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1. LetN1(t) = �[0;1)(t), that isN1(t) = 1 when0 � t < 1 andN1(t) = 0 otherwise and letNm = Nm�1�N1 whenm � 2. Show that one can find a sequnce such that('(x�n))n2Z is an
orthonormal sequnce in the spaceL2(R) when'(x) =Pk2Z(k)N2(x�k). (You may assume

that
Pk2ZjN2(! + k)j2 = 13 + 23 os(�!)2.) Is it true that'(x) = Pk2Z�(k)'(2x � k) for

some sequnce� (using the fact thatN2(x) = 2P2k=0 a(k)N2(2x � k) wherea(0) = a(2) = 14
anda(1) = 12 )?

2. Let �(t) = ZR'(x)'(x+ t)dx;
where' is the function constructed in the previous exercise. Show that� is a twice continuously
differentiable function which on each interval(n; n + 1) is a polynomial of degree at most3,
that is,� is the fundamental interpolation function for cubic interpolation.

3. LetN > 1 andPN (x) =PN�1k=0 �N+k�1k �xk so that we have(1� x)NPN (x) + xNPN (1 �x) = 1. In addition, let�N be such that̂�N (!) = (12(1 + e�i2�!))NQN(e�i2�
) wherejQN(e�i2�
)j2 = PN (sin(�!)2).
(a) CalculatePN (12).
(b) Show thaty�N+1PN (y) > x�N+1PN (x) kun0 < y < x.
(c) Show thatPN (x) < xN�122N�2 kun 12 < x < 1.
(d) Show that limN!1j�̂N (!)j = (1; j!j < 14;0; 14 < j!j < 34 :

4. Let w(t) = 1Xk=0 ak os(2�bkt);
where0 < a < 1 andb > 1. In addition, let (t) = (e�(t� 1b )�2�(t�b)�2+(1� 1b )�2+(1�b)�2 ; 1b < t < b;0; t � 1b or t � b;
so that we know that and ̂ 2 C1# (R). Definefj(t) = bj Z 1�1 w(t� s) ̂(bjs)ds:
Show that fj(t) = 12aje�i2�bj t:



5. Letw,  andfj , j � 1 be as in the previous exercise. Assume thatw is differentiable in the
point t, and define the functionv by the formulav(s) = 8<:w(t� s)� w(t) + sw0(t)s ; s 6= 0;0; s = 0;
Is v continuous and bounded? Show, by writingw(t� s) = sv(s) + w(t)� sw0(t), thatfj(t) = b�j Z 1�1 sv �b�js�  ̂(s)ds:
Show with the aid of this result thatlimj!1 bjfj(t) = 0. For which values of the productab
does this contradict the result of the previous exercise?


