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Let S ={veR?: |v|| =1}

Proposition 0.1. Suppose f1, f2: .S — R are two continuous functions such that
fi(x) = fo(z) only for finitely many x € S. Suppose further that g, ¢>: S — R
are continuous functions such that

{f1, f2} ={91,92} onS.

Then fi = g1, fo = g2 01 f1 = go, fo = 1.

Proof. Let S’ C S betheset where f, # f,. By assumption there existsafunction
m: 8" — {1, 2} such that

gl(l‘) = fﬂ(r)(x)v res. (1)

To provethat 7 isconstant on S’, supposethat =, y € S” aresuchthat (x) # 7 (y).
Since S’ is path connected, there existsa curve ~: [0, 1] — S’ connecting z to y.
By theintermediate value theorem, thereexistsat € [0, 1] wheremo~y: [0,1] — R
is not continuous; for al 6 > 0 there existsan s € [0, 1] such that |s — t| < ¢
and 7 o y(t) # m o v(s). Inthisway we can construct a sequence z1, zs, ... € S’
converging to (t), but such that 7(z;) # 7 o y(t) for dl . Then

fror (1)) = a1 (7(?))
= lim gy(z;)

1—00

= lim fﬂ(xi) (:CZ)

1—00

= fﬂ(x1)<7(t))7



so 7 ismust be constant on 5. On S'\ S, we have

i=fo=91=9

and we can extend 7 to a constant function on S such that equation 1 holds.  [J



