Chapter 3

Bases and frames

1. Bases in Banach spaces

Definition 3.1. Let V be a Banach space with norm ‖·‖. A sequence (g_j)^∞_{j=1} ⊂ V is a Schauder basis for V provided that for each element x ∈ V there exist unique coefficients γ_j such that ∑_∞ j=1 γ_j g_j = x, that is, lim_{n→∞}‖ ∑_n j=1 γ_jg_j − x‖ = 0.

A Schauder basis (g_j )^∞_{j=1} is said to be bounded if 0 < inf_{j≥1}‖g_j ‖ ≤ inf_{j≥1}‖g_j ‖ < ∞.

It is, of course, possible to replace the index set N by some other countable set I, but then one must be more careful with the convergence and provide an explicit bijection N → Ior equivalently, give a linear ordering of the set (g_j )_{j∈I}.

It is clear that if there is a Schauder basis in a Banach space, then this space must be separable, i.e., there is a countable set that is dense in the space.

If the dimension of the space is finite, then a set is a basis if and only if it is linearly independent and spans the space. To see that this is not sufficient in the infinite dimensional case consider the set (•^j )^∞_{j=0}. This set of functions is linearly independent and by Weierstrass approximation theorem, it is also dense in C([0, 1]; C ). However, it is not a basis, because if it were, then every continuous function could be written in the form

f = ∞∑ j=0 γ_j •^j , (3.1)

11 where the series converges uniformly on [0, 1]. But then f is an analytic function and this is clearly not always the case.

The following result describes what kind of “independence” is needed in the infinite dimensional case and it also turns out to be very useful when one wants to check whether a given sequence is a basis or not.

Theorem 3.2. Let V be a Banach space with norm ‖·‖. The sequence (g_j)^∞_{j=1} ⊂ is a Schauder basis for V if and only if

(i) g_j ≠ 0 for every j ≥ 1,

(ii) span{ ∑_∞ j=1} = V , (iii) there exists a positive number K such that ‖ ‖ ‖ n∑ j=1 γ_j g_j ‖ ‖ ‖ ≤ K ‖ ‖ ‖ n+k∑ j=1 γ_j g_j ‖ ‖ ‖, for all positive integers n and k and for all scalars γ_j .

Proof. Assume that (g_j )_{j∈N} is a Schauder basis for V . Properties (i) and (ii) follow almost immediately from the definition of a basis so it remains to establish (iii). We define |||·||| by |||x||| = sup_{k≥1} ‖ ‖^k ∑ j=1 γ_j g_j ‖ ‖ if x =^∞ ∑ j=1 γ_j g_j . (3.2)

It is easy to check that |||·||| is a norm in V , but we must also prove that V_{|||·|||} (the space V with the norm |||·|||) is complete. Let us therefore assume that (x_m)_{m∈N} is a Cauchy sequence in V_{|||·|||}. Since (g_j)_{j∈N} is a basis, it follows that for each m ≥ 1 we have x_m = ∑_∞ j=1 γ_j (x_m)g_j. Now we have for p > q

(3.3) ‖ ‖ p∑ j=q+1 ( γ_j (x_m) − γ_j (x_n) ) g_j ‖ ‖

≤ ‖ ‖ ‖ p∑ j=1 ( γ_j (x_m) − γ_j (x_n) ) g_j ‖ ‖ ‖ + ‖ ‖ ‖ q∑ j=1 ( γ_j (x_m) − γ_j (x_n) ) g_j ‖ ‖ ‖ ≤ 2|||x_m − x_n|||. By taking p = q + 1 we see that (γ_p(x_m)g_p)_{m∈Z}is a Cauchy sequence (in V_{‖·‖}) as well, and therefore it converges towards some element η_pg_p.

Let ϵ > 0 be arbitrary. There exists an integer m_ϵ such that |||x_m −x_n||| < ϵ/4 when m, n ≥ m_ϵ. If we let n → ∞ in (3.3), then we get for ever m ≥ m_ϵ ‖ ‖ p∑ j=q+1 γ_j (x_m)g_j − p∑ j=q+1 η_j g_j ‖ ‖ ≤^ϵ_2 . (3.4)

© G. Gripenberg 20.10.2006

1. Bases in Banach spaces 13

Now ∑_p j=1 γ_j (x_{mϵ} )g_j converges towards x_{mϵ} and hence there is a number q_ϵ such that ‖ ∑_p j=q+1 γj (xmϵ )gj ‖ < ϵ/2 when qϵ ≤ q < p. But then it follows

from (3.4) with m = m_ϵ that ‖ ‖ p∑ j=q+1 η_jg_j ‖ ‖ < ϵ, (3.5)

and the completeness of V_{‖·‖} implies that the series ∑_∞ j=1 η_j g_j converges toward some element x of V . By the uniqueness of the coefficients γ_j (x), we know that η_j = γ_j (x) for all j ∈ N. Taking q = 0 in (3.4) we have |||x_m − x||| = sup_{p≥1} ‖ ‖ ‖ p∑ j=1 ( γ_j (x_m)g_j − p∑ j=1 γ_j (x)g_j ) ‖ ‖ ‖ < ϵ, (3.6)

when m ≥ m_ϵ and thus we see that V_{|||·|||} is complete.

Since ‖•‖ ≤ |||•|||, the identity mapping T : V_{|||·|||} → V_{‖·‖} is continuous, and since V_{|||·|||} is complete, it follows from the inverse mapping theorem that T^{−1} is continuous too, and this is exactly what (iii) says.

Next we have to prove that conditions (i)–(iii) are sufficient for (g_j )_{j∈N} to be a Schauder basis. For each k ≥ 1, let g^∗_k be the linear functional defined on span(g_j )_{j∈Z}by letting ⟨g^∗_k, x⟩ = γ_k if x = ∑_∞ j=1 γ_jg_j with only finitely many nonzero terms. Moreover, we then have for these elements x |⟨g^∗_k, x⟩| = |γ_k| = ‖ ‖ ∑_k j=1 γ_j g_j − ∑_{k−1} j=1 γ_j g_j ‖ ‖ ‖g_k‖ ≤ 2K‖x‖ ‖g_k‖ , so that g^∗_k is continuos with norm ‖g^∗_k‖ ≤ 2K ‖g_k‖ . (3.7)

By (ii) it is possible to extend g^∗_k by continuity to all of V . One consequence of this result is that if x = ∑_∞ j=1 γ_jg_j , then the coefficients are uniquely determined by γ_j = g^∗_j (x).

Next we consider the element h_n = x − ∑_n j=1 ⟨ g^∗_j , x ⟩ g_j , where n ≥ 1.

By (ii) h_n belongs to the closure of span(g_j)_{j≥1}, but since g^∗_j (h_n) = 0 for every integer j between 1 and n, it follows that h_n actually belongs to span(g_j )_{j≥n+1}.

Let ϵ > 0 be arbitrary. Invoking (ii) once more, we see that there exist an integer N and numbers γ_j , j ≥ 1 with γ_j = 0 when j > N such that ‖ ∑_N j=1 γ_j g_j − x‖ < ϵ/(1 + K) Then ‖ ‖^n ∑ j=1 (⟨ g^∗_j , x ⟩ − c_j ) g_j + h_n ‖ ‖ <^ϵ_{1+K} , n ≥ N. (3.8)

© G. Gripenberg 20.10.2006

Since h_n ∈ span(g_j)_{j≥n+1} we can invoke (iii) to conclude that ‖ ‖ ‖ n∑ j=1 (⟨ g^∗_j , x ⟩ − γ_j ) g_j ‖ ‖ ‖ <^{ϵK}1+K , n ≥ N, (3.9)

and it follows from the triangle inequality that ‖h_n‖ < ϵ, n ≥ N. (3.10)

This completes the proof.

2. Unconditional bases

A Schauder basis in a Banach space is said to be unconditional if, whenever the sum ∑_∞ j=1 γ_j g_j converges, it actually converges unconditionally, i.e., if every permutation of the series converges. An immediate property of unconditional bases is that there are no problems with the summation if the index set is an arbitrary countable set I, instead of N.

Recall that if a series converges absolutely in a Banach space, then it converges unconditionally. In finite dimensional spaces the converse also holds but this is no longer the case if the dimension is infinite.

Next we give a useful characterization of unconditional bases that is analoguous to Theorem 3.2.

Theorem 3.3. Let V be a Banach space with norm ‖·‖. The set (g_j)_{j∈I} is an unconditional basis for V if and only if

(i) g_j ≠ 0 for every j ∈ I, (ii) span{g_j}_{j∈I} = V , (iii) there exists a positive integer K such that ‖ ‖ ∑ j∈A γ_j g_j ‖ ‖ ≤ K ‖ ‖ ∑ j∈A∪B γ_j g_j ‖ ‖, (3.11)

for all finite subsets A and B of I and all scalars γ_j .

3. Orthonormal and Riesz bases in Hilbert spaces

First we consider a Hilbert space and give some equivalent conditions for a sequence to be an orthonormal basis. Usually the space H is separable and the sequence countable, but this is not necessary.

Theorem 3.4. Let H be a Hilbert space with inner product ⟨·, ·⟩, and assume that e_n ∈ H for all n ∈ I. Then the following properties are equivalent (and if they hold the sequence (e_n)_{n∈I} is said to be an orthonormal basis for H): © G. Gripenberg 20.10.2006

(i) span{e_n}_{n∈I} = H and ⟨e_n, e_m⟩ = { 1, if n = m ∈ I, 0, if n ≠ m, n, m ∈ I. (ii) span{e_n}_{n∈I} = H and ∑ n=A |c_n|^2 = ‖ ‖ ‖ ∑ n∈A c_ne_n ‖ ‖ ‖ 2 , for all numbers c_n, n ∈ A, where A is a finite subset of I.

(iii) ‖e_n‖ = 1, n ∈ I and ∑ n∈I |⟨f, e_n⟩|^2 = ‖f‖^2, f ∈ H.

Next we consider so called Riesz bases, but note that there are other ways of characterizing such bases than the ones given below.

Theorem 3.5. Let H be a Hilbert space with inner product ⟨·, ·⟩ and let f_n ∈ H for all n ∈ I. Then the following properties are equivalent (and if they hold, the sequence (f_n)_{n∈I} is said to be a Riesz basis):

(i) There is an orthonormal basis (e_n)_{n∈I} of H and a bounded linear operator T : H → H with bounded inverse such that f_n = T e_n for each n ∈ I.

(ii) (f_n)_{n∈I} is an unconditional basis for H and there are positive constants α and β such that 0 < α ≤ ‖f_n‖ ≤ β < ∞ for all n ∈ I.

(iii) span{f_n}_{n∈I} = H and there are positive constants a and b such that and a ∑ n∈A |c_n|^2 ≤ ‖ ‖ ‖ ∑ n∈A c_ne_n ‖ ‖ ‖ 2 ≤ b ∑ n∈A |c_n|^2, for all numbers c_n, n ∈ A where A is a finite subset of I.

(iv) span{f_n}_{n∈I} = H and there are positive constants a and B such that a k∑ n=1 |c_n|^2 ≤ ‖ k∑ n=1 c_ne_n‖^2,

for all numbers c_1, . . . , c_k, k ≥ 1, and ∑ n∈I |⟨f, f_n⟩|^2 ≤ B‖f‖^2, f ∈ H. © G. Gripenberg 20.10.2006

(v) span{f_n}_{n∈I} = H and there is a sequence (g_n)_{n∈I} such that span{g_n}_{n∈I} = H and for all m, n ≥ 1 we have ⟨f_n, g_m⟩ = 0 if n ≠ m and ⟨f_n, g_n⟩ = 1, and there is a constant B such that ∑ n∈I |⟨f, f_n⟩|^2 ≤ B‖f‖^2, ∑ n∈I |⟨f, g_n⟩|^2 ≤ B‖f‖^2, f ∈ H.

(vi) There is a sequence (g_n)_{n∈I} such that for all m, n ≥ 1 we have ⟨f_n, g_m⟩ = 0 if n ≠ m and ⟨f_n, g_n⟩ = 1, and there are constants 0 < A ≤ B < ∞ such that A‖f‖^2 ≤ ∑ n∈I |⟨f, f_n⟩|^2 ≤ B‖f‖^2, A‖f‖^2 ≤ ∑ n∈I |⟨f, g_n⟩|^2 ≤ B‖f‖^2, f ∈ H.

Proof. (ii)⇒(iii): It is part of the definition of an unconditional basis that span{f_n}_{n∈I} = H. Suppose next that A ⊂ Iis a finite set with #A number of elements. Let θ be a function: A → {−1, 1} and let M_θ be the function on span{f_n}_{n∈A} defined by M_θ ( ∑ n∈A c_nf_n) = ∑ n∈A θ(n)c_nf_n. By Theorem 3.3 there is a constant K such that ‖ ‖ ‖ ‖ ‖ ∑ n∈A θ(n)=1 c_nf_n ‖ ‖ ‖ ‖ ‖ ≤ K ‖ ‖ ‖ ∑ n∈A c_nf_n ‖ ‖ ‖ , and ‖ ‖ ‖ ‖ ‖ ∑ n∈A θ(n)=−1 c_nf_n ‖ ‖ ‖ ‖ ‖ ≤ K ‖ ‖ ‖ ∑ n∈A c_nf_n ‖ ‖ ‖ .

From these inequalities we can conclude that ‖M_θ‖ ≤ 2K. (3.12)

Next, let Θ_A be the set of functions θ : A → {−1, 1}. Clearly there are 2^{#A} elements in this set. A straightforward calculation shows that

2^{−#A} ∑ θ∈Θ_A ‖ ‖ ‖ M_θ ( ∑ n∈A c_nf_n )‖ ‖ ‖ 2 = 2^{−#A} ∑ θ∈Θ_A ‖ ‖ ‖ ∑ n∈A θ(n)c_nf_n ‖ ‖ ‖ 2 = 2^{−#A} ∑ θ∈Θ_A ∑ n∈A |c_n|^2‖f_n‖^2 + ∑ n,m∈A n≠m θ(n)θ(m) ⟨c_nf_n, c_mf_m⟩

= ∑ n∈A |c_n|^2‖f_n‖^2+2^{−#A} ∑ n,m∈A n≠m ⟨c_nf_n, c_mf_m⟩ ∑ θ∈Θ_A θ(n)θ(m) = ∑ n∈A |c_n|^2‖f_n‖^2.

© G. Gripenberg 20.10.2006

Using (3.12) we see from the previous equality that ∑ n∈A |c_n|^2‖f_n‖^2 ≤ 4K^2 ‖ ‖ ‖ ∑ n∈A c_nf_n ‖ ‖ ‖ 2 , and because M_θ M_θ = I that ‖ ‖ ‖ ∑ n∈A c_nf_n ‖ ‖ ‖ 2 = 2^{−#A} ∑ θ∈Θ_A ‖ ‖ ‖MθMθ ( ∑ n∈A c_nf_n )‖ ‖ ‖ 2

≤ 4K^22^{−#A} ∑ θ∈Θ_A ‖ ‖ ‖ M_θ ( ∑ n∈A c_nf_n )‖ ‖ ‖ 2 = 4K^2 ∑ n∈A |c_n|^2‖f_n‖^2. Thus we conclude from the assumption that the basis (f_n)_{n∈I} is bounded that

α^2 4K^2 ∑ n∈A |c_n|^2 ≤ ‖ ‖ ‖ ∑ n∈A c_nf_n ‖ ‖ ‖ 2 ≤ 4K^2β^2 ∑ n∈A |c_n|^2, and this is exactly what we had to prove.

(i)⇒(ii): Let f ∈ H be arbitrary. Since (e_n)_{n∈I} is an orthonormal basis we have

T^{−1}f = ∑ n∈I c_ne_n, (where, of course, c_n = ⟨ T^{−1}f, e_n ⟩ , n ∈ I). Since T is continuous and T e_n = f_n for n ∈ I, it follows that f = ∑ n∈I c_nf_n. The uniqueness of the coefficients follows from the uniqueness of the expansion in the orthonormal basis and thus we conclude that (f_n)_{n∈I} is an unconditional basis. Because ‖e_n‖ = 1 it follows that 1 ‖T^{−1}‖ ≤ ‖f_n‖ ≤ ‖T ‖, n ∈ I. (i)⇒(iii): Since f_n = T e_n for all n we have ∑ n∈A c_nf_n = T ( ∑ n∈A c_ne_n ) and T^{−1} ∑ n∈A c_nf_n = ( ∑ n∈A c_ne_n )

so that ‖ ‖ ‖ ‖ ∑ n∈A c_nf_n ‖ ‖ ‖ 2 ≤ ‖T ‖^2 ‖ ‖ ‖ ∑ n∈A c_ne_n ‖ ‖ ‖ 2 = ‖T ‖^2 n∑ k=1 |c_n|^2, © G. Gripenberg 20.10.2006 and ‖ ‖ ‖ ∑ n∈A c_nf_n ‖ ‖ ‖ 2 ≥ ‖T^{−1}‖^{−2} ‖ ‖ ‖ ∑ n∈A c_ne_n ‖ ‖ ‖ 2 = ‖T^{−1}‖^{−2} n∑ k=1 |c_n|^2. (iii)⇔(iv): Suppose (iii) holds. If c_n, n = 1, . . . , k are arbitrary numbers we have | | | ∑ n∈A c_n ⟨f, f_n⟩ | | | 2 = | | | ⟨ f, ∑ n∈A c_nf_n ⟩| | | 2 ≤ ‖f‖^2 ‖ ‖ ‖ ∑ n∈A c_nf_n ‖ ‖ ‖ 2 ≤ b‖f‖^2 ∑ n∈A |c_k|^2. If we now choose c_n = ⟨f, f_n⟩ and let k → ∞, then we get the missing claim.

For the converse we let f = ∑ n∈A c_nf_n. Then ‖f‖^4 = |⟨f, f⟩|^2 = | | | ∑ n=1 kc_n ⟨f, f_n⟩ | | | 2

≤ ∑ n∈A |c_n|^2 ∑ n∈A |⟨f, f_n⟩|^2 ≤ B‖f‖^2 ∑ n∈A |c_n|^2. When we divide by ‖f‖^2 we get the desired result.

(iv)⇒(v): The first inequality implies that for each m ≥ 1 ‖ ‖ ‖ ‖ k∑ n=1 n≠m c_nf_n − f_m ‖ ‖ ‖ ‖ ≥ a > 0.

Thus f_m /∈ span{ f_n | n ≥ 1, n ≠ m } and therefore there exists an element g_m ∈ H such that ⟨f_n, g_m⟩ = 0 if n ≠ m and 1 if n = m.

If f = ∑ n∈A c_nf_n we must therefore have c_n = ⟨f, g_n⟩. Thus we have ∑ n∈I |⟨f, g_n⟩|^2 ≤ 1 a ‖f‖^2, for f in a dense subset of H, and by continuity for all f ∈ H. In order to prove that span{g_n}_{n∈I} = H it suffices to recall that (iv) implies (iii) because then we can conclude that if for some f ∈ H we have ⟨f, g_n⟩ = 0 for all n ≥ 1 then f = 0.

(v)⇒(i): Let (e_n)_{n∈I} be an arbitrary orthonormal basis for H. furthermore, Let f = ∑ n∈A c_nf_n and g = ∑ n∈A d_ng_n. By the biorthogonality assumption we have c_n = ⟨f, g_n⟩ and d_n = ⟨g, f_n⟩. If we now define Sf = ∑ n∈A c_ne_n,

Ug = x∑ n=1 kd_ne_n, © G. Gripenberg 20.10.2006 then we conclude that ‖Sf‖^2 = ∑ n∈A |c_n|^2 = ∑ n∈A |⟨f, g_n⟩|^2 ≤ B‖f‖^2. A similar inequality can be derived for U so that we conclude, since S and U are densely defined that they can be extended to bounded continuous operators on H with norms at most √ B. The biorthogonality combined with the continuous extension implies that ⟨Sf, Ug⟩ = ⟨f, g⟩ , f, g ∈ H. Thus we conclude that ‖f‖^2 = ⟨f, g⟩ = ⟨Sf, Uf⟩ ≤ ‖Sf‖‖Uf‖ ≤ ‖Sf‖ √ B‖f‖. Since the range of S is dense in H we conclude that S has a bounded inverse and the proof is completed.

(v)⇔(vi): First assume that (v) holds. Since we know that (v) is equivalent to (i) there is an operator T such that (T^{−1}f_n)_{n∈I} is an orthonormal basis. Then ∑ n∈I |⟨f, f_n⟩|^2 = ∑ n∈I | |⟨f, T T^{−1}f_n⟩ | |^2

= ∑ n∈I |⟨ T^∗f, T^{−1}f_n ⟩|_2 = ‖T^∗f‖^2 ≥ 1 ‖(T^∗)^{−1}‖^2 ‖f‖^2. Since (g_n)_{n∈I} satisfies the same assumptions as (f_n)_{n∈I} we get the second conclusion as well.

Suppose next that (vi) holds. Then we have only to establish the fact that span{f_n}_{n∈I} = H and span{g_n}_{n∈I} = H and these claims follow directly because by (vi) there cannot be a nonzero vector orthogonal to all vectors f_n or to all vectors g_n.

4. Frames

If the first condition in Theorem 3.5.(iv) holds, then we have a Riesz-Fischer sequence and if the second one holds then we have a Bessel sequence. However, here we shall consider the case where we require the first inequality in 3.5.(vi) to hold.

Definition 3.6. Let H be a separable Hilbert space. A sequence (f_n)_{n∈I} of elements in H is a frame if there are positive constants A and B (the bounds for the frame) such that A‖f‖^2 ≤ ∑ n∈I |⟨f, f_n⟩|^2 ≤ B‖f‖^2, f ∈ H. © G. Gripenberg 20.10.2006

Theorem 3.7. If (f_n)_{n∈I} is a frame then the formula T f = ∑ n∈I ⟨f, f_n⟩ f_n. (3.13)

defines a bounded, selfadjoint, invertible, linear operator with ‖T ‖ ≤ B and ‖T^{−1}‖ ≤ A^{−1}. Moreover, if f ∈ H, then f = ∑ n∈I a_nf_n where a_n = ⟨ T^{−1}f, f_n ⟩ = ⟨ f, T^{−1}f_n ⟩ , n ≥ 1, and if f = ∑ n∈Ib_nf_n, then ∑ n∈I |b_n|^2 = ∑ n∈I |a_n|^2 + ∑ n∈I | a_n − b_n |_2 ≥ ∑ n∈I |a_n|^2. (3.14)

Proof. First we have to show that T is well defined. Let J be a finite subset of Iand T_Jf = ∑ n∈J ⟨f, f_n⟩ f_n. Observe that

‖T_Jf‖^4 = |⟨T_Jf, T_Jf⟩|^2 = | | | | ∑ n∈J ⟨f, f_n⟩ ⟨f_n, T_Jf⟩ | | | | 2

≤ ∑ n∈J |⟨f, f_n⟩|^2 ∑ n∈J |⟨f_n, T_Jf⟩|^2 ≤ { B^2‖f‖^2‖T_Jf‖^2, B ∑ n∈J|⟨f, f_n⟩|^2‖T_J f‖^2. Thus we conclude that ‖T_Jf‖ ≤ B‖f‖, and ‖T_Jf‖^2 ≤ B ∑ n∈J |⟨f, f_n⟩|^2 From this we conclude that the sum ∑ n∈I⟨f, f_n⟩ f_n converges to an element T f where T is a linear operator satisfying ‖T ‖ ≤ B. Next we observe that ⟨T f, f⟩ = ∑ n∈I |⟨f, f_n⟩|^2 ≥ A‖f‖^2. From this we first conclude that ‖T f‖ ≥ A‖f‖ which implies that the range of T is closed. If this range is not H there is a nonzero vector h ∈ H orthogonal to it, but this is impossible because ⟨T h, h⟩ ≥ A‖h‖^2 > 0. Thus we conclude that T is invertible. © G. Gripenberg 20.10.2006

Next we show that T is self-adjoint. Let f and g ∈ H be arbitrary. Then ⟨T f, g⟩ = ∑ n∈I ⟨f, f_n⟩ ⟨f_n, g⟩ = ∑ n∈I ⟨f, f_n⟩ ⟨f_n, g⟩

= ⟨ f, ∑ n∈I ⟨f_n, g⟩ f_n ⟩ = ⟨f, T g⟩ . By the definition of T we have

f = T (T^{−1}f) = ∑ n=1 ⟨ T^{−1}f, f_n ⟩ f_n = ∑ n=1 ⟨ f, T^{−1}f_n, f ⟩ n . Suppose now that f = ∑ n∈Ib_bf_n. If ∑ n∈I|b_n|^2 = ∞ there is nothing to prove, so we assume that the sum is finite. Now we have ∑ n∈I (b_n − a_n)a_n = ∑ n∈I (b_n − a_n) ⟨ f_n, T^{−1}f ⟩ = ⟨ ∑ n∈I (b_n − a_n)f_n, T^{−1}f ⟩

= ⟨ ∑ n∈I b_nf_n − ∑ n∈I a_nf_n, T^{−1}f ⟩ = ⟨ f − f, T^{−1}f ⟩ = 0,

which means that (b_n − a_n)_{n∈I} ⊥ (a_n)_{n∈I} and using this fact we get (3.14).

Theorem 3.8. Let H be a separable Hilbert space and let (f_n)_{n∈I} be a frame in H. Let g_n = T^{−1}f_n where T is the operator T f = ∑ n∈I⟨f, f_n⟩ f_n. Then either (f_n)_{n∈I} is a Riesz basis for H (with ⟨f_n, g_m⟩ = 0 if n ≠ m and 1 if n = m) or there is a number k ≥ 1 such that (f_n)^∞_{n=1n≠k} is a frame.

Proof. If for all m and n ≥ 1 we have ⟨f_n, g_m⟩ = { 0, if n ≠ m, 1, if n = m,

then (f_n)_{n∈I} is a Riesz basis by Theorem 3.5.(vi).

Suppose that for some k ≥ 1 either ⟨f_k, g_k⟩ ≠ 1 or ⟨f_k , g_m⟩ ≠ 0 for some m ≠ k. Since (f_n)_{n∈I} is a frame we have write

f_k = ∑ n∈I ⟨f_k , g_n⟩ f_n. If now ⟨f_k, g_k⟩ = 1 then we have 0 = ∞∑ n=1 n≠k ⟨f_k , g_n⟩ f_n

© G. Gripenberg 20.10.2006

On the other hand we have 0 = ∑ n∈I 0 f_n, and by Theorem 3.7 we must therefore have ⟨f_k , g_n⟩ = 0, n ≠ k. Thus we may assume that a_k^{def}= ⟨f_k , g_k⟩ ≠ 1. Then we have

f_k = 1 1 − a_k ∞∑ n=1 n≠k ⟨f_k , g_n⟩ f_n,

and in particular

|⟨f, f_k⟩|^2 = 1 |1 − a_k|^2 | | | | | ∞∑ n=1 n≠k ⟨f_k , g_n⟩ ⟨f, f_n⟩ | | | | | ≤ 1 |1 − a_k|^2 ∞∑ n=1 n≠k |⟨f_k, g_n⟩|^2 ∞∑ n=1 n≠k |⟨f, f_n⟩|^2.

Thus we conclude that_∞ ∑ n=1 |⟨f, f_n⟩|^2 ≤ C‖f‖^2, where C = 1 +^1_{|1−ak |2} ∑_{∞n=1} n≠k |⟨f_k, g_n⟩|^2. It follows that A C ‖f‖^2 ≤ ∞∑ n=1 n≠k |⟨f, f_n⟩|^2 ≤ B‖f‖^2,

and we conclude that (f_n)^∞_{n=1n≠k} is a frame. This completes the proof.

© G. Gripenberg 20.10.2006