HIGHER INTEGRABILITY FOR PARABOLIC
SYSTEMS OF p-LAPLACIAN TYPE

JUHA KINNUNEN AND JOHN L. LEWIS

ABSTRACT. We show that the gradient of a solution to a parabolic system of
p-Laplacian type in R™ satisfies a reverse Holder inequality provided p > 2n/(n+ 2).
In particular, this implies the local higher integrability of the gradient.

1. INTRODUCTION

In this work we study regularity of solutions to second order parabolic systems

aui

(1.1) =

=div A;(z,t, Vu) + Bi(z,t, Vu), i1=1,...,N.

In particular, we are interested in systems of p-Laplacian type. We present more
precise structural assumptions later, but the principal prototype that we have in
mind is the p-parabolic system

Gui
ot

=div(|Vu|P~*Vu;), i=1,...,N,

with 1 < p < co. As usual, solutions to (1.1) are taken in a weak sense and they are
assumed to belong to a parabolic Sobolev space. A good source for the regularity
theory is [D].

In the elliptic case when the system is

(1.2) div A;(x,t, Vu) + B;(x,t, Vu) = 0, i=1,...,N,

it is known that solutions locally belong to a slightly higher Sobolev space than
assumed a priori. This self improving property was first observed by Elcrat and
Meyers in [ME] (see also [Gi] and [Str]). Their argument is based on reverse Holder
inequalities and a modification of Gehring’s lemma [Ge| which originally was devel-
oped to study the higher integrability of the Jacobian of a quasiconformal mapping.
In the elliptic case higher integrabilty results play a decisive role in studying the
regularity of solutions, see [GM] and [Gi].

The purpose of this work is to obtain higher integrablity results in the p-parabolic
setting. We prove that the gradient of a weak solution to (1.1) satisfies a reverse
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Holder inequality for p > 2n/(n + 2). The critical exponent 2n/(n + 2) occurs also
in parabolic regularity theory, see [D]. We note that reverse Holder inequalities and
the local higher integrability for weak solutions were already proved for p = 2 by
[GS] (see also [C]). Our result appears to be new even in the scalar case if p # 2.

One of the difficulties in proving our main result is that a solution does not
remain a solution under multiplication by a constant which is not 0 nor 1. Since
reverse Holder inequalities are invariant under multiplication by a constant, we
have to choose a class of cylinders whose side lengths depend on the size of the
function in order to obtain a reverse Holder inequality as in [Ge| and then higher
integrability.

It seems to us that our results can be used to extend partial regularity results
in [GM] for nonlinear elliptic systems to cover some parabolic systems. For p = 2
this was done in [GS], but our method applies also when p # 2.

2. PRELIMINARIES

In order to be more precise about the structure and solutions of the system (1.1)
we need some notation. Let 2 C R™ be an open set and let WP(£2) denote the
Sobolev space of real valued functions g such that g € LP({2) and the distributional
first partial derivatives d¢g/0z;, i = 1,2,...,n, exist in 2 and belong to LP({2).
The space WP(2) is equipped with the norm

n
gll1,p,2 = llgllp,e + Z Hag/amin,g-
i—1

Given O C R"™ open, N a positive integer, —oco < S < T < o0, let
u=(u1,...,uy): Ox (S,T) - RN
and suppose that whenever —oo < S < S; < Ty < T < oo and 2 C O we have
(2.1) u € L*(02 x [S1,Th]) N LP([S1, Th); WHP(£2)).

Here the notation L? ([Sy, T1]; W'P(£2)) means that for almost every ¢, S < ¢ < T,
with respect to one dimensional Lebesgue measure, the function z — u(z,t) is in
W1P(Q) componentwise and

2
1,p,

th<oo.

T, N
(2.2) ulll? o = 1el? gy s,z + [S S Juit-0)]
1 o=1

Let Vu denote the distributional gradient of u (taken componentwise) in the x
variable only.
We suppose that A = (Ay,...,Ax), where

A; = Ai(x,t,Vu): O x (S,T) x R"™Y — R",
and B = (By,...,By), where

B; = By(z,t,Vu): O x (5,T) x R"™Y — R,
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are Lebesgue (n + 1)-measurable functions on O x (S,7T). This is the case, for
example, if A; and B;, i = 1,2,..., N, satisfy the well known Carathéodory type
conditions. We assume that there exist positive constants c;, + = 1, 2, 3, such that

(23) ‘Az| < cl\Vu\p_l + hl
(2.4) |Bi| < ¢ |[VulP~" + ha,
and

N
(2.5) > (Ai, Vi) > es|Vul’ — hs,

=1

for i = 1,2,..., N, and almost every (z,t) € O x (S,T). Here (-, -) denotes
the standard inner product in R™ and h;, ¢« = 1, 2, 3, are measurable functions in
O x (S,T) so that

(2.6) [(1ha] + 2] )P/ =1 + |hs]| = ¢4 < 00,

q,0x(8,T)
where ¢ > 1.

Finally u satisfying (2.1) is said to be a weak solution in O x (S,T) to the
nonlinear parabolic system

6’&2'
ot

= div 4;(z,t, Vu) + B;(z,t, Vu), i1=1,...,N,

if the structural conditions (2.3)-(2.6) hold and

(2.7) / / Z a@ + (A, V) —Bm) dzdt =0

for every test function ¢ = (¢1,...,¢n) € C§°(O x (S, T)).
The following theorem is our main result.

Theorem 2.8. Let p > 2n/(n+2) and suppose that u is a weak solution to (1.1).
Then there exists € > 0 such that

u e L2 (Q X [Sth]) N Lp+€([Sl,T1]; Wl’p+€<g>),

where ¢ > 0 depends only onn, p, q, and ¢;, for i = 1, 2,3, while |||u|||p+<, depends
on these quantities as well as N, 2, S1, T} and cy4.

The proof of our main result follows from two propositions in Section 4.
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3. FUNDAMENTAL ESTIMATES

In this section we state and outline the proofs of some Sobolev and Caccioppoli
type lemmas which will be used in the proof of the main result. To do this we shall
need some notation. Given r, s > 0, (z,t) € R*"! let

Dy(z) ={y e R": [y —a| <r}
denote the open ball in R™ and
Qrs(x,t) = Dp(x) X (t —s,t+ s)

a cylinder in R""!. Let |E| denote the Lebesgue (n+ 1)-measure of the measurable
set E and if f is integrable on E with 0 < |E| < oo, then the integral average of f

over F is
1
fda:dt:—/fd:cdt.
][E \E| JEg

If Q, (2, 7) CO x(S,T), then

L) = I,(t u, 2,7) = m(Dp(z))_l/D e

whenever 7 — s <t < 7+ s. Here m denotes Lebesgue measure in R" and the
integral is taken componentwise.

Lemma 3.1. Suppose that u is a weak solution to (1.1). If Q4, s(2,7) C Ox(S,T),
then there exists p, p < p < 2p, and a constant ¢ depending on p, n, ¢; and cs,
such that

L5 (t2) — I (11)] < csp_l][ (IVulP~" + || + |hs|) du dt
Q2p,s(za7_)

for almost all t;, T —s<t;<T4+s,i=1,2.

Proof. To prove this lemma, let §, > 0 be small, p < p < 2p, t1 < to, Y1 €
C§(t1 — m,t2 + n) with ¢y = 1 on the interval (¢1,t2), and let ¢ € C5°(Ds15(2))
be a radial function with ¢ = 1 on D;(2). For fixed j = 1,2,..., N, we put
¢; = Y192 and ¢; = 0 otherwise. Using (2.7) and letting first n — 0 and then
0 — 0 we get from well known Sobolev type arguments that for almost every tq, to
and p, as above,

m(Dj5 (2)) (I5 (t2, uj) — Ip (t1,u )

:/ (= 2 Ay, 8)) |z — 2|~ do() dt
8D;\(Z)><(t1,t2)

+ / B; da dt.
D;\(Z) X (tl ,tz)
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Here o denotes (n — 1)-dimensional surface area on D5 (z). Choose p, p < p < 2p,
so that

/ (IVulP~! + |hi| + |ha]) do dt
(9D;\(Z)X(t1,t2)

< 1oop—1/ (IVulP~! + |h| + |hel) dz dt.
Doy (z) X (t1,t2)

Using this choice, (2.3), (2.4) in the above inequality, and summing over j =
1,2,..., N, we deduce the claim. O

The following lemma is a Caccioppoli type estimate for parabolic systems of
p—Laplacian type. For short we write

WP = (|ha| + e )P/~ + |hs].

Lemma 3.2. Let u be a weak solution to (1.1) and a = (ay,...,an) € RN. Then
there exists a constant ¢ depending on n, N, p, ¢; for i = 1,2,3,4, such that if
Qp1,s1(2,7) CQpysy(2,7) CO X (S,T) with 0 < pa,s2 < 1, then we have

/ |Vul|Pdxdt +  esssup / lu — a|? da
Qpy,s1(2,7) te(t—s1,7+s1) J D, (2)

SC(SQ—sl)_l/ |u — a|? dz dt
QvaSz(ZvT)

+c(p2 — Pl)_p/

|u—a|pdmdt—|—c/ hP dz dt.
ng,sg(zﬂ-)

Qp2,82 (zaT)

Proof. Lemma 3.2 follows from a standard Caccioppoli type estimate obtained from
(2.7) by formally choosing test functions of the form

qﬁi:(u—a)i p ’i:1,2,...,N,

1

where ¢; € C§°(Qp,,s,(2,7)) is a cutoff function with ¢; =1 on Q,, s, (z,7), 0 <
’(ﬁi < 1 and

O

1000.
ot oo =

(p2 = o) 190l + (52— )7

oo

There is a difficulty with the test functions ¢; since the solution usually has a very
modest degree of regularity with respect to the time variable. We refer the reader
to [D, p. 24-27] for an argument to overcome this difficulty. O

Next we prove a Sobolev type inequality.
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Lemma 3.3. Let1 < v < oo and suppose that u € L ((1—2s, 7+2s); W¥(Ds,(2))).
Then there is a constant ¢ depending on n and v such that

/ lu(z, t) — I,()[" 2™ dz dt < c/ |Vu(x,t)|” dedt
Qp,s(zzT) Q2p,23(z77')

v/n
. < ess sup / lu(zx,t) — Ip(t)|2d:c>
Dap(z)

te(r—2s,7+2s)

Proof. Let t, 7—2s < t < 7+2s, be such that z — u(z,t) belongs to W (Ds,(z))
and denote p* = 2p. Let ¢ € C§°(Q2,,25(%, 7)) be a cutoff function such that ¢ =1
on @, s(z,7) and |Vy| <10/p. Let

Hoélder’s inequality implies that

J :/ v(z, t)"I+2m) dy
DP* (Z)

1/n
S(/ v(z, )2 dm) </ w(z, )@ HE/M =D/ (1) d:c)
Dp*(z) Dp*(z)

We use Sobolev’s theorem for functions in Wh(D,«(z)) to deduce that there is
constant ¢ = ¢(n) such that

(n—1)/n

(/ o, DD 2D g (n=b)/n
DP* (Z)

< c/ v(z, t) VDA gy, 8| da
DP* (Z)

(v—1)/v 1/v
< c</ v(z, t)r1+2/n) d:c) </ |Vv(:c,t)\”da:)
D, (z) D= (z)

Thus

1/n

1/v
J < CJ(V_l)/V</ |Vv(m,t)|”dx> </ v(z,t)? dx)
Dp* (Z) Dp*(z)

Clearly

1/v 1/v
([ weordn)” e ([ jutet - 10 do)
Dp*(z) Dp*(z)
1/v
+</ |Vu(m,t)|”dm> :
Dp*(z)
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Poincaré’s inequality in W (D, (z)) implies that

and hence

</Dp*(z) |Vv(x,t)|ydm)1/y = C</Dp*(z) |VU($,t>|Vd«T>1/V.

The same argument as above gives

</Dp* (2) v t>2 dx) " : C( /Dp*(z) fule.£) - Ip(t)|2 dm) "

Collecting the obtained estimates we arrive at

v/n
J < c/ |Vu(x,t)|”dm</ lu(z, t) —Ip*(t)|2dm) .
D, (z) D= (z)

The claim follows by integrating this inequality with respect to ¢ over the interval
(1 — 25,7 4 2s). Observe that the proof applies to the case n = 1 as well. O

The following two lemmas are essential tools in proving our main result. We
divide the discussion into two parts depending on whether p > 2 or 2n/(n +2) <
p < 2.

Lemma 3.4. Let u be a weak solution to (1.1) withp > 2. Suppose that A > 0, s =

AZTP P27 and Q40p,402s(27 7—) COx (57 T) Denote Q = Qp,s(za 7-)7 Ql = Q4p,42s(27 T)
and Q" = Q20p,2025(2, 7). If there is cs > 1 such that

cs AP g][ (IVulP + hP) dx dt
Q
< 05][ (IVulP + hP) dz dt < ENP,
QII

then there is ¢ > 1 such that

/
][ Vul? de dt < c<][ |Vu|qudt>p q+c][ WP da dt,
Q// Q/ Q/
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where ¢ = max{p—1,pn/(n+2)}. The constant ¢ has the same dependence as the
constant in Lemma 3.2, except that it also depends on cs.

Proof. First suppose that p > 2. From Lemma 3.2 with p; = p, s1 = s, po = 2p
and sy = 2s, we have

][ |VulP dx dt < cs_l][ lu — al? dx dt
Qp,s(zzT) QZp,2S(z7T)

(3.5) + Cp_p][ |lu — al? dx dt + c][ hP dz dt
QZp,2S(Z7T) Q2p,23(z77-)

:T1+T2+C][ hpd.flfdt.
QZp,2S(Z7T)

Since p > 2 we may estimate 7} in terms of T using Holder’s and Young’s

inequalities and the assumption that s = A\27Pp? as

T, §c)\p_2,0_2][ lu — a|? dz dt
Q2p,25(2,7)
S/\p/(465> + CTQ,

(3.6)

where ¢ > 1 has the same dependence as ¢ in Lemma 3.2 except that it also depends
on cs.

Hence it is enough to estimate T5. By Lemma 3.1 we choose p, 2p < p < 4p, so
that

BT UpO @ e f(9u 7l + ) e

for almost every &, 7 — 25 < £ < T+ 2s. Let Q = Q5.2s(2,7) and in (3.5) take

~

a=a(Q)=(a1(Q),...,an(Q)), where a;(Q) :][@ w; de dt,

fort=1,2,...,N. Then we have

(3.8)  Th<cp? ][ u— L (O dedi+ e esssup | () — a(O)]P.
Q te(r—2s,7+2s)

We begin with estimating the second term on the right side of (3.8). Using (3.7)
we have

R T42s
) -a@l <) [0 - Ol
(39) T—28
< csp_l][ (IVulP~" + |h1| + |hel) dx dt
o
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and hence using the definition of A we obtain

co™?  esssup  |I;(t) — a(Q)|
te(r—2s,7+2s)

< eAP2D) <][ (IVulP + |l + |ha) da dt)p
Q/

(3.10) >p/<p—1>

<c <][ (IVulP~" + |k | + |hal) dx dt
Ql

/(p-1)
<ec <][ VulP~! dz dt)p Uy c][ WP da dt.
Q Q

Observe that the assumption p > 2 is used in the second inequality above.
Next we estimate the first term on the right side of (3.8). Lemma 3.3 implies
that

Ju—1I5(t)[P dxdt

a/n
gc][~|Vu|qdmdt< ess sup / |u—15(t)|2dm) ,
Q te(r—4s,7+4s) D;(z)

where ¢ = pn/(n +2), Q = Q25.45(2,7) and p = 2p.
We estimate the essential supremum on the right side of (3.11). Let Q* =
Q10p1103<2,7'>. Clearly

/ lu — I (t)|? d
D (2)

(3.11)

and hence using Lemma 3.2 with a = a(Q*) we have

ess sup / lu — I ()| dw
D (z)

te(r—4s,7+4s)

(3.12) <c esssup / lu — a(Q*)|* dz
te(r—4s,7+4s) D;(z)

Scs_l/ |u—a(Q*)|2dmdt—|—Cp—p/ lu — a(Q")|P dx dt,

*

where

5_1/ \u—a(Q*)|2dxdt§cs_1/ lu — o, (t)|? dz dt

*

+ cs_1|Q*| ess sup | T10,(t) — a(Q*)|2
te(r—10s,7+10s)

(3.13)
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and

p~ P / lu—a(Q™)|P dx dt < cp_p/ |u — T10,(t)|P dx dt

*

+cpP|Q7| ess sup [T10,(t) — a(Q")[P.
te(r—10s,74+10s)

(3.14)

By Poincaré’s inequality in W12(Djg,(z)) we have

T74+10s

st lu — I10,(t)|? dz dt = 3_1/ / lu — Io,(t)|? dz dt
Q* T Dlop(z)

—10s

2/
(3.15) < esTip? / |Vu|2 dedt < es™'p? <][ |VulP dx dt) p|Q*|
) Q-

Here we used the assumption that p > 2 again. Exactly the same argument gives

(3.16) p P / |u — Tip,(t)|P dxdt < c / |VulP dedt < cp™2\2.

*

Using Lemma 3.1 we choose p, 10p < p < 20p, such that

50 = 13 ) Scsp™ f (Va4 ]+ Ihal) dd,

Q//
when 7 — 10s < £ < 7 + 10s. This implies that

sTHQ*|  esssup  [Tgp(t) — a(Q)[
te(t—10s,7+10s)

(3.17)
< chp”_2<][ (|Vul? + hP) dz dt
Q//

n+2 )\2

2(p—1)/p
) <

A similar argument (see (3.10)) also gives

pP1Q*| ess sup | T10p(t) — a(Q")|P
te(Tt—10s,74+10s)
(3.18)

p
< ¢pmsAPP) <][ (IVulP~ + |h1| + |ho|) da dt) < cp" N2,
QII
Using (3.12)—(3.18) we conclude that

ess sup / lu— I (t)[* do < cp™ T2 N2
te(r—4s,7+4s) D;(z)

By (3.11) and Young’s inequality we see that the first term on the right side of
(3.8) can be estimated as

cp_p][Ju — I (t)|P dzdt < CAQQ/”][~ |Vul? dx dt
Q Q

/
<c <][~ |Vul? dx dt)p ! + AP/ (4cs).
Q
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Finally using (3.5), (3.6), (3.8) and (3.10) we have

p/q
][ VulP de dt < NP /(2¢s5) —l—c(][ |Vu|qd:cdt)
Q Q

1 p/(p—1)
—1—c<][ VP dmdt) —1—0][ WP de dt.
Q' Q'

The claim follows from this estimate by absorbing the term containing AP into the
left side. u

(3.19)

Next we prove an analogue of Lemma 3.4 for 2n/(n+2) <p < 2.

Lemma 3.20. Let u be a weak solution to (1.1) with 2n/(n+2) < p < 2. Suppose
that A > 0, s = A*7? p?, and Quop 4025(2,7) C O x (S,T). Denote Q = Q, s(z,7),
Q' = Qupa2s(2,7) and Q" = Qa0p 2025(2, 7). If there is cg > 1 such that

cg AP S][ (IVul? + s Hu — a(Q)|* + h?) dz dt
Q

< 06][ (IVulP + s7Hu — a(Q") | + hP) dz dt < GNP,
Q//

then there is ¢ > 1 such that

/
][ Vul? de dt < c<][ |Vu|qudt)p q—{—c][ WP da dt,
Q// Q/ Q/

where ¢ = 2n/(n+ 2). The constant ¢ has the same dependence as the constant in
Lemma 3.2, except that it also depends on cg.

Proof. We use the same notation as in the proof of Lemma 3.4. Clearly (3.5) also
holds this case. Since p < 2 we use Holder’s inequality to estimate 7% in (3.5) in
terms of 77 and obtain

2 2 p/
T §c<p lu — al da:dt)
(3.21) Q2p,25(zy7_)

< eAU=P/2p Tf/Q < N /(4cg) + ¢ Th.

To estimate 77 by Lemma 3.1 we choose p, 2p < p < 4p, so that (3.7) holds. Let
Q = Qp,25(%, 7). Using the same argument which led to (3.8) we see that

2

(3.22) T <cs! ][A lu—I;(t)?dvdt +ecs™'  esssup  |I;(t) — a(Q)%.
Q

te(r—2s,7+2s)
Using (3.9), the definition of A and Young’s inequality, we obtain
s esssup  |I5(t) — a(Q)]?
te(T—2s,7+2s)
< NP <][ (IVulP~" +|h1| + |hal) da:dt)Q
(3.23) ¢ p/(p—1)

< NP /(4eg) + <][ (IVufP~t + |hy| + |ho]) da dt)

Q/
/(p-1)
gAp/(4c6)+c<][ |Vu|p_1dacdt>p g +c][ WP da dt.
Q' Q'
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To estimate the first term on the right side of (3.22) we use Lemma 3.3 and argue
first as in (3.11) to get

u—I;(t)]* dzdt
(3.24) n

q
gc][~\Vu\qudt< ess sup / |u—[5(t)\2da:) ,
Q te(r—4s,7+4s) Dfpv(z)

where ¢ = 2n/(n +2), Q = Q25.45(2,7) and p = 2p. The essential supremum on
the right side of (3.24) is then estimated as in (3.12) and we obtain

ess sup / lu— I (t)|?dz < es™? / lu — a(Q*)|* dx dt
te(r—4s,7+4s) D;(z) *

(3.25)
ver [ Ju-a(@)pdeat

where @Q* = Qi0p,10s(%,7) as before. Using the assumption of the lemma and
remembering that s = A\27Pp?, we have

8_1/ |'LL - a(Q*)|2 drxdt < c/\p|Q*| < Cpn+2)\2,

The second term on the right side of (3.25) can be estimated exactly the same way
as in the case p > 2, see (3.14),(3.16) and (3.18). We conclude that

ess sup / lu — I (t)[* dz < cp™T2N2.
te(r—4s,7+4s) D;(z)

By (3.24) and Young’s inequality we arrive at

cs™! ][A\u — I;(t)*dxdt < c/\p_q][~ |Vu|?dx dt
Q Q

(3.26) »

§c<][~\Vu\qda:dt> P/ (deg).
Q

The claim now follows from using (3.22), (3.23) and (3.26) as before by absorbing
the term containing AP into the left side. This completes the proof. a

3.27. Remark. We record for the future reference that the constant ¢ in Lemmas
3.4 and 3.20 remain bounded above if p is in a compact subset of (2n/(n + 2), co).
This is easily seen by analyzing the constants in Lemmas 3.1, 3.2 and 3.3.

4. REVERSE HOLDER INEQUALITIES

In this section we show that gradients of weak solutions of (1.1) satisfy a reverse
Holder inequality provided p > 2n/(n + 2). As in the previous section, slightly
different arguments are needed to handle the cases p > 2 and 2n/(n +2) <p < 2.
First we study the case p > 2.
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Proposition 4.1. Let u be a weak solution to (1.1) when p > 2 and suppose that
Qur,(ar)» (2, 7) C O x (S,T), where 0 < R < 1. Then there exist ¢ > 0 and ¢ > 1
having the same dependence as the corresponding constants in Theorem 2.8 with

1/ (p+e)
( ][ VulP*e d dt) < cRoP~1 ( ][
QR,RP (2,7)

+CR_1+C<][ hPYe dx dt

QQR,(2R)P (2,7)

|Vul|P dz dt)
Q2r,2r)P (2,7)

)1/(P+€)

b

where 0 = (2+¢)/(2(p+¢€)).
Proof. To prove Proposition 4.1 we assume, as we may, that R = 1 and (z,7) =
(0,0), since otherwise we consider

v(z,t) = u(z + Rz, 7+ RPt)

for (x,t) € Q4,40(0,0). It is easily seen that v is a weak solution to a partial differ-
ential equation similar to (1.1) and with the same structure. Proving Proposition
4.1 for v with R = 1 relative to (0,0) and then transforming back we get Proposition
4.1 for u. _

For short we denote @ = (Q2.2»(0,0). To begin the proof of Proposition 4.1 we

divide @ into Whitney type cylinders
Qi:Qri,r?(ZhTi)? 1=1,2,...,

so that r; is comparable to the parabolic distance of (); to the boundary of @ Let
us recall that the parabolic distance of sets E, F C R"t! is

inf{|m—y|—|—|t—s|1/2: (z,t) € E and (y,s) € F}.

Moreover the cylinders QQ;, i = 1,2, ..., are of bounded overlap and

Qsr,,(5r)2 (21, i) C Q.
Next for (z,t) € Q we define
g(z,t) = (|Vu| + h) (z,t)
and

f(x,t) = ¢t min{|Q,-|1/2: (z,t) € Qi}g(x,t),

where ¢ > 1 will be chosen later.
Let

/\(2):][~|g|pdxdt
Q

and A > max{\g, 1} = A{. Suppose that (z,t) € Q; with |f(z,t)] > XA. We set

a= Q! and v =alTP/2)\2P,
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If r;/20 < r < r;, then for ¢ large enough we have
(4.2) ][ |g|P dx dt < c'y_loz][~|g|pdmdt§5pApap/2.
Qr,'yr2 (mvt) Q
By Lebesgue’s differentiation theorem, we have for almost every such (x,t) that

(4.3) lim |g|P da dt > EP\PaP/2,
’I"—>O QT”W‘Q (:c,t)

From (4.2), (4.3) and continuity of the integral we see that there exists p, 0 <
p < 1;/20, such that

(4.4) ][ |g|P da: dt = EPA\PaP/?
Qp 02 (2:1)

and

(4.5) ][ |g|P da dt < EPAPaP/?
Q 2(:}3,t)

YT

for p <r <r;.
Let s = yp? and denote

Q = Qp,s(mu t)u QI = Q4p,423(x7 t), and Q/I = QQOp,QOQS(m7 t)'

Since A, @ > 1 and p > 2 we have v < 1. This implies that Q" C Q.
Now (4.4) and (4.5) imply that there is a constant ¢ > 1 such that

(4.6) cINPQP/? S][ lg|? dz dt < c][ lg|P da: dt < 2XPaP/?.
Q Q//

Observe that )
g — sz _ ()\al/Q) ppz‘

Thus we can apply Lemma 3.4 with X replaced by Aa!/2. Note that c5 in this case

depends only on n and p. From Lemma 3.4 we conclude for

q =max{p—1,pn/(n+2)}

and ¢ > 1 that

/
(4.7) ][ VulP dz dt < c<][ |Vu|qd:cdt>p q+c][ WP do di.
Q// Q/ Q/

Using (4.6) and (4.7) we have

. p/q
cap g][ |f|pdmdt§c< |f|qd:z:dt> ted kdrdt
Q// Q/ Q/

(4.8)
< 02][ |fIP dadt < NP,
Q/
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where

k(1) = min {|Qi["/%: (2, 1) € Qs} W (2, 1),
Let G(A) = {(z,t) € Q: |f(z, )] > A} and 17 > 0. Then by (4.8) we obtain

/ /
(f isedsar) <erxes (@1 [ jfrdear)”
Q' Q'NG(nN)

/
(4.9) <ep (][ frdzat)” + cnp][ kdz dt
Ql Ql
+c/\p_q\Q’\_1/ | f|?dx dt.
Q'NG(nA\)

A similar argument gives

p/q
][ kda dt <cn? (][ If]9 dx dt) + cnp][ kd dt
Q' Q' Q'

+c|Q’|—1/ kdx dt.
Q'NG(nA)

Choosing 77 > 0 small enough in (4.9), (4.10) and absorbing terms we arrive at

p/q
(][ |f|qd:z:dt> +][ k da dt
Q' Q'

< eI Q'| ! /

Q'NG(nA)

(4.10)

(4.11)

|f|qd:cdt+c\Q’\_1/ kdx dt.
Q'NG(nA)

An examination of the proof of the well known Vitali type covering lemma shows
that we can choose pairwise disjoint cylinders

Q; = Q4pi7’7(4pi)2 (l’i,ti>, 1= 1, 2, ceey

such that almost everywhere
G clJerca,
i=1

where
Q{il = QQOpi,’y(QOpi)2 (’riu t’b)? 1= ]-7 27 e
From (4.8) and (4.11) we deduce that for some small > 0 we have

NP g][ |fIP da dt
QY

< c/\p_q][ |f|qudt+c][ kdx dt
Q; Q;

7

< AN |Q2\‘1/

QiNG(nA)

(4.12)

|f|qd:cdt+c2\Q;\—1/ kdx dt
QiNG(nA)

< BAP.
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Multiplying (4.12) by |Q | and summing over ¢ we get from (4.12) and disjointness
of the cylinders @}, i = 1,2, ..., that

[P da dt < / ([P da dt
/Gu) Z QY
(4.13) gcv—qz/ \f\qd:cdt+2/ k da dt

iNG(nA) iNG(nA)

Sc)\p_q/ |f|qudt+c/ k dzx dt.
G(nA) G(nA)

We can now apply a standard argument to complete the proof of Proposition
4.1. For completeness we sketch it. Using Fubini’s theorem and (4.13) we have

/ |f|P+€d:cdt:5/ AH(/ \f\dedt) )
G() X G

+)\6€/ |fIP dx dt
G(Xp)

Scs/ )F‘”p‘q(/ \f\qd:cdt> )
0 G(nX)

—I—ca/ A€—1+p—q</ k:dxdt) d)\+)\65/ \f|P da di

3 G(n) G

SL/ |f|p+5dacdt+c/ |5k da dt
ErP=aJaoy) G(Xy)

+/\6€/ |fIP dx dt.
G(Xp)

By Young’s inequality we obtain
/ | f|k d dt g5/ |f|5+pdmdt+c/ k1HE/P g dt.
G(XH) G(Ap) G(AD)

Choosing € > 0 small enough we may absorb the integrals involving | f|P™¢ into the
left side and we obtain

/ |f|p+€d:cdt§c/\6€/ \f\pd:cdt+c/ k1TEP d dt.
G(Xo) G(Ay) G(A\Y)

Observe that there is a difficulty in moving terms to the left side since they may
be infinite. This technical problem can be treated, for example, by truncating the
function f. To be more precise, let A > A\ and denote fn = min{|f|,A}. If |f] is
replaced by fa in the definition of G(\), we see that (4.13) holds with | f| replaced
by fa, and we can go through the above argument. Now all absorbed terms are
finite and we obtain the claim passing to the limit as A — oco. Thus

/v\f\p+5d:cdt§)\6€/~ \f\pd:cdt+/ |fIPTe da dt
Q Q\G(A() G(N\))

Sc/\6€/~\f\pd:cdt+c/~ k1P dg dt.
Q Q

Proposition 4.1 follows easily from this inequality. a
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Then we prove a counterpart of Proposition 4.1 when 2n/(n +2) < p < 2.

Proposition 4.14. Let u be a weak solution to (1.1) when 2n/(n+2) < p < 2
and suppose that Qg (sryr(2,7) C O x (S,T), where 0 < R < 1. Then there exist
e > 0 and ¢ > 1 having the same dependence as the corresponding constants in
Theorem 2.8 with

<][ |VulPTe dx dt
QR,RP(ZvT)

<er7 ([ e a@ugan () )
2R,(2R)P (2,7

)1/(p+6)

>1/(;D+€)

b

+CR_1+C<][ hPYe dx dt

QQR,(2R)P (2,7)
where v = (26 + (n +2)p —2n) /((p + €)((n + 2)p — 2n)).
Proof. Again we divide @ = (22(0,0) into Whitney type cylinders Q;, i =

1,2,..., exactly in the same way as in the proof of Proposition 4.1. Next for
(z,t) € Q put
g(z.t) = (IVul + h)(,1).
Let
(4.15) AllnF2p=2n)/2 ][ = a(Q))? dadt,
Q

and A > max{, 1} = X,. For (z,t) € Q we define

fla, ) =2 min{|Qi|: (z.) € Qi} g(x. 1),
where
B 2n +8
(n+2)((n+2)p — 2n)
and ¢ > 1 will be chosen later. Suppose (z,t) € Q; with |f(z,t)] > A. Put
a = |Q;|77 and let v = (Aa)?>"P. Again by Lebesgue’s differentiation theorem, we
have for almost every such (z,t) that

lim |g|P dx dt > cPAPaP.
r—0 QT,»W‘Q (x7t)

Also if 7 = (Aa)P/2~ 1! with r;/20 < r} < 7y, then Qrr2(z,t) C Q and for ¢ large
enough we have from Lemma 3.2 and Hoélder’s inequality

][ (I91P + 7712w — a(Qy yr2 (2, 1)) ?) da dt
Q 2 (z,t)

YT

< e(n)r7 " (Aq) 1P/ ][ (WP 14 Ju—a(Q)?) e dt
Q
<cPNPaP,
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since p > 2n/(n + 2). We again use continuity of the integral to find p, 0 < p <
(Aa)P/2=1r; /20 such that

(4.16)

and

(4.17)

0 - (\g\p +y 2 — a(Qp.p2 (:c,t))|2) dx dt = cP\PaP
Pv"/p2 m7t

(|g|p + 'y_lr_2|u — a(Qpr~r2(z, t))|2) dz dt < cPXPaP
Qr,'yr2 (mzt)

for p < r < (Aa)?/?~1r;. From (4.16) and (4.17) we see that Lemma 3.20 can be
applied with @ = @, ~,(x,t) and X replaced by Aa. We can now repeat the proof
of Proposition 4.1 essentially verbatim from (4.8) on to get Proposition 4.14. We
omit the details. a

The proof of Theorem 2.8 follows easily from Proposition 4.1, Proposition 4.14
and Lemma 3.3.
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