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1. Assume that x € R% Calculate the gradient of the function

flw) = glx — (w-x)w[’, weR’,

at a point where |w| = 1.

Solution: We have

Fw) = Sl = (w30 4 3w )7 w
It 1 <3 < d then a straightforward calculation shows that
af(w)
aw(j)
where we used the fact that |[w| = 1. Thus the gradient of f is

= —2(w - x)x(j) + (W - x)x(H) [ w]” + (w - x)*w(j) = —(w - x)x(j) + (W - x)*W(j),

fl(w) = —(w-x)x + (w-x)*w.

Note that if we want to minimize f for a given fixed x we choose, of course, w = |)1c—|x,
but if x is not fixed but a random vector, this is not a good idea. However, if we are given
a sequence of samples of this random vector, we can at each step change w a small step

in the direction of the negative gradient, and then we get the updating formula

Wil = W + Yo (W - X)X, — (W, - X, ) W),

2. Assume that w € R? is such that |w| = 1. If x € R?, define
. 1
W =
W+ n(w - x)x|
so that [w*| = 1. Show that
W = w4 g(w - X)x — (w - x)w) + ().

(W +n(w - x)x),

Solution: Because |w| = 1 and since \/11? =1 — 2t 4+ O(t*) we have
1 - 1
w+n(w-x)x|  /]w|? + 2p(w - %)% + p%(w - x)2|x|?

Hence

=1—n(w-x)*+0(r").

1
[w +n(w - x)x|

(w4 n(w - x)x) = (W +7(w - x)x)(1 —n(w-x)" + O(n*))

=t n(w - x)(x — (W x)w) + O(r?).




3. Assume that € R™'. Find the gradient of the function
fW) =3X —W'WX?, WeR™
at a point where WW?T = 1.
Solution: We can rewrite f(W) as
fW) =L(XTX —2X"W'WX + X"W'WW'WX).
If we have a function of the form g(W) = AW B where A and B are matrices with the
dimensions 1 X m and d x 1, then

dg(W) .
— = A(1,7)B(k.1
aW(J,k) ( 7-]) ( Y )7
so we can write
g(W)=ATB"

Similarly if (W) = AWTB, then ¢(W) = BYW AT so that ¢'(W) = BA. Applying these

differentiation rules to f we get
FW)=3(—2WXXT —2WXX"+ WW' WXX" + WXXTW'W
+ WXXTWIW + WWTWXXT) = - WXXT + WXXTW'W,
when we use WWT = 1.




