POINTWISE BEHAVIOUR OF SOBOLEV FUNCTIONS
WHOSE GRADIENT IS INTEGRABLE TO POWER ONE

JUHA KINNUNEN AND HELI TUOMINEN

ABSTRACT. Our main objective is to study regularity of Sobolev functions
on metric measure spaces equipped with a doubling measure. We show
that every Sobolev function, whose gradient is integrable to power one, has
Lebesgue points outside a set of capacity zero. We also show that every
such function coincides with a Holder continuous Sobolev function outside
a set of small Hausdorff content. Our proofs are based on Sobolev space
estimates for the maximal functions.

1. INTRODUCTION

If the gradient of a function is locally integrable to a power which is higher
than the dimension of the underlying space, then by the Sobolev embedding
theorem the function is locally Holder continuous. It is a more delicate ques-
tion to study the pointwise behaviour of a Sobolev function if the gradient is
integrable to a power which is smaller than the dimension. Indeed, in this case
a Sobolev function may be discontinuous everywhere. In this paper we focus
on two basic questions: Lebesgue points and Holder quasicontinuity. The ad-
vantage of our approach is that it applies in the limiting case when the gradient
is integrable to the power one in the context of metric measure spaces.

The case when the gradient is locally integrable to a power which is smaller
than the dimension and strictly bigger than one has been studied, for example,
in [4], [7], [10], [14], [18]. The purpose of this work is to deal with the case when
the gradient is integrable to the power one. In this case we have new challenges
and new phenomena. The basic problem is that the Hardy-Littlewood max-
imal function is not bounded on L'. We overcome this problem by restricting
ourselves to the Sobolev space introduced by Hajtasz in [5] and using appro-
priate versions of Sobolev-Poincaré inequalities. For the exponents which are
strictly greater than one this space coincides with the standard Sobolev space
WLP(R™), but for the exponent one we have a strictly smaller class of func-
tions. We show that functions which belong to Hajtasz type Sobolev space
with the exponent one have Lebesgue points outside a set of capacity zero and
that they coincide with Holder continuous Sobolev functions outside a set of
small Hausdorff content.
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Our proofs are based on maximal function arguments. More precisely, when
studying the existence of Lebesgue points, we use a maximal function which
is related to discrete convolution approximations of the function. The discrete
maximal function is comparable by two-sided pointwise estimates with the
Hardy-Littlewood maximal function, but it is smoother than the standard
maximal function. Thus it can be used as a test function for the capacity.
Indeed, we show that the discrete maximal function is bounded in the Hajtasz
type Sobolev space also with the exponent one. This is somewhat unexpected,
since the discrete maximal function is not bounded on L'. The corresponding
result in the Euclidean space for exponents which are strictly bigger than one
has been studied in [13], see also [14] for the metric case. As far as we know,
the corresponding question for the Hardy-Littlewood maximal function in the
standard Euclidean Sobolev space with the exponent one is open. Our result
applies only for the Hajlasz type Sobolev space with the exponent one and
it is not clear to us how to obtain the corresponding result for the standard
Sobolev space.

In the last section we prove a Holder type quasicontinuity result. Again the
proof is based on maximal functions. Some parts of the proof are similar to
the proof of the case when the exponent in strictly greater than one in [7],
but since the proof is rather involved and the modifications are not completely
obvious, we decided to present full details here.

2. NOTATION AND PRELIMINARIES

2.1. Basic assumptions. Throughout the paper, X is a metric measure space
equipped with a metric d and a Borel regular outer measure pu. We assume
that p is doubling, that is, there is a fixed constant C), > 0, a doubling constant
of 1, such that

p(B(x,2r)) < Cup(B(z, 1))

for each x € X, and all r > 0. Here B(z,7) = {y € X : d(y,z) < r} is the
open ball of radius r centered at x. If 0 <t < oo and B = B(z,r) is a ball
in X, then tB = B(x,tr). We also assume that the measure of every open
set is positive, and that the measure of each bounded set is finite. Recall that
the doubling condition of y implies that there exists a constant Cy > 0 such
that whenever By = B(xg,79) and B = B(x,r) are balls with x € By and
0 <r <rgy then

5<(BBO)> za()

where s = log, C,,, (see for example [8, Lemma 14.6]). In this paper, s de-
notes the smallest exponent for which (2.1) holds and it is called the doubling
dimension of p.

(2.1)
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The integral average of a function u € L'(A) over a u-measurable set A with
finite and positive measure is

1
ug =4 ud :—/ud.
/ Ay L

We say that a function u belongs to the local space L} (X) if it belongs to
LP(B) for each ball B C X.

We continue by recalling the definitions of two maximal functions. Let
0<a<o0,0<f<o0, R>0,and u € L, (X). The (restricted) fractional
maximal function of u is

Mo ru(z) = sup ra][ lu| dp.
0<r<R B(z,r)
If R = oo, then there is no restriction for the radii and we denote M, o u =
Myu. If @ = 0 and R = oo, then we obtain the usual Hardy-Littlewood
maximal function and write Mg o u = Mu.
The (restricted) fractional sharp mazimal function of u is

uﬁRu(x) = sup r_ﬁ][ U — Up(zr)| dp.
0<r<R B(z,r)

Again, if R = oo, we denote uj = uj.

The Hausdorff t-content of a set E is the number H’ (E) = inf ). r}, where
the infimum is taken over all countable coverings {B;} of E by balls B; of
radius r;.

By Xg, we denote the characteristic function of a set £ C X. In general, C'
will denote a positive constant whose value is not necessarily the same at each
occurrence. By writing C' = C(7,\), we indicate that the constant depends
only on 7 and A. If there is a positive constant C} such that the two-sided
estimate C; 'u < v < Ciu holds, we write u ~ v, and say that u and v are
comparable.

2.2. Sobolev spaces M'?(X) and Poincaré inequalities. We recall the
definition of the Sobolev space M'?(X), 1 < p < oo, in a metric measure
space defined by Hajtasz in [5]. A measurable function g > 0 is a generalized
gradient of a measurable function u in X, g € D(u), if there is a set £ C X
with p(E) = 0 such that

(2.2) Ju(z) — u(y)| < d(z,y)(9() + 9(»))

for all z,y € X \ E. A function u € L?(X) belongs to M'P(X) if there exists
a function g € LP(X) N D(u). The space M'?(X), equipped with the norm
(2.3) [ullaie ey = Nlullzocx) + inf flgllzecx),

where the infimum is taken over all functions g € L?(X) N D(u), is a Banach

space [6, Theorem 8.3]. The space M'P(X) can be defined for all 0 < p < oo,
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but (2.3) is a norm only when p > 1. By [6, Theorem 8.4], Lipschitz functions
are dense in M'?(X) if p > 1.
A pair v € LL (X) and a measurable function g > 0 satisfies a (1,p)-

Poincaré inequality in X, p > 0, if there exist constants C' > 0 and 7 > 1 such
that

1/p
(2.4) f |u—uB|d,u§C’T<f gpd,u>
B B

for each ball B = B(x,r) in X.

Each pair u € M'?(X), g € D(u), satisfies a (1, ¢)-Poincaré inequality for all
g > 1; this follows by integrating inequality (2.2) twice and using the Hélder
inequality as in [5, Lemma 2]. For the case p < 1, see Section 3 and [6].

2.3. Sobolev capacity. The Sobolev capacity in M1?(X) for 1 < p < oo has
been studied [15]. The definition of [15] extends for all 1 < p < oo in a natural
way. The p-capacity with 1 < p < oo of the set E C X is defined by setting

(2.5) Cp(E) = inf{ [ullyprpxy T U € A(E)},
where
A(E) = {u € M""(X):u>1in an open neighborhood of E}

is the set of admissible functions (test functions) for C,(E). If A(E) = 0, then
we set Cp(E) = oo. Carefully reading the proofs of [15], we note that most
properties of p-capacity hold also for p = 1. In particular, the p-capacity is an
outer measure [15, Theorem 3.2] and an outer capacity [15, Remark 3.3], that
is,

Cp(E) =inf{C,(U): EC U, U open}.

It is easy to see that u(E) < C,(E), in particular, sets of zero p-capacity are of
zero measure, see [15, Lemma 4.1]. The doubling property of y gives an upper
bound for the p-capacity of a ball B of radius 0 < r <1,

(2.6) Cy(B) < Cr7u(B),

where the constant C' depends only on the doubling constant of px and p. For
the proof, we observe that 1/r-Lipschitz function with support in 2B is a
suitable test function also for 1-capacity, see [15, Theorem 4.6].

A function v : X — R is p-quasicontinuous if for every € > 0, there is a set
E C X such that C,(E) < € and the restriction of u to X \ E is continuous.

By the definition, functions of M1 (X)) are defined only up to sets of measure
zero. However, it was shown in [15, Corollary 3.7] that each Sobolev function
u € MY (X) has a p-quasicontinuous representative, that is, there is a p-
quasicontinuous function u* € M?(X) such that u = u* p-almost everywhere
in X. The proof remains valid also for p = 1 because continuous functions are
dense in M (X) and MY(X) is complete.
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Since the p-capacity is an outer capacity, and the norm of M'?(X) does
not see sets of zero measure, a result of Kilpeldinen [12] implies that the p-
quasicontinuous representative u* of v € M'YP(X), 1 < p < oo, is unique.
Indeed, if two p-quasicontinuous functions f and g coincide p-almost every-
where, then the p-capacity of the set where f # g is zero.

3. BAsic TooLs

In this section, we recall without proofs some results needed in the later
sections. We begin by recalling a Sobolev-Poincaré inequality from [6]. Below,
the Sobolev exponent p* = sp/(s — p) for p < s, where s is the doubling
dimension of .

Theorem 3.1. [6, Theorem 8.7] Let B be a ball of radius r, o > 1, and let
s/(s+1)<p<s. Ifue M"P(oB) and g € D(u), then u € LP"(B) and there
is a constant C = C(p,C,,0) such that

(3.1) f\u—uBV’ du) " §Cr<fngdu)1/p.

Note that if u € M"(X), g € D(u), and s/(s+ 1) < g < 1, then u €
MY/t (5 B) for each ball. Since (s/(s+1))* = 1, inequality (3.1) above and
the Holder inequality imply that

(s+1)/s 1/
/ |U—UB|d,LL < Cr(f gs/(8+1) d/'L) < CT’(/ qu/i) q
B oB oB

for all balls B = B(x,r) in X. In particular, the pair u, g satisfies a (1, p)-
Poincaré inequality for all p > s/(s + 1) (cf. [6, Theorem 9.2]). We will
frequently use (¢*,q)- and (1, q)-Poincaré inequalities for u € M''(X) and
s/s+1 < q <1 in the proofs of Lemmas 4.4 and 4.5.

The following well-known lemma, which is proved using the Lebesgue dif-
ferentiation theorem ([2]) and a telescoping argument, provides a pointwise
estimate for the oscillation of an integrable function via the fractional sharp
maximal function, see [3], [7, Lemma 3.6], [16].

Lemma 3.2. Let u € L} (X) and 0 < 8 < oo. Then there is a constant
C=0C(B,C,) >0 such that

(3.3) [u() = u(y)| < Cd@,9) (U] 4oy (@) + UF a0y @)
for almost all x,y € X.

Next result is a a weak type inequality for the fractional maximal function.

Lemma 3.3. [1, Lemma 3.2, [7, Lemma 2.6] Let Y C X be a bounded set
with (YY) > 0 and let 0 < o < s. Then for allu € L'(X) and for every A > 0,
we have

H;a({x €Y : My diamy u(x) > )\}) < C’)\l/ lu| du,
X
5



where C' = 5"%(2diam Y)*u(Y) "%

We continue with two lemmas for generalized gradients. The proofs for
p = 1 are similar to those for p > 1. The first lemma is a version of the Leibniz
differentiation rule.

Lemma 3.4. [7, Lemma 5.20] Let v € M*P(X), 1 < p < oo, and let ¢ be
a bounded L-Lipschitz function. Then up belongs to MYP(X). Moreover, if
E C X such that ¢ =0 in X \ E, then

9= (gulllloo + Llul)Xp
belongs to D(up) N LP(X) whenever g, € D(u) N LP(X).

The next lemma shows that generalized gradients behave nicely with respect
to the increasing convergence.

Lemma 3.5. [14, Lemma 2.6] Let (u;) be a sequence of measurable functions
with a corresponding sequence of generalized gradients (g;), and let u = sup, u;,
g = sup; g;. If u is finite almost everywhere, then g € D(u).

We close this section by recalling a Whitney type covering lemma for an
open set U # X of a doubling metric measure space X, see [2, Theorem
I11.1.3], [17, Lemma 2.9]. In Lemma 3.6, the usual assumption that the set U
is bounded is not necessary, see [2, the footnote of Theorem II1.1.3]. Namely,
in the original proof of Coifman and Weiss boundedness is used only in their
version of the 5r-covering theorem [2, Theorem II1.1.2]. In our case, where X
is a metric measure space with a doubling measure, the 5r-covering theorem
holds for all subsets of X; for every family B of balls of uniformly bounded
radius, there is a countable subfamily {B;} C B of pairwise disjoint balls such
that UgepB C U;5B;, see [19, Theorem 2.1], [11, Theorem 1.2].

Lemma 3.6. Let U C X be an open set, Cy > 1, let r(z) = d(z, X \
U)/(2Cw). Thereis M € N and a sequence (z;) of points in U with r; = r(x;),
such that

(1) the balls B(x;,r;/5) are pairwise disjoint,

(2) U= UZ‘B(.I'Z',TZ‘),

(3) B(l‘z, erz) C U,

(4) if x € B(x;, Cwry), then Cyr; < d(xz, X \ U) < 3Cwry,

(5) there is xf € X \ U such that d(z;,z}) < 3Cwr;, and

(6) D1 XBlay.Cwr () < M forallz € U.

We need the following technical lemma in the proof of Theorem 5.3. We
omit the proof which consists of simple calculations using the properties of the
Whitney covering and the doubling property of u. All constants depend only
on the constants of the Whitney covering, on the doubling constant C,, or the

doubling dimension of .
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Lemma 3.7. Let B = {B;} be a Whitney covering of an open set U C X, and
let x € By,, y € B;,, where B;,, B;, € B.

20

(1) If x € 2By, then 2/3r; <1y < 3/2r; and 1/5r;, < d(z, X \ U) < 1571,.
Moreover, if & € X \ U is such that d(z,z) < 2d(xz, X \ U), then
2B; C B(ZZ’, 347’0

(2) Denote 6 = 1/4max{d(z, X \ U),d(y, X \ U)}. Assume thaty € 2B,
and d(z,y) < 0. Ifd(y,X \U) < (x X\ U), theny € 6B;, and
]_/27“Z < Tio < 37“2‘. ]fd([L‘,X\U) ~ (y,X\U), then z € 6BZ‘1,
2/3r; <y <3/2r;, and 1/2r;, <1y < 3ry,. In both cases, r; = r;, ~
d(z, X\ U).

(3) If x ory is in 2B; and d(z,y) < 9, then

2B; C B(x,28r;) C B(x,140r;,) C B(x,700d(z, X \ U))

and d(v,y) < 12r;. Moreover, 2B; C B(xj,,80r;), where xj is the
closest point of x;, in X \ U from Lemma 3.6(5).

4. LEBESGUE POINTS

One of our main results shows that the 1-quasicontinuous representative of
an MUY1-function u is obtained as a limit of integral averages of u over small
balls. This result implies that almost every point, in the 1-capacity sense, is a
Lebesgue point of w.

Theorem 4.1. Let u € M (X). Then there is a set E C X with C1(E) =0
such that

(4.1) lim udp = u*(x)
r—0 B(z,r)

for all x € X \ E, where u* is the 1-quasicontinuous representative of u.
The proof is presented in the end of this section.

Remark 4.2. By using Theorem 4.1 for functions u — gz, where u € MY (X)
and (gx) is an enumeration of rational numbers, and basic properties of capa-
city, we see that if u € M"!(X), then

lim lu —u*(z)|dp =0
r—0 B(z,r)

for all x € X \ F with C;(F) = 0. Hence 1-quasi every point is a Lebesgue
point of u, see [10, Remark 2.8(2)].

Using Sobolev-Poincaré inequality (3.1) we obtain a stronger result which

corresponds the second part of [14, Theorem 4.5].
7



Theorem 4.3. Let u € MY (X) with the 1-quasicontinuous representative u*,
and let 0 < q¢ < s/(s —1). Then there is a set F' C X with C1(F) = 0 such
that

(4.2) lim |u —u*(z)]|?dp =0
r—0 B(z,r)

forallz e X\ F.

4.1. The discrete maximal operator. To prove Theorem 4.1, we will use
the maximal operator for a discrete convolution approximation, defined in [14].
We begin with a covering of X and a corresponding partition of unity, see also
2], [11], [19]. For r > 0, let { B;} be a covering of X by balls B; = B(x;,r) such
that the enlarged balls 68; have bounded overlap, that is, there is a constant
N = N(C,) € N such that >".°, X¢p,(z) < N for all z € X. Let then (¢;) be
a partition of unity related to the covering {B;} such that ) . y;(z) = 1 for
allz € X, 0 < p;, < 1in X, p; > C in 3B;, suppy; C 6B;, and that each
¢; is L/r-Lipschitz. Here the constants C' > 0 and L > 0 depend only on the
doubling constant of .
We define u,, the discrete convolution of u, by setting

UT(.I') = Z@i(l’)U;gBi, r e X.
=1

For the definition of the discrete maximal operator, we numerate the positive
rationals and choose for each radius r; a covering consisting of balls B =
B(z;,rj) and a corresponding partition of unity as above. Then we define the
discrete mazimal function of u € Li, (X) related to coverings {B]} by
(4.3) M*u(z) = sup |ul,, (), z€X.

J
The maximal operator M™* depends on the covering. However, the estimates
for M™ are independent on the covering. The operator M* has the useful
property of being comparable with the usual Hardy-Littlewood maximal op-
erator,

(4.4) C* Mu(z) < M*u(xr) < C Mu(z)
for each u € L} .(X) and all € X, where C' = C(C,,), see [14, Lemma 3.1].

loc
This means that for almost all practical purposes we may use the discrete
maximal function instead of the Hardy-Littlewood maximal function. If p > 1,
then (4.4) together with the boundedness of the maximal operator M (see [2])

imply that there is a constant C' = C(C),, p) such that
[ M ul| o x) < Cll Moul[rrx) < Cllul|zox)

for all u € LP(X).
In Lemmas 4.4 and 4.5 below, we will show that if w € M'!(X), then both

u, and M*u are in MY (X), in particular, the discrete operator is bounded
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in M1 (X). Since the Hardy-Littlewood maximal operator is not bounded in
LY(X), the case p = 1 requires a different proof than the case p > 1. We will
follow the proofs of [14, Lemma 3.3, Theorem 3.6] and use ideas from [9] and
the Sobolev-Poincaré inequality to overcome the difficulties caused by the case
p=1.

The constants C' in Lemmas 4.4 and 4.5 depend only on the doubling con-
stant of  and on the constants of the Sobolev-Poincaré inequality (3.1).

Lemma 4.4. Letu € MV (X), g € D(w)NLY(X), r >0, and s/(s+1) < ¢ <
1. Then u, € M“'(X) and there is a constant C such that C(g + (M g9)'/7)
belongs to D(u,) N LY(X). Moreover, there is a constant C' such that

||Ur||M1,1(X) S CHUHMLl(X)

Proof. Let u € M (X) and g € D(u)NL*(X). Fix 1 < o < 2 for the Sobolev-
Poincaré inequality (3.1). The proof consists of two steps. First we will find
a generalized gradient for w,, and then we will show that both u, and the
gradient are in L'(X).

GENERALIZED GRADIENT OF u,: For each z € X we have, since ) . ¢;(z) =1,
that

uy(x) = Z pi(z)usp, = u(r) + Z pi(z)(uzp, — u(z)),

where the sum is over finitely many terms only by the bounded overlap of the
balls 68;. Hence, by the definition of generalized gradient, the function

g+ 9 €D(u),

=1

where g¢; is a generalized gradient of ¢;(usp, — u). To find suitable gradients
gi, we first note that by Lemma 3.4 and the properties of the functions ¢;, the
function (Lr~'|u — usp,| + g)Xep, belongs to D(p;(usp, — u)).

To estimate |u — usp,|, let € 6B;. Then 3B; C B(z,9r) C 15B;, and

(4.5) lu(z) — usp,| < |u(x) — UB(or| + [UB@or) — UsB,]-

The first term in the right-hand side of (4.5) is estimated by a standard tele-

scoping argument. We use the doubling property of p and the (1, ¢)-Poincaré
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inequality (3.2) for the pair u, g, and obtain

(4.6)
[u(2) — Up(z,om| < Z [UB(,32-3r) — UB(a31-i)|
=0

S OZ]/ ' |u — uB(m’32—jr)| du

g du>1/q < Or(Mg(x))""

B(z,0329r)

whenever x is a Lebesgue point of u. For the second term, we use the doubling
property of p, and the (1, ¢)-Poincaré inequality, and obtain

‘ uB(:r,Qr) — U3p,

1/q
< C/ [u — up(on| dp < C?"(/ q° du)
(47) B(z,9r) oB(z,9r)

< Cr(M gq(x))l/q.
By (4.5) - (4.7) we have that
< Or(Mg(a)'*

for all Lebesgue points of u, and hence for almost all x € X. Hence we can
select g; = (C(M g?)Y7 4 g)Xgp,. Using the bounded overlap of the balls 65;,
we conclude that the function

9u, = C(g+ (M g)"9)

|u(w) — usp,

belongs to D(u,.).

INTEGRABILITY OF u, AND ¢,,.: By the properties ¢; = 0 in X \ 6B;, 0 <
v; <1, the bounded overlap of the balls 6B;, and the doubling property of u,
we have that

/ |Ur|d,u§/ > @ilulsp, du = Z/ eilulsp, dp
X Xi=1 i=1 /X
8) o0 o0
=3 [ s auzcy [ juldnzc [ juldn,

and hence u, € L'(X).

For the integrability of g, , it suffices to show that (M ¢g?)'/9 € L'(X). Since
g € LY(X) we have g € L'/9(X). The boundedness of the maximal operator
for 1/q > 1 implies that M g7 € LY9(X) and

(49) Jmgyausc [ @na=c [ gan

X
10
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and hence g,, € L*(X) with ||gu, || 1(x) < Cllg|lz2(x)- By choosing the gener-
alized gradient g of u so that ||g||z1(x) < 2|lu||rpm1(x) and combining estimates
(4.8) and (4.9), the claim ||u, |11 (x) < C|lu|arr(x) follows. O

Lemma 4.5. Let u € MY (X), g € D(u) N LY(X) and s/(s+1) < ¢ < 1.
Then M*u € MY (X) and there is a constant C' such that C(g + (M g?)'/7)
belongs to D(Mu*) N LY(X). Moreover, there is a constant C such that

” ./\/l* UHMU(X) S C”U”Ml,l(x).

Proof. We begin with the integrability of M* u. By (4.4), it is enough to show
that Mu € L}(X). Fix 1 < o < 2 for the Sobolev-Poincaré inequality (3.1).

STEP 1: We show that Mu € L'(B) for all balls B:
Let B be a ball of radius rg. Using the (¢*, ¢)-Poincaré inequality (3.1) for
u and ¢ in B we have that

(4.10
. 1/q* . 1/q* . 1/q
qd,u) g(/\u—uqu,u> —|—< |u%du>
B B

)
(/I
1/q . .
SCTB(f quu) p(B)" + p(B) ‘1/ Jul dp.
oB B

Since ¢ < 1 and g € L'(X), g is in LY(cB). As also u € L'(X), (4.10) shows
that u € L9 (B). By the assumption ¢ > s/(s + 1), we have that ¢* > 1, and
hence Mu € L9 (B) with

/(M u)? dp < C/ lu|? dp.
B B

Using the Hoélder inequality, (4.10) and the doubling property of i, we obtain
« 1/q* 1—1/a*
[ Mudu ([t an) " sy
B B

1/q
(4.11) < C?“B</ quu) u(B) —i—C/ lul du
oB B

SC’TB/ gdu+0/|u|du,
oB B

and conclude that Mu € L*(B).

STEP 2: Mu e L'(X):

We cover X by balls of radius 1/5, and use the 5r-covering theorem to
obtain balls B(y;, 1) such that the balls B(y;, 1) cover X, the balls B(y;, 1/5)
are pairwise disjoint, and that there is a constant N = N(C,) such that

Y i XBw,2)(r) < N for all x € X. Using (4.11), the bounded overlap of the
11



balls B(y;,2), and the assumption 1 < o < 2, we have that

[e.o]

Mudp < Mud
/X p< > m

i=1 Y B(yi,1)

(4.12) <c > / ] / ]
;( B(yi70)9 o+ B(yi,n‘u‘ u)
SC(/ngM/Xlumu),

which shows that M u is in L'(X).

Now M*w is in L}(X) by (4.12) and (4.4), and hence it is finite almost
everywhere in X. Since the function C(g + (M g9)"?) € L'(X) belongs to
D(u,,) C D(|ul,,) for all j € N, the claim that M*u € M"!(X) with general-
ized gradient C(g + (M g?)'/9) follows from Lemmas 3.5 and 4.4.

As in the proof of Lemma 4.4, we obtain the desired norm estimate by
choosing the generalized gradient g of u so that ||g||z1(x) < 2|lul/an1(x), and
combining estimates (4.12), (4.4), and (4.9).

Remark 4.6. Note that u, < C' M u almost everywhere in X by (4.4). Hence
the integrability of w, follows also from 4.12. Note also that by a similar
arguments as in the proof of Lemma 4.4, we see that u,(z) — u(x) asr — 0
for almost every z € X, and that v, — u in L'(X). Namely,

Jur(2) — u(z)] < Z i(x)u(z) — usp,|
< Z |u(x) — usp,

(4.13)

< Cr(Mgi(x)",

where the last sum is taken over all indices ¢’ for which z € 6B;. The right-
hand side of (4.13) tends to zero as r — 0 for almost every x € X because

(Mg e LN(X).

In [10, Theorem 2.11] the first author and Harjulehto gave several equivalent
conditions for a differentiation basis, which give the validity of (4.1) for u €
MY (X) p-quasi everywhere. We will use part of this result in the proof of
Theorem 4.1 below.

Proof of Theorem 4.1. By [10, Theorem 2.11], the claim follows if we manage
to show that there is a constant C' > 0 such that

C1<{x € X: limsup][ lu| dp > A}) < A M|ul|anagx)
r—0 JB(z,r)
for all A > 0 and every u € M"!(X) (note that the proof of [10, Theorem 2.11
(ii) = (i)] holds also for p = 1).
12



Since

r—0

lim sup/ lu| dp < Mu(z)
B(z,r)
for all x € X, it suffices to show that
(4.14) Ci({z € X : Mu(z) > A}) < CA H|ullpra(x).

To show that the weak type estimate (4.14) holds, we proceed as in the proof
of [14, Lemma 4.4]. Let u € M(X), A > 0, and let M* u be the discrete
maximal function of u. By (4.4), {x € X : Mu(x) > A} C E), where

Ey={r e X :CM" u(z) > A}

The set E) is open by the lower semicontinuity of M™u, and the function
CA I M*u is a test function for Ci(E)). Hence, using the definition of the
p-capacity and Lemma 4.5, we have that

Cl (EA) S ||C)\_1 M* u||M1,1(X)
= C)\il ” M* u”MlJ(X) S C)\il HuHMl’l(X)a
from which (4.14) follows by the monotonicity of the capacity. 0

Note that instead of using the sufficient condition for the existence of the
differentiation basis that differentiates M'(X), we could have followed the
proof of [14, Theorem 4.5]. Namely, the main tools used in the proof; density
of continuous functions in M1(X), (4.14), and the basic properties of the
p-capacity, hold also in our case.

Proof of Theorem 4.5. Let u € M"(X), g € D(u) N L'(X), and let u* be the
1-quasicontinuous representative of u. By Theorem 4.1, there is a set £ C X
with C;(E) = 0 such that up(,,y — u*(r) as r — 0 whenever x € X \ E. Since
g > 0is in LY(X), the proof of [14, Lemma 4.3, which uses the 5r-covering
theorem, the subadditivity of capacity, the doubling condition of i, estimate
(2.6), and the absolutely continuity of the integral, implies that the set

D:{xeX:Iimsupr gd,u>0}
r—0 B(z,r)

has zero 1-capacity.
Let B = B(z,r) be a ball in X, and let 0 < ¢ < 1*, where 1* = s/(s — 1).
By the Hoélder inequality and the Sobolev-Poincaré inequality (3.1), we have

that
1/q RVt
</ |u—uB|qdu) < </ lu — upl|* d,u) §C’Tf gdp.
B B 0B

lim lu—upl?du =0
r—0 B(z,r)

Hence

whenever z € X \ D.
13



The subadditivity of the 1-capacity implies that C;(E U D) = 0. For x €
X \ (F'U D) we have that

1/q
<(f - unnldn) " s - (e
B(z,r)

By the selection of the sets E' and D, the limit as r — 0 of the right-hand side
of (4.15) is zero, and hence the claim follows for F' = E U D. O

(4.15)

5. HOLDER QUASICONTINUITY

In this section, we show that Holder continuous functions are dense in
MU' (X) both in norm and Lusin sense, see Theorem 5.3. This is a gener-
alization of the main result of [7] to the case p = 1.

The first theorem provides a characterization of M (X) using a Poincaré
inequality or fractional sharp maximal function, see [7, Theorem 3.4] for the
case p > 1.

Theorem 5.1. Let u € L*(X). The following three conditions are equivalent:
(1) we MU(X),
(2) there is a function g € L*(X), g >0, and 0 < q¢ < 1 such that the pair
u, g satisfies a (1, q)-Poincaré inequality,
(3) u? € L'(X).

Proof. If u € M"(X), then a (1, q)-Poincaré inequality for s/(s +1) < ¢ <1
follows from the Sobolev-Poincaré inequality (3.2).
Suppose that (2) holds for v and g. Then for B = B(x,r),

1/
7“1]/ |u—uB\du§C</ qu,u> q,
B oB

and hence u? (z) < C(M g4(x))"2. Since g € L'(X), the function g? belongs
to L'/9(X). The assumption 0 < ¢ < 1 together with the boundedness of
the Hardy-Littlewood maximal operator implies that M g? € L'/(X). Thus
(M g9, and hence also u? is in L'(X).

Suppose then that u?¥ € L'(X). Then u € M“(X) by (3.3) and the
definition of M1 (X). Hence (1) follows. O

The next result is a useful tool in the proof of Theorem 5.3, see [7, Corollary
3.10] for the case p > 1.

Corollary 5.2. Let u € MY (X), g € LY(X)ND(u), 0 < a <1, R >0,
o>1,ands/(s+1) <qg<1. Then

u?&—a,R(x) < C(Mozq,aR gq(x))l/q
14



forallx € X.

Proof. Let x € X, 0 <r < R, and B = B(xz,r). By the Sobolev-Poincaré
inequality (3.2) we have that

1/q
rO‘_I/ lu —up|dp < C’ro‘_1+1</ g? du)
B oB

/
(] gdu)" < C(Magarg'(@)"

The claim follows by taking supremum over r. 0

As in [7, Section 5], we define @ by setting

(5.1) a(z) = lim sup/ udp

r—0 J B(z,r)
for a function u of M (X). By Theorem 4.1, the limit of the right-hand side
of (5.1) exists and equals u*, the quasicontinuous representative of u, except
on a set of 1-capacity zero. In this section, we use the representative u for wu,
and denote it by . Then, by the proof of (3.3) ([7, Lemma 3.6]), the inequality

(52 fule) —u(y)] < Cd@,y)" (uF gy @) + 0 awy ©)

holds for every z,y € X and for all 0 < § < 1, see [7] for the discussion
on infinite values of u. Hence u is Holder continuous with exponent [ if
||uzé||OO < 00.

Theorem 5.3. Let u € MYY(X) be defined pointwise by (5.1), and let 0 <
B < 1. Then for each € > 0, there is a function v and an open set O such that
() u=vinX\O,
(2) v € MY(X) and it is Holder continuous with exponent 3 on every
bounded set of X,
3) llu=vllyx) <e,
(4) HZ P (0) <e.

Since the Hardy-Littlewood maximal function is not bounded in L', the case
p = 1 requires a different proof than the case p > 1. When showing that the
approximation of u has a generalized gradient, we use the Sobolev-Poincaré
inequality of Theorem 3.1. In the proof we first assume that u vanishes outside
a ball. The general case follows by using a localization argument as in |7,
Theorem 5.3].

Proof. Let u € M (X) and g € L'(X) N D(u). Let also s/(s+1) < ¢g <1
and 1 < 0 < 2, and recall from Theorem 3.1 that a (1, ¢)-Poincaré inequality
holds for the pair u, g. This will be an important tool for us.

STEP 1: Suppose that the support of u is in B(xg, 1) for some zy € X.
15



Let A > 0, and denote
Ey={z€ X:u?(m) > A}

The set F) is open, and by (5.2), u is Holder continuous with exponent [ in
X\ E.

We will correct the values of u in the bad set E) using discrete convolution.
For that, let B = {B;}, B; = B(x;,r;), be the covering of E) by Whitney balls
from Lemma 3.6 with Cy, = 5. Let (;) be a partition of unity corresponding
to the collection B such that suppp; C 2B;, 0 < ¢; < 1, each ¢; is K/r;-
Lipschitz, and that Y ° ¢;(x) = Xg, (), see for example [17, Lemma 2.16].
For each z;, let 7 be the “closest” point in X \ F) given by Lemma 3.6(5).

Before proving (1)-(4), we study the properties of the set Ej.

Claim 1: There is A9 > 0 such that E\ C B(zo,2) for A > A.
Proof. We will show that there is A\g > 0 such that

(5.3) rﬁ/ U — Uup| dp < Xo
B(z,r)
for all z € X and r > 1. Namely, if B = B(x,r) is a ball in X with » > 1, and

T_ﬂ/ lu —up|dp=a>0,
B
then
/ lu—up|dp > ap(B)
B

and, by the assumption that suppu C B(xg, 1), BN B(xg, 1) # 0.
By the doubling property of p and the assumption r > 1, we have that
p(B(zo,1)) < Cup(B) and that

]/ lu —ug|dp < 2C,u(B(zo,1 /|u|d,u,

and hence we may choose Ay = 2C, (B (2o, 1)) | 11 (x)
Claim 1 follows now from (5.3) and the assumption suppu C B(zg,1). O

Claim 2: pu(E),) — 0 as A — oo.
Proof. Since 0 < ¢ < 1, the Holder inequality implies that for all R > 0 and

a >0,
1/q
(r‘lq/ g du) < TC“][ gdp < Mo g(x)
B(z,r) B(z,r)
whenever € X and 7 < R. Hence (Mg 9%(2))"9 < My r g(x). Moreover,
if « <1and R > 1, then

Marg(z) < RMg(z).
16



By Claim 1, Corollary 5.2, and the estimate above, we have for x € FE,,
A > Ao, that

ut (z) = uf (2) < C( M0 9%(2)) "

(54) <CMi_gsg(r) <CMg(x).

By (5.4) and the weak type estimate for the maximal operator M, we have
that

(5.5) w(Ey) < u({x € X : Mg(x) > C)\}) < C)\_l/ngu.

Claim 2 follows because g € L'(X) and the right-hand side of (5.5) tends to
Zero as A — oo. O]

Now we define the function v = v, as a Whitney type extension of u to the
set I\ by setting

o(z) = u(z), if € X\ E),
- Yo i(x)usp,, ifx € E).

We will select the open set O to be E) for sufficiently large A > \y. Hence
the claim (1) of Theorem 5.3 follows from the definition of v. Since suppu C
B(xzg,1) and E) C B(xg,2) for A > \g, the support of v is in B(xy, 2).

Proof of (2) - the Hélder continuity of v. We begin by proving an estimate for
|v(z)—v(Z)|, where z € E) and € X\ E) is such that d(z,z) < 2d(z, X\ E)).

Denote B, = {B; € B : x € 2B;}. By the bounded overlap of the balls
2B;, there is a bounded number of balls in B,. By the definition of v and the
properties of the functions ¢;, we have

(5.6) o) = o(@)] = | pil) (w(@) = uzp)| <Y |u(@) —usp,
i=1 By

Now
(5.7) [w(Z) — uzp,| < |u(T) — upsar| + [uB@Esar) — v2B,l,

where, by Lemma 3.7(1), 2B; C B(z,34r;). For the first term on the right-
hand size we use a telescoping argument as in (4.6) and the doubling property
of u to obtain

(5.8) u(Z) — up@sir)| < Criuj ., (7).
Since B(z,34r;) C 66B; and p is doubling, we have that
(5.9) |uB(z,34r,) — U2,| < C]/ U — up(z34r)| dpt < Criﬁu?’&lri (7).

B(:i,347‘i)
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There is a bounded number of balls in B, and r; ~ d(z, X \ E)) by Lemma
3.7(1). Hence (5.6)-(5.9) show that
(5.10) lv(z) —v(z)| < Cd(z, X\ EA)Bug(i) < Cd(x, X\ Ex)°X

where the last inequality follows because T € X \ E).
Let then x,y € X. Our aim is to show that

(5.11) [v(z) = v(y)] < CAd(,y)”.
We will consider four cases that depend on the location of z and y.
(i) If xz,y € X \ E), then (5.11) follows from (5.2) and the definition of Ej.
(ii) Let x,y € E) and d(z,y) > 0, where

6 = smax{d(z, X \ E)),d(y, X \ E\)}.
Let z,y € X \ E) be like  in the beginning of the proof of (2). Then, by
(5.10),

v(z) —v(Y)| < |v(z) —o(@)] + [v(z) = (@) + [v(y) — v(Y)]

< ONd(z, X\ By + [0(2) — v(@)] + CAd(y, X \ Ey)’,
)| < CAd(z,)? by (5.2) and the fact that Z,5 € X \ E\.
and
d(z,z) +d(z,y) +d(y,y)
2d(z, X \ E)) +d(z,y) + 2d(y, X \ E)) < 17d(z,y),
we have that |v(z) — v(y)| < CAd(x,y).
(iii) Let then z,y € FE\ and d(x,y) < §. Similarly as B, above, we denote
B, ={B; € B:y e 2B;}. Let B;) = B(x;,,7i,) be a Whitney ball such that
r € B;,, and let z be the closest point of z;, in X \ Ej given by Lemma
3.6(5). By the properties of the functions ¢;, we have that

| ‘ = }Z ‘Pz z )( (x;‘ko) - U2Bi)
< Cd(z,y) Y it ull,) — uas,|.

BLUB,
We continue as in (5.7)-(5.9); by Lemma 3.7 we have that r; ~ r;, and that
2B; C B(z;},,80r;), and obtain
(5.13) lu(z])) — ugp,| < Criﬁu?(xfo) < C’TZ-B/\.
Now (5.12) and (5.13) show that

v(x) —v(y)| < CAd(z,y)’ Y —2—

B,UB,

The desired estimate follows because d(x,y) < 12r; by Lemma 3.7(3).
18
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(iv) Finally, let = € E) with Z as above and y € X \ E\. Then v(y) = u(y),
and using (5.10) and (5.2) we have that

v(z) = v(y)| = [o(x) —uy)] < [o(z) = o(@)] + |u(Z) - u(y)|
< CAd(z, X \ Ey)? +CXd(y,2)” < CAd(z,y)’.
The last inequality follows from the selection of Z, and the fact that d(z, X \

The Hoélder continuity of v with estimate (5.11) follows from the four cases
above. 0

Proof of (2) - ve M"“'(X). We have to show that v € L'(X), and that it has
an integrable generalized gradient.

Since v = w in X \ E), to show the integrability of v, it suffices to estimate
S E, |v| du. By the properties of the functions ¢;, the bounded overlap of the
balls 2B; C E), and the doubling property of u, we have that

5.14 /vdug / ulop, dp < C / ud,ugC/ uldp,
(5.14) EA|| ;winB ;wiH EA||

and hence v € L'(X) with [|v][11x) < Cllul|p(x).
Concerning the gradient, we will show that the function g,,
(5.15) gu(x) = Cg(a) + Mg"(2))), ze€X

belongs to D(v) N LY(X). As in the proof of the Holder continuity, we consider
four cases.
(i) We begin with the easiest case

[v(z) —v(Y)| = [u() —u(y)| < d(z,y)(g(z) + 9(y)) < d(z,y)(gu(z) + g0(y))

for almost all z,y € X \ E, because g € D(u).
(ii) If z,y € E, and d(z,y) < J, then similar calculation as in (5.12) shows
that

(5.16) lv(z) —v(y)| < Cd(z,y) Z it u(z) — uap,|,
B.UB,

where

(5.17) lu(z) — uzp,| < |u(x) — UB(z28r)| + |UB(28r) — U2B,|.

Since 2B; C B(z,28r;) by Lemma 3.7, the (1, ¢)-Poincaré inequality holds for
u and g, and p is doubling, we have that

|uB(m,28ri) - U2Bi| < Cf |U - uB(a:,28ri)| d,u
B(x,287;)

1/q
<Cr; <f q° d#) :
B(z,28071;)

19



This together with the telescoping argument

o0 o0
< Z [upi+1 — ugi| < Z/ u—ups|du
=0 j=0vB?
o0
S C'I“Z' Z 27]' </
j=0 oB

where B = 279 B(x,28r;) for j = 0,1, ..., shows that

|U(l’) — UB(z,28r;)

1/
g* du) "

J

(5.18) () — ugp,| < Cri(Mgi(z)) "

for almost all z. Since the cardinality of B, U B, is bounded, the estimates
(5.16)-(5.18) show that

[0(x) — v(y)| < Cd(z,y) (M g"(2))"" < Cd(z,9)(g0() + 9.(y))

for almost all z,y € E, with d(z,y) <.

(ili) Let 2,y € E) with d(x,y) > §. Using the properties of the functions ¢;,
the fact that g € D(u), similar estimates for |u(z) — usp,| and |u(y) — usp,| as
in the previous case, and Lemma 3.7 to conclude that r; ~ d(z, X \ E,) for all
B; € B, (and similarly for B,), we have that

[o(@) —v(y)| < Y lu(x) —uap,| + D [uly) — uap,| + Ju(z) — u(y)],
B, B,

< Cd(2, X\ BN (M gi(2)) " + Cd(y, X\ Ex) (M g?(y)) """
+d(z,y)(9(z) + 9(y))
< cd(z,y)(g.(2) + gu(y))-

(iv) If y € Ey\ and z € X \ E), then

[o() = v(y)] = u(z) —v(y)| = !Z wi(y)(u(z) = usm;)
<D lu(@) —usp,),

By

(5.19)

where, by the assumption that g € D(u), and by a similar calculation as for
(5.17), we have

u(@) = uzp,| < Ju(z) —u(y)| + [u(y) — uap|

< d(z,y) (9(x) + 9(y)) + Cri(Mg"(y)) """,
20
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Since for B; € By, r; = d(y, X \ E)) and d(y, X \ E\) < d(z,y), (5.19) and
(5.20) show that

o(x) — v(y)| < Cd(x,y)(g(x) + gly) + (M g%(y)) ")
< Cd(z,y)(90(2) + 90(y))

for almost all y € E) and x € X \ E,.

We conclude that the function g, is a generalized gradient of v. The integ-
rability of g, follows similarly as that of g, in the proof of Lemma 4.4; it suffices
to show that (M g?)¥/7 € L'(X). Since g € L'(X), g% is in L'/9(X), and hence,
by the boundedness of the maximal operator for 1/q > 1, M g% € L'/9(X) with

(5.21) /X(ng)l/qduSC/(gq)l/qduzC/ngu.

b
Hence g, € L'(X) with ||gu]|r1x) < Cllgllz2(x)- By choosing the generalized
gradient g of u so that ||g||1(x) < 2[Jul[p11(x) and combining estimates (5.14)
and (5.21), we have that [[v||am1x) < Cllullanx)- O

Proof of (3) - Approzimation in norm. We will show that v — u in M (X)
as A — oo. Using the fact that v = v in X \ E) and (5.14), we have that

Ju=sldu= [ fu=sldu<c [ juldn
X Ey TN

which tends to 0 as A — oo because p(Ey) — 0 as A — oo by Claim 2. Hence
v—uin L'(X) as A — occ.

Next we have to find a generalized gradient gy of u—wv for which ||gx||z1(x) —
0 as A — oo. We claim that the function

9 = guXu, = Clg+ (Mg?)" )X,
is in D(u — v), that is, the inequality (2.2) holds for u — v and g, almost
everywhere in X. If z,y € X \ E), then v —v = 0 and (2.2) holds trivially.
Inequality (2.2) for almost all z,y € E, follows because g € D(u) and g, €
D(v). If x € Ey and y € X \ E), then (u —v)(y) = 0 and g(y) = 0. Similar
arguments as in (5.17) show that

lu(z) —v(z)] < 3 Ju(z) —usp,| < O ri(Mgi(a)) "
B

< Cd(w, X\ B\) (M g%(a) " < Cd(a, y) (M g*(x)) "

Hence gy € D(u — v). Since g, is in L'(X), so is gy, too. Moreover, as
pw(Ey) — 0 as A — oo by Claim 2, we have that ||gx]/z1(x), and hence also
| — v||a1(x) tends to 0 as A — oo. O

Proof of (4) - Hausdorff content of E). Recall that

E,\:{xEX:u?(:c) > A}
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Using Claim 1, a similar estimate as in (5.4), and Corollary 5.2, we see that
for A > Ay we have

By C {z € B(20,2) : (M@_p0 g'(2) " > CA}
C {z € B(z0,2) : M1_g), 9(x) > CA},

and hence, by Lemma 3.3, we conclude that

H (B < CAl/ gdu,
X
which tends to 0 as A — oo. ]

STEP 2: General case.

Let ¢ > 0. We cover X by balls of radius 1/10, and use the 5r-covering
theorem to obtain pairwise disjoint balls B(a;,1/10) from this covering such
that X C U2,B(a;,1/2) and that the balls B(a;,2) have bounded overlap.
Let (1) be a partition of unity for this covering such that Z;’il Y;(x) =1 for
all z € X, each ¢; is L-Lipschitz, 0 < +; < 1, and supp¢; C B(a;, 1) for all
jeN.

For u € M"(X) with g € D(u) N L'(X), we have

(5.22) ule) = 3 ws(a),

where u; = ui;, for all z € X. By Lemma 3.4, each u; is in M (X) and

g5 = (g9 + Llu|)Xp(a, 1)

is a generalized gradient of w;. Since suppu; C B(a;,1), the first step of the
proof shows there are functions v; € M (X) and open sets O; C B(a;,2)
such that
(i) v; = u; in X\ Oy, suppv; C B(a;,2),
(ii) v; is Holder continuous with exponent 3,
(111) ”UJ - UjHMlal(X) < 27¢,
(iv) H27(0;) < 277e,
(v) h; = Clg; + (Mg?)'1) is a generalized gradient of v;.
We define O = U32,0;, and claim that the function v = Z;’il v; together with

the open set O satisfy requirements (1)-(4).
For (1), let z € X \ O. Then, by (i) and (5.22), we obtain

v(@) =Y vi(x) =Y uy(e) = u(z).
P =1
The Hausdorff content estimate (4) for O follows from (iv) using the subad-

ditivity of Hf;“‘ﬁ).
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By (5.11), we have
[0 (@) = v;(y)] < CA;d(z,y)”

for all z,y € X. Since, by the proof above, the constant \; depends on ¢ and
on j, (5.11) and the fact that suppv; C B(a;,2) give Holder continuity of v
only in bounded subsets of X.

To prove the first part of (2) and (3), we have to show that v € M (X)
and that [|u — v|[a11(x) < e. By (iii), we have

(523) Z HU] — /Uj”MLl(X) < Z 27]'8 =g,
j=1 j=1

that is, the series Z;’il(uj — v;) convergences absolutely, and hence converges
in the Banach space M"!(X). Since u =377, u; is in M (X), also Y22 v;
converges in M (X). Moreover, by (5.23) we have that

Hu — UHMl,l(X) < Z HU] — Uj”Ml,l(X) < e.
j=1
This completes the proof of Theorem 5.3. U

Remark 5.4. Note that 377, h;, where h; is as in (v) above, is a generalized
gradient of v but it is not necessarily integrable. If we would like to construct an
integrable g, € D(v), we need a cut-off function for each j; let ®; : X — [0, 1]
be a Lipschitz-function that equals 1 in B(a;,2) and vanishes outside B(a;, 3).
Since the support of v; is in B(aj,2), v;®; = v; in X. Moreover, the function

9o, = (hj + Clv;)XB(q, 3)

is in D(v;) by Lemma 3.4. This together with the fact that suppv; C B(a;,2)
and the bounded overlap of the balls B(a;,2) shows that the function

Go = Z Go;
j=1

is a generalized gradient of w. Integrability of v and g, follow since supp v; C
B(a;,2), suppg,, C B(a;,3) and the balls B(a;,3) have bounded overlap,
using integral estimates from the first part of the proof.
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