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Abstract

Given a strictly positive measure, we characterize inner semicontinuous solid
convex-valued mappings for which continuous functions which are selections al-
most everywhere are selections. This class contains continuous mappings as well
as fully lower semicontinuous closed convex-valued mappings that arise in vari-
ational analysis and optimization of integral functionals. The characterization al-
lows for extending existing results on convex conjugates of integral functionals on
continuous functions. We also give an application to integral functionals on left
continuous functions of bounded variation. Keywords: Set-valued and variational

analysis Continuous selections Integral functionals Convex duality

1 Introduction

Given a set-valued mapping I" from a topological space T to another X and a strictly
positiv countably additive Borel measure i on T, we say that a functiony : T — X is
an essential selection of I if y; € I'; pi-almost everywhere. In this article we study in
which situation continuous essential selections are selections. This is important when
deriving formulae for convex conjugates of integral functionals on continuous func-
tions. Such conjugates arise in several areas of variational analysis and optimization in-
cluding optimal control, plasticity theory and mathematical finance, see [12} 3} 16l 9} [15]]
and references therein.

A function, which belongs to the domain of an integral functional, is an essential
selection of the domain of the integrand. However, without further conditions such
function is not necessarily a selection of the domain. The articles [6l [14] study con-
vex conjugates of integral functionals on continuous functions. In [14] Theorem 5]
Rockafellar assumes full lower semicontinuity, which implies that continuous essential
selections are selections of the closure of the domain, whereas in [6, Example 5] this
property was assumed explicitly.
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We show that, for an inner semicontinuous solid convex-valued mapping, continu-
ous essential selections are selections if and only if the mapping has a property which
we call outer regularity in measure. While full lower semicontinuity is a purely topo-
logical notion, outer regularity in measure takes into account the underlying measure.
When T C R”, we prove that fully lower semicontinuous closed convex-valued map-
pings are outer regular in measure which allows for a generalization [[14, Theorem 5]
about convex conjugates of integral functionals on continuous functions. We also give
an application to integral functionals on left continuous functions of bounded variation.
These results have further applications to problems of Bolza; see [12].

2 Outer regularity in measure

We denote by 57 and 77, the neighborhood systems of # € T and x € X, respectively.
We will denote by 7Z° the system of open neighborhoods of x € X. The interior and
closure of a set A will be denoted by intA and clA.

LetI': T =2 X be a set-valued mapping. The outer limit and inner limit are, respec-
tively,

(limsupT), = () c1<U n),

Bet t'eB

)]
(liminfT), = () c1<U 1}),

BestH t'eB

where 7% = {BC T |BNO#0YO € )} is the grill of 7; see [4]. The mapping I
is outer semicontinuous or inner semicontinuous, respectively, if

(limsupI'), C Ty Ve,
T, C (liminfl), Vr.

We refer to [16L Chapter 5] for a systematic treatment of these concepts in the finite
dimensional case. The above limits can also be expressed as

(limsupD), = {x € X | T~'(A) € A" VA € 7},

(liminfT), = {x € X [T~ (A) € 4 VA € K}, @
where T71(A) = {t |T,NA # 0}. In [4] this was stated for a metric space X; for
general X, can be verified analogously to the proof of Lemma I below. Moreover,
I is inner semicontinuous if and only if ' (A) is an open set for every open A C X
[LO, Proposition 2.1]. This is taken as the definition of lower semicontinuity in [[10].

Given a strictly positive countably additive measure [ on the Borel c-algebra
AB(T), we define " = {Bc #(T) |30 € 4 : u(BNO) = u(0)} and

(u-liminfI), = ) c1<U r,,>,

BE«%?”# t'eB



where S = {Be€ B(T) | BNO #0Y0 € #"}. 1tis easily verified that
A = (Be B(T) | u(BNO)>0V0 € 4} .
We have 7% C A ¢ #* and
(liminfT"), C (u-liminfT"), C (limsupD),. 3)

All these limits are closed and they are invariant under the image closure. Here the
image closure of I is defined as clI’; for every . Moreover, (-liminf is invariant under
equivalent changes of measure.

Example 1. Assume that X is Hausdorff and that w : T — X has a continuous modi-
fication, i.e., there is a continuous y : T — X such that y; = w; [L-almost everywhere.
Since y is continuous, we have liminfy, = limsupy, so that by (3), pu-liminfy, =y, (we
identify y with t — {y,}). By Lemma[2|below, we get [-liminfw, = y;.

We say that I is outer regular in measure or outer |-regular if
(u-liminfT"); C clI; V1.

Outer regularity in measure is invariant under the image closure and under equivalent
changes of measure. The sets of continuous selections and continuous essential selec-
tions of I' will be denoted by C(T;T") and C(T, u; "), respectively.

Theorem 1. IfT is closed-valued and outer LL-regular, then
C(T,u;T) =C(T;T).

Proof. Lety € C(T,u;I'), and let N € Z(T) be a u-null set such that {¢' |y, ¢ I'v} C
N. Let B € "* . Since (B\N)N O, # 0 for every O, € ./, there is a sequence ()5,
in B\N such that #¥ — ¢. Since y,v € I',v for every v, and since y is continuous, we get

vt € cl(UpepTy). Because this holds for every B € M we have y, € (u-liminfT),.
Since T is outer p-regular, we get y € C(T;T"). The opposite inclusion C(T;T") C
C(T, u;T) is trivial. O

Remark 1. Theorem|[I|and the other results below hold for non-closed mappings with
appropriate reformulations using image closures.

Section 2.1 will be concerned with properties of u-liminf which are applied in Sec-
tion [2.2]to prove a converse of Theorem [I] Our aim is to show that outer pi-regularity
is also a necessary condition in Theorem |I]

Remark 2. Analogously to (1), one can define
(u-limsupT), = ﬂ cl (U Fl/> .
et 1'eB

However, we do not analyze this limit concept here.



2.1 Properties of p-liminf

The following result is comparable with (2). Recall that T is measurable if T~'(A) €
P (T) for every open A C X.

Lemma 1. IfT is measurable, then
(u-liminfD), = {xe X |T'(A) € " VA€ £}

Proof. Assuming that there is an A € £ such that u(0, N\T~'(A)) < u(0;) for all
0, € A, we have (I 1(A))€ € " which implies x ¢ (u-liminfT"),, because x ¢
CI(UIE(F*(A))C F;).

Assuming that T~1(A) € 7" for all A € 7, we have cl({J,cgTy) NA # 0 for all
Bec M *andA e 2°, which implies

{xyc N N c1<Urt> NA| C (u-liminfT),.
Beﬁﬁ“# AeH? teB

O

The following lemma shows that u-liminfI" is invariant under changes of I" on
u-null sets.

Lemma2. IfT: T =X and T : T = X are closed-valued and T; =T, y-a.e., then
U-liminfT; = ,u—liminff“, Vt.

Proof. There is a Borel u-null set N such that T'; = I'; for every ¢ € N€. Since, for all
B € %(T), we have that BNN€ € %?“# if and only if B € %ﬂ#, we get

N c1<U r,,> c N {cl( U 17) |BﬂN:(Z)}
et \/'eB et t'€BNNC

= N c1< U 17)

et t'€BNNC
c ﬂ cl (U Fr’) ;
Beﬁ’f”# t'eB

which gives

p-liminfT, = ) cl( U 1“,).

e '€BNNC

This implies that g-liminfT; = u-liminf T for all ¢. O



Recall that T is Lindelof if every open cover of T has a countable subcover, and that
T is strongly Lindelof if every subspace of T is Lindel6f. When X is a normed space,
B(x,r) denotes the open ball with center x and radius r, and d(A,B) = inf{||x — || |
x €A, x € B} denotes the distance between two sets A and B. A convex-valued I is
solid if it is closed-valued and intT’; # @ for all 7.

Proposition 1. Assume that T is strongly Lindeléf, X = R and that T is measurable
and closed-valued.

(A) IfT is convex-valued, then t — uU-liminf17; is convex-valued.

(B) IfT is inner semicontinuous solid convex-valued, then [-liminfT is inner semi-
continuous solid convex-valued, (-liminfI; = y-liminfl; y-a.e. and

w-liminf(y-liminfT) = p-liminfT.

Proof. Let (AY)5_, be a countable open base for the topology on X. For every v and ¢
with ¢ € (u-liminfT") ! (AY), there is, by Lemma an open Oy € . and a u-null set
NY € %(T) such that OY\I'"! (A") = N. Since T is strongly Lindel&f, there is a count-
able 7V (here #V = 0 if (u-liminfI")~!(AY) = 0) for which (u-liminfT’)~1(AY) C
UIG/V Olv Let
N= |J N,
vie gV

which is a y-null-set.

Let ¢’ be such that g-liminfTy & Ty. There is an AY such that y-liminfI,y NAY # 0
but I,y NAY =0. Choose t € _#" such that#' € O}. Since OY\I'"!(A¥) = N, and since
' ¢ T71(A), we have t’ € N. Thus p-liminfI; C T for all t € N€.

Assume now that T is convex-valued. Let x!, x> € (u-liminfT’), and o € [0, 1], and
denote ¥ = ax' + (1 — o)x%. Let A € 7 be convex. By Lemmaand the construction
of N, there is O}, 0? € J# such that T"'(A —x+x!) = O)\N and T"1 (A — 5 +x?) =
OF\N. For any t' € O} NO}\N, there is an x}, € [y N(A—%+x') and an x5 € T,/ N
(A—x+x%) so that ax}, + (1 — a)x> € Iy NA, which implies "' (A) € /" . Since
this holds for every convex A € °, and since every element of J#° contains some
convex A € J£°, we get, by Lemma that ¥ € y-liminfT,.

Assume now that I" is inner semicontinuous solid convex-valued. By inner semi-
continuity of T, (3) and by u-liminfT, C T, for all t € N© , we get

p-liminfl, =T, Vr e N€. “)

Thus, by Lemma we have y-liminf(y-liminfT") = y-liminfT.

By (@), inty-liminfT, # @ for all ¢. Since u-liminfT is convex-valued, to prove
inner semicontinuity of p-liminfT’, it suffices to show that X € liminf y-liminfI7 when-
ever ¥ € inty-liminfT7. Let (' )id:1 be an orthonormal basis in R? and & > 0 be such
that ¥4 &x’ € u-liminfT; for all i. Since there are finitely many x', there is, by Lemma|l}
an open O; € % such that T, NB(%+ ex’,&/2) # 0 p-a.e. on O; for all x'. Since I'is
convex-valued, we have X € I'; p-a.e. on Oy. Therefore, by Lemmal(l] % € pu-liminfT;
for all # € Oy and consequently X € liminf y-liminfT7. U



The following example illustrates that, without convexity, inner semicontinuity is
not necessarily preserved under p-liminf.

Example 2. Ler T = [0, 1] be equipped with the standard topology, 1 be the Lebesque
measure and let T, = {27"} for t € 2=+ 27"y and n e N. Let T, =T, U [1,2] so
that T is inner semicontinuous closed nonempty-valued. It follows from Lemmal/[l] that
p-liminfTy = {0} U[1,2] but u-liminfIy = [1,2] whenever t = 27" for some n € N. In
particular, t — U-liminf T is not inner semicontinuous at the origin.

A closed convex R¢-valued I is fully lower semicontinuous if it is inner semicon-
tinuous solid-valued and x € clI'; whenever there exist A € %, and O € 7% such that
{t€ O|A CT,}isdensein O. In [14] Theorem 5] Rockafellar uses full lower semicon-
tinuity to prove an explicit expression for the convex conjugate of an integral functional
on continuous functions.

Lemma 3. Assume that T C R". If T is closed convex RY-valued and fully lower
semicontinuous, then I is outer regular in measure.

Proof. By Proposition[I] the mapping p-liminfT is inner semicontinuous solid convex-
valued. It suffices to show that, for any # € T and x € int yu-liminfT’,, we have x € clI7.

Let € > 0 be such that c1B(x, €) C u-liminfT;. By [4} Proposition 1.6], there is O, €
€ such that c1B(x,€&) C u-liminfT; + c1B(0,€/2) for all # € O;. Thus B(x,&/2) C
p-liminfT; for all £ € O,. By Proposition [T} u-liminfI’; =T p-a.e. so that there is a
p-null set N € Z(T) such that B(x,e/2) C T, for all t € O, \NC. Since Iis fully lower
semicontinuous and {r € O, | B(x,&/2) C I} is dense in Oy, we get x € clI;. O

The following example demonstrates that there are inner semicontinuous solid
convex-valued mappings which are outer p-regular but not fully lower semicontinu-
ous.

Example 3. Let T C R”" be open and S C T be a (n— 1)-dimensional closed set such
that T\S is dense in T. Let H be the restriction of (n — 1)-dimensional Hausdorff
measure to S, and assume that supp(H) = S (see, e.g., [2]). Let &t = A + H, where A is
the Lebesque measure on T. Define

cAB(0,r2)  ifr ¢S,
clB(0,r) iftes,

=

where 0 < r; < ry < +oo, Since S is a closed set, F_l(A) is open for every open A,
and therefore I is inner semicontinuous. To check outer [L-regularity of T, it suffices to
considert € S and x ¢ c1B(0,r1). Let A € H° be such that cIB(0,r;) NA = 0. Since
supp(H) = S, we have u(I'"1(A)N0) < 1(0) < u(0) for every O € J so that, by
Lemma x ¢ p-liminfT;. Thus p-liminfT, C cIT for all t and T is outer W-regular.

Assume now that 0 < ri. Let x € B(0,ry). There is an A C 5% such that A C
cIB(0,r2). Thus {t € T | A C I} is dense in T, because it contains T\S. However, x ¢
clT; whenever x ¢ cIB(0,r) and t € S. Therefore, T is not fully lower semicontinuous
though it is inner semicontinuous solid convex-valued.



2.2 Necessity of outer regularity in measure

In this section we show that, for inner semicontinuous solid convex R%-valued map-
pings, the condition C(T,u;I") = C(T;I") in Theorem |[1| is necessary for outer U-
regularity. The proof is based on [10, Lemma 5.2], which says that if T is a per-
fectly normal 77-space, X is a separable Banach space and I is an inner semicontinu-
ous closed convex nonempty-valued mapping, then there exists a sequence (y")5_, C
C(T;T) such that (y)5 is dense in I'; for every ¢. Such a sequence is usually referred
to as a Michael representation of T'.

Recall that a topological space is 7 if for every distinct points ¢ and ¢’ there is an
O; € 4 with ' ¢ O;. The space is normal if for every disjoint closed sets B and B’
there are disjoint open sets O and O’ such that B C O and B’ C O’. The space T is
perfectly normal if it is normal and every closed set is a countable intersection of open
sets.

Theorem 2. Assume that T is a Lindelof perfectly normal Ty -space. An inner semicon-
tinuous solid convex R?-valued mapping T is outer u-regular if and only if C(T, u;T) =
C(T;I).

Proof. Assuming that I is outer y-regular, Theorem([]implies that C(T, u;I') = C(T;T).
Assume that C(T, u;I') = C(T;T"). We use the fact that a Lindelof perfectly normal
space is strongly Lindeldf (see [7, p. 194]). By Proposition[I] # — p-liminfT?; is an
inner semicontinuous closed convex nonempty-valued mapping. By [10, Lemma 5.2],
thereis a (y¥)5_; € C(T; u-liminfI") such that (y}')5_, is dense in y-liminfT’; for every
t. Thus

p-liminfl, =cl{yy |v>1} CI, Vi,

where the inclusion follows from Proposition |1} because now u-liminfl; = I u-a.e.
implies C(T; u-liminfI") = C(T, u;T") = C(T;I'). This shows that I is outer y-regular.
O

Remark 3. Let T be the image closure of T'. The proof of Theorem 2| actually shows
that if t — p-liminfT is inner semicontinuous convex nonempty-valued, then I' is outer
p-regular if and only if C(T,w;T) = C(T;I). In this case the last inclusion in the proof
follows from p-liminfT; C cIT'; p-a.e. (see the proof of Proposition([l).

Without convexity or inner semicontinuity the necessity in Theorem[2]does not hold
in general. Indeed, in either situation continuous selections need not exist at all.

3 Applications to conjugates of integral functionals

From now on we will assume that T is a Lindelof perfectly normal T;-space and X =
R?. Let h be a convex normal integrand on T x R?, i.e., h is an extended real-valued
function and t — epih, = {(x, @) | i (x) < a} is closed convex-valued and measurable
from T to R? x R. By [[16, Proposition 14.28], ¢ ~ h,(w;) is measurable whenever
w: T — R? is measurable so that the integral functional

In(y) = /T e (ye)d



is well-defined on C = C(T;R?). Here and in what follows the integral of a measurable
function is defined as +oo unless the positive part is integrable.

Let C, = C,(T;R?) be the space of bounded continuous functions and Mj, be the
space of R?-valued finite Radon measure on T. The bilinear form

<ya9>:/ytd9t
T

puts the spaces Cj, and M}, in separating duality. Indeed, it follows from [} p.71] that
C), separates the points in M;, whereas it is evident that M}, separates the points of Cp.
Our aim is to study the conjugate

1;(8) = sup{(y, ) — In(y)}-

In [14, Theorem 5] Rockafellar gave conditions under which the conjugate of [, can be
expressed in terms of the conjugate of 4 as

0 o () o o () o

where 0° is the singular part of 8 € M, with respect to pt. Here the conjugate of h is
defined by /; (v) = sup, ga{x-v—"5h/(x)} and (h;)* denotes the recession function of
h}. Thatis, (A7) is defined by

(1)) = sup P F D D),

a>0 a

where 7 € domh! = {v € RY | h*(v) < o}; see [13, Chapter 8]. We will use the
techniques from [6] to generalize Rockafellar’s result and to prove a result for inte-
gral functionals on functions of bounded variation. For other related results, see, e.g.,
[ 12, 13116, (14} [18] and references therein.

We denote the relative interior of a set A C R by rintA. Recall that y is o-finite if
T is a countable union of sets with finite yt-measure.

Theorem 3. Assume that | is a ©-finite Radon measure, domh is inner semicontinu-
ous, domJy+ # 0, Cp(T;rintdom ) Ndom I}, # @ and that for every y € C(T;rint i-liminfdom &)
and for every t there exists O; € 5 such that

| Gl <o
O

If domh is outer W-regular, then I, and Jy+ are conjugates of each other. If intdomh, #
0 for all t and if I, and Jy are conjugates of each other, then domh is outer U-regular.

2 A measure 8 is Radon if it is countably additive and |0|(B) = sup{|0|(K) | K C B, K is compact} for
every B € A(T).



Proof. We have that

Ja(y) = sup { /T y,deth*(G)}

0eM;,

= sup {/yt~9,'du,lh*(9/)}
0’cL! (T u;Rd) L/T

w s eefae - [anmehae )
).11‘ T

0eM,,,65 €L! (T,|6%|;R?

= &)

I,(y) if y; € cldom#h, Vit,
+o0 otherwise.

Above the second equality follows from the positive homogeneity of (4;)> [13, The-
orem 8.5], and the third equality follows by first applying [16, Theorem 14.60] on the
second and the third line, where one uses the fact that the indicator function 8cigomp, is
the conjugate of (h})™ [13, Theorem 13.3]; and then taking supremum over all purely
atomic finite measures which are singular with respect to (. On the other hand, since
domJy+ # 0, there is a & € domJy,« which is absolutely continuous with respect to 4.
Therefore, for all w € L=(T, u; R4),

foen o () () o= o

Assume first that dom# is outer p-regular. By Theorem |[l] y, € cldom#h;, for ev-
ery t whenever y € dom1/j so that (3) implies that J;. = I;,. Therefore, I; < J;+ and
consequently it suffices to show that I}/ > Jj«.

Since |0*| and u are singular, there is a B € %(T) such that y(B®) = |6*|(B) = 0.
We define

@ s
t - 5 ' B
- (j\gs\)[ + Sctdomn, (x)  if7 € BE,

which is a normal integrand (see [[L6, Chapter 14]) with cl dom#h, = cldom#; for all 7.
Since y; € cldom#, for all # whenever I;,(y) < oo and since, by (6)), 7,(y) > —co for all

y, we have
de
I*G:—inf/—-——l—h d
7 (6) yEC,,{ B{ Vi (dﬂ)t t(J’t)] Hy

a6° .
# L[ (), + Baaomn0) i

= — inf 1Y
YEC, h (y)a

where we defined u® = u + (6°| and I}-‘? (w) = Jphe(w;)du? for any measurable w :



T — RY. By [16, Theorem 14.60],

: 0 _ : 7 0
weL""(l?l['lfle;Rd)Ih () = [, nf, (e}
do do’
=— | n —_— du, — h)” —_— d|6°
/T((du)) b= J ) ((dww)) 8%k
= (0). %)

Let us show that we can restrict the infimum in the above expression to w € L=(T, u?;R%)
with w; € rintdom A, for all ¢. Firstly, if I ,—? (W) < oo, then there is w such that w, = w; out-

side a Borel /.Le-null set and w; € cldom A, for all 7. Secondly, let § € Cp(T;rintdomA) N
domIj so that w¥ = Ly+ (1 — 1) satisfies w}’ € rintdom; for all ¢. It follows from
convexity that 18 (w") < $119(5) + (1— )12 (w), so limy e 2 (w") <19 (w).

On the other hand, it follows from (6} that I}-le (w) > —ooforevery w € L (T, u%; RY).
Therefore it suffices to show that, for every w € L*(T,u%;RY) with Ii? (w) < oo and
w; € rintdom A, for all t and for every € > 0, there is y € Cp, for which I,-? (y) < Ii? (w)+e.

Since u? is Radon and since I;? (¥) and I;? (w) are finite, there is, by Lusin’s theorem

(see, e.g., [5l Theorem 7.1.13]), an open O C T such that [5(|7 (3)| + |7 (we)|)dp® <
€/3, O€ is compact and w is continuous relative to O€. The mapping

fw ift € O
 )rintdomh,  ifr€O0

is inner semicontinuous convex nonempty-valued so that, by [10, Theorem 3.17’], there
is a y¥ € C with y* = w, for all r € O and y!" € rintdom#, for all ¢. Since OC is
compact, there is an open O O O€ such that y" is bounded on O”.

Since, for all € O, there is an O, € J# with Jo, 1 (y")|dub < oo, and since O€
is compact, there is an open set O’ D O such that B — [y | (y))|dp? is a finite
measure, which is also Radon (see |5, Lemma 7.1.11]). Therefore [8, Theorem 3.4]
implies the existence of an open O O O€ with Jovoc b (y))|dul < €/3.

Define O = 0N OP. Since O and O form an open cover of T and since T is normal,
there is, by [[L1, Theorem 36.1], a continuous partition of unity (&, &) subordinate to
(0,0). We define y = &y” + @y so that y € Cj, and

[aGoaut < [ Rwdu?+ [ slhop)lan® + [ alhi()lan?
T oc 0\0¢ 0
< [Rulw)an’ +e.
which finishes the proof of the sufficiency.
Assume now that intdom #; # 0 for all ¢, I;; = Jj» and that J;, = I;. We prove outer
p-regularity of domh using Theorem[2] Let § € C be such that j; € cldom#, p-a.e. By

Proposition E] and Theorem[l} € C(T; p-liminfdom ) so that, for every v > 1, by (3),
the function 3" = %)74— (1— )y satisfies 3V € C(T,int u-liminfdom ).
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Fix v and ¢. There is an O, € 7% such that [, | (3} )|di; < oo and 3" is bounded
on O;. Let (a',a?) be a continuous partition of unity subordinate to (O, T\{t}).
We define y¥ = a'$V + a?, which satisfies y” € dom1;,. Therefore (§) implies that
yy € cldomhy, for all . Since y! — 3, we have that §; € cldom#h,. Since ¢ was
arbitrary, j; € cldom/, for all 7. By Theorem[2} dom# is outer p-regular. O

When T C R”, the following corollary generalizes [ 14, Theorem 5] by relaxing full
lower semicontinuity of dom#4; see Lemma

Corollary 1. Assume that T C R" is compact, [ is a G-finite Radon measure, domh is
inner semicontinuous with intdomh; # 0 for all t and that I, is finite on

{yeC|3Ir>0: B(y,r) Cdomh, u-a.e.}.

Then domh is outer p-regular if and only if I and J;; are conjugates of each other. In
this case intdomlI, = C(T;intdomh) (where the interior is with respect to the supre-
mum norm).

Proof. Let us verify the assumptions of Theorem[3] By Proposition[I] the mapping ¢ —
u-liminfdom 4, is inner semicontinuous solid convex-valued. Let § € C(T;int u-liminfdom#);
such ¥ exists by [10, Theorem 3.1”’]. By [14, Lemma 2], there is an » > 0 with

$¢ +x € inty-liminfdomA, for all r whenever |x| < r; see [14] p. 460]. By Proposi-

tion |1} B(§,r) C domh, p-a.e. so that § € doml,. Moreover, by [14, Theorem 2],

there is a w € L' (T, u; R?) with I+ (w) < 0. By defining 6 € M? as d8/du = w and

6° = 0, we have that J;+ (6) < oo. Therefore, Theoremis applicable, and consequently

dom/ is outer u-regular if and only if I, and J;; are conjugates of each other.

Assume that dom  is outer p-regular. As above, we get thatintdom 1, > C(T;intdom /).
Assume that y € intdom1I,. There is an r > 0 such that j; +x € domh, u-a.e. when-
ever |x| < r. By Theorem 1} we have 3, +x € dom#; for all 1 whenever |x| < r. Thus
¥ € intdom A, for all ¢ and intdom, C C(T;intdom#). O

3.1 Integral functionals on left continuous functions of bounded
variation

Let 7 and 7; be, respectively, the standard topology and the left half-open topology on
R. Here 7; is generated by the basis {(s,#] | s <¢}. The space (R, 1)) is a perfectly
normal Lindelof 7;-space; in particular it is strongly Lindelof and C((R, 7;); R?) is the
space of left continuous functions (see [17, p. 75] [, p. 194]). We say that a set-valued
mapping I': [0, T] = R is left-inner semicontinuous, if it is inner semicontinuous with
respect to 7;. Similarly we say that I" is left-outer -regular if I is outer p-regular with
respect to 7;.

Let (I'*)qe 4 be a family of R?-valued set-valued mappings. A closed-valued
mapping I is called p-essential supremum of (I'*)qe s if I CT; u-ace. forall a €
A, andif ["is another closed-valued mapping satisfying I'* C ', p-a.e. forall o € B
then I, C I, p-a.e. When u is o-finite, u-essential supremum exists (see, e.g., [19]
Theorem 1.3]), it is defined almost everywhere and it is denoted by p1-esssupg, W re.

We denote the space of left continuous R?-valued functions of bounded variation
on R by BV.
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Theorem 4. Assume that [ is a o-finite Radon measure on ([0,T],7), h is a convex
normal integrand on [0,T] x R? with domh left-inner semicontinuous, intdomh, # 0
for all t, and that I, is finite on the nonempty set

{x€BV |3r>0:B(x,r) Cdomh, p-a.e. t €[0,T]}.
Then domh is left-outer u-regular if and only if, for every 8 € M,([0,T],7;R%),

sup {/ x,d@;—/ ht(-xt)d.ut} =Ji(0).
xeBv L/]0,7] J10,1]

Proof. By [14, Theorem 2], there is a w € L!'(T, u;R?) with Ij(w) < co. Thus, as in
(6), 1, (x) > —oo for all x € BV. Let B € %(T) be such that u(B®) = |6°|(B) = 0. We
define
h(2) —x-(%) + Ay (x) ifteB
h(x) = : _
t —x- (ﬁ—&& if t € BC
t

and u% = p 46| so that

/ xtdet —/ l’lf(xl)d‘ll[ = / —}-1[ (xt)d.llte.
0,7 0,7] 0.7]

’ )

The space BV is PCU-stable in the sense that, for any (xi);':() C BV and for any contin-
uous partition of unity (a’)”_, such that & € C(R; [0,1]), &' € C7(R; [0, 1]), we have
Y oo'x' € BV. By extending i to R X R¢ by zero we get, by [[6, Theorem 1], that

: 7 0 e T 0
T RO /[011 inf Fu(x)dn’. @®)
where T' = 1-esssup, gy rdom 1, X

Let us prove that I; = p-liminfdom#, u®-a.e., where p-liminf is with respect to
7;. By Proposition [T|and Theorem [I] x; € p-liminfdom A, for all r whenever x € BV N
dom1j,. Therefore it suffices to show that p-liminfdom# is smaller than the essential
supremum.

Let ¥ € BV and 7 > 0 be such that B(%,,7) € domh, u-a.e. By Proposition
u-liminfdom# is left-inner semicontinuous solid convex-valued. Let# € R and X €
inty-liminfdom#A,. It follows from [L6, Theorem 5.9] that there is an interval (s,z]
and 7 > 0 such that B(%,7) C intu-liminfdom#, for all ¢’ € (s,¢]. By Proposition
B(%,7) C domh, p-a.e. on (s,] so that there is an r < 7 such that x, = % 1 (g g +%1 (5, +
X 1(;, 1) satisfies B(x;,r) C dom#, p-a.e. Therefore, for any # and £ € int u-liminf dom A
there is x € BV Ndom/, with x, = £. This implies that, for any ¢ and x’ € R4,

d(x', p-liminfdom /) = inf {|x' — x| | x € BV Ndom1, } . 9

Let D be a countable dense set in R?. As in the proof of [19, Theorem 1.3], there
is a sequence (xV)3_, C BV NdomIj such that (1£%-esssup,cgynaom 5, % =clUv_ %y
u®-a.e. and, for every x’ € D,

inf {|¥ —x/| | x € BVNdomI,} >inf{|x —x/| [v>1} pl-ae.

12



This together with @) implies that p-liminfdom /i, C (1%-esssup,cgy rdom 5, %)t ub-ae.

Since p-liminfdom#, =T, u®-a.e., and I;? is proper on BV, we get, by (8), that

sup {/ x,d@t 7/ ht(.xl)dl.l[} = — inf /}_l[(.xt)d”te
XxEBV R R xX€BV JT
hy(x)du?.

- / inf
T x€u-liminf dom A,

Assuming that dom 4 is left-outer p-regular, similarly to (7)), the above expression
implies the claim. Assume now that dom# is not left-outer u-regular. By and the
fact that (hf)=(v) = sup{v-x | x € dom#;} (see [13| Theorem 13.3]), there is 7 and
7 € R? such that sup{¥-x | x € p-liminfdom#hz} > (h#)*(¥). Here y cannot have an
atom at 7, otherwise {7} € %f—” # and u-liminfdom#h; C cldomhy. Let 8 = 0 + v,
where & denotes a Dirac measure at 7 and 0 is absolutely continuous with respect to
with d6/du = w. By Proposition cldom#; = p-liminfdom#a, p-a.e. so that

sup { / x,d6; — / h,(xl)d,ul} =— / inf R (y)du?
XEBV R R T x€p-liminf dom A;

do
=/ nw(|l-— du, + sup Vex
/T ' <(d“)t> ' xe-liminfdom h;

> Jp(0).
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