
Mat-1.3604 Stationary Processes.

Exercise 4.10. 2007 Tikanmäki/Valkeila.

1. Let C be a continuous function. Prove that
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C(t)dt = C(0).

2. Find the spectral density of the wide sense stationary process
with covariance kernel C(t) = e−|t| cos(αt).

3. Let η be an orthogonal random measure on (S,S0) with control
measure ν. Show that for A, B ∈ S0

(i) (η(A), η(B))L2(IP) = ν(A ∩ B).
(ii) ||η(A) − η(B)||2

L2(IP) = ν(A 4 B).

(iii) η(A ∪ B) = η(A) + η(B) − η(A ∩ B).
4. [Continuation] If A ⊂ B, then

(i) ||η(A)||L2(IP) ≤ ||η(B)||L2(IP).

(ii) η(B \ A) = η(B) − η(A).
5. Let η be an orthogonal random measure on (S,S0) with conrol

measure ν, and h is an elementary function on (S,S0) with

h =

n∑
k=1

ck1Ak
=

m∑
j=1

dj1Bj
,

where Bj and Ak are disjoint, ck, dj ∈ IC. Show that I(h) is well
defined, where

I(h) :=
n∑

k=1

ckη(Ak);

i.e. show that I(h) is the same random variable in L2(IP) as∑d

j=1 djη(Bj).
6. Show that the stochastic integral I is linear: for two elementary

functions h, g and complex numbers α, β

I(αh + βg) = αI(h) + βI(g).


