11 Metrizability

Next we try to construct metrics on compact spaces. We shall learn that a
compact space is metrizable if and only if the corresponding commutative
C*-algebra is separable. Metrizability is equivalent to the existence of a
countable family of continuous functions separating the points of the space.
As a vague analogy to the manifolds, the reader may view such a countable
family as a set of coordinate functions on the space.

Theorem. IfF C C(X) is a countable family separating the points of a
compact space (X, 7) then X is metrizable.

Proof. Let F = {f,}32, C C(X) separate the points of X. We can assume
that ||f.|| < 1 for every n € N; otherwise consider for instance functions
x— fo(x)/(1+ |fo(z)]). Let us define

d(.’l?, y) = SléIN) 2_n|fn($) - fn(y)|

for every z,y € X. Next we prove that d : X x X — [0,00[ is a metric:
d(z,y) = 0 & = =y, because {f,}5°, is a separating family. Clearly also
d(z,y) = d(y,z) for every z,y € X. Let z,y,2 € X. We have the triangle
inequality:

d(z,z) = SléIN)27H|fn($)_fn(z)|
< Slég(?ﬂfn(ﬂi) = Fa@W)+ 27" fay) = Fu(2))
S sup 27" fn () = fn(y)] + sup 27" fuly) = fu(2)]

= d(z,y) +d(y, 2).
Hence d is a metric on X.
Finally, let us prove that the metric topology coincides with the original
topology, 74 = 7: Let x € X, ¢ > 0. Take N € N such that 27V < . Define

U = f, " (D(fu(2),2)) € Vr(x), U:=[)Us € Vi(a).

n=0
If y € U then
d(z,y) = sup 27" fulz) = fu(y)| <e.
ne

Thus x € U C By(z,e) = {y € X | d(z,y) < €}. This proves that the original
topology 7 is finer than the metric topology 74, i.e. 74 C 7. Combined with
the facts that (X, 7) is compact and (X, 74) is Hausdorff, this implies that
we must have 7y = 7 O
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Corollary. Let X be a compact Hausdorff space. Then X s metrizable if
and only if it has a countable basis.

Proof. Suppose X is a compact space, metrizable with a metric d. Let
r > 0. Then B, = {By(x,r) | x € X} is an open cover of X, thus having a

finite subcover B]. C B,. Then B := U B/, is a countable basis for X.
n=1
Conversely, suppose X is a compact Hausdorff space with a countable

basis B. Then the family
C:= {(Bl,BQ) e BxB | ECBQ}

is countable. For each (Bj, By) € C Urysohn’s Lemma provides a function
I8, € C(X) satisfying

fBlBQ(E) = {0} and fBlB2(X \ BZ) = {1}
Next we show that the countable family
F={fpn,: (Bi,By) €C} CC(X)

separates the points of X: Take z,y € X, x # y. Then W := X \ {y} €
V(x). Since X is a compact Hausdorfl space, there exists U € V(z) such
that U ¢ W. Take B'.B € B such that x € B' ¢ B' ¢ B C U. Then
fee(z) =0#1= fpp(y). Thus X is metrizable O

Conclusion. Let X be a compact Hausdorff space. Then X 1is metrizable
if and only if C(X) is separable (i.e. contains a countable dense subset).

Proof. Suppose X is a metrizable compact space. Let F C C(X) be a
countable family separating the points of X (as in the proof of the previous
Corollary). Let G be the set of finite products of functions f for which
f € FUF*U{l}; the set G = {g;}%, is countable. The linear span A of G
is the involutive algebra generated by F (the smallest x-algebra containing
F); due to the Stone-Weierstrass Theorem, A is dense in C(X). If S C C is
a countable dense set then

oI+ " Ngj [ neZ*, (\)l, C S}

=1

is a countable dense subset of A, thereby dense in C(X).

65



Conversely, assume that F = {f,}>, C C(X) is a dense subset. Take
z,y € X, v # y. By Urysohn’s Lemma there exists f € C(X) such that
f(z) =0# 1= f(y). Take f, € F such that |[f — f,|| <1/2. Then

[fu(2)] <1/2 and  [fu(y)] > 1/2,

so that f,(z) # f.(y); F separates the points of X O

Exercise*. Prove that a topological space with a countable basis is sepa-
rable. Prove that a metric space has a countable basis if and only if it is
separable.

Exercise. There are non-metrizable separable compact Hausdorff spaces!
Prove that X is such a space, where

X={f:[0,1]=[0,1] |z <y= f(z) < f(y)}

is endowed with a relative topology. Hint: Tihonov’s Theorem.
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