Mat-5.3741 Theory of Elasticity (5 cp L Spring 2007
Stenberg/Juntunen

Exercise 9

Problem 1
Eliminate the moments M;; and the shear Q;, 4,7 = 1,2, in the equations

2 2 2 62
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or3 oz 0z} ' 92
My =—(1-v)D i:g
%4*%?:@1 %4“8-(%,2—2:@2
- (5 ea) =

What equation do you get for the deflection w?

Problem 2

Probably the simplest Kirchhoff plate finite element is Morley’s nonconforming
triangular element. The local space is Py(K), K = triangle, and the degrees of
freedom are the values at the three vertices and the values of the normal derivative
at the three midpoints of the edges. Show that this set of degrees of freedom is
“unisolvent”, i.e. determines the functions uniquely.

Problem 3 (home exercise)

Consider a circular domain = {22+ 23 < R?} and a uniform load f=1/(ra®
in the domain 2% + 22 < a2. Solve the problem (e.g. with Maple/Mathematica)
both for clamped and simply supported case. Print all variables. Study also the
limit solution a — 0.

Problem 4 (home exercise to be handed on Tuesday April 24.)

Consider a simply supported Kirchhoff plate in the domain (0,2a) x (0, 2b). The
load is uniform f = 1/(2cd) in the region (@—c,a+c) x (b~d,b+d). Solve
the problem by Fourier series and plot the deflection, the moments, and the shear
force. Study also the limit solutions (c, d) - (0,0) and (¢, d) — (a,b).
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ex9p3.nb 1

In(i35):= \ oS - ),
Rlaplace[w_] :=1/zx«D[r«D[w, ], r] +1/r72+D[w, ¢, ¢] DQ%‘ ne A &{‘){}’ft

In[136]:=

yvht = Expand[Rlaplace[Rlaplace|[w[r A ¢
xpand [ [ wlrl]1] NS q.,
Cutfl136}=
. (3
w’{3r} W {23:} 2w [r] rw® [r]
r r r
In{i137]:=
dsol = DSolve[yht == £, w, x]
Outf{i37}=
7 . fr4 1 2 1 2 1 2
W Functlon[{r}, %1 "3 T clz2y - Tr C[3] +C[4] +C[1] Log[r] + 5T C[3] Log{r}”}
In[138]:= 0 e 7 < .
ww = dsol[[1, 1, 2]] SetoMTa i &3 %%@?—é{-
out[138]=
. £ré 1 1, 1,
Function[{r}, 1 "3 ¥ Cl21- 7 r?Cl3]+Cl4] +C[1]) Log[r] + 5 r? C[3] Log[r]]
In{109]:= 7
wil[r_] =wwir] /. {C[3] >0, C[1] » 0} &7 b s s i Y,
w2[r_] =ww[r] /. {C[1] » D1, C[2] -» D2, C[3] » D3, C[4] - D4, £ - 0} Sel goie loc's
outfl69]=
£r¢ 1, i
g2t % C{2] +C{4]
outfllg]=
2 2
pg s P2E _ D3rt + D1 Log[r] + Lopsy2 Log(r]
2 4 2
In{111]:= calvie  vest o 1;1
ratk = Solve[{w2[R] == 0, w2’ [R] =0, - %%;‘;g
wlla] = w2[a], wil’[a] =w2"'[a], s 3
wi‘’[a] =w2’’[a], wl’’’[a] =w2‘’’[a]}, {C[2], C[4], D1, D2, D3, D4}]
Cur{11i]=
{{CM] - ‘6% (-3a* £+4a? £R? +4a® fLog[a] - 4 a® £ Log[R]),
4 F _ 4 a2 £n2 r 2 2
D4 = (a £:2a £R? ~2a¢ £Log[R]), cr2] » -2 L4 fR'Togla) vda® £R? Log(R]
32 16 R
a* £+ 4a? £R? Log[R] at £ a’ £
D2 - - TER2 , D1 - 16 , D3 > 7 }}
In[112}:=

sollfr_ ] =wl[r] /. ratk] [11]

sol2[r | =w2[r] /. ratk[[1] ]
outf[ilzj=

£r

&

r

4

+-37; (-3a*£+4a” £R? + 4a% fLog[a] - 4 at fLog{R]} -

'S
o

By

(a® £-4a% £R? Loglal + 4 a? £ R2 Log[R]})
32 R?

Cut[113]=
L e Fr? . L at fLoglr} + R fr? Logir] +
186 16 8 :
r? (a* £+4a? £R? Log[R])
32 RZ

-3-3:2-<a4f:-2a2fR2-2a4fLog{Rn-



ex9p3.nb

In{lid]:=
aa=1/2;
RR = 1;
fEf£=1/n/aa*2;
kuval = Plot[soll[r] /. (£ - £f, a - aa, R->RR}, {r, 0, aa}];
kuva2 = Plot[sol2[r] /. {f-> ff, a—>aa, R- RR}, {r, aa, RR}1;
Show[kuval, kuva2]
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Cut{iig}=
- Graphics =
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In[120]:= g;w\&‘;\%— g .

lsoll[r ] = Limit[soll[r] /. {£-»1/n/a*2}, a- 0]
1sol2[r_ ] = Limit[sol2([x] /. {f=+1/7/a*2}, a- 0]

Cut(1z20}= .

DirectedInfinity[Sign{r]?]
out[121]=

-r? +R* + 2% Log(r] - 2 r? Log[R]

16

In[122]:=

Plot[lsol2([r] /. {R- 1}, {r, 0, 1}]
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outii22}=

- Graphics =
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In[123]:= - J S

ratk = Solve[{w2[R] == 0, w2’’[R] = 0,

wlfa] =w2[a], wl’[a] =w2"’[a],
wl’’[a] =w2'’[a], wl’’/[a] =w2’"'[al}, {C[2], Cc[4], D1, D2, D3, D4}]

Cut[123]=

{{cm ”?lzf (-7a* £+12a® £R? +4a* fLog[a] - 4 a* fLog([R]}),

D4~—>~3}2-— (-a* f+6a? £R? -2 a* £Log[R]),
. a? f a* f 1, 1, ,
Cizz{-‘)*‘——zl‘—-ﬂ‘*m—*zﬁ fLog{a}——é—a fLOg{Rj,

4 2 2 2 2 fmt 4 2
-a” f+4a’ £R® +4a? £R? Log[R] . a* £ a* £
TERe , Dl = TE , D3 -

}

[on—

D2 - -
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Infl124}):=
soll[r ] =wl[r] /. ratk] [11]
sol2[r ] =w2[x] /. ratk[[1]]

£frd 1 ., ( a*t¢ a‘ f 1o, 1 5
- - 2 L2 o x 1

7 5 r { yaa Teas "7 2 f Log{a] 72 fLog{RJ)+

—614—-(»7a4ffl2a2fR2+4a4fL0g[a]-4a4fLog[R}}
Out[l25])=

~——£—a2fr2+£—a4fL0g{r}+-:-L—a2fr2Log“r}+

16 16 8 ¢

1 4 2 2 4 r? (~a4f+4a2fR2+4a2fRzLog[R})

-3—5-( a*f+6a° £fR 2a® fLog[R]) - I5R2
Inf{l26]:=

aa=1/2;

RR = 1;

ff=1/n/aa*2;

kuval = Plot[soll[z] /. {f » ff, a-» aa, R- RR}, {(r, 0, aa}l];
kuva2 = Plot[sol2[x] /. {£ - ££, a > aa, R-> RR}, {r, aa, RR}];
Show[kuval, kuva2]
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Outfi31l}=
= Graphics -

Inf132]:=
lsoll[r ] = Limit[soll{r] /. {£->1/x/ a*2}, a-»0]
l1sol2(r ] = Limit[sol2[xr] /. {(E-+1/n/a*2}, a~ 0]
Oout[132]=
DirectedInfinity[Sign[xr]*]
Out[133]=

-3r? +3R? +2r? Log[r] - 2 r? Log[R]
16w

In{i34]:=
Plot[lsol2[r] /. {R~1}, {r, 0, 1}]
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- Graphics =



