
Mat-1.3604 Stationary Processes.

Exercise 20.9. 2007 Tikanmäki/Valkeila.

1. Let L2(IP) be a space of square integrable complex valued
random variables. Let Z1, Z2 ∈ L2(IP). Show that Z1 ⊥ Z2 if
and only for every complex number α we have

||Z1 + αZ2|| = ||Z1 − αZ2||.
2. Prove that if (Zk)k≥1 is orthonormal, then

(i) For any Z ∈ L2(IP) limk(Z,Zk) = 0.
(ii) For j 6= k ||Zk − Zj|| =

√
2.

3. Let (Zk)
n
k=1

∈ L2(IP) be orthonormal: j 6= k ⇒ Zj ⊥ Zk.
Show that for every Z ∈ L2(IP)

inf

(

||Z −
n
∑

k=1

αkZk||
)

is attained, if αk = (Z,Zk).
4. Let ξk be square integrable complex valued random variables

with

Eξk = 0, Eξkξ̄j = 0, when j 6= k, andσ2

k = Eξkξ̄k.

Let αk ∈ IR. Show that the process

Xt =
n
∑

k=1

eiαktξk

is stationary [in the weak sense].
5. Let h1, . . . , hn be real functions and ak ∈ IR, ak > 0. Show

that

C(s, t) =
n
∑

k=1

akhk(s)hk(t)

is a covariance function.
6. Let ψk be functions such that

∫ b

a
ψk(s)ψ̄j(s)ds = 0, j, k =

1, . . . , n, j 6= k, and
∫ b

a
ψk(s)ψ̄k(s)ds = σ2

k. Let Xt be a L2

process defined on [a, b], EXt = 0 and covariance

C(s, t) =

n
∑

k=1

ψk(s)ψ̄k(t).

Put ξk =
∫ b

a
Xuψ̄k(u)du. Compute E(ξj ξ̄k).


