STABILITY FOR PARABOLIC QUASIMINIMIZERS

YOHEI FUJISHIMA, JENS HABERMANN, JUHA KINNUNEN AND MATHIAS
MASSON

ABSTRACT. This paper studies parabolic quasiminimizers which are so-
lutions to parabolic variational inequalities. We show that, under a suit-
able regularity condition on the boundary, parabolic Q-quasiminimizers
related to the parabolic p-Laplace equations with given boundary val-
ues are stable with respect to parameters Q and p. The argument is
based on variational techniques, higher integrability results and regular-
ity estimates in time. This shows that stability does not only hold for
parabolic partial differential equations but it also holds for variational
inequalities.

1. INTRODUCTION

This paper investigates a stability question for parabolic quasiminimizers
related to the parabolic p-Laplace equations

ou

—di p—2 =0
5 iv(|VulP"*Vu) , N2
on a space time cylinder Q7 = Q x (0,7) in R¥*1, A function v is called a

parabolic ()-quasiminimizer, if for some ) > 1 we have

1
—/ uOpp da dt + / |VulP de dt < Q/ |V (u— ¢)Pdxdt,
Qr P Jsupp ¢ D Jsupp ¢

for all ¢ € C3°(Q2r). Here, the data on the parabolic boundary OpaQ7r =
Qx {0} UOQ x (0,T) are taken in an appropriate sense. Parabolic quasi-
minimizers with () = 1 are called minimizers and in that case there is a one
to one correspondence between minimizers and solutions: every minimizer
is a solution of the corresponding partial differential equation. However,
when @ > 1 being a quasiminimizer is not only a local property (see [8])
and, consequently, there is no connection to the partial differential equa-
tion and only variational methods are available. Parabolic quasiminimizers
were introduced in [22], and later they have been studied, for example, in
[2, 5, 7, 15, 16, 17, 18, 25, 26].

We consider stability of parabolic quasiminimizers with respect to pa-
rameters p and ). More precisely, assume that we have sequences Q); — Q
and p; — p as i — oo and let u; be a parabolic Q;-quasiminimizer of the

< p < o0,
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variational inequality with exponent p; with the same initial and boundary
conditions. It is well known that the quasiminimizers with (); > 1 are not
unique. To ensure the existence of a limit function, we assume that the se-
quence parabolic quasiminimizers converges pointwise. This extra condition
is redundant in the case that the sequence converges to a minimizer, since
minimizers are known to be unique.

According to our main results (Theorems 2.1 and 2.2) the limit function u
is a parabolic ()-quasiminimizer with the same boundary and initial values
as all terms of the sequence. Furthermore, if () = 1, then the limit function
is a minimizer and u; converges to u in the parabolic Sobolev space. Stability
of elliptic quasiminimizers has been studied in [6, 7] and [14]. For elliptic
equations, see [11, 12, 13, 23, 24]. We investigate the stability question
from a purely variational point of view, by using the assumption that the
complement of €2 satisfies a uniform capacity density condition. This paper
extends the results of [9] for parabolic quasiminimizers and the argument
is based on local and global higher integrability results for the gradients of
parabolic quasiminimizers, see [19] and [2]. In particular, the paper [9] only
covers the degenerate case p > 2 and hence our results are new even for
the parabolic p-Laplace equation in the singular case 2N/(N +2) < p < 2.
New arguments are needed to compensate the lack of the partial differential
equation and the results show that the class of parabolic quasiminimizers
is stable under parturbations of the parameters. A careful analysis of the
regularity in time plays a decisive role in the argument.

2. NOTATION AND BASIC DEFINITIONS

2.1. Notation. Let N > 1, Q C R be a bounded open set, 1 < p < oo,
and T > 0. The usual first order Sobolev space W1P(Q) is equipped with
the norm

ullwre) = lullLe@) + IVl L)
The Sobolev space with zero boundary values W™ () is defined as a com-
pletion of Cg°(2) with respect to the norm || - |lyy1.p(q). The parabolic
Sobolev spaces LP(0,T; WP(€)) and LP(0,T; W,P(€)) consist of all mea-
surable functions u : Q x (0,7) — R such that u(-,t) € WHP(Q) and
u(-,t) € WoP(Q) for almost every ¢ € (0,T), respectively, and

T 1/p
ol ooy = ([ TClpgd) <.

Functions in the parabolic space LP(0,T; W'P(Q)), for which there exist
t1, to € (0,T) with t; < t9 such that u(z,t) = 0 for almost every z € Q
when t ¢ [t1,t2], are denoted by L2(0,T; W1P(Q)). Moreover, we define the
space Lip,(0,T; Wa?(R)) as the space of all functions u € L2(0, T; WP (£2))
for which

lu(, ) lwrr () € Lip(0,T).
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For € RN and r > 0, we define the p-capacity of a closed set £ C B,(x)
with respect to B,(x) by

capp(E, By (x))
= inf {/ |[Vu(y)[Pdy : we C°(By(x)) with > 1 in E} :
By (x)

Here B, (z) denotes the open ball with the radius > 0 and the center at .
The set RV \ Q is called uniformly p-thick if there exist positive constants u
and rg such that

(2.1) capp((]RN \ Q)N B.(x), Bar(x)) > pcap,(Br(x), Bar (7))

for all z € RN \ Q and r € (0, 79).

2.2. Parabolic quasiminimizers. Let N > 1, Q € RY be a bounded open
set, 1 < p <oo, T>0,and Q > 1. A function u € LP(0,T; W'P(Q)) is
called a (local) parabolic Q-quasiminimizer if it satisfies

(2.2)

1
—/ u(0c) dazdt—l—/ |VulP de dt < Q/ |V(u—¢)Pdzdt,
Qr P Jsupp ¢ D Jsupp ¢
for all test functions ¢ € C5°(Qr), where Qp denotes the parabolic cylinder
Q2 x (0,7T) and supp denotes the support of the function. In addition, for g €
LP(0, T; WiP(Q)), we say that u € LP(0,T; WHP(€)) is a (global) parabolic

Q-quasiminimizer with initial and boundary value g if u satisfies (2.2),
(2.3) u(-,t) — g(-,t) € WrP(Q) for almost every t € (0,7),

and

1 h
24 lim — —g)? =0.
(2.4) th%] h/o / |lu—g|“dzdt =0

Now we are ready to state our main results.

Theorem 2.1. Let T >0 and N > 2. Forp > 2N/(N+2), let Q C RN bea
bounded open set such that RN\ is a uniformly p-thick. Let p; > 2N/(N+2)

and Q; > 1,1=1,2,..., be real numbers such that
(2.5) limp;=p and lim Q; =Q.
71— 00 1— 00

For i € N, let u; € LP(0,T; Wl’pi(Q))Je a parabolic Q;-quasiminimizer
with initial and boundary value g € C*(Qr) and suppose that there exists a
measurable function u such that

(2.6) lim u;(x,t) = u(z,t) for almost every (x,t) € Q.

1—00
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Then u € LP(0,T; WHP(Q)) and u satisfies
(2.7) u(-,t) — g(-,t) € WrP(Q)  for almost every t € (0,T),

1 h
2.8 lim — —gl?dzdt =0
(2.8) hg%h/o /Q\u 9" dx ,
and moreover

(2.9) —/ w(Bid) dxdt+1/ IVl de dt < Q/ IV (u— )P da dt
Qr supp ¢ D Jsupp ¢

for all ¢ € C*(Qr).
Observe that since quasiminimizers are not unique, we have to assume
some kind of convergence as in (2.6). Otherwise the limit function does not

need to exist. If u; converge to the minimizer as i — oo, then we obtain the
strong convergence of u;.

Theorem 2.2. Assume the same conditions as in Theorem 2.1. If Q =1,
then

(2.10) w; —u in LP(0,T; WHP(Q))

as 1 — 00.

3. PRELIMINARY RESULTS

In this section we give some preliminary results on properties of quasi-
minimizers. In particular, we study regularity for parabolic quasiminimizers
in time variable, the Sobolev space with zero boundary values, a Hardy type
estimate for u € Wy (©), and global higher integrability for the gradients
of parabolic quasiminimizers.

3.1. Regularity for parabolic quasiminimizers. We denote by (,-) the
paring between (LP(0,T; WoP(Q)))* and LP(0,T; W,?(Q2)). We say that
the function v € (LP(0,T; W, P(€2)))* is the weak derivative of the function
u € LP(0,T; WHP(Q)) if

(v, 0) = - /Q w(rp) d dt,

for all p € C°(Qr), and v is denoted by Ou. We first prove the following
lemma, which improves regularity for parabolic quasiminimizers in the time
variable. Similar phenomenon has been observed already in [22].

Lemma 3.1. Let N > 1, Q C RY be a bounded open set, p> 1, T > 0, and
Q > 1. Let u € LP(0,T; WHP(Q)) be a parabolic Q-quasiminimizer. Then

du € (LP(0,T; W) P()))*
and

2pQ p—1
[(Oru, )| < e [z 0 w00 IVl Lr@1)
for all o € LP(0,T; Wy (2)).
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Proof. Since the desired inequality holds if ||ul| o rwir@)) = 0, we
can assume without loss of generality that |ullzerwir@) # 0. Let
¢ € C3°(Qr) be a test function satisfying ||[V¢l/zr,) = 1, and set ¢ =
1wl e 0,710 (2)) - Then, by (2.2) we have

T
HUHLP(O,T;WLP(Q))/O /Quf)tcpdxdt

Q
> —— IV (u — |ull oo, ;w1 () ) [P d dt
D Jar
(3.1) - IQ
> =T | T Il s VP
'Y
> — 2Q

2l o -

On the other hand, replacing ¢ by —¢ in (2.2), we obtain

(32l / [ wonpdede < =2 1ulf e

Since ||Vl rp) = 1, by (3.1) and (3.2) we have

(3.3)

[ woraat] < 221l ranny 9ol

for all p € C°(Qr). Since C2°(Qr) is dense in LP(0, T; Wy* (2)), by (3.3) we
obtain dyu € (LP(0,T; WaP()))* and the desired inequality. This completes
the proof. O

Next we consider a regularization of quasiminimizers with respect to the
time variable. Let ¢ € C2°(Q7) with supp ¢ = Qx [t1,ts] € Qp. For 0 < e <
min{t1, T — t2}, we take a mollifier & € CS°(R) satisfying supp & C [—¢, €],
{ >0, and [[&[|p(r) = 1 and denote

(3.4) [@)e(z,t) := j Oz, t — 8)E(s)ds in Q.

Since & (s) is an even function, by (2.2), after a change of variables and an
integration by parts in the time derivative term, we obtain

1
/ (O[u]e)p dx dt + — / |VulP dx dt
Qr P Jsupp[é]e

Q
<= V(u— [6].)|P da dt,
; /Suppmsr (u— [¢].)|P da

for all ¢ € C5°(Qr). In the above inequality [u]. denotes the smoothing of u
according to (3.4). By Lemma 2, Corollary 1 and Remark 2 in [16] we know
that, for a function ¢ € L2(0,T; W, (€2)) and for any & > 0, there exists a

(3.5)
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function ¢ € Lip.(Q7) and hence also a function ¢ € C5°(2r) such that
[ ‘PHLP(O,T;WLP(Q)) <e y- SOHLZ(QT) <g,
and |supp ¢ \ supp¢| < e.

Using this density result, it is straightforward to show that inequality (3.5)
also holds for any ¢ € LE(0,T; W, (Q)).

On the other hand, since [[& | z»my) = 1, by the Hélder inequality and
the Fubini theorem we have

/OT/Q |[@)e (2, t)|" da dt < (25)17—1/:/9/1 (6, t — )[PE2(s) ds du dt
< [e[[ [ lowi-opaa) i

T+e
g/ /‘(Z)(l’,’]’)‘pdl'd’r,
— Q

(3.6) _ /Q lb(e, )P da dt,

T
(37) /0 /Q Hv¢]e($, t) ’p dr dt < /QT ‘V¢(x’ t)’p drx dt

< ||¢||Z£p(0,T;W1’p(Q))7

for all sufficiently small € > 0. Using these properties, we prove the following
lemma.

Lemma 3.2. Let N > 1, Q C RY be a bounded open set, p > ]3—]_!2, T>0
and Q > 1. Let n € WH™(Qr) be a function such that n(z,t) = 0 for
a.e. (z,t) neart =0 andt = T. Assume that u € LP(0,T; WLP(Q)) is a
parabolic Q-quasiminimizer. Then y(nu) € (LP(0, T; WaP(Q)))* and

<at’l), 77U> - _<at(77u)7 U>7
for every function v € LP(0,T; W P(Q)) with O € (LP(0,T; WaP(Q)))*.

Proof. For simplicity, we set X = LP(0,T; W'P(Qr)). Let {n,}>2, €
C*(Qr) be a sequence such that

H77n - 77HW1,oo(QT) —0 as n— oo.

Since npp € C°(Qr) for all ¢ € C°(2r), by Lemma 3.1 we have

wQ .
(B, mp)| < 7||U||§( NIV 02) o or)

3.8
(3.5) 29,
<l I lwsoe )l
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for all ¢ € C°(Q2r). Moreover, since

(Opu, Mpp)y = — /Q u(pOynn + Moyp) da dt
T

and

/ w(ﬁmn)dwdt‘ < 10umall oo el 2 el )
T
< C1l|0ennl oo (o llull x el x5

which follows from the continuous embedding W'P(Q) — L%*(Q), as p >
2N/(N +2), by (3.8) we obtain

/Q M u(0rp) dﬂﬁdt’ < Cil|@enl| o= () llullx llepllx
T

2PQ ~1
+7HUH§( 17 llw.ee (g llepllx -
Here, C] is the constant which depends on N, p and on the domain ).

Then, letting n — oo, by the Poincaré inequality we see that there exists a
constant Cz, depending only on p, N, and @ and |[1]|yy1.0(q,), such that

(3.9)

[ o) asat] < Ca (Julls + Juls) ek,
T

for all p € C2°(Qyp). This implies that 9, (qu) € (LP(0, T; Wa (Qr)))*.

Let {vn }52q C C5°(27) be a sequence such that ||v, —vl| Lo, rsw1r(Qr)) =
0 as n — oo. Letting ¢ > 0 be a sufficiently small constant, we have
[nu]e € C°(Qr) since n = 0 a.e. near t = 0 and t = T. Then we get by
integration by parts that

<atvn7 [nu]€> = _<U7’L7 at[nu]€>7
and passing to the limit € — 0, by Lemma 3.1 we obtain
(3.10) (Opvp, nu) = / (Opvn )nudzdt = — (0, (nu), vy,).
Qr
Furthermore, by (3.9) we have

(@1 — Ovo, )] < Cs (llullx + ull5 ) llow = vlx.
This together with Lemma 4.1 and (3.10) yields

(Orv,nu) = —(9(nu), v),

and we conclude the proof of Lemma 3.2. O



8 FUJISHIMA, HABERMANN, KINNUNEN AND MASSON

3.2. Sobolev space with zero boundary values. In this subsection we
recall some properties of the Sobolev space with zero boundary values and
a Hardy type estimate. We begin with a stability result for Sobolev spaces
with zero boundary values under suitable assumptions on regularity of the
boundary. For the proof of Proposition 3.3, we refer to [3].

Proposition 3.3. Let N > 1, Q C RY be a bounded open set, and p >
1. Assume that RN \ Q is uniformly p-thick. Then there exists a positive
constant € such that
Wy P75 (Q) NWHP(Q) = W, P(9Q).
We also have the following Hardy type estimate, see [1] and [10].
Proposition 3.4. Let N > 1, Q c RN be a bounded domain, and p >

1. Assume that RN \ Q is uniformly p-thick. Then there exists a positive
constant C, depending only on N, p and i, such that

|u(z)] ? p
PR S S S <
/Q <diSt($,RN \ Q) dx — C”“lem(gy
for all u € W P(Q).

Furthermore, the following proposition gives a sufficient condition for a
function u € W1P(Q) such that v € W,P(Q). For the proof of Proposi-
tion 3.5, see [4].

Proposition 3.5. Let N > 1, p > 1, and Q be an open subset of RN . If
u € WHP(Q) satisfies
|u(z)] 8
—— | d
/Q <dist(a:,}RN \ Q) TS
then u € WP (Q).

3.3. Global higher integrability. One of the fundamental ingredients for
our stability proofs is global higher integrability of the gradient Vu on the
domain €7, which follows from the parabolic ()—quasiminimizing property.
For the proof of Proposition 3.6, see [2].

Proposition 3.6. Let N > 2, p > 2N/(N +2), and Q C RY be a bounded
open set such that RN \ &is uniformly p-thick with parameters p and .
For Q > 1 and g € C*(Qr), let u € LP(0,T; WHP(Q)) be a parabolic Q-
quasiminimizer satisfying (2.3) and (2.4). Then there ezists a positive con-
stant §, depending only on N, p, Q, p, and g, such that
w e LPYO(0, T; WLPHo(Q)).
Furthermore
/ VP da dt
Qp

is bounded from above by some positive constant depending only on N, p, Q,
; To, 67 9, and HVU‘HLP(QT)'
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4. UNIFORM ESTIMATE FOR QUASIMINIZERS

In this section we study a uniform estimate of ||u;||1s; (o 1r.w17i () With
respect to ¢ € N. We first study the Caccioppoli type estimate, and prove
the following lemma, which is an extension of Lemma 3.1 of [9].

Lemma 4.1. Assume the same conditions as in Theorem 2.1. Then, for
any & > 0, there exists a positive constant C, depending only on N, 0 and
the upper bound p of {p;}, and in particular independent of i, such that

sup /\ui(‘,t)—g(-,t)|2dx+/ |Vu;|P dz dt
te(0,T) JQ Qr

<C |8, g|P/ P =Y da dt + Q \Vg|Pi dx dt + & |ui — g|P* dx dt,
QT QT QT

for all i € N. Here Q denotes the upper bound of {Q;}.

Proof. For 0 < s <T and 0 < h < min{s/4, (T — s)/2}, we set

0, 0<t<h,
(t—"h)/h, h<t<2h,
XMt) == 1, 2h <t < s—2h,
(s—t—nh)/h, s—2h<t<s—h,
0, s—h<t<T.

Then, since the support of the function y” is compact in (0,7") and by the
lateral boundary condition (2.3), we can take the test function

¢ (2, ) == X" ([ui)- — [g]=) € Lip,(0,T; W}Pi())

in (3.5), and obtain

1
—/ [ui]g&gqbg dx dt+— |Vu; [Pt da dt
Qr Di Jsupp|eh].

Qi h
S - v T ¢5 3
Di /supp[qﬁ?]s | (u [9c] )

where ¢ > 0 is a sufficiently small constant and [-]. is defined by (3.4). Set

(4.1)
Pide dt,

/ [ui]gﬁtgi)? dz dt

Qr

:/ ([ui]s—[g]e)ﬁtqb?dxdt—i—/ (901 dx dt
Qr

Qr

(4.2)
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By an integration by parts we have

Il = / U[ul]g - [Q}a‘QatXZ + X?([uz]a - [9]8)8t<[ui]€ - [9]5)] dx dt
Qr

1
- / e — [glePan" dedt + - / ' Ohlwile — [gle]? de dt
QT 2 QT

1

= 2/ |[wi]e — [g][*0ex" da dt.
Qr

Thus, letting ¢ — 0 and thereafter h — 0, we obtain, using also the initial
condition (2.4):

LY - / lui(x,t) — g(z,t)|* dz dt
5—2h
2h
(4.3) / lui(x,t) — g(z,t)* de dt

o /Q |ul-<-,s> ()2 da,

for almost all s € (0,7).
Furthermore, by integration by parts and the Young inequality, for any
8’ > 0, we can find a positive constant Cy, independent of 4, such that

T—h
/ / ¥ ([uile — [g)e)Oulgle da dt < / [ui)e — [g)e1Brlgle] da dt

Qr

< \[wi)e — [g]e|P* da dt + Cy / |8y [g]e [P/ P ) da: dt.
QT QT

Since g € C*(Qr), we obtain

(4.4)  lim I < §'2P71 / lu; — g|P dx dt + Cy / B[P/ P 1) dz dt.
e,h—0 Qr Qr

On the other hand, since
lim |V (s — [02]c)

£h=0 Jsupp|eh].

Prdr dt < / Vgl dz dt,
supp(u;—g)

by (4.1)—(4.4) there exists a positive constant C, independent of ¢ and ¢,
such that

[t =gt de s [ Ve do
Q Qr

SﬁCy/ 8,g|P/ PV dzdt +C | | Vgl dxdt+05’/ lu; — g|P de dt,
Qp

Qr Qp

which holds for almost all s € (0,7"). Here the constant Cy depends on p
and ¢’. Therefore, for any § > 0, taking a sufficiently small &' > 0 satisfying
C§' < & and passing over to the supremum over s € (0,T) on the left-hand-
side, we obtain the desired inequality. O
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As a corollary of Lemma 4.1, we obtain a uniform estimate of the norm
il Los (0,010 (02)) -

Corollary 4.2. Assume the same conditions as in Theorem 2.1. Then

(4.5)

sup( sup /\ul , |2dx+/ ]ui|pid$dt+/ |Vui]p"dxdt> < oo
ieN \te(0,T) Qr

Furthermore there exists a positive constant § such that
(4.6) sup/ (|ui]’”+‘s + |Vui]p+5) dx dt < .
ieN JQr
Proof. Corollary 4.2 can be proved by the same argument as Corollary 3.2
n [9] with the aid of Lemma 4.1, and hence we omit the details of the proof.
Additionally we note that the uniform bound of the sup-Term in the case

p < 2 can also be obtained via the Caccioppoli-type inequality in Lemma
4.1 and the fact that g € C1(Q7). O

By Corollary 4.2 we can obtain the strong convergence of u; and weak
convergence of the derivatives in LPT9(Q7), and moreover also in the case
p < 2 the strong convergence in L?.

Lemma 4.3. Assume the same conditions as in Theorem 2.1. Then there
exist a subsequence {u;}5°, and a positive constant § such that we have
u € LPHO(0, T; WHPH(Q)) and

(4.7) uw; = u in LPY(Qr) N L2(Qr),

(4.8) Vu; = Vu  weakly in LPTo(Qr),

as i — co. Furthermore Oyu € (LPT0(0,T; W,Jl’p+5(§2)))* and

(4.9)  dpu; = dyu  in the weak-x topology on (LPF(0,T; WEPHo(Q)))*
as vt — 00.

Proof. We can prove (4.7) and (4.8) by the similar argument as in
Lemma 3.3 in [9]. Since lim; , p; = p and lim;_,» @; = @, by Lemma 3.1
there exist positive constants C' and §, independent of 4, such that

2p QZ .
[Orui, )| < =il o wrions ) I VOl 27421

2 QZ - B
= | ZH][D,ijS 0,T;WLo+3(Q)) ”VGZ)HLM«S (Qr) (|Q|T)1/pz 1/(p+96)

-1
< CHul‘ %ané 0,T;WLp+8(Q)) ||V¢HLP+5 (Qr)>»

for all ¢ € C°(Qr) and sufficiently large ¢ € N. This together with (4.6)
implies that

(4.10) SUD [10till s 0 2w+ 2y < O
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Then, in view of the Rellich-Kondrachov theorem together with (4.6) and
(4.10), by taking a subsequence if necessary we can find @ € LPT°(Qp) with
Vi € LPT(Q7) such that
w; — U in LPTO(Qr),
Vu; — Vi weakly in LPY(Qr),
as i — oo (see [20] and [21]). Since u; — w almost everywhere in 2 as
i — 00, we have u = u, and obtain (4.7) and (4.8).

Moreover, applying [21, Corollary 8], with the choices X := W1P(Q),
B:=IL*Q)and Y := W57 (Q) = (W,?(Q))" and having the inclusions

WhP(Q) c L2 (Q) c WP (Q),

where the first inclusion is compact, since p > 2N/(N + 2), the uniform
bounds (4.6) and (4.10) allow us to conclude also the strong convergence
u; — u in L2(Qr) (in fact u; — u in LI(0,T; L*(Q2)) for any ¢ < o0).

Next we prove (4.9). Taking a subsequence if necessary, we see that there
exists a function v € (LPT9(0, T Wol’p+6(QT))* such that

(4.11)  du; = v in the weak-* topology on (LP*°(0,T; WP+ (Qq))*,

as i — 0o. On the other hand, since it follows from (4.7) that

lim (Opu;, ¢) = — lim u;Opp da dt = —/ udi¢p dx dt,

1—00 1— 00 Qp Qp

for all ¢ € C°(Q2r), by (4.11) we have

1—00

(v, 0) = lim (Qyu;, ) = —/Q w0y dx dt = (Oyu, @)

and

‘<8tu’ ¢>’ < HU”(Lp+6(07T;W;ap+5(QT))* v¢||LP+5(QT)’

for all ¢ € C°(Qr). This implies that dyu € (LPT5(0,T; Wa?™(Q))* and
v = yu. Thus we obtain (4.9). O

5. PROOF OF THEOREM 2.1

In this section we complete the proof of our first main result.

Proof of Theorem 2.1. We first prove (2.7) and (2.8). Let ¢ > 0 be a
sufficiently small constant to be chosen later. Taking a sufficiently large 4,
we have p—e < p; < p+ ¢ and w;i(t) — g(t) € WoP °(Q) for almost all
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€ (0,7), and by Proposition 3.4 we obtain
|ui@,t) — g(=,t)[\"°
dx dt
/QT < dist(z, RN \ Q) v
T
(5.) <O [ ) = g0 oyt

T
<Ca [ (oo + ol o)

At this point we use the Caccioppoli type estimate in terms of Lemma 4.1
to control the W1P~¢—norm of u; as follows

(p—2)/pi
/ |V |P~¢ da dt < |Qqp|'~P=e)/Pi < / |V, |Pi d dt)
Qp Qp

§|QT|1—(p—6)/pi [C/Q |8tg|17i/(pi_1) dedt +C i IVg|Pi da dt
T T

] (p—¢)/pi

+4 |u; — g|P* dx dt
Qr

< -l + ol A

+ 191 0, Pz(Q))]

for a constant C' which depends on N, p and ¢ and for arbitrary 6 > 0.
Combining this with (5.1) and using once again Holder’s inequality, we arrive
at

|u7,(x)t) —g(x,t)| b=
/QT ( dist(z, RN \ Q) dr di
(0—2)/(pi—1)

< C|:1 + H’LL1| ZZ/;-OS-E(QT + ||g| Lp+s 0,T;WLpte(Q)) + ||atg||L(;D )/ (p=e=1)(Qyp) | *

Here we used in the last step also that (p —e)/(p —e —1) > pi/(p;i — 1).
The above estimate holds for all ¢ € N, and C' is a positive constant which
depends only on N, p, 6 and || and blows up as |Qr| — oo. Moreover,
the right—hand side of the above inequality is uniformly bounded, since p; >
2N/(N +2) > 1 and the uniform bound of ||u;||r+<(q,)-

Since u; — u for almost every (z,t) € Qr, by (4.6), (5.1), and the Fatou
lemma we obtain

lu(z,t) — g(x, t)|\'°
/ /<d1sta:RN\Q) dz dt < oo.

This implies that
’U(l’, t) — g(l’, t)‘ be
d
/Q ( dist(z, RN \ Q) S
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for almost every t € (0,7), and by Proposition 3.5 we obtain u(t) — g(t) €
WaP™5(9) for almost every ¢ € (0,7). On the other hand, since RN \ Q is
uniformly p-thick, we can apply Proposition 3.3 to obtain

WP () N WHP(Q) = Wy (9),
for some & > 0. Now, choosing ¢ small enough, for example ¢ := &'/2, we
conclude that u(t) — g(t) € Wy ?(Q) for almost every ¢ € (0,T), and obtain
(2.7).
In order to prove (2.8), for 7 € (0,7), we take parameters h, k > 0 such
that 2h <7 —k < 7 and set

0, 0<t<h,

(t—h)/h, h<t<2h,
Xox(t) = 1, oh<t<T—k,
(r—=0)/k, T—k<t<rm,

0, T<t<T.

Consider the function Xg:f([ui]e —[g]e) in (3.5), and let € — 0. Then, by the
similar argument as in Lemma 4.1 we obtain

1 T ) 1 2h )
— lu; — g|* dx dt — — lu; — g|* dx dt
kJrk Ja hin Ja

-
<Csup [ [ (1Y + s = g+ 09/ 4 Vg dat,
€N Jo JQ
where C' is a positive constant.
We first pass to the limit h — 0 in the inequality above, and then pass
to the limit i — oco. Since u; — u in LPT(Q7) and in L*(Qr) as i — oo by
(4.7) and ;=9 = g, we obtain

1 T
/ /\u—g[Qda:dt
k T—k JQ

SCSup/ /(|Vui|pi—l—|ui—g]p"+|8tg|pi/(pi1)+|Vg|pi) da dt.
i€N JO Q

(5.2)

Furthermore, since

— al? 2
%1_1&)]{:/ /|u gl° dxdt = /|ua:7' g(z,7)|° dz,

by (4.6) and (5.2) we obtain

lim/ lu(z,7) — g(z,7) > dr = 0.
Q

T—0

This implies that

] 2 =
hlg(l]h//|u:13t g(z,t)|*dxdt =0,

and we conclude that (2.8) holds.



STABILITY FOR PARABOLIC QUASIMINIMIZERS 15

We next prove (2.9). Fix @ > 0. Let ¢ € C3°(Q2r) and set K = supp ¢.
Since K is a compact subset of 0, we can take open sets O; and Oy such
that K € O1 € Oy € Qp and

(5.3) / |VulPHo dz dt < o,
O2\K

where & > 0 is the constant given in Lemma 4.3. Let € > 0 be a sufficiently
small constant, and take a test function

pic = o+ n([uie — [u]),

where n € C5°(Qr) is a cut-off function such that 0 <n <1, n=11in a
neighborhood of K, and = 0 in Q7 \ O;. Then, since ¢; . is a valid test
function in (3.5), we obtain

1
—/ [uile0i(pie) do dt+— |Vu; |Pt dx dt
(5.4) Qr Di Jsupp|eps e
< Ql/ |V (ui — [@iele) PP du dt.
supp|i ]

D

Let 8 > 0. By (4.8) we have

|Vu\p Bdxdt < hmlnf/ |V [P~7 dz dt

(p—8)/pi
< hm mf (/ |V |[Pi da dt) (’Q‘T)l_(p_ﬁ)/pi

(»=8)/p
< (|Q|T)s/P <liminf/ |Vu;|Pi do dt) :
K

1—00

Since # > 0 is arbitrary and K C supplp; |- for every i, we obtain

(5.5) / |VulP do dt < hm 1nf |Vu;|Pt da dt.
supp[epi cle

Let
lig = — /QT [ui)e (O (pie — @) dx dt = — /QT [uileO(n[u; — u)e) dx dt.

Then we have

_Ii,e = / [Uz - u]aat(n[ui - u]e) dx dt + / [u]aat(n[ui - u]e) dx dt
QT QT
= Ji,a -+ Ki,e‘
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Since n € C5°(Qr), we have

Ji,sz/ (D) s — u)? dxdt—i—l/ 778[ — )% dx dt
QT QT at

= / (Om) [u; — u)? da dt — L / (Om)[u; — u)? dx dt
QT 2 QT
_1 / (0n)[u; — u)? da dt,
2 Ja,

and by (4.7) we obtain
(5.6) lim lim J; . = 0.

i—00 e—0

Furthermore, putting

K. = /QT(am)[u}g[ui — u)edz dt + /QT(Bt[ui — ule)n[u)e dx dt
= [ Qo lus — ul. et
Qp
— / (O¢[u; — ule)n(u — [uls) dz dt + / (O¢[u; — ule)nu dx dt
Qr

Qr
= K + K. .+K}

2,€)

by (3.6), (3.7), and Lemma 3.1 we can find a positive constant C, indepen-
dent of € and i, such that

Kiel < Nl llui = ullz2 o)
T
and
K2 < Cllus = ull? s oz o |V (e = @)l Lo
By (4.7) we obtain
(5.7) lgn hm (K a\ + | K; |) =0.

On the other hand, Lemma 3.2 implies that
K. = (Ou(nu), [ui — ule) = (B(nu), u; — u) = —(0h(ui — u), nu),

as ¢ — 0 and, consequently, by (4.9) we have

lim lim K =0.

isooe—0 U

This together with (5.6) and (5.7) implies that

(5.8) lim lim — [Ui]eOrpi e dx dt = —/ u0y¢ dx dt.
Qr

i—o00 e—0 Qr
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Therefore, letting ¢ — 0 in (5.4), by (5.5) and (5.8) we obtain

—/ udsp dx dt + o(1 /|Vu]pdxdt
Qp

_Q .
< /O V= 6 = o~ ) do

for all sufficiently large ¢ € N. By the definition of  and K we have n =1
in a neighborhood of K and ¢ =0 in Qp \ K, and obtain

/ |V (u; — ¢ —n(u; —w)) P dadt
01

(5.9)

(5.10)
= / |V (u— ¢)P de dt + / |V (u; — n(u; —w))P? dz dt.
K O1\K

Since
V(i = n(ui = w))| < (1 =0)[Vu| + [Vnlfui = u| + 1|Vl
in O7 \ K, we have

/ IV (s — (i — )P da dt

(5.11) "~

<o / (1= )P Vsl + [Vl s — a7 [Vaul?) da dt,
O1\K

where (] is a positive constant independent of ¢. By the Hélder inequality
we have

pi/(p+9)
/ 0P | VulP dz dt < / ‘VU|P+5 dax dt 07\ K|1—pi/(p+6).
O1\K O1\K

This together with (5.3) implies that there exists a positive constant Cy such
that

(5.12) limsup/ WP VulPi de dt < CoaP!PF9).,
Furthermore, by the Holder inequality and (4.7) there exists a positive con-
stant C such that
i i +5

G13) [Vl dedr < Clu — a0, 0

1
as i — oo. Note that the constant C' in the above estimate depends also on
Vn and therefore also on ¢, but it is independent of 3.

In order to finish the proof of (2.9), it remains to estimate the quantity

lim (1 = n)Pi|Vu,|Pi dz.
71— 00 O1\K

For this aim we modify the arguments of [7] and [14], and prove the following
auxiliary result.
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Lemma 5.1. Assume the same conditions as in Theorem 2.1. Let D be a
compact subset of Qp. For any s € (0, s¢), define
D(s) :=={z € Qp : disty(z, D) < s},
where dist, denotes the parabolic distance in RN*L gnd sg == dist,, (D, RN x

(0,00) \ Q7). Then there exists a positive constant C' such that

limsup/ |Vu;|Pidedt < C |Vul|P dx dt,
i—oo JD(s) D(s)

for almost every s € (0, sg).

Proof. Let 0 < 0 < s < sp and n € C5°(Qr) be a cut-off function such
that

(5.14) 0<n<1, n=1 in D(o), n=0 1in Qp\ D(s).

Let € > 0 be a sufficiently small constant, and take the test function
Qsi,a = n([ui]a - [U}e)

Then, by (3.5) we have

1
—/ [4i]e (D¢ i) da dt+— |Vu; |P? da dt
Qrp Di Jsupp|és,c]-

S % / \V(uz — [¢¢75]5)|pi dx dt.
Di Supp[¢i,s]5

By the same argument as above we see that

(5.16) lim lim — [wi]cO0rpi e dax dt = 0.

i—o00 e—0 Qp

To proceed with the argument, we denote the integral in the line above with
1Y and moreover I := lim,_,o I!”. With this short-hand notation (5.16)
writes as limy_,o0 1) = lim,_, o0 lime_o I = 0.

Therefore, with this notation, letting € — 0 in (5.15), we have

/ \Vu|Pi da dt + T < 2@/ IV (u; — @) [P dux dt,
D(s) D(s)

for all sufficiently large i € N, where ¢; := n(u; — u). This together with
(5.14) implies that

/ (Vo |Pi dae dt + T < 2@/ — ¢)|Pi da dt
< C/ P VulP + [Vn|Pilu; — ulP + 0P [ VulP?) dz dt

< C/ |Vu;|P dz dt + C/ (IVn|Piu; — ulPi + P Vu|P) dz dt,
\D(o D(s)

for some constant C' which is independent of s.
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Then, adding
C/ |Vu, Pt dx dt
D(o)
to the both hand sides of the above inequality, we obtain

(1+C) / \Vu;|Pi da dt + 1O

(5.17) D)

<C (|Vui [P 4+ VP u; — ulP? + nP | VulP) dxdt.
D(s)

For s € (0, s0), we set

U(s) := lim sup/ |Vu;|P dz dt.
i—oo  JD(s)
Since D(s) C D(s') if s < ', the function ¥ is nondecreasing and finite
because of the higher integrability of Vu;, and we conclude that the set of
points of discontinuity of ¥ is at most countable.
Let s € (0, s9) be a point of continuity of W. Then, by (5.17) we have

1+C)(o) <CY(s)+ limsup/ IVnPi|u; — ulP? da dt
D(s)

i—>00
—i—C/ |Vul|P dx dt.
D(s)
Note that to obtain the preceding estimate, we have to see that
(5.18) / |VulPi de dt — / |Vu|P dx dt,
D(s) D(s)
as i — 0o. To see this, we use the elementary estimate

e~ 161 < | ZHemesedrse 1 2(2 4 3 ]la- o,

€ e\a b
for all ¢ € R¥, a,b > 0 and ¢ > 0, which we take from [9, Proof of Th.
3.4]. We let i be large enough to have p; < p+ ¢/2 and apply the preceding
estimate with the choices £ = Du, a = p;, b = p and € = §/2, where § > 0
denotes the higher integrability exponent Proposition 3.6, to obtain

/ |[VulPe — |VulP| dz dt < [2/ |Vu\p+5dxdt+C] lpi — pl,
D(s) 0 Jp(s)
where the constant C' depends on p and |Qp|. Letting ¢ — oo, the right—
hand side tends to zero and therefore we conclude the desired convergence
(5.18).

On the other hand, as in (5.13), we can obtain

limsup/ |Vn|Piu; — ulPt dedt = 0.
D(s)

i—00
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Therefore we have

(1+C)¥(o) < C'\If(s)—i—C/ |VulP dx dt
D(s)
for all o € (0,s). Since s is a point of continuity of ¥, we obtain

(14+C)¥(s) <CY(s)+C |VulP dx dt,
D(s)

which gives
U(s) < C’/ |VulP dz dt.
D(s)
This completes the proof of Lemma 5.1. O

We continue the proof of Theorem 2.1. Since n =1 in a neighborhood of
K, we can take a compact set D C O; \ K satisfying

(5.19) / (1 = )P |V P da dt < / V| da dt.
O1\K D

Then we see that D(s) C Oz \ K for all sufficiently small s > 0, and by
Lemma 5.1 we can take constants C3 and s > 0 such that

lim sup/ |Vu; Pt do dt < C'3/ |Vul? dz dt.
D(s)

i—00 D(s)

This together with (5.3) and (5.19) implies that

1—00 1—00

limsup/ (1 —n)Pi|Vu, P dx dt < limsup/ |Vu; |Pt dx dt
O1\K D(s)

< 03/ |Vu|P dx dt
D(s)

p/(p+6)
<Cj / VP da dt (|Q|T) P/ @ +9)
OQ\K
< C3(|Q|T) P/ 0+0) o2/ (0+9)
and by (5.11) we have

/ IV (u—n(ui—w)) [P da dt < C1ChaP/ PHO) 4.0y Ca(|Q|T) P/ (PF0) o/ (P49)
O1\K

where all the appearing constants are independent of a. Therefore, by the
arbitrariness of a > 0 and (5.9) we obtain

—/ u(6t¢)dxdt+1/ \Vu]pdxdth/ IV (u— )P dzdt
Qr PJK b Jk

for all ¢ € C°(Qr) with K = supp ¢. Thus we obtain (2.9), and complete
the proof of Theorem 2.1. O

Finally we prove our second main result.
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Proof of Theorem 2.2. Let h > 0 and ¢ > 0 be sufficiently small
constants, and take the test function

oL (x,t) == X"[u; — ul-
in (3.5) with

0, 0<t<h,
(t—"h)/h, h <t <2h,
'(t) := 1, 2h <t <T —2h,
(T—t—nh)/h, T—2h<t<T-—h,
0, T—h<t<T.
Then, by (3.5) we obtain
1
- / [ui)0; " da dt + — |Vu; |Pt dx dt
Qp DPi Jsupp[¢h].
(5.20) o
< / |V (u; — [¢2):) | da dt.
DPi Jsupplol].
Denote
/ [uil-0pl dx dt = / [u; — u).0pp" da dt + / [u]0,p dzx dt
Qr Qp Qr
=11 + 5.
As in the proof of Lemma 4.1, since u;|;—p = uli=o = g, we obtain
(5.21) lim lim [; <O0.
h—0e—0

Furthermore, we have
I, = _/ (&:Ma)xh[uz’ —ule dx dt = —(0¢[u)e, Xh[ui — ue)
Qr

= —(0¢[u]e — Oyu, Xh[ui — ue)
— <8tu,xh[u,- —ule — Xh(ui —u)) — (O, Xh(ui —u)),

and it follows from Lemma 3.1, (3.6), and (3.7) that there exists a constant
C > 0 such that

[@([ule — ), X" — ]|
< Ol — ull iy 1V (s = 0) [ 2o(gy = O
and
| (B x" i — u)e — X" (u; —w))]
< OlullZ e 1V (s — ) = i =l |y — 0,

as € — 0. These together with Lemma 3.2 imply that

(5.22) hn’(l) I = —(0pu, X" (ui — u)) = (@ {x" (u; —u)},u).

E—
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Since

(0" (ui = u)}, u) — (B (ui — ), )]

< Ol ~ X" = W)t gy | Verllzory = 0.

as h — 0, by (4.9) and (5.22) we obtain
(5.23) lim lim Io = (O¢(u; — u),u) — 0

h—0e—0

as i — oo. Therefore, applying the similar argument as in the proof of
Theorem 2.1, by (5.20)—(5.23) we conclude that

1—00 i—00

—/ |Vul? dz dt.
Qp

This is the only point, where ); — 1 comes into play.
Let v > 0 be a sufficiently small constant and ¢ € N be sufficiently large
such that |p; — p| < . Then, by the Holder inequality we have

(5.25)
/ ]Vui|pdxdt:/ |Vu; P77 |\ Vu; | de dt
QT QT

(p—)/pi (pi—p+7)/pi
< </ |Vu, [P dx dt) </ |V Pi/ (PP H7) g dt) .
Qr Qr

Let ¢; be the constant such that

pi—p+y P
where § > 0 is given in Lemma 4.3. Then, since ¢; > 1 for sufficiently large
i, by the Holder inequality we have

( / |vui|7pi/ Pi=P+Y) do dt
Qr

limsup/ |Vu;|Pi de dt < limsuin/ |Vul|P! dx dt
(5.24) aor o

) (pi—p+7)/pi

(|Q|T) PP (=1/a)/p:

(pi—p+7)/(pigi)
< (/ |V P/ Pi=pt) g dt)
Qr

5/ (p+9)
= (/ |V [P0 da dt) (|Q|T)Pi=P2/pi=6/(p+0)
Qr

This together with (4.6) implies that there exists a positive constant C,
which is independent of v, such that

) (pi—p+7)/pi

lim sup < / |V | 7i/ PP ) qo it

< v (|Q|T) /=1 +9),
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Then, by (5.24), (5.25), and (5.26) we obtain

1—00

(r—7)/p
lim sup / VP da dt < ( / |VulP dz dt) CV(|Q|T) /e ),
QT QT

Since v > 0 is arbitrary, we conclude that

(5.27) lim sup/ |Vu;|P dx dt < / |VulP dz dt.
i—oo  JQr Qr

On the other hand, since it follows from corollary 4.2 that

(5.28) Vu; = Vu  weakly in LP(Qr)

as i — 0o, we have

/ |VulP de dt < lim inf/ |Vu;|P dx dt,
Qp 11— 00 Qp

and by (5.27) we obtain
L [Vl o or) = [1Vullzoor)-

This together with (5.28) implies that Vu; — Vu in LP(Qr) as i — oo.
Thus we complete the proof of Theorem 2.2. O
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