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1. Assume that the functionf is m times continuously differentiable, suppf is compact but
not empty (i.e.,f 6� 0), and thatf(x) = 2 a+Xk=a� �(k)f(2x � k):
Show that none of the sequences(f (j)(k))k2Z, 0 � j � m, is the zero-sequence.

2. Determine the numbers�2, �1, 1, and2 so that ifp is a polynomial of degree3 for
which p(x0 � 32h) = f�2, p(x0 � 12h) = f�1, p(x0 + 12h) = f1, andp(x0 + 32h) = f2 thenp(x0) = �2f�2 + �1f�1 + 1f1 + 2f2.
Hint: Write p(x) = a0 + a1(x� x0) + a2(x� x0)2 + a3(x� x0) so that you only have to finda0.
3. Let � be the following sequence:�(0) = 18(1 +p3);�(1) = 18(3 +p3);�(2) = 18(3 �p3);�(3) = 18(1 �p3);�(k) = 0 muuten.

Calculate the sequence(n) =Pj2Z�(j)�(j + n) whenn is odd. (According to earlier calcu-
lations we know that(2n) = 12Æ0;n.)

How are these numbers related to the numbers in the previous exercis?

4. Let � be a sequence such that ä�(0) = �(2) = 12 and�(n) = 0 otherwise. Define the
functionsFj, j � 0 so thatF0(n) = Æ0;n,Fj+1(2�j�1n) = 2Xk2Z�(n� 2k)Fj(2�jk); n 2Z; j � 0;
and for all other values of the argument the functionFj are determined by linear interpolation,
that is,Fj(x) =Pn2ZFj(2�jn)w(2jx� n) wherew(x) = maxf0; 1 � jxjg. What happens to
the functionsFj whenj !1.



5. Assume that the following claim holds: If 2 L2(R) then(2�m2  (2�m � �k))m;k2Zis an
orthonormal basis in the spaceL2(R) if and only ifXm2Z�� ̂(2m�)��2 a.e.= 1;
and 1Xp=0  ̂(2p�) ̂�2p(�+ k)� a.e.= 0 for all odd integersk:

(a) Is (2�m2  (2�m � �k))m;k2Zan orthonormal basis in the spaceL2(R) if  ̂(!) = 1 when12 � j!j � 1 and0 otherwise?
(b) If now  2 L2(R) is such that

�2�m2  (2�m � �k)�m;k2Z is an orthonormal ba-
sus in the spaceL2(R), and if � is the Hilbert transform of on , that is �(t) =lim�#0 1� Rjt�sj��  (s)t�s ds, is then(2�m2 �(2�m � �k))m;k2Zan orthonormal basis inL2(R)
as well?

Hint: �̂(!) = �i sign(!) ̂(!).


