
Chapter 9Ridgelets1. The 
ontinuous transformIn this se
tion we study a version of the 
ontinuous ridgelet ransform whi
his also 
losely related to a neural network with one hidden layer.If now  is a given fun
tion, then we de�ne u;a;b(x) = 1pa �u � x� ba � ; juj = 1; a > 0; b 2 R:We have the following result.Theorem 9.1. Let d � 1 and let  and ' 2 L1(R) be su
h thatZR j ̂(!)jj'̂(!)jj!jd d! <1 and K ;' def= ZR  ̂(!)'̂(!)j!jd d! 6= 0:If f 2 L1(Rd) is su
h that f̂ 2 L1(Rd), thenf(x) = 1K ;' ZSd�1 Z 10 ZRhf;  u;a;bi'u;a;b(x) db da du:where h�; �i denotes the inner produ
t in L2(Rd).Observe that if  and ' are real-valued fun
tions, then K ;' is real-valued as well. From the proof we see that we haveZSd�1 Z 10 ����ZRhf;  u;a;bi'u;a;b(x) db���� da du <1;and that the integral RRhf;  u;a;bi'u;a;b(x) db is the 
onvolution of L1-fun
tions,and hen
e well-de�ned. If  = ', then it is not diÆ
ult to show that thetriple integral 
onverges absolutely as well. 73



74 9. Ridglets 20.10.2006Proof. Let u 2 Rd be su
h that juj = 1. We de�ne the Radon-transformPuf as follows: (Puf)(t) = ZRd�1 f(tu+ U?s) ds;where U? is a d � (d � 1) matrix with 
olumns that form an orthonormalbasis for the subspa
e of ve
tors in Rd orthogonal to u. It is not diÆ
ult toshow that Puf 2 L1(R) and thatdPuf (!) = f̂ (!u):(9.1)Furthermore, we let, abusing our notation somewhat, a(t) = 1pa � ta� and ~ a(t) =  a(�t); a > 0 t 2 R:We observe that hf;  u;a;bi = ( ~ a � Puf)(b):(9.2)We let �(!) =  ̂(!)'̂(!) +  ̂(�!)'̂(�!);and observe thatZ 10 �(a!) 1ad da = !d�1 Z 10 �(a) 1ad da= !d�1 ZR  ̂(�)'̂(�)j�jd d� = !d�1K ;'; ! > 0:The same 
al
ulation shows, of 
ourse, that there is a 
onstant C su
h thatZ 10 j�(a!)j 1ad da � C!d�1; ! > 0:(9.3)If we now let x 2 Rd be arbitrary and de�neg(x) def= ZSd�1 Z 10 Z 10 ei2�!u�x�(a!)f̂(!u) 1ad da d! du;(9.4)then it follows from (9.3) and our assumptions on f that this integral 
on-verges absolutely, and we have in fa
t(9.5) g(x) = K ;' ZSd�1 Z 10 ei2�!u�xf̂(!u)!d�1 d! du= K ;' ZRd ei2�y�xf̂(y) dy = K ;'f(x):
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2. An orthonormal basis of almost-ridgelets 75By Fubini's theorem and the fa
t that Sd�1 is invariant under the mappingu 7! �u we get(9.6) g(x) = ZSd�1 Z 10 Z 10 �ei2�!u�x ̂(a!)'̂(a!)f̂(!u)+ e�i2�!u�x ̂(�a!)'̂(�a!)f̂(!u)� 1ad d! da du= ZSd�1 Z 10 ZRei2�!u�x ̂(a!)'̂(a!)f̂(!u) 1ad d! da du:Next we note from (9.1) that the Fourier transform of the fun
tion ~ a �Puf �'a is a ̂(a!)'̂(a!)f̂(!u), and therefore we get by the Fourier inversionformula g(x) = ZSd�1 Z 10 ( ~ a � Puf � 'a)(u � x) 1ad+1 da du:(9.7)(By the results above we know that RSd�1 R10 j( ~ a�Puf�'a)(u�x)j 1ad+1 da du <1.) Now by (9.2)( ~ a � Puf � 'a)(u � x) = ZR( ~ a � Puf)(b)'a(u � x� b) db= ZRhf;  u;a;bi'u;a;b(x) db:When this result is 
ombined with (9.5) and (9.7) we get the 
laim of thetheorem.2. An orthonormal basis of almost-ridgeletsLet us 
onsider the spa
e L2(R2) and 
onstru
t a spe
ial kind of orthonormalbasis. Let ' be the s
aling fun
tion and  be the 
orresponding waveletfun
tion for an orthonormal multiresolution of L2(R) and we assume that 'and  have 
ompa
t support. For n0 � 0 we de�newn0;p;0(x) =Xj2Z2�n02 '(2�n0(x+ j)� p); p = 0; : : : ; 2n0�1;wn;p;1 =Xj2Z2�n2  (2�n(x+ j)� p); n � n0; p = 0; : : : ; 2n�1:We leave it as an exer
ise to show that these fun
tions form an orthonormalbasis for L2(T).Next we 
hoose a wavelet fun
tion 	 su
h that (	m;k)n;k2Zis an or-thonormal basis in L2(R) where 	m;k(x) = 2�m2 	(2�mx� k). But in addi-tion we require that 	m;k(�x) = 	m;1�k(x):
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76 9. Ridglets 20.10.2006(Other variants of this 
ondition 
ould be used as well). In order to 
on-stru
t su
h a wavelet one 
an start by taking an even fun
tion 	� su
h thatPm2Z��	̂�(2m!)��2 a.e.= 1 and  ̂(!) ̂�(! + k)� a.e.= P1p=1  ̂(2p!) ̂�2p(! + k)�for all odd integers k, and then one takes 	(x) = 	�(x+ 12) or equivalentlyb	(!) = ei�!
	�(!). One possible 
hoi
e, whi
h does not give very fast de
ayfor 	 is to take 	�(!) = 1 when 12 < ! < 1 and 0 otherwise.Now we 
hoose n0 � �1 and we de�ne the fun
tions �� where � =(m; k; n; p; �) with m 2 Z, k � 1 � 2 f0; 1g, n = n0 if � = 0 and n � n0if � = 1, and p = 0; 1 : : : ; 2�n � 1. We do this by de�ning the Fouriertransform
���r 
os(2��); r sin(2��)�= 1p2�r�[	m;k(r)wn;p;�(�) +[	m;k(�r)wn;p;�(� + 12)�:Now we haveh��; ��0i = h
��; 
��0i= Z 10 Z 10 2�r2�r�[	m;k(r)wn;p;�(�) +[	m;k(�r)wn;p;�(� + 12)�� �\	m0 ;k0(r)wn0;p0;�0(�) +\	m0 ;k0(�r)wn0;p0;�0(� + 12)�d� dr= Z 10 [	m;k(r)\	m0;k0(r)dr Z 10 wn;p;�(�)wn0;p0;�0(�) d�+ Z 10 [	m;k(r)\	m0;k0(�r) dr Z 10 wn;p;�(�)wn0;p0;�0(� + 12) d�+ Z 10 [	m;k(r)\	m0;k0(�r) dr Z 10 wn;p;�(� + 12)wn0;p0;�0(�) d�+ Z 10 [	m;k(�r)\	m0 ;k0(�r) dr Z 10 wn;p;�(� + 12)wn0;p0;�0(� + 12) d�:Observe that wn;p;�(�+ 12) = wn;~p;�(�) where jp� ~pj = 2�n�1. If now � = �0then we haveZ 10 wn;p;�(�)wn0;p0;�0(�) d� = Z 10 wn;p;�(� + 12)wn0;p0;�0(� + 12) d� = 1;Z 10 wn;p;�(� + 12)wn0;p0;�0(�) d� = Z 10 wn;p;�(�)wn0;p0;�0(� + 12) d� = 0;
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2. An orthonormal basis of almost-ridgelets 77and hen
e we geth��; ��0i = Z 10 [	m;k(r)\	m0;k0(r) dr + Z 10 [	m;k(�r)\	m0;k0(�r) dr= Z 1�1[	m;k(r)\	m0;k0(r) dr = 1:If � 6= �0 or n 6= n0 or neither p = p0 nor jp� p0j = 2�n�1 thenZ 10 wn;p;�(� + z 12)wn0;p0;�0(� + z0 12) d� = 0for all z; z0 2 f0; 1g. Thus when � 6= �0 it remains to 
onsider the 
aseswhere � = �0, n = n0 and either p = p0 or jp � p0j = 2�n�1. Assume �rstthat p = p0. Then we get by the same argument as above thath��; ��0i = Z 1�1[	m;k(r)\	m0;k0(r) dr = 0;be
ause we have (m; k) 6= (m0; k0). Next we assume that jp� p0j = 2�n�1.Then we haveZ 10 wn;p;�(�)wn0;p0;�0(�) d� = Z 10 wn;p;�(� + 12)wn0;p0;�0(� + 12) d� = 0;Z 10 wn;p;�(� + 12)wn0;p0;�0(�) d� = Z 10 wn;p;�(�)wn0;p0;�0(� + 12) d� = 1;and then we geth��; ��0i = Z 10 [	m;k(r)\	m0;k0(�r) dr + Z 10 [	m;k(�r)\	m0;k0(r) dr= Z 1�1[	m;k(r)\	m0;k0(�r) dr = Z 1�1[	m;k(r) \	m0;1�k0(r) dr = 0;be
ause k 6= 1� k0 sin
e k; k0 � 1.It remains to show that the fun
tions �� span L2(R2), but we leave thisas an exer
ise.Another way to look at these fun
tions, and whi
h is the reason whythey 
ould be 
alled ridgelets is to de�ne	+m;k(t) = Z 1�1pj!j[	m;k(!)ei2�!t d!:

 G. Gripenberg 20.10.2006



78 9. Ridglets 20.10.2006Then we get by the Fourier inversion formula (without worrying about 
on-vergen
e questions for the moment)��((x1; x2)) = Z 10 Z 10 2�rei2�(rx1 
os(2��)+rx2 sin(2��))� 1p2�r�[	m;k(r)wn;p;�(�) +[	m;k(�r)wn;p;�(� + 12)�d� dr= Z 10 Z 10 p2�rei2�(rx1 
os(2��)+rx2 sin(2��))[	m;k(r)wn;p;�(�)dr d�+ Z 10 Z 10 p2�j�rjei2�((�r)x1 
os(2�(�+ 12 ))+(�r)x2 sin(2�(�+ 12 )))�[	m;k(r)wn;p;�(� + 12)dr d�= Z 10 �Z 1�1p2�jrjei2�(rx1 
os(2��)+rx2 sin(2��))[	m;k(r)dr� wn;p;�(�) d�= Z 10 	+m;k�rx1 
os(2��) + rx2 sin(2��)�wn;p;�(�) d�:
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