (

i>1 J=Dh

with h = 2/0 (recall (1.3) and (1.4)). Then the adjoint 7} is given by

@50) (1) = — 3 wxig- omn(®), (2.3)
Vh

Jj=1

where 9(2) = >_.54v;2 € H*(D) and x;(-) denotes the characteristic func-
tion of the interval /. Tt is worth noticing that the operator T is a coisometry,
ie., T is an isometry:

» 1 [ 1 [
IT;00 72w, ) = E/o ) vixiG-nngm | dt = E/o D 1o Px1G-1yngm di

j>1 Jj=1
(2.4)

1 0 )
=22 Ivg‘IQ/0 XG-Dmgnl At = 105> = 18] 32 (p)-

j21 j=1

The operator T, itself is not isometric since ker (7;,) # {0}.

2.3 Approximation of the Laplace transform

Let us now use the discrete time trajectories of (1.4) to approximate the
continuous time dynamics in (1.11) using the discretisation and sampling by
operators T, and T7.

Let u € L*(R,) and assume zero initial states for both the system (1.9)
— (1.11) and its Tustin discretisation (1.4). The input signal of (1.4) is the
discretised signal T,u. If we transform the output {y"};5o of (1.4) into a
continuous time signal by applying the interpolating operator 777 to it, we
obtain the signal Tjﬁ,Tgu. On the other hand, the output of the continuous
time dynamics (1.11) is given by £*GLu. Our task is to show that at least
for some nice u € L*(Ry) and T > 0, we have the convergence

T Dy Ty — L*GLul| 20,7 — 0 (2.5)
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as 0 — oo. This will be achieved in Theorem 2. By Proposition 3 and
equation (2.1) we see that

1D, T, = T: (CoM;Y) -G - (M,CoY) T,

=T (M,C;) -G (MG T, = (M,C'T,)" -G - (M,C;'Ty)
since the multiplication operator M, commutes with G. Motivated by this
equation and by (2.5), we inquire whether the operators L, := M,C;'T, are

in some sense close* to the Laplace transform £ when o — oo. Thus, another
aim of this paper is to give stronger versions of the following proposition:

Proposition 4. For any u € C.(R;) and s € C,, we have

(Lu)(s) = lim (Lyu)(s),

ag—00
where Ly s defined as above.

Proof. Defining T, by (2.2) we get

@wﬂﬁzliiiEZ(%[ﬁﬁMﬂﬁ>(Z;jy 26

j>1 i-1

"1 +13/0— ; </0°° X(G-1)h.gn () (Z J_r z)j u(t) dt)
- [ Keotiuyar

where 0 = 2/h and

1 25\’
K, ,(t) = hin () (1 — . 2.7
o0 Hﬂw%?%UmM)< =) 27)

Now, if j is such that ¢ € [(j — 1)h, jh], then we obtain from the previous

1 < (0/2)t t
K, (t) = 1—- — - :
o(t) 1—i—s/a( 3/2+0/2) —e Tas o — o0

“Note that by Proposition 3 and equality (2.4), we see that each L, : L?(Ry) —
H?(C,) is a coisometry. The Laplace transform is a unitary mapping between the same
spaces. Hence, the convergence of L, — £ must be rather weak.
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We conclude that lim, . K, (t) = e for all s € C, and ¢t > 0. Moreover,
for each fixed s € C; and o > 2|s| we have

(o/2)t
2
|Ks,a(t)\g2.(1+ ‘S|)

o — |s]

(o—Isl)t/2 slt/2

2 2 |s|t

<o (142 1y 2 §2<e\/§) .
o — |s| o — |s|

The proposition now follows from the Lebesgue dominated convergence the-
orem, as the integrand in (2.6) has a compact support. [

3 A pointwise convergence estimate

Our most important preliminary result Lemma 1 is given in this section. We
obtain a uniform speed estimate for the convergence of (L,u)(iw) — (Lu)(iw)
for iw € K where K C iR is compact.

Before that some new definitions and notations must be given: Let [; =
(( — 1)k, jh] = (tj—1,t;] and ;15 = 3(t;—1 +t;). For u € L*(Ry), let I u
be the piecewise linear (with jumps) interpolating function, defined by

(Insu)(t) = @, + cj(h,s)

(t—tap), tET, (3.1)

where ;) = %flj u(t) dt and the defining sequence {c;(h,s)};>1 (depending
on two parameters h and s) will be later chosen in a particular way. Let P,
denote the orthogonal projection in L*(R,) onto the subspace of functions
that are constant on each interval I;. Then clearly for all u € L*(R,), j > 1
and t € I; we have (Pyu)(t) = ;.

Lemma 1. Let h > 0, 0 = 2/h, T = Jh for some J € N, u € C.(R;) N
HY(R,), and assume that supp(u) := {t € R : u(t) # 0} C [0, 7).

(i) Then the sequence {c;(h, s)}j>1 can be chosen so that (L,—L)(Insu)(s) =
0 for all s € C,.

(i) For any such choice of the sequence {c;j(h, s)}j>1, we have

|(Lou)(s) = (Lu)(s)]

hT/?|s| (3.2)

<

h
<|\Ih75u — Puull 20,y + ;MHl(O,T))
for all s € C., where |u|§{1(07T) = fOT |u/()|* dt.

13



(iii) The sequence {c;(h,s)};>1 in claim (i) can be chosen optimally so that

15 _ _
(h 1/2T 1/2 | |> ||Phu||L20T)

Iy u— P < —
[ 15,50 hU||L2(0T) 218

holds for a given s € iR, T"'> 1 4f 9h < T?/3e=31sIT, Furthermore, then

\(ZLgu)(s) — (£u)(s)| (3.3)
3h1/2|8|” || 2h21/2|s]2” || h211/2]s]|| ||
+ ——|u + —|u .
=700 Ul L2(0,1) 1000 L2(0,T) 10 H(0,T)

Claim (iii) of this Lemma has an easy consequence that is easier to remember:

Corollary 1. Under the assumption of Lemma 1, there exists a constant
C < oo such that the estimate

[(Low)(iw) — (Lu)(iw)] < CR2(1+ [w)TY2(full 1 or)
holds for all T > 1, w € R and 0 < h < 1 satisfying 9h < T2/3e=5WIT

Proof of Lemma 1. Let us first make some general observations. By a simple
argument, || Pyul|72g, ) =hd ;5 U3, Clearly for all t € I;

cj(h, s)

(];wu — Phu)(t) = h

(t — tjfl/Q).

Since for any b > a we have
b 2 B

1 / . b+a g — b a’
(b—a) J, 2 12

J .
cj(h,s)? [U

[ 5,0 — Phu||2L2(o,T) = Z ’ 12 / (t— 25‘7‘—1/2)2 dt (3.4)
1

j=1 tj—
h J

In claim (i) we want to determine the sequence {c;(h,s)};>1 so as to satisfy
(Ly — L)(Ipsu)(s) = 0 for given h and s. After some computations, we see
that this is equivalent to requiring that {c;(h, s)};>1 satisfies

J
Zu]hl()hs —|—ch ,8) =0, (3.5)
7=1

14

it follows that




where for s € C, \ {0}

1 o—s\’
I, s) = / =5t dt 3.6
i () ;|1+s/o\o+s (3:6)
_ 2 (o-sY 21 [e=9h — =]
o+s\o+s S
and
Ji(h,s) =1V (h,s) — (j — 1/2)h- 1\V(h, s) (3.7)
J ’ J ) i )
1 , . h ) .
_ ? [e—S]h . G_S(J_l)h} + % [e—syh + e—s(g—l)h}

together with

1 _ J
IQ)(h, s) ::/ i I R
J ,|1+s/o\o+s
_(2Zi-1Dh (0 — s) N (ﬂ n l) [emsh — e=sG=DA] 4 ho—s-vn,

o+s o+s s 52 s

It is clear that (3.5) has a huge number of solutions {c;(h,s)}/_, for any
fixed s and h, and most of the functions (h,s) — ¢;(h,s) need not even be

continuous.
Claim (ii) is to be treated next. Recalling (2.6), (2.7) and (3.1)

(Low)(s) — (Lu)(s) = / (Koo(t) — e Yu(t) dt
- / (Koolt) — ) ut) — (L) (£)) dt

J

(3.8)
=3 [ Fanl) =) )

Jj=1

J t;
(h J
-2 CJ(}; - / (Kso(t) —e™™)(t = tjorp) dt = T—TL
j=1

tj—1

Let us first give an estimate to term II. By the Poincaré inequality (see, e.g.,
|8, Theorem 1.7]) we obtain for all j =1,...,J

—s(- h —s(- h —s(-
(I = Pu) (Koo — )2 < —|Kso —e i) = —le Olii,)

15



where the equality follows because the function K, is constant on each
interval /;. By the mean value theorem we get for s € C; and 0 < a < b < o0,

b 2
‘675(-)’2 . _ / |i€75t‘2 dt = |S| (672aRes . 672bRes)
Hi(ab) . dt 2Re s

|5

S SRes 2Re se %Res (b—a) < (b— a)|8|26—2aRe5.

Hence |e™*O)| g (r,y < h/2[s|le”U=DRes and this estimate is seen to hold also
for all s € C;. We now conclude that |e=*0)| 107y < T"?|s| and

h3/2|s|
7

(3.9)

(7 = Pu) (Koo =€)y <

for all s € C,. Using (3.9) we have

II:Z/j (stg(t)—e_s'f)-cj(l;;s) (t—tj 1)) dt (3.10)

:Z /t-j ((I = D) (KS"’ - 675(.))) (t) - Cj(};l’ ®) (t —tj_1y2)dt

J h3| |2 1/2 7 (h )2 ‘. 1/2
S cilh,s 7
= (Z 2 ' (Z]T/ (t—tj—1/2)2dt>

j=1 j=1 tj—1

th/Z‘

h3/?|s s
il M i~ Pl o,

™

IA

J1/2 . ||_[h7su — Phu||L2(O7T) =

where the Schwarz inequality has been used twice, and the second to the last
step is by (3.4).

It remains to estimate term I in (3.8). In this case, since P, maps on piece-
wise constant functions and each u(t) — @; ), has zero mean on subintervals

16



I;, we obtain from (3.9) using the inequalities of Schwarz and Poincaré

1<y / (= B (Ko = e 0)) (0)ult) — 135)

J J
R32|s| h ho/2|s|
<> — —lulmay £ ——5— > Julma, (3.11)
=1 =1
h5/2 J 2 /g , 1/2 h2T1/2] |
(1) (St ="

Estimate (3.2) follows from combining (3.10) and (3.11) with (3.8).
To prove claim (iii), we shall minimise % > ;>1¢i(h, s)* under the con-
straint (3.5); see (3.4) for motivation. We form the Langrange function

L(ci, ... CponoycyyN)
h J J J
_ 0
- >+ (Z aindy(h,s)+ Y cjJi(h, s)>
j:l j:l j:l

and compute its (unique) critical point giving the minimum. We obtain

Oc
S anl” (hys) + 7 ¢ Ji(hys) = 0.

Solving this gives the minimising sequence

- 6 Z]] 1 Uy, hI (h s)
= c(h,s) = _ij(h s) = Z] AT

for all 1 < k < J, and then for the minimum value

{ 9L_%k+)\Jk(h s)=0 forl<k<J

Jk(h, 8)

2
h (Z]J 1 Uy, hI (h 5))
12 Ej:l Jj(hﬂ 3)2 ‘
Hence, choosing the operator I, s in (3.4) optimally gives
© L\ 12
(Z] 1 [] (h7 S) ) ||Phu||L2([O],)
1/2
(S, fhs2) " 23

17

||]h,su - Phu||L2(0,T) <



1/2
since || Pyul| r2(0,m) = (h Z] L U5 h) . We must now attack (3.6) and (3.7) to

estimate the required two square sums, and the required long computations
will be done in separate subsections 3.1 and 3.2 below. As a final result, we
get by Propositions 5 and 6

(S, 10 52) "
j=17"J N i(Bh 1/2T_1/2+h1/2| \2T1/2)
(0 Ji(h5)?)

218
assuming that 9k < T%/3¢347, But then

h1/2|8‘2T1/2 ’ | ‘ ‘T5/6 ——\ \T ‘ | i |S’T€_% s|T S |2i|
e

since max,>g re~3" = 3/(2e). Noting that the norm of the orthogonal pro-
jection Py is 1, the proof of Lemma 1 is now complete. n

3.1 Estimation of (3.7)

In this subsection, we shall estimate the square sum of

1 ’ , h
Jj(h, 8) == [e_sjh — 6_5(]_1)h:| + —

—sjh —s(j—1)h 3.12
. P [e™" +e ] (3.12)

from below and above. For the first term on the left of (3.12) we obtain

1 o —s(-1h L —sjh)* —s(j — 1)h)*
L oot ’]—;[Z( L Gl >>]

k>0 k>0
(=sh)*(* = (G =D
S = k!
h G =G -D" _
= —; -+ 2 k' ( S)k Qhk

h [e=s9h 4 ¢~s6=Dh] = h 3 (=s)* "+ 0 - 1)k)hk

2s S

h k=1 4 (5 _ 1)k-1 -
=52 (] Q(k(j— 1)!) )(_8) .

k>2

18



Hence, for all s € C, \ {0}

1) = 3 B gy

k>2

where the coefficient polynomials satisfy (by the binomial theorem)

d(j) =20 =G -DF) =k (G + G- D)

_ kzj (Z) (k—m—2)(—D*™™ for k>3

and ds(7) = 0. Hence di(j) is a polynomial of degree k — 3 in variable j.
Finally, we get the expression

1/2
Let us compute an upper estimate for [[{J;(h, s)},[[¢ := (Z;}:l J;(h, s)2>

By the triangle inequality

AR

b3 1/2
—2 k—m—2 k 2m
DD oml(k — m) |Sh| ZJ
k>3 m=0
k-3 k—m—2 Jm+1/2
S gt el
k>3 m=0 m m 2m + 1
1 ’T1/2h5/2 ZZ —2 ’ |k 3Tmhk m— 3
2 =m0 2V2m 1m'(k m)!
Noting that for £ — 3 > m > 0 we have \/2milzv(z -] < m,(k T and

|s|F=3Tmpkmm=3 = |sh|"“ 3.(T/h)™, we may estimate the sum term above

— 2v/2m 1m'(k m)

k>3 m

<Z;('Sh'”k2_(’“ 3)(T)>

k—3 k—3
—Z skl (1+ h) _ sl




We now conclude for all b, T > 0 and s € C, \ {0} that
1
||{Jj(h,8)};}:l’|g2 < §‘S|T1/2h5/26|8|(h+T), (3.13)

In addition to estimate (3.13) a lower bound can also be obtained. Decompose

oo k—3
k—m —2
J:(h — _a\m k—Qhk
> 1 < k—m 2
— - k 3 k Qhk - Am k,zhk
;(20{:—3)!3'( +22m'k )"

oo k—4

1 k3k2kz k — m—2 m k-2 k
TEEEAEL h kzz Stk — i

so that by the triangle inequality

M

>
Il

3

J
o 1 hes e
{7 (R )} || ,e 2 ||{Z m(ﬁ?)k s } Iz
oo k—4 k - J ! (314)
m — 2 Nk
ST e
k=4 m=0 j=1

For the first term in the right hand side of (3.14) we have

J
||{2%3>.3,< a>k-3sk-2h’f} o

g

J
(3.15)
— “{12 k 3 k Shk 3} HEQ
i

=1
- 1_2|8‘h3 ) H{G%h}jﬂ”ez’

where

J
e} e =D e
= (3.16)
B {J h='T, when Res =0

_ —2(J4+1)hRes
QhRes%eew, when Res > 0.

20



For the latter term in (3.14) we have a similar upper estimate to (3.13).
Indeed,

oo k—4 ]{? m— 2 J
H{ZZW 2 j>ms“hk} I
J

k=4 0 i—1
< — || ——
- Ik — |
Py oar! 2m!(k —m)! 2m + 1
oo k—4 3.17
_ k—m—2 ok me1/2ma1)2 ( )
Y e ey
2m!(k —m)!
k=4 m=0
oo k—4 k m — 2
_ h7/2 k— 4hk m— 4Tm
S D s

<|s|h7/2e| s|( h+T)'
As a conclusion we can now state the following proposition:

Proposition 5. Let J;(h, s) be defined through (3.12). Then for any s € iR,
T, h >0 satisfying T'= Jh, J € N and 9h < T?3¢=3151T we have

5
s > —Th?|s|. 1
175, )Yl = 5 THs] (3.18)

Proof. 1t is clear that (3.18) is satisfied for s = 0. For s € iR\ {0} it follows
from (3.14) and (3.15) — (3.17) that for all s € iR\ {0}, h,T > 0 satisfying
T = Jh for J € N that the estimate

T
e € L

holds. Since always h < T, we have h%/2elsl(h+T) < p3/220sIT" < 5 provided
that h < %/36_%'3”. The claim follows from this. O
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3.2 Estimation of (3.6)
J

In this subsection, we compute an upper estimate for H{ (h S } Hz? =
j=1

1/ _
(Z] 1I](O)(h, s) > . Writing 7 = sh and o = 2/h, we get for s € C,.

J
(0) _ 2 o—$ Lo g —sG-Dh
I (h,s) = ( ) —|—g(e it — ems(=hy

o+s \o+s

= 2 ((U — S)] — e_sjh> + < G 1(€Sh — 1)) e sih
o+ s o—+s o+s S
2h 2 — 71\’ . 2h  h .
:2 + (( T> B e‘”) - ( - _(GT - 1)) e
T 2471 2417 T

Let  C C, be any set. Then for any 7 € ) we have

2h 2— 71\’ . 2h  h .
[(O) < _ 7 T] - T_1 —7j
‘J (h,s)\_‘2+7_ (2—|—7') c +'2—|—7‘ T<€ )|€ ‘
J—
< 2h 2—7 Z 2—7 77_(]47]671)
2471 2471 — 2471
2
24717 T
2j7'2
<h !

where the constants are given by

1 2—71 .
—e
™ A\24+T

1 2 1

- ——(e7 =1 )

T<2+T T(e )>‘
This implies for all h > 0 and 7 = sh € ()

) J Q}lYT‘S J , 1/2 , J 1/2
{5009}l <G (327°) + Clblrl { 30
: —

1/2
<Coh'|s |3( I+ = J2+ J) + CLR|s|JY? (3.19)

and C¢, = sup
TEQ

Cqo = sup
7€

6
<Coh™?|s|* T + 05h3/2|syT1/2

by the facts that 7= Jh and J > 1. We now have to choose the set () in a
clever way, so that the resulting estimate is properly “fine tuned” according
to Proposition 5.
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Proposition 6. Let I;O)(h, s) be defined through (3.6). Then for any s € iR,
T > 1,h > 0 satisfying T = Jh, J € N and 9h < T?/3e= 55T we have

J 1 3
{10 h)} < GH2SPT2 + S22 (3:20)
j=1
Proof. Since we assume (motivated by Proposition 5) that 9h < 7% e’g‘s‘T,
we have 25
T T 1
ol = b < B pmgr < BT ogor L

4
since max,>ore” 3" = 3/(4e). Hence, we must estimate the constants Cq, and
Cy, for the set Q := [—i/(12¢e),i/(12¢)]. By computing the Taylor series, we

see that
1 1 1Y’ 1 1Yy 1
CQSZ S T T ‘(—) <Z—_(—> < =
= 202 (54 3)! 12e = 27-1 12e 2
and similarly
1\/*! 1 1Y’ 1 1Y) 3
Cy, < —— - = — [ — —.
Q—Z ( 2) (j+2)! (126) <ZQJ (126) <3
j=0 7>0
But now (3.19) implies (3.20). O

4 Weak and strong convergence

Our main results are given in this section. We first show that Lemma 1
implies that L, — £ in weak operator topology. Using this, it is then shown
in Theorem 1 that the convergence is actually strong. The input/output
approximation of linear dynamical systems is treated in Theorem 2.

It follows from Lemma 1 that (L,u)(iw) — (Lu)(iw) uniformly in the
compact subsets iw € K C iR for any v € C,(R,) N H'(R,). Hence, for
finite linear combinations s of characteristic functions y g of compact intervals
K C iR (also called simple functions) we have (s, Low) r2(ry — (8, £U) p2(p)-
Since || Ly || z(r2w, )2y ) < 1 and simple functions are dense in L*(iR), it
follows that

(v, Lot) oy — (U, LU) oy @8 0 — 00 (4.1)

for all w € C.(R) N H'(R;) and v € L?(iR;). Another density argument
implies finally that (4.1) holds even for all u € L?*(R,) and v € L*(iR). To
continue the argument, we recall a result from elementary functional analysis:
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Proposition 7. Let H be a Hilbert space, and assume that u; — u weakly
in H. If ||ullg — ||ullg, then u; — w in the norm of H.

Pmo{. (u; —2u,uj — )y = (U, ) = (s ) gy — (s — w) =y — u, u) y =
il = lullzr = 2Re (u, uj —u) . =

Theorem 1. We have || Lou—Lu| y2c,) — 0 for any u € L*(R). Moreover,
|Liv — L] 2@,y — 0 for any v € H*(C.).

Proof. Adjoining (4.1) shows that L*v — L*v weakly. Since L, is a coisom-
etry by Proposition 3 and (2.4), we have

* * 2
HLUUH%%M) = <LUL0U7U>H2((C+) = HUH?W(Q)'

Now Proposition 7 implies the latter part of this Theorem.

To show the first part, we have to work a bit harder to verify that
| Low| 2gmy — |ulle2eyy = ||Lu|lr2gm). Suppose that h = 2/0 > 0 and
u € L*(R,) is such that u(t) = uj) = f((jfl)h’jh]u(t) dt for all t € I; ==
(( — 1)h, jh] — in other words, this is simply v = P,u. For such u

My / a(t)2 dt = B[ {50} o2

=171

By the definition of the discretising operator T,,, we have

2
1 _
|Toull3em) = > (ﬁ/f IU(t)Ith> =hY _[anl” = )iz,
j>1 i

Jj=1

Hence, we have || T, Pyull g2y = || Paull 2w,y for all u € L*(Ry) where o =
2/h. Also note that T,u = T, Pyu for all u € L*(R,) provided that o = 2/h.
We now have for any u € L*(R,)

1 Toull 2oy =l z2e.)|

< 1 Toull 2wy = 1 To Patell 2oy | + [I1T6 Prell 2oy — | Prel| 2y |

+ | 1Puull o,y — lull 2@y = |I1Pvullzeyy — lullze,)) s
where again o = 2/h. Since the projections P, — I strongly in L*(R,) as
h — 0, we conclude that || T,u| 2@y — |[u|lr2e,) and hence || Lou|| g2c.) —

|lul|L2r,) as ¢ — oo, see Proposition 3. The first claim of this theorem
follows from this, Proposition 7 and equation (4.1). O

Using Theorem 1 we can finally show that the output of integration
scheme (1.4) converges to the output of continuous time dynamics (1.1) for
input/output stable systems S.
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Theorem 2. For any u € L*(R.) and G € H*(C..), we have
T Dy Ty — L*GLul| 2,y — O (4.2)
as o — o00.

Proof. As noted just before Proposition 4, we have T;‘ﬁ,To = LZQLU. Then
we get for all o > 0

IL5G Low — LG LUl 2ryy < (L) = £7)G (Lou — Lu)|| 12z,
+(Ly = £7) GLul| o ey + 11£7G (Lo — Lu) |2z, -

Now (4.2) follows by Theorem 1. O

5 On the optimality of Theorem 2

We complete this paper by showing that Theorem 2 is optimal in the sense
that it cannot be improved to have a speed estimate for convergence as in
Lemma 1. To this end, we consider estimate (2.5) in the special case when
Q\(s) =T forall s e C,.

In this special case it follows from the very definitions that Lj;éLU =
T;T, = P/, where the orthogonal projection P, is defined as in Section 3.
Since L*£ =7 on all of L?(R,), we should give an estimate to

lu— Pyullr207) for a family of functions u € L*(R,).

It is, of course, true that Pyu — w as h — 0 for all u € L*(R,). However,
there cannot be a uniform speed estimate of type

HU — Phu”LZ(O,T) S Ouha, (51)

where C, < oo for all u € L*(0,T). If it were so, then for any 0 < 8 < «
we would have ||h=P(I — Py)ullr20r) < C,h®? — 0 as h — 0, for all
u € L*(0,T). By the uniform boundedness principle,

sup ||h P (I — Pi)llr20m) =2 M < o0
h>0

and hence ||(I — Pp)||zz20m)) < MAP for all h > 0.

Making now h small enough, we see that then the norm of the orthog-
onal projection (I — P,)|L*(0,T) is strictly less than 1; this implies that
I|L*(0,T) = P,|L*(0,T). But P,|L*(0,T) is a finite rank operator, and the
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uniform speed estimate (5.1) cannot hold by contradiction. The same con-
clusion holds, if h* in (5.1) is replaced by any increasing continuous function
o(h) satisfying ¢(0) = 0.

It should be noted that a speed estimate of type (5.1) can be obtained
for functions v € L*(R,) that have some “smoothness”. See [4] for a further
discussion on what is obtainable and what is not.

6 Conclusions and remarks

We have shown in Section 1 that the Cayley transform (in the context of
linear system theory) is equivalent to the classical Tustin discretisation (1.2)
even for infinite-dimensional linear systems S = [A¢5]. The convergence of
this discretisation is studied in the scalar-valued input/output setting, using
the operators L, as introduced before Proposition 4.

It is shown in Theorem 1 (see also Corollary 1) that for a wide class
of functions u, the function L,u provides a pointwise approximation to the
usual Laplace transform. Even a convergence speed estimate is given as a
function of the sampling parameter h = 2/0. This result is extended to the
input/output mapping of the linear system S; see Theorem 2.

Unfortunately, Theorem 2 cannot be improved with a speed estimate, as
discussed in Section 5. This is understandable since for any ¢ > 0, the sam-
pling operator T, cannot detect above a certain cutoff frequency. However,
there are always high frequency signals u carrying substantial energy that
the discretised input/output mapping 7D, T, of S cannot capture at all.

It is possible to make some variants of Theorem 2 to operator-valued
transfer functions G(-) but we do not discuss them here. Likewise, the ap-
proximation of the true state trajectory z(-) in (1.11) by the discrete trajec-

tories {x§h)}j20 solving (1.4) remains a subject of further study.
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