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1 Introduction

Let X be a complete metric space equipped with a metric d and a Borel regular outer measure
1 satisfying the doubling condition. A locally integrable function f : X — R is of bounded
mean oscillation, denoted as f € BMO(X), if

IS Nl :Sup][B|f_fB|dM < 00,

where the supremum is taken over all balls B C X. We discuss invariance properties of
BMO-functions. More precisely, we extend a characterization of Gotoh [7,8] of mappings
that preserve BMO to the metric setting. A u-measurable map F': X — X is a BMO-map if
F~1(E)is a pu-null set for each p-null set E C X, and for every f € BMO(X) the composed
map Cr(f) = f o F is in BMO(X). The first condition guarantees the uniqueness of the
BMO-map. Moreover, the composition operator Cr is a bounded operator from BMO(X) to
BMO(X).

The class of BMO-functions is used, for example, in harmonic analysis, partial differential
equations and quasiconformal mappings. Indeed, the first invariance property for BMO-
functions was obtained by Reimann [16], where he showed that a homeomorphism is a
BMO-map if and only if it is quasiconformal, provided the homeomorphism is assumed
to be differentiable almost everywhere. Later Astala showed in [1] that the differentiability
assumption is superfluous for a suitably localized result. The advantage of the approach by
Gotoh [7] is that it applies to general measurable functions and hence is more suitable to
extensions to the metric setting. The Euclidean theory for BMO-functions is well understood,
but not so much in a general metric measure space. For related metric space results we refer
to [3,12,14,15] and also to [2, Section 3.3].

We generalize the construction of certain extremal BMO-functions by Uchiyama [19] (see
also[5, Section 2]) to doubling spaces. The result is stated in Theorem 2.1 and it constitutes the
first part of the present paper. In the second part, we consider characterizations of BMO-maps
between doubling spaces. Our main result is stated in Theorem 3.1. The characterizations in
Theorem 3.1 are along the lines of the ones due to Gotoh [7,8].

2 Construction of certain BMO-functions

Throughout the paper, X is a complete metric space equipped with a metric d and a Borel
regular outer measure  satisfying the doubling condition. An open ball

Bx,r)y={yeX:d(y,x)<r}, xeX, r>0,

is simply denoted by B, we write rad(B) for the radius of the ball B, and AB = {y € X :
d(y,x) < Ar}, A > 0, is the ball with the same center, but the radius dilated by the factor
A.

In this paper, the doubling condition means that there exists a constant cp > 1 such that
forallx € X,0 <r < ooand y € X such that B(x, 2r) N B(y, r) # ), we have

u(B(x,2r)) < cpu(B(y,r)).

Notice that this condition is usually required to hold only for x = y, but if this stan-
dard doubling condition is valid with some uniform constant c,, then u(B(x,2r)) <
w(B(y,8r)) < ciu(B(y, r)), i.e. our version of the standard doubling condition is satisfied
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with cp = ci‘ The standard doubling condition implies that if B(x, R) C X, y € B(x, R),

and 0 < r < R < oo, then

W(B(y,r)) - Cz(r)logz [
w(B(x,R)) — " ’

R
We refer, for instance, to [2, Lemma 3.3].
We recall that a locally integrable function f : X — R has bounded mean oscillation,
denoted as f € BMO(X), if

ILf 11 =Sup][B|f_fB|dM < o0,

where the supremum is taken over all balls B C X. We will identify functions which only
differ by a constant; we shall call || f||, the BMO-norm of f. Here both fp and the barred
integral 353 f du denote the integral average of f over a ball B.

The following theorem is a metric space counterpart of a construction of certain BMO-
functions in Uchiyama [19] and Garnett—Jones [5].

Theorem 2.1 Let . > 1 andlet Ey, ..., ENy, N > 2, be u-measurable subsets of X such
that E.NB
WENE) _ o @.1)
I<jsN  p(B)

for any ball B C X. Then there exist functions { f| ,'}j.\’: | such that

N
> fi =1, 2.2)
j=1
and foreach1 < j < N
0<fix) <1, (2.3)
and
fi(x) =0 w—almost everywhere on E, 2.4)
and moreover,
1
£l < 3 (2.5)

Here cy is a constant that only depends on cp and N. Conversely, if there exists { f; }jy:] that
satisfy (2.2)—(2.4) and

2
Il fills < "

holds with a sufficiently small constant ¢, only depending on cp and N, foreveryl < j < N,
then (2.1) holds.

Before the proof of the theorem, we fix some notation and state few lemmas that will be
needed later. Let ¢ be a large integer, depending only on cp and N, such that

1+ Ncbq <24, (2.6)

Forevery k € Z,letry, = 27%4 and let Dy, be a maximal set of points such thatd (x, y) > %rk
whenever x,y € Dy. Let D = | xez Dk- Moreover, let

By ={B(x,ry) : x € Di}.
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From the maximality of the set Dy it follows that for every k € Z,

x=J B

BeBy
We say that a function @ € C(X) is adapted to a ball B = B(x, r), if

d(x,y)
suppa C B(x,2r) and |a(x) —a(y)| < ——
For a ball B, we set

e (B) =log, — B _ i . 2.7)
: > w(E;jN B) -

Let us state the following simple lemma for the function g;.

Lemma 2.2 Let k be a positive integer. If By C By and c’bu(B1) > u(By) for the balls B

and By in X, then

gj(B1) > gj(B2) — k.
Proof Clearly

B
gj(B1) = IOch M(%(,m%f)
cp B
> lo o) u’()BzﬂEj) = g;j(B2) — k.

[m}
The next result is well known for the experts, but we recall it here.
Lemma 2.3 Let f € BMO(X). Then

1
21l < sup

/ fgdu‘ <1l
X

where the supremum is taken over all functions g for which there exists a ball B such that

1
suppg C B. llglloo < ——. and / gdi =0,
w(B) X

Conversely, if f is a locally integrable function on X and the supremum above is finite, then
f € BMO(X) with the above norm estimate.

Proof First notice that for any g as above, we have

‘/ngdu‘ - ‘/X(f—fg)gdu

This gives the upper bound.

— d e
s][B|f faldu < If]

To see the lower bound, let ¢ > 0 and let B be a ball such that

1l < ][ |f — feldu +e.
B
Let i € L°°(B) with ||h]|z(p) < 1 be a function for which

/Blf—faldusz(f—fB)hdu.

(2.8)
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Since [,(f — fB)dp =0, we have

[ 15 = sutdu= [ (= gy ) de 29)
B B
Define
_ (h—hp)xs

2u(B)

Then
1
su C B, |gllrem < —— and / du =0.
PP & 8llL>>(B) 2(B) Xg

Moreover

1
dy = ——— h—hp)d
/ng Jz ZM(B)/Bf( B)du

1
= — f8)(h —hp)dp. 2.10
ZM(B)/B(f fB)(h —hp)dp (2.10)

By combining the Eqgs. (2.9) and (2.10) we conclude that

/ \f — faldu = 2u<B>/ fedu
B X

and
1 1
/ Fodu = 5][ f = Fsldu = 31l ).
X B

The claim follows by passing ¢ — 0.
The Eq. (2.8) together with the above inequalities also indicates that the finiteness of
sup| [y fgdu| implies f € BMO(X). |

The proof of the metric space version of the following John-Nirenberg lemma can be
found for example in Theorem 3.15 in [2]. See also [3] and [15].

Lemma 2.4 Let B C X be a ball and f € BMO(SB). Then for every A > 0

AL
n({x e B :|f(x)— fBl >)\})§2M(B)3Xp(_”f|| )

The positive constant A depends only on the doubling constant cp.
We are ready for the proof of the main result of this section.

Proof of Theorem 2.1 The necessity part of the theorem is an immediate consequence of
Lemma 2.4. Fix A > 1 and let B be a ball. By (2.2), there exists jo such that

1
. >
(fjo)B =N
Thus, by Lemma 2.4 and (2.4), we have

WBNEj) _ p(xeB:|fj(0)=(fip)s=1/N}
B = w(B)
< 2~ A/WNIfI) < 2exp (—,(,‘—jz) <cp

if ¢, is chosen to be small enough. This completes the proof of the necessity part of Theo-
rem 2.1.
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Then we consider the sufficiency. By (2.1), we have

N

y2 ﬂEj =0.

j=1
Thus, if & > 1 is smaller than a given number, then the functions
B X ES
==
k=1 XE;

satisfy the desired properties (we denote the characteristic function of a set A by x4). So we
may assume that A is large enough.
First, we assume that

Ji IL<j<N,

Ey,...,ENy C By (2.11)

for some By € By. We will inductively construct the sequences of BMO functions { f; 5}72 ;.
1 < j < N, such that

N
> fin(x) = A, (2.12)
j=1
0= finx) <A, (2.13)
fin(x) < gj(B) foreveryx € B, if B € By, (2.14)
and
I finlle <c1. (2.15)

If the functions f; , above have been constructed, there exists asequence 1 < hy < hy < ...
such that { f; 5, }72, converge weak* in L™ as k — oo, since || fjnllco < A by (2.13). We
set

Then (2.2) and (2.3) follow from (2.12) and (2.13). Let g be as in Lemma 2.3. Then

1
odul = =
‘/f]g M‘ Iy

Thus (2.5) with constant 2¢; follows from Lemma 2.3. Since, by Lebesgue’s theorem,

. 1. c
lim /fj,hkgdl/« < —limsup || fjnll+ < —.
k—o00 A A

k—00

lim sup g;(B)=0
=0 B>x
rad(B)<r

for p-almost every x € E;, we have by (2.14)
li i =0
hl_r)l%) Sjn(x)

for p-almost every x € E;. Thus (2.4) follows. Hence { f j}j‘vzl are the desired functions.

To remove the restriction (2.11), we take balls B, € B_,, p = 1,2,..., such that
B, | C B, for every p, and we can construct f; , such that all other conditions are as for
By, except that

fiip=0 onE;NB,.
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Then there exists a sequence 1 < p; < p3 ... such that { f; ,, }72, converge weak™* in L.
Then

fj = weak™ _kli»rgofj’pk’ I<j=<N,

are the desired functions.

Thus, to complete the proof Theorem 2.1 we shall construct a sequence of functions that
satisfy the conditions (2.12)—(2.15). The proof is organized as follows. In Lemma 2.5, we
will construct the sequence { fj 1};2,. 1 < j < N, and show that these functions satisfy the
conditions (2.12)—(2.14). And finally, in Lemma 2.7, we show that the condition (2.15) is
valid for the functions.

Lemma 2.5 Let Ey, ..., Ey satisfy (2.1) and (2.11). Then there exist {fj ,} and A}, C By,
having the properties (2.12)—(2.14) and satisfying the following conditions

| i (x) = fin] <204 (x, y), (2.16)
Ajpn=1{BebBy: Sl;P fin—1> g;j(B)}, (2.17)
Fin(x) = fino1(x) — chyq, (2.18)
and
fin() = fin(x) forxg¢ | J 2B. (2.19)
BEAjﬁ

Proof By (2.1), we have

lI<r}a<XNgj( 0)
Set

§(Bo) =min{j : 1 <j <N,g;j(4Bo) = 42},

fsBp),0o =4, and fjo=0 forj # s(By).

Assume now that the functions fi x—1, ..., fv.xk—1 have been defined and satisfy the condi-
tions (2.12)—~(2.14), (2.16), (2.18) and (2.19). Define A by (2.17). For any ball B, let bp
denote a function that is adapted to B,0 < bp < landbp =lon B.Let A;; = {Bm}ﬁlzl.
Set ap, = min{gbp,, fjx—1} and

m—1
ap, = min [qum, fik—1— Z aB,,] form=2,...,p.
n=1

Since the supports of {bp, } overlap at most c% times, the functions CB?’q’l

to B,,. Set

ap,, are adapted

Fik=Ffik1— D ag= fix1—vji

BeAj

Since

fix=max{fix1— D qbs.0t,
BeAj
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we see that {f,',k} satisfy (2.13), (2.18) and (2.19).
If B Ajiand x € B, then by Lemma 2.2

Fix(x) < max{fjx—1(x) — g, 0} < max{g;(B) —q,0} < g;(B),

for every B e Bi_1 such that B C B.
If BBy \Ajiandx € B, then

Fir(x) < fiu—1(x) < g;(B)

by the definitionof A; . So { f;-,k} satisfies (2.14). These functions do not satisfy the property
(2.12), and hence we shall modify the functions further. We set

fik=Fix+ D as=fixtwjr

BeUyIX:] Am,k
s(B)=j

The modified sequence { f; } satisfies (2.12). Also the conditions (2.13), (2.18), and (2.19)
are met since ap > 0.
Let us next look at the condition (2.14). If B € By and w; x = 0 on B, then

fix = fix <g;(B) onB,

since f;k satisﬁes (2.14).If B € By and wj ¢ # 0 on B, then, by the definition of w; s, there
exists a ball B € By such that

BN2B #¢ and g;j(4B) > 4L.
Then B C 4B. By Lemma 2.2,
gj(B) = g;(4B) =2 = h.
So by (2.13), we have
fix(x) <A <gj(B)

and consequently (2.14) holds. _ B
Let us show that the condition (2.16) holds. If x, y € B and B € By, then

[(=vj () + wj k() = (=0 (Y) + wjk (V)]

(2.20)
< 2 pel an, laB(¥) —ap(y)l

Since the supports of {ag}pgey, a,,, Overlap at most Nc3D times, (2.20) is dominated by

m.,k

Jdx,y)

= Nc%qukd(x, y).
Tk

Nc% . c%q

From this we conclude that

Lfik@) = FieD < 1 fja—1() = fir—1D] + Ne§g2ekd(x, y)
<+ Ng)2hd(x, y) <20 D4 (x, y),

where we used (2.16) for f; x—1, and also the inequality (2.6). O

Lemma 2.6
1 r
fin(x) = g(B) = S logy — +8- 29 46
h

foreveryx € B = B(y,r) for any B such that r < 4ry,.
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Proof There are at most csl') ballsin By, ..., By with the centers in Dy, such that B; N B # @.

Let
8= un gj(Bi) = g;(Biy).
By (2.14)
inf f; <38,
Ink, Sfin(x) <
and by (2.16) we have
Finx) <8+20+Daor < 548.24

whenever x € B.
On the other hand,

w(B)
W(BNE))
n(B)
1 - -~ 7
= 08 B N E)
> log,, w(B)
P ¢y, max;{u(B; N E;)}

B B;
~ log wu(B) log,, w(Biy)
w(Biy N Ej)

gj(B) = log,,

+ lo

o /“L(Bl())
wu(B)
%0 By

11 r+5 6
~log, — +8 —6.
-3 gzrh

D

§-3

\Y

The desired result follows from the two previous estimates.
We finish to proof of Theorem 2.1 by proving the following lemma.

<.

Lemma 2.7 | f;nll«
Proof Let B = B(x,r) be any ball. If r < 2-h4 then, by (2.16), we have

inf n—cldu <29,

32R][lg|f,,h cldp <
If0<n<hand2=D9 < p <2774 et

,Bj = ][ fj,n dpu.
B

Notice that by Lemma 2.6,

1

We will show that
][ \fin— Bildu < C.
B

g, —
CDC3

(2.21)

(2.22)

(2.23)
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Let
{x €B :|fjnlx)— Bjl = a}
={xeB: fijpnx)<Bj—atU{xeB: fjx)>p;+a} (2.24)
=:G(B, j,a)UH(B, j, ).

First, we estimate (G (B, j, «)). Let @ > 2911, Note that fj,(x) > B; — 29%1 on B by
(2.16).~So if x € G(B, j, a) then, by (2.19), there exists B € A, n < k < h, such that
x € 2B and fj;(x) < B; — a. So by (2.18), we have

fik—1(x) < Bj —a +cha.
and by (2.16)

fik—1(0) < Bj—a+chg+3
forevery y € B. Thus, by the definition of A} i, we obtain

gj(E) < Bj —ot+c3Dq+3.

By the above, we can use the standard 5-covering theorem ([2, Lemma 1.7]) and take disjoint
balls {B,,} C U, -x<j, Aj.k such that

By C4B. G(B.j.a)C | J5Bu.
m

and
gi(Bw) < Bj —a+chq +3. (2.25)

Thus

. '(Bm)
1(G(B, j,a)) < cp > i(Bn) =cp D 1(Ej N Bu)cy

m m

< Cy T D N By
m

= €y (e N B

m
< i ME N 4B) < Cu(B)c®. (2.26)
Here we used first (2.7), then (2.25), (2.22) and finally (2.7) again.
Let us then estimate the measure w(H (B, j,a)). Let « > (N — 1)2¢%!. Note that
Z,I,\f:l Bm = A by (2.12). Soif x € H(B, j, ), then

N
> S (X)) =2 = fin@x) = 2 Bu— finl)
I<m=<N,m#j m=1
= > Bu ) (fin) —Bj)
L<m<N,m#j
< ﬁm — .
1<m<N,m#j
Thus
D Bu— fun()) > a.
1<m<N
mj
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So
X e U G(B,m,a/(N — 1)),

1<m<N

m#j
and consequently

HB.joyc |J GB.m a/(N-1)).

1<m<N

m#j
By (2.26), we have

W(H (B, j, @) < C(N = Du(B)ep VY.
Thus, if 2774 < r < 1, then (2.23) follows from (2.26) and (2.27). If r > 1, then put
BsBy) = A and B; = 0 for j # s(Bp). Then (2.23) follows from the same argument. Thus
Lemma 2.7 follows from (2.21) and (2.23).

(2.27)

The proof of Theorem 2.1 is now complete. O

3 Characterizations of BMO-maps

We say that a u-measurable map F: X — X is a BMO-map if

(D) F-YE)isa u-null set for each p-null set £ C X,
(II) for every f € BMO(X) the composed map Cr(f) = f o F is in BMO(X).

We shall prove a metric space generalization of a theorem due to Gotoh [7, Theorem 3.1]
which characterizes BMO-maps between doubling metric measure spaces. In the proof we
apply Uchiyama’s construction proved in Sect. 2. The condition (3.1) has a similar flavor as
the conditions in [6] and [11] related to invariance properties of quasiconformal mappings.

Theorem 3.1 Suppose that F: X — X is u-measurable. Then the following conditions are
equivalent:

(1) There exist positive finite constants K and a such that for an arbitrary pair of -
measurable subsets E1, Ey of X we have
L WETHEDNB)
B k=12 w(B)
where the suprema are taken over all balls B in X;
(i1) There exist constants 0 < y < 1/4 and » > O such that for an arbitrary pair of
-measurable subsets E1, E) of X satisfying
. (Ex N B)
sup min ——————
5 k=12 u(B)

Er N B)\?
§KGwmmﬁLL—», G.1)
B

k=12  wu(B)

)

we have
_ w(F~'(Ex) N B)
sup min —— < ¥,
B k=12 w(B)

where the suprema are taken over all balls B in X;
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(iii) F is a BMO-map with the operator norm of Cr bounded by CK /o, where C depends
only on the doubling constant.

The condition (i) readily implies the condition (ii), and hence to show the equivalence of
conditions (i)—(iii), it is enough to prove implications (i)=-(iii), (ii)=(iii) and (iii))=(i), in
Propositions 3.7, 3.8, and 3.9, respectively. The Uchiyama construction of BMO functions,
presented in Section 2, is used in the proof of Proposition 3.9. For the proof of the bound for
the operator norm, see Proposition 3.7.

Remark 3.2 Let us comment on the condition (i).

(1) Setting E; = E; = X in (3.1) it can be seen that K > 1.

(2) If (3.1) is valid for some positive «y it clearly holds for all 0 < o« < «p. And moreover,
since the condition (3.1) is interesting mainly with small values of the exponent «, we
shall assume, without loss of generality, that @ < 1.

We shall next prove several lemmas on BMO functions.
Lemma 3.3 Let f € BMO(X). Then

min{u({x € B: f(x) = 1}), u({x € B: f(x) <s}h}

< 2,(B) ex (—ct_s)
= SR THTL

for every —oo < s <t < 00, where C is a positive constant depending on the doubling
constant cp.

Proof By symmetry, we may assume that fp < (s + ¢)/2. Then Lemma 2.4 implies that

w(ix € B: f(x) Zt})fu(‘x €B:|f(x) — fal = ’_S])

2
At —
< 2u(B)exp (—ﬁ) .

If fp > (s +1)/2, we get a similar estimate for u({x € B: f(x) < s}). O
A converse of the statement in Lemma 3.3 is presented in the following.

Lemma 3.4 Let f: X — Rbeapu-measurable function with | f| < oo p-almost everywhere
in X. Assume there exist positive constants Cy, Cy such that for every ball B in X we have

min{u({x € B: f(x) = 1}), u(fx € B: f(x) =s}}
= Ciu(B)exp (=C2(r —5))

for every —oo < s <t < oo. Then f € BMO(X) and
I £l <4(C1+ DC5 ' exp2Ca).

In the proof of Lemma 3.4 we apply the following lemma which can be found in [7,
Lemma 4.5].

Lemma 3.5 Let A: R — [0, 1] be a non-constant, non-decreasing function. Assume that
there exists positive constants C1, Co such that

min{A(s), 1 — A(t)} < Crexp(—Ca(t —s))

@ Springer



A characterization of BMO self-maps 417

for every —oo < s <t < oo. Then there exists ty € R such that
max{A(to — 1), 1 = A(to + 1)} < (C1 + 1) exp(2Cy) exp(—Cat)
foreacht > 0.

Proof of Lemma 3.4 We apply Lemma 3.5 by setting

px € B: f(x) =1}
wu(B)
Then by the hypothesis A(¢) meets the assumption in Lemma 3.5 with the same constants C

and C». Hence there exists 7p € R such that the second inequality of Lemma 3.5 is valid for
every ¢ > 0. This implies that

A(t) =

v(1) = pn({x € B: | f(x) — 1ol = 1}) = 2(Cy + Du(B) exp(2C2) exp(—Cat)

for every r > 0. We obtain

/Blf—fBldMSZ/Blf—tolduzz/o v(t) dt
< 4(C1 + 1)C; ' exp(2Co) u(B)

from which the claim follows. O

In Euclidean spaces the following lemma is due to Stromberg [17]. A result similar to this
has also been considered for nondoubling measures by Lerner in [13].

Lemma 3.6 Let f: X — R be p-measurable. Assume that there exist constants 0 < y <
(46%)’1, and ) > 0 such that for each ball B in X we have

inf u({x € B: [f(x) —cl = A) = yu(B). (3.2)

Then f € BMO(X) satisfying || f ||« < CX, where a positive constant C depends only on the
doubling constant cp.

Proof Let f be u-measurable on X, and fix y and A such that the hypothesis (3.2) is satisfied
for each ball in X. Fix a ball B C X and let ¢g be the number where the infimum in (3.2) is
reached. Foreachm =1, 2, ... we write
S,j; ={x € B: f(x) —co > mAr},
S, ={xeB: f(x) —co < —mA},
Sw=S5US, ={xe€B:|f(x)—col >mr},
En={x€B:mk<|f(x)—col < (@m+ 1A},

and
Eo={x € B:|f(x)—col <A}

Let us estimate the measure of the set S} . First notice that S;) 7. For p-almost every

X € Snt_l, there exists a ball B, = B(x, ry) such that
1 " 1
——u(By) < u(By NS, ) < -u(By) (3.3)
ZCD 2
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and
w(Bx, NS ) > M(B(x r)

forallr < érx, see, for example, Theorem 3.1 and Remark 3.2 in [9].

By a well known 5-covering theorem ([2, Lemma 1.7]), we can cover the set Sm 1

or countable sequence of balls {B;}; satisfying (3.3) such that the balls {gB, }i are disjoint.
It follows from (3.3) that the infimum in (3.2) is reached with some constant ¢ such that

by finite

co+ (m—2)A <c<cy+mr

in each of the balls B;, and hence ¢ — ¢o < mA.
We conclude, by applying the in inequality (3.2) in balls B;, that

(Sfo) =D uBNST )<y > wB) <chy > niB)
i i i

<2y D wEBINSE_) < 2chyu(S)_)

Since ,u(Sl’L) < u(S1) < yu(B), it follows from the previous estimate that
(S o) < u(Sh ) < Qepy)" u(B)
foreachm =1, 2, .... Since a similar estimate holds for §,,, we altogether have

1(Sm) < 2Qech )™ w(B).

F1r = ol < @(Z/ If—COIdM)

m=0
§A+22(m+l)k

m=1

< x(l +2 (m+ 1)<2c%y)'"/2)

m=1

< A(] +2 Z(m + 1)2'”/2)‘

m=1

We thus conclude

1 (Sm)
n(B)

Since the preceding estimate holds for any ball B C X, the claim follows.
Let us now turn to the proof of Theorem 3.1.

Proposition 3.7 [(i) = (iii)] Let F: X — X be u-measurable and assume that there exist
positive finite constants K and a such that the condition (i) of Theorem 3.1 holds. Then F is
a BMO-map satisfying ||Crll < CK/a, where C depends on the doubling constant cp.

Proof The condition (i) implies that if £ is a p-null subset of X then also pu(F -1 (E)) =0.
Let f € BMO(X) and set for each —oo < s <t < 00

Ei={xeX: f(x)<s} and Er={xe€ X: f(x) >1t}. (3.4
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It follows from Lemma 3.3 that

min{;(E1 N B), (t(E2 N B)} < 211(B) exp (_C |I|;IIS)

for all balls B in X. The condition (i) implies

min{(F~Y(E1) N B), w(F~'(E2) N B)} < 29K ju(B) exp (—C"‘l(ltfi S))

for all balls B in X. Since
FYE)NB={xe€B: (foF)(x)<s}
and
FUE)NB={xeB:(foF)x) =1},
it follows from Lemma 3.4 that f o F € BMO(X) and (recall that « < 1, see Remark 3.2)

402K + 1 .
ICF ()l < %

= %UH*GXP(CG/WII*),

expCa/| fllx)

where C is a positive constant depending on the doubling constant ¢ p. Applying the preceding
estimate to tf, T > 0, and letting T — oo, we obtain that |Cr| < CK/c. O

Proposition 3.8 ((ii) = (iii)) Let F: X — X be p-measurable and assume that there exist
constants 0 < y < (4¢33D)_l and A > 0 such that the condition (ii) of Theorem 3.1 holds.
Then F is a BMO-map satisfying ||Cr|l < CA, where C depends on the doubling constant
cpandy.

Proof The condition (ii) implies that if £ is a p-null subset of X then also p(F “I(E)) =0.
Let f € BMO(X) and assume, without loss of generality, that || f|. = 1. We define the
sets E1 and E; for each —oo < s <t < oo as in (3.4). We apply Lemma 3.3 and obtain
ExNB
sup min M <2exp(—C(t —s)) < A,
B k=12 [(B)

whenever t — s > Cj, where C; only depends on XA and the constant C from Lemma 3.3.
Hence the condition (ii) implies that

. w(F~'(Ex) N B)
sup min —— =
B k=12 w(B)
For every ball B in X we set
sp=sup{s e R: u({x € B: f(F(x)) <s})
<u(fx e B: f(F(x)) =5+ CiH}.
Since | f(F(x))| < oo for u-almost every x € X, we have that sp 7 £00. Hence
u({x € B: f(F(x)) <sp—1}) <yun(B)

and

n({x € B: f(F(x)) = sp+Ci1+1}) < yu(B).
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Ifwesetcg =sp+ Ci/2andt = 1 + C;/2, we obtain
p(x € B: |f(F(x)) —cpl = t}) < 2y n(B).
The claim follows from Lemma 3.6. O
We shall apply the Uchiyama construction in the proof of the following result.

Proposition 3.9 ((iii) = (1)) Let F: X — X be a BMO-map. Then there exist positive
constants K and B, depending only on the doubling constant cp, such that the condition (i)
of Theorem 3.1 holds with @ = B/||CF].

Proof Let E1 and E; be pu-measurable subsets in X and let & > 0 be such that

—42 . u(Ex N B)
cp " =sup min —————=
B k=12 u(B)
By Theorem 2.1 there exist functions fi and f>, both in BMO(X), such that f; + f, = 1,
0<fik <1, fi =00n Eg, and || fx|l« < C1/A for k = 1, 2, where a positive constant C
depends on the doubling constant ¢ p. Define for k = 1, 2 the composed function gy = fyoF.
Then g1+ g =1,0 < g <1,g =0on F~'(Ey), and ||g ]|« < C1[|CF||/A fork = 1,2.
Let us fix a ball B in X. Clearly, we may assume that (g;)p > 1/2. Then by Lemma 2.4
we obtain

w(F~Y(E) N B) _ nw({x € B: |g1(x) — (g1)Bl > 1/2})
w(B) - u(B)
< 2exp(=CA/|ICFID,

where C is a positive constant depending on the doubling constant cp. By plugging in the
value of A, we obtain

u(FY(E) N B) (kN By /Ier
sup min ———— < 2| sup min ——
5 k=12 (B 5 k=12 u(B)
which completes the proof. O

3.1 A,-weights and BMO-maps

We close this paper by discussing the connection between Muckenhoupt A ,-weights and
BMO-maps.

It is well known that if w is an A ,-weight for some 1 < p < o0, then log w € BMO(X),
and on the other hand, whenever f € BMO(X), then ¢%/ is an A p-weight for some § > 0
and 1 < p < oo. We refer to [4] for this result in the Euclidean setting. It straightforward
to verify that the result has its counterpart also in metric measure spaces with a doubling
measure.

We can add the following condition to the list in Theorem 3.1:

(iv) For each A ,-weight w, with some 1 < p < oo, the composed map @’ o F is an
A ,y-weight for some positive § and 1 < p’ < oo.

In Euclidean spaces, the condition (iv) can be stated in terms of As-weights, see [8,
Corollary 3.3], and these weights have several but equivalent characterizations. In general
metric spaces Aso-weights have first been defined and studied in [18]. In this generality,
however, these different conditions are not necessarily equivalent. In particular, the class of
Ao-weights can be strictly larger than the union of A ,-weights [18]. Several characterizations
for Ao-weights and their relations in doubling metric measure spaces have also been studied
in [10].
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