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Exercise 7

1. Let u € R? be such that |u| = 1. Define the Radon-transform P, f as follows:

(Puf)t)= [ fltu+U*s)ds,

]Rd_l
where UL is a d x (d — 1) matrix with columns that form an orthonormal basis for the
subspace of vectors in R? orthogonal to u. Show that if f € L'(R?), then P,f € L'(R)
and

Pyf(w) = f(wu).
Solution: Let @ = [u, U%], that is the first column of Q is u and the remaining columns
form an orthonormal basis for the subspace of vectors orthogonal to u. Thus ) is an
orthogonal matrix. If we define the change of variables by x = Qt and let g(t) = f(Qt),
then we see that ¢ € L! (Rd), and

/ / (t,ty, ... tg)dtydts ... dty,

and it follows from Fubini’s theorem that P, f € L'(R).
Now

rm—

Pyf(w) = / e iamt f(ut 4+ Uts)dsdt
R ]Rd_l
= // e—i27rwu~(tu+UJ‘s)f(ut + ULS) dt ds
R JRI

/ e 2Rt £((Ot) dt = / e E(t) db = f(wu).
R4 !

R

2. Let H be a separable Hilbert space, let (f,)22; be a frame in H, and let T'f =
Yool Af, fn) fu. Assuming that it has been shown that 7' is a bounded selfadjoint operator
with bounded inverse, show that (T7!f,)2, is a frame as well.

Solution: Since T' is self-adjoint, so is 77! and hence

Z|<f,T fa)l? ZIT o fu)P

Since (f,)22, is a frame in H we have
AITH < Z| )P < BITTHR,

and because || TV f|| 2 || 7H|A| and [|[T=1f| < ITHILA] we get

||T||2||f||2 S LT < BT PP,



and it follows that (77'f,)°2, is a frame as well.

Note that we then always have

F=Y LT ) Fo =Y (o f) T e

3. Let H be a separable Hilbert space and let (f,)°2, be a frame in H. Does it follow
that

supl| fo| < oo?
n>1

Solution: Since (f,,)02, is a frame in H it follows for each j > 1 that

n=1

LAl = 10 £V P < Y )P < BIIP,

n=1
and so

I£31* < B.
Thus we conclude that sup,,, || f.]| < VB < .




