
Chapter 8The ontinuous wavelettransform and itsdisretization1. The ontinuous transformSuppose that  2 L2(R). We de�ne the family of funtions  a;b by a;b(x) = 1pjaj �x� ba � ; a 6= 0; b 2 R:(8.1)Often one only onsiders the ase where a > 0 and the normalization 1pjajis used so that k a;bkL2(R) = k kL2(R). Other normalizations an, of ourse,be used as well. Then we an de�ne(W f)(a; b) = Df;  a;bE = ZRf(x) a;b(x) dx:(8.2)It is lear that jW f(a; b)j � k kL2(R)kfkL2(R).We have the following result:Theorem 8.1. Assume  2 L2(R) n f0g is suh thatC def= ZR j ̂(!)j2j!j d! <1:Then ZRZRW f(a; b)W g(a; b) 1a2 da db = C hf; gi ;for all f and g 2 L2(R). 65



66 8. The ontinuous wavelet transform 20.10.2006This theorem says that in a weak sense, we have (provided, of ourse,that  6= 0) f(x) = 1C ZRZRW f(a; b) a;b(x) 1a2 da db:Proof. First we note thatd a;b(!) =pjaje�i2�b! ̂(a!);so that by Planherel's theorem (2.4) we haveW f(a; b) =pjajZRf̂(!)ei2�!b ̂(a!) d! =pjaj \f̂(�) ̂(a�)(�b):Thus we get, again using Planherel's theorem,(8.3) ZRZRW f(a; b)W g(a; b) 1a2 da db= jaj ZR ZR \f̂(�) ̂(a�)(�b) \ĝ(�) ̂(a�)(�b) db! 1a2 da= ZR�ZRf̂ (!)ĝ(!)j ̂(a!)j2 d!� 1jaj da= ZRf̂(!)ĝ(!)�ZRj ̂(a!j2 1jaj da� d!:A simple hange of variables now shows thatZRj ̂(a!j2 1jaj da = C ;and then the laim follows from equation (8.3).If one does not want to use negative as well as positive values for thedilation a then one gets almost the same result, providedZ 0�1 j ̂(!)j2j!j d! = Z 10 j ̂(!)j2j!j d! def=  :(8.4)This is of ourse the ase when  is real-valued.Corollary 8.2. Assume  2 L2(R) n f0g is suh that (8.4) holds with  <1. Then ZRZ 10 W f(a; b)W g(a; b) 1a2 da db =  hf; gi ;for all f and g 2 L2(R).This result says that in a weak sense we havef = 1 ZRZ 10 W f(a; b) a;b(x) 1a2 da db: G. Gripenberg 20.10.2006



2. Frames of wavelets 672. Frames of waveletsThe ontinuous wavelet transform is not neessarily a very pratial toolsine it is not lear to what extent the integrals an atually be omputed.If one uses disretizations, one question to ask is when the inner produtshf;  m;ni, where where  m;n(x) = a�m2�  (a�m� x � nb�), really haraterizethe funtion f . If the sequene ( m;n)m;n2Zis an orthonormal basis, thereare no problems, but if  is some quite general funtion, there is no reason toexpet that to be the ase. But it turns out to be possible to give relativelysimple onditions for this sequene to be a frame, see De�nition 3.6. Wehave the following result:Theorem 8.3. Assume a� and b� > 0 and that  2 L2(R) is suh that0 < ess inf!2R Xm2Zj ̂(am� !)j2 � ess sup!2R Xm2Zj ̂(am� !)j2 <1;(8.5)and Xk2Zk 6=0s� � kb�� � �� kb�� < ess inf!2R Xm2Zj ̂(am� !)j2;(8.6)where �(s) def= ess sup!2R Xm2Zj ̂(am� !)jj ̂(am� ! + s)j:Then the sequene ( m;n)m;n2Zwhere  m;n(x) = a�m2�  (a�m� x � nb�) is aframe in L2(R) with frame boundsA = 1b� 0BB�ess inf!2R Xm2Zj ̂(am� !)j2 �Xk2Zk 6=0s�� kb�� � �� kb��1CCA ;B = 1b� 0BB�ess sup!2R Xm2Zj ̂(am� !)j2 +Xk2Zk 6=0s� � kb�� ��� kb��1CCA :Proof. A simple alulation shows that[ m;n(!) = am2�  ̂(am� !)e�i2�am� b�n!:Thus we get for f 2 L2(R), by �rst using Planherel's theorem for funtionsin L2(R), then writing the intgeral over R as a sum of integrals, then using G. Gripenberg 20.10.2006



68 8. The ontinuous wavelet transform 20.10.2006Planherel's theorem for periodi funtions, then expanding the produt andagain writing the sum of integrals as one integral,Xm;n2Zjhf;  m;nij2 = Xm;n2ZjDf̂ ;[ m;nEj2= Xm;n2Z����ZRf̂(!)am2�  ̂(am� !)ei2�am� b�n! d!����2= Xm2Zam� Xn2Z������Z 1am� b�0 ei2�am� b�n!Xj2Zf̂�! + jam� b� � ̂�am� ! + jb� � d!������2(by Parseval's equality applied to the 1am� b� periodi funtionXj2Zf̂�! + jam� b� � ̂�am� ! + jb� �)= 1b� Xm2ZZ 1am� b�0 ������Xj2Zf̂�! + jam� b� � ̂�am� ! + jb� �������2 d!= 1b� Xm2ZZ 1am� b�0 Xj2Zf̂�! + jam� b� � ̂�am� ! + jb� ��Xk2Zf̂�! + j+kam� b� � ̂�am� ! + j+kb� � d!= 1b� Xm2ZXk2ZZRf̂(!)f̂�! + kam� b� � ̂(am� !) ̂�am� ! + kb� � d!= 1b� ZRjf̂(!)j2 Xm2Zj ̂(am� !)j2! d!+ 1b� Xm2ZXk2Zk 6=0 ZRf̂(!)f̂�! + kam� b� � ̂(am� !) ̂�am� ! + kb� � d!We have to get some estimates for the seond term, and we get by usingthe Cauhy-Shwarz inequality, a hange of variables, and then the Cauhy-Shwarz inequality in the sum over m:�������� 1b� Xm2ZXk2Zk 6=0 ZRf̂(!)f̂�! + kam� b� � ̂(am� !) ̂�am� ! + kb� �d!�������� G. Gripenberg 20.10.2006



2. Frames of wavelets 69� 1b�Xk2Zk 6=0 Xm2Z�ZRjf̂(!)j2j ̂(am� !)jj ̂(am� ! + kb� )j d!� 12� �ZRjf̂(! + kam� b� )j2j ̂(am� !)jj ̂(am� ! + kb� )j d!� 12= 1b�Xk2Zk 6=0 Xm2Z�ZRjf̂(!)j2j ̂(am� !)jj ̂(am� ! + kb� )j d!� 12� �ZRjf̂(�)j2j ̂(am� � � kb� )jj ̂(am� �)j d�� 12� 1b�Xk2Zk 6=0 ZRjf̂(!)j2 Xm2Zj ̂(am� !)jj ̂(am� ! + kb� )j!12� ZRjf̂(�)j2Xm2Zj ̂(am� �)jj ̂(am� � � kb� )j!12� 1b�kfk2L2(R)Xk2Zk 6=0s�� kb�� � �� kb��:When we ombine the results we have dedued above, we get the desiredonlusion.It is lear that for (8.5) to hold we must have a� 6= 1, but it turns outthat one an quite easily get suÆient onditions for the assumptions ofTheorem 8.3 to hold.Corollary 8.4. Assume that  2 L2(R;R) is real-valued, not the zero fun-tion,  ̂ is ontinuous and satis�essup!2Rnf0g j ̂(!)j(1+ j!j)j!j� <1;for some onstants  > � + 1 > 1. Then the assumptions of Theorem 8.3hold, provided a� has been hosen suÆiently lose to 1 and then b� > 0 hasbeen hosen to be suÆiently small.Proof. Sine  is real-valued we have  ̂(�!) =  ̂(!) and sine  ̂ is ontin-uous and not identially zero there are positive numbers !0, Æ and � so that G. Gripenberg 20.10.2006



70 8. The ontinuous wavelet transform 20.10.2006j ̂(!)j � Æ when !0 � j!j � !0+ � . It follows that if 0 < ja�� 1j < �!0 theness inf!2R Xm2Zj ̂(am� !)j2 � Æ2 > 0;beause if for example 1 < a� < 1 + �!0 and am� j!j < !0 then am+1� j!j �a�!0 < !0 + � and therefore there is for every ! 6= 0 an index m� suh that!0 � jam�� !j � !0 + � and we have the �rst inequality in (8.5).Next we derive some useful inequalities. Clearlyjxj�1 + jxj jx+ sj�1 + jx+ sj � jxj�jx+ sj�� ;and if jsj > 2jxj then jx+ sj � jsj � jxj � jsj � 12 jsj = j s2 j so that we getjxj�1 + jxj jx+ sj�1 + jx+ sj � jxj�j s2 j�� ; jsj � 2jxj:(8.7)In the same way we get the following rude estimate(8.8) jxj�1 + jxj jx+ sj�1 + jx+ sj � 1jxj�� 1jx+ sj�� � 1jxj��j s2 j��= 1jxj ���12 j s2 j ��+12 � 1jxj ��+12 j s2 j ���12 � 1jxj ���12 j s2 j ��+12 ;jsj � 2jxj � 2:beause  � �� 1 > 0. On the other hand we have for the same reason(8.9) jxj�1 + jxj jx+ sj�1 + jx+ sj � 1jxj�� = 1jxj ���12 jxj ��+12� 1jxj ���12 j s2 j ��+12 ; jsj � 2jxj:If a� > 0 and a� 6= 1 and we may without loss of generality assume thata� > 1 beause in the sums involving a� we may replae m by �m whih isthe same as replaing a� by 1a� .It follows from the assumptions that there is a onstant C suh thatj ̂(!)j � C j!j�1 + j!j ; ! 2 R:(8.10)Sine  ̂(0) = 0 we have Pm2Zj ̂(am� !)j2 = 0 if ! = 0. Let ! 6= 0 andlet m0 be suh that am0� j!j � 1 but am0+1� j!j > 1, i.e., am1� j!j > 1 where G. Gripenberg 20.10.2006



2. Frames of wavelets 71m1 = m0 + 1. ThenXm2Z�� ̂(am� !)��2 � C2 m0Xm=�1 jam� !j2�1 + jam� !j2 + C2 1Xm=m1 jam� !j2�1 + jam� !j2� C2 m0Xm=�1jam� !j2� + C2 1Xm=m1jam� !j2(��)= C2 jam0� !j2�1� ( 1a� )2� + C2 jam1� !j2(��)1� a�2(��) � C2 11� a�2�� + C2 11� a2(��)� :by the formula for the sum of a geometri series and beause jam0� !j � 1,jam1� !j � 1, 2� > 0 ja 2(� � ) < 0. This gives the seond inequality in(8.5).If now jsj � 2 then we have by (8.7){(8.10) and the fat that am0� j!j � 1and am1� j!j > 1 thatXm2Z��� ̂(am� !)��� ��� ̂(am� ! + s)���� C2 m0Xm=�1jam� !j� �� s2 ���+� + C2 1Xm=m1 jam� !j� ���12 �� s2 ��� ��+12= C2 jam0� !j�1� a��� �� s2 ���+� + C2 jam1� !j� ���121� a� ���12� �� s2��� ��+12 :From this we see that there is a onstant C1 = C22 ��+12  11�a��� + 11�a� ���12� !suh that �(s) � C1jsj� ��+12 ; jsj � 2:Then Xk2Zk 6=0s� � kb�� ��� kb�� � 2C1b ��+12� 1Xk=1 k� ��+12 ;when 0 < b� � 12 . Thus we see that (8.6) holds provided2C1b ��+12� 1Xk=1 k� ��+12 < Æ2;whih is possible if b� is suÆiently small. G. Gripenberg 20.10.2006


