
Chapter 1Introdution1. Basi ideasBy wavelets one usually means a family of funtions generated from onesingle funtion  by the operation of dilations and translations, that is, afamily of the form fjaj�1=2 ((� � b)=a)g where a and b are real numbers.Another view of the subjet is to restrit oneself to a funtion  (alled themother wavelet) with the property that the set f2� j2 (2�j � �kgk;j2Zis anorthonormal basis for L2(R; C ). The simplest example of suh a funtion  is provided by the Haar funtion 1�11............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................that is studied in greater detail in Setion 2. It is quite easy to see that thisfuntion is a wavelet in the sense desribed above, but it is far from obviousthat one an �nd smoother funtions or funtions having other desirable1



2 1. Introdution 20.10.2006properties. For example the following funtion is a wavelet�1 1 2�11
2.............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................but it is not immediately obvious.2. The Haar systemDe�ne the funtion ' '(x) = (1; if x 2 [0; 1);0; otherwise:It is lear that the funtions f'(��k)gk2Zspans the subspae of L2(R) thatonsists of all square integrable funtions funtions that are onstant on theintervals of the form [k; k+ 1). Denote this subspae by V0. Moreover, it iseasy to see that f'(� � k)gk2Zis in fat an orthonormal basis for V0. LetV�1 be the subspae of all square integrable funtions that are onstant onintervals of the form [2�1k; 2�1(k+1)). An orthonormal basis for this spaeis given by f21=2'(2 � �k)gk2Z. Obviously V0 � V�1 and therefore it mustbe possible to express the funtion ' in terms of the funtions '(2��k) andwe have ' = 2Pk2Z�(k)'(2 � �k) where �(0) = �(1) = 12 and �(k) = 0 ifk 6= 0, 1. (Here it may seem to be stupid to have the numer 2 in front ofthe sum, but it turns out that if this 2 is not put there, then it turns up inplaes where it is more of a nuisane.)Denote by W0 the orthogonal omplement of V0 in V�1. It is not diÆultto see that an orthonormal basis for W0 is given by f (� � k)gk2Zwhere (x) = 8><>: 1; if x 2 [0; 12);�1; if x 2 [12 ; 1);0; otherwise:It is easy to hek that we have  = 2Pk2Z(�1)k�(1 � k)'(2 � �k) ='(2�)� '(2 � �1).  G. Gripenberg 20.10.2006



2. The Haar system 3This argument an be extended to show that f2�m2 '(2�m � �k)gk2Zisan orthonormal basis for Vm, the spae of all square integrable funtions thatare onstant on intervals of the form [2mk; 2m(k+1)), and that f2�m2  (2�m��k)gk2Zis an orthonormal basis for the orthogonal omplement of Vm inVm�1. Thus we see that if m < j we have Vm = Vj �Wj �Wj�1 � : : :�Wm+1 and also that Sjm=�1 Vm is dense in L2(R; C ). We say that the Haarfuntion ' generates a multiresolution of L2(R; C ) and that  is the motherwavelet while ' is the saling funtion or father wavelet.The main weakness of the Haar funtions is that they are not evenontinuous, and therefore there are good reasons to try to generalize theideas above to other ases as well, even if the simpliity of the Haar funtionsis lost.

 G. Gripenberg 20.10.2006


