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Abstract

Given a strictly positive measure, we characterize inner semicontinuous solid
convex-valued mappings for which continuous functions which are selections al-
most everywhere are selections. This class contains continuous mappings as well
as fully lower semicontinuous closed convex-valued mappings that arise in vari-
ational analysis and optimization of integral functionals. The characterization al-
lows for extending existing results on convex conjugates of integral functionals on
continuous functions. We also give an application to integral functionals on left
continuous functions of bounded variation. Keywords: Set-valued and variational

analysis Continuous selections Integral functionals Convex duality

1 Introduction
Given a set-valued mapping Γ from a topological space T to another X and a strictly
positive1 countably additive Borel measure µ on T, we say that a function y : T→ X is
an essential selection of Γ if yt ∈ Γt µ-almost everywhere. In this article we study in
which situation continuous essential selections are selections. This is important when
deriving formulae for convex conjugates of integral functionals on continuous func-
tions. Such conjugates arise in several areas of variational analysis and optimization in-
cluding optimal control, plasticity theory and mathematical finance, see [2, 3, 6, 9, 15]
and references therein.

A function, which belongs to the domain of an integral functional, is an essential
selection of the domain of the integrand. However, without further conditions such
function is not necessarily a selection of the domain. The articles [6, 14] study con-
vex conjugates of integral functionals on continuous functions. In [14, Theorem 5]
Rockafellar assumes full lower semicontinuity, which implies that continuous essential
selections are selections of the closure of the domain, whereas in [6, Example 5] this
property was assumed explicitly.
∗Department of Mathematics and Systems Analysis, Aalto University, P.O. Box 11100, FI-00076 Aalto,

Finland, ari-pekka.perkkio@aalto.fi
1µ is strictly positive if µ(O)> 0 for every nonempty open O.
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We show that, for an inner semicontinuous solid convex-valued mapping, continu-
ous essential selections are selections if and only if the mapping has a property which
we call outer regularity in measure. While full lower semicontinuity is a purely topo-
logical notion, outer regularity in measure takes into account the underlying measure.
When T ⊂ Rn, we prove that fully lower semicontinuous closed convex-valued map-
pings are outer regular in measure which allows for a generalization [14, Theorem 5]
about convex conjugates of integral functionals on continuous functions. We also give
an application to integral functionals on left continuous functions of bounded variation.
These results have further applications to problems of Bolza; see [12].

2 Outer regularity in measure
We denote by Ht and Hx the neighborhood systems of t ∈ T and x ∈ X , respectively.
We will denote by H o

x the system of open neighborhoods of x ∈ X . The interior and
closure of a set A will be denoted by intA and clA.

Let Γ : T⇒ X be a set-valued mapping. The outer limit and inner limit are, respec-
tively,

(limsupΓ)t =
⋂

B∈Ht

cl

(⋃
t ′∈B

Γt ′

)
,

(liminfΓ)t =
⋂

B∈H #
t

cl

(⋃
t ′∈B

Γt ′

)
,

(1)

where H #
t = {B⊂ T | B∩O 6= /0 ∀O ∈Ht} is the grill of Ht ; see [4]. The mapping Γ

is outer semicontinuous or inner semicontinuous, respectively, if

(limsupΓ)t ⊂ Γt ∀t,
Γt ⊂ (liminfΓ)t ∀t.

We refer to [16, Chapter 5] for a systematic treatment of these concepts in the finite
dimensional case. The above limits can also be expressed as

(limsupΓ)t =
{

x ∈ X | Γ−1(A) ∈H #
t ∀A ∈H o

x
}
,

(liminfΓ)t =
{

x ∈ X | Γ−1(A) ∈Ht ∀A ∈H o
x
}
,

(2)

where Γ−1(A) = {t | Γt ∩ A 6= /0}. In [4] this was stated for a metric space X ; for
general X , (2) can be verified analogously to the proof of Lemma 1 below. Moreover,
Γ is inner semicontinuous if and only if Γ−1(A) is an open set for every open A ⊂ X
[10, Proposition 2.1]. This is taken as the definition of lower semicontinuity in [10].

Given a strictly positive countably additive measure µ on the Borel σ -algebra
B(T), we define H µ

t = {B ∈B(T) | ∃O ∈Ht : µ(B∩O) = µ(O)} and

(µ-liminfΓ)t =
⋂

B∈H µ#
t

cl

(⋃
t ′∈B

Γt ′

)
,
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where H µ#
t = {B ∈B(T) | B∩O 6= /0 ∀O ∈H µ

t }. It is easily verified that

H µ#
t = {B ∈B(T) | µ(B∩O)> 0 ∀O ∈Ht} .

We have Ht ⊂H µ#
t ⊂H #

t and

(liminfΓ)t ⊆ (µ-liminfΓ)t ⊆ (limsupΓ)t . (3)

All these limits are closed and they are invariant under the image closure. Here the
image closure of Γ is defined as clΓt for every t. Moreover, µ-liminf is invariant under
equivalent changes of measure.

Example 1. Assume that X is Hausdorff and that w : T→ X has a continuous modi-
fication, i.e., there is a continuous y : T→ X such that yt = wt µ-almost everywhere.
Since y is continuous, we have liminfyt = limsupyt so that by (3), µ-liminfyt = yt (we
identify y with t 7→ {yt}). By Lemma 2 below, we get µ-liminfwt = yt .

We say that Γ is outer regular in measure or outer µ-regular if

(µ-liminfΓ)t ⊆ clΓt ∀t.

Outer regularity in measure is invariant under the image closure and under equivalent
changes of measure. The sets of continuous selections and continuous essential selec-
tions of Γ will be denoted by C(T;Γ) and C(T,µ;Γ), respectively.

Theorem 1. If Γ is closed-valued and outer µ-regular, then

C(T,µ;Γ) =C(T;Γ).

Proof. Let y ∈C(T,µ;Γ), and let N ∈B(T) be a µ-null set such that {t ′ | yt ′ /∈ Γt ′} ⊂
N. Let B ∈H µ#

t . Since (B\N)∩Ot 6= /0 for every Ot ∈Ht , there is a sequence (tν)∞
ν=1

in B\N such that tν → t. Since ytν ∈ Γtν for every ν , and since y is continuous, we get
yt ∈ cl(

⋃
t ′∈B Γt ′). Because this holds for every B ∈H µ#

t , we have yt ∈ (µ-liminfΓ)t .
Since Γ is outer µ-regular, we get y ∈ C(T;Γ). The opposite inclusion C(T;Γ) ⊆
C(T,µ;Γ) is trivial.

Remark 1. Theorem 1 and the other results below hold for non-closed mappings with
appropriate reformulations using image closures.

Section 2.1 will be concerned with properties of µ-liminf which are applied in Sec-
tion 2.2 to prove a converse of Theorem 1. Our aim is to show that outer µ-regularity
is also a necessary condition in Theorem 1.

Remark 2. Analogously to (1), one can define

(µ-limsupΓ)t =
⋂

B∈H µ

t

cl

(⋃
t ′∈B

Γt ′

)
.

However, we do not analyze this limit concept here.
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2.1 Properties of µ-liminf

The following result is comparable with (2). Recall that Γ is measurable if Γ−1(A) ∈
B(T) for every open A⊆ X .

Lemma 1. If Γ is measurable, then

(µ-liminfΓ)t =
{

x ∈ X | Γ−1(A) ∈H µ

t ∀A ∈H o
x
}
.

Proof. Assuming that there is an A ∈H o
x such that µ(Ot ∩Γ−1(A)) < µ(Ot) for all

Ot ∈Ht , we have (Γ−1(A))C ∈H µ#
t , which implies x /∈ (µ-liminfΓ)t , because x /∈

cl(
⋃

t∈(Γ−1(A))C Γt).
Assuming that Γ−1(A) ∈H µ

t for all A ∈H o
x , we have cl(

⋃
t∈B Γt)∩A 6= /0 for all

B ∈H µ#
t and A ∈H o

x , which implies

{x} ⊆
⋂

B∈H µ#
t

 ⋂
A∈H o

x

cl

(⋃
t∈B

Γt

)
∩A

⊂ (µ-liminfΓ)t .

The following lemma shows that µ-liminfΓ is invariant under changes of Γ on
µ-null sets.

Lemma 2. If Γ : T⇒ X and Γ̃ : T⇒ X are closed-valued and Γt = Γ̃t µ-a.e., then

µ-liminfΓt = µ-liminf Γ̃t ∀t.

Proof. There is a Borel µ-null set N such that Γt = Γ̃t for every t ∈ NC. Since, for all
B ∈B(T), we have that B∩NC ∈H µ#

t if and only if B ∈H µ#
t , we get

⋂
B∈H µ#

t

cl

(⋃
t ′∈B

Γt ′

)
⊆

⋂
B∈H µ#

t

{
cl

( ⋃
t ′∈B∩NC

Γt ′

)
| B∩N = /0

}

=
⋂

B∈H µ#
t

cl

( ⋃
t ′∈B∩NC

Γt ′

)

⊆
⋂

B∈H µ#
t

cl

(⋃
t ′∈B

Γt ′

)
,

which gives

µ-liminfΓt =
⋂

B∈H µ#
t

cl

( ⋃
t ′∈B∩NC

Γt ′

)
.

This implies that µ-liminfΓt = µ-liminf Γ̃t for all t.
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Recall that T is Lindelöf if every open cover of T has a countable subcover, and that
T is strongly Lindelöf if every subspace of T is Lindelöf. When X is a normed space,
B(x,r) denotes the open ball with center x and radius r, and d(A,B) = inf{‖x− x′‖ |
x ∈ A, x′ ∈ B} denotes the distance between two sets A and B. A convex-valued Γ is
solid if it is closed-valued and intΓt 6= /0 for all t.

Proposition 1. Assume that T is strongly Lindelöf, X = Rd and that Γ is measurable
and closed-valued.

(A) If Γ is convex-valued, then t 7→ µ-liminfΓt is convex-valued.

(B) If Γ is inner semicontinuous solid convex-valued, then µ-liminfΓ is inner semi-
continuous solid convex-valued, µ-liminfΓt = µ-liminfΓt µ-a.e. and

µ-liminf(µ-liminfΓ) = µ-liminfΓ.

Proof. Let (Aν)∞
ν=1 be a countable open base for the topology on X . For every ν and t

with t ∈ (µ-liminfΓ)−1(Aν), there is, by Lemma 1, an open Oν
t ∈Ht and a µ-null set

Nν
t ∈B(T) such that Oν

t \Γ−1(Aν) =Nν
t . Since T is strongly Lindelöf, there is a count-

able J ν (here J ν = /0 if (µ-liminfΓ)−1(Aν) = /0) for which (µ-liminfΓ)−1(Aν) ⊂⋃
t∈J ν Oν

t . Let

N =
⋃

ν ,t∈J ν

Nν
t ,

which is a µ-null-set.
Let t ′ be such that µ-liminfΓt ′ 6⊆ Γt ′ . There is an Aν such that µ-liminfΓt ′ ∩Aν 6= /0

but Γt ′ ∩Aν = /0. Choose t ∈J ν such that t ′ ∈Oν
t . Since Oν

t \Γ−1(Aν) = Nν
t and since

t ′ /∈ Γ−1(Aν), we have t ′ ∈ N. Thus µ-liminfΓt ⊆ Γt for all t ∈ NC.
Assume now that Γ is convex-valued. Let x1,x2 ∈ (µ-liminfΓ)t and α ∈ [0,1], and

denote x̄ = αx1+(1−α)x2. Let A∈H o
x̄ be convex. By Lemma 1 and the construction

of N, there is O1
t ,O

2
t ∈Ht such that Γ−1(A− x̄+ x1) = O1

t \N and Γ−1(A− x̄+ x2) =
O2

t \N. For any t ′ ∈ O2
t ∩O1

t \N, there is an x1
t ′ ∈ Γt ′ ∩ (A− x̄+ x1) and an x2

t ′ ∈ Γt ′ ∩
(A− x̄+ x2) so that αx1

t ′ +(1−α)x2
t ′ ∈ Γt ′ ∩A, which implies Γ−1(A) ∈H µ

t . Since
this holds for every convex A ∈H o

x̄ , and since every element of H o
x̄ contains some

convex A ∈H o
x̄ , we get, by Lemma 1, that x̄ ∈ µ-liminfΓt .

Assume now that Γ is inner semicontinuous solid convex-valued. By inner semi-
continuity of Γ, (3) and by µ-liminfΓt ⊆ Γt for all t ∈ NC , we get

µ-liminfΓt = Γt ∀t ∈ NC. (4)

Thus, by Lemma 2, we have µ-liminf(µ-liminfΓ) = µ-liminfΓ.
By (3), int µ-liminfΓt 6= /0 for all t. Since µ-liminfΓ is convex-valued, to prove

inner semicontinuity of µ-liminfΓ, it suffices to show that x̄ ∈ liminf µ-liminfΓt̄ when-
ever x̄ ∈ int µ-liminfΓt̄ . Let (xi)d

i=1 be an orthonormal basis in Rd and ε > 0 be such
that x̄±εxi ∈ µ-liminfΓt̄ for all i. Since there are finitely many xi, there is, by Lemma 1,
an open Ot̄ ∈Ht̄ such that Γt ∩B(x̄± εxi,ε/2) 6= /0 µ-a.e. on Ot̄ for all xi. Since Γ is
convex-valued, we have x̄ ∈ Γt µ-a.e. on Ot̄ . Therefore, by Lemma 1, x̄ ∈ µ-liminfΓt
for all t ∈ Ot̄ and consequently x̄ ∈ liminf µ-liminfΓt̄ .
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The following example illustrates that, without convexity, inner semicontinuity is
not necessarily preserved under µ-liminf.

Example 2. Let T= [0,1] be equipped with the standard topology, µ be the Lebesque
measure and let Γ̃t = {2−n} for t ∈ (2−(n+1),2−n) and n ∈ N. Let Γt = Γ̃t ∪ [1,2] so
that Γ is inner semicontinuous closed nonempty-valued. It follows from Lemma 1 that
µ-liminfΓ0 = {0}∪ [1,2] but µ-liminfΓt = [1,2] whenever t = 2−n for some n ∈N. In
particular, t 7→ µ-liminfΓt is not inner semicontinuous at the origin.

A closed convex Rd-valued Γ is fully lower semicontinuous if it is inner semicon-
tinuous solid-valued and x ∈ clΓt whenever there exist A ∈Hx and O ∈Ht such that
{t ∈O | A⊂ Γt} is dense in O. In [14, Theorem 5] Rockafellar uses full lower semicon-
tinuity to prove an explicit expression for the convex conjugate of an integral functional
on continuous functions.

Lemma 3. Assume that T ⊆ Rn. If Γ is closed convex Rd-valued and fully lower
semicontinuous, then Γ is outer regular in measure.

Proof. By Proposition 1, the mapping µ-liminfΓ is inner semicontinuous solid convex-
valued. It suffices to show that, for any t ∈ T and x ∈ int µ-liminfΓt , we have x ∈ clΓt .

Let ε > 0 be such that clB(x,ε)⊂ µ-liminfΓt . By [4, Proposition 1.6], there is Ot ∈
Ht such that clB(x,ε) ⊂ µ-liminfΓt + clB(0,ε/2) for all t ∈ Ot . Thus B(x,ε/2) ⊂
µ-liminfΓt for all t ∈ Ot . By Proposition 1, µ-liminfΓt = Γt µ-a.e. so that there is a
µ-null set N ∈B(T) such that B(x,ε/2)⊂ Γt for all t ∈Ot ∩NC. Since Γ is fully lower
semicontinuous and {t ∈ Ot | B(x,ε/2)⊂ Γt} is dense in Ot , we get x ∈ clΓt .

The following example demonstrates that there are inner semicontinuous solid
convex-valued mappings which are outer µ-regular but not fully lower semicontinu-
ous.

Example 3. Let T ⊆ Rn be open and S ⊂ T be a (n−1)-dimensional closed set such
that T\S is dense in T. Let H be the restriction of (n− 1)-dimensional Hausdorff
measure to S, and assume that supp(H) = S (see, e.g., [2]). Let µ = λ +H, where λ is
the Lebesque measure on T. Define

Γt =

{
clB(0,r2) if t /∈ S,
clB(0,r1) if t ∈ S,

where 0 ≤ r1 < r2 ≤ +∞. Since S is a closed set, Γ−1(A) is open for every open A,
and therefore Γ is inner semicontinuous. To check outer µ-regularity of Γ, it suffices to
consider t ∈ S and x /∈ clB(0,r1). Let A ∈H o

x be such that clB(0,r1)∩A = /0. Since
supp(H) = S, we have µ(Γ−1(A)∩O) ≤ λ (O) < µ(O) for every O ∈Ht so that, by
Lemma 1, x /∈ µ-liminfΓt . Thus µ-liminfΓt ⊆ clΓt for all t and Γ is outer µ-regular.

Assume now that 0 < r1. Let x ∈ B(0,r2). There is an A ⊂Hx such that A ⊂
clB(0,r2). Thus {t ∈ T | A⊂ Γt} is dense in T, because it contains T\S. However, x /∈
clΓt whenever x /∈ clB(0,r1) and t ∈ S. Therefore, Γ is not fully lower semicontinuous
though it is inner semicontinuous solid convex-valued.
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2.2 Necessity of outer regularity in measure
In this section we show that, for inner semicontinuous solid convex Rd-valued map-
pings, the condition C(T,µ;Γ) = C(T;Γ) in Theorem 1 is necessary for outer µ-
regularity. The proof is based on [10, Lemma 5.2], which says that if T is a per-
fectly normal T1-space, X is a separable Banach space and Γ is an inner semicontinu-
ous closed convex nonempty-valued mapping, then there exists a sequence (yν)∞

ν=1 ⊂
C(T;Γ) such that (yν

t )
∞
ν is dense in Γt for every t. Such a sequence is usually referred

to as a Michael representation of Γ.
Recall that a topological space is T1 if for every distinct points t and t ′ there is an

Ot ∈Ht with t ′ /∈ Ot . The space is normal if for every disjoint closed sets B and B′

there are disjoint open sets O and O′ such that B ⊂ O and B′ ⊂ O′. The space T is
perfectly normal if it is normal and every closed set is a countable intersection of open
sets.

Theorem 2. Assume that T is a Lindelöf perfectly normal T1-space. An inner semicon-
tinuous solid convex Rd-valued mapping Γ is outer µ-regular if and only if C(T,µ;Γ)=
C(T;Γ).

Proof. Assuming that Γ is outer µ-regular, Theorem 1 implies that C(T,µ;Γ)=C(T;Γ).
Assume that C(T,µ;Γ) = C(T;Γ). We use the fact that a Lindelöf perfectly normal
space is strongly Lindelöf (see [7, p. 194]). By Proposition 1, t 7→ µ-liminfΓt is an
inner semicontinuous closed convex nonempty-valued mapping. By [10, Lemma 5.2],
there is a (yν)∞

ν=1⊆C(T; µ-liminfΓ) such that (yν
t )

∞
ν=1 is dense in µ-liminfΓt for every

t. Thus
µ-liminfΓt = cl{yν

t | ν ≥ 1} ⊆ Γt ∀t,
where the inclusion follows from Proposition 1, because now µ-liminfΓt = Γt µ-a.e.
implies C(T; µ-liminfΓ) =C(T,µ;Γ) =C(T;Γ). This shows that Γ is outer µ-regular.

Remark 3. Let Γ̄ be the image closure of Γ. The proof of Theorem 2 actually shows
that if t 7→ µ-liminfΓ is inner semicontinuous convex nonempty-valued, then Γ is outer
µ-regular if and only if C(T,µ; Γ̄) =C(T; Γ̄). In this case the last inclusion in the proof
follows from µ-liminfΓt ⊆ clΓt µ-a.e. (see the proof of Proposition 1).

Without convexity or inner semicontinuity the necessity in Theorem 2 does not hold
in general. Indeed, in either situation continuous selections need not exist at all.

3 Applications to conjugates of integral functionals
From now on we will assume that T is a Lindelöf perfectly normal T1-space and X =
Rd . Let h be a convex normal integrand on T×Rd , i.e., h is an extended real-valued
function and t 7→ epiht = {(x,α) | ht(x)≤ α} is closed convex-valued and measurable
from T to Rd ×R. By [16, Proposition 14.28], t 7→ ht(wt) is measurable whenever
w : T→ Rd is measurable so that the integral functional

Ih(y) =
∫
T

ht(yt)dµt
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is well-defined on C =C(T;Rd). Here and in what follows the integral of a measurable
function is defined as +∞ unless the positive part is integrable.

Let Cb = Cb(T;Rd) be the space of bounded continuous functions and Mb be the
space of Rd-valued finite Radon measures2 on T. The bilinear form

〈y,θ〉=
∫
T

ytdθt

puts the spaces Cb and Mb in separating duality. Indeed, it follows from [5, p.71] that
Cb separates the points in Mb, whereas it is evident that Mb separates the points of Cb.

Our aim is to study the conjugate

I∗h (θ) = sup{〈y,θ〉− Ih(y)}.

In [14, Theorem 5] Rockafellar gave conditions under which the conjugate of Ih can be
expressed in terms of the conjugate of h as

Jh∗(θ) =
∫
T

h∗t

((
dθ

dµ

)
t

)
dµt +

∫
T
(h∗)∞

t

((
dθ s

d|θ s|

)
t

)
d|θ s|t ,

where θ s is the singular part of θ ∈Mb with respect to µ . Here the conjugate of h is
defined by h∗t (v) = supx∈Rd{x · v− ht(x)} and (h∗t )

∞ denotes the recession function of
h∗t . That is, (h∗t )

∞ is defined by

(h∗t )
∞(v) = sup

α>0

h∗t (αv+ v̄)−h∗t (v̄)
α

,

where v̄ ∈ domh∗t = {v ∈ Rd | h∗t (v) < ∞}; see [13, Chapter 8]. We will use the
techniques from [6] to generalize Rockafellar’s result and to prove a result for inte-
gral functionals on functions of bounded variation. For other related results, see, e.g.,
[1, 2, 3, 6, 14, 18] and references therein.

We denote the relative interior of a set A⊂ Rd by rintA. Recall that µ is σ -finite if
T is a countable union of sets with finite µ-measure.

Theorem 3. Assume that µ is a σ -finite Radon measure, domh is inner semicontinu-
ous, domJh∗ 6= /0, Cb(T; rintdomh)∩dom Ih 6= /0 and that for every y∈C(T; rint µ-liminfdomh)
and for every t there exists Ot ∈Ht such that∫

Ot

|ht(yt)|dµt < ∞.

If domh is outer µ-regular, then Ih and Jh∗ are conjugates of each other. If intdomht 6=
/0 for all t and if Ih and Jh∗ are conjugates of each other, then domh is outer µ-regular.

2A measure θ is Radon if it is countably additive and |θ |(B) = sup{|θ |(K) | K ⊆ B, K is compact} for
every B ∈B(T).
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Proof. We have that

J∗h∗(y) = sup
θ∈Mb

{∫
T

ytdθt − Jh∗(θ)

}
= sup

θ ′∈L1(T,µ;Rd)

{∫
T

yt ·θ ′t dµt − Ih∗(θ
′)

}
+ sup

θ∈Mb,θ
s′∈L1(T,|θ s|;Rd)

{∫
T

yt ·θ s′
t d|θ s|t −

∫
T
(h∗t )

∞(θ s′
t )d|θ s|t

}

=

{
Ih(y) if yt ∈ cldomht ∀t,
+∞ otherwise.

(5)

Above the second equality follows from the positive homogeneity of (h∗t )
∞ [13, The-

orem 8.5], and the third equality follows by first applying [16, Theorem 14.60] on the
second and the third line, where one uses the fact that the indicator function δcldomht is
the conjugate of (h∗t )

∞ [13, Theorem 13.3]; and then taking supremum over all purely
atomic finite measures which are singular with respect to µ . On the other hand, since
domJh∗ 6= /0, there is a θ̄ ∈ domJh∗ which is absolutely continuous with respect to µ .
Therefore, for all w ∈ L∞(T,µ;Rd),∫

T
ht(wt)dµt ≥

∫
T

[
wt ·
(

dθ̄

dµ

)
t
−h∗t

((
dθ̄

dµ

)
t

)]
dµt >−∞. (6)

Assume first that domh is outer µ-regular. By Theorem 1, yt ∈ cldomht for ev-
ery t whenever y ∈ dom Ih so that (5) implies that J∗h∗ = Ih. Therefore, I∗h ≤ Jh∗ and
consequently it suffices to show that I∗h ≥ Jh∗ .

Since |θ s| and µ are singular, there is a B̄ ∈B(T ) such that µ(B̄C) = |θ s|(B̄) = 0.
We define

h̄t(x) =

−x ·
(

dθ

dµ

)
t
+ht(x) if t ∈ B̄

−x ·
(

dθ s

d|θ s|

)
t
+δcldomht (x) if t ∈ B̄C,

which is a normal integrand (see [16, Chapter 14]) with cldom h̄t = cldomht for all t.
Since yt ∈ cldomht for all t whenever Ih(y) < ∞ and since, by (6), Ih(y) > −∞ for all
y, we have

I∗h (θ) =− inf
y∈Cb

{∫
B̄

[
−yt ·

(
dθ

dµ

)
t
+ht(yt)

]
dµt

+
∫

B̄C

[
−yt ·

(
dθ s

d|θ s|

)
t
+δcldomht (yt)

]
d|θ s|t

}
=− inf

y∈Cb
Iθ

h̄ (y),

where we defined µθ = µ + |θ s| and Iθ

h̄ (w) =
∫
T h̄t(wt)dµθ

t for any measurable w :

9



T→ Rd . By [16, Theorem 14.60],

inf
w∈L∞(T,µθ ;Rd)

Iθ

h̄ (w) =
∫
T

inf
x∈Rd

h̄t(x)dµ
θ
t

=−
∫
T

h∗t

((
dθ

dµ

)
t

)
dµt −

∫
T
(h∗t )

∞

((
dθ s

d|θ s|

)
t

)
d|θ s|t

=−Jh∗(θ). (7)

Let us show that we can restrict the infimum in the above expression to w∈L∞(T,µθ ;Rd)
with wt ∈ rintdomht for all t. Firstly, if Iθ

h̄ (w)<∞, then there is w̄ such that w̄t =wt out-
side a Borel µθ -null set and w̄t ∈ cldomht for all t. Secondly, let ȳ∈Cb(T; rintdomh)∩
dom Ih so that wν = 1

ν
ȳ+(1− 1

ν
)w̄ satisfies wν

t ∈ rintdomht for all t. It follows from
convexity that Iθ

h̄ (w
ν)≤ 1

ν
Iθ

h̄ (ȳ)+(1− 1
ν
)Iθ

h̄ (w), so limν→∞ Iθ

h̄ (w
ν)≤ Iθ

h̄ (w).
On the other hand, it follows from (6) that Iθ

h̄ (w)>−∞ for every w∈L∞(T,µθ ;Rd).
Therefore it suffices to show that, for every w ∈ L∞(T,µθ ;Rd) with Iθ

h̄ (w) < ∞ and
wt ∈ rintdomht for all t and for every ε > 0, there is y∈Cb for which Iθ

h̄ (y)≤ Iθ

h̄ (w)+ε .
Since µθ is Radon and since Iθ

h̄ (ȳ) and Iθ

h̄ (w) are finite, there is, by Lusin’s theorem
(see, e.g., [5, Theorem 7.1.13]), an open Ō⊂ T such that

∫
Ō(|h̄t(ȳt)|+ |h̄t(wt)|)dµθ <

ε/3, ŌC is compact and w is continuous relative to ŌC. The mapping

Γt =

{
wt if t ∈ ŌC

rintdomht if t ∈ O

is inner semicontinuous convex nonempty-valued so that, by [10, Theorem 3.1”’], there
is a yw ∈ C with yw

t = wt for all t ∈ ŌC and yw
t ∈ rintdomht for all t. Since ŌC is

compact, there is an open Ob ⊃ ŌC such that yw is bounded on Ob.
Since, for all t ∈ Ob, there is an Ot ∈Ht with

∫
Ot
|h̄t(yw

t )|dµθ
t < ∞, and since ŌC

is compact, there is an open set O′ ⊃ ŌC such that B 7→
∫

O′∩B |h̄t(yw
t )|dµθ

t is a finite
measure, which is also Radon (see [5, Lemma 7.1.11]). Therefore [8, Theorem 3.4]
implies the existence of an open O⊃ ŌC with

∫
O\ŌC |h̄t(yw

t )|dµθ
t < ε/3.

Define Ô = O∩Ob. Since Ô and Ō form an open cover of T and since T is normal,
there is, by [11, Theorem 36.1], a continuous partition of unity (α̂, ᾱ) subordinate to
(Ô, Ō). We define y = α̂yw + ᾱ ȳ so that y ∈Cb and∫

T
h̄t(yt)dµ

θ
t ≤

∫
ŌC

h̄t(wt)dµ
θ
t +

∫
Ô\ŌC

α̂t |h̄t(yw
t )|dµ

θ
t +

∫
Ō

ᾱ|h̄t(ȳt)|dµ
θ
t

≤
∫

h̄t(wt)dµ
θ
t + ε,

which finishes the proof of the sufficiency.
Assume now that intdomht 6= /0 for all t, I∗h = Jh∗ and that J∗h∗ = Ih. We prove outer

µ-regularity of domh using Theorem 2. Let ỹ ∈C be such that ỹt ∈ cldomht µ-a.e. By
Proposition 1 and Theorem 1, ỹ∈C(T; µ-liminfdomh) so that, for every ν ≥ 1, by (3),
the function ỹν = 1

ν
ȳ+(1− 1

ν
)ỹ satisfies ỹν ∈C(T, int µ-liminfdomh).
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Fix ν and t. There is an Ot ∈Ht such that
∫

Ot
|ht(ỹν

t )|dµt < ∞ and ỹν is bounded
on Ot . Let (α1,α2) be a continuous partition of unity subordinate to (Ot ,T\{t}).
We define yν = α1ỹν +α2ȳ, which satisfies yν ∈ dom Ih. Therefore (5) implies that
yν

t ′ ∈ cldomht ′ for all t ′. Since yν
t → ỹt , we have that ỹt ∈ cldomht . Since t was

arbitrary, ỹt ∈ cldomht for all t. By Theorem 2, domh is outer µ-regular.

When T⊂Rn, the following corollary generalizes [14, Theorem 5] by relaxing full
lower semicontinuity of domh; see Lemma 3.

Corollary 1. Assume that T⊂Rn is compact, µ is a σ -finite Radon measure, domh is
inner semicontinuous with intdomht 6= /0 for all t and that Ih is finite on

{y ∈C | ∃r > 0 : B(yt ,r)⊂ domht µ-a.e.} .

Then domh is outer µ-regular if and only if Ih and J∗h are conjugates of each other. In
this case intdom Ih = C(T; intdomh) (where the interior is with respect to the supre-
mum norm).

Proof. Let us verify the assumptions of Theorem 3. By Proposition 1, the mapping t 7→
µ-liminfdomht is inner semicontinuous solid convex-valued. Let ŷ∈C(T; int µ-liminfdomh);
such ŷ exists by [10, Theorem 3.1”’]. By [14, Lemma 2], there is an r > 0 with
ŷt + x ∈ int µ-liminfdomht for all t whenever |x| < r; see [14, p. 460]. By Proposi-
tion 1, B(ŷt ,r) ⊂ domht µ-a.e. so that ŷ ∈ dom Ih. Moreover, by [14, Theorem 2],
there is a w ∈ L1(T,µ;Rd) with Ih∗(w) < ∞. By defining θ̄ ∈Mb as dθ̄/dµ = w and
θ̄ s = 0, we have that Jh∗(θ̄)<∞. Therefore, Theorem 3 is applicable, and consequently
domh is outer µ-regular if and only if Ih and J∗h are conjugates of each other.

Assume that domh is outer µ-regular. As above, we get that intdom Ih⊃C(T; intdomh).
Assume that ȳ ∈ intdom Ih. There is an r > 0 such that ȳt + x ∈ domht µ-a.e. when-
ever |x| < r. By Theorem 1, we have ȳt + x ∈ domht for all t whenever |x| < r. Thus
ȳt ∈ intdomht for all t and intdom Ih ⊆C(T; intdomh).

3.1 Integral functionals on left continuous functions of bounded
variation

Let τ and τl be, respectively, the standard topology and the left half-open topology on
R. Here τl is generated by the basis {(s, t] | s < t}. The space (R,τl) is a perfectly
normal Lindelöf T1-space; in particular it is strongly Lindelöf and C((R,τl);Rd) is the
space of left continuous functions (see [17, p. 75] [7, p. 194]). We say that a set-valued
mapping Γ : [0,T ]⇒Rd is left-inner semicontinuous, if it is inner semicontinuous with
respect to τl . Similarly we say that Γ is left-outer µ-regular if Γ is outer µ-regular with
respect to τl .

Let (Γα)α∈J be a family of Rd-valued set-valued mappings. A closed-valued
mapping Γ is called µ-essential supremum of (Γα)α∈J if Γα

t ⊆ Γt µ-a.e. for all α ∈
J , and if Γ̃ is another closed-valued mapping satisfying Γα

t ⊆ Γ̃t µ-a.e. for all α ∈J ,
then Γt ⊆ Γ̃t µ-a.e. When µ is σ -finite, µ-essential supremum exists (see, e.g., [19,
Theorem 1.3]), it is defined almost everywhere and it is denoted by µ-esssupα∈J Γα .

We denote the space of left continuous Rd-valued functions of bounded variation
on R by BV .
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Theorem 4. Assume that µ is a σ -finite Radon measure on ([0,T ],τ), h is a convex
normal integrand on [0,T ]×Rd with domh left-inner semicontinuous, intdomht 6= /0
for all t, and that Ih is finite on the nonempty set

{x ∈ BV | ∃r > 0 : B(xt ,r)⊂ domht µ-a.e. t ∈ [0,T ]} .

Then domh is left-outer µ-regular if and only if, for every θ ∈Mb([0,T ],τ;Rd),

sup
x∈BV

{∫
[0,T ]

xtdθt −
∫
[0,T ]

ht(xt)dµt

}
= Jh∗(θ).

Proof. By [14, Theorem 2], there is a w ∈ L1(T,µ;Rd) with Ih∗(w) < ∞. Thus, as in
(6), Ih(x) > −∞ for all x ∈ BV . Let B̄ ∈B(T ) be such that µ(B̄C) = |θ s|(B̄) = 0. We
define

h̄t(x) =

−x ·
(

dθ

dµ

)
t
+ht(x) if t ∈ B̄

−x ·
(

dθ s

d|θ s|

)
t

if t ∈ B̄C

and µθ = µ + |θ s| so that∫
[0,T ]

xtdθt −
∫
[0,T ]

ht(xt)dµt =
∫
[0,T ]
−h̄t(xt)dµ

θ
t .

The space BV is PCU-stable in the sense that, for any (xi)n
i=0 ⊂ BV and for any contin-

uous partition of unity (α i)n
i=0 such that α0 ∈C∞(R; [0,1]), α i ∈C∞

c (R; [0,1]), we have
∑

n
i=0 α ixi ∈ BV . By extending h̄ to R×Rd by zero we get, by [6, Theorem 1], that

inf
x∈BV

∫
[0,T ]

h̄t(xt)dµ
θ
t =

∫
[0,T ]

inf
x∈Γt

h̄t(x)dµ
θ
t , (8)

where Γ = µθ -esssupx∈BV∩dom Ih x.
Let us prove that Γt = µ-liminfdomht µθ -a.e., where µ-liminf is with respect to

τl . By Proposition 1 and Theorem 1, xt ∈ µ-liminfdomht for all t whenever x ∈ BV ∩
dom Ih. Therefore it suffices to show that µ-liminfdomh is smaller than the essential
supremum.

Let x̄ ∈ BV and r̄ > 0 be such that B(x̄t , r̄) ∈ domht µ-a.e. By Proposition 1,
µ-liminfdomh is left-inner semicontinuous solid convex-valued. Let t ∈ R and x̂ ∈
int µ-liminfdomht . It follows from [16, Theorem 5.9] that there is an interval (s, t]
and r̂ > 0 such that B(x̂, r̂) ⊂ int µ-liminfdomht ′ for all t ′ ∈ (s, t]. By Proposition 1,
B(x̂, r̂)⊂ domht ′ µ-a.e. on (s, t] so that there is an r < r̂ such that xt = x̄t1[0,s]+ x̂1(s,t]+
x̄t1(t,T ] satisfies B(xt ,r)⊆ domht µ-a.e. Therefore, for any t and x̂∈ int µ-liminfdomht

there is x ∈ BV ∩dom Ih with xt = x̂. This implies that, for any t and x′ ∈ Rd ,

d(x′,µ-liminfdomht) = inf
{
|x′− xt | | x ∈ BV ∩dom Ih

}
. (9)

Let D be a countable dense set in Rd . As in the proof of [19, Theorem 1.3], there
is a sequence (xν)∞

ν=1 ⊂ BV ∩dom Ih such that (µθ -esssupx∈BV∩dom Ih x)t = cl
⋃

∞
ν=1 xν

t

µθ -a.e. and, for every x′ ∈ D,

inf
{
|x′− xt | | x ∈ BV ∩dom Ih

}
≥ inf

{
|x′− xν

t | | ν ≥ 1
}

µ
θ -a.e.
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This together with (9) implies that µ-liminfdomht ⊆ (µθ -esssupx∈BV∩dom Ihx)t µθ -a.e.
Since µ-liminfdomht = Γt µθ -a.e., and Iθ

h̄ is proper on BV , we get, by (8), that

sup
x∈BV

{∫
R

xtdθt −
∫
R

ht(xt)dµt

}
=− inf

x∈BV

∫
T

h̄t(xt)dµ
θ
t

=−
∫
T

inf
x∈µ-liminfdomht

h̄t(x)dµ
θ
t .

Assuming that domh is left-outer µ-regular, similarly to (7), the above expression
implies the claim. Assume now that domh is not left-outer µ-regular. By (3) and the
fact that (h∗t )

∞(v) = sup{v · x | x ∈ domht} (see [13, Theorem 13.3]), there is t̄ and
v̄ ∈ Rd such that sup{v̄ · x | x ∈ µ-liminfdomht̄} > (h∗t̄ )

∞(v̄). Here µ cannot have an
atom at t̄, otherwise {t̄} ∈H µ#

t̄ and µ-liminfdomht̄ ⊆ cldomht̄ . Let θ = θ̄ + v̄δt̄ ,
where δt̄ denotes a Dirac measure at t̄ and θ̄ is absolutely continuous with respect to µ

with dθ̄/dµ = w. By Proposition 1, cldomht = µ-liminfdomht µ-a.e. so that

sup
x∈BV

{∫
R

xtdθt −
∫
R

ht(xt)dµt

}
=−

∫
T

inf
x∈µ-liminfdomht

h̄t(y)dµ
θ
t

=
∫
T

h∗t

((
dθ

dµ

)
t

)
dµt + sup

x∈µ-liminfdomht̄

v̄ · x

> Jh∗(θ).
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